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We consider fermion systems on a square lattice with a mass term having a curved domain-
wall. Like conventional flat domain-wall fermions, massless and chiral edge states appear
on the wall. In the cases of S1 and S2 domain-walls embedded into flat hypercubic lattices,
we find that these edge modes feel gravity through the induced spin or spinc connections.
The gravitational effect is encoded in the Dirac eigenvalue spectrum as a gap from zero. In
the standard continuum extrapolation of the square lattice, we find good agreement with
the analytic prediction in the continuum theory. We also find that the rotational symmetry
of the edge modes is automatically recovered in the continuum limit. Subject Index B38
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1. Introduction
Lattice gauge theory provides a nonperturbative regularization of quantum field theory. In
the standard formulation of quantum chromodynamics (QCD), we consider a 4D square lat-
tice with periodic boundary conditions, whose continuum limit is supposed to be a flat torus.
Since the degrees of freedom become finite in this regularization, the QCD partition function
is expressed by a mathematically well defined integral, which allows a nonperturbative first-
principles computation of hadronic processes using numerical simulations.

In contrast to the remarkable success of lattice QCD on a flat Euclidean spacetime, it is not
straightforward to formulate a lattice field theory with a gravitational background. Unlike the
standard gauge field that is just put as a link variable on a fixed square lattice, the nontrivial
metric or vielbein needs some deformation of the lattice itself. In order to systematically achieve
such a deformation, previous works [1–7] employed triangular lattices, which correspond to the
triangulation of manifolds known in mathematics. They tried to represent dynamical or non-
dynamical gravity by changing the lengths and/or angles of the link variables.

One of the problems in such triangular lattice approaches is an ambiguity in taking the con-
tinuum limit. On the standard flat square lattice, only one parameter, lattice spacing a (or equiv-
alently gauge coupling), is enough to tune for approaching the continuum limit. It is known that
the rotational symmetry (or Lorentz invariance after the Wick rotation) is automatically recov-
ered in that limit if the lattice action respects a discrete subgroup symmetry of it. On the other
hand, there is no such simple and unique way for making a finer triangular lattice from a given
triangular lattice. It was reported in Ref. [8] that some counterterms are required to recover the
rotational symmetry of spherical manifolds.

In this work, we attempt to formulate fermion systems with a nontrivial gravitational back-
ground put on a square lattice. In mathematics, it is known that any Riemannian manifold can
be isometrically embedded into a sufficiently higher-dimensional Euclidean space [9,10]. If we
regularize this higher-dimensional flat space by a square lattice and localize the fermion field
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on the embedded submanifold, the fermion would feel gravity through the spin connection in-
duced by the embedding. Since the total system is given by a flat square lattice, the continuum
limit is naturally taken by reducing the lattice spacing, in just the same way as in the stan-
dard lattice gauge theory. If the action respects the symmetry under right-angle rotations of
the whole system, it is also natural to assume that the rotational symmetry, as well as that of
the embedded manifold if it exists, will be automatically recovered in this simple continuum
limit.

It is well known in the so-called domain-wall fermion formulation [11–15] that edge-localized
states appear on the codimension-one subspace. Moreover, these modes are massless and chiral
when the domain-wall is of even dimensions. In lattice QCD, the edge-localized modes are
regarded as quarks, and their effective Dirac operator satisfies the Ginsparg–Wilson relation
[16] in the infinite limit of the extra dimension, with which one has an exact chiral symmetry
on a lattice [17]. With the Dirac operator satisfying the Ginsparg–Wilson relation, the Atiyah–
Singer index can be defined even with finite lattice spacings [18]. Recently, the Atiyah–Patodi–
Singer index on a manifold with boundaries was reformulated using the domain-wall fermions
in continuum theory [19–21], which was extended to the lattice gauge theory [22]. However, as
far as we know, the previous works were limited to the cases where the domain-wall is a flat
Euclidean space.

In the continuum theory, localized states at the curved subspace have been actively stud-
ied. Historically, a free non-relativistic system bounded on a submanifold was first considered
in Refs. [23,24] and then they extended the work to the case with an external gauge field in
Refs. [25,26]. Furthermore, a similar study was done for the relativistic Dirac field in Refs.
[27–31]. These studies pointed out that a geometric potential or a nontrivial spin connec-
tion is induced in the effective theory on the surface, and such potentials were experimen-
tally discovered in Refs. [32,33]. Topological insulators having a curved surface or bubbles
inside were also considered. In Refs. [34–37], they found that the edge-localized modes ap-
pearing on the spherical surface feel gravity through the nontrivial connection. In a relativistic
framework, the curved domain-wall was studied in the context of anomaly inflow [12]. For
example, it was shown in Ref. [38] that there exists a gravitational anomaly [6,39] in a 3D
Kähler–Dirac fermion system and its anomaly is canceled by a contribution from the curved
domain-wall.

In this work, we consider the embedding of a circle S1 as a domain-wall into a
2D Euclidean flat lattice, as well as of a sphere S2 domain-wall put on a 3D square
lattice. On each domain-wall, we find massless states localized at the curved domain-
wall, and the Dirac eigenvalue spectrum shows a gravitational effect through the in-
duced spin connection on the wall. A preliminary result has already been presented in
Ref. [40].

The rest of the paper is organized as follows. In Sect. 2, we propose a fermion system
with a general curved domain-wall mass on a general spin Riemannian manifold. We dis-
cuss in continuum theory how the edge modes emerge at the domain-wall and how the in-
duced spin connection is detected from the Dirac operator. In Sects. 3 and 4, we explic-
itly solve the eigenproblem of the edge modes in the 2D system with an S1 domain-wall,
as well as an S2 embedded in three dimensions. We compare the numerical lattice results
and those in continuum and estimate the finite-volume corrections. Special focus is placed
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on the recovery of the rotational symmetry. Finally, we give a summary and discussion in
Sect. 5.

2. Curved manifold embedded into Euclidean space
It was shown by Nash [9,10] that any Riemannian manifold can be isometrically embedded into
a sufficiently higher-dimensional flat Euclidean space. Conversely, if we have an embedding
function of a manifold into a Euclidean space its metric is uniquely determined (induced) by
the embedding. In this section, we compute the induced metric as well as the associated spin
connection by the embedding. We also discuss how the edge-localized modes of the fermion
emerge when the embedding is given by a domain-wall mass term.

