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Determination of the resonant parameters of excited vector strangenia
with ete™ — n¢ data®
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Abstract: We determine the resonant parameters of the vector states ¢(1680) and ¢(2170) by performing a com-
bined fit to the ete™ — n¢ cross sections from the threshold to 2.85 GeV measured by the BaBar, Belle, BESIII, and
CMD-3 experiments. The mass (1678%3 £7) MeV/c? and width (156 +5 +9) MeV are obtained for #(1680), and the
mass (2169+5+6) MeV/c? and width (96’:}Zi9) MeV are obtained for ¢(2170). The statistical significance of
¢(2170) is 7.20. Depending on the interference between ¢(1680), #(2170), and a non-resonant ¢ amplitude in the
nominal fit, we obtain four solutions and F%égo) -B[p(1680) — ng] = (79 +4+£16), (127+£5+12), (65151 +13) or
Q158+ 11)eV, and T55 4 - Bl#(2170) - gl = (0.56*03 £0.07), (0367003 +0.07), (38+1+5) or (41+2+
6) eV. We also search for the production of X(1750) — n¢, and the significance is only 2.0c~. We then determine the

et

upper limit of FX(61_750) .

B[X(1750) — n¢] at the 90% confidence level.
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I. INTRODUCTION

Hadronic transitions with 7"z~ or 5 emittance have
contributed significantly to discoveries of quarkonium(-
like) states, such as Y(4260) in e*e™ — n*n~J/y via ini-
tial-state radiation (ISR) by the BaBar experiment [1].
While searching for an s§ version of Y(4260), BaBar dis-
covered Y(2175) (now called '¢(2170)") in e*e™ - n*n~¢
via ISR [2], which was later confirmed by Belle [3].
While searching for ¢#(2170) in the hadronic transition
with 7, BaBar studied the e*e™ — n¢ process via ISR us-
ing a 232 fb~! data sample and found an excess with a
mass of (2125+22+10) MeV/c? (tens of MeV/c? lower
than the world average value of ¢(2170) [4]) and a width
of (61 £50+13) MeV [5, 6]. Hereinafter, the first quoted
uncertainties are statistical and the second ones are sys-
tematic. Belle measured this process with considerably
larger statistics in a 980 fb~! data sample but did not find
this excess, and the statistical significance of ¢(2170) was
only 1.70 [7].

Interesting measurements have been obtained from
the CMD-3 and BESIII experiments over the past years.
The CMD-3 experiment measured the process efe™ —

K*K™n from 1.59 to 2.007 GeV and found it to be domin-
ated by the n¢ contribution [8]. CMD-3 then calculated
the contribution to the anomalous magnetic moment of
the muon: aZ¢(E <1.8GeV)=(0.321+0.015+0.016)x
10719, aZ¢(E <2.0GeV) = (0.440+0.015+0.022) x 10717,
With a 715 pb™!' data sample taken at 22 CM energy
points in the range of 2.00 to 3.08 GeV, BESIII measured
the Born cross sections of efe™ — n¢ [9] and e*e™ — ¢n’
[10]. BESIII reported the observation of ¢#(2170) in the
n¢ final state and determined its resonant parameters to
be mg(2170) = (2163.5+£6.2+3.0) MeV/c2 and F¢(2170) =
(31.17211 £ 1.1) MeV [9], for which the width was consid-
erably narrower than the world average value of approx-
imately 100 MeV [4]. BESIII also observed a resonance
near 2.17 GeV/c? in the ¢n’ final state with a statistical
significance exceeding 100 [10]. Assuming it is ¢(2170),
one can infer the ratio B[¢p(2170) — ¢n]/Bl¢p(2170) —
¢1n']1 =(0.23£0.10+0.18), which is smaller than the pre-
diction of s5g hybrid models by several orders of mag-
nitude.

It is puzzling that ¢(2170) is not significant in the 7
transition compared with the n*z~ transition, and the
measurement of ¢(2170) in the n¢ final state is still poor.
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The lineshape of o(e*e™ — n¢) is considerably different
from that of o(e*e™ - n*n~¢) [2, 3], which may help us
understand the difference between e*te™ — nJ/yy and
ete” »ataJ/y. In the cc sector, o(ete” —nJ/y)/
o(ete” - ntn J/y) =1 at the peak of Y(4260), whereas
o(ete” - ng)/o(ete” o ntn¢)>1 at the peak of
#(1680) and < 1 at the peak of ¢(2170) in the s5 sector.
In a recent lattice quantum chromodynamics (QCD) cal-
culation [11], the properties of the two lowest states were
found to comply with those of ¢ and ¢(1680) but had no
obvious correspondence to ¢(2170).

