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Abstract

The nature, and geometry, of the heliospheric magnetic field (HMF) plays a significant role
in the transport of energetic charged particles, whether these be of solar or galactic origin.
The present study investigates the winding angle of the HMF by analysing almost 60 years
of spacecraft data, by employing methods based on the assumption of a Parker HMF from
prior studies, as well as a 3D definition of the winding angle. The 2D results reveal an
overwound (relative to the expected Parker field result) winding angle with a clear solar
cycle dependence, in agreement with previous studies. The 3D results, however, indicate a
consistently underwound field. It is further demonstrated that this winding can potentially be
explained by the meandering of HMF lines due to the presence of turbulence. Furthermore,
consequences of this phenomenon for energetic particle transport, particularly for magnetic
focusing, are discussed.

Keywords Magnetic fields, interplanetary - Solar cycle, observations - Turbulence -
Energetic particles, propagation

1. Introduction

An understanding of the nature, and geometry, of the heliospheric magnetic field (HMF) is
essential to our understanding not only of the Sun and its dynamical plasma environment,
but also plays a significant role in the transport of energetic charged particles such as solar
energetic particles and galactic cosmic rays (see, e.g., Engelbrecht et al. 2022, and refer-
ences therein). The geometry of the HMF is particularly important, as this governs whether
diffusion parallel to the HMF dominates the transport of these particles, or the significantly
less-effective diffusion perpendicular to this field, with direct consequences for the Earth’s
radiation environment. As humanity expands its activities in space, then, it is increasingly
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imperative that the radiation risks (see, e.g., Schwadron et al. 2014; Barthel and Sarigul-
Klijn 2019; Slaba 2021; Guo et al. 2021) inherent to these endeavours be ameliorated in
some way. One potential way to do so would be to provide simulation-based early-warning
systems (see, e.g., Posner et al. 2013; Engell et al. 2017; Posner and Strauss 2020; Whitman
et al. 2023). For early warning systems pertaining to Mars-bound missions, early solar ener-
getic particle (SEP) event warning systems would rely on the Hohmann-Parker effect, where
often the Earth and a spacecraft on a Hohmann transfer trajectory' have been demonstrated
by Posner et al. (2013) to be magnetically well-connected via a Parker (1958) spiral HMF
line. These authors, however, considered only the magnetic connection between Earth and a
spacecraft on a Hohmann transit for the case of a nominal Parker spiral field (more on this
below), and did not take into account natural variations in the HMF geometry that could
arise from the turbulent meandering of HMF lines (see, e.g., Matthaeus et al. 1995; Ruf-
folo, Chuychai, and Matthaeus 2006; Ragot 2011; Shalchi 2021; Laitinen et al. 2023; Bian
et al. 2024), as well as observed variations in the HMF winding angle (e.g. Bieber 1988;
Smith and Bieber 1991), which could lead to deviations in the expected nominal Parker
field geometry, and hence to potentially erroneous warnings. As such, SEP transport mod-
els require reliable, and above all realistic, modelling of the plasma environment that these
particles encounter. The present study aims to contribute to this effort by providing a longer
term analysis of the winding angle, and hence geometry, of the heliospheric magnetic field
than presented in prior studies, using almost 60 years of spacecraft observations at 1 AU,
and by investigating the influence of turbulence thereon.

The Parker (1958) HMF model has long been known to provide a reasonably accurate
description of the large-scale HMF (see, e.g., Burlaga et al. 1982; Bruno and Bavassano
1997), albeit in the solar ecliptic plane. At higher latitudes alternative models for the HMF
have been proposed (e.g. Fisk 1996; Schwadron 2002; Hitge and Burger 2010; Steyn and
Burger 2020), but these are not considered here. As such, the Parker HMF normalised to
the value of its radial component By, at Earth r, is given in heliocentric spherical polar
coordinates by

2
Bo = [Bo. ()| () 16, — tanyréy] )

where i denotes the winding angle of the spiral HMF lines,

B
tan Wp = —B—¢ (2)
Q
=5 — Ry)sing, 3)
vSU)

which nominally is expected for a purely Parker field to assume a value of ~ 45° for a solar
wind speed of v;,, = 400 km/s, with Qg the sidereal rotation frequency of the Sun’s equator.
Note that this definition differs from the definition of 2 used in Equation 4. The quantity R4
denotes the Alfvén point height, where it is assumed that the frozen-in flow condition is ini-
tially met. Typically, the estimates within which the value of this quantity vary, with Lotova,
Blums, and Vladimirskii (1985) finding a range of 10—-30 rg, while Goelzer, Schwadron,
and Smith (2014) reported values ranging from 15-30 rg, with a potential solar cycle de-
pendence. Kasper and Klein (2019) found a typical value of R4 & 25 rg and a strong solar
cycle dependence of this quantity. Recently, Parker Solar Probe observations have provided