2.1. Induced spin connection by embedding
Let us consider an n-dimensional Riemannian manifold Y with a metric h, which is isometrically
embedded into a Euclidean space Rm with the m-dimensional flat metric δ (the integer m can
be taken finite in a range m ≤ 1

2 (n + 2)(n + 5) [9,10]). Let us denote the embedding function
by xI(y1, y2, …, yn) where xI = 1, 2, …, m denotes the coordinate on X = Rm as a function of
the coordinate yi = 1, 2, …, n on Y. Then, the induced metric h is uniquely determined (up to the
diffeomorphism on Y) by

hab =
∑
IJ

δIJ
∂xI

∂ya

∂xJ

∂yb
. (1)

If a particle is constrained on the curved manifold Y, it feels gravity by the equivalence princi-
ple, through the induced metric h. In continuum theory, this was confirmed in Refs. [23–25] and
experimentally realized in Refs. [32,33]. What about relativistic Dirac fermion fields? According
to Refs. [27–31], if Y is a spin manifold, its spin connection is also induced by the embedding.

Let us consider a tangent vector space at p ∈ Y. Since p is also a point of X (= Rm), we can
decompose the tangent space TpX as

TpX � TpY ⊕ Np, (2)

where Np is a normal vector space to TpY. Let {e1, …, en} be a vielbein of Y, then we can choose
a vielbein of X as

{e1, . . . , en︸ ︷︷ ︸
vielbein of Y

, en+1, . . . , em︸ ︷︷ ︸
normal vector

}, (3)

where eI = e J
I

∂
∂xJ . The component e J

I is determined as the following. On Y, the vector ∂
∂ya is

written as

∂

∂ya
=

m∑
I=1

∂xI

∂ya

∂

∂xI
. (4)
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We can regard
(

∂xI

∂ya

)
as an m × n matrix with the rank n to obtain the basis transformation(

∂

∂y1
, . . . ,

∂

∂yn
,

∂

∂xn+1
, . . . ,

∂

∂xm

)

=
(

∂

∂x1
, . . . ,

∂

∂xn
,

∂

∂xn+1
, · · · ,

∂

∂xm

)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂x1

∂y1 · · · ∂x1

∂yn

...
. . .

...
∂xn

∂y1 · · · ∂xn

∂yn

∂xn+1

∂y1 · · · ∂xn+1

∂yn 1
...

. . .
...

. . .
∂xm

∂y1 · · · ∂xm

∂yn 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

The vielbein can be obtained by Gram–Schmidt orthonormalization:

e1 = e′
1

‖ e′
1 ‖ ,

(
e′

1 = ∂

∂y1

)

e2 = e′
2

‖ e′
2 ‖ ,

(
e′

2 = ∂

∂y2
− δ

(
e1,

∂

∂y2

)
e1

)
e3 = · · · , (6)

where ‖ v ‖ = √δ(v, v) for vector fields v on X.
Although X is a flat Euclidean space, the above choice of the vielbein makes the Levi–Civita

and spin connections look nontrivial. From the torsionless condition and vielbein postulate,
we uniquely obtain the Christoffel symbol:

�I
JK = 1

2
gIA
{

∂gAJ

∂xK
+ ∂gAK

∂xJ
− ∂gJK

∂xA

}
, gIJ =

∑
K

e I
K e J

K , (7)

as well as the spin connection (when Y is a spin manifold):

ωK = 1
4

∑
KJ

ωIJ,Kγ Iγ J, ωI
J,K = −1

2

(
CI

J,K + CJ
K,I − CK

I,J

)
, (8)

where CK
I,J is defined by the commutator [eI , eJ ] = eKCK

I,J and is written as

CK
I,J = gNMe N

K

(
eL

I
∂e M

J

∂xL
− eL

J
∂e M

I

∂xL

)
. (9)

The spin connection on Y can be identified by simply collecting those having indices in {1,
…, n}:

ωc = 1
4

∑
ωab,cγ

aγ b. (10)

Note that the above connections give zero curvature everywhere on X.
Next, we consider a domain-wall fermion system where the mass term flips its sign on a

codimension-one manifold Y embedded into X = Rn+1. Let f : X → R be a smooth function
such that f−1(0) 
= ∅ and df|p 
= 0 for all p ∈ f−1(0). Then Y := f−1(0) is a hypersurface in X and
an n-dimensional smooth manifold by the preimage theorem. Y can be regarded as a domain-
wall dividing X into the f > 0 and f < 0 regions. We can take a vielbein {e1, …, en + 1} as Eq. (3).
Since {e1, …, en} are tangent vectors of Y,

ea( f ) = eI
a
∂ f
∂xI

= 0 (11)
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or equivalently we have

en+1 = 1
‖ grad( f ) ‖grad( f ), (12)

where grad( f ) =∑I gIJ ∂ f
∂xI

∂
∂xJ . The Dirac operator on X is

/D + mε = γ a

(
ea + 1

4

∑
bc

ωbc,aγ
bγ c + 1

2

∑
b

ωb n+1,aγ
bγ n+1

)

+ γ n+1

(
en+1 + 1

4

∑
bc

ωbc,n+1γ
bγ c + 1

2

∑
b

ωb n+1,n+1γ
bγ n+1

)
+ mε, (13)

where ε = sign(f) is a step function.
Let us decompose the above Dirac operator into the one on Y and that in the normal direc-

tion. First, note that we can take ωb
c,n+1 = ωbc,n+1 = 0 by a local spin(n) rotation. Let us denote

the coordinate in the normal direction by t. Then ωbc, n + 1 is absent in the transformed Dirac
operator

/D → L−1(y, t) /DL(y, t), (14)

L(y, t) = P exp

[
−1

4

∑
bc

γ bγ c
∫ t

0
dt′ωbc,n+1(y, t′)

]
, (15)

where P denotes the path-ordered product.
Next, we compute ωb

n+1,n+1 = ωb n+1,n+1. According to Eq. (8), it is enough to obtain Cn+1
b,n+1.

