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A B S T R A C T 

The null hypothesis in Pulsar Timing Array (PTA) analyses includes assumptions about ensemble properties of pulsar time- 
correlated noise. These properties are encoded in prior probabilities for the amplitude and the spectral index of the power-law 

power spectral density of temporal correlations of the noise. Because multiple realizations of time-correlated noise processes are 
found in pulsars, these ensemble noise properties could and should be modelled in the full-PTA observations by parametrizing 

the respective prior distributions using the so-called hyperparameters. This approach is known as the hierarchical Bayesian 

inference. In this work, we introduce a new procedure for numerical marginalization o v er hyperparameters. The procedure may 

be used in searches for nanohertz gravitational waves and other PTA analyses to resolve prior misspecification at negligible 
computational cost. Furthermore, we infer the distribution of amplitudes and spectral indices of the power spectral density of 
spin noise and dispersion measure variation noise based on the observation of 25 millisecond pulsars by the European Pulsar 
Timing Array. Our results may be used for the simulation of realistic noise in PTAs. 

Key w ords: gravitational w aves – methods: data analysis – pulsars: general. 
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 I N T RO D U C T I O N  

ulsar Timing Arrays (PTAs; Foster & Backer 1990 ) are experiments
hat monitor pulse arri v al times from Galactic millisecond pulsars
ith a primary goal of detecting nanohertz-frequency gravitational
aves (Sazhin 1978 ; Detweiler 1979 ). The most promising source
f such gravitational waves is the stochastic superposition of in-
piralling supermassive binary black holes in the nearby Universe
Rosado, Sesana & Gair 2015 ). Thanks to space–time metric per-
urbations from gravitational waves, pulse arri v al times experience
elays and advances (henceforth, delays). The power spectral density
PSD) of delays P ( f ) induced by stochastic gravitational waves
anifests temporal correlations and corresponds to the background’s

haracteristic strain spectrum h c ( f ). The Fourier frequency of timing
elays f is exactly the gravitational wave frequency. For the isotropic
tochastic gra vitational wa ve background (GWB) from circular
inaries where the inspiral is driven by gravitational wave emission
lone, h c ∝ f −2 / 3 corresponding to P ( f ) ∝ f −13 / 3 , highlighting
ignal prominence to wards lo wer frequencies or, equi v alently, longer
bservational time-scales (Phinney 2001 ; Renzini et al. 2022 ). At low
requencies, PTAs are limited by time-correlated ‘red’ noise, which is
lso modelled using a power law. The two basic sources of red noise
n PTA data are the dispersion measure (DM) variation noise (Keith
t al. 2013 ) and the spin noise (SN; Shannon & Cordes 2010 ). DM
oise features an additional dependence P ( f ) ∝ ν−2 , where ν is a
adio frequency. It belongs to a broader class of noise processes called
chromatic’, referring to the dependence of the signal amplitude on
 E-mail: boris.goncharov@aei.mpg.de 
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adio frequency. Achromatic red noise that is independent of ν is
lso called SN because it is associated with irregularities in pulsar
otation. A decisive contribution of the stochastic background to
TA data is ultimately determined through the covariance of the
ignal across pulsar pairs. The covariance follows the Hellings &
owns ( 1983 ) function of pulsar angular separation. 
Contemporary PTA analyses are performed using Bayesian in-

erence, where a uniform prior probability is assumed for pulsar-
pecific red noise parameters, namely, the log-10 amplitude, lg A ,
nd the spectral index, γ , of noise PSD. Often the term ‘prior’ is
sed to refer to our knowledge of a parameter before evidence is
aken into account. Ho we ver, more precisely, priors are the models
f how likely a parameter with a certain value is to be found in a given
ata realization. A prior choice is sufficient as long as it is consistent
ith an observation. Uniform priors on PTA noise parameters are
esigned to be sufficient for single-pulsar noise analyses. Ho we ver,
ll pulsars represent different realizations of data with respect to
ulsar noise parameters. 1 So, for full-PTA analyses with multiple
ulsars, a mismatch between our prior on ( lg A, γ ) and the observed
istribution of these parameters may accumulate across pulsars and
ead to biased inference. This case is known as prior misspecification .

Implicitly, noise prior misspecification is shown by Hazboun
t al. ( 2020 ) to bias measurements of the strain amplitude of the
WB in PTAs. The authors have mitigated the bias by allowing the
ata to choose whether red noise is present or absent in a pulsar.
urthermore, in simulations of Goncharov et al. ( 2021b ) and Zic
 While remaining a single realization of data with respect to parameters 
o v erning h c ( f ) of GWB. 
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t al. ( 2022 ), pulsar SN with a wide range of ( lg A, γ ) modelled
ith the standard uniform priors, not representative of ensemble 
oise properties, yields evidence for a stochastic signal with the 
ame power-law PSD across pulsars (which is not present in the 
imulated data). Such a common-spectrum process (CP), under the 
ssumption of uniform noise priors, has been reported in real PTA 

ata as a possible precursor to Hellings–Downs correlations of the 
WB (NANOGrav Collaboration 2020 ; Chen et al. 2021 ; Goncharov 

t al. 2021b ). 
Goncharov et al. ( 2022 ) regularized incorrect pulsar noise priors

y allowing noise amplitudes of the CP of the putative GWB to
ary across pulsars. By showing that this variance is consistent with 
ero, the authors confirmed the consistency of the signal with the 
WB. Although the model of Goncharov et al. ( 2022 ) provides

he working solution and has clear use cases, the ultimate solution 
o the misspecification of noise priors is to parametrize priors for
ll rele v ant noise parameters. Both the statement of the problem
nd the most general solution are clearly outlined in van Haasteren 
 2024 ). The distribution of pulsar noise parameters is inferred 
imultaneously with a search for Hellings–Downs correlations and 
ther red processes with pulsar-to-pulsar covariance. The technique 
s shown to mitigate systematic errors introduced by incorrect noise 
riors. 
In this study, we introduce two new methods for modelling 

