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Abstract

Gromov—Witten Axioms for Symplectic Manifolds via Polyfold Theory
by
Wolfgang William Schmaltz
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Katrin Wehrheim, Chair

Polyfold theory, as developed by Hofer, Wysocki, and Zehnder, is a relatively new ap-
proach to resolving transversality issues that arise in the study of J-holomorphic curves in
symplectic geometry. This approach has recently led to a well-defined Gromov-Witten in-
variant for J-holomorphic curves of arbitrary genus, and for all closed symplectic manifolds.
In this thesis we prove the Effective, Grading, Homology, Zero, Symmetry, Fundamental
Class, and Divisor Gromov—Witten axioms for J-holomorphic curves of arbitrary genus, and
for all closed symplectic manifolds.
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Chapter 1

Introduction

In 1985 Gromov published the paper “Pseudo holomorphic curves in symplectic man-
ifolds,” laying the foundations for the modern study of pseudo holomorphic curves (also
know as J-holomorphic curves) in symplectic topology [12]. In this paper, Gromov proved a
compactness result for the moduli space of J-holomorphic curves in a fixed homology class.
This paper contained antecedents to the modern notion of the Gromov—Witten invariants
in the proofs of the nonsqueezing theorem and the uniqueness of symplectic structures on
CcPr2.

Around 1988, inspired by Floer’s study of gauge theory on three manifolds, Witten
introduced the topological sigma model [8] [46]. The invariants of this model are the ‘k-
point correlation functions,” another precursor to the modern notion of the Gromov-Witten
invariants. Witten also observed some of the relationships between these invariants and
possible degenerations of Riemann surfaces [47]. Further precursors to the notion of the
Gromov-Witten invariants can also be seen in McDuff’s classification of symplectic ruled
surfaces [31].

In 1993 Ruan gave a modern definition of the genus zero Gromov-Witten invariants for
semipositive symplectic manifolds [41] [40]. At the end of 1993, Ruan and Tian established
the associativity of the quantum product for semipositive symplectic manifolds, giving a
mathematical basis to the composition law of Witten’s topological sigma model [39].

In 1994 Kontsevich and Manin stated the Gromov—Witten axioms, given as a list of
formal relations between the Gromov—Witten invariants [27]. At the time it was not possible
for Kontsevich and Manin to give a proof of the relations they listed, due to the absence
of a well-defined Gromov-Witten invariant for all cases. Hence they used to term ‘axiom’
with the presumed meaning ‘to take for assumption without proof’ / ‘to use as a premise for
further reasoning’ And indeed, from these starting assumptions they were able to establish
foundational results in enumerative geometry, answers to esoteric questions such as:

(Kontsevich’s Recursion Formula). Let d > 1. How many degree d rational
curves in CP? pass through 3d — 1 points in general position?

In this paper they moreover outlined some of the formal consequences of the axioms by
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demonstrating how to combine the invariants into a Gromov—Witten potential, and interpret
the axioms as differential equations which the potential satisfies.

To varying extents, this work has predated the construction of well-defined Gromov—
Witten invariant in symplectic geometry for J-holomorphic curves of arbitrary genus, and
for all closed symplectic manifolds. Efforts to construct a well-defined Gromov—Witten
invariant constitute an ever growing list of publications, including but not limited to the
following: [28] [10] [11] [44] [5] B3] [B4] [B5] [25] [BY]. A discussion of some of the difficulties
inherent in these approaches can be found in [7]. Similarly, there have been several efforts
to prove the Gromov-Witten axioms [10] [32] [4].

Over the past decade, Hofer, Wysocki, and Zehnder have developed a new approach to
resolving transversality issues that arise in the study of J-holomorphic curves in symplectic
geometry called polyfold theory [16] [24] [21] [22] [19] [17] [23] [18]. This approach has been
successful in constructing a well-defined Gromov-Witten invariant [22].

Following this work, in this thesis we prove the Gromov—Witten axioms for the polyfold
Gromov—Witten invariants.

1.1 The Polyfolds of Gromov—Witten Theory

Gromov—Witten theory is concerned with the study of the solution spaces consisting of J-
holomorphic stable curves and using these solution spaces to define invariants for symplectic
manifolds.

Given a closed symplectic manifold (@), w) with a compatible almost complex structure
J and a Riemann surface (X, j), the solution set M, ;(A; J) is defined as the set of smooth
maps u : (2, 7) — @ which satisfy the Cauchy—Riemann equation modulo reparametrization
(where ¢ is the genus of the Riemann surface (X,7), k is the number of marked points
{z1,..., 2k} € &, and A € Hy(Q;Z) is a fixed homology class such that u,[3] = A), i.e.

Oyu:=3(du+Joduoj)=0
Myp(A; ) =S u: (8,75) = Q {z1,...,2z,} € X
u Y] = A € Hy(Q; Z)

u~uoo,

¢ € Aut(X, 7).

We will refer to an equivalence class of a smooth map solution to the Cauchy—Riemann
equation as a J-holomorphic curve.

Gromov’s compactness theorem states that given a sequence of J-holomorphic curves
there exists a subsequence which ‘weakly converges’ to a ‘cusp-curve’ [12]. This was later
refined in [26] into the ‘stable map compactification’. Consequently, the set M, x(A;J) can
be compactified by adding stable curves yielding a compact topological space M, x(A; J).
We call this space the (unperturbed) Gromov—-Witten solution space of genus g, k marked
stable curves which represent the class A.

In a set of small but often studied cases where the symplectic manifold (Q,w) is ‘semi-
positive’ it is possible to give this compact topological space the additional structure of a
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‘pseudocycle’; which is suitable for defining an invariant. This is achieved via a perturba-
tion of the almost complex structure J. The space of compatible almost complex structures
J(Q,w) is nonempty and contractible, from which it can be shown that the invariant does
not depend on the choice of J. However in general symplectic manifolds no J € J(Q,w)
can give sufficient transversality to yield a well-defined invariant. For a textbook treatment
of this material, we refer to [32].

Polyfold theory, developed by Hofer, Wysocki, and Zehnder, is a relatively new approach
to resolving transversality issues that arise in attempts to solve moduli space problems in
symplectic geometry.

“Polyfold theory is what lets symplectic topologists argue as if compactified moduli
spaces are zero sets of smooth sections” — Katrin Wehrheim

Consider the following situation from classical differential topology. Suppose that M is
a finite-dimensional manifold, F is a finite rank vector bundle over M, and s is a smooth
section of this bundle. If the preimage of the zero section s~1(0) is compact, one can construct
sections p : M — E such that s+p is transverse to the zero section, and such that (s+p)~*(0)
is a compact set. It follows that the perturbed zero set (s + p)~'(0) is a compact finite-
dimensional smooth manifold.

The polyfold theoretic approach to solving a moduli space problem is to recast the prob-
lem as a generalization of the above setup. To do this, it seeks to construct a ‘polyfold’ Z—a
massive, infinite-dimensional ambient space, designed to contain an entire unperturbed com-
pactified moduli space M as a compact subset. We may furthermore construct a ‘strong
polyfold bundle’ W over Z, and moreover suppose that we have a ‘scale smooth Fredholm
section’ of this bundle, & : Z — W, such that & (0) = M.

We can construct an ‘abstract perturbation’ p of this section such that 9+ p is transverse
to the zero section and such that (0 + p)~1(0) is a compact set. In this way, we may take
a scale smooth Fredholm section and ‘regularize’ the unperturbed moduli space yielding
a perturbed moduli space (0 + p)~1(0) that will have the structure of a compact oriented
‘weighted branched orbifold. For a survey of the core ideas of the polyfold theory, we refer
to [[].

w
(0+p)~(0)
E} cabsteet Dorearbation is a compact ‘weighted
branched orbifold’
Z

Theorem 1.1.1. [16] [24] [21] [22] Let (Q,w) be a closed symplectic manifold, let A €
Hy(Q;7Z) and let g,k > 0 be integers. Then the set of genus g, k marked stable curves which
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represent the class A can be given a natural polyfold structure Z 4y called the Gromov-
Witten polyfold. The Cauchy—Riemann section Oy : Z4 4, — W is an sc-smooth proper
Fredholm section of a strong polyfold bundle Wa 4 of index

Ind (05) = 2c1(A) + (dimrQ — 6)(1 — g) + 2k.

There exists abstract perturbations p which give the perturbed Gromov-Witten solution spaces
Sagk(p) == (05 +p)~1(0) the structure of a compact oriented weighted branched orbifold.

This approach has been successful in giving a well-defined Gromov-Witten invariant for
curves of arbitrary genus, and for all closed symplectic manifolds.

Definition 1.1.2. [22, Theorem 1.12] Fix a closed symplectic manifold (Q,w), let A €
Hy(Q;Z), and let g,k > 0 be integers such that 2g + k > 3. Consider the following diagram
of continuous maps between the perturbed Gromov-Witten solution space Sa,x(p), the

k-fold product manifold Q*, and the Deligne-Mumford orbifold ﬂ;i.

Sagx(p) _emxXXevy | QF

——log

M,

Here ev; is evaluation at the ith-marked point, and 7 is the projection map to the Deligne—

Mumford space which forgets the stable map solution and stabilizes the resulting nodal
Riemann surface by contracting unstable components.

Using this, the polyfold Gromov-Witten invariant is defined as the homomorphism
GWY, 4t H(Q:R)* © H. (M 5 R) » R
defined by

Gnggvk(al, oo B) = / eviPD(ay) A -+ AevpPD(ay) A m*PD()

SA,g,k(p)

where the integral is the ‘branched integration’ of [23]. This invariant does not depend on
the choice of perturbation.

1.2 Main Results—The Gromov—Witten Axioms

With a general polyfold Gromov—Witten invariant in place, a natural question is: To
what extent does this newly defined invariant satisty traditional results of Gromov-Witten
theory for symplectic manifolds? A natural place to begin is with verifying the Gromov—
Witten axioms. In this thesis, we prove the following Gromov—Witten axioms for the polyfold
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Gromov-Witten invariants, for curves of arbitrary genus, and for all closed symplectic man-
ifolds. For the fundamental class and divisor axioms we will require an additional technical

assumption on the homology classes g € H, (MO- R). This assumption is called the ‘sub-
orbifold representability condition’ (Definition )

Definition 1.2.1 (Basic Classes). [27, Equation 2.3] We say that (A, g, k) is a basic class
if it is equal to one of the following: (A,0,3), (A,1,1), (4,9 > 2,0). The point is, for such
values of g and k we will have M, 1 = () by definition.

Theorem 1.2.2 (Gromov—Witten Axioms). [27] Let (Q,w) be a closed symplectic manifold.
Let A € Hy(Q;Z) and let g > 0 and k > 0 be integers such that 2g + k > 3.

Effective Axiom: If w(A) <0 then Gng,k =0.

Grading Axiom: If GW%QJC(al, oy B) # 0 then

k
> (2n — deg(ay)) + (69 — 6 + 2k — deg(B)) = 2¢1(A) + (2n — 6)(1 — g) + 2k.
i=1
Homology Axiom: There exists a homology class
O gk € Hacy(4)+@n—6)(1—g)+26(Q" X Myy;R)
such that
GWgyyk(@la sy Qs 5) = <p>{PD(CK1) Mo p]tPD(Oék) ~ pSPD(ﬂ)a UA,g,k)

where p; : Qkiﬂm — @ denotes the projection onto the ith factor and the map pgy :
QF x My — M, denotes the projection onto the last factor.
Zero Axiom: If A=0,9 =0 then GW(?707,€(0(1, ..., ax; B) = 0 whenever deg(5) > 0, and

GWonovk(ozl, oo [pt]) = /Q PD(aq) A -+ N PD(a)

Symmetry Axiom: Fix a permutation o : {1,... k} — {1,... k}. Consider the permuta-
tion map o : 7;?1 — mlﬁ, (2,4, M, D] — [X,j, M?, D] where M = {z,...,z} and where

M :={z,..., 2.}, 2 = Zos). Then
Gw,g,k(aa(l)v <oy O (k) U*B) = (—1>N(U;ai) G’ng,k(al, e, Qg 6)

where N(o; ;) :==t{t < j | o(i) > o(j),deg(c;) deg(e;) € 2Z + 1}.
Fundamental Class Axiom Consider the fundamental classes [Q] € Hapn(Q;Q) and
[ﬂ;oi] € Hﬁg_6+2k(ﬂloi; Q). Suppose A # 0 and that (A, g, k) is not basic. Then

9,

GWS e,y [Q); [ML2]) = 0.

g,k
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Suppose that § € H, (ﬂﬁ 1; Q) satisfies the suborbifold representability condition. Con-

sider the lth-marked point doubling map s : /\/lg el ZZ (see Definition ) Then
GWg,g,k(ah sy O, [Q]7 51*6) - GWg,g,k—l(ala sy Ok, 5)

Divisor Axiom: Suppose that (A, g, k) is not basic, and suppose that 5 € H,(M éoi Q)
satisfies the suborbifold representability condition. Consider the kth-marked point forgetting

map [ty : ;01 - M lgoi 1 (see Definition -) If deg(ay) = 2n — 2 then
GWS , lan, ..., ap PD(ftiPD(B))) = (A o) GWS ;. 1(an,... a5_1; ),

where A - ay, 1s given by the homological intersection product.

1.3 Strategy for Proving the Gromov—Witten Axioms

We outline the overarching strategy for proving the Gromov-Witten axioms. The Gromov—
Witten axioms give relationships between the Gromov—Witten invariants. These relation-
ships are determined by the geometry of the permutation maps and the marked point for-
getting maps between the perturbed Gromov—Witten solution spaces.

However, without work, such maps will not persist after abstract perturbation. We
develop a general approach for ensuring the persistence of a well-defined map between per-
turbed solution spaces in Chapter g, by pulling back perturbations via a well-defined map
on the ambient polyfolds. This approach allows us to define the permutation maps between
the perturbed Gromov—Witten solution spaces.

Problems arise when we consider the kth-marked point forgetting map. In that case,
there is no hope of defining a kth-marked point forgetting map on the Gromov-Witten
polyfolds as constructed in [22]. To deal with this, in Chapter § we shall construct a new
Gromov—Witten polyfold of stable curves with constant destabilizing ghost components which
more naturally models the anticipated geometry of the Gromov—Witten solution space.

On this new Gromov—Witten polyfold, it is then possible to consider a well-defined kth-
marked point forgetting map, and moreover to pullback perturbations via this map as we
explain in Chapter

We must then show that the invariants for this new Gromov-Witten polyfold coincide
with those for the original Gromov-Witten polyfold as constructed in [22]. Key to resolvin
this problem is proving an invariance of domain result for branched orbifolds in Chapter Bg

Finally, in Chapter [1] we prove the Gromov—Witten axioms.

Pulling Back Abstract Perturbations

Without work, after perturbation maps will not persist between the perturbed Gromov—
Witten solution spaces. To explain, consider the situation of the permutation map

——log ——log
o Mos — Mt
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which lifts to an sc-diffeomorphism of Gromov—Witten polyfolds
o ZA,QJC — ZA,g,k-

In the semipositive situation, the set J(Q,w) gives a common space of perturbations for
the source and target of the permutation map. We can therefore choose a common regular
J and obtain a well-defined permutation map o : M, .(A; J) = M, 1(A; J).

In contrast, abstract perturbations are constructed using bump functions and choices of
vectors in a strong polyfold bundle, which in general will not exhibit symmetry with regards
to the labellings of the marked points. As a result, given a stable curve z € Zy4 ,; which
satisfies a perturbed equation (95 + p)(x) = 0 we cannot expect that (9; + p)(o(x)) =0, as
the perturbations are not symmetric with regards to the permutation o. Therefore, naively
there does not exist a map o : Sq4(p) = Sa,4(P)-

The natural approach for obtaining a well-defined map between perturbed solution spaces
is to pullback an abstract perturbation. In Theorem | we establish a mild criteria under
which a regular perturbation will pullback to a regular perturbation. Using this approach, we
can easily show there exists a regular perturbation which pulls back to regular perturbation
via the permutation map.

Problems Arise—The kth-Marked Point Forgetting Map

The kth-marked point forgetting map is, by far, the most difficult and complicated map
to make compatible with perturbation of the Gromov-Witten solution spaces, as we imme-
diately encounter numerous difficulties.

The construction of the smooth structure for the Deligne-Mumford orbifolds as described
in [22] and [17] requires a choice: that of a ‘gluing profile’, which is a smooth diffeomor-
phism ¢ : (0,1] — [0,00). The logarithmic gluing profile is given by @je(r) = —%log(r)
and produces the classical holomorphic Deligne-Mumford orbifolds ﬂ;i. There is also an
exponential gluing profile, given by @e, (1) = €'/" — e which produces Deligne-Mumford
orbifolds ﬂi{p which are only smooth orbifolds.

This use of nonstandard smooth structure has the following consequence.

In general the map [, :ﬂ;f,f — MF

sk-1 ts continuous but not differ-
entiable (Remark ).