Using the commutator

[eb, en+1] = Cc
b,n+1ec + Cn+1

b,n+1en+1, (16)

and df(en + 1) = δ(grad(f), en + 1) = �grad(f)�, we have a relation

0 = ddf (eb, en+1) = ebdf (en+1) − en+1df (eb) − df ([eb, en+1])

= eb (‖ grad( f ) ‖) − Cn+1
b,n+1‖ grad( f ) ‖. (17)

Since �grad(f)� is nonzero around Y, we obtain

ωb
n+1,n+1 = −1

2

(
Cb

n+1,n+1 + Cn+1
n+1,b − Cn+1

b,n+1

)
= Cn+1

b,n+1

= 1
‖ grad( f ) ‖eb (‖ grad( f ) ‖) = 1

2
eb

(
log
(

gIJ ∂ f
∂xI

∂ f
∂xJ

))
. (18)

Finally, let us denote the remaining connection ωb
n+1,a by ωb

n+1,a = −hab, which is known
as the second fundamental form or shape operator. Since ωa

n+1,b − ωb
n+1,a = Cn+1

a,b = 0, hab is
symmetric: hab = hba. Now the Dirac operator becomes

/D + mε = γ a (∇̃ea

)+ 1
2

∑
ab

(−hab)γ aγ bγ n+1

+ γ n+1

(
en+1 + 1

4

∑
b

eb

(
log
(

gIJ ∂ f
∂xI

∂ f
∂xJ

))
γ bγ n+1

)
+ mε

= γ a (∇̃ea

)+ γ n+1
(

en+1 − 1
2

tr h + 1
4

ea

(
log
(

gIJ ∂ f
∂xI

∂ f
∂xJ

))
γ aγ n+1

)
+ mε. (19)

Here 1
n tr h = 1

n

∑
a haa corresponds to the mean curvature of the n-dimensional Riemannian

submanifold Y. This expression is consistent with the previous works [27–31].
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In order to solve the Dirac equation, it may be convenient to perform a rescaling transfor-

mation ψ =
(

gIJ ∂ f
∂xI

∂ f
∂xJ

) 1
4
ψ ′. On ψ

′
, the Dirac operator acts as

/D′ + mε = γ a

(
ea + 1

4

∑
bc

ωbc,aγ
bγ c

)

+ γ n+1
(

en+1 − 1
2

tr h + 1
4

en+1

(
log
(

gIJ ∂ f
∂xI

∂ f
∂xJ

)))
+ mε. (20)

The first term corresponds to the massless Dirac operator on Y, where we can find the induced
gravity effect as a nontrivial spin connection. This form suggests the existence of massless edge
modes no matter how Y is curved, when we find a function of the normal coordinate t on which
the second and third terms of the operator give zero.

As a final remark in this subsection, we note that the above result for the Dirac operator
is valid only locally, although the original coordinates and operator are defined globally on
X = Rm. To obtain the global solution of the Dirac equation, we need to separately find the
solutions on the open patches covering X and check the consistency conditions on them. As
will be discussed below, the Berry phase of the spinor field may help to simplify this issue. We
also note that when Y is a closed manifold the spin structure of Y must belong to the trivial
element of the spin bordism group.

2.2. Edge-localized modes on the domain-walls
In this subsection, let us examine the existence of the edge-localized modes formally solving the
Dirac equation. Let Y be an n-dimensional submanifold of X = Rn+1 embedded by a function
f : X → R. We can express Dirac’s gamma matrices by

γ a = −σ2 ⊗ γ̃ a, γ n+1 = σ1 ⊗ 1, γ̄ = σ3 ⊗ 1, (21)

where γ̃ a (a = 1, . . . , n) are the 2[n/2] × 2[n/2] gamma matrices ([α] denotes the Gauss symbol
or the integer part of α) that satisfy the Clifford algebra in n dimensions, and σ 1, 2, 3 are the
Pauli matrices. When n is even, the above gamma matrices are not in the irreducible represen-
tation and the Pauli matrices can be interpreted as the operators on the two-flavor space. In
general, the massive Dirac operator is a complex operator in odd dimensions. In order to make
a well defined eigenvalue problem of a Hermitian operator, we introduce these two flavors of
the spinor fields1. Since γ̄ anti-commutes with any other γ , we call it the “chirality” operator
on X. Unlike the standard flat domain-wall fermion, however, the edge-localized modes are
eigenstates of another “chirality” operator, different from γ̄ , as is discussed below.

Expressing the Dirac spinor on X by

ψ =
(

χ1

χ2

)
, (22)

let us solve the eigenproblem of the Hermitian Dirac operator on ψ :

H = γ̄ ( /D + εm). (23)

Around p ∈ Y, we can set a chart (y1, …, yn, t) and its associated frame, where (y1, …, yn)
denotes the coordinate along Y and t is that in the direction of the normal vector en + 1. Here t

= 0 denotes where Y is located. On this chart, ε = sign(t). Let ψ =
(

gIJ ∂ f
∂xI

∂ f
∂xJ

) 1
4
ψ ′. On ψ

′
, the

1In Appendix A we consider the one-flavor “chiral” case where the Dirac operator is non-Hermitian.
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Dirac operator acts as

H ′ = γ̄ ( /D′ + εm) =
(

εm i /̃D + ∂
∂t + F

i /̃D − ∂
∂t − F −εm

)
, (24)

where F = − 1
2 tr h + 1

4
∂
∂t

(
log
(

gIJ ∂ f
∂xI

∂ f
∂xJ

))
is a function of (y1, …, yn, t) in general and i /̃D =

γ̃ a∇̃a is the Dirac operator on Y.
Let us consider a solution with an eigenvalue much smaller than m. In the large-m limit, the

following part of the operator H
′
must vanish separately:

H ′
normal = iσ2

(
∂

∂t
+ F + σ1mε

)
⊗ 1, (25)

which requires the solution to have the form

ψ ′ = e−m|t|
[

exp
(

−
∫ t

0
dt′F (y, t′)

)(
χ (y)
χ (y)

)
+ O(t)

]
. (26)

If we take χ (y) to be an eigenstate of i /̃D|t=0 with the eigenvalue λ, we obtain the edge-localized
mode of H in the m → ∞ limit by

ψ =
(

gIJ ∂ f
∂xI

∂ f
∂xJ

) 1
4

e−m|t| exp(−
∫ t

0
dt′F (y, t′))

(
χ (y)
χ (y)

)
, (27)

which has a negative eigenvalue for the “chirality” operator γ n+1 = σ1 ⊗ 1 and the eigenvalue λ

of the massless n-dimensional operator: i /̃D|t=0χ (y) = λχ (y). These modes feel gravity through
the induced spin connection in the effective Dirac operator on Y.