I'The minimum energy transit between Earth and Mars; see, e.g., Curtis (2014).
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revised estimates of this quantity, where several studies report values of ~ 16 rg (e.g. Kasper
et al. 2021; Bandyopadhyay et al. 2022), although this is expected to vary (Chhiber et al.
2022). In what follows, the present study assumes a compromise value of R4 = 20 rg, given
the temporal range of data analysed, and an uncertainty window ranging between 10—-40 rg
is generated based on the typical variability of helioradii where sub-Alfvénic flows transition
to super-Alfvénic flows in the solar atmosphere (Chhiber et al. 2024).

Relatively few studies have in the past investigated the winding of the 2D Parker HMF
lines at Earth. Bieber (1988) analysed 20 years of spacecraft observations, reporting that the
HMF was on average overwound relative to the nominal ¥p & 45° expected of the Parker
field. Furthermore, this author reported a North-South asymmetry in the HMF winding an-
gle, such that the HMF was more tightly wound North of the heliospheric current sheet. It
was not explicitly reported whether this asymmetry persisted over multiple solar cycles and
one cannot visually discern a solar cycle dependence from the reported figures, but it seems
that the asymmetry does indeed persist over the two solar cycles for which data were avail-
able and is present during solar minimum and solar maximum, albeit to varying degrees,
e.g. the asymmetry nearly disappeared at the 1965 and 1975 solar minima but was present
at the 1970 and 1980 solar maxima. The asymmetry was confirmed by Smith and Bieber
(1993), who extended the analysis by taking into account observations at radial distances
greater than 1 AU from the Pioneer 10 and Voyager spacecraft. Smith and Bieber (1991)
specifically considered the temporal dependence in the HMF winding angle, reporting this
on average to be overwound from their analysis of 22 years of spacecraft observations, with
the HMF being considerably more wound during solar maximum conditions than during
solar minima. These authors argued that the overwinding of the HMF was due to nonzero
azimuthal field components that arose from solar differential rotation which might be con-
vected into the solar corona, thereby providing a possible source of azimuthal magnetic
fields at the source point of the solar wind not taken into account in the Parker model,
proposing a modification to the standard Parker HMF model to take this into account. Smith
and Bieber (1991) also found that the solar cycle variations in the winding angle were mostly
due to solar cycle variations in the solar wind speed. Lastly, Isaacs, Tessein, and Matthaeus
(2015) also calculated the winding angle from observations, but with a focus on the influ-
ence of data averaging on the final result. The aforementioned studies all employed similar
methods to compute the winding angle from observations, viz. directly from Equation 3, us-
ing the observed solar wind speed as a direct input. The present study aims to extend these
analyses, taking into account the almost 60 years of spacecraft data now available, and to
directly compute the winding angle from the observed HMF components using Equation 2.
The HMF as observed by spacecraft is known to vary in all three dimensions, as opposed
to the Parker HMF model, which has no meridional component. The meridional component
of the observed HMF has long been associated with turbulence, and it is known that such
turbulent fluctuations result in the meandering of the HMF lines (see, e.g., Matthaeus et al.
1995; Laitinen et al. 2023; Bian et al. 2024). The present study also aims to investigate this
phenomenon by analysing spacecraft observations using the definition of the winding angle
of a 3D HMF model proposed by Burger et al. (2008). As the additional data available will
allow for a full investigation of any temporal periodicities in both 2D and 3D winding an-
gles, these will also be investigated. The influence of HMF turbulence on the 3D winding
angle is also investigated, using a simple model for turbulence transverse to the nominal
Parker HMF. The question naturally arises as to whether such changes in HMF geometry
would influence the focusing of charged particles such as solar energetic particles. Due to
the invariance of the magnetic moment, an SEP moving away from the Sun, and hence expe-
riencing a decreasing HMF magnitude, will experience a decrease in its speed perpendicular
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to this field, and a corresponding increase in speed parallel to the HMF. In this process, its
transport becomes more ballistic along the HMF (e.g. Earl 1976, 1981), which leads to the
observed anisotropies of SEPs (Roelof 1969; Bieber, Evenson, and Pomerantz 1986; van den
Berg, Strauss, and Effenberger 2020). The influence of turbulence on the focusing length of
SEPs will be therefore also considered.