Besides ¢(1680), there is one more state, known as
'X(1750)," that is a candidate of the s5 quarkonium. The
observation of ¢(1680) in K*K~ and KK*(892) is some-
times cited as evidence that this state is an s5 quarkoni-
um, as the radial excitation of ¢. However, it was argued
that the one true evidence for ¢ as an s5 state should be
the large branching fractions to hidden strangeness modes
such as n¢ [12]. The FOCUS experiment reported a high-
statistics study of the diffraction photo-production of
K*K~ and observed X(1750) with a mass of (1753.5+
1.5+2.3)MeV/c? and a width of (122.3+6.2+0.8) MeV
[13]. Meanwhile, FOCUS observed a slight enhancement
below the ¢(1680) region but no obvious X(1750) signal
in the KK*(892) final state.

If ¢(1680) and X(1750) are the same state, the mass
measured in e*e” collisions and photoproduction experi-
ments typically has a difference of 50 — 100 MeV/c?, with
KK*(892) dominance in e*e~ collisions and K*K~ dom-
inance in photo-production. This may constitute evid-
ence for two distinct states, although interference with
qq (q =u, d) vectors may complicate a comparison of
these two processes. This issue can be addressed by
studying channels in which interference with ¢g (¢ = u, d)
vectors is expected to be unimportant, notably, n¢. With a
sample of 4.48 million (2S) events, BESIII performed
the first partial wave analysis of ¢(2S) — K*K™n and
simultaneously observed ¢(1680) and X(1750) in the
K*K~ mass spectrum [14], which indicates that X(1750)
is distinct from ¢(1680). Meanwhile, BESIII determined
X(1750) to be a 17~ resonance.

Because the cross sections of ete™ — n¢ have been
effectively measured by the BaBar, Belle, BESIII, and
CMD-3 experiments, it is helpful to consider all of them
to achieve a better understanding of ¢(1680), X(1750),
and ¢(2170). In this study, we combine the measured
o(e*e” — n¢) from the BaBar, Belle, BESIII, and CMD-3
experiments to gain greater lineshape precision, which is
helpful for the study of the anomalous magnetic moment
of the muon. Then, we perform combined fits to these
measured cross sections for the resonant parameters of
¢(1680) and ¢(2170) and estimate the production of
X(1750) in the n¢ final state.

II. MEASUREMENTS OF o(e*e™ — n¢)

The measurements of o(e*e” — n¢) from the BaBar,
Belle, BESIII, and CMD-3 experiments are shown in
Fig. 1, where (a) to (f) are the Belle measurement with
the n—vyy mode [5], Belle measurement with the
n—ntn 7’ mode [6], BaBar measurement with the
n — yy mode, BaBar measurement with the 7 — n*7~ 7"
mode [7], CMD-3 measurement [8], and BESIII measure-
ment [9], respectively.

e We show comparisons of the latest results from
Belle and the previous measurements from BaBar, BE-
SIII, and CMD-3 in Fig. 2. The comparisons reveal good
agreement between the four experiments.

e In the BaBar measurements, o(e*e” — n¢) meas-
ured in the 7 — "7 7% mode is slightly lower than that
measured in the  — yy mode; however, both have simil-
ar lineshapes, including a small bump around 2.13 GeV.
The expected J/y signal according to the world average
value of B(J/y — n¢) [4] is not clear in the BaBar meas-
urements.

e With a considerably larger data sample, the Belle
measurements are approximately twice as accurate as
those measured in the BaBar experiment. There are clear
J/y signals in both the n—yy and n*n 2’ modes,
whereas enhancement is not observed around 2.13 GeV
and 2.17 GeV.

e BESIII reported the Born cross section of ete™ —
n¢. We calculate the dressed cross section of ete™ — n¢é
with the vacuum polarization and Born cross sections
from Ref. [9], as shown in Fig. 1(f).
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Fig. 1. o(ete” — n¢) measured in (a) the 7 — yy mode at

Belle, (b) the 7 — ntn™
at BaBar, (d) the n —» n#*27 2" mode at BaBar, (e) the n— yy
mode at CMD-3, and (f) the » — yy mode at BESIII.
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(color online) Measurements of o(e*e” — n¢) from the BaBar, BESIII, and CMD-3 experiments compared with the latest

measurements from the Belle experiment. Plots (a) and (b) show the comparison between BaBar and Belle in the n — yy mode and

n— n*2~ 7% mode, respectively; plots (c) and (d) show the comparison between CMD-3 and Belle and between BESIII and Belle, re-

spectively, where the Belle measurement has the 5 — yy and 5 — 7*2~2° modes combined.

e The 50 MeV interval in the BESIII data sample is a
disadvantage in determining the lineshape of a structure
with a width of tens of MeV. When determining ¢(2170),
BESIII relied on o(e*e™ — n¢) below 2 GeV measured by
the BaBar experiment, which is dominated by the large
contribution from the ¢(1680) signal.

® o(ete” - n¢g) measured by CMD-3 are below
2 GeV, with a precision similar to that of the Belle meas-
urement.

e Clear ¢(1680) signals are observed in the BaBar,
Belle, and CMD-3 measurements.