Differentiability fails at points which are nodal Riemann surfaces which contain components
S? which contain precisely 3 special points, two of which are nodal, and one of which is the
kth-marked point.

In general there does not exist a natural map ft, on the Gromov—
Witten polyfolds (Remark ).
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The reason is that the stability condition imposed on stable curves in the polyfold Z4 ;1
may not hold in Z,4 451 once the kth point is removed. The stability condition which is
used to define the underlying sets of the Gromov—Witten polyfolds is defined as follows.

o For each connected component C' C ¥ we require at least one of the following:
2-gc+4(MU|D|)c >3 or /u*w>0,
c

where g¢ is the genus of C' and §(M U|DJ)¢ is the number of marked and nodal points
on the component C.

A stable curve in Z4,;, may contain a destabilizing ghost component, i.e. a component
Oy ~ S? with precisely 3 special points, one of which is the kth-marked point, and such
that [, u*w = 0, ulg, = constant. In this case, after removal of the kth-marked point,
the stability condition is no longer satisfied, and we cannot consider the resulting data as a
stable curve in Z4 g 5_1.

Figure 1.1: There Does Not Exist a Natural kth-Marked Point Forgetting Map

: -ka u*w — 0, .."

y u|e, # constant

We can remove the stable curves in Z, 4, for which the stability condition does not
hold after forgetting the kth-marked point; thus we can attempt to restrict to a subset
Zjﬁ,";‘s,g C Z4,4 Where we require a stronger stability condition.

o For each connected component C' C ¥ we require at least one of the following:

2-9c+4(MU|D|)¢ >3 or /u*w>0.
c
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Additionally, if the kth-marked point z; lies on a component C} with

2-9(Cy) +8(MU|D|)¢, =3 and wWw =0
Ch

then we require that u|c, is constant, hence necessarily u|c, = u(zy).

By the energy identity, any map u : C, — @Q with d;u = 0 and Jo, w'w = 0 must
be constant. Hence it follows that the above subset is large enough to contain the entire
unperturbed Gromov-Witten solution space, i.e. My (A4;.J) C Z50%.

With this stability condition the kth-marked point forgetting map is well-defined on

const const

Z3 g% Consider the subspace topology on Z{°0% C Z4 4k, and the usual polyfold topology
on ZA,g,k—l-

In general the well-defined restriction ft; : Zﬁ‘fg’fﬁ — Zagk-1 18 not
continuous (Proposition |2.6.5).

Our proof of the axioms resolves these issues by constructing a new Gromov—Witten
polyfold.

A New Gromov—Witten Polyfold

In Chapter @ we construct a new Gromov-Witten polyfold Zf‘fg’k of stable curves with
constant destabilizing ghost components Cj. This polyfold is designed to more naturally
reflects the anticipated geometries of the Gromov—Witten solution spaces. This polyfold has
the same underlying set considered above, i.e. Zﬁfgjk = Z{%, but it carries a new polyfold
structure, with a new sc-smooth structure, and a new topology.

At a destabilizing ghost component which contains precisely two nodal points (in addition
to the kth-marked point), this new gluing construction takes the two gluing parameters of
two nodes, combines them into a single gluing length, and using this single gluing length to
directly interpolate maps. At a destabilizing ghost component which contains precisely one
nodal point and one other marked point (in addition to the kth-marked point), it forgets the
gluing parameter, and relabels the remaining nodal point as a marked point.

The new Gromov-Witten polyfold fits within the following diagram of continuous maps

ZA,g,k
|
ft Ttk
Zagr — ZAgh-1

where ¢ is an inclusion map, and ft, is the well-defined and continuous kth-marked point
forgetting map.

We must still be careful, as we cannot pullback a smooth perturbation via ft; and nec-
essarily expect to get a smooth perturbation. This is because the Gromov-Witten polyfolds
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use the exponential Deligne-Mumford orbifolds in coordinate representations, and hence the
best we can hope for is_that the kth-point forgetting map ft; : Zﬁng — Zagk—1 Will be
continuous. In Chapter B we show that it is still possible to pullback a regular perturbation
and obtain a regular perturbation via the kth-marked point forgetting map. This is accom-
plished by careful study of local expressions of the map ft; and via a hands-on approach to
defining a suitable perturbation to be pulled back.

Branched Orbifolds and Invariance of Domain

Having define a new Gromov-Witten polyfold, we must show that the Gromov-Witten
invariants for this new Gromov-Witten polyfold coincide with the Gromov-Witten invariants
for the original Gromov—-Witten polyfold as constructed in [22]. This is an example of a more
general problem—small modifications to the construction of a polyfold yield invariants which,
a priori, we can not assume are equivalent.

In this situation, the approach of pulling back perturbations will not work; the strong
polyfold bundles are not related via pullbacks. Moreover, the inclusion map we are consid-
ering will not be proper with respect to the polyfold topologies. Instead, we will construct
perturbations which restrict in addition to satisfying certain properties (Proposition )

Ultimately, we can construct an abstract perturbation p, which restricts to a perturbation
p1 and which gives a well-defined continuous bijection between weighted branched orbifolds,

L2 SHgr(p1) = Sagu(p2)-

The usual approach of constructing an abstract perturbation ensures that Sy 4 x(p2) is com-
pact. However, this approach fails to guarantee that Sﬁfg,k(pl) will be compact.

Using only knowledge of the underlying topologies of both of these spaces, it is impossible
to say anything more. The key to resolving this problem is understanding the additional
structure that these spaces possess—the branched orbifold structure—and using this struc-
ture to prove an invariance of domain result. This result will allow us to assert that the above
map is a homeomorphism. We explain these issues and how to resolve them in Chapter B

This approach will be used to establish equality of the Gromov—Witten invariants asso-
ciated to polyfolds which have different choices of punctures at the marked points. It will
also be used to establish equality of the Gromov—Witten invariants for polyfolds constructed
with different strictly increasing sequences (6;);>0 C (0, 27).

The Polyfold Gromov—Witten Invariants as an Intersection
Number

The polyfold Gromov—Witten invariants are defined in [22] via the branched integration
described in [23]. The branched integral is useful for giving a well-defined definition of the
polyfold Gromov—Witten invariants and moreover showing that they are, in fact, invariants
and do not depend on choices. But they are not the best viewpoint for giving a proof of all
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of the axioms—the geometric relationships given by the kth-marked point forgetting map
are difficult to phrase in terms of integrals.

A more useful viewpoint is to interpret the Gromov-Witten invariants as a count of
curves via intersection theory. Such a definition is closest to the earliest interpretations
of the Gromov-Witten invariants present in the literature, described in [41] as a ‘finite
sum, counted with multiplicity, of nonmultiple cover J-spheres in ./\/l’(" AJ) which intersect
representatives of given cycles in the symplectic manifold’ (paraphrasing slightly).

In Chapter H we show that compact oriented weighted branched orbifolds satisfy a well-
defined intersection theory. This allows us to give an alternative definition of a polyfold
Gromov—Witten invariant as an intersection number

GWS w0, o B) = (evr X -+ X evg X ) [Sagr(p)] - (X1 X -+ X Xj, x B)

where X; C @ are closed submanifolds such that [X;] = «; and where B C H;‘ji is a closed
suborbifold such that [B] = S.

This definition aligns with the traditional geometric interpretation of the Gromov-Witten
invariants as a ‘count of curves’, which at the ith-marked point passes through X; and such
that the image under the projection 7 is restricted to B.

Figure 1.2: Geometric Interpretation of a Gromov-Witten Invariant

e

4
/

e

e
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Proving the Gromov—Witten Axioms

From the starting point in [22] of a well-defined polyfold Gromov—-Witten invariant for ar-
bitrary genus and for all closed symplectic manifolds, we have developed the general abstract
tools necessary to give a proof of the Gromov—Witten axioms.

We can pullback abstract perturbations via maps, ensuring the persistence of well-defined
maps between perturbed Gromov—Witten solution spaces. We can construct abstract per-
turbations which restrict, and via our invariance of domain result we can show that the
Gromov—Witten invariants are stable under modifications to the polyfold construction. And
we are armed with a workable interpretation of the Gromov-Witten invariant as an inter-
section number.

Everything is in its right place. In Chapter H we prove the Gromov-Witten axioms.
The Effective, Grading, Homology, and Zero Axioms can be verified using facts about the
definition of the Gromov—Witten invariant. To prove the Symmetry Axiom, we study the
geometry of the permutation map between the perturbed Gromov-Witten solution spaces.
To prove the Fundamental Class and Divisor Axioms, we study the geometry of the well-
defined kth-marked point forgetting map between the perturbed Gromov-Witten solution
spaces.
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Chapter 2

Deligne—Mumford Orbifolds and
Gromov—Witten Polyfolds

In this chapter we recall and summarize the constructions by Hofer, Wysocki, and Zehnder
of the Deligne-Mumford orbifolds as well as the Gromov—Witten polyfolds. We will use the
modern language of étale proper Lie groupoids to define orbifolds and polyfolds.

The notion of orbifold was first introduced by Satake [42], with further descriptions in
terms of groupoids and categories by Haefliger [15][13][14], and Moerdijk [36][37]. Follow-
ing this point of view, a polyfold may be viewed as a generalization of a (usually infinite-
dimensional) orbifold, with some additional structure. This generalization of the étale proper
Lie groupoid language to the polyfold context is due to Hofer, Wysocki, and Zehnder [21]. For
full details in the present context, we will refer the reader to [21] for the abstract definitions
of ep-groupoids in the polyfold context, [17] for the constructions of the Deligne-Mumford
orbifolds, and [22] for the constructions of the Gromov-Witten polyfolds.

2.1 Orbifolds and Polyfolds

We take a moment to summarize the hierarchy of structures which leads to the definition
of a polyfold.

Definition 2.1.1. An sc-Banach space consists of a Banach space E together with a
decreasing sequence of linear subspaces

E=FEy,DFE; D --DF ::miZOEi
such that the following two conditions are satisfied.
1. The inclusion operators E,, 1 — E,, are compact.

2. F is dense in every Ej;.
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Definition 2.1.2. Consider an sc-Banach space E and consider an open subset U C E. An
sc-smooth map r : U — U is called an sc-smooth retraction on U if ror = r. A local
M-polyfold model (without boundary) is a pair (O, E) consisting of an sc-Banach space
E and a subset O C E such that there exists an sc-smooth retraction r : U — U defined on
an open subset U C E such that r(U) = O. We call O, equipped with the subspace topology
O C E, an sc-retract.

For notions of sc-differentiability for maps between sc-retracts, see Definition and
Definition below.

In Gromov-Witten theory the compactification phenomena consist of nodal curves; hence
our local M-polyfold models are without boundary and the ith-noded curves appear as
interior points in the local M-polyfold models of codimension 2i (see [, Remark 5.3.2]).
Other cases such as Hamiltonian Floer theory (as first introduced in [9]) and Symplectic
Field Theory (as first introduced in [6]) would require the inclusion of partial quadrants in
order to deal with boundaries and corners (see [18, Definition 1.6, Definition 2.2] for details
on local M-polyfold models with partial quadrants).

Definition 2.1.3. We say that a second countable paracompact topological space Z has
an M-polyfold structure if every point z € Z has an open neighborhood O which is
homeomorphic to an sc-retract O, and such that the induced transition maps between two
sc-retracts are sc-smooth.

Remark 2.1.4. Tt is observed in [, Example 4.1.8] that the real and complex Euclidean
spaces R™ and C" can be viewed as sc-Banach spaces with standard norm and the trivial
sc-structures (R"), = R™ for £ > 0 and (C"), = C" for k > 0. It is furthermore observed in
(M, Remark 4.2.2] that on finite-dimensional vector spaces with trivial sc-structure the notion
of sc-differentiability is the same as classical differentiability. It follows that open subsets
of R™ and C™ are special cases of sc-retracts, with the sc-retraction given by the identity.
Hence, local M-polyfold models are a general enough definition to also give local models for
finite dimensional manifolds and orbifolds.

In order to give the transition information on how our local models will fit together, we
need the definition of an ep-groupoid.

Definition 2.1.5. A groupoid (7, Z) is a small category consisting of a set of objects
Z, a set of morphisms Z which are all invertible, and the five structure maps (s, t,m,u,1)
(the source, target, multiplication, unit, and inverse maps). An ep-groupoid is a groupoid
(Z, Z) together with M-polyfold structures on the object set Z as well as on the morphism
set Z so that all the structure maps are sc-smooth maps (see Section @) and which satisfy
the following properties.

« (étale). The source and target maps s : Z — Z and t : Z — Z are surjective local
sc-diffeomorphisms.
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« (proper). For every point z € Z, there exists an open neighborhood V'(z) so that the
map t : s 1 (V(2)) — Z is a proper mapping.

For a fixed object z € Z we denote the isotropy group of z by

G(2) = {6 € Z | s(9) = (o = 2)}.

The properness condition ensures that this is a finite group.
The orbit space of the ep-groupoid (7, Z),

2] = 2] ~

is the quotient of the set of objects Z by the equivalence relation given by z ~ 2z’ if there
exists a morphism ¢ € Z with s(¢) = z and t(¢) = 2. It is equipped with the quotient
topology defined via the map Z — |Z|, z — |z|.

Definition 2.1.6. Let Z be a second countable paracompact topological space. A polyfold
structure on Z consists of an ep-groupoid (Z, Z) and a homeomorphism |Z| ~ Z.

It is useful to have in mind the local meaning of the above definition.

Proposition 2.1.7 (Natural Representation of G(z)). [18, Theorem 7.1, Proposition 7.6]
Let be an ep-groupoid (Z,Z). Let x € Z with isotropy group G(x). Then for every open
neighborhood V' of x there exists an open neighborhood U C V' of x, a group homomorphism
¢ : G(x) — Diff,.(U), g — ®(g), and a sc-smooth map I" : G(x) x U — Z such that the
following holds.

1. T'(g,x) = g.
2. s(I'(g,y)) =y and t(I'(g,y)) = ®(g)(y) for ally € U and g € G(x).

3. If h : y — z is a morphism between points in U, then there exists a unique element
g € G(x) satisfying I'(g,y) = h, i.e.,

' 'G)xU—{peZ|s(p) and t(p) € U}
s a bijection.

The data (®,T) is called the natural representation of G(x). Moreover, consider the
following topological spaces:

e G(2)\U, equipped with quotient topology via the projection U — G(z)\U,

e U/ ~, where x ~ 2’ for x,a’ € U if there exists a morphism ¢,s(¢) = x,t(¢) = 2/,
equipped with the quotient topology via the projection U — U/ ~,

e |U|, the image of U under the map Z — |Z| equipped with the subspace topology.
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Then these spaces are all naturally homeomorphic.

Defining an ep-groupoid involves making a choice of local structures. Taking an equiv-
alence class of ep-groupoids makes our differentiable structure choice independent. The
appropriate notion of equivalence in this category-theoretic context is a ‘Morita-equivalence
class’ (see [21, Definition 3.2]).

Definition 2.1.8. A polyfold consists of a second countable paracompact topological space
Z together with a Morita-equivalence class of polyfold structures [(Z, Z)] on Z.

An orbifold is a special case of a polyfold where the local models are given by R", while
a holomorphic orbifold has local models given by C" with the additional requirement that
the structure maps are holomorphic maps.

A manifold can also be seen as a special case of a polyfold where the local models are
given by R™ and where every point in the polyfold structure has trivial isotropy.

Taking a Morita-equivalence class of a given polyfold structure (in the case of polyfolds) is
analogous to taking a maximal atlas for a given atlas (in the usual definition of manifolds).
Given distinct polyfold structures which define an orbifold or a polyfold, the method of
proving they define the same Morita-equivalence class is by demonstrating that both polyfold
structures possess a common refinement.

The scales of an sc-Banach space induce a filtration on the local M-polyfold models,
which is moreover preserved by the structure maps s,t. Consequently, there is a well defined
filtration on the orbit space which hence induces a filtration

Z:ZQDle"'DZoo:mkz[)Zk

on the underlying topological space Z.

Remark 2.1.9 (Notation). We use the convention of denoting both the ep-groupoid (Z, Z)
and its object set Z by the same letter Z. We will refer to the underlying set, the underlying
topological space, or the polyfold by the letter Z. Furthermore, we will write objects as
‘z € Z’, morphisms as ‘¢ € Z’, and points as ‘[z] € Z’ (due to the identification |Z| ~ Z).

2.2 The Deligne—-Mumford Orbifolds

In this section we recall the construction by Hofer-Wysocki-Zehnder of the Deligne—
Mumford orbifolds (abbreviated as DM-orbifolds and sometimes DM-spaces). We will de-
scribe the underlying set of the DM-orbifolds, discuss the significance of the choice of a
‘gluing profile’ and its effect on the orbifold structure, and define the ‘good uniformizing
families” which serve as local models for these orbifolds.