The subject of the following section is a discussion of the data analysis techniques em-
ployed here, after which the results of these analyses will be presented in Section 3. The
influence of HMF turbulence on the 3D winding angle and magnetic focusing length is in-
vestigated in Section 4. The article ends with a section devoted to a discussion of the results
presented here.

2. Data Analysis

For this analysis the hourly-averaged Low Resolution OMNI (LRO) data set (King and Pap-
itashvili 2005) available on the NASA OMNIWeb website? is used, spanning approximately
60 years of data from 28 November 1963 up to 31 December 2023. The magnetic field pa-
rameters used in this study are the magnetic field components B,, By, and B; in units of
nano-Tesla (nT) in the geocentric solar ecliptic (GSE) coordinate system, and the plasma
flow speed v in units of kms~!. The use of hourly resolution data is motivated by the need
for comparison with the results reported by previous studies, such as that of Smith and
Bieber (1991), who also employ hourly data in their analyses. Furthermore, it was demon-
strated by Isaacs, Tessein, and Matthaeus (2015) that winding angles computed from data
intervals averaged over longer intervals are relatively insensitive to the duration of the data
averaging interval.

Bieber (1988) developed a method to designate a sector label to measurements of the
HMEF, and this method was employed in the study conducted by Smith and Bieber (1991,
1993) to which the analysis in this article is compared. The equation

Q . Ry
tanip = — sinf <1— —) 4)
v r
determines the expected orientation of the HMF based on the magnitude of the solar wind
speed (plasma flow speed) and is used to determine the sector designation of an HMF vector.
In Equation 4, ¢p is the winding angle defined per the Parker theory, Q = 2nry /T is the
linear speed of the Sun’s equator with T defined as the sidereal rotation period of the Sun’s
equator, 0 is the colatitude of a magnetic footpoint on the source surface, R, is the Alfvén
point height as defined in Section 1 and r is the radial position of a point in the heliosphere.
Note that this definition of 2 differs from the definition used in Equation 3. As Figure 1 of
Bieber (1988) illustrates, the method assigns to each HMF vector either a toward or an away
sector label, where the toward and away sectors are the half-planes in which an HMF vector
resides with respect to a plane that is normal to the spiral direction predicted by the Parker
model of the HMF.
The analysis performed in this study primarily computes the winding angles not from
the solar wind speed, but rather from the magnetic field components. The two-dimensional
winding angle is defined as

tan i :—% 5)

r

2https ://lomniweb.gsfc.nasa.gov/.
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Figure 1 The vector geometry of z
arbitrary magnetic field vectors in
the GSE coordinate system at

1 AU where the blue and green
quadrants in the xy-plane are the
towards and away sectors
respectively as described in this
section. The winding angles of
the Parker field vectors, i.e. the
projections of the magnetic field
vectors onto the xy-plane, are
measured relative to the positive
and negative x-axis for the
towards and away winding angles
respectively. The 3D winding
angles are defined as the angles
between the magnetic field
vectors and their projections in
the xy-plane (see Figure 6 of
Burger et al. 2008).

while Burger et al. (2008) provides a three-dimensional definition of the winding angle,
B,
B2+ B?

where B,, By and By are the radial, azimuthal, and meridional magnetic field components
and ¥ (and W) is the winding angle calculated from the magnetic field components. Both
definitions are in spherical coordinates and with the substitution B, = —B,, B; = —B, and
By = B, the two-dimensional (2D) definition becomes

tan ¥ = — (6)

B,
tany = —2 7
anys B. (N

and the three-dimensional (3D) definition becomes
B,
VB2+ B?

such that the winding angle definitions are recast into GSE coordinates as shown in Figure 1.
The winding angle measurements are designated with a sector label based on the sign of the
magnetic field components they were calculated from. In the two-dimensional magnetic
field a measurement is denoted as towards (T) if B, is positive and B, is negative, while
the opposite signs denote a measurement in the away (A) sector. For the three-dimensional
magnetic field the B, component can have any sign in addition to the previously mentioned
sign convention for the two-dimensional magnetic field. Magnetic field measurements that
fall into neither sector designation have been labeled as miscellaneous and excluded from
the analysis.