The measurements of the dressed cross section of
e*e” — n¢ from the four experiments are consistent with
each other. Therefore, we combine these measurements to
obtain the best precision of o(ee™ — n¢). A precise
o(ete” — ng) is helpful for studying the anomalous mag-
netic moment of the muon [8] and may provide hints of
#(2170) or X(1750). The calculation for the combination
uses

- Zixi/Axiz
A M
- _ Zio-i/AO-iz
o SillAa?” @
1
2 _
(Ao)* = S /a0 3)

where o; is the value of the ith (i =1, 2, 3, 4, 5, 6) exper-
imental measurement of the cross section at the energy
point x; (4/5;) illustrated in Fig. 1, and Aoy and Ax; are
their related uncertainties. The average of x; takes into
account the difference in +/s in the data taking of the BE-
SIIT or CMD-3 experiment and the average +/s reported
by BaBar and Belle using ISR technology. The uncertain-
ties of /s in the BESIII and CMD-3 experiments are of
the 1 MeV level, and the two experiments have no over-
lap in the +/s region. We take half of the +/s bin width in
the BaBar and Belle measurements as the uncertainty
(Ax;). However, there are correlations between the meas-
urements, such as the branching fraction of ¢ or # decay.
We revisit the estimation of Eq. (3) according to Ref. [15]
and construct the matrices of the statistical uncertainties
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¢ and uncorrelated systematic uncertainties CUn¢or-Syst
as

Cstat /uncor_syst __

Si-o? 0 0 0
0 So03 O 0
0 0 S3-03 - 0 4)
S0 :
0 0 0 S¢-0?

with §; = (832 or (5", where 55 and &/
1 1 > 1 1

are the statistical and uncorrelated systematic relative un-

certainties of o;. We then construct the matrix of the cor-

related systematic uncertainties C°™-Ys ag

apip aip - aij

. app axp o @
Ccor_syx - . . ) (5)

aij  ap o a4jj

. st ,
where a;;=6;"-" 67" 0;-0;. We obtain the effect-

ive global covariance matrix

(uncor_sys

C=Cst 4 + (Ceor_syst (6)

According to Ref. [15], we calculate the error of  using

(Ac)? =i Rl

ij

We show the results of the combination in Fig. 3 and

w

AL IR L
—.— ]
e
— ]
= b

.8
N
*ﬂw 4

4
o -t*u.g,,.,a._, g g
L1

16 18 20 22 24 26 28 30 32 34 36 38
Vs GeV
Fig. 3. Cross section of e*e™ — n¢ from the combination of
the measurements by the BaBar, Belle, BESIII, and CMD-3
experiments.
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Table 1.

III. PARAMETERIZATION OF o(e*e™ — n¢)

#(1680), X(1750), and ¢(2170) may exist in the
efe” - n¢ process. We perform combined fits to
o(ete” — n¢) measured by the BaBar, Belle, BESIII and
CMD-3 experiments and shown in Fig. 1. The fit range is
from the threshold to 2.85 GeV/c?. Assuming there are
#(1680), X(1750), and ¢(2170) components and a non-
resonant contribution in the n¢ final state, we take the
parameterization of o(ete™ — n¢) similar to that used in
the BaBar analysis [5]:

o(e"e” = nd)(Vs) =120Pys(VSATF (V)
+A¢(1680)( \/_)-{—AX(”SO)( ﬁ)
+ A3 (VP ®)

where #,, is the phase space of the n¢ final state, the
non-resonant amplitude takes the form Api( V) = ap/s™,
and A‘f;fbmgo), Af;;,”so), and Af;},mo) are the amplitudes of
#(1680), X(1750), and ¢(2170), respectively.

For Ai{({)lsso) and Af;,(,wso), we describe the form with a

Breit-Wigner (BW) function,

Tx/Pyy(My) - €®
A'I¢ B’Wre e X/ 7 n¢ 9
(V= e —1\/_FX(\/_) ©)

where X is ¢(1680) or X(1750), the resonant parameters
My, Ty, and T'4¢ are the mass, total width, and partial
width to e*e™, respectively, B}"’ is the branching fraction
of X — n¢ decay, and 0y is the relative phase.

The BaBar measurement [5] shows that KK*(892) and

n¢ are two major decays of ¢(1680) and B(’;(ﬁ%gf)z

3% Bl ¢s0)» Where B[P is the branching fraction of

the #(1680) — KK*(892) decay. We also take the same
form as in Ref. [5]:

Pri-392)( V)
Ty1680)( V) =L(1680) - PKK*(89(2) ( 1\)/1¢(1680)

L PuNS) e
Pors(Myr6s0) 21680

KK*(892)
) 9(1680)

KK (892)) (10)

ylg
+ (1= B 1680) = By(1080)

Here, Pkg-s9p) is the phase space of the ¢(1680)—
KK*(892) decay. The other decays of ¢#(1680) are neg-
lected, and their phase space dependence are correspond-
ingly ignored. Because both the KK*(892) and n¢ final
states contain a vector meson (¥) and pseudoscalar meson
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Table 1. Cross section of ete™ — ¢ versus +/s calculated with the measurements from the BaBar, Belle, BESIII, and CMD-3 experi-
ments. The first errors are statistical and the second ones are systematic.