In the present context of Gromov—Witten theory, it is sufficient to refer the reader to the
overview contained in [22]. For full details, we refer the reader to [L7] for the full construction
of these orbifolds (in particular, details on the ep-groupoid structure), and [19] for some
necessary results on the smoothness of the transition maps between local coordinates.
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The Underlying Set of the Deligne-Mumford Orbifolds

Definition 2.2.1. For fixed integers ¢ > 0 and k£ > 0 which satisfy 2g+k > 3, the underlying
set of the Deligne-Mumford orbifold M, is defined as the set of equivalence classes of stable
noded Riemann surfaces of arithmetic genus g and with £ marked points

Mgk :={(,j,M,D)| + DM-stability condition}/ ~
with data as follows.
e (X,J) is a closed (possibly disconnected) Riemann surface.
o M consists of k ordered distinct marked points z1,..., 2, € .

« D consists of finitely many unordered nodal pairs {z,y} with z,y € ¥ and = # y. We
require that two such pairs are disjoint. We require both elements of the pair to be
distinct from M. We denote |D| := Ugyrep{z,y} C 5, and we let #D := 3#[D, i.e.
the number of pairs.

» Viewing each connected component C' C ¥ as a vertex, and each nodal pair {x,y} as
an edge via the incidence relation {C,,C,} if v € C,, y € C,, we obtain a graph T
We require that 7" be connected.

e The arithmetic genus g is given as:

g = gc + number of cycles of the graph T
c

where the sum is taken over the finitely many connected components C' C ¥, and
where go is defined as the genus of the connected component C'.

o For each connected component C' C ¥ we require the following DM-Stability Con-
dition:
2-gc+4(MU[D])c >3
where (M U |D|)¢ = $((M U |D|) N C), i.e. it is the number of marked and nodal
points on the component C'.

o The equivalence relation is given by (X,j, M, D) ~ (¥, 5/, M', D') if there exists a
biholomorphism ¢ : (X, j) — (¥',4") such that ¢(M) = M’, ¢(|D|) = |D’|, and which
preserves the ordering of the marked points, and maps each pair of nodal points to a
pair of nodal points.

The importance of the stability condition is the following: the group Aut(%, j, M, D) of
biholomorphisms for a fixed (X, j, M, D) is finite if and only if the stability condition holds.
We will refer to any point in M U|D| as a special point. We call a tuple (3, j, M, D) which
satisfies the DM-stability condition a stable noded Riemann surface.

Proposition 2.2.2. 22, Proposition 2.4] The set Eg’k has a natural second countable
paracompact Hausdorff topology. With this topology, M is a compact topological space.
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Local Models for the Deligne-Mumford Orbifolds

In order to define a smooth structure of the Deligne-Mumford spaces, we must first make
a choice of a ‘gluing profile’ which we now define.

Definition 2.2.3. A gluing profile is a smooth diffeomorphism
©:(0,1] = [0, 00).

We will be especially concerned with the following two gluing profiles; the logarithmic

gluing profile
1
(0,1] = [0,00), 1 Qlog(r) := ~5- log(r).

and the exponential gluing profile

1
(0,1] = [0,00), 7 Qexp(r) :=€7 — €.

Construction of a Family of Riemann Surfaces

Consider a Riemann surface (3, 7) with a nodal pair {z,y}. Associate to this pair a
gluing parameter a € B, = {z € C| 2| < i}. We use the gluing profile to construct a
family of Riemann surfaces parametrized by a in the following way.

« Choose small disk-like neighborhoods D, of x and D, of y, and identifications (via
biholomorphisms) D, \ {z} ~ R* x S' and D, \ {y} ~ R~ x S*. Moreover, the
punctures x and +oo are identified, and likewise y and —oo.

o Write the gluing parameter a # 0 in polar coordinates as
a = rqef; re €(0,3), 6, € R/27Z
we use the gluing profile to define a gluing length given by
Ra = plra) € (o(4),00).

« Delete the points (R,,+o0) x ST € RT x S* and (—oo0,—R,) x S € R™ x S* from
R xSt and R™ x S!, and identify the remaining cylinders [0, R,] x S' and [~ R,, 0] x S*
via the map

Ly, : [0, R, x S* — [~ R,,0] x S*; (s,t) = (s — Ro,t — 06,)
We replace D, U D, with the finite cylinder
Zy = 10,Ry] x S 21, [-R,,0] x S'

(For a = 0 we may define Z := Rt x STUR™ x S', identifiable with D, \{z}UD,\{y}.)
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This procedure yields a new Riemann surface defined by the quotient space

_ 2\ (([Ra,00) x ST U{a}) U ({y} U (=00, Ra] x 1))
Lg, : [0,Ra) x ST — [~ R,,0] x S1

Y -

and which carries a naturally induced complex structure. Alternatively, we can write X, as
the disjoint union
Y. =X\ (D, uDy))UZ,

with complex structure

i@ = {j on S\ (D, U D,)

i on 4,

where 7 is the standard complex structure on the finite cylinder Z, = [0, R,] x S'. We
can repeat this gluing construction for a Riemann surface with multiple nodes, hence we
introduce the following definition.

Definition 2.2.4. Consider a Riemann surface (3, 7) with nodal pairs {z,,y,} € D. We
may choose disjoint small disk like neighborhoods D,, and D,, at every node. Carrying out
the above procedure at every node we obtain a glued Riemann surface defined by the
quotient space

_ 2\ Uaea (([Ra; 00) X ST U {za}) U ({ya} U (=00, Ra] X 57))

DIPR
< (Lg, : [0,R,] x S* = [— R4, 0] X SY)eq

and which carries a naturally induced complex structure. Here we denote a € BED. Alter-
2

natively, we can write X, as the disjoint union

Y = (E \ Utzayaren(Da, U Dya>> Uaca Za-

with complex structure

. o ] on Z \ U{xayya}ED(Dxa l_l Dya)
jla) == {"
¢ on Z, for every a € a

where ¢ is the standard complex structure on the finite cylinder Z,.

Definition 2.2.5. [22, Definition 2.6], [20, Definition 2.15] Given a stable noded Riemann
surface (X, 7, M, D) with an associated small disk structure D at the marked and nodal
points. Let v denote a parameter in an open subset V' of a complex vector space E, where
dimg £ = 69 — 6 + 26M — 24D. We call a smooth family v — j(v) of complex structures
j(v) on ¥ a good complex deformation if it satisfies the following.

< J(0)=J
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e j(v) = j on all small disks D, associated to D

o For every v € V' the Kodaira-Spencer differential (see [22, p21-22] or [20, p15])
[Dj(v)] : H'(S, 5, M, D) = H'(Z, j(v), M, D)
is a complex linear isomorphism.

e There exists a natural action
GX,j,M,D)xV =V, (¢, v) — pxv

such that ¢ : (3,5(v)) — (3,7(¢ * v)) is a biholomorphism (where we view ¢ €
G(X,j,M,D)asamap ¢ : ¥ — X).

Definition 2.2.6. [22, Definition 2.12] Consider a stable noded Riemann surface (3, j, M, D),
with isotropy group G(3, j, M, D). A good uniformizing family centered at (X, j, M, D)
is a family of stable noded Riemann surfaces

(a,v) = (Xg,7(a,v), My, D,) where (a,v) €O C (B )#D x E.

%
Explicitly, the stable noded Riemann surface (X,, j(a,v), M,, D,) is given by the following.

« The glued Riemann surface ¥, is given by
EQ - (Z \ U{$a,ya}€D(Dxa L Dya)) l—laeg Za-

e The map v +— j(v) is a good complex deformation and induces the following complex
structure on the glued Riemann surface X,

Jaw) = 19@) o E\Ugeyen(Ds, U Dy,)
g on Z, for ever a € a.

« The set of marked points 21, ..., 2, € M, are given by the former marked points which
by construction all lie in ¥\ Uz, yoren(Da, U Dy, ).

 The set of nodal pairs D, is obtained from D by deleting every nodal pair {z,,y,} € D
for which a # 0.

In the above description of a good uniformizing family, movement of the marked points is
determined by the variation of the complex structure j via the parameter v. Consider a stable
noded Riemann surface (3, j, M, D) with a good complex deformation v — j(v). Wiggle the
marked points slightly, and obtain a new stable noded Riemann surface (3, j, M', D). Then
there exists a parameter v € V such that there exists a biholomorphism ¢ : (X, j(v), M, D) —
(3,7, M', D).
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Situations will arise where we will want to parametrize the movement of the kth-marked
point directly (e.g. when we consider the kth-marked point forgetting maps in Section
and Chapter H) Consider a stable noded Riemann surface (%, j, M, D) and suppose that
the component Cj which contains the kth-marked point z; remains stable after forgetting
2. We parametrize a neighborhood of z; by embedding a small disk via a holomorphic map

¢ 1 (Be, i) — (X, ) so that ©(0) = zx and (Bc) C D,,
where D, is the small disk structure at z.

Definition 2.2.7. Given a stable noded Riemann surface (3,7, M, D) with an associated
small disk structure D at the marked and nodal points. Let v denote a parameter in an open
subset W of a complex vector space F', where dimg F' = 6g — 6 + 24 M — 24D — 2. We call
a smooth family v — j(v) of complex structures j(v) on ¥ an alternative good complex
deformation if it satisfies the following.

« j(0) =7
e j(v) = j on all small disks D, associated to D

o For every v € W the Kodaira-Spencer differential
[Dj(v)] : HY(S,j, M\ {2}, D) = H' (S, j(v), M\ {2}, D)
is a complex linear isomorphism.
o There exists a natural action
G(X,5,M,D) x W x B. - W x B, (¢, v,2) = ¢ x (v, 2)
such that ¢ : (X,7(v)) — (X, j(g*v)) is a biholomorphism which furthermore satisfies
o(zr) = o(2).

Definition 2.2.8. Consider a stable noded Riemann surface (3,7, M, D), with isotropy
group G(X, 5, M, D). We define an alternative good uniformizing family centered at
(3,7, M, D) as a family of stable noded Riemann surfaces

(a,v,2) = (X4, j(a,v), M\ {z:}))aU{p(2)}a, D) where (a,v,2) € O C (B1)*P x Fx B..

1
2

Explicitly, the stable noded Riemann surface (3,4, j(a,v), (M \ {z})a U{P(2)}a, Da) is given
by the following.

« The glued Riemann surface ¥, is given by

Za = (Z \ U{xmya}eD(DIa U Dya)) Uaca Za-
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e The map v +— j(v) is an alternative good complex deformation and induces the fol-
lowing complex structure on the glued Riemann surface £,

N P j<v) on E \ U{xmya}ED(‘Dma U Dya)
ja,v) = 4"
) on Z, for ever a € a.
o The marked points 2,...,2,_, € (M \ {2}), are given by the former marked points

which by construction all lie in 3 \ Uy, yoyen (D, U Dy, ). The kth-marked point is
parametrized by the map ¢ : B, — X i.e.

21, = ¢(2) € X\ Uzy yayen (D, U Dy,).

 The set of nodal pairs D, is obtained from D by deleting every nodal pair {z,,y,} € D
for which a # 0.

The Logarithmic and Exponential Deligne-Mumford Orbifolds

Using the good lniformizing families, we may define an ep-groupoid structure on the
topological spaces M, ;. Such an ep-groupoid structure necessarily depends on the choice
of gluing profile.

Theorem 2.2.9. [17, Theorem 2.25] Using the logarithmic gluing profile, we reproduce

the classical Deligne—Mumford theory and obtain a complex orbifold we denote as Mﬁ.
Conversely, using the exponential gluing profile we obtain a smooth orbifold ﬂ;ﬁf. Moreover,
the identity map

id: M7 — Mo

is smooth. The inverse map is continuous, but not differentiable.

2.3 The Gromov—Witten Polyfolds

In this section we recall the construction by Hofer, Wysocki, and Zehnder of the Gromov—
Witten polyfolds (abbreviated as GW-polyfolds). We describe the underlying set of the GW-
polyfolds, and recall the definition of the ‘good uniformizing families of stabilizing maps’
which serve as the local M-polyfold models. For the full construction of the GW-polyfolds,
we refer the reader to [22], although necessary results on sc-smoothness of the retraction
maps as well as the transition maps are contained in [19].
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The Underlying Set of the Gromov—Witten Polyfolds

Definition 2.3.1. For a fixed homology class A € Hy(Q;7Z), and for fixed integers g > 0
and k > 0, the underlying set of the GW-polyfold Z,4 4 is defined as the set of stable curves
with homology class A, arithmetic genus g, and k& marked points

Zagr i ={(X,4, M, D,u) | + stability condition*}/ ~

where (X, j, M, D) is a noded Riemann surface as in Definition (where we do not require
the DM-stability condition), with data as follows.

e u:X — M is a continuous map such that u.[X] = A € Hy(Q).
 For each nodal pair {z,y} € D we have u(z) = u(y).

o The map u is of class H>% at the nodal points in |D| and of class H _ near the other
points in ¥ (see Definition E.?).Q below).

e Jou'w > 0 for each connected component C' C X.

+ For each connected component C' C 3 the following stability condition* holds. We
require at least one of the following:

2. ge+ (M U|D)e >3 or /Cu*w >0, (2.1)

where g¢ is the genus of C' and (M U |D])¢ is the number of marked and nodal points
on the component C.

o The equivalence relation is given by (X, j, M, D, u) ~ (X', 7, M', D", «/) if there exists
a biholomorphism ¢ : (3,7) — (¥',7') such that ' o ¢ = u, in addition to ¢(M) =
M', ¢(|D]) = |D’|, and which preserves ordering and pairs.

We call a tuple (X, 7, M, D, u) which satisfies these requirements a stable map, and call an
equivalence class [, j, M, D, u] a stable curve.

The stability condition™ implies the following: the group Aut(X,j, M, D, u) of biholo-
morphisms for a fixed (3, j, M, D, u) is finite if and only if the stability condition holds.

Definition 2.3.2. [22, Definition 1.1] Consider a point z € X, and let D, C 3 be a small
disk neighborhood of z such that there exists a biholomorphism o : [0,00) x ST — D, \ {z}.

Let u : ¥ — @ be a continuous map, let m > 3 be an integer, and let 6 > 0. We say that
u is of class (m,d) at the puncture z € X, written u € H™°(D, \ {z}), if for a smooth
chart ¢ : U(u(0)) — R?" of @ mapping u(0) to 0 the map

v(s,t) = pouoa(s,t),
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which is defined for s large, has weak partial derivatives up to order m, which if weighted
by €%, belong to L?([sg, 00) x ST, R?") if 5 is sufficiently large.
We say that u is of class m around the point z € ¥, if u belongs to the space H|".(D,).
These definitions do not depend on the choices involved, like charts on () and holomorphic
polar coordinates on ..

For a fixed increasing sequence (d,,) C (0,27) the filtration on Z4 , is then given as
follows. We say [, 4, M, D, u] is of regularity (m + 3,4,,) if the map wu is of class H3*™%m at

the nodal points in |D| and of class H]’. near the other points in X.

Remark 2.3.3. Consider a point z € ¥ with a small disk neighborhood D, C ¥ as above.
Consider the spaces H>® (D, \ {z}) and H; (D.). As it turns out, neither of these spaces
contains the other.

Remark 2.3.4. By definition, the following sets of stable curves must be empty:
2002 = 2001 = 20,00 = Zo,1,0 =0

This is because the stability condition* (Ell) cannot be satisfied.

Remark 2.3.5 (Punctures at the Marked Points). Some situations will require that the map
u to be of class H>% at a fixed subset of the marked points, in addition to the nodal points.
Allowing a puncture at an sth-marked is a global condition on our polyfold, and so we may
add the following to the above conditions on the set Z4 4.

o Consider a subset L C {1,...,k}. For all i € L we require the map u to be of class
H3% at the puncture at the ith-marked point.

The entirety of the GW-polyfold theory carries over without modification with this new
condition added, specifically the abstract Fredholm perturbation theory and consequently
the existence of well-defined GW-invariants for this polyfold. In Theorem , we prove that
the GW-invariants defined by such GW-polyfolds do not depend on the choices of punctures
at the marked points.

The Gluing Construction

Consider a stable map (X, j, M, D,u) with a nodal pair {z,,y,} € D with associated
gluing parameter a € B%. Consider a section € H>®(v*T'Q). In a neighborhood of the
point u(z,) = u(y,) € Q choose a chart which maps u(z,) = u(y,) to 0 € R**. Choose a
small disk structure at x, and y, such that there exist biholomorphisms between D, \ {z,}
and R* x S*; and between Dy, \ {y,} and R~ x S™.

Localized to these coordinate neighborhoods, we may view the base map u as maps

ut R x ST — R, v R™x St — R™
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and likewise the section 7 as maps
nt :RY x ST — R*, n” :R™ x St — R*™,
Choose a smooth cutoff function 8 : R — [0, 1] which satisfies the following:
e f(—s)+p[(s)=1 forallseR
e f(s)=1 forall s <-—1
« 18(s)<0 forallse(—1,1).