nsemble pulsar noise properties in PTA data. Ho we ver, unlike v an
aasteren ( 2024 ), (1) one of our methods can only be used to infer

nsemble pulsar noise properties and (2) another method can only 
e used to remo v e a systematic error from incorrect pulsar noise
riors without gaining access to ensemble noise properties. Next, 
e perform inference of ensemble noise properties of pulsars from 

he second data release (DR2; EPTA Collaboration 2023 ) of the 
uropean Pulsar Timing Array (EPTA; Kramer & Champion 2013 ; 
esvignes et al. 2016 ). 
The rest of the paper is organized as follows. In Section 2 , we

utline the data analysis methodology and an o v erview of sources
f noise in PTAs. Our two new methods of modelling ensemble 
ulsar noise properties are presented in Sections 2.2.1 and 2.2.2 . 
n Section 3 , we report on our main results, where each section
orresponds to a different model of a distribution of noise parameters 
 lg A, γ ). In Section 4 , we test the robustness of our models to circular
nalysis. Finally, in Section 5 , we draw conclusions. 

 M E T H O D O L O G Y  

n this study, we analyse the second data release (EPTA Collaboration 
023 ) of the EPTA. In particular, we focus our attention on the
DR2full’, which we will thus refer to as EPTA DR2 or data unless
pecified otherwise. The data are based on pulse arri v al times from a
et of 25 millisecond radio pulsars observed over time spans varying 
etween 14 and 25 yr. The data also include pulsar timing models
btained with the least-squared fitting of pulse arri v al times to the
odels (Hobbs, Edwards & Manchester 2006 ). Timing models de- 

cribe how pulse arrival times are affected by deterministic properties 
f individual pulsars such as pulsar spin frequency and derivatives, 
ulsar position and proper motion in the sky, DM and deri v ati ves,
nd binary orbital parameters (if applicable). Contributions of other 
ignals and noise processes to data are referred to as ‘residuals’,
mplying that they yield a difference between pulse arrival times 
redicted by the timing model and measured arri v al times. Pulse
rri v al times are referenced to the position of the Solar system
arycentre, which is defined based on the DE440 ephemeris (Park 
t al. 2021 ). 
.1 Standard PTA data analysis methodology 

ontributions to the PTA data beyond the timing model are often
etermined using Bayesian inference as described below. The like- 
ihood of data δ t (a vector of the measured pulse times of arri v al,
oA) is a Gaussian distribution, which is multi v ariate with respect to
 number of observations, 

 ( δ t | θ ) = 

exp 

(
− 1 

2 ( δ t − μ) T C 

−1 ( δ t − μ) 

)
√ 

det ( 2 πC ) 
, (1) 

here θ is a vector of parameters of models that describe the data.In
ther words, L ( δ t | θ ) is the time-domain likelihood. The model
rediction for pulse arri v al times as a function of time is μ( θ),
nd C ( θ ) is a covariance matrix that describes stochastic processes.
iagonal elements of C , σ 2 , correspond to temporally uncorrelated 

white’ noise. It is modelled as σ 2 ( e f , e q ) = σ 2 
ToA e 

2 
f + e 2 q , where σ ToA 

s the measurement uncertainty on the data provided by the initial
iming model fit and ( e f , e q ) are white noise model parameters,
hich are chosen to be separate for each telescope backend- 

ecei ver combination. Of f-diagonal elements of C describe temporal 
orrelations. F or illustrativ e purposes, it is conv enient to represent
emporal correlations as components of μ together with the timing 

odel contributions using a reduced-rank approximation (Lentati 
t al. 2013 ; van Haasteren & Vallisneri 2014 ): 

= F a + M ε + U j + d ( t) . (2) 

ere, F are the Fourier sine and cosine basis functions and a are
ourier amplitudes of red processes. Timing model contributions are 
imilarly modelled via the design matrix M and the coefficients ε
epresent timing model parameters. Whereas a type of white noise 
orresponding to timing delays j in units (s) that are the same
or all ToAs obtained in the same observing epoch (‘jitter’ noise)
re modelled using the basis U . Vector d ( t) corresponds to other
eterministic signals as a function of pulsar observation time. Deter- 
inistic signals include exponential dips associated with pulse shape 

hanges (Goncharov et al. 2021a ). Let us denote b ≡ ( a , ε, j ) ∈ θ .
ayes theorem is used to obtain a posterior distribution of model
arameters P( θ | δ t ) from the likelihood and the prior π ( θ): 

( θ | δ t ) = 

L ( δ t | θ ) π ( θ) 

Z 

, (3) 

here Z is the integral of the numerator over θ , it is termed Bayesian
vidence. 

Hier arc hical inference – the approach of parametrizing prior 
istributions – is already a part of the standard PTA data analysis
achinery. It is employed to reduce the parameter space and to make

t physically moti v ated. Instead of Fourier amplitudes a (two per
requency, one per sine term of F and one per cosine term), it is more
onvenient to measure power-law parameters ( A, γ ) of the PSD of
ed processes: 

 ( f | A, γ ) = 

A 

12 π2 

(
f 

f yr 

)−γ

. (4) 

hus, the prior on a joins single-pulsar likelihoods into a joint 
osterior: 

( θ
′ 
, θ

′′ | δ t ) = Z 

−1 
∫ 

L ( δ t | b , θ ′ 
) π ( b | θ ′′ 

) π ( θ
′′ 
) π ( θ

′ 
) d b , (5) 

here θ
′ 

are parameters that are not included in the reduced- 
ank approximation in equation ( 2 ), such that θ = ( θ

′ 
, b ). Values

′′ 
are referred to as hyperparameters that include ( A, γ ). The

ntegral in equation ( 5 ) is carried out analytically (Lentati et al.
MNRAS 537, 3470–3479 (2025) 
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Table 1. Hierarchical Bayesian analysis methods for PTAs. Parameters θ of a model describing PTA data include parameters of noise and signals such as the 
GWB. Hyperparameters � determine the distribution of noise parameters in nature, π ( θ | � ). 