Vs o(ete” - ng) Vs o(ete” - ng) Vs o(ete” - ng) Vs o(ete” - ng)
1.565 3+30+1 2.165 376 +65+22 2.76 104 £38+5 3.36 31+ 18+2
1.585 143+44+4 2.179 217+17+10 2.78 116 £31+7 3.388 21£15+2
1.596 47660+ 11 2.205 211+15+8 2.80 103+36+5 3.40 -13+8+1
1.624 1068 + 112+ 36 2.225 218+53+8 2.82 42+£23+1 3.42 44+£29+3
1.644 1644 +117+53 2.234 15+£13+7 2.84 65+30+3 3.448 31+12+1
1.67 2341 +157+90 2.265 206+56+11 2.86 65+£22+3 3.46 41+£19+2
1.68 2600+ 144 +76 2.285 173+48+7 2.88 38+26+2 3.48 62+22+3
1.695 2226+139+62 2.31 160+11£6 2.90 35+£2+2 3.50 55+£20+3
1.722 2151+121+59 2.325 108 +37+5 2915 38+22+3 3.52 T4+24+4
1.742 1761+ 124 +48 2.345 176 £48+9 2.948 27+5+1 3.54 8+12+7
1.759 1508 + 102 +40 2.365 230+54+10 2.965 40+16+4 3.56 29+14+1
1.779 1221100+ 34 2.388 139+£10+5 2.98 26+5+1 3.58 18+£13+3
1.799 1182 +86+29 2.399 119+5+5 3.00 26+5+1 3.60 32+14+1
1.828 870+ 94 +24 2.42 94+33+7 3.028 21+4+2 3.62 32191
1.85 851+76+24 2.44 162+£49+8 3.045 21+4+1 3.64 25+18+1
1.865 1168 +120+35 2.46 62+26+8 3.06 29+5+1 3.66 32212
1.877 764 +32+12 2.48 113+44+6 3.085 29+2+1 3.68 38+£23+2
1.902 864 +73+22 2.50 91+33+2 3.10 475£64 £24 3.70 31182
1.923 738+ 63+19 2.52 125+39+4 3.12 224+50+10 3.72 7+9+1
1.945 7686121 2.54 106 +29+6 3.148 70+£22+3 3.74 24+12x1
1.963 743+ 60+ 19 2.56 167+49+9 3.16 82+28+4 3.76 -4+6+1
1.985 60060+ 16 2.58 113+£32+5 3.18 81+28+4 3.78 35+£21+3
2.007 500 +26+12 2.60 110+36+5 3.208 30£13+2 3.80 13+10+1
2.025 515+86+26 2.62 T2+26+2 3.22 28+16+2 3.82 691
2.045 421+41+15 2.644 67+5+3 3.24 15+£16+3 3.84 63+20+3
2.065 388 +83+29 2.66 105+34+5 3.268 26+12+1 3.86 33+20+£2
2.085 410+71+20 2.68 65+30+3 3.28 16+18+1 3.88 20111
2.105 402+24+14 2.70 67+27+3 3.30 44+20+2 3.90 22x11x1
2.127 478 £57+12 2.72 171+44+8 3.328 27+15+2 3.92 17+10+1
2.145 384+42+12 2.74 121+£32+7 3.34 66+24+3 3.94 8§+13+1

(P), the phase space takes the form where p(+/s) [p(Mx750))] is the momentum of a daugh-

ter particle in the rest frame of the resonance with energy
Vs (mass Mxa7s0)), and [ isthe orbital angular mo-
(s+ M3 —M3)* —4sM}, (11 mentum of the daughter particle.
s ' We describe the amplitude of the ¢#(2170) — n¢ de-
cay as in Ref. [7]:

3/2

Pyp(Vs) =

We take the same form of X(1750) as in the BESIII

measurement [14]: A;;;((;m) (s) = 32?2170)%} <0
VT4170)/PrsMp170)] - el B(p)
M50, p(s) 1 Mg -s—ivsTsaiy  B@)
Tx1750)(Vs) = Tx1750) - . {p(MX(NSO))} , (12) $(2170) $(2170) 13)
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where Mypi170) and Ty170) are the mass and width of
#(2170), B(p) is the P-wave Blatt-Weisskopf form factor,
and p (p’) is the breakup momentum corresponding to

\/E (mass M¢(2170) )

IV. FIT RESULTS FOR ¢(1680), ¢(2170), AND
X(1750)

We perform several combined fits to o(ete™ — n¢)
measured by BaBar, Belle, BESIII, and CMD-3. These
are fits with 1) only ¢(1680), 2) #(1680) and the non-res-
onant component, 3) #(1680), ¢#(2170), and the non-res-
onant component, and 4) ¢(1680), X(1750), ¢(2170), and
the non-resonant component. The input data are o(ete”™ —
n¢) and the related uncertainties shown in Fig. 1. Based
on the fit results, which are described below, we obtain
the nominal fit results from the third case.