Definition 2.3.6. [22, Section 2.4] For a given gluing parameter a € B 1 the glued base map
Ga(uT,u™) 1 Z; — R?™ is defined by

5(3—%)-u*(s,t)%—(l—ﬁ(s—%))-u’(S—Ra,t—HG) a0

(ut,u™) a=0.

Ba(ut,u7)(s,t) = {

The glued section ®,(n*,n7) : Z, — R?" is defined in an identical manner.

We may assume our chart is chosen such that we may identify the Riemannian metric on
@ with the Euclidean metric on R?"; hence we may identify the maps expg, (utu-) ®.(nT,n7)
and @ (exp(,+ (17, n7)) (see [22, Proposition 2.51]). The glued map @, exp, (1) : X, —
@ is defined by

Dq exp,(n) = {expu(n) on 2\ (Da, U Dy,)

Dqexp,(n) on Z,.

Remark 2.3.7. For a # 0 data is lost by this gluing procedure; this data can be kept track
of via a complementary gluing procedure, called the anti-gluing, which we briefly describe.
Define cylinders

R x S' when a #0
C, =
1] when a =0

For a # 0 define the anti-glued section as the map ©,(n™,n7) : C, — R®",
@a(n+7n_)(sat) = (1 - 6 (S - %)) ’ [n+(8at) - aVa(n+,77_)]
=+ ﬂ (S - %) ’ [77_(5 - Raa t— ea) - @Ua(77+777_)]

where

ave(n®,n7) =3 </S n*(%,t)dﬂr/sl n‘(—@%t)dt> :

For a = 0, ©g(n™,n™) is the unique map @ — R,
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Local M-polyfold models for the Gromov—Witten Polyfolds

Consider a stable map (3,7, M, D,u). There exists ‘good data’ centered at this stable
map, which in particular includes a ‘stabilization’ S of the noded, not necessarily stable,
Riemann surface (3, j, M, D) (see [22, Definition 3.1, Lemma 3.2, Definition 3.6, Proposition
3.7]). The most important facts about a stabilization are the following:

« a stabilization consists of an unordered finite set of points S C 3 which is disjoint from
MU|D]|, such that the nodal Riemann surface (X, j, MUS, D) satisfies the DM-stability
condition,

« at all points z; € S the tangent map Tu(zs) is injective.

By the second condition, there exists a 2n — 2-dimensional complement H,.,),
TU,(ZS) P Hu(zs) = Tu(Zs)M

called the linear constraint associated with the point z, € S. We can identify a
neighborhood of zero in H,.,) with an embedded submanifold of M via the exponential
map.

Every map in an open neighborhood of the map w in an appropriate Banach space will
have the property it intersects H,.,) precisely once, and intersects transversally. Requiring
that this map intersects at the stabilized point z, allows us to fix an automorphism of the
underlying domain. This is a so-called ‘local slice’ construction, which yields a Banach
manifold chart for a space of maps modulo reparametrization.

We can describe this chart precisely as follows. Define an sc-Banach space by

E,={ne€ H* WTM)|n(z) € Hy,) for z, € S}

which consists of sections along the smooth map w : > — M which satisfy the linear
constraint H,.,) at the points z, € ¥. There exists a good uniformizing family

(vi) = (Eg,j(g,v),(MU S)@ Dg)7 (vi) €O

of stabilized noded Riemann surfaces. The parameters (a,v) give splicing parameters, and
together with the gluing construction allow us to define a splicing core

K ={(a,v,n) | (a,v) € O,n € E,, and 7m4(n) = n}.

Definition 2.3.8. [22, Definition 3.9] Assume that we have good data and a stabilization
centered at a stable map (X,7, M, D,u) with isotropy group G(%,j, M,D,u). A good
uniformizing family of stable maps centered at (X, j, M, D, u) is a family of stable maps

(a,v,n) — (X4, j(a,v), My, Do, g exp,(n)) where (a,v,n) € O.
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Here O is an open subset of the splicing core K. The family of stable noded Riemann
surfaces (X4, j(a,v), My, D,) is defined in the same manner as in Definition 2.2.&, while the
glued map @, exp,(n) : ¥, — Q is defined using the gluing construction of Definition
as

Y\ Ue D, UD
Ba eXp,, 1) = €XPy, 1 on X\ Utz yatren(Da, )
- B, exp,n on Z, for every a € a.

The Gromov—Witten Polyfolds

A topology on Z4 4 is induced from the topologies of the local M-polyfold models. It is
proved in [22, Section 3.4] that this topology is a second countable, Hausdorff, paracompact
topology. From there, we may construct a polyfold structure; this requires us to take a
countable collection of good uniformizing families of stable maps which give a locally finite
open cover of the underlying topological space Z4 4. Any two such polyfold structures
constructed by this recipe will have a common refinement, and as such, define the same
Morita equivalence class.

Theorem 2.3.9. [22, Theorem 1.7] Having fized the exponential gluing profile and a strictly
increasing sequence (;)i>0 C (0,2m), the second countable paracompact topological space
Za gk of stable curves possesses a natural equivalence class of polyfold structures.

See [22, Remark 3.38] for elaboration on the meaning of ‘natural’ in this context.

2.4 sc-Calculus and sc-Differentiability Results

We begin this section by recalling some essential definitions and facts of the sc-calculus,
as originally formulated in [[16].

Definition 2.4.1. A map f : U — U’ between two open subsets of sc-Banach spaces F and
E' is called an sc’-map, if f(U;) C U/ for all i > 0 and if the induced maps f : U; — U] are
continuous. Furthermore, f is called an sc'-map, or of class sc! if the following conditions
are satisfied.

« For every x € U there exists a bounded linear map D f(z) € L(Ey, E) satisfying for
h € Ey, with x + h € Uy,

1
12114

If(z 4 h) — f(x) — Df(x)h]|, — 0 as |||, — 0.

o The tangent map T'f : TU — TU’, defined by
Tf(z,h) = (f(x), Df(2)h),

O_map between the tangent spaces.

1S an sc
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If Tf:TU — TU' is of class sc!, then f: U — U’ is called of class sc?; inductively, the
map f : U — E' is called of class sc¥ if the sc®-map T+ 1f : TF-1U — T*1E’ is of class
sc'. A map which is of class sc* for every k is called sc-smooth or of class sc>. The basic
building block which allows us to easily check the sc-differentiability of maps is the chain
rule.

Proposition 2.4.2 (Chain rule). /16, Theorem 2.16] Assume that E, F, and G are sc-
smooth Banach spaces and U C FE and V C F are open sets. Assume that f : E — F,
g:V — G are of class sc* and f(U) = V. Then the composition go f : U — G is of class
sc! and the tangent maps satisfy

T(gof)=TgoTf.

These definitions of sc-differentiability extend to local M-polyfolds models in the following
way.

Definition 2.4.3. A map f : O — O’ between two local M-polyfold models is of class sc*
if the composition for : U — E’ is of class sc¥ where U C E is an open subset of the
sc-Banach space £ and where r : U — U is an sc-smooth retraction onto r(U) = O.

Given a map between two polyfolds, by writing the map in the local sc-coordinates of
the M-polyfold models we can talk about its sc-differentiability. Moreover, because orbifolds
and manifolds can be interpreted as finite-dimensional polyfolds, this definition also applies
to maps between a polyfold and an orbifold or a manifold.

Maps Between Polyfolds

Having given an abstract definition of a polyfold in Section Ell, we now define maps
between them.

Definition 2.4.4. An sc? (or sc™®) -functor between two ep-groupoids

A

(21, 2,) — (22, Zs)

is a functor on groupoidal categories which moreover is an sc” (or sc®) map when considered
on the object and morphism sets.

An sc’-functor between two polyfold structures (Z1, Z1), (Zs, Z,) with underlying topo-
logical spaces Z;, Z5 induces a continuous map on the orbit spaces |f| : |Z]|; — |Z|2, and
hence also induces a continuous map f : Z; — 25, as illustrated in the following commutative
diagram.

f
12, 1 | 2y
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Definition 2.4.5 (Maps Between Polyfolds). Consider two polyfold structures (71, Z1),
(Zy, Z5) which are representatives for two polyfolds Z;, Z5. We define a sc’- (or sc™) map
between polyfolds as a continuous map

fiZl—>ZQ

between the underlying topological spaces of the polyfolds, for which there exists an associ-
ated sc%- (or sc™-) functor

A

f : (Zl,Zl) — (Zg, ZQ)
such that |f| induces f.

Remark 2.4.6. From an abstract point of view a stronger notion of map is needed. This leads
to the definition of ‘generalized maps’ between polyfold structures, following a category-
theoretic localization procedure [21, Section 2.3]. Following this, a precise notion of map
between two polyfolds is defined using an appropriate equivalence class of a given generalized
map between two given polyfold structures [[18, Definition 16.5].

With this in mind, taking an appropriate equivalence class of a given sc’-functor between
two given polyfold structures is sufficient for giving a well-defined map between two polyfolds.
The following proposition follows directly from the definitions and summarizes our discussion,
for further treatment we refer to [18, Remark 16.2].

sc-Differentiability for the Evaluation Maps
Proposition 2.4.7. Consider the evaluation map at the ith-marked point, given by:
ev; 1 Zagr — Q
(2,4, M, D, u] — u(z)
The evaluation map is sc-smooth.

Proof. We check the sc-smoothness at an arbitrary point [o] = [3,7, M, D,u] € Z4 4. Let
(a,v,m) € O be local sc-coordinates centered at a representative a = (3,5, M, D, u) of [«],
and let U be local coordinates centered at u(z;) € M. Noticing that the gluing construction
is the identity at the marked points, the local expression for a retraction composed with the
evaluation map is

(a,v,n) = (a,v,74(n)) = exp,(n)(zi) = exp,(n).

which is sc-smooth. ]
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sc-Differentiability for the Projection Maps

Here we consider the projection maps from the GW-polyfolds to the Deligne-Mumford
orbifolds. These maps are sometimes called ‘forgetful maps’ in the literature. These maps
are defined by taking a stable curve and, after removing unstable components, associating
the underlying stable domain

ﬂ-:ZA»gakﬁmg,ka [27j7M7D7U]H[(EujaM7D>stab]'

We describe this process on the level of the underlying sets as follows. Take [a] € Z4 ,, and
take a representative (3, 7, M, D, u) of [a]. First forget the map u and consider, if it exists,
a component C' satisfying 2gc + #(M U |D|)¢c < 3. Then we have the following cases.

1. C'is a sphere without marked points and with one nodal point, say x. Then we remove
the sphere, the nodal point x and its partner y, where {x,y} € D.

2. C'is a sphere with two nodal points. In this case there are two nodal pairs {z,y} and
{2',y'}, where x and 2’ lie on the sphere. We remove the sphere and the two nodal
pairs but add the nodal pair {y,y'}.

3. (C'is a sphere with one node and one marked point. In that case we remove the sphere
but replace the corresponding nodal point on the other component by the marked
point.

Once we have removed all unstable components in this manner, we end up with a stable
noded marked Riemann surface we denote as (X2, j, M, D)sap-

Proposition 2.4.8. The projection map

—log
T 'ZA,g,k — Mng

[(Evjv M7D7U)] — [(Eaja M7D>stab]
defined between the GW-polyfold and the logarithmic DM-orbifold is sc-smooth.

Proof. Consider an arbitrary point [a] = [£,j, M, D,u] € Z44;. Given a representative
a = (X,7,M,D,u) of [a], a good uniformizing family of stable maps gives us local sc-
coordinates. The construction of a good uniformizing family of stable maps requires we add
additional marked points (a stabilization S) to our underlying Riemann surface to make it
stable. Thus, in addition to our good uniformizing family of stable maps

(@, 0,1) = (34, (@, v), Mo, Do, B €xpy, (1)),
we also have an associated good uniformizing family

(vi) = (Eg,j(g,v), (M U S)gv Dg)
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of stable Riemann surfaces. Crucially, both of these families use the exponential gluing
profile in their construction.

We may write a local expression the projection map as a composition in the following
way. First, we forget the coordinate n from (a,v,n), and keep only the coordinates for the
stabilized Riemann surface (a,v) (this map is sc-smooth). We then forget all of the marked
points in S, which we may write as a composition of maps forgetting a single marked point
(as S is finite). Having forgotten the coordinate 7, if our final target is the logarithmic
Deligne-Mumford space, we compose with the following sequence of smooth maps

“<7exXp  id_ T 7log ft. ——log ft ft. ——log
Mg,k:-i—s — Mg,k:-i—s — ngk._;’_s_]_ —r s — Mng

which is smooth.

sc-Differentiability for the Permutation Maps

Here we consider the sc-differentiability of the permutation maps, which permute the
marked points.

Proposition 2.4.9. Fiz a permutation o € Sy, o :{1,...,k} — {1,...,k}. Consider the
permutation map

g ZA,g,k — ZA,g,ka [Z7j7 Ma D,U] — [Z7j7 Maa D7 U]
where M = {z,..., 2} and where M7 = {z],..., 2.}, 2 := Zo(s). This map is sc-smooth.

Proof. Consider a stable curve [X, j, M, D, u] which maps to the stable curve [, j, M7, D, u].
Let (2,5, M, D,u) and (X, 1, M?, D, u) be stable map representatives.

As described in Section R.3, we may choose good data and a stabilization S for (3, j, M, D, u).
This determines a good uniformizing family of stable maps centered at (3, j, M, D, u), given
by

(a,v,m) = (Za, j(@,v), Mg U Sq, Dy, Ba exp,(1)).

We may use the same exact good data and stabilization S for (3,7, M7, D,u). This

determines a good uniformizing family of stable maps centered at (X, j, M7, D, u), given by

(@', 1) = (Zo, 5 (@, v'), Mg U Sy, Dy, @a €xp, (1))
We now compare the good uniformizing families of stable maps, and deduce

6(Xg, j(a,v), My U Sy, Dy, 4 €xp, (1))
= (B¢, j(d,v"), M3 U Sy, Dy, @y exp, (1))

precisely when ¢’ = a, v = v, and = 1. Thus in the coordinates of such a good uniformizing
family the permutation is the identity, and is sc-smooth. [
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2.5 The kth-Marked Point Forgetting Maps on the
Deligne—Mumford Spaces

Definition 2.5.1. Suppose that 2g+k > 3. We define the kth-marked point forgetting map
fty ﬂg’k — m%k_l

on the underlying sets of the DM-spaces as follows. Let [Z, j, M, D] € M, , and let a repre-
sentative be given by a stable noded Riemann surface (X, j, M, D). To define ftx ([, 7, M, D])
we distinguish three cases for the component C} which contains the kth-marked point,
ZL € Ck

The component Cj, \ {zx} satisfies the DM-stability condition.
I. It follows that 2 - g(Cy) + §(M U |D|)¢, > 3 and we define
ftk([27j7 M, D]) = [Euja M \ {Zk}a D]

The component Cy, \ {z;} does not satisfy the DM-stability condition. It follows that
2-9(Cy) + (M U |D|)c, = 3. From 2¢g + k > 3 and the assumption that the set X/ ~
(where z, ~ y, for nodal pairs {z,,y,} € D) is connected, we can conclude

2:9(C) =0,  H(MU|D)g, = 3.
There are now two possibilities.

II. 2z, € M¢,, and two nodal points z,,2, € |D|c, Then fti([%,, M, D]) is de-
fined as the equivalence class of the stable noded Riemann surface obtained from
(33,7, M, D) as follows. Delete z, delete the component Cy, and delete the two
nodal pairs. We add a new nodal pair {z,, y,} given by two points of the former
nodal pairs.

III. 2,2z, € Mg, and one nodal point z, € |D|g, Then fty([X,, M, D]) is de-
fined as the equivalence class of the stable noded Riemann surface obtained from
(3,7, M, D) as follows. Delete z, delete the component C, and delete the nodal
pair. We add a new marked point z;, given by the former nodal point which did
not lie on Cj,.

Remark 2.5.2. By definition, if 29 + (k — 1) < 3 then the DM-space M, ;_; = 0); hence, one
can also consider the trivially defined maps ft; : M, — 0.

Remark 2.5.3. By considering possible stable configurations, one can easily see that ft; is
given by case I whenever [, j, M, D] lies on the top dimensional stratum of the DM-space.
Additionally, there will exist a point [3, 7, M, D] with the configuration specified by case II
whenever

(9g=0,k >5), (g=1,k=1), (9>2,k>1).
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Finally, there will exist a point [X,j, M, D] with the configuration specified by case III
whenever
(9=0k>4), (9=1Lk=>2).

Remark 2.5.4 (The Universal Curve). The preimage of ft; at a a point [X, j, M, D] € M x4
consists of the Riemann surface ¥ with nodes identified, i.e.

ft N2, 5, M, D)) ~ %/ ~, where z, ~ y, for nodal pairs {z,,y,} € D.

According to such a description ﬂgk is sometimes called the universal curve over ﬂg,k_l.
It is important to note that this is not a fiber bundle (the ‘fibers’ are not constant and
can vary locally), nor is it a fibration (the ‘fibers’ are not homotopy equivalent). However,
considered as homology classes, the fibers are homologous.