Finally, let us evaluate the leading-order contribution of the finite 1/m corrections. From the
above solution, we have

(H − λ)ψ =
(

gIJ ∂ f
∂xI

∂ f
∂xJ

) 1
4

e−m|t|e− ∫ t
0 dt′F (y,t′ )

(
−
∫ t

0
dt′γ aea(F (y, t′))

)
︸ ︷︷ ︸

O(t)

(
χ (y)
χ (y)

)
. (28)

In the limit of m � |F(y, t)|, we can estimate the magnitude of the residual error as

‖ (H − λ)ψ ‖ ≤ C
m

, (29)

where �∗� denotes the norm of the Dirac spinor on X and C is a positive number independent
of m. Therefore, ψ becomes an eigenstate of H when m is large enough.

3. S1 domain-wall in 2D flat space
In this section, we embed a 1D sphere S1 as a domain-wall into the flat 2D space. This situation
is the simplest case to which the argument of Sect. 2.2 applies.

3.1. Continuum analysis
The Hermitian Dirac operator (23) in this case is

H = σ3

(
σ1

∂

∂x
+ σ2

∂

∂y
+ mε

)
=
(

mε e−iθ
(

∂
∂r − i

r
∂
∂θ

)
−eiθ

(
∂
∂r + i

r
∂
∂θ

) −mε

)
, (30)

in the continuum Euclidean space R2, where an S1 domain-wall with radius r0 is put by the sign
function ε = sign(r − r0). We take the polar coordinates (r, θ ) so that the radial direction is
equal to the normal direction to the S2 domain-wall. Here ψ is a two-component spinor on R2.
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In Eq. (30), the sigma matrix in the normal direction and that in the tangent direction are

σr = σ1 cos θ + σ2 sin θ, σθ = σ2 cos θ − σ1 sin θ. (31)

By a local spin(2) gauge transformation, we can take a frame where they are universally given
by σr → e−i θ

2 σ3σrei θ
2 σ3 = σ1 and σθ → e−i θ

2 σ3σθei θ
2 σ3 = σ2, respectively. However, this transfor-

mation spoils the original periodic property of the spinor ψ(r, θ + 2π ) = ψ(r, θ ). As discussed
in the previous section, this simply reflects the fact that the frame can be taken only locally
and careful gluing of them is required to give a consistent result. Here we avoid this issue by
a further U(1) transformation e−i θ

2 , which produces a Berry connection (or spinc(1) connec-
tion in mathematics). Specifically, we transform the spinor as ψ → ψ ′ = ei θ

2 σ3e−i θ
2 ψ keeping its

periodicity to obtain the transformed Dirac operator

H ′ = ei θ
2 σ3e−i θ

2 He−i θ
2 σ3e+i θ

2

= σ3

(
σ1

(
∂

∂r
+ 1

2r

)
+ σ2

1
r

(
∂

∂θ
+ i

1
2

)
+ mε

)
, (32)

which operates on the periodic spinor.
The explicit form of the eigenfunction with the the eigenvalue −m < E < m of H

′
is given by

(ψE, j )′ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A

(√
m2 − E2Ij− 1

2
(
√

m2 − E2r)ei( j− 1
2 )θ

(m + E )Ij+ 1
2
(
√

m2 − E2r)ei( j− 1
2 )θ

)
(r < r0)

B

(
(m + E )Kj− 1

2
(
√

m2 − E2r)ei( j− 1
2 )θ

√
m2 − E2Kj+ 1

2
(
√

m2 − E2r)ei( j− 1
2 )θ

)
(r > r0)

, (33)

where j takes a half-integer value j = ± 1
2 , ± 3

2 , . . .. Here In and Kn are the modified Bessel
functions. From their exponentially decaying asymptotic form, this eigenfunction represents
an edge-localized mode at r = r0. From the continuity at r = r0, the coefficients A and B are de-
termined (with the normalization condition) and we obtain a nontrivial eigenvalue condition:

Ij− 1
2

Ij+ 1
2

Kj+ 1
2

Kj− 1
2

(
√

m2 − E2r0) = m + E
m − E

. (34)

In the large-mass limit or m � E, the eigenvalue converges to

E � j
r0

(
j = ±1

2
, ±3

2
, . . .

)
. (35)

The normalized eigenfunction in that limit is also simplified as2(
ψ

E, j
edge

)′
�
√

m
4πr

e−m|r−r0|
(

ei( j− 1
2 )θ

ei( j− 1
2 )θ

)
, (36)

which is chiral with respect to a gamma matrix σ 1 facing the normal direction to the domain-
wall with the eigenvalue +1. σ 1 corresponds to σ r in the original frame of R2.

In order to identify the induced gravity effect, let us solve the eigenproblem again taking the
m → ∞ limit first. To obtain the finite eigenvalue in this limit, the solution must have the form

ψ ′
edge =

√
m

4πr
e−m|r−r0|

(
1
1

)
χ ′(θ ), (37)

to cancel the m dependence of the operator. On this edge mode, the Dirac operator effectively
acts as

−i
1
r0

(
∂

∂θ
+ i

1
2

)
, (38)

2This approximation is only valid at r ∼ r0.
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where we have used σ 1 = 1.
Here, the second term 1/2r0 can be identified as the induced spinc connection. It is now ob-

vious from the Fourier transformation of χ ′(θ )→ exp(inθ ), n ∈ Z, that the eigenvalue takes a
half-integer j = n + 1/2 multiplied by 1/r0. The gap in the eigenvalue spectrum seen in Eq. (35)
opens due to this gravitational effect.

One can locally cancel the gravitational effect or the connection term by a U(1) transforma-
tion χ ′→χ = eiθ/2χ ′. However, the global effect of the curved S1 remains as the anti-periodic
boundary condition of χ , leaving the eigenvalue spectrum including the gap unchanged. In
mathematics, the anti-periodic χ field is more natural on S1 in the sense that it belongs to a
trivial element in the spin bordism group. The induced spinc connection naturally describes
how the anti-periodicity emerges in the effective low-energy theory of edge modes, for which
the total original system is made periodic.