The input data of the combined fits are the values of
o(e*e” — n¢) measured by the BaBar, Belle, BESIII, and
CMD-3 experiments, and a least y*> method with MINU-
IT [16] is used. According to Ref. [15], we define 7 of
the kth energy point as

XI% = Z(A(le)(c_l)lj(Ao-/k)’ (14)
L]

where Aoy (Ao ji)is the difference between the meas-
ured value from the ith (jth) data sample and the fitted
value of o(e*e™ — n¢), and the effective global covari-
ance matrix C is described in Eq. (6). The total y? is the
sum of y7 over all energy points.

In the measurement of one experiment, there may be
a correlation between the two modes of # decays in one
/s bin, or a correlation between all +/s bins. For the first
correlation, we calculate

b ok ab o]

2 _ o YYid i i
Xi = (Cii) ’ (O-measured - O-lfit) : (o-measured - O-lfit) (15)

for the ith +/s bin. Here, we also use the relative uncer-
tainty (6;"-"*")2 between the two modes of 5 decays to
calculate the elements Cj; of the correlation matrix. We
obtain y’? = 37, x/? for the sum of all the +/s bins in one
experiment. Similarly, we calculate y’’> for the second
correlation as

2 _ ’ i i J J : :
X/, = Z(CU’) ’ (O-ineasured - O—lfit) ' (O-measured - O—fit)’ L# ]
i
(16)
Here, the matrix element C}; =g;"-".67"="" is for the
correlation between the ith and jth +/s bins. Note that
67" refers to different correlated systematic uncertain-

1
ties in the calculations of y’> and y’’2.

We add x’?> and y"? to the total y? for the constraints
owing to the two types of correlations in the combined
fits.

A. Fit with only ¢(1680)

Fitting to o(e*e™ — n¢) measured by the four experi-
ments with only the A%mso)( /s) component in Eq. (8),
we obtain reasonably good results with a quality of
x*/ndf =381/254, as illustrated in Fig. 4. Here, ndf is
the number of all fitted data points minus the number of
free parameters. We obtain the resonant parameters of
¢(1680)as M¢(1680) =(1723+6) MeV/cZ, F¢(1680) =(376+9)
MeV, and BJ{,ce T es0) = (19725) eV. The world aver-
age values of the mass and width of ¢(1680) are (1680 +20)
MeV/c? and (150 +50) MeV [4], respectively. We can see
that the mass and width from this fit are considerably dif-
ferent from the world average values, which is due to the
absence of several components in our fit, such as the non-
resonant contribution and ¢(2170). We also notice that
the world average value of the width has a large uncer-
tainty.

B. Fit with ¢(1680) and the non-resonant component

Fitting to o(e*e™ — n¢) with only Af;;mgo)( /s) and the
non-resonant contribution in Eq. (8), we obtain two solu-
tions of equivalent quality with y?/ndf = 347/251, as il-
lustrated in Fig. 5 and Table 2. Hereinafter, we use all the
measured data from the four experiments as input for the
combined fits but show only the combinedo(e*e™ — n¢)
from Fig. 3 to represent the data in the plots. We obtain
the same resonant parameters Myi630) = (1676 +3) MeV/ c?
and Ty1680) = (16173) MeV while B, 650 T 650 = (88 £3)
eV or (162f§) eV from the two solutions. The two reson-
ant parameters have good agreement with the world aver-

Nominal fit
............. ¢(1680) contirbution
—— Belle(n — n*n'n°%)
Belle(n— yy)

—&— BaBar(n— yy)
—«— BaBar(n— n*z'n°)
ll CMD-3

—a— BESIII

o(e"e—no)/nb

ol , el wadbads.
1.6 1.8 2 22 24 26 28

Fig. 4.  (color online) Results of fitting to o(ete™ — ng)
measured by the BaBar, Belle, BESIII, and CMD-3 experi-
ments with only ¢(1680). The blue solid line shows the fit res-
ults, and the red dashed line shows the ¢(1680) component.
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L Nominal fit
3r (a) Continuum contirbution
§ |
U e #(1680) contirbution
o L
= L |-\
= = | —— Combined cross section
= 2
= L
.T B |
) Fos
+Q.) B ) !
T 1 - 1
0 Il I I it - } :
1.6 1.8 2 22 24 26 2.8
Vs GeV
Fig. 5. (color online) Fitting to o(e*e™

o Nominal fit
3 (b) Continuum contirbution
| &
B ne o e ¢(1680) contirbution
o o Y
= L |- \E
= | I\ —o=— Combined cross section
= 2 :
= o g
Trr s
) o
+ L o1
) " |
& 1
1.6 24 2.6 2.8
GeV

— n¢) measured by the BaBar, Belle, BESIII, and CMD-3 experiments, including ¢(1680) and

the non-resonant contribution. The blue solid lines show the fit results, and the red, green, and gray dashed lines show the ¢(1680) and
non-resonant components. The interference between the non-resonant component and ¢(1680) is not shown.