Approach Deliverable Pulsar-wise 
parallelization 

Modelling common 
signals in all pulsars 

Primary scope 

No modelling of ensemble 
noise properties, � = ∅ 

P( θ | δ t ) 

∣
∣
∣
∣
� = ∅ 

– Yes Measurement of model parameters θ , subject to 
potential biases due to prior misspecification 

Goncharov et al. ( 2022 ), 
� CP = ( μlg A CP , σlg A CP ) 

P( � CP | δ t ) Yes Via a prior in individual 
pulsars 

Modelling of the CP (pulsar-to-pulsar 
autocorrelation of the GWB) 

van Haasteren ( 2024 ) P( � , θ | δ t ) No Yes Inference of ensemble noise properties, resolving 
model misspecification on the fly 

Single-pulsar prior 
reweighting (equation 8 ) 

P( � | δ t ) Yes Via a prior in individual 
pulsars 

Inference of ensemble noise properties, resolving 
model misspecification in the subsequent analysis 

Marginalization o v er � 

(equation 9 ) 
P( θ | δ t ) No Yes Resolving model misspecification on the fly 
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013 ; van Haasteren & Vallisneri 2014 ). The integral represents
arginalization o v er b , and it is ultimately performed with ( F , M , U )

nd b modelled in C . For more details, please refer to NANOGrav
ollaboration ( 2016 ). 
Full-PTA analysis with stochastic processes that are correlated

etween pulsars, such as the GWB, is performed as follows. To
odel the PSD of each pulsar-specific noise term, which may vary

rom pulsar to pulsar, we have a vector of power-law parameters
 A , γ ), with a pair of noise (hyper)parameters ( A, γ ) per pulsar.

e also have a pair of ( A c , γc ) to model PSD of each ‘common’
tochastic signal, i.e. applicable to all pulsars. Using notations from
quation ( 2 ), an ‘ a ’ component of the term π ( b | θ ′′ ) for arbitrary
ulsars ( a, b) and frequencies ( i, j ) becomes 

( a,i) , ( b,j ) ( a | A a , γa , A c , γc ) = P ai ( f i | A a , γa ) δab δij 

+ � ab P i ( f i | A c , γc ) δij , (6) 

here � ab is the o v erlap reduction function such as the Hellings–
owns function. It encodes pulsar-to-pulsar correlations. 

.2 Hierar chical infer ence of ensemble noise pr operties 

s part of the standard PTA analysis routine described in Section 2.1 ,
riors π ( lg A, γ ) are assumed to be uniform distributions, U . For
xample, π ( lg A ) = U( −20 , −12), π ( γ ) = U(0 , 7). As we pointed
ut in Section 1 , previous studies suggest that this model may be
ncorrect. The solution is to propose alternative parametrized models
( θ | � ), which now depend on hyperparameters � . Therefore,
eneralizing ( lg A, γ ) ∈ θ , the posterior becomes 

( θ , � | δ t ) = Z 

−1 L ( δ t | θ ) π ( θ | � ) π ( � ) . (7) 

he approach of van Haasteren ( 2024 ) is to directly evaluate
( θ , � | δ t ). In this work, we propose computationally efficient
arginalization of this posterior o v er (a) θ , or (b) � , as described

elow. A summary of the methods is provided in Table 1 . 

.2.1 Marginalized posterior of hyperparameters 

o obtain P( � ) marginalized o v er θ , we propose a solution based
n prior reweighting, the application of importance sampling to
riors. The calculation is done in two steps, both of which manifest
ne global fit to data. First, one obtains P( θ ′ , θ ′′ | δ t ) for every
NRAS 537, 3470–3479 (2025) 
ulsar assuming a fixed prior on noise parameters π ( θ k 
i | ∅ ). It

s referred to as the proposal distribution. Here, ∅ means that
yperparameters are fixed as in the standard EPTA analysis (EPTA
ollaboration & InPTA Collaboration 2023a ). Secondly, one uses the

esulting posterior samples and evidence values Z ∅ ,i to construct a
ikelihood marginalized o v er all parameters e xcept � , L ( δ t | � ). It is
hown in Thrane & Talbot ( 2019 ) that the likelihood from equation
 7 ) can be written in the following form: 

 ( δ t | � ) = 

N psrs ∏ 

i 

Z ∅ ,i ( δ t i ) 
n i 

n i ∑ 

k 

π ( θ k 
i | � ) 

π ( θ k 
i | ∅ ) 

. (8) 

n the abo v e equation, N psrs is the number of pulsars in a PTA, n i is the
umber of posterior samples obtained for a given pulsar, and θk 

i is the
th posterior sample for ith pulsar. Ensemble noise properties of the
PTA presented in this work are obtained based on equation ( 8 ). The

imitation of this approach is that it is based on expressing the total
TA likelihood as the product of single-pulsar likelihoods. Therefore,

he approach is blind to Hellings–Downs correlations or other inter-
ulsar (angular) correlations in the timing data. Whereas the presence
f temporal correlations with the same ( lg A, γ ) in all pulsars has
o be imposed via a prior in individual pulsars. To model CP
NANOGrav Collaboration 2020 ; Chen et al. 2021 ; Goncharov et al.
021b ) associated with the GWB (EPTA Collaboration & InPTA
ollaboration 2023b ; NANOGrav Collaboration 2023a ; Reardon
t al. 2023 ) in our hierarchical likelihood defined by equation ( 8 ),
e impose an additional spin-noise-like term with γ = 13 / 3 in

ndividual pulsar likelihoods. The methodology and implications of
his choice are discussed in Appendix A . Impro v ed methods for
eparating the effect of GWB from pulsar-intrinsic work may be
xplored in future work. 