The magnetic field measurements, corresponding winding angles, and solar wind speed
data in each year are binned into 27-day bins. If the number of magnetic field measure-
ments in a bin is less than 15% of the total measurements in the bin (including placeholder
values), both the binned magnetic field data and corresponding solar wind speed data are

tan ¥ = (®)

@ Springer



80 Page6of20 F.H.van der Merwe, N.E. Engelbrecht

discarded. This allows for the most direct comparison between the winding angles that the
Parker theory predicts with Equation 4, the winding angles calculated from the magnetic
field components with Equation 7 and Equation 8, and with the results of Smith and Bieber
(1991). To compute uncertainties on the winding angle values, we calculate the sample stan-
dard deviation on the winding angle values in each 27-day bin for each sector separately,

®

where ¥ now represents either the 2D or 3D winding angle and » is the number of winding
angle values per sector in each bin.

In each 27-day bin the toward and away winding angles are averaged separately, and the
average of the two sectors is calculated as the average winding angle for the bin, as described

by
1
(¥ £ 0 ) perbin = 3 |:(<WA> + W) £ GSzEM,A + GSZEM.T:| (10)

where (¥7) and () are the average toward and away winding angles per bin, respectively,
and

OA or

\/—H_A’ OSEM,T = \/n—T

are the standard errors on the mean winding angle for each sector. The solar wind speed data
is averaged similarly according to

an

OSEM,A =

(v) = <UT>‘;<UA> (12)
with (vr) and (v4) the respective toward and away averages of the solar wind speed per bin.
The averaged values of the 27-day bins in each year are then averaged to find the average
winding angle per year with the errors on the winding angles described in Equation 10
propagated linearly and is given by the following equation

(lﬂia peryear—_ Z\Mi ZO

13)

which is also used to calculate the average winding angle over the entire data range in this
analysis. The subscript in Equation 13 is dropped in the rest of the text with the final average
over the dataset instead reported using the notation (/) in the text and figures that follow.
Equation 4 is used to calculate the theoretical predictions for the winding angles with
the average solar wind speed from Equation 12. Since the orbit of Earth is in the ecliptic
plane of the Sun, the sinusoidal term in Equation 4 is taken to be unity, while the values of
the remaining parameters are the same values used by Smith and Bieber (1991): the sidereal
rotation period is 7 = 25.4 days, r = 1 AU is the Sun-Earth distance, and the Alfvén point
height is R4 = 20 rg as discussed in Section 1. The ecliptic plane in which Earth orbits is
tilted with respect to the solar equatorial plane in which the winding angle of the Parker
HMF is defined. This leads to a mixing between some of the magnetic field components,
particularly at the equinoxes of Earth’s orbit. However, since we only consider data that is
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Figure 2 Winding angles calculated for a 24-hour interval of one-minute cadence (1, blue dots) (King and
Papitashvili 2020a) and five-minute cadence (5, orange squares) (King and Papitashvili 2020b) OMNIWeb
data at the solar minimum of Cycle 23 (1996-08-01, left panel) and at the solar maximum of Cycle 24 (2014-
04-01, right panel). The grey dash-dotted line and uncertainty band in each panel is the average winding angle
of the data from a particular year data as shown in Figure 3.

averaged over 27-day intervals and then subsequently averaged annually over those 27-day
averaged intervals, this mixing effect should be averaged out enough over the course of one
orbit that it would not have a significant effect on the winding angle results. Similarly, we
make use of the average distance between Earth and the Sun when taking r =1 AU, since
this same averaging process would sufficiently average out variations in the winding angles
calculated with Equation 4 due to relatively small variations in Earth’s orbital distance.

We report on the over- or underwoundness of the HMF calculated from the spacecraft
data relative to the Parker HMF in two ways: firstly we take the difference between the av-
erages of the winding angles calculated from spacecraft data and the Parker winding angles
over the entire dataset, that is,

() = (¥p) = Z(W, Vpi)* (14)

and secondly by taking the mean of the differences between the winding angles calculated
from the spacecraft data and the Parker winding angles,

(1Yp —yl) = prl Wil + Zo (15)

which is the method favoured to report the results in Figure 9.

It is not clear from Isaacs, Tessein, and Matthaeus (2015) what the influence of shorter
data cadences on the calculated winding angles would be. Figure 2 shows 2D winding an-
gles calculated over two 24-hour intervals, using one- and five-minute cadence OMNIWeb
data for the solar minimum of Solar Cycle 23 (left panel) and the solar maximum of Solar
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Figure3 Yearly averaged 2D winding angles with their errors are calculated using Equation 13. The digitized
results of Smith and Bieber (1991) for 1965 until 1987 are given by the dashed line as a means for comparison.
The average winding angle of the two data sets is given in the right-hand side plot by the horizontal lines.
The top panel shows the 13-month smoothed monthly total sunspot number (SILSO World Data Center
1963 -2023) as a solar cycle index to which the winding angle results can be compared. Figures 4, 6, and 7
also use this solar cycle index.