Table 2.
component, ¢(1680), and ¢(2170), or without ¢(2170).

Results of fitting to o(ete” — ng) measured by the BaBar, Belle, BESIII, and CMD-3 experiments with the non-resonant

Parameters with ¢(2170) without ¢(2170)
Solution I Solution II Solution IIT Solution IV Solution I Solution II
X2 /ndf 284/247 347/251
ap -0.12+0.02 44402 1.1+0.2 -5.0+0.2 -0.9%0-1 -5.0+0.3
ai ~4.8%07 2.8+0.1 ~3.1+02 2.6+0.3 1.0%04 3.0£0.1
B 650 Titoso) /€Y 79+4 1275 6575 21578 88+3 16273
My1680)/(MeV/c?) 1678f§ 1676 +3
Ty(1680)/MeV 1565 161+
¢(1680)(%) 1972 2242 24+ 1942 20%4 2443
Bl 0 Tos170)/€V 0.56%0:93 0.3615:0° 381 412 -
My170)/(MeV/c?) 21695 -
Ty2170/MeV 96+17 -
Bo1680)/(°) 6312 9549 —-88+6 -122+7 102+] —94+11
0p2170)/(°) 81+14 =77*10 -159*12 13341 -

age values, and the precision is effectively improved.
Meanwhile, the branching fraction of ¢#(1680) — n¢ is
B¢(]680)—(20t‘3‘)% or (24+3)%, which is close to the
value ~17% that can be calculated according to the
BaBar measurement [6]. We can see that most of the
measured o(e*e” — ng) from the four experiments are
above the fit curve around 2.17 GeV in Fig. 5, which in-
dicates the requirement of ¢(2170).

C. Fit with ¢(1680), ¢(2170), and the non-resonant
component

With A¢(1680) and A¢(2170) but no AX(”SO) in Eq. (8),

we obtain four solutlons of equlvalent quality with
x*/ndf = 284/247 from the nominal combined fit, as il-
lustrated in Fig. 6 and Table 2. The four solutions have

the same resonant parameters, My1680), Tp1680), Mp2170)5
and F¢(2170)I M¢(1630) = (1678t5 +7) MCV/CZ, F¢(1530) =
(156 £5+9)MeV, Myp170) = (2169 +5+6) MeV/c?, and
Ty2170) = (96717 £9) MeV. We can see that the mass and
width of ¢(2170) are close to the world average values:
myo170) = (2162 +7) MeV/c? and Typ170) = (10073)) MeV
[4]. The four solutions show that BIf,qe ¢ es0) = (79
4+16), (127+5+12), (653+13 or (2158 +11)eV, and
Bl o 10 = (05650053 £0.07),  (0.36+0.04+0.07),
(38+1+5) or (41+£2+6)eV. The branching fraction of
#(1680) — n¢ is Bg‘flégo) ~ 20%, with uncertainties of less
than 5%. Comparing the change of Ay?>=63 and
Andf =4 between the fit with and without ¢(2170), we
obtain the statistical significance of the ¢#(2170) reson-
ance to be 7.2¢". By fixing the mass and width of ¢(2170)
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at the world average values [4], we obtain the fit results
listed in Table 3, with curves similar to those in Fig. 6.
We then estimate the statistical significance of ¢(2170) to

fit results in Sec. V.

be 7.40-. We describe the systematic uncertainties in the

As discussed in Ref. [17], there are 2"~! solutions in a

- Nominal fit - Nominal fit
3 - (a) Continuum contirbution 3 B (b) Continuum contirbution
i N I $(1680) contirbution i N I $(1680) contirbution
.g r iy ¢(2170) contribution .g r | . ¢(2170) contribution
é_ 2+ I —— Combined cross section é 2+ I ——— Combined cross section
= - = -k
Tt Tt
) - o - \
+ B + B V'
O o
© 1 © 1
()] =2 4 } 3 j et 0 k£t | : N e e
1.6 1.8 2 2.2 24 2.6 2.8 1.6 1.8 2 2.2 24 2.6 2.8
\'s GeV Vs GeV
- Nominal fit - Nominal fit
3 - (c) Continuum contirbution 3 B (d) Continuum contirbution
i A RCC $(1680) contirbution ) N I $(1680) contirbution
-g r N ¢(2170) contribution -g r -l I ¢(2170) contribution
é 2 ! —— Combined cross section é 2 I\ —— Combined cross section
= “L = “L
T Tt
£ o v o
+ L I * o
© X ©
5 1 N © 1
O I" - - 1 - " - L | asiiacYonoe .o
1.6 2.2 24 2.6 2.8 1.6 1.8 2 2.6 2.8
N € €
V GeV GeV
Fig. 6. (color online) Nominal fit to o(e*e” — n¢) measured by the BaBar, Belle, BESIII, and CMD-3 experiments, including the

#(1680), ¢(2170), and non-resonant components. The blue solid lines show the fit results, and the red, green, and gray dashed lines show
the ¢(1680), ¢(2170), and non-resonant components, respectively. The interference among the ¢(1680), ¢(2170), and non-resonant com-

ponents is not shown.