3.2. Lattice analysis
Let us discretize the Dirac operator (30) on a 2D square lattice (Z/NZ)2. When we take the
lattice size L = 1, the lattice spacing is simply given by a = 1/N. We represent x̂ = x/a and ŷ =
y/a as the coordinates of (Z/NZ)2 in the range 0 ≤ x̂, ŷ ≤ N − 1 and we assume the periodic
boundary condition x̂ = 0 ∼ N, ŷ = 0 ∼ N. Denoting the difference operators by (∇1ψ )(x̂,ŷ) =
ψ(x̂+1,ŷ) − ψ(x̂,ŷ) and (∇†

1ψ )(x̂,ŷ) = ψ(x̂−1,ŷ) − ψ(x̂,ŷ) and those in the ŷ in the same manner, we
have the lattice version of the domain-wall Dirac operator

H = 1
a
σ3

⎛
⎝∑

i=1,2

[
σi

∇i − ∇†
i

2
+ 1

2
∇i∇†

i

]
+ εAam

⎞
⎠ , (39)

where we have introduced the Wilson term (the second term in the square brackets) with the
standard choice of the coefficient w = 1. We assign the domain-wall mass by a step function

εA(x̂, ŷ) =
{

−1 ((x̂, ŷ) ∈ A)
1 ((x̂, ŷ) /∈ A)

. (40)

The region A inside the circle is defined by

A =
{

(x̂, ŷ) ∈ (Z/NZ)2 |
(

x̂ − N − 1
2

)2

+
(

ŷ − N − 1
2

)2

< (r̂0)2

}
, (41)

where r̂0 = r0/a is the radius of the S1 domain-wall in the lattice units and ( N−1
2 , N−1

2 ) is the
center of the circle. Note that N−1

2 needs not to be an integer. In fact, we take N even for the
reason explained below.

Since the domain-wall is curved, the chirality operator is position-dependent. Let us translate
x̂ − N−1

2 → x̂ and ŷ − N−1
2 → ŷ so that the center of the circle is located at (0,0), and x̂ (resp.

ŷ) takes a half-integer when N is even. Then, we can define the chirality operator on the lattice
by

γnormal := σ1
x̂
r̂

+ σ2
ŷ
r̂

(42)

where r̂ =
√

x̂2 + ŷ2. This operator is well defined only when N is even.
We solve the eigenvalue problem of Eq. (39) numerically and compute the expectation value

of the chirality of each eigenstate. We plot the eigenvalues in Fig. 1 and represent their chirality
by gradation of the symbol. Here we set the lattice size N = 20, the radius of the circle domain-
wall r̂0 = r0/a = 5, and the fermion mass ma = 0.7. The circle symbols denote the lattice data
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Fig. 1. The eigenvalue spectrum of the domain-wall Dirac operator at ma = 0.7, r̂0 = r0/a = 5, and
N = 20. Circles denote the lattice data and crosses between −mr0 and mr0 represent the continuum
counterpart. The gradation of the symbols represents chirality. The left panel shows the whole spectrum
and the right panel focuses on the near-zero eigenvalues.

and crosses represent their continuum limit. Here we label the eigenvalues with the half-integer
j, expecting them to represent the eigenstates

· · · ≤ E− 3
2

≤ E− 1
2

≤ 0 ≤ E 1
2

≤ E 3
2

≤ · · · . (43)

The eigenvalues of the near-zero modes, whose absolute value is less than m (indicated by
the dotted lines), agree well with their continuum counterparts. The gap from zero, as the
gravitational effect, is clearly seen. Moreover, they have positive chirality as expected. These
states are localized at the curved domain-wall as shown in Fig. 2 where the amplitude of the
E 1

2
= 0.4235/r0 eigenvector, which has the chirality 0.9902, is plotted.

Let us discuss the systematics due to the finite lattice spacings. In Fig. 3, we plot the relative
deviation of E 1

2
with three finite masses m = 10/L, 14/L, 20/L from the continuum result Econti,

error = (E − Econti) /Econti, (44)

as a function of the lattice spacing a = 1/N. Although some oscillation is visible in the left panel
(which is reduced after three-point binning in the right panel), the data show a linear depen-
dence on the lattice spacing a to the continuum limit. We also find that the chirality expectation
value approaches the continuum value 0.9966, as presented in Fig. 4. Note that the edge mode
is not perfectly chiral even in the continuum theory, due to the finite values of m and r0.

Next, we discuss the finite-volume effects. In the numerical analysis on the lattice, we assign
the periodic boundary condition in every direction with a finite size of L. In Fig. 5 we plot the
eigenvalue r0E 1

2
as a function of the lattice size N = L/a with fixed values of r0 = 10a and ma

= 0.35. For lattice sizes greater than N = 40 or L = 4r0, the finite-volume effect is negligible.
Finally, let us address the recovery of the rotational symmetry. The zigzag behavior of the

peaks of the amplitude of the eigenfunction in Fig. 2 reflects the violation of the rotational
symmetry on the square lattice. However, we find that the spiky shapes become weaker and
weaker when we decrease the lattice spacing. In order to quantify the rotational symmetry
violation, we compare the highest and lowest peaks of the amplitude of the eigenfunction with
E 1

2
. The local amplitude (ψ†ψ )(x̂,ŷ) represents the probability distribution of the eigenstate on

the a × a square at the lattice point (x̂, ŷ). We collect a set of peaks per x̂ slices:

P =
{

max
ŷ

(ψ†ψ(x̂,ŷ) ) | −r̂0 < x̂ < r̂0

}
(45)
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Fig. 2. Top: the amplitude of the eigenfunction with E 1
2

at the lattice spacing a = 1/N = L/20. Bottom
left: the same as the top panel but with a = L/40. Bottom right: the same but with a = L/80.

Fig. 3. Left: the relative deviation of the eigenvalue
(

E 1
2
− Econti

)
/Econti is plotted as a function of the

lattice spacing a = 1
N . Right: the same plot as the left panel but with the three neighborhood points

averaged.

and take the difference between the maximum and minimum of the set:

�peak = (max(P) − min(P))/a2. (46)

We plot �peak as a function of the lattice spacing a = 1/N in Fig. 6. Our data indicate automatic
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Fig. 4. The chirality of the state with E 1
2

when m = 14/L and r̂0 = L/4 is plotted as a function of the

lattice spacing a = 1
N . The horizontal line at 0.9966 indicates the continuum value.

Fig. 5. Finite lattice size N scaling of the eigenvalue E 1
2
r0 at ma = 0.35 and r̂0 = 10.

Fig. 6. The rotational symmetry violation measured by the difference between the highest peak and the
lowest peak of the amplitude of the eigenfunction with E 1

2
(m = 14/L and r0 = L/4). See the main text

for the details.
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recovery of the rotational symmetry, as is naively expected from its recovery of the higher-
dimensional square lattice.