Cycle 24 (right panel). Differences between the average winding angles for each case re-
main relatively small. The yearly averaged winding angle for each interval (see Figure 3 and
its accompanying discussion) is also indicated on each panel of Figure 2. For the solar min-
imum interval, the yearly average is similar to the five- and one-minute cadence averages,
while for solar maximum it is somewhat smaller.

A correlation between the winding angles calculated from the magnetic field data, as well
as the predicted winding angles calculated from the solar wind speed, and the solar cycle
was sought. The Lomb-Scargle periodogram (Lomb 1976; VanderPlas 2018) was employed
with the PAST (PAleontological STatistics) statistical software (Hammer and Harper 2001)
to obtain possible periodicities in the yearly averaged data corresponding to the 11- and 22-
year solar cycles. This statistical method was chosen for its ability to extract periodicities
from unevenly sampled data, which was necessary since the hourly sampled magnetic field
data contained missing values, and the restriction on the number of measurements placed on
the bins introduced further discontinuities in the yearly averaged winding angle data. Signals
that were close to 11- or 22-year periodicities were only considered to be significant if the
signal peak surpassed a p-value of p< 0.01, i.e. the signal surpassed the 99% confidence
level.

3. Results

The results calculated from Equation 13 for the Parker HMF are presented in Figure 3 for
the 60 year period from 1963 —2023 along with the digitized results of Smith and Bieber
(1991) for the period of 1965 — 1987 corresponding to their analysis. The top panel of Fig-
ure 3 (and subsequent figures) shows the 13-month smoothed monthly total sunspot number?

3Source: WDC-SILSO, Royal Observatory of Belgium, Brussels.
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Figure 4 The 2D winding angle results from Figure 3 plotted against the winding angles predicted by the
Parker model, given by Equation 4 for R4 = 20 r, and an uncertainty window of the Parker winding angles
for a range of Alfvén point heights from 10 rg (upper limit of window) to 40 rg (lower limit of window)
with the solar wind speed given by Equation 12. The top panel shows the 13-month smoothed monthly total
sunspot number as a solar cycle index.

as a proxy for solar activity levels. Smith and Bieber (1991) reported an average winding
angle of 44.4° as is shown in the right-hand side of the figure. We extend the analysis to the
full 60 year data set and report an average winding angle calculated from the magnetic field
components of 44.36° 4+ 0.06°. Even though the average winding angles for both studies are
in very good agreement, the results of the present study do not exactly match those of Smith
and Bieber. Two possible reasons for this discrepancy are, firstly, that the present study em-
ploys a different method of averaging than the one that was employed in the aforementioned
study, namely that we average over the winding angles calculated from the individual mag-
netic field measurements for the two sectors whereas Smith and Bieber (1991) calculated
their winding angles from the vector sum of the unit vectors of the individual magnetic field
measurements. The use of the slightly simpler averaging method in this study does not con-
tribute greatly to the discrepancy in the results in Figure 3 since the two averaging methods
give nearly identical results (see Figure 2 in Smith and Bieber 1991). Secondly, the method
by which magnetic field measurements are given sector designations differ in this study and
most likely contribute to the greater part of the discrepancy in the results. We employed
a simpler sector designation method by simply assigning to a magnetic field vector a sec-
tor based on the signs of its components, whereas Smith and Bieber employed the method
developed and described by Bieber (1988) where the sector designation was based on the
orientation of a field measurement and its location within one of two half planes that are
defined by the plane that is perpendicular to the Parker HMF.

Smith and Bieber (1991) further reported that their average winding angle mentioned
previously is overwound from the nominal value of 41.6° predicted by the Parker model for
a source surface distance of R4 = 20 rg. They did not report the exact number, but it was
calculated from their results as 2.8°. Figure 4 shows the results of our study compared to
the nominal winding angle values predicted by the Parker model for the same R, and the
averaged solar wind speeds given by Equation 12 and calculated from the LRO data set.
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Figure 5 Lomb-Scargle periodogram of the 2D winding angle results and the results of Smith and Bieber
(1991). The 99% confidence levels for each dataset are plotted as the horizontal lines.

As previously mentioned we calculate an average winding angle of 44.36° &= 0.06° which
is overwound from the nominal Parker winding angle of 41.91° by 2.45° £ 0.06° per Equa-
tion 14, and overwound by 2.67° £ 0.06° per Equation 15. This result is in good agreement
with the overwound result of Smith and Bieber. Furthermore, strengthening our argument
that this result is overwound, our results also lie for the most part above the uncertainty
window on the winding angles predicted by the Parker model.