Table 3.

and non-resonant components. The mass and width of ¢(2170) are fixed at the world average values [4].

Results of fitting to o(e*e” — n¢) measured by the BaBar, Belle, BESIII, and CMD-3 experiments with the ¢(1680), ¢(2170),

with ¢(2170)

Parameters
Solution I Solution IT Solution IIT Solution IV
X2 Indf 288/249
ap —0.45+0.05 0.19+0.02 —4.1£0.2 —44+0.5
a —0.27+0:0 2.8+0.2 —0.43+0.08 2,693
Bl 60y o fesoy /€Y 85+3 12376 53+6 193+6
My1680)/(MeV/c?) 1677+3
T p(1680)/MeV 158+3
B 650 (%) 1843 2245 2343 20+5
B 0 o110, /€V 0.487003 0.37+0.03 3841 3742
Mya170)/(MeV/c?) 2162( fixed)
Ts2170)/MeV 100(fixed)
Op(1680)/(°) 80+ 12 -109+11 —88+12 -54+6
092170)/(°) -61*1¢ —48+10 -173%1§ -165+9
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fit with n components in the amplitude. They have the
same goodness of fit and the same mass and width of a
resonance. Unfortunately, we cannot find a proliferation

of the solutions as in several previous measurements [3,
18-20].

D. Fit with ¢(1680), X(1750), ¢(2170), and
the non-resonant component

To investigate the production of X(1750) in the
ete” — n¢ process, we perform the combined fit with Eq.
(8). We fix the mass and width of X(1750) at the world

average values [4] and obtain eight solutions of an equi-
valent quality of y?/ndf = 290/245, with the same masses
and widths of ¢(1680) and ¢(2170). The fit results are lis-
ted in Table 4, and the first two solutions are shown in
Fig. 7. Comparing Ay?> =6 and Andf =2 in the fits with
and without X(1750), the statistical significance of
X(1750) is 2.00. Because X(1750) is not significant here,
we determine the upper limit (UL) of its production
(B 1750, éi750)) in the eight solutions at the 90% C.L. by
integrating the likelihood versus the X(1750) yield, as lis-
ted in Table 4.

L Nominal fit
[ Continuum contirbution
3 ? (a)  ¢(1680) contirbution
P /\ $(2170) contribution
= ro: \ — X ibuti
E [ | (1750) contribution
3 2+ \ ~—— Combined cross section
= L
.T L a,\
K H -\
o L
c 1
0 P4 s Mot s
1.6 1.8 2 2.2 24 2.6 2.8
Vs GeV

Fig. 7.

L

o(e’e—no)/nb

T T

E Nominal fit

r Continuum contirbution
3k (b) -

L | e 6(1680) contirbution

r $(2170) contribution

[ v —— — X(1750) contribution
2+ I ~—— Combined cross section

Vs
(color online) Two solutions from the fitting to o(e*e™ — n¢) measured by the BaBar, Belle, BESIII, and CMD-3 experiments

26 28
GeV

22 24

with ¢(1680), X(1750), and ¢(2170). The blue solid lines show the best fit results, and the red, orange, green, and gray dashed lines show
the ¢(1680), X(1750), #(2170), and non-resonant components, respectively. The interference among the ¢(1680), X(1750), #(2170), and

non-resonant components is not shown.

Table 4. Results of fitting to o(e*e™ — n¢) measured by the BaBar, Belle, BESIII, and CMD-3 experiments with the ¢(1680), X(1750),
#(2170), and non-resonant components. The mass and width of X(1750) are fixed at the world average values [4].

Parameters

Solution I

Solution IT

Solution IIT

Solution IV Solution V. Solution VI Solution VII  Solution VIII
x*/ndf 290/245
ao 22403 ~12+02  —0.15£0.04 -0.12£002 —0.62°9%  0.1420.04 1.4%03 ~1.2+04
ai 2903 27+03 0.61+9% -1.2%02 1.6£03  0.79+0.04 1.6+0.2 25402
¢ e 247+2 + 107 + 159+11 244+ 17011 114%7 280+ 12
B 680 o0y /€Y -7 93+6 +9 27 5 M s 80+
My(1680)/(MeV /c?) 1680 +4
r(b(l@go) /MeV 147+8
Bgfmso)(%) 19+3 183 19+4 21+3 2243 19+3 21*4 22+4
_ 18 15 22 20 23 18
BY 1o T /eV 210*1% 10213 167432 172£19 227429 25023 289422 102+18
7P ete”
UL of By1750/ x1750/€V 249 136 197 214 269 287 322 142
Mx1750)/(MeV /c?) 1754 (fixed)
I'xa750/MeV 120 (fixed)
¢ *om 34+0. 38+2 . ! 39+2 42+0. 3742 0.44+004
B o Tk /eV 0.34+0.02 2 0.57+0.04 2 0.42+0.02 i +0.04 412
M¢(2 170) /(MCV/CZ) 21 69t2
LCy2170/MeV 95*%%
Bs(1680)/(*) 98+J! 109+ 17 8816 —97+11 13417 11915 —-125£19 -109+29
0x1750)/(°) -55+7 -68+18 ~74£14 105+29 63£12 -59+ 14 108+ 15 1318
Bg2170))/(°) -118+15 -94+1¢ -108+ 14 132+21 -83+17 —69+13 —127+24 ~111+17
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V. SYSTEMATIC UNCERTAINTIES