4. S2 domain-wall in 3D flat space
In this section, we embed an S2 into the 3D Euclidean space as a domain-wall. Here, we locate
its center at (0,0,0) and denote its radius by r0. In general, the massive Dirac operator D + m
is a complex operator in three dimensions. In order to make a well defined eigenvalue problem,
we introduce two flavors of the spinor fields. One can regard this system as a one-flavor 4D
fermion with one direction compactified to an infinitesimal size. In the latter interpretation,
the existence of the chiral symmetry is obvious.

4.1. Continuum analysis
In continuum theory, our target Hermitian Dirac operator is

H = γ 5

⎛
⎝ 3∑

j=1

γ j ∂

∂xj
+ mε

⎞
⎠ =

(
mε σ j∂ j

−σ j∂ j −mε

)
, (47)

where the gamma matrices are given by a direct product of 2 × 2 matrices: γ 5 = σ3 ⊗ 1, γ j = σ1 ⊗ σ j
.

The former 2 × 2 matrices can be regarded as an operator on the two-flavor space. The mass
parameter is denoted by m and ε = sign(r − r0) is a step function. Let us take the standard
polar coordinate (r, θ , φ) so that the radial direction is equal to the normal direction to the
domain-wall, and the remaining θ and φ directions are tangent to it. This operator acts on the
two flavors of the spinor fields in R3, or a four-component fermion.

First, let us solve the eigenproblem of Eq. (47) following the general recipe shown in Sect. 2.
By a spin(3) � SU(2) rotation,

R(θ, φ) = exp(θ [γ 3, γ 1]/4) exp(φ[γ 1, γ 2]/4) = 1 ⊗ exp(iθσ2/2) exp(iφσ3/2), (48)

we can align the gamma matrices in the radial direction to γ 3 and that in the θ , φ directions
to γ 1 and γ 2, respectively. However, this matrix is valid only locally and the same problem
arises as in the previous section, in particular on the periodicity with respect to φ. Therefore,
we perform a further U(1) rotation exp ( − iφ/2) to obtain the transformed spinor field ψ

′ =
exp ( − iφ/2)R(θ , φ)ψ . Then the Hamiltonian is transformed as

H ′ = e−i φ

2 R(θ, φ)HR(θ, φ)−1ei φ

2

=
(

εm σ3
(

∂
∂r + 1

r + 1
r σ3 /D′

S2

)
−σ 3

(
∂
∂r + 1

r + 1
r σ

3 /D′
S2

) −εm

)
(49)

and /D′
S2 is

/D′
S2 =

(
σ1

∂

∂θ
+ σ2

(
1

sin θ

∂

∂φ
+ i

2 sin θ
− cos θ

2 sin θ
σ1σ2

))
, (50)

where we find nontrivial spin and spinc connections.
In a similar way to the previous section, the large-m limit requires the edge-localized solution

to have the form

ψ ′ = e−m|r−r0|

r

(
χ ′(θ, φ)

σ3χ
′(θ, φ)

)
, (51)
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which has the positive “chirality” of γ 3 =
(

0 σ3

σ3 0

)
, or the gamma matrix in the normal direc-

tion in the original frame:

γnormal :=
3∑

i=1

xi

r
γ i. (52)

Here, χ converges to an eigenstate of the massless Dirac operator 1
r /D′

S2σ3|r=r0 = 1
r0

/D′
S2σ3 on the

S2 domain-wall. As explicitly seen in Eq. (50), the edge-localized modes feel gravity through
the induced spin and spinc connections.

According to Ref. [41], /D′
S2σ3 is commutative with

J ′
± = e±iφ

√
2

{
± ∂

∂θ
+ i

cos θ

sin θ

(
∂

∂φ
+ i

2

)
+ 1

2 sin θ
σ3

}
, J ′

3 = −i
∂

∂φ
+ 1

2
(53)

and a parity operator

Pχ (θ, φ) = σ1χ (π − θ, φ + π ). (54)

J ′
± and J ′

3 satisfy

[J ′
+, J ′

−] = J ′
3, [J ′

3, J ′
±] = ±J ′

±. (55)

Thus the eigenstate of /D′
S2σ3 is that of (J ′)2 = J ′

+J ′
− + J ′

−J ′
+ + J ′

3J ′
3, J ′

3, and P. Due to the
nontrivial connections, the eigenvalues of (J

′
)2 and J3 are represented by half-integers by

j( j + 1) ( j = 1
2 ,

3
2 , . . .); that of J ′

3 is denoted as j3 = −j, −j + 1, …, j − 1, j. The highest eigen-
function with (j, j3 = j) is obtained from the condition J ′

+χ ′
j, j3= j = 0 as

χ ′
j, j3= j,± = (eiφ sin θ ) j− 1

2

(
cos θ

2
∓ sin θ

2

)
, (56)

which has the eigenvalue (−1) j± 1
2 of P. By a direct substitution, we find that χ ′

j, j3= j,± is the
eigenstate of /D′

S2σ3 with the eigenvalue

λ = ±
(

j + 1
2

)
. (57)

Since J ′
− commutes with /D′

S2σ3, every descendant state

χ ′
j, j3,± = (J ′

−) j− j3 (eiφ sin θ ) j− 1
2

(
cos θ

2
∓ sin θ

2

)
(58)

shares the same eigenvalue (57). Namely, we have (2j + 1)-fold degeneracy.
Thus we find the edge-localized eigenmode as

(ψ̃E
j, j3,±)′ �

√
m
2

e−m|r−r0|

r

(
χ ′

j, j3,±
σ3χ

′
j, j3,±

)
, (59)

E � ± j + 1
2

r0
. (60)

The spectrum has a gap around E = 0, which is a bigger footprint of the gravity than that seen
in the S1 domain-wall case. The absence of the zero eigenvalue is consistent with the vanishing
theorem [42], which states that the Dirac operator cannot have solutions on a manifold with
non-negative curvature everywhere.