Local Expressions for the kth-Marked Point Forgetting Map on
the Deligne—-Mumford Spaces

Having defined ft, on the underlying sets of the DM-spaces, we now write down local
expressions for ft; in the coordinates given by the (alternative) good uniformizing families.

Let [,7, M, D] € M, and let a representative be given by a stable noded Riemann
surface (X, j, M, D).

Case 1

The component Cy \ {z;} satisfies the DM-stability condition, hence 2 - g(Cy) + §(M U
|D|)¢, > 3 and

Let (a,v,2) = (3q4,7(a,v), (M \ {z1})a U{9(2)}a, Do) be an alternative good uniformizing
family centered at . We may observe that (a,v) — (S, j(a,v), (M \ {21} )e, Dy) is a good
uniformizing family centered at ft,(c)

Therefore, considered as a map between stable noded Riemann surfaces, ftk is given by

ftk (g, d(a,v), (M \ {Zk})g U {Qb(z)}g’ Dy) = (34, j(@,v), (M \ {Zk})g» D,)

Hence considered as a map between the coordinates given by the these good uniformizing
families, a local expression for ft, is given by

ftk : (Q,U,Z) = (Q,U).

Case 11

The component Cj, \ {zx} does not satisfy the DM-stability condition, hence by the
above 2-g(Cy) = 0,8(M U|D|)¢, = 3. We suppose that [3, j, M, D, u] is of case II, hence the
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component C} contains the marked point zj, and there exist two nodal pairs {z,,y,} and
{zp, yp} such that y,, z, € C.

Then ft,([%,j, M, D]) is defined as the equivalence class of the stable noded Riemann
surface obtained from [, j, M, D] as follows. Delete z, delete the component Cy, and delete
the two nodal pairs. We add a new nodal pair {z., y.} := {4, y»} given by two points of the
former nodal pairs.

For simplicity, let us assume that {x,,vy,} and {z;,y,} are the only nodal pairs on
(2,7, M, D] and hence {z.,y.} is the only nodal pair on ftx([3, 7, M, D]). We make this
assumption entirely on the basis of notational convenience and clarity. The general case
can then easily be seen to follow from this description. Hence we assume [a] = [X, ], M,
{{za, va}, {zs, o} }] and that ft([a]) = [E\ Cr, 4, M\ {2}, {{zc, vt}

There is a unique biholomorphism between Cy \ {y4, 23} and R x S! which sends the
marked point z; to the point (0,0), the puncture y, to —oo, and the puncture z;, to +00.
We may choose the small disk structure at y, such that there is a biholomorphism between
Dy, \ {ya} and R~ x S' C R x S'. Likewise, we choose the small disk structure at z, such
that there is a biholomorphism between D,, \ {z;} and R* x S*.

Let (a,b,v) = (Zap, j(a,b,v), Mop, {{xa,Ya}, {Ts, Yo }ap) be a good uniformizing family
centered at (3, 7, M,{{za, ya}, {xs, yp}). Explicitly, this family is given by the following.

e The glued Riemann surface X, is given by

Yop =\ (D, UCLUD,,))U Z, U Z,.

e The good complex deformation is given by

] U\ (Dz, UCLUD
j<a,b,v>:{?<”> on £\ (Dy, UCx UD,,)
1 on Z, U Zy,.

o The marked points 21, ..., 2,1 € M, are given by the former marked points {z1,...,
2k—1} C X\ (Dy, UCy U D,y,). The marked point 2, € M, is given by

(0,0) e R x S? when a = 0 and b =0

L= (p(ra),0a) € Z, when a # 0 and b =0
(0,0) € Z, when a =0 and b # 0
(

©(r4),0,) € Zy(equivalently, (0,0) € Z,) when a # 0 and b # 0.

o The set of nodal pairs {{x4, ya}, {Zs, U }as is given by

Hza, v}, {xp, vt} whena=0and b=0
{{zp, v} } when a # 0 and b =0
H{za,va}} when a =0 and b # 0
0 when a # 0 and b # 0.

{{xaa ya}: {Ibv yb}}a,b =
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Let (¢,v") = ((2\ Cr)e, 7(c, V"), (M \ {zk})es {{e, yc } }e) be a good uniformizing family

centered at ft,(S, j, M, {{wa, ya}, {0, 0}}) = (\ Chy s M\ {21}, {{we, ye}})- Excplicitly,
this family is given by the following.

o The glued Riemann surface (X \ Cj). is given by

(S\ G = (E\ (D, UG, UD, ) U Z,

+ The good complex deformation is the same as above on X \ (D, U Cj U D, ), and is
given by
j@) on X\ (D, UC,UD,)

) on Z,

o The marked points z1, ..., zx—1 € M, are given by the former marked points {z1,. ..,
Zk—l} cX \ (Dxc uCy U Dyc).
o The set of nodal pairs {{z., y.}}. is given by {{z,y.}} when ¢ = 0 and () when ¢ # 0.

Comparing the good uniformizing families, we see

ftk(za,ba j(&, b, U>7 Ma,b? {{xav ya}> {wbv yb}}a,b) = ((Z \ Ck‘)c’ j<67 U/)> (M \ {Zk})c’ {l’c, yc}C)

precisely when v" = v and when ¢ = a *, b, where

e elra) 4+ o(ry))e Ot when a # 0 and b # 0
ax*, b=
0 when a =0 or b= 0.

Therefore, considered as a map between the coordinates given by the these good uni-
formizing families, a local expression for ft, is given by

St (a,b,0) = (@, b,0).
Example 2.5.5. An easy illustration of the above case is to consider the map
fts: Mos — Mo,

as depicted in the figure below.

Case III

The component Cj \ {2z} does not satisfy the DM-stability condition, hence by the
above 2 - g(Cy) = 0,4(M U |D|)c, = 3. We suppose that [3,j, M, D] is of case III, hence
the component C, contains the marked point z; together with another marked point z;, and
there exist a nodal pairs {z,,y,} such that y, € Cy.
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Figure 2.1: The 5th-Marked Point Forgetting Map on the Deligne-Mumford Orbifolds
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Then fti([2,j, M, D]) is defined as the equivalence class of the stable noded Riemann
surface obtained from [X,j, M, D] as follows. Delete the marked points z; and z;, delete
the component CY%, and delete the nodal pair. We add a new marked point z;, given by the
former nodal point which did not lie on C, i.e. {z,}.

For simplicity, let us assume that {z,,y,} is the only nodal pair on [%,j, M, D] and
hence ftx([%, 7, M, D]) contains no nodal pairs. We make this assumption entirely on the
basis of notational convenience and clarity. The general case can then easily be seen to
follow from this description. Hence we assume [a] = [X, j, M, {{z4,v.}}] and that fti([a]) =

There is a unique biholomorphism between Cj,\ {9, 2;} and R xS which sends the marked
point z;, to the point (0, 0), the puncture y, to —oo, and the puncture at the marked point z;
to +00. We may choose the small disk structure at y, such that there is a biholomorphism
between Dy, \ {y.} and R~ x S' C R x S*.

Let (a,v) — (Xq,7(a,v), Mo, {{Za,¥a}}a) be a good uniformizing family centered at
(3,7, M,{{za,ya}}). Explicitly, this family is given by the following.

o The glued Riemann surface ¥, is given by

Yo = (Z\ (Dy, UCE)) URT x S* 1 {+00}.
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e The good complex deformation is given by

i) = {jw) on X\ (Dy, U Cy)

i on Rt x Sh.

o The marked points zy,...,2;,...,2,1 € M, (i.e. z; is omitted) are given by the former
marked points {z1,...,2;,...,2k-1} C 2\ (Dy, U Ck). The marked point z, € M, is
given by

~ (0,00 eR x S* when a = 0
" (o(14),0,) € RT x S') when a # 0.

Meanwhile, the marked point z; € M, is given by the point {+o0}
o The set of nodal pairs {{z4, ya}}4 is given by {{z4,v,}} when a = 0 and ) when a # 0.

Let (v)) = (2\ Ck,j(v), (M \ {2}),0) be a good uniformizing family centered at
Jte(E, 5, M, {{xa,va}}) = (X \ Ck,j, M \ {z},0). Explicitly, this family is given by the
following.

e The Riemann surface is ¥ \ Cy. We note that we may identify the neighborhoods
D, \ {2z} ~ D,, \ {z:} @ R* x S; this sends the marked point z; to +oc.

e The good complex deformation can be taken the same as above, i.e.
, j@) on X\ D,
jany= I EADs
1 on R x S
using the identification of D,, \ {z;} with R x S1.

e The marked points z1,...,2;,...,2k_1 € M, while z; is identified with 400 via the
identification D, \ {z;} ~ R x S!

o The set of nodal pairs is the empty set.
Comparing the good uniformizing families, we see
ftx(5a, 3(a,0), Mo, {{a, 9a} }a) = (E\ Cr, ('), M\ {2}, 0)
precisely when v' = v. It follows that a local expression for ftk is given by
fti (a,0) = (v).

Proposition 2.5.6. The kth-point forgetting map, considered on the Deligne—Mumford orb-
ifolds constructed with the logarithimic gluing profile,

——log —log
ftk . Mg,k: —> Mg,k—17

s a smooth map. Moreover, it is holomorphic.
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Proof. We check the local expressions of ft; in coordinate charts. The only points [o] € M;‘fi
where the local form of ft; will not be trivially holomorphic is when [«] contains a component

S? with precisely 3 special points, one of which is the kth-marked point while the other two

are nodal points. The inverse of ¢ye(r) = —5= log(r) is given by cplgé(R) = ¢ 2% Hence it

27
follows that:

(4 ¥10g b = T - Ty 20 t0) —

i.e. complex multiplication of the gluing parameters, a holomorphic map. ]

The topology on the DM-space is independent of the choice of gluing profile, hence we
immediately obtain the following corollary.

Corollary 2.5.7. The kth-marked point forgetting map defined on the exponential Deligne—
Mumford orbifolds, o o
fte: Moy — M5y,

18 continuous.

Remark 2.5.8. If (9 = 0,k > 5),(9 = 1,k =1),(9 > 2,k > 1) then the kth-marked point
forgetting map

fro s P 5 AT
is not C''. Differentiability fails at points [a] € MZT,S which contain precisely 3 special points,
one of which is the kth-marked point while the other two are nodal points. A coordinate
expression for ft; at such a point is given by Case II above:

ft,: (a,b,0) — (a *exp D, V).
Hence consider the function

CxC—C
(@,b) — a *exp b

where once again

e b {gp;clp(goexp(ra) + Qexp (1) )e 2™ 0aF0)  when a # 0 and b # 0
exp V -—

0 when a =0 or b = 0.
The inverse of e () = €™ — e is given by Pop(R) = m, and so for a # 0 and b # 0
0 *exp b 1 6—27T7;(9a+9b).

- log(el/”l +el/ms —e)

This expression is not C. To see this, we rewrite the equation in rectangular coordinates as
a function F : R* — R?,

0 when ;1 =23 =0o0rx3 =24 =0

F: ) ) ) = i '
<m1 e y4) {log(el/m Jlrel/rb *6) <COS(19G + ﬁb)’ Sln(ﬁa + 1917)) otherwise
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a 3
compute the Jacobian matrix J of partial derivatives of F at (0,0,0,0) € R*. From the
above expression for F' we see that % =0forallt=1,2and j =1,2,3,4, hence J; ; = 0.

where r2 = 23 4+ 22 r} = 22 + 23 and ¥, = —ZWtan_l(%),ﬁb = —2rtan'(%). We now

J
If F were differentiable, the Jacobian matrix would give the total derivative, and we
could compute the directional derivative at (0,0, 0,0) via the equation

V,F=J-v=(0,0).

We may directly compute the directional derivative as follows. Let v € R* be a unit vector,
we may write

U = T COS 918%1 + rqysin 918%2 + 79 COSHQ% + 19 COS 028%4
where r? + 73 = 1. Then

V,F = lim (0 + hv)
h—0 h
1

= }lg% hlog (el/(rih) 4 e1/(r2h) — )

= min{ry, 7} (cos(b; + 05),sin(f; + 65))

(cos(y 4 62),sin(0; + 6))

This contradicts the assumption that F' was differentiable.

The [th-Marked Point Doubling Map
Definition 2.5.9. For [ € {1,...,k — 1}, we define the [th-marked point doubling map
Syt ﬂg,k‘—l — ﬂgvk

on the Deligne-Mumford spaces by introducing a new component S? which contains the
marked points z; and z;. It can be explicitly described as follows. For an equivalence
class of stable noded Riemann surfaces [, j, M, D] € M, 1, we define s,([%, j, M, D]) =
[X U S2, 5, M, D] by the following data.

e The complex structure is given by

~ JJ onX
I i on S?

where i is the standard complex structure on S2,

o The marked points {z1,...,2;,...,2k-1} € M are given by the former marked points,
while the marked points z; and z; are given by two disjoint points on S2,
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o The set of nodal pairs D is given by D U {4, ya} where x, € ¥ is given by the former
Ith-marked point while y, € S? is disjoint from {z;, 21} € SZ.

This map is frequently called a section of ft; : My — M1 due to the fact that
ftyos = idﬂg ._,- For any choice of gluing profile, this map is a smooth embedding of the

orbifold m‘%k,l into ﬂgk.

2.6 The kth-Marked Point Forgetting Map on the
Gromov—Witten Polyfolds

Definition 2.6.1. Consider a stable curve [a] = [X, j, M, D, u] with & marked points, and
let o = (3,7, M, D,u) be a stable map representative. We say that the stable curve [o] and
the stable map « contains a destabilizing ghost component if the connected component
C) C ¥ with 2z, € O} satisfies

2-9(Cy) +4(MU|D|)e, =3 and g u'w=0.
k

We classify destabilizing ghost components as follows:
° g(Ck):O7 ﬁ(MU|DDCk =3

Type L. z; € M, , and two nodal points z,, 2, € |D|¢,
Type II. z;, zx € M, , and one nodal point z, € |D|¢,
Type II1. 2, z;, 2z € Mg,. It follows that Cj is the only component and hence [A] = 0.
This situation can only arise when (A4, g, k) = (0,0, 3).
° g(Ck) =1, ﬁ(M U ‘D’)Ck =1

Type IV. 2, € M¢, and no other special points. It follows that Cj is the only component
and hence [A] = 0. This situation can only arise when (A, g, k) = (0,1,1).

Remark 2.6.2. By definition, the set of stable curves Zy 92 = 0 and Z; 1,0 = 0 (this is because
the stability condition® (@) cannot be satisfied). It follows that in the fringe cases of I1T and
IV there exist trivially well-defined and sc-smooth maps ft3 : Zp03 — 0 and ft1 : 2511 — 0.

Remark 2.6.3. By considering possible configurations in the DM-spaces, one can show that
a destabilizing ghost component of type I will always arise in the following situations

(A,g=0,k>5), (A,g=1,k >2), (A,g>2,k>1).

One can also show that a destabilizing ghost component of type Il will always arise in the
following situations

(A,g=0,k > 4), (A,g> 1,k >2).

The existence of destabilizing ghost components of type I and II are therefore very common.
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Remark 2.6.4. Suppose that (4, g,k) # (0,0,2),(0,0,1),(0,0,0),(0,1,0) and (A,g,k) #
(0,0,3),(0,1,1) (in these cases one can consider trivially well-defined kth-marked point for-
getting maps, see Remark m and Remark R.6.2, respectively).

There does not exist a natural definition of the kth-marked point forgetting map between
the GW-polyfolds Z4 4 and Z4 g 1.

To see this, consider a stable curve 3,7, M, D,u] which contains a destabilizing ghost
component of type I. Suppose that u|c, # constant. Then if we forget the kth-marked point,
the component Cy no longer satisfies the stability condition* (@g) We also cannot delete
the component C}, as this will led to a disconnected noded Riemann surface.

We can attempt to restrict to a subspace of Z4 45 on which there is a naturally defined
kth-marked point forgetting map. In particular, consider the subset fo;sg C Za gk Where if
the kth-marked point z; lies on a component C} with

2-9(Cy) +8(MU|D|)¢, =3 and g ww =0
k

then we require that u|c, is constant, hence necessarily u|c, = u(zy).

Proposition 2.6.5. Consider the subset Zﬁo’gj{f C Za,qk just described, and equip the under-
lying set with the subspace topology. We can define a kth-marked point forgetting map

. const
ftk : ZA,g,k — ZA,g,k—1~

If 220;5,5 contains a destabilizing ghost component of type I or of type II this map is not
continuous.

Proof. Failure of continuity occurs at stable curves [a] € Z9% which contain a component

S? with precisely 3 special points, one of which is the kth-marked point, and such that
Jg2 w*w = 0. We demonstrate lack of continuity by exhibiting a sequence which converges
to such a stable curve [a] but for which the image of the sequence does not converge. For
simplicity, we will assume that this [a] satisfies the following:

« constant on a region surrounding the component S? (this simplifies the local forms for
ftx since our reference curves are now constant),

« the two other special points on S? are both nodal points.