We characterize the following systematic uncertain-
ties for the nominal fit results and estimate the uncer-
tainty of the parameterization in Eq. (9) with two differ-
ent parameterization methods, which have the forms

v/ To1680)( V)T ere-

AWM 17
( )OC S—M2+iMF¢(1(,g()) ( )
and
M r ( S)re*e’
Ao« M v/ Toa6s0)( Vs (18)

\/} s—M? +iMr¢(16go) ’

By changing the fit range to [1.6, 2.9]1 GeV/c?, we
find that the systematic uncertainty due to the fit range is
negligible. We use Ajy(s)=ao/s to estimate the model
dependence of the non-resonant contribution. We obtain
the uncertainty in B%%%z) /8%680) by varying lo ac-
cording to the previous measurement [5]. To estimate the
uncertainty due to the possible contribution from ¢(1680) —
¢nr, we take B(d(1680) — drr) = B(p(1680) — ¢n)/2 [3]
and modify Eq. (10) to

Prk-(892)(Vs)
Pk k- (892)(Mop(1680)

KK*(892)
) 9(1680)

Ty1680)( V5) = Tg(1680) -

Table 5.

Pm/)( ‘/E) yl
Ps(Myr6s0) 21680
Pqﬁ;m( ﬁ) uyd

P srrn(Mp1680)) 9(1680)

7 onn KK*(892)
+ (1 —B1630) ~ B16s0) ~ Bo(1680) )} (19)

in the combined fits. Here, Py, is the phase space of the
#(1680) — ¢ decay.

Assuming all these sources are independent and sum-
ming them in quadrature, the total systematic uncertain-
ties are listed in Table 5.

VI. SUMMARY

Combining the measurements by the BaBar, Belle,
BESIII, and CMD-3 experiments, we calculate
o(ete” — n¢) from the threshold to 3.95 GeV with im-
proved precision. There are clear ¢(1680) and J/y sig-
nals and lineshape changes around the mass of ¢(2170) in
the n¢ final state. We perform combined fits to
o(ete” — n¢) measured by the four experiments and ob-
tain the nominal fit results with the ¢(1680), ¢(2170), and
non-resonant components. The statistical significance of
#(2170)is7.20-. Themassand widthof ¢(2170) are My170) =
(2169+5+6)MeV/c>  and  Tyai70) = (96717 +9) MeV,

Systematic uncertainties of the resonance parameters for ¢(1680) and ¢(2170). M, T, I*"¢" 8, and 8 are the mass with units of

MeV/c?, total width with units of MeV, the production of the branching fraction and the partial width to e*e~ with units of eV, and the

branching fraction (%), respectively.

Source
Parameter o

App () B(’;&;g?z) /B% 630) Parameterization #(1680) — ¢nr Sum

Moaisso) 2 3 5 7

L1680 3 5 4 9

+ ,— b

T 0,8l 650 Sol. 1 8 10 7 6 16

Sol. II 4 9 6 2 12

Sol. 11T 7 5 7 6 13

Sol. IV 6 5 4 7 11

4

B 650 Sol. T 0.7 0.9 13 1 2

Sol. II 0.5 0.9 1.2 2 4

Sol. IIT 0.9 1.5 1.8 2 3

Sol. IV 0.7 0.4 1.8 1 3

Moc170) 3 5 2 2 6

L2170y 6 2 6 3 9
T4 08000, Sol. 1 0.02 0.03 0.05 0.03 0.07
Sol. II 0.02 0.04 0.04 0.03 0.07

Sol. IIT 2 2 3 2 5

Sol. IV 3 3 4 1 6
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which are consistent with the world average values [4].
The mass and width of ¢(1680) are My(1es0) = (167813 +7)
MeV/c* and Ty1680) = (156 £5+9) MeV, with a good pre-
cision compared with the world average values [4]. The
branching fraction of the ¢(1680) — n¢ decay is approx-
imately 20%, with uncertainties of less than 6%. We also
determine B)¢, 550/ [%$650) A0 Bla 7056170, from the fits.

Assuming its existence in the e*e™ — n¢ process, the stat-
istical significance of X(1750) is only 2.00-. We determ-
ine the UL of X(1750) in e*e™ — n¢ at the 90% C.L.
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