Figure 5 illustrates the periodogram for both the Smith and Bieber (1991) results as well
as those obtained in the present study, with horizontal lines denoting 99% confidence levels
for their corresponding datasets. Due to the limited data available at the time of their study,
the confidence level for the Smith and Bieber (1991) study is lower than the confidence level
for our study with a much greater sample size. Their results show a clear peak corresponding
to an ~ 11 year periodicity, but below 99% confidence. The results from this study show
two clear peaks: at an ~ 11 year periodicity, as well as at a possible & 15 year periodicity.
It should, however, be noted that only the & 11 year peak is statistically significant.

Figure 6 and Figure 7 show the yearly averaged winding angles of the away and towards
sectors respectively for the 3D HMF defined by Equation 8. The away average winding angle
is 38.65° £ 0.06°, underwound from the nominal Parker value of 41.91° by 3.26° 4 0.06°,
while the towards average winding angle is —39.25° £ 0.07°, underwound by 2.66° +0.07°.
Calculating the mean of the differences between the nominal Parker winding angles and the
3D winding angles with Equation 15, the away winding angle is underwound by 3.63° £+
0.07° and the towards sector is underwound by 2.95° &+ 0.07°. The 3D HMF is therefore
on average underwound by = 3°. In both cases our results are also mostly underwound
with respect to the uncertainty window on the Parker winding angles as well. Note that the
averaged winding angle values for the towards sector in Figure 7 are negative because the
sign of B, is negative in that sector and the deviation of the average value from the nominal
Parker winding angle is calculated with the absolute value of the T sector average.

An unexpected result is the lack of strong periodic signals in the data for the 3D winding
angles, for both the towards and away sectors, as shown in the periodogram of Figure 8.
There are no & 11 year or & 15 year periodicities that exceed the 99% confidence level
plotted in that figure. A possible reason for this is explored in the next section.
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Figure 6 Yearly averaged 3D winding angles for the away sector calculated from Equation 8. The winding
angles predicted by the Parker model as shown in Figure 4 are also plotted here, clearly showing the under-
winding of the 3D field with respect to the nominal Parker field. The red dotted line in the right panel is ()
as reported in Figure 4.
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Figure 7 Yearly averaged 3D winding angles for the toward sector calculated from Equation 8 with the
winding angles predicted by the Parker model plotted for comparison. The underwinding of the T sector is
also evident compared to the nominal Parker field. Note that the sign of the winding angles predicted by the
Parker model is inverted to provide a better comparison since the magnetic field vectors of the T sector point
towards the Sun while the field vectors of the Parker model (after averaging the two sectors) primarily point
away from the Sun.
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Figure 8 Lomb-Scargle periodogram of the 3D winding angle results for both the towards and away sectors.
The horizontal line again denotes the 99% confidence level.

4. The Influence of Turbulence and the Consequences for Magnetic
Focusing

Given the average underwound winding angle found when calculating this quantity as de-
fined for a 3D HMF, the question arises as to whether HMF turbulence transverse to the
Parker field could be playing a role in this phenomenon. This is due to two reasons. Firstly,
in the Parker model, a non-zero meridional HMF component with a long-term zero average
would most likely represent a contribution from turbulent magnetic fluctuations transverse
to the background HMF (see, e.g., Burger, Nel, and Engelbrecht 2022). Secondly, Bian et al.
(2024) demonstrated that the random walk of magnetic field lines (due to turbulence) would
result in an underwound HMF. In order to investigate this, we define the full 3D field to be a
Taylor-decomposed (Taylor 1935) sum of a uniform background component By, described
by the Parker field, and two transverse fluctuating components b, and b,, such that

B = Byép + b1é| + byés. (16)

This approach requires an orthonormal basis in order to describe a turbulence geometry
transverse to the Parker field itself. Such a basis can be defined as

ép =cosypé, —sinypé,
é1=¢
ézZéB XégZSinwpér-f-COSl/lpéd,, (17)

where p again denotes the standard Parker winding angle given in Equation 5. The 3D
magnetic field becomes

B = (Bycosyp + bysinyrp)e, +biég + (bacosyp — Bysinip)é, (18)
with a winding angle of

B() sin l/lp — bz Ccos Wp

tany' = .
[(Bocos yrp + by sinyrp)? + b2]'