.2.2 Marginalization over hyperparameters 

he posterior from equation ( 7 ) marginalized o v er � can be written
n the following form: 

( θ | δ t ) = 

L ( δ t | θ ) π ( θ | ∅ ) 

Z 

× 1 

n p 

n p ∑ 

k 

π ( θ | � k ) 

π ( θ | ∅ ) 
, (9) 

here � k are n p samples from the prior. The reader may notice
hat the resulting posterior in equation ( 9 ) is the product ( ×) of
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Figure 1. The inferred form of the uniform distribution of pulsar red noise parameters. Solid contours correspond to 1 σ posterior levels of pulsar noise 
parameters when analysing single-pulsar data, provided that the noise term is resolved in a pulsar based on model selection from EPTA Collaboration & InPTA 

Collaboration ( 2023a ) (where inference is performed without the CP term, therefore our solid contours for SN may be different to those in the reference). 
Background gradient corresponds to the posterior density of pulsars where noise terms were not resolved. Our hierarchical analysis yields hyperparameters 
that determine how pulsar noise parameters are distributed. The shaded rectangular areas correspond to 1 σ credible levels for hyperparameters ( min , max ) 
that go v ern limits of the uniform distribution based on our hierarchical analysis. Hyperparameter values corresponding to the shaded area and the dashed line 
represent a row U ( θ | min , max ) in Table 2 . 
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he standard PTA posterior and the weight factor. A deri v ation of
quation ( 9 ) is provided in Appendix. Unlike equation ( 8 ), equation
 9 ) allows to simultaneously model Hellings–Downs and other inter- 
ulsar correlations in the data while accounting for the uncertainty 
n pulsar noise priors. It is used more e xtensiv ely in the companion
aper (Goncharov et al. 2024 ), where the likelihood is multiplied 
y the weight factor from equation ( 9 ), and the rest of the analysis
s performed in a standard way . Alternatively , the posterior P( θ | δ t )
an be reweighted into a � -marginalized posterior using rejection 
ampling. 

 RESULTS  

n this work, we infer distributions for parameters go v erning pulsar
N, π ( lg A SN , γSN ), and DM noise, π ( lg A DM 

, γDM 

), for EPTA DR2.
PTA DR2 contains CP associated with the GWB, such that γCP is
onsistent with 13 / 3 (Goncharov et al. 2024 ). If we do not model
his term, it may appear as a ‘quasi-common’ red noise (as per
he terminology of Goncharov et al. 2022 ). In other words, as
 separate cluster in the distribution of SN parameters. Because 
e are interested in knowing the distribution of pulsar-intrinsic 
arameters, we include an additional red noise term with γc = 13 / 3
o marginalize o v er a contribution of the common signal. This is
one during the analysis of single-pulsar noise corresponding to the 
rst step in Section 2.2 . It corresponds to modelling common signal

n our data via a prior as per Table 1 . Because we are agnostic
bout lg A CP , the approach imposes a suboptimal uncertainty for 
easuring ( lg A, γ ) in pulsars where γ is consistent with 13 / 3 ≈ 4.
urthermore, to separate contributions of other noise processes 
uch as chromatic noise (including scattering variations) and band- 
r system-dependent noise, we adopt single-pulsar noise models 
nd optimal numbers of Fourier frequency bins from the EPTA 

R2 noise analysis (EPTA Collaboration & InPTA Collaboration 
023a ). 
.1 Uniform distribution of noise parameters 

e start with the case of uniform distributions for noise parameters
nd we measure hyperparameters that go v ern uniform prior range.
or DM noise, these are min ( lg A DM 

), max ( lg A DM 

), min ( γDM 

), and
ax ( γDM 

). We apply the same principle to SN parameters. Pulsar-
pecific measurements of ( lg A, γ ) and the inferred boundaries of
he uniform distribution for SN and DM noise parameters – with 

easurement uncertainties – are shown in Fig. 1 . The first important
bservation is that the data rule out, with high credibility, the
tandard values of uniform prior boundaries. The data suggest that 
ulsar noise parameters are distributed in a more narrow range. 
osterior density P( lg A, γ ) from pulsars that do not have evidence
or the respective noise term according to the EPTA Collabora- 
ion & InPTA Collaboration ( 2023a ) is shown in colour. The data
rom these pulsars have also contributed to the measurement of 
yperparameters. 

.2 Normal distribution of noise parameters 

he uniform prior model may remain a good approximation, but 
t is not the most natural choice. Therefore, we further discuss the
ossibility that pulsar noise parameters are normally distributed . 
hus, for SN, we introduce π ( lg A SN , γSN | � N 

) and � N 

= ( μlg A SN ,
lg A SN , μγSN , σγSN , ρSN ). We apply the same principle to DM noise.
ere, μ and σ correspond to the mean and the standard deviation 
f the normal distribution of either lg A or γ , as subscripts indicate.
arameter ρ ∈ [ −1 , 1] is the correlation coefficient between lg A and
. It is important to note that we obtained our posterior samples from

ndividual pulsars on step one from Section 2.2 based on uniform
riors. So, for step two, there are no posterior samples to recycle
rom outside of these boundaries. Therefore, we truncate our normal 
istribution model and apply the same boundaries. The inferred 
oundaries of the truncated normal distribution for SN and DM 

oise parameters are shown in Fig. 2 . The shaded area corresponds
MNRAS 537, 3470–3479 (2025) 
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Figure 2. The inferred form of the normal distribution of pulsar red noise parameters. The background gradient and the solid contours represent measurements 
of noise parameters in individual pulsars, as explained in Fig. 1 . Our hierarchical analysis yields hyperparameters that determine how pulsar noise parameters 
are distributed. Shaded ellipses correspond to 1 σ credible levels for hyperparameters ( σ , ρ), which go v ern the width of the distribution and the tilt, respectively. 
Arrows correspond to 1 σ credible levels for hyperparameters μ, which go v ern the position of the distribution. Hyperparameter values corresponding to the 
shaded area and the dashed line represent a row N ( θ | μ, σ , ρ) in Table 2 . 
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o an uncertainty in ( σ , ρ) and arrows separately show the uncertainty
n μ. The uncertainty in ρ is seen for DM noise as the difference
etween the tilt of the outer border of the shaded area compared to
he inner border. Whereas for SN the value of ρ ≈ −1 is strongly
referred. 