Consider an sc-Banach space which consists of a gluing parameter a € B 1 C C and of
maps
nt R x ST — R*", n’:Rx S — R™

which converge to asymptotic constants

limnt = lim n°=¢ and lim n° = ¢.
S5—00 S——00 S5—00
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On the level m we give this space the following norm:

(@, ) =lal* + e + 1P+ > / D (0" = )P Hldsdt

|a| <m+3

+ > /XSI|D°“ — ¢) 2?0l dsqt

|oo| <m—+3

+ > / |DY(n° — ¢)|Pe®m ¥l dsdt.

+yal
la|]<m+3 R xS

We now construct the sequence. Choose a smooth cut-off function g : R — [0, 1] having the
following properties:

. B(s) =1 for all — 3
e fB(s)=0forall -1 <s<1

<s<

Choose a vector v € R**. Then define a vector field v : R x S* — R” by:
V(s,t) == fB(s) - v

We may renormalize v by a constant so that:

Z/ D%y (s, 1) 22008 dsdt = 1.
RxS1

|a|<3
Then &, := ﬁfy is a vector field such that
3 / D€, (s, 1) 220 dsdt =
laf<3 ' RxS

Now choose a,, € B 1 small enough such that e?0fan >
that:

|v|2 and moreover a, # 0. It follows

(an, 0,813 = |an|2+%—>0 as n — 00.
On the other hand, we may consider a second sc-Banach space consisting of maps
7 RY x ST — R
with asymptotic constant given by lim,_,., 7" = ¢’ and with m level norm
=1 [ Dy = e asa.
la|<m+3

Consider the sequence @,, (0,&,), using the gluing procedure described in ([22], Section 2.4).
In this norm:

|@an(0 fn ’0 Z / Dafﬁ(s — an)‘26260|s|d8dt >
|a|<3 R+xS1

> 5 . ﬁ . ’U|2 . 6260Ra" > 1.

2 260]s|
1 1|ﬁ v[Fe=ldsdt
[Rapn Ran+35]x8
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for all n.

The topology of a neighborhood of [a] is determined by the norm of the first sc-Banach
space, moreover, because the gluing parameters a,, # 0 the (a,,0,&,) give a sequence z,, €
Z5% which converges to [a]. On the other hand, the topology of a neighborhood of ft([a])
is determined by the norms of the second sc-Banach space; the @, (0,&,) give a sequence
Yn € Z4gk—1 such that ft;(z,) =y, and which does not converge. O
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Chapter 3

Pulling Back Abstract Perturbations

In order to prove the Gromov-Witten axioms we need to study the geometry of the per-
mutation and marked point forgetting maps between the perturbed Gromov-Witten solution
spaces, and to do this, we must first show that these maps will persist after abstract pertur-
bation. The natural approach for obtaining a well-defined map between perturbed solution
spaces is to pullback an abstract perturbation. In Theorem we establish mild criterion
under with a regular perturbation will pullback to a regular perturbation. As an immediate
application of this theorem, in Corollary B.1.5 we show there exists a regular perturbation
which pulls back to regular perturbation via the permutation map. In Section we study
the geometry of the permutation map on the perturbed Gromov—Witten solution spaces.

3.1 General Setup for Pulling Back Perturbations

Consider a polyfold Fredholm problem consisting of a strong polyfold bundle W over a
polyfold Z, together with a sc-smooth proper Fredholm section O:

‘/8\
WTZ,

(see Section @) Associated to this polyfold Fredholm problem we can consider the unper-
turbed solution set defined by

S@) :={jz] € 2 | 3(jx]) = 0} C 2.

By means of abstract perturbation, there exist reqular sct-multisections A : W — Q™, such
that the perturbed solution set defined by

S(0,A) :={[z] € Z| Ao d([x]) >0} C Z.

has the additional structure of a compact oriented weighted branched suborbifold (see Defi-
nition B.4.9 and Definition , respectively).
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Consider an sc-smooth map f : Z; — 25, and consider a strong polyfold bundle W — 2,
with an sc-smooth proper Fredholm section 9. We can pullback this bundle and section via
the map f, and obtain the following commutative diagram:

w

ol

Z T Z,

(see Section @) Here proj, is defined on the underlying sets by the projection of f*W C
Z, x W onto the second factor. Assume that the sc-smooth section f*9 is a proper Fredholm
section; such an assumption is not automatic from the above setup, however it is natural in
the context of the maps we will encounter

We can perturb the Fredholm section 9 and its pullback f*0 at the same time by means
of a perturbation A : W — Q7 and its pullback perturbation projsA : f*W — Q. As
the next theorem demonstrates, for a small perturbation A we can achieve transversality for
both polyfold Fredholm problems.

Theorem 3.1.1 (Simultaneous Transversality). There exists a perturbation A : Wy — QF
which pulls back to a perturbation projsA_: f*W, — QF such that (9,A) and (f*0, proj;/\)
are both transversal pairs (see Definition |3.4.9).

We prove this in Section @ In order to ensure that the perturbed solution set is compact,
we require that our perturbations are ‘small’ in an appropriate sense. This is accomplished
via a pair which controls compactness (N,U) (see Definition ) We would like to take the
pullback of a pair which controls compactness. To do this, we first introduce the following
topological condition on the map f which will be satisfied by many of the maps we will
consider.

Definition 3.1.2. We say that the map f : Z; — 2, satisfies the topological pullback
condition if for all [y] € S(J) C Z5 and for any open neighborhood V C Z; of the fiber
7' ([y]) there exists an open neighborhood Uj,; C 2, of [y| such that f~'(U},) C V. Note
that if f~([y]) = 0, this implies that there exists an open neighborhood U, of [y] such that

7 Uy) = 0.

Theorem 3.1.3 (Simultaneous Compactness). Suppose that the map f : 21 — 25 satisfies
the topological pullback condition. Then there exists a pair (No,Us) which controls the
compactness of 9 such that the pair (projsNo, f~H(Usz)) controls the compactness of f*0.

It follows that if a perturbation A : W — QT satisfies No[A] < 1 and dom-supp(A) C Us,
then its pullback projs\ : f*W — Q7 satisfies projsNo[projsA] < 1 and dom-supp(projs\) C
o {Ue).

!An alternative to outright assuming that f*0 is a Fredholm section would be to formulate a precise

notion of a ‘Fredholm map’ for a map between polyfolds, and then require that f is such a map. This would
also be natural in the context of the maps we are considering.
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We prove this in Section @ Combining the methods used to prove Theorem and
Theorem B.1.3, we obtain the following theorem.

Theorem 3.1.4. We can construct a reqular perturbation A : W — Q% which pulls back to
a regular perturbation projs A, i.e. both perturbations satisfy the following conditions.

1. (0,A) and (f*0, projs\) are both transversal pairs.

2. There exist pairs (Ny,Uy) and (No,Us) which control the compactness of f*0 and O
respectively, and such that

o No[A] <1 and dom-supp(A) C Uy
o Ni[projsA] <1 and dom-supp(projs\) C U;.

The significance of this theorem is the following. Both perturbed solution sets S(f*, projsA)
and 8(0, A) have the structure of compact oriented weighted branched suborbifolds. More-
over, the restriction of f gives a well-defined continuous function between these perturbed
solution spaces, i.e.

Fls(rapoizny + S(f70,projsA) — S(9, A).

Furthermore, f is weight preserving in the sense that the weight functions are related via
pullback by the following equation (A o d) o f = projs3A o f*0.

As an immediate application, we may check that the permutation maps satisfy the hy-
pothesis of Theorem B.1.4, and obtain the following corollary.

Corollary 3.1.5 (Pulling Back Perturbations via the Permutation Maps). Fiz a permutation
o€Sy, o:{l,....k} = {1,...,k}. Consider the permutation map

0 Zagk = Zagk, 2,7, M,D]—[%,j,M°, D]

where M = {z1,..., 2z} and where M7 = {21,...,2,}, 2} := z,4). There exists a reqular
perturbation which pulls back to a regular perturbation via this permutation map.

3.2 Polyfold Fredholm Problems

Definition 3.2.1. A strong polyfold bundle W over the polyfold Z consists of the
following;:

1. an sc-smooth surjective projection map between polyfolds P : W — Z.

2. an associated sc-smooth functor between polyfold structures P.W—=Z , and where
W moreover has the structure of a ‘strong bundle over the ep-groupoid Z’ (see [18,
Definition 8.4])
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3. around every [z] € Z there exists a local sc-trivialization of this bundle, consisting of
a ‘strong local bundle model’ (see [[18, Definition 2.23]).

The functor P induces a continuous map |P | on the orbit spaces which is related to the
underlying continuous map P by the following commutative diagram.

Pl

Given [z] € Z, a local sc-trivialization of this bundle consists of a representative
x € Z, an M-polyfold chart O, containing z, and a strong local bundle model K over O,

p: K — O,

where K has the structure of a ‘local strong bundle retract’ (see [18, Definition 2.23]). The
fibers p~!(y) = K, over y € O, carry the structure of a Banach space.

As a local strong bundle retract, K comes equipped with a double filtration K, for
0 < k < m+ 1. This double filtration is preserved by the structure maps, and hence the
underlying topological space W is equipped with a double filtration

Wi kes for0<mand 0 <k <m-+1.

We moreover obtain polyfolds W|[0] and WI[1] with the filtrations W[0],, = W,,m, and
W1l = Winm+1. We clarify that the projection map between polyfolds is P : W[0] — Z;
when we refer to W as a polyfold we will generally mean with the underlying set YW[0] and
the filtration W|0],,.

Definition 3.2.2. An sc-smooth Fredholm section of the strong polyfold bundle P :
W — Z consists of the following:

1. an sc-smooth map between polyfolds 0 : Z — W which satisfies P o 0 = idz, where
idz is the identity map on Z

2. an associated sc-smooth functor between polyfold structures 0 : Z — W where |0
induces 0

3. 0 is regularizing, meaning that if [z] € Z,, and 9([x]) € Winmi1 then [z] € 2,11

4. in a given local sc-trivialization p : K — O, at every smooth point y € O the germ
(0,y) is a ‘Fredholm germ’ (see [22, Definition 2.44]).

We say that 0 is proper if the unperturbed solution set

S(0) :=A{lz] € Z| 0([a]) =0} C Z,
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is compact (considered as a subset of the underlying topological space of the polyfold Z).
Associated to the unperturbed solution set we can also define the unperturbed solution
subgroupoid, with object set

A

S@):={zeZ|dx)=0}C Z

and with morphisms given from the restriction of Z to this set (i.e. where both source

and target of a morphism are in S(0)). It carries the subspace topology induced from the
topologies on the object set Z and morphism set Z.

3.3 The Gromov—Witten Polyfold Fredholm Problem

We now describe the polyfold Fredholm problem in the current situation of the GW-
polyfolds. We start by recalling the definition of the strong polyfold bundle W, 4 over the
GW-polyfold Z4 4. Consider the closed symplectic manifold (Q,w) and fix a compatible
almost complex structure J on @ so that wo (id & J) is a Riemannian metric on Q.

Definition 3.3.1. The underlying set of the strong polyfold bundle Wy, is defined as the
set of equivalence classes

WA,g,k = {(E,j, M7 D7u7£)}/ ~

with data as follows.

(2,4, M, D,u) is a stable map representative of a stable curve [, 7, M, D, u] € Z4 4.

¢ is a continuous section along w such that the map
£(2): T, = Ty»Q, forzeX
is a complex anti-linear map.

o & is of class (2,dy) around the nodal points in |D| and of class HZ. near the other
points in .

o The equivalence relation is given by (2,7, M, D, u,§) ~ (X', 7/, M', D" v/, &) if there
exists a biholomorphism ¢ : (X, j) — (3, j') which satisfies
oTp=¢

in addition to ' o ¢ = u, ¢(M) = M’, ¢(|D|) = |D'|, and which preserves ordering and
pairs.

Similar to Definition , we say that & is of class (m,d;) around a nodal point
x € |D] if, taking holomorphic polar coordinates ¢ around the point x € |D| and a chart 1)
around u(z) in @, that the map

(s,1) = T¥(u(o(s,1)))€(0 (s, 1)) (050 (s, 1)),
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which is defined for s large, has weak partial derivatives up to order 2, which if weighted
by e%#, belongs to the space L?([sq, 00) x S, R?*") for sy large enough. We say that £ is of
class m around the point z € ¥, if a similar coordinate expression belongs to the space
H” near z.

The double filtration on Wy 4, is given as follows. We say an element [, j, M, D, u, ]
is of (bi)-regularity ((m + 3,0m), (k+2,0x)) for 0 < k < m + 1 if the map u has regularity

(m + 3, 0,,) and the section & has regularity (k + 2, ).

Proposition 3.3.2. /24, Theorem 1.10] The set Wa 41 possesses a polyfold structure such
that
PCWAﬂ,k_)ZA,g,ka [E,j,M,D,U,ﬂH[E,j,M,D,U]

defines a strong polyfold bundle over the GW-polyfold Z4 4.

Definition 3.3.3. The Cauchy Riemann section 0; of the strong polyfold bundle P :
Wagk — Zagp is defined on the underlying sets by

5(]([27.% M,D,UD = [Euju M7D7u7%(du+ J(U) OdUOj)]

Proposition 3.3.4. [22, Theorem 1.11] The Cauchy-Riemann section O; of the strong
polyfold bundle P : Wa gr — Zagr ts an sc-smooth Fredholm section. The Fredholm index
of 9y is given by

Ind (05) = 2¢1(A) + (dimgQ — 6)(1 — g) + 2k.

As a set, the unperturbed solution set S(9;) is precisely the same as the stable map
compactification of the Gromov-Witten moduli space as originally introduced in [26] and
described in Chapter 5 of [32]. With the topology given by this stable map compactification
S(0y) is a compact topological space. We must then show that this topology is equivalent
to the the subspace topology induced by the underlying topological space of the Gromov—
Witten polyfold Z4 g .

3.4 Polyfold Abstract Perturbations

In this section we review the abstract perturbation theory for polyfolds, originally devel-
oped in [21]).

Definition 3.4.1. Consider a strong local bundle model p : K — O. An sc'-section is an
sc-smooth map s : O — K[1] which satisfies po s = Idg

The significance of this definition is captured in the fact that if (9, z) is a Fredholm germ
and s is a germ of an sc*-section around y, then (9 + s,z) remains a Fredholm germ. This
follows tautologically from the definition of a Fredholm germ (see the comment following
[22, Definition 2.44]). Hence, we may view the relationship of Fredholm sections and sc*-
sections in the current theory as the analogs of Fredholm and compact operators in classical
functional analysis.
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Definition 3.4.2. We view QT := QN [0,00) as an ep-groupoid, having only the identities
as morphisms. An sc™-multisection of a strong polyfold bundle P : W — Z consists of
the following:

1. a function A : W — QT
2. an associated functor A : W — QF where |A| induces A
3. at each [z] € Z there exists a ‘local section structure’ for A, defined below.

Given [z] € Z, we define a local section structure for A at [z] as follows. Consider a
local sc-trivialization consisting of a representative z € Z, an M-polyfold chart O, containing
x, and a strong local bundle model p : K — O,. Suppose moreover that O, is invariant
under the induced action by the isotropy group G(z).

Then there exist finitely many sct-sections sy,..., s, : O, — K (called local sections)
with associated positive rational numbers o7, ..., 0, (called weights) which satisfy the fol-
lowing;:

LYk o=1.

2. The local expression A K — Q™ is related to the local sections and weights via the

equation
Aw) = > oi
i€{1,....klw=s;(p(w))}

for all w € K, where the empty sum has by definition the value 0.

We define the domain support of A as the subset of Z given by
dom-supp(A) = clz({[z] € Z | there exists [w] € Wy \ {0} for which A([w]) > 0}).

Associated to a sc-smooth Fredholm section and a sc™-multisection, we can define the
perturbed solution subgroupoid with object set

S@,A) ={zeZ|A@) >0} CZ

and with morphisms given from the restriction of Z to this set. It is moreover equipped with

a weight functor A o J: S((? A) — Q*t. We remark that 5(8 A) can be encoded solely via
this weight functor; such a description is closer to the language used in [21] and [1§].
We also define the perturbed solution set by

S@,A) = {[z] € Z| A@([z])) > 0} C 2

which is equipped with a weight function Ao d : S(9,A) — Q. Moreover, the weight
functor induces the weight function.
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Transverse Perturbations

Definition 3.4.3. Let P : W — Z be a strong polyfold bundle (with P:W = Zan

associated strong polyfold bundle structure), d an sc-smooth Fredholm section (with 9 an
associated sc-smooth Fredholm section functor), and A an sc¢*-multisection (with A an asso-
ciated scT-multisection functor).