19)
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Assuming axisymmetric fluctuations with relatively low strength relative to the background
Parker HMF magnitude, as observed in the very inner heliosphere (see, e.g., Bruno and
Carbone 2013; Adhikari et al. 2020; Chen et al. 2020), such that (b?) ~ (b3) ~ § B} with
Byb; and Byb, being negligibly small, allows one to write

B() sin I// P
[ B3 cos® ¥rp + 18 BE(1 + sin* yrp)
14—gn2wp>]‘”2

cos2yrp

tany' = 7
]

1 8B}

~tan Y p |:l +——(

20
5 (20)

Taking the inverse tangent on both sides of Equation 20 gives the winding angle due to
turbulence for which the uncertainty on that winding angle can be determined as

_ W\ 2
v —/ (m) o081/ Bo)

sin® 2
- 2 . 2 . 2
[1+ 457 (e [+ 51 ()]

cos? Yp cos? Yp

The above expressions can then be evaluated using as inputs for the magnetic variance § B}
from observations and the uncertainty on the magnetic variance relative to the background
magnetic field magnitude o (6 B;/By). This was done for magnetic variances (and their un-
certainties) reported by Burger, Nel, and Engelbrecht (2022) over the time interval of inter-
est to this study, using the values for ¥ p calculated here in Equation 20. The differences
between winding angles calculated from solar wind observations for the Parker model and
the 3D winding angles for both the towards and away sectors calculated from the HMF com-
ponents are shown in Figure 9 as function of time. Average differences between the Parker
prediction and the towards and away sector 3D angles are 2.95° 4+ 0.07° and 3.63° £ 0.07°,
denoted by blue and orange lines, respectively. The average difference between the Parker
prediction and Equation 20 denoted by the green line is 4.19° £ 0.04°, relatively close to the
abovementioned deviations, and similar to the ~ 5° underwinding reported by Bian et al.
(2024) due to the turbulent meandering of Parker field lines. If these differences are calcu-
lated for the Parker model with R4 = 0 rq, then the average difference between the Parker
prediction and the towards sector 3D averages is 5.59° 4 0.07° and 6.21° 4 0.07° for the
away sector averages with the average difference between the Parker prediction and Equa-
tion 20 being 4.72° +0.05° (these are not shown on the graph). It can therefore be concluded
that transverse turbulence can play a role in the underwinding of the 3D HMF reported on
here.

Solar energetic particle focusing can be influenced by the abovementioned changes in
HMF geometry. This effect is quantified through the focusing length L = [V - é3]~" (Roelof
1969), vanishing in the limit of large values of L. For a purely Parker field, this quantity is
given by (see, e.g., Bieber, Evenson, and Pomerantz 1986)

r

L= .
cosYrp (1 +cos?yrp)

The influence of turbulence on L can be estimated by calculating the divergence of a unit
vector epr along the total turbulent field described by Equation 16, which becomes after

(22)
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Figure 9 Differences between the Parker prediction for the winding angle and the 3D away and towards sec-
tor winding angles, and v given by Equation 20, as functions of time. The average differences are indicated
by the horizontal lines.

minor rearrangement

Sap = (cos Yrp + (ba/By) sinyp)é, + (b1/Bo)éy + ((b2/By) cos Yrp — sinyrp)éy
J1+B/B + 13/

(23)

If a suitable temporal average of this quantity is taken, and axisymmetric transverse turbulent
fluctuations are assumed, then (b;) = (by) = 0, and (b?) ~ (b3) ~ § B2, so that

. cosYpe, —sinyrpe R
(epr) ~ —— ] (24)

\1+28B}/B;

where ¢p is defined as in Equation 17, and f is a turbulent modification factor. The
turbulence-modified focusing length can then be calculated from

2 —1
cosyrp(l —ri—cos ¥p) s 53] ’ 25)

L'=[V- ()] = [f
which reduces to the standard Parker result of Equation 22 for the no turbulence case. As
a first approach to evaluating Equation 25 in the ecliptic plane, we employ a simple radial
scaling for the magnetic variance employed in prior studies (see, e.g., Burger et al. 2008;
Engelbrecht and Wolmarans 2020), so that 26 B> = 12.5r=24, in units of nT?, (following
the observations reported by Zank, Matthaeus, and Smith 1996; Smith et al. 2001, 2006;
Pine et al. 2020). The nominal Parker focusing length, as well as the turbulence-modified
focusing length, are shown as functions of radial distance in the left panel of Figure 10,
with the ratio of these quantities shown in the right panel. The turbulence-modified focusing
length is only marginally larger, implying only a very slight reduction of magnetic focusing
effects for SEPs.