.3 Distribution of noise parameters as a mixture model 

ne may also be interested whether the distribution of pulsar noise
arameters is more comple x. F or e xample, in fig. 1 in Goncharo v
t al. ( 2021a ), one may notice the clustering of noise parameters
n two areas. First, around γ ≈ 1. Secondly, a cluster of pulsars
round γ = 13 / 3 of the GWB. A similar clustering is observed in
he PTA noise analysis by the NANOGrav Collaboration ( 2023b ),
here it is explained that pulsars with γ ≈ 13 / 3 contribute to CP in

ull-PTA analysis. An analogous figure is shown in Reardon et al.
 2023 ), although the presence of two o v erdensities is not ob vious
here. Although we have taken steps to marginalize the contribution
f the CP and unco v er properties of pulsar-intrinsic noise, it is
evertheless useful to consider the possibility of a mixture model
f a Gaussian distribution N and a uniform distribution U , where a
roader uniform distribution may fit potential outliers. The density
f such a distribution is then νN + (1 − ν) U , where ν ∈ [0 , 1] is the
ontribution of the normal distribution. 

.4 Summary of the results 

s part of our measurements of hyperparameters, we have also
btained Bayesian evidence values Z . With this, we perform model
election to determine which of the models fit the observed distribu-
ion of pulsar noise parameters best. First, we find that the standard
static’ uniform priors are disfa v oured compared to hierarchical
niform priors with natural log Bayes factors of � 100. Therefore,
he use of standard uniform priors is not recommended for PTA data
nalysis. The rest of the results of our hyperparameter estimation and
ierarchical model selection are shown in Table 2 . 
NRAS 537, 3470–3479 (2025) 
Some ensemble properties of SN are similar to DM noise, whereas
ome properties are different. For both SN and DM, for all models,
he area of the parametrized prior is shrunk as much as possible to
chieve the maximum posterior probability (given a fixed area, the
arrower the distribution, the higher its maximum), but it also has
o be sufficiently wide to be consistent with all the samples of noise
mplitudes and spectral indices. For SN, the normal distribution fits
he data as well as the uniform distribution. Ho we v er, the co variance
etween lg A SN and γSN plays an important role. In Figs 1 (a) and 2 (a),
ne may notice a diagonal trend, which results in finding a covariance
arameter ρSN ≈ −1. The model with a lack of covariance, ρSN = 0,
s disfa v oured with ln B = 6. The covariance between lg A SN and
SN can be explained by noticing that it follows a line of equal noise
ower. In contrast, for DM noise, we do not find strong evidence
or covariance between lg A DM 

and γDM 

. With a lack of covariance,
he uniform model is strongly preferred o v er the Gaussian model
ith a log Bayes factor of 6. The mixture model is disfa v oured by
ur observations of both SN and DM noise, indicating the lack of
utlying noise terms. 
Given the posterior biases found in simulated data studies in

ppendix A , we repeated all analyses from this section simultane-
usly with modelling the CP amplitude lg A CP to be drawn from the
runcated normal distribution with hyperparameters ( μlg A CP , σlg A CP ).
his is the approach that mitigated posterior biases in the simulations.
N and DM noise hyperparameters inferred this way are consistent
ith those in Table 2 at 1 σ lev el, e xcept for the mixture model’s
γSN = 1 . 44 + 0 . 62 

−0 . 84 . Because the mixture model is disfa v oured by the
ata and the rest of the results are consistent with Table 2 , we do
ot report the results obtained under this alternative model for other
yperparameters. 

 C AV E ATS  O F  T H E  C I R C U L A R  ANALYSIS  

ircular analysis or ‘double dipping’ refers to the usage of data
o inform on the model that is then applied to analyse the same
ata. The methodology we propose in our study is not a circular
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Table 2. Results of hyperparameter estimation and hierarchical model selection for ensemble pulsar noise properties of the EPTA. DM noise and SN are 
parametrized by θ = ( lg A, γ ). We present the results for the following models of pulsar noise parameter distributions: a uniform distribution U , a normal 
distribution N with and without covariance between lg A and γ , and a mixture model of a normal and a uniform distribution. Columns P( � | δ t ) contain 
maximum a posteriori hyperparameter values with 1 σ credible levels. Columns ln B contain log Bayes factors in fa v our of a model of interest against the 
uniform distribution model. The fact that they are negative means that the uniform model is the best fit. 

Model, π ( θ | � ) Achromatic ‘spin’ noise Dispersion measure variation noise 
θ = ( A SN , γSN ) θ = ( A DM 