Consider a point [z] € Z. We say (9, A) is transversal at [2] if, given a local sc*-section
structure for A at [z], then the local expression (0 — s;)'(z) : T,0, — K, is surjective for
all i € I with d(x) = s;(x). We say that (9, A) is transversal if it is transversal at every
[z] € dom-supp(A).

Theorem 3.4.4. 21, Theorem 4.13/E Let P: W — Z be a strong polyfold bundle, 0 an
sc-smooth Fredholm section, and A an sc™-multisection. If the pair (0,A\) is transversal,

then the perturbed solution set S(0,A) carries in a natural way the structure of a weighted
branched suborbifold (see Definition )

Compactness of the Perturbed Solution Space

Definition 3.4.5. Let P : W — Z be a strong polyfold bundle (with P:W — Zan

associated strong polyfold bundle structure). We define an auxiliary norm as an sc’-map

N :WI1] = [0, 00)

where we are regarding [0, 00) as a smooth manifold (i.e. a polyfold with finite-dimensional
local models and trivial isotropy). It has an associated auxiliary norm sc’-functor

N : W[1] — [0, 00)
where as usual |N | induces N. We require that N satisfies the following conditions.

1. For each = € Z, the fiber f)*l(x) is a Banach space. The restriction of N to each fiber
P~!(x) is a complete norm.

2. If (hy) is a sequence in W[1] such that (P(hy)) converges in Z to some z, and N (h;) —
0, then hy — 0, in W[1].

For [z] € Z we define the pointwise norm of A with respect to the auxiliary norm N
by
NIAJ([z]) := max{N ([w]) | [w] € W[1], A([w]) > 0, P([w]) = [«]}

and moreover define the norm of A with respect to IV by

NIA] := sup N[AJ([a]).

z]eZ

2Tl1e original statement of this theorem carries the additional requirement that the perturbed solution
set S(0,A) is a compact set. This requirement is unnecessary, and is not used in the proof.
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Definition 3.4.6. Let P : W — Z be a strong polyfold bundle, let 0 be an sc-smooth
proper Fredholm section, and let N : W[1] — [0, c0) be an auxiliary norm.

Consider an open neighborhood U of the unperturbed solution set S(9) C Z (i.e. U is
open considered as a set of the underlying topological space Z). We say that the pair (N,U)

controls the compactness of 0 provided the set
cz{[z] eU | O([z]) € W], N(O([z])) <1} C £
is compact.

Remark 3.4.7. We may always shrink the neighborhood U of the unperturbed solution set;
to be precise, suppose that (N,U) is a pair which controls compactness, and let U’ be an

open set such that S(9) C U" C U. It is immediate from the above definition that the pair
(N,U") also controls compactness.

Given a polyfold Fredholm problem, [21, Proposition 2.27] guarantees the existence of
auxiliary norms. The existence of a pair which control compactness then follows from [21,
Theorem 4.5] which states that given an auxiliary norm N there always exists an associated
neighorhood U, such that the pair (N,U) controls compactness.

Theorem 3.4.8. /21, Lemma 4.16] Let P : W — Z be a strong polyfold bundle, let O be an
sc-smooth proper Fredholm section, and let (N,U) be a pair which controls compactness.

If an sct-multisection A satisfies N[A] < 1 and dom-supp(A) C U, then the perturbed
solution set S(0,\) is compact (considered with the subspace topology induced from the
underlying topological space Z).

Regular Perturbations and Compact Cobordism

Definition 3.4.9. [[18, Corollary 15.1] Let P : W — Z be a strong polyfold bundle, let d be
an sc-smooth proper Fredholm section, and let (IV,U) be a pair which controls compactness.

Suppose_an scT-multisection A satisfies both the requirements of Theorem M and
Theorem B.4.8, i.e.

e (0,A) is a transversal pair
o N[A] <1 and dom-supp(A) C U
We then say A is a regular perturbation of  with respect to the pair (N,U).

Proposition 3.4.10. /18, Corollary 15.1] Let P : W — Z be a strong polyfold bundle, let O
be an sc-smooth proper Fredholm section, and let (N,U) be a pair which controls compactness.
Then there exists reqular perturbations A of O with respect to the pair (N,U).

It follows from Theorem M and Theorem @ that the perturbed solution space S(0, A)
has the structure of a compact weighted branched suborbifold, with weight function given by

Aod:8(0,A) — QF.
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Proposition 3.4.11. /18, Corollary 15.1] Let P : W — Z be a strong polyfold bundle, let
0 be an sc-smooth proper oriented Fredholm section, and let (No,Uy), (N1,U,) be two pairs
which control compactness. Suppose that Ay is a reqular perturbation of O with respect to the
pair (No,Uy), and likewise Ay is a reqular perturbation of @ with respect to the pair (Ny,Uy).
Consider the strong polyfold bundle [0,1] x W — [0, 1] x Z and the sc-smooth proper oriented
Fredholm section O defined by (t,[2]) — (t,0([2])).

Then

1. there exists an auxiliary norm N for [0, 1] x W which restricts to Ny on {0} x W and
which restricts to Ny on {1} x W,

2. there exists an open neighborhood U of 8(5) such that U N ({0} x Z) = Uy and
Un {1} x 2) =Uu,,

such that the pair (N,U) controls the compactness of d.

In addition, there exists a regular perturbation A of J with respect to the pair (N,U),
such that Algoyxw can be identified with Ay and likewise A|qyxw can be identified with A, .

3.5 Pullbacks of Polyfold Fredholm Problems

Consider a surjective continuous map P : W — Z5 and let f : Z; — Z5 be a continuous
map. The topological pullback f*WV is defined by

W =A{(lz], [wly) | f([z]) = [y] = P([w]y)} € 20 x W

and equipped with the subspace topology. Projections onto each factor give the following
commutative diagram.

f*W proja W
J{projl J{P
f

Zl—>ZQ

Suppose moreover that Z; and W are second countable paracompact topological spaces. It
follows that the product Z; x W and hence f*)V are also second countable paracompact
topological spaces.

Definition 3.5.1. Consider a strong polyfold bundle P : W — Z5, and let f : Z; — Z5 be
an sc-smooth map between polyfolds. Then the second countable paracompact topological
space f*WV has the natural structure of a strong polyfold bundle f*W — Z,. It carries a
double filtration induced from WW. We call this a pullback strong polyfold bundle.
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Given [z] € Z; there exists a local sc-trivialization of f*W with the following description.
Let f([z]) = [y] € Z5 and consider a local sc-trivialization of W consisting of a representative
y, an M-polyfold chart O, containing y and a strong local bundle model

p: K — O,

Let x be a representative of [z], let O, be an M-polyfold chart containing x, and moreover
assume we have a local description f of f such that f(O,) C O, (shrinking O, if necessary).
We may take the pullback f *K, yielding a commutative diagram.

f K 22, Projg

pI‘OJ 1 J/

Op ——— Oy

It is proved in [16, Proposition 4.11] that f*K has the structure of a local strong bundle
retract. The pullback f*K — O, is the desired local sc-trivialization.
We have the usual analog for the pullback of a section.

Definition 3.5.2. Given an sc-smooth section 0 : 25, — W there exists a well-defined
pullback section f*0: Z; — f*)V. On the level of underlying sets, it is defined by

frola]) = ([z],9 0 f([2]))-
Moreover, it is regularizing if 9 is regularizing.
We may also define the pullback of an sct-multisection.

Definition 3.5.3. Given an sc™-multisection A : W — Q7 there exists a well-defined
pullback sct-multisection proj;A : f*W — QT. It consists of the following:

1. the function A o proj, : f*W — Qt
2. the functor A o proj, : f*W — QF

3. at each [zx] € Z; there exists a ‘pullback local section structure’ for projsA, defined
below.

Given [z] € Z, the local section structure for projsA at [z] is described as follows. Let

f([z]) = [y] € 25, and consider a local sc-trivialization at a representative y consisting of
a strong local bundle model p : K — O,. Consider the local section structure of A at [y];
consisting of local sections sy, ..., s, : O, — K and associated weights o4, ..., 0%.

Letting x be a representative of [z], as above we have a pullback strong local bundle
model f*K — O,. We may assume that O, is invariant under the induced action by the
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isotropy group G(z). Then the pullback of the local sections f*sl, ce f*sk : 0, — K with

the associated weights o7, ..., 0 gives the local section structure for projsA at [z].

Indeed, it tautologically follows from the original assumption that si,...,sg, 01,...,0%
is a local section structure for A at [y] that

LYF o=1

2. the local expression proj;‘f& : f*K — Q7 is related to the local sections and weights
via the equation

projaA(a’, w,) = )3 o

i€{1,....k| (&, )=F*si(proj, (' w,))}

for all (z/,w,) € f*K (which necessarily satisty f(z') =y = p(wy)).

3.6 Explicit Construction of Regular Perturbations
which Pullback to Regular Perturbations

Let P : W — Z, be a strong polyfold bundle, @ an sc-smooth proper Fredholm section,
and A an scT-multisection. Consider an sc-smooth map f : Z; — Z,, which we use to pull-
back the bundle, section, and multisection. This is summarized in the following commutative
diagram.

Q+
projsA
//
W —w

A )

Moreover we assume that the sc-smooth section f*@ is a proper Fredholm section.
It is immediate that restriction gives a continuous function on the underlying perturbed
solution sets

f|$(f*5,proj;/\) : S(f*0, projsA) — S(9, A).
as well as an sc-smooth functor between the perturbed solution subgroupoids

A A

f|5’(fA*§,proj§f\) : S<f*57 pI‘O_];/A\) — 5(5, A)

Furthermore the weight functions and weight functors are related via pullback via the equa-
tions f*(A 0 8) = projiA o f*8 and f*(A 0 §) = proj;A o f*0.
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Achieving Simultaneous Transversality - Proof of Theorem 3.1.1

Proof. We now give an explicit construction of an sc*-multisection A : W — Q7 such that
(0,A) and (f*0,proj;A) are both transversal pairs. Our approach is based on the general
position argument of [18, Theorem 15.4].

Local Construction: Consider a point [rg] € S(0;) C Z; which maps to [yo] =
f([xo]) € S(D2) C Z,. Consider a local sc-trivialization of f*W at [zo] and a local triv-
ialization of W at [yo] consisting of the following:

1. a representative yy of [yo], an M-polyfold chart O,, containing yp,and a strong local
bundle model K — O,,

2. a representative zg of [zo], an M-polyfold chart O,, containing xy, and a strong local

bundle model f*K — O, .

Moreover, we may assume that f (o) = yo and the local expression f 0 Oz — Oy is
well-defined. This data gives the following commutative diagram of maps.

f*K Projs K

il L)

OIEO ! Oyo

The fibers at xy and at yy can be identified via the bijection proj, ke f*Kxo — Ky,
Using this identification we can choose smooth vectors vy, ..., v, € K, such that

o span{vy,...,v,} @ gl(yo)(TyOOyo) = K,

. span{projz_l(vl), e 7p1"0j2_1(vm)} S f*g/(xo)(TmoOzo) = Ky

For every i we use [18, Lemma 5.3] to define a sc™-section s : O,, — K such that s'(y) = v,
and such that supp s’ C V' C O,,, where V is a G(yp)-invariant open neighborhood of .
Consider the locally defined sc-Fredholm sections

m

d (Ly) Hé(y) - th : Si<y)7 t: (tlv' o atm) € B;n C Rm7 ) € Oym
=1
o (t,2) = (FO)(z) = S t; - (F7s')(2), t=(t,....tn) € B" CR™, z €O,

=1

and observe that the linearizations at (0,yo) and at (0, () are both surjective.

Using the action of the isotropy group G(yy) we obtain a collection of sct-sections {g -
1

(Btis") Ygea(y), each with weight EreTom] which together give a local section structure for

a well-defined sc™-multisection X5 : B™ x W — Qt. By Definition , the collection
{f*(g- (3t:5") }yecy), €ach with weight m give a local section structure for the pullback
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scT-multisection projg)\% : B™ x f*W — Qt. Furthermore, recall the functor f induces a
group homomorphism between the isotropy groups f : G(z9) — G(yo); we now observe the
isotropy group G(z) acts on the collection {t; f*(g-5')} ge(yy) as follows: hx (3t f*(g-5%)) =
St f *( f (h)-g-s'). Lastly, since both d and f *8) are invariant under the action of the isotropy
groups G(yo) and G(xg) respectively, it follows that the linearization of a— Sti(g - s') is
surjective for all g € G(yp) and the linearization of f*é - tlf*(f(h) - g+ s') is surjective for
all h € G(zy).

Surjectivity is an open condition, hence there exists an open neighborhood Vi, C 2,
of [yo] such that the pair (9,\) is transversal for all [y] € Viyo)» likewise there exists an
open neighborhood Vi) C 25 of [z,] such that the pair (f*9, projiAy) is transversal for all
[ZE] S V[x0]~ B

Local to Global: We can cover the compact set S(f*0) by a finite collection of open
sets Vi;,) C 2, of the above form.The corresponding collection of open sets V,,) C Z5 is not

yet a cover of §(9) (there may be [y] € S(9) such that f~'([y]) = 0). But the above recipe
also shows how to construct sc™-multisections at [y;] € S(), f~'([y;]) = 0, such that (9, X})
is transversal for all [y] € V.

We may take a finite sum of sc™-multisections constructed in this way, and hence obtain

o Al:=@\i: B x W — Q" such that (9, Al) is a transversal pair,

o projsAl: Bl x f*W — Q7 such that (f*0, projsAl) is a transversal pair.

It follows by [18, Theorem 15.2] that the universal solution sets, defined by

» S(0,A5t € B)) = {(t,[2]) € Br x 25| A{9([2])) > 0} C By x 2,

« S(f0,projzAbt € B) = {(t, [2]) € B; x 21 | projzAt(f*0([2])) > 0} € Be x 2.

have the structure of weighted branched suborbifolds (see Definition )
Simultaneous Regular Value: Consider the projections from the universal solution
sets to the parameter space B. C R

S(f*0, projsAL;t € BY) ! S(0,A:t € BY

T~

B

€

For any (¢, [y]) € S(9, ALt € B') consider a representative (¢,y) € 5(3, ALt € BY; there
exists an open neighborhood U < S(8, A%t € BY) of (t,y) consisting of a finite collection
of finite-dimensional manifolds, U = UN;. The restriction of the projection defines maps
N; — B! by Sard’s theorem, the complement of the set of regular values for this map is of

measure zero. A countable number of open sets U covers S(0, At e BY).
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Likewise, for any (¢, [z]) € S(f*d,projsAL;t € B') consider a representative (t,x) €
S(f*0,proj;AL;t € Bl); there exists an open neighborhood V' of (¢,z) consisting of a finite
collection of finite-dimensional manifolds M;. The restriction of the projection defines maps
M; — B'; by Sard’s theorem, the complement of the set of regular values for this map is of

measure zero. A countable number of open sets V' covers S(f*8, projiAL ¢ € B).

A countable union of sets of measure zero is also a set of measure zero. Hence we may
find t, € B! which is a regular value for any of the restricted projections just considered.
Such a ‘simultaneous’ regular value yields the desired sc™-multisections. [

Remark 3.6.1. In the following subsection, it will be important that Al is controlled by
a pair (No,Uy) which controls the compactness of 9. This is achieved in the above local
construction by requiring that the sct-multisections )\f : Bl x W — Q7 satisfy the following
conditions:

° NQP‘%] < 1’
« dom-supp(A\) C Us.

That such an sct-multisection exists follows from [18, Lemma 5.3]. By choosing a regular
value |ty|eo << 1 we then ensure that the sum satisfies Ny[Al] = Ny[@Mo] < 1. It also
follows that dom-supp(Ab) C Us.

Achieving Simultaneous Compactness

In this subsection we demonstrate how to take the pullback of pairs which control com-
pactness.

Proposition 3.6.2. Let Ny : W[1] — [0, 00) be an auziliary norm and let Ny : W[1] — [0, 00)
be an associated sc”-functor. The pullback of N, given by

projaNy © f*W[1] — [0, 00)
and the associated functor o

projNy : f*W[1] = [0, 00)
together define an auxiliary norm on the pullback strong polyfold bundle f*W — Z.
Proof. This is immediate from the definitions. In particular, condition 2 of Definition
can be checked as follows. Let (z,wy) be a sequence in f*W[1], such that z; converges to
x in Zp, and suppose projsNo(zy, w,) — 0. Then wy, is a sequence in W/[1] such that f(zy)

converges to f(x) in Zy, and Ny(wy) = projiNy(zx, wy,) — 0, and hence wy, — 0z Thus
(zk, wg) = (x,04,)), as required. O



CHAPTER 3. PULLING BACK ABSTRACT PERTURBATIONS 99

Proof of Theorem

Proof. Let (Ny,Vs) be a pair which controls the compactness of 9. By the previous proposi-
tion we know that the pullback projsNy : f*W[1] — [0, 00) is in fact an auxiliary norm. We
may then apply [21, Proposition 4.5] to assert the existence of a neighborhood U’ C Z; of
S(f*0) such that the pair (proj;Na,U’) controls the compactness of f*0.