In fact, we can solve the Dirac equation in the original flat frame on X = R3 for finite m.
We present the details in Appendix B. We just present the results below. The edge-localized
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solutions are given by

ψE>0
j, j3,+ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A√
r

( √
m2 − E2Ij (

√
m2 − E2r)χ j, j3,+

(m + E )Ij+1(
√

m2 − E2r)σ ·x
r χ j, j3,+

)
(r < r0)

B√
r

(
(m + E )Kj (

√
m2 − E2r)χ j, j3,+√

m2 − E2Kj+1(
√

m2 − E2r)σ ·x
r χ j, j3,+

)
(r > r0)

, (61)

and

ψE<0
j, j3,− =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A′√
r

(
(m − E )Ij+1(

√
m2 − E2r)χ j, j3,−√

m2 − E2Ij (
√

m2 − E2r)σ ·x
r χ j, j3,−

)
(r < r0)

B′√
r

(√
m2 − E2Kj+1(

√
m2 − E2r)χ j, j3,−

(m − E )Kj (
√

m2 − E2r)σ ·x
r χ j, j3,−

)
(r > r0)

, (62)

where A, B, A
′
, B

′
, and E are determined by the continuity at r = r0 and the normalization.

The eigenvalue E is determined as a solution to
Ij

I j+1

Kj+1

Kj
(
√

m2 − |E |2r0) = m + |E |
m − |E | . (63)

It is a good exercise to confirm that the results are consistent with those in the m → ∞ limit
obtained in the rotated frame.

4.2. Lattice analysis
Let (Z/NZ)3 be a 3D lattice space and 0 ≤ x̂, ŷ, ẑ ≤ N − 1 be the lattice coordinates. We impose
the periodic boundary condition in every direction. We consider the Hermitian Wilson–Dirac
operator as

H = 1
a
γ 5

(
3∑

i=1

[
γ i ∇i − ∇†

i

2
+ 1

2
∇i∇†

i

]
+ εAam

)
, (64)

where the region A inside the sphere is defined by

A =
{

(x̂, ŷ, ẑ) ∈ (Z/NZ)3 |
(

x̂ − N − 1
2

)2

+
(

ŷ − N − 1
2

)2

+
(

ẑ − N − 1
2

)2

< (r̂0)2

}
,

(65)

and

εA(x̂, ŷ, ẑ) =
{

−1 ((x̂, ŷ, ẑ) ∈ A)
1 ((x̂, ŷ, ẑ) /∈ A)

(66)

is a step function that defines the S2 domain-wall with the radius r0. The center of the sphere is
located at ( N−1

2 , N−1
2 , N−1

2 ). Translating the center ( N−1
2 , N−1

2 , N−1
2 ) to the origin, the chirality

operator is defined by

γnormal = x̂
r̂
γ 1 + ŷ

r̂
γ 2 + ẑ

r̂
γ 3, (67)

where r̂ represents the length from the center of the circle. This operator is well defined only
when N is even.

We solve the eigenvalue problem of H numerically. For the case with ma = 0.875, r0/a = 4,
and N = 16, we plot the eigenvalue spectrum in Fig. 7, where we arrange the eigenvalues in
ascending order of j and the gradation represents their chirality.

We can see a good agreement between the numerical lattice data (circles) of Er0 and the
continuum results (crosses) between −mr0 and mr0, including the nontrivial degeneracy with
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Fig. 7. The amplitude of the eigenfunction with E 1
2

at ma = 0.875, r0/a = 4. In the left panel, the amplitude
at every site in the whole 3D lattice is represented by the gradation, while it is given by the z-axis in the
right panel focusing on the 2D plane at ẑ = 7.

Fig. 8. The amplitude of the eigenfunction with E 1
2

at ma = 0.875 and r0/a = 4. In the left panel, the
amplitude at every site in the whole 3D lattice is represented by the gradation, while it is given by the
z-axis in the right panel focusing on the 2D plane at ẑ = 7.

respect to the different value of j3. It is also consistent with the continuum prediction that the
chirality is almost unity. The gap from zero indicates that these modes feel gravity through the
induced spin or spinc connections. We notice that there are some chiral modes that do not have
continuum counterparts near E = m. We expect that these modes will be absorbed into the
bulk modes in the continuum limit when their continuum limit of the eigenvalues exceeds the
mass. The near-zero modes are localized on the S2 domain-wall as shown in Fig. 8, where the
amplitude of the E 1

2
state is presented by the gradations.

Let us discuss the systematics due to the lattice spacing. In Fig. 9 we plot the deviation of E 1
2

with three masses m = 10/L, 14/L, 20/L and r0 = L/4 as in the previous section. The data show
a linear dependence on the lattice spacing a to the continuum limit.

Next, we discuss the finite-volume effects. In Fig. 10 we plot the eigenvalue E 1
2
r0 at r0 = 4a

and ma = 0.875 in the same way as in the previous section. A good convergence is seen after N
= L/a = 16 = 4r0/a.

The recovery of the rotational symmetry is also good. The smaller lattice spacing, the weaker
the spiky shape becomes in Fig. 11. To quantify the rotational symmetry violation, we define
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Fig. 9. The relative deviation of the eigenvalue is plotted as a function of the lattice spacing a = 1
N .

Fig. 10. Finite lattice size N scaling of the eigenvalue E 1
2
r0 at ma = 0.875 and r̂0 = 4.

Fig. 11. The same plot as the right panel of Fig. 8 but with different lattice spacings a = L/12 (left) and
a = L/20 (right).

�peak as in the previous section but scan a 3D cube around the domain-wall. We plot the dif-
ference between the highest and lowest peaks in Fig. 12. Our data indicate automatic recovery
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Fig. 12. The rotational symmetry violation measured by the difference between the highest and lowest
peaks in the z-direction of the amplitude of the eigenfunction with E 1

2
(m = 14/L and r0 = L/4) among

different x- and y-points covering the spherical domain-wall. See the main text for the details.

of the rotational symmetry, as is naively expected from its recovery of the higher-dimensional
square lattice.

5. Summary and discussion
In this work, we have investigated fermion systems on a square lattice having a curved domain-
wall mass term. On the S1 domain-wall embedded into R2 and that of S2 into R3, we have shown
that the edge-localized modes appearing at the domain-wall feel gravity through the induced
spin connection.

The effect of gravity or spin connections is encoded in the spectrum of the domain-wall
fermion Dirac operators. In particular, we have found a gap from zero in the eigenvalues of
the Dirac operator, which is consistent with the vanishing theorem [42], where the Dirac equa-
tion has no solution on a manifold with non-negative curvature everywhere.

For the cases of S1 and S2, we can analytically solve the continuum Dirac equation and
compare the solutions with the lattice results. We have numerically solved the eigenproblem of
the Hermitian lattice Dirac operator and found that the spectrum agrees well with that in the
continuum theory. Our data at different lattice spacings indicate that the convergence to the
continuum value is linear in a.