, γDM 

) 
P( � SN | δ t ) ln B U SN P( � DM 

| δ t ) ln B U DM 

U ( θ | min , max ) 
shown in Fig. 1 

min ( lg A SN ) −14 . 91 + 0 . 43 
−0 . 66 

–

min ( lg A DM 

) −13 . 83 + 0 . 08 
−0 . 09 

–
max ( lg A SN ) −12 . 71 + 0 . 13 

−0 . 13 max ( lg A DM 

) −12 . 61 + 0 . 08 
−0 . 06 

min ( γSN ) 0 . 73 + 0 . 27 
−0 . 41 min ( γDM 

) 0 . 60 + 0 . 23 
−0 . 28 

max ( γSN ) 2 . 88 + 1 . 09 
−1 . 23 max ( γDM 

) 3 . 46 + 0 . 31 
−0 . 31 

N ( θ | μ, σ , ρ) 
shown in Fig. 2 

μlg A SN −13 . 88 + 0 . 29 
−0 . 33 

−0 . 6 

μlg A DM −13 . 27 + 0 . 09 
−0 . 09 

−6 . 0 
σlg A SN 0 . 84 + 0 . 52 

−0 . 25 σlg A DM 0 . 37 + 0 . 09 
−0 . 06 

μγSN 2 . 82 + 0 . 61 
−0 . 65 μγDM 1 . 95 + 0 . 25 

−0 . 32 

σγSN 1 . 52 + 0 . 95 
−0 . 50 σγDM 0 . 95 + 0 . 37 

−0 . 24 

ρSN −0 . 96 + 0 . 08 
−0 . 03 ρDM 

−0 . 21 + 0 . 29 
−0 . 29 

N ( θ | μ, σ , ρ = 0) 

μlg A SN −13 . 71 + 0 . 18 
−0 . 26 

−6 . 5 

μlg A DM −13 . 27 + 0 . 08 
−0 . 08 

−6 . 6 
σlg A SN 0 . 54 + 0 . 21 

−0 . 15 σlg A DM 0 . 35 + 0 . 07 
−0 . 05 

μγSN 1 . 43 + 0 . 69 
−0 . 16 μγDM 2 . 01 + 0 . 19 

−0 . 19 

σγSN 0 . 34 + 0 . 51 
−0 . 26 σγDM 0 . 77 + 0 . 18 

−0 . 15 

νN + (1 − ν) U , 
0 ≤ ν ≤ 1 

μlg A SN −13 . 86 + 0 . 28 
−0 . 29 

−3 . 7 

μlg A DM −13 . 28 + 0 . 09 
−0 . 08 

−9 . 1 

σlg A SN 0 . 78 + 0 . 43 
−0 . 22 σlg A DM 0 . 37 + 0 . 08 

−0 . 06 

μγSN 2 . 87 + 0 . 55 
−0 . 67 μγDM 1 . 94 + 0 . 26 

−0 . 34 

σγSN 1 . 48 + 0 . 86 
−0 . 44 σγDM 0 . 97 + 0 . 40 

−0 . 24 

ρSN −0 . 97 + 0 . 07 
−0 . 02 ρDM 

−0 . 23 + 0 . 29 
−0 . 27 

νSN 0 . 95 + 0 . 03 
−0 . 07 νDM 

0 . 96 + 0 . 03 
−0 . 05 
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nalysis; it represents one global fit to PTA data. Despite the fact
hat importance sampling involves performing parameter estimation 
n the same data twice, the final result is ultimately independent of
he proposal distribution obtained at the first step. Namely, the target 
istribution is independent of the proposal distribution. Ho we ver, 
ecause circular analysis has been e xtensiv ely discussed in the PTA
ommunity, in this section we take an opportunity to co v er this
ubject from the hierarchical inference standpoint. 

Overall, circular analyses may lead to the underestimation of 
easurement uncertainty and systematic errors. Ho we ver, some PTA 

nalyses in the past have involved a circular analysis, as pointed out
y van Haasteren ( 2025 ). Namely, pulsar SN and DM noise terms
ere included (not included) in the full-PTA analysis based on (a lack
f) evidence for these terms in single-pulsar noise model selection. 
an Haasteren ( 2025 ) argues against this approach. Indeed, double 
ipping is not a proper statistical treatment; it should be abandoned in
a v our of the proper model selection and model averaging performed
n one global fit, as recommended by the author. Ho we ver, to gi ve
 fair o v erview of the problem, we also show that circular analysis
oes not al w ays yield incorrect conclusions in analyses of PTA data.
Before we discuss the application of hierarchical inference in the 

ections below, we would like to point out that it is not clear from van
aasteren ( 2025 ) that the aforementioned approach of selecting SN 

erms for subsequent full-PTA analyses has led to underestimation of 
easurement uncertainties reported by PTAs. For model averaging, 
he prior odds between the existence or absence of CP are proposed
o be equal in van Haasteren ( 2025 ). For the case of including a
ed noise term to every pulsar, the prior odds will be arbitrary and
ary from pulsar to pulsar, which is clear from the equations in
ppendix in van Haasteren ( 2025 ). However, data inform on these
dds, so they should become a model (hyper)parameter to a v oid prior
isspecification, the same problem discussed in this work. These 

arametrized odds will act as model selection. In the limit where
here is no measurable red noise in pulsars and the data inform on it
ufficiently well, this will lead to the elimination of the contribution of
ne of the models. Because different noise models lead to different
easurement uncertainties for ( lg A CP , γCP ), it is possible that the

ncertainty introduced by enforcing red noise to every pulsar is 
uboptimal. 

.1 A comparison between circular analysis, incorrect priors, 
nd a proper analysis 

ne example of circular analysis in the context of our hierarchical
nference is finding best-fitting � and using it for the gravitational 
ave search. It also leads to resolving prior misspecification but 
otentially at the cost of a reduced measurement uncertainty for 
 lg A, γ ) of the GWB. The reduction may come thanks to simply
MNRAS 537, 3470–3479 (2025) 
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Figure 3. A comparison between circular analysis (dotted contours), incor- 
rect broad uniform priors (dashed contours), and a proper hierarchical analysis 
(solid contours) of the CP associated with the GWB. 
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gnoring a part of the intrinsic measurement uncertainty for � , so
 regular noise fluctuation is more likely to render our estimate
f ( lg A, γ ) to be inconsistent with the true value. In Fig. 3 , we
how three measurements of ( lg A, γ ) of the CP in the EPTA data.
lue dashed contours correspond to a posterior obtained with the