It should be noted that increases in turbulence levels at higher latitudes as reported by,
e.g., Forsyth et al. (1996) and ErdGs and Balogh (2005), would enhance this effect somewhat.
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Figure 10 (left) The focusing length L of a purely Parker field and the turbulence-modified focusing length
L’ as a function of radial distance from 0.3 AU to 10 AU. (right) The ratio L/L’ as a function of radial
distance.

5. Discussion and Conclusions

The present study investigates the behaviour of the HMF winding angle over the past 60
years from spacecraft observations at 1 AU. The 2D winding angle here calculated agrees
with the observations reported by Smith and Bieber (1991), being on average overwound as
reported in that study, and displaying a clear solar cycle dependence, with overwound condi-
tions corresponding to periods of high solar activity, and moderately underwound conditions
corresponding to solar minimum periods. A Lomb-Scargle periodogram of the Smith and
Bieber (1991) observations, spanning a period from 1965 — 1987, does reveal an ~ 11 year
periodicity, but well below the 99% confidence level. A periodogram of the results of our
extended analysis also reveals this periodicity, but with a peak well above the 99% confi-
dence level. Intriguingly, our results also indicate a potential & 15 year periodicity in the
2D winding angle, but well below the 99% confidence level, which may simply be due to
the fact that there is yet insufficient data to adequately sample this periodicity. Nevertheless,
such longer term periodicities in the winding angle, and thus in the geometry of the HMF,
may be of interest in studies of the longer term modulation of galactic cosmic rays (see, e.g.,
Caballero-Lopez et al. 2004; Cliver and Herbst 2018; Moloto and Engelbrecht 2020; En-
gelbrecht and Wolmarans 2020). Additionally, from a comparison of solar minimum results
during the recent unusual solar minima (see, e.g., Li, Feng, and Wei 2021, and references
therein) with those of other space-age solar minima, no discernible trend can be seen.

The 3D winding angle computed in this study, however, remains consistently under-
wound, albeit to a varying degree, over the whole data interval considered here. This result
is consistent with what is expected from theory for field lines meandering due to turbu-
lence (Bian et al. 2024). Furthermore, no significant periodicities can be discerned for this
quantity. As the Parker field has no #-component, the observed HMF component normal to
the ecliptic plane must represent an additional, turbulent component, with the implication
that HMF turbulence can be behind the underwinding of the 3D field. This can be demon-
strated using a simple model of a 3D HMF, consisting of a Parker spiral field with two trans-
verse, turbulently fluctuating components to calculate an analogous 3D winding angle that is
both a function of the nominal Parker winding angle, and the turbulence magnetic variance
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(Equation 20). In the presence of turbulence, such a model also yields a lower-than-nominal
winding angle, and, when compared with observations, using as inputs observed magnetic
variances at 1 AU reported by Burger, Nel, and Engelbrecht (2022), yields a deviation from
the nominal winding angle not dissimilar to observations. Furthermore, Equation 20 can also
explain the apparent lack of a solar cycle dependence in the observed 3D winding angle: it
is a function of the ratio of the magnetic variance to the square of the HMF magnitude,
a quantity that displays little to no solar cycle dependence due to the similar solar cycle
dependencies of its components (Zhao et al. 2018; Burger, Nel, and Engelbrecht 2022).

Both the over and underwinding of the HMF at 1 AU can influence the efficacy of the
Hohmann-Parker effect as a potential early warning for Mars missions as proposed by Pos-
ner et al. (2013): magnetic connectivity between the Earth and Mars may not be guaranteed.
A possible amelioration of this would be careful modelling of SEP transport, taking into
account the influence of turbulence on HMF lines. Such transport modelling would bene-
fit greatly from the enhanced analysis of multiple spacecraft turbulence observations in the
inner heliosphere, such as would be made possible by the proposed HelioSwarm mission
(Klein et al. 2023). The present study proposes a relatively simple, yet effective, way of cal-
culating the influence of turbulence on the winding of the HMF (Equation 20), by taking into
account the observed magnetic variance, a quantity that is relatively simple to calculate from
spacecraft observations (see, e.g., Forsyth et al. 1996). Changes in HMF geometry may also
influence the focusing of SEPs. A relatively simple model for the influence of transverse
turbulence on the focusing length is also presented here, and although it is demonstrated
that this effect would not be large, it remains to be seen from direct SEP transport studies
whether this would indeed be the case, given the greater relative significance of, e.g., dif-
fusion effects on their transport (see, e.g., Strauss, Dresing, and Engelbrecht 2017; van den
Berg et al. 2021). This will be the subject of future work.
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