As expected, we have found that the near-zero eigenmodes of the Dirac operator are localized
at the curved domain-walls. Although they have spiky shapes due to the rotational symmetry
breaking, they monotonically become flat in the naive continuum extrapolation. This observa-
tion suggests that the rotational symmetry on the spheres is automatically recovered together
with the simple classical continuum limit.

Our numerical analysis has been done on a lattice with periodic boundary conditions. The
large volume extrapolation of the data indicates a good saturation when the lattice size is four
times larger than the radius of the spherical domain-walls. The finite systematic is thus con-
trolled in the same manner as in the conventional flat domain-wall fermion.

In this work, we have fixed the shape and location of the domain-walls. It is interesting to ask
what happens when the domain-wall is allowed to move. On the lattice, the configuration of
the domain-wall can be given by assigning ±1 values to each lattice site. If we define the path
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integral of these Z2 site valuables in such a way that its dynamics depends only on the effective
curvature of the domain-walls, it may give a novel realization of quantum gravity coupled to
the edge-localized chiral fermions.

In the examples given in this paper, we did not have zero eigenmodes of the effective Dirac
operator with nonzero gravitational potentials. In these cases, the Atiyah–Singer index is triv-
ially zero. In recent studies of the domain-wall fermions [19–22], the nontrivial Atiyah–Patodi–
Singer index can be realized to describe the bulk and edge correspondence of anomaly in-
flow. Then a natural question is whether we can describe the gravitational anomaly inflow with
curved domain-wall fermions, and describe the related index theorem on the lattice. A mixed
anomaly with gauge link variables and gravity would also be interesting.
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Appendix A. Weyl fermions on the domain-wall
In the literature, both in continuum theory [11,12] and on a lattice [13,14], the domain-wall
fermion in odd dimensions has been employed to describe Weyl fermions. The Dirac operator
in that case is

D = /D + εm, (A1)

which is not Hermitian. In the main text of this paper, we introduce two-flavor degrees of
freedom to make a Hermitian Dirac operator. In this appendix, let us consider the single-flavor
case.

Taking the frame decomposing the normal and tangent directions to the domain-wall, and the

local scale transformation of the spinor field on X = Rn: ψ =
(

gIJ ∂ f
∂xI

∂ f
∂xJ

)+ 1
4
ψ ′, the operator

acts on ψ
′
as

D′ = γ a

(
ea + 1

4

∑
bc

ωbc,aγ
bγ c

)
︸ ︷︷ ︸

/̃D

+γ n+1 ∂

∂t
+ F + εm. (A2)

In the large-m limit, the near-zero modes must converge to the edge-localized form

ψ ′ = e−m|t|e− ∫ t
0 dt′F (y,t′ )χ+, (A3)

where χ+ has the positive chirality of γ n + 1. The opposite chiral state appears for D
′†. Thus,

the Dirac operators D
′
and D

′† effectively act as /̃D± = /̃D 1
2 (1 ± γ n+1), respectively, on the chiral

edge modes. Thus, we have Weyl fermions as edge modes with a nontrivial spin connection
induced by the curved domain-wall.

Appendix B. Direct computation of the edge modes
In this appendix, we solve the eigenproblem without taking the large-m limit in the original
frame of X = R3. H is commutative with the following three operators:
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Ji = 1 ⊗ Ĵi = 1 ⊗
(

Li + 1
2
σi

)
, (B1)

J2 = J2
1 + J2

2 + J2
3 = 1 ⊗ Ĵ2 (B2)

Pψ (x) = (σ3 ⊗ 1)ψ (−x), (B3)

where Li = −iεijkxj∂k is an orbital angular momentum operator, Ĵi denotes the total angular
momentum, and P is a parity operator. Therefore, let us label our two-component spinor χ j, j3,±
by the eigenvalues of J2, J3, P:

Ĵ2χ j, j3,± = j( j + 1)χ j, j3,± (B4)

Ĵ3χ j, j3,± = j3χ j, j3,± (B5)

χ j, j3,±(−x) = (−1) j∓ 1
2 χ j, j3,±(x) (B6)

χ j, j3,− = σ · x
r

χ j, j3,+. (B7)

Note that we can write them explicitly using spherical harmonics.
We obtain eigenstates with energy E > 0 as

ψE>0
j, j3,+ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A√
r

( √
m2 − E2Ij (

√
m2 − E2r)χ j, j3,+

(m + E )Ij+1(
√

m2 − E2r)σ ·x
r χ j, j3,+

)
(r < r0)

B√
r

(
(m + E )Kj (

√
m2 − E2r)χ j, j3,+√

m2 − E2Kj+1(
√

m2 − E2r)σ ·x
r χ j, j3,+

)
(r > r0)

(B8)

and eigenstates with energy E < 0 as

ψE<0
j, j3,− =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A′√
r

(
(m − E )Ij+1(

√
m2 − E2r)χ j, j3,−√

m2 − E2Ij (
√

m2 − E2r)σ ·x
r χ j, j3,−

)
(r < r0)

B′√
r

(√
m2 − E2Kj+1(

√
m2 − E2r)χ j, j3,−

(m − E )Kj (
√

m2 − E2r)σ ·x
r χ j, j3,−

)
(r > r0)

, (B9)

where A, B and A
′
, B

′
are constants determined by the continuity at r = r0 and the normaliza-

tion. The eigenvalue E satisfies a solution to

Ij

I j+1

Kj+1

Kj
(
√

m2 − |E |2r0) = m + |E |
m − |E | . (B10)

Note that the sign of E corresponds to the eigenvalue of the parity operator P.
In the large-mass limit or m � E, the energy converges to

E � ± j + 1
2

r0
,

(
j = 1

2
,

3
2

· · ·
)

, (B11)

where ± corresponds to the eigenvalue (−1) j∓ 1
2 of P. We can see the gap from zero as a gravi-

tational effect.
The normalized eigenstate in that limit is obtained as

ψ̃E
j, j3,± �

√
m
2

e−m|r−r0|

r

(
χ j, j3,±

σ ·x
r χ j, j3,±

)
, (B12)
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which is an eigenstate of the gamma matrix

γnormal :=
3∑

i=1

xi

r
γ i (B13)

facing to the normal direction of S2, and it has an eigenvalue +1.
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