tandard uniform SN priors, π ( θ | � ) = U( θ | ∅ ). Red dotted contours
orrespond to π ( θ | � ) = N ( θ | μ0 , σ 0 , ρ = 0), where ( μ0 , σ 0 ) are
he values obtained for this model from Table 2 . Therefore, the
ed dotted line corresponds to a circular analysis. Filled green
ontours correspond to a proper (global fit) measurement obtained
ased on equation ( 9 ); it is discussed in more detail in Goncharov
t al. ( 2024 ). The measurement uncertainty of ( lg A, γ ) obtained
ith circular analysis matches that obtained with a full hierarchical

nalysis. It is even 5–8 per cent larger, suggesting that in the current
etting circular analysis o v erestimates the intrinsic measurement
ncertainty. Note, ho we ver, that the circular analysis shifts the
aximum a posteriori value of ( lg A, γ ), so the use of it is still not

ecommended. 
NRAS 537, 3470–3479 (2025) 

igure 4. Modelling of the CP as a narrow normally distributed cluster of pulsar
arameters lg A and γ are distributed as a mixture model of two Gaussians, where h
ncertainty on the CP reported by the EPTA Collaboration & InPTA Collaborat
eviations of the distribution that go v erns lg A and γ . Consistenc y of σ with zero ha
ess flexible methodology. Parameter νN 

corresponds to the fraction of the first, w
econd γ = 13 / 3 red noise term to pulsars to account for the presence of the CP, d
he CP becomes more visible in the latter case at σlg A,γ = 0 and νN 

≈ 0 . 3. 
.2 A toy example: circular analysis of CP 

eeping in mind the caveats above, for the test purposes we also
erform the estimation of hyperparameters � for the mixture model
f two Gaussian distributions where hyperpriors on the second
omponent of the mixture correspond to EPTA measurement of
he CP parameters (EPTA Collaboration & InPTA Collaboration
023b ). This e x ercise remains useful to e xplore the interplay
etween pulsar-intrinsic noise and the CP and to understand the
erformance of the model. For the two-Gaussian mixture model,
( lg A SN , γSN | � 2 N 

), and � 2 N 

= ( μ1 , 2 
lg A SN 

, σ 1 , 2 
lg A SN 

, μ1 , 2 
γSN 

, σ 1 , 2 
γSN 

, ρ1 , 2 
SN ,

nd νN 

). Indices (1, 2) refer to each of the two components in
 mixture, while ν corresponds to a fraction of the first mixture
omponent in the total prior probability. For the second component
o correspond to the CP in the EPTA data, we impose a Gaussian
yperprior determined by the measurement uncertainty on ( lg A, γ )
eported by the EPTA for our data. We find that the fraction of
he second normal component is mostly consistent with one and
nconsistent with zero. Ho we ver, hyperparameters of the second

ixture component – mean and (co)variance – are well constrained.
nterestingly, we also find a marginal excess posterior density at
 σ 2 

lg A SN 
, σ 2 

γSN 
) = (0 , 0). This result is related to Goncharov et al.

 2022 )’s measurement of σlg A to be consistent with zero. When
emoving the CP term with γ = 13 / 3 from our pulsar-intrinsic noise
odel, the posterior density increases, as expected. This is shown in
ig. 4 . 

 C O N C L U S I O N S  

e performed inference of ensemble properties of SN and DM
oise in the 25 yr version of the second data release of the EPTA.
verall, we find that the standard uniform priors used in the previous

nalysis are too wide and not representative of the observations.
o we ver, a parametrized uniform prior distribution is a good fit.
e therefore recommend correctly accounting for ensemble pulsar

oise properties using equation ( 9 ) in future full-PTA analyses to
 v oid systematic errors (parameter estimation and model selection
iases). Our approach of prior reweighting for inferring noise hyper-
arameters based on equation ( 8 ) is well suited for understanding
road ensemble noise properties for simulating data and predicting
he PTA noise budget. 
 noise using data-informed hyperpriors π ( � ). We assume that pulsar noise 
yperparameters of the second Gaussian are chosen to match the measurement 
ion ( 2023b ). Parameters σ with respective indices correspond to standard 
s first been shown in Goncharo v et al. ( 2022 ) using a more rigorous although 
ider normal distribution in a model. Solid lines correspond to including the 
ashed lines correspond to not including it. As expected, the contribution of 

uest on 08 M
arch 2025
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Table A1. Parameters of our two simulations. 
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he code to reproduce the results of this analysis and the analysis
y Goncharov et al. ( 2022 ) is available at github.com/bvgonchar 
v/pta priors . The data used for our study, EPTA DR2 by the
PTA Collaboration ( 2023 ), are available at zenodo . Other data
ay be provided by the corresponding author upon request. The 
TA likelihood is incorporated in ENTERPRISE (Ellis et al. 2020 ) and
osterior sampling is performed using PTMCMCSAMPLER (Ellis & van 
aasteren 2017 ) and DYNESTY (Speagle 2020 ). 
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PPENDI X  A :  TESTS  WI TH  T H E  SIMULATED  

ATA  

e test our inference of hyperparameters based on Section 2.2.1 
sing two simulated data sets. Both simulations are based on 25
ulsars, timed o v er 15 yr with the 100 ns precision. The cadence is
mpirically chosen to visually represent irregular PTA observations. 
t is based on the Pareto distribution with the shape value of 0.6, scaled
o the PTA observation time, with the maximum observation gap of
.6 of the time span. Simulations contain SN and the CP. SN is drawn
rom the truncated normal distribution, with hyperparameters given 
y the first five columns in Table A1 . CP represents an additional red
oise term in every pulsar, with the same amplitude and spectral index 
isted in the last two columns in Table A1 . Therefore, CP shows the
xpected spectral properties of the GWB from supermassive black 
ole binaries. 
The simulations are designed to test our ability to correctly model

he distribution of SN parameters given the presence of CP. In the
rst simulated data set, hyperparameters are chosen such that SN 

mplitudes and spectral indices significantly o v erlap with those of
he CP. Because CP and SN are indistinguishable in the data of
ingle pulsars, the proposal posteriors we construct from such data 
ay show significant differences from the target posteriors we would 

et in a global fit to all pulsar data. As described in Section 2.2.1 ,
e fix the spectral index of CP to 13 / 3. Thus, in pulsars where γSN 

s close to 13 / 3, proposal posteriors on A CP peak at values of A SN ,
ith only the tails extending to the true value of A CP . These biases

re mitigated when obtaining target posteriors in the global fit, but
he residual biases may remain. In the second simulated data, the
 v erlap between CP and SN is less significant. Therefore, the first
imulation is considered to be the most difficult case. 

First, we perform (hyper)parameter estimation assuming no co- 
ariance between SN amplitudes and spectral indices, as simulated 
 ρ = 0). The results for the first simulation are shown in Fig. A1 ,
nd for the second simulation in Fig. A2 , both as orange contours.
he inferred hyperparameters are fully consistent with the simulated 
alues, except for the standard deviation of the SN amplitudes σlg A 

or the first simulation. The simulated value of 1.5 lies at the edge of
he 1 σ credible level in two-dimensional posteriors including σlg A , 
nd just outside of the 1 σ level in the one-dimensional posterior for
lg A . 
Secondly, we infer hyperparameters assuming that there may be 

 covariance between SN amplitudes and spectral indices ( ρ is a
ree parameter). The results are shown as green contours in Figs A1
nd A2 . Although we simulated ρ = 0, for both simulations we find
to be inconsistent with 0. Instead, the maximum a posteriori ρ is

onsistent with −1, while the value of 0 is beyond 3 σ credibility.
ompared to the previous case where we fix ρ = 0, a minor tension
t 1–2 σ level emerges for μγ in the second simulation, but another
inor tension for σlg A in the first simulation disappears. We conclude 

hat ρ is most sensitive to posterior biases. 
To resolve posterior biases, we extend our model to A CP , imposing

hat it is also drawn from the truncated Gaussian distribution. Thus,
e extend both SN and CP priors to become a part of our model:
( lg A, γ | μlg A , σlg A , μγ , σγ , ρ) π ( lg A CP | μlg A , σlg A ). We im-
MNRAS 537, 3470–3479 (2025) 
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Figure A1. Posteriors on the inferred hyperparameters in the first simulation. Dashed vertical lines correspond to simulated values in Table A1 . Yellow 

contours spanning 4 parameters correspond to ρ = 0, green contours spanning 5 parameters correspond to ρ as a free parameter, and black contours spanning 
all parameters correspond to additionally modelling the distribution of CP amplitudes in pulsars as being drawn from the truncated normal distribution with 
mean μlg A CP and the standard deviation σlg A CP . Shaded areas correspond to 1 σ (1 σ and 2 σ ) credible levels in fully marginalized posteriors (two-dimensional 
posteriors). 
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ose a log-uniform prior on σ parameters. The results are shown
s black contours in Figs A1 and A2 . In this case, we find the
nferred hyperparameters to be fully consistent with the simulated
 alues. The v alues of μlg A CP and σlg A CP are also in accordance
ith our expectations. The value μlg A CP is consistent with the

imulated lg A CP = −15 . 0. The value of σlg A CP peaks at small values;
NRAS 537, 3470–3479 (2025) 
t excludes 0 in the first simulation, despite CP representing an
nfinitely small range of amplitudes. This is a kno wn ef fect in
mportance sampling due to a finite number of the recycled posterior
amples (Goncharov et al. 2022 ). 
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Figure A2. Posteriors on the inferred hyperparameters in the second simulation. Dashed vertical lines correspond to simulated values in Table A1 . Colours and 
contours are explained in Fig. A1 . 
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PPEN D IX  B:  N U M E R I C A L  

AR GINALIZATION  OV ER  

Y P E R PA R A M E T E R S  

n this section, we derive equation ( 9 ), which describes a hierarchical
osterior marginalized o v er hyperparameters � . After taking an 
nte gral o v er � , equation ( 7 ) becomes 

( θ | δ t ) = Z 

−1 L ( δ t | θ ) 
∫ 

π ( θ | � ) π ( � ) d � . (B1) 

ollowing the formalism of importance sampling, which was used 
o obtain equation ( 8 ), we refer to π ( θ | � ) as the target distribution.
imilarly, we introduce the proposal distribution, the standard PTA 

oise prior that does not depend on hyperparameters, π ( θ | ∅ ). Next,
e multiply equation ( B1 ) by unity and expand the unity on the right-
and side as a proposal distribution divided by itself. Rearranging 
2025 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
he multipliers, 

( θ | δ t ) = 

L ( δ t | θ ) π ( θ | ∅ ) 

Z 

∫ 

π ( θ | � ) 

π ( θ | ∅ ) 
π ( � ) d � . (B2) 

ext, we use the expression for the expectation value of a probability
ensity f ( x) given the known probability density p( x) 2 : 

 f ( x) 〉 p( x) = 

∫ 

f ( x) p( x) d x ≈ 1 

n s 

n s ∑ 

i 

f ( x i ) , (B3) 

here x i are n s samples from p( x). Taking π ( � ) as p( x), we arrive
t equation ( 9 ). 

 Equation ( B3 ) is also used to derive equation ( 8 ). There, p( x) is taken to be
 posterior distribution instead. 

his paper has been typeset from a T X/L 

A T X file prepared by the author. 
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E E 

 Access article distributed under the terms of the Creative Commons Attribution License 
roduction in any medium, provided the original work is properly cited. 

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 METHODOLOGY
	3 RESULTS
	4 CAVEATS OF THE CIRCULAR ANALYSIS
	5 CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: TESTS WITH THE SIMULATED DATA
	APPENDIX B: NUMERICAL MARGINALIZATION OVER HYPERPARAMETERS