At every [y] € S(9). observe that f~([y]) C S(f*0) C U'. We can use the topological
pullback condition to choose a neighborhood Uy, such that f~'(U,) C U C Z, and
moreover such that U},) C V, C Z5. We define an open neighborhood by Uy := U; U, for
every [y]; € S(9).

Then (No,Us) is the desired pair. Indeed, Us is an open neighborhood of the unperturbed

solution set S(J). And Us C Vs, since for ever ; we have U}, C V,. Hence we have
S(0) C Uy C V, therefore it follows from Remark m that (N, Us) controls the compactness
of 0.
Observe that S(f*0) = f~1(S(9)) C f~'(Uy). By the construction of Uy we have
2_1?7/{2) C U'. Hence we have S(f*d) C f~'(Us) C U’ therefore it follows from Remark
4.7

that (projsNa, f~1(Uy)) controls the compactness of f*0. O

3.7 Pulling Back Perturbations via the Permutation
Maps

Proof of Corollary

Proof. Consider the pullback via o of the polyfold Fredholm problem given by the strong
polyfold bundle Wy ;1 — Z4 4% and the Cauchy-Riemann section d;, as illustrated in the
below commutative diagram.

*
oW — W
A9k "orog, A,k

o | | )2

ZAvg’k o ZA7g7k

The map o is a homeomorphism when considered on the underlying topological spaces, and
hence satisfies the topological pullback condition . Thus we have the required setup to
apply Theorem and obtain compatible perturbations A and proj;A. [

Structure of the Permutation Map on the Perturbed
Gromov—Witten Solution Spaces

As a result of Corollary , he permutation map restricts to a well-defined map between
compact oriented weighted branched orbifolds,

RE Sagk(07,projsA) = Sayx(05, A).

O—’SA,g,k(ngprOj;
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Considered on the underlying topological spaces, this map is a homeomorphism. Considered
on the branched ep-subgroupoid structures, the associated functor

N . = o R A
5@ oroisy * Saa(00Prf2h) = Sag(90, 4)

is a local diffeomorphism, and moreover is injective. The restricted permutation map o and

its associated functor ¢ are both weight preserving, i.e. (Ao dy) oo = proj;A o d; and

(Ao @) o6 =projsAod,.

Remark 3.7.1. In [43] we will show that this functor is orientation preserving with respect

to the orientations of the local branching structures.
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Chapter 4

The Gromov—Witten Polyfold of
Stable Curves with Constant
Destabilizing Ghost Components

In general, there does not exist a well-defined map between the Gromov—Witten polyfolds
Zagr and Zy 4,1 which forgets the kth-marked point. Even if we restrict to a subset
Zﬁf;f,g C Z4,4 Where the kth marked point is defined, Proposition shows that this map
is not continuous.

In this chapter, we show how to give the set of stable curves with constant destabilizing
ghost components a new polyfold structure, with a new sc-smooth structure, and a new
topology. This new Gromov-Witten polyfold Zﬁfg,k has a modified gluing construction,
designed to more accurately anticipate the geometry of the desired solution space. When the
destabilizing ghost component is of type I, it interpolates the gluing parameters surrounding
a ghost component directly. When the destabilizing ghost component is of type II, it forgets
the gluing parameter, and relabels the remaining nodal point as a marked point.

This new polyfold carries the full abstract perturbation theory developed in [21]. We thus
obtain well-defined Gromov—-Witten invariants for this new polyfold, see Theorem {.1.5. That
these invariants coincide with _the original polyfold Gromov-Witten invariants constructed
in [22] is proved in Theorem @

Throughout this chapter, we will assume that (A4, g, k) # (0,0, 2), (0,0, 1), (0,0,0), (0,1.0
and (A, g,k) #(0,0,3), (0,1, 1) as these cases have already been dealt with, see Remark @
and Remark , respectively.

4.1 The Gromov—Witten Polyfold of Stable Curves
with Constant Destabilizing Ghost Components

Definition 4.1.1. Suppose (A,g,k) # (0,0,2),(0,0,1),(0,0,0),(0,1,0),(0,0,3),(0,0,1).
The new Gromov-Witten polyfold Zf‘fg’k is defined as the set of stable curves with con-
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stant destabilizing ghost components
Zﬁfg’k ={(2,4, M, D,u) | +ft-stability condition*}/ ~

where (X, j, M, D) is a connected noded Riemann surface (where we do not require the DM-
stability condition), and which satisfies the same conditions as Definition ‘— except here
we replace the stability condition® with the following.

o For each connected component C' C ¥ the following ft-stability condition holds.
We require at least one of the following:

2-gc+4(MU|D|)c >3 or /u*w>0.
c
Additionally, if the kth-marked point z; lies on a component C} with

2-9(Cy) +8(MU|D|)¢, =3 and g wWw =0
k

then we require that u|e, is constant, hence necessarily u|c, = u(zx).

» We require that u be of class (3, dy) at all marked points {z1....zx_1}. We require that
u be of class Hp  at the marked point z; (see Definition @)

To understand why we require the second condition see Remark . We call a tuple
(33,7, M, D, u) which satisfies the above a stable map with constant destabilizing ghost
component C}, and call an equivalence class satisfying the above a stable curve with
constant destabilizing ghost component Cj.

Theorem 4.1.2. The set Zﬁg,k is a polyfold. In particular, this means:
1. we can give fofg,k a second countable paracompact topology,

2. we can give the topological space Zf;fg,k a natural polyfold structure.

For our_new polyfold, we can describe an analogous GW-polyfold Fredholm problem as
in Section B.3.

Definition 4.1.3. The underlying set of the strong polyfold bundle Wﬁfg,k is defined as an
equivalence class of tuples (X, j, M, D, u, £), similar to Definition with data as follows.

o ¢ is a continuous section along u such that the map
f(Z) 1.0 — Tu(z)Q, ze(C CX,

is a complex anti-linear map, where C' C ¥ is a connected component which is not a
destabilizing ghost component, C' # Cy,
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o At a destabilizing ghost component Cj, C ¥ we do not define a map &.
We have the following analog of [22, Theorem 4.6].

Theorem 4.1.4. The set Wﬁfg’k possesses a polyfold structure such that
VYA It . .
P‘WA,g,k%ZA,g,k’ [z,],M,D,U,,ﬂH[E,],M,D,U]

defines a strong polyfold bundle over the new G'W-polyfold Zﬁg,k-
The Cauchy-Riemann section 0 of the strong polyfold bundle P : Wﬁfgyk — Z}Zg’k is a
proper sc-smooth Fredholm section. The Fredholm index of O is given by

Ind (05) = 2¢1(A) + (dimgQ — 6)(1 — g) + 2k.

We prove this in Section @ By Proposition there exists regular perturbations
A of the Cauchy—Riemann section 0; with respect to a pair (N,U). Hence the perturbed
solution space

St

,g,k(ai, A) = {[z] € Zﬁfg,k |Aody; >0} C Zﬁfg,k

has the structure of a compact weighted branched suborbifold, with weight function given by
Aody: Sﬁfg’k(('?J, A) — Q*. We may integrate over the perturbed solution space to obtain
a Gromov—Witten invariant, obtaining an analog of [22, Theorem 1.12].

Theorem 4.1.5 (Gromov-Witten Invariants for the New Polyfold). Let avy, ..., o € H.(Q;R),

and let B € H*(Ml;i;R). We define GW%g,k(al, .., ag; B) as the branched integral

/k\ ev; PD(ay;) N PD(5)

=1

/(SQfg,k<aJ,A>,AoaJ)

where PD denotes the Poincaré dual.

4.2 New Gluing Construction at the Destabilizing
Ghost Components

Consider a stable map o = (X, j, M, D, u) which satisfies the new stability condition, and
suppose the marked point z; lies on a destabilizing component C%, hence

2-9(Cy) +8(MU|D|)¢c, =3 and /C ww =0
k

and thus we require that u|c, = u(zy).
By the classification of destabilizing ghost components in Definition and by the
assumption (A, g, k) # (0,0,3), (0,0, 1) we have the following two possibilities.
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o The stable map « contains a destabilizing ghost component of type I. The ghost
component Cj \ {z;} carries precisely two nodal points. In this case there are two
nodal pairs {z,,y.} and {zp, y»} where {y,},{zs} lie on C.

o The stable map « contains a destabilizing ghost component of type II. The ghost
component Cy, \ {zx} carries precisely one nodal point and one other marked point. In
this case there is a nodal pair {x,,y,} where {y,} lies on Cy and a marked point z;
with ¢ # k which lies on C}.

Figure 4.1: Destabilizing Ghost Components

o Lo \_ &4
| . 2 {
\ ’ . el \ -"._\ = I'. N

-

.

Destabilizing Ghost Component of Type I Destabilizing Ghost Component of Type II

In what follows, we will define new gluing constructions for these cases, designed to
more accurately model the expected behavior of the GW-moduli spaces on regions near a
destabilizing ghost component. This new gluing procedure remains identical to the Deligne—
Mumford gluing of the underlying Riemann surface . This new gluing is a modification of
the gluing construction originally given in [22, Section 2.4]. In order to prove sc-smoothness
of the expressions for gluing and anti-gluing it will be important to use the exponential
gluing profile given by @ (1) = e'/" — e.

New Gluing at Destabilizing Ghost Components of Type I

Consider a stable map a = (3, 7, M, D, u) which has a destabilizing ghost component of
type 1. Hence the component Cj contains the marked point zx, and there exist two nodal
pairs {24,y } and {xp, yp} such that y,, x, € Ck. There is a unique biholomorphism between
Ci \ {¥a, 7p} and R x S' which sends the marked point z; to the point (0,0), the puncture
Yo, to —00, and the puncture z;, to +00. We may choose the small disk structure at y, such
that there is a biholomorphism between D,, \ {y,} and R~ x S € R x S*. Likewise, we
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choose the small disk structure at ;, such that there is a biholomorphism between D, \ {x;}
and RT x S' C R x S*.

Consider a section n € H>%(u*T'Q). In a neighborhood of the point u(z,) = u(y,) €
Q choose a chart which maps u(z,) = u(y,) to 0 € R*™. Localized to these coordinate
neighborhoods, we may view the base map u as maps

umRT x ST — R?", uw R x ST R*™
and likewise the section 7 as maps

+ .+ 1 2n - .- 1 2n

nT R xS — R n R xS —R

(using the identification =5 HR** = R?".)

We recall the construction of a glued Riemann surface of Definition m for our current
situation. We change the notation and coordinates slightly, in order to define the new gluing
in a straightforward way. The underlying glued Riemann surfaces are still identical to those
constructed in Definition P m however.

Consider the Riemann surface . Write the gluing parameters a # 0 or b # 0 in polar
coordinates as

a = ree’ where r, € (0,3), 0, € R/27Z; b= rye'” where 1, € (0,3), 6, € R/27Z.
We replace D,, U Cj U D,, with the glued cylinder
[0, R, + Ry) x S* when a # 0,b # 0
Zap =R x STUR™ x St when a # 0,b=0o0r a=0,b# 0
Rt x STUR x STUR™ x S when a = 0,b= 0.

We thus obtain the glued Riemann surface
Ea,b = \ (D:ra LJ Ok UJ Dyb) UJ Za,b'

We now describe the new gluing procedure used to obtain maps on the glued cylinders Z, .
Choose a smooth cutoff function g : R — [0, 1] which satisfies the following:

e B(—=s)+p(s)=1 forallseR

e [B(s)=1 forall s <-—1

« 18(s)<0 forallse(—1,1).
Definition 4.2.1. For given gluing parameters (a,b) € B% X B%, a # 0, b # 0, define the
new glued base map &/, (u*,u”) : Z,, — R*" by

@ab(u u”)(s,t) =0 (8 - W)-zﬁ(s,t)—i—((l —p (s — W))-u_(s—Ra—Rb,t—Ga—Qb)
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For other values of a and b we define @gf,,(w, u”): by

(ut,u™) :RT x STUR™ x ST — R?", a#0,b=00ra=0,b#0

S (uu) =
ab( - {(u+,0,u_):R+xSll_lR><Sll_lR_><Sl—>]R2”, a=0,b=0

where 0 : R x ST — R?" is the constant map to 0 € R*",
Denote by E the vector space of pairs (n*,n™) of continuous maps
nt:R* x S' - R™

satisfying
lim h*(s,t) =: ht(c0) = h™(—o0) := lim h™(s,t)

S—00 §——00

uniformly in ¢, where ¢ := h*(d00) are the asymptotic constants in R?".
In order to describe data (via the new anti-gluing) that would otherwise be lost in the
gluing procedure, we define corresponding cylinders C,; by

R x S' whena#0,0#0
Ca b= .
0 otherwise.

Definition 4.2.2. For given gluing parameters (a,b) € B% X B%, a # 0, b # 0, define the
new glued section @fb(nﬂn*) : Zap — R by

oI ) (s,1) = 8 (5 = Bt )out (s, 1)+ (1 = B (5 — 2522 ) )-u (5= Ra— Ry t—0,—05)

For other values of a and b we define @a “(nt,n7) by

&It () = (nt,n7):RY x STUR™ x St — R, a#0,b=00ra=0,b#£0
abn U (nTe,n™ ) RT x STUR x STUR™ x ST — R?", a=0,b=0
where ¢ : R x S' — R?" is the constant map to the asymptotic constant ¢ = (ioo) R,

For a # 0 and b # 0 define the new anti-glued section as the map @ab(n )
Oa,b — R2n,

el n ) (s t) == — (1= B (s = B )) - [ (s, 8) — avau(n®, 7))
+ B (s = BB} [~ (s = Ry = Biyt — 00 — 0,) — avay (7%, 7))

where

avas(,17) =3 (/51 (et t)dt + /51 ?7(—R“§Rb,t)dt) :

For other values of a and b we define ea " (n*,n7) as the unique map () — R?".
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Remark 4.2.3. As in [22, p60-61], there are analagous new hat gluings and new hat antiglu-
ings, used to define the polyfold strong bundles.

Definition 4.2.4. We may assume our chart is chosen such that we may identify the Rie-

mannian metric on @ with the Euclidean metric on R?"; hence we may identify the maps

XDyt (it e @', n7) and @f:tb(exp(w w(1,m7)) (see [22, Proposition 2.51]). The new
a,b ) ’ ’ ’

glued map at a destabilizing ghost component of type I Gaf:fb exp,(n) : Xap — @ is

defined by

exp, (n on X\ (D,, UC,UD,,
@{;tb eXPu<7]> - i ( ) \( y )
69a,b CXPy (77) on Za,b~

Remark 4.2.5. We will sometimes use the abbreviations R, := ¢(|a|)+¢(|b]), Dap := Va+Ds.
If (a,b) € C? are gluing parameters with a # 0, b # 0, and R, the associated gluing
length, we introduce the translated function 3,; : R — R defined by

Bap(s) := B(s — R;’b)

The average is the number

avap(ht, h7) = ; ([h*]pm,b + [hi]Rayb)

where

R,
W, = [ 0 (i 2"’,75) dt.

New Gluing at Destabilizing Ghost Components of Type II

Consider a stable map o = (3,7, M, D,u) which has a destabilizing ghost component
of type II. Hence the component C} contains the marked point z; together with another
marked point z;, and there exist a nodal pairs {z,,y,} such that y, € C. There is a unique
biholomorphism between Cy \ {ya, z;} and R x S which sends the marked point z; to the
point (0,0), the puncture y, to —oo, and the puncture at the marked point z; to +oo. We
may choose the small disk structure at y, such that there is a biholomorphism between
Dy \{ya} and R~ x S* C R x S*.

Consider a section n € H>%(u*T'Q). In a neighborhood of the point u(z,) = u(y.) €
Q choose a chart which maps u(z,) = u(y,) to 0 € R*". Localized to these coordinate
neighborhoods, we may view the base map u as maps

ut RY x ST — R
and likewise the section 7 as the map

nt:RT x S = R*™, n~:R™ xSt - R*™
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(using the identification T,z s HR** = R?".)
There is a single gluing parameter a € B 1 associated to the node {z,, y,}. When a # 0 we

— 21

may represent a as a = |a| - e . We use this gluing parameter to parametrize movement

of the marked point z; as follows:

« For a = 0, the marked point z; is given by (0,0) on the component R x S* while the
marked point z; is given by the puncture at +oo.

o« For a # 0 the marked point z; is given by (R,,9,) € RT x S*, while the marked point
2; is again given by the puncture at +oo in RT x S*.

Definition 4.2.6. In this case we use a single gluing parameter which serves to parametrize
movement of the marked point zj; no interpolation of maps on R* x S is necessary. For a
given gluing parameter a € B%, define the new glued base map ®/!(u*) : Z, — R?" by

ut Rt x 81 — R when a # 0

@ft + 7t =
a(u )(S ) {(quaO)lRerSlLIRXSl—)RQn when a = 0

where 0 : R x S — R?" is the constant map to 0 € R*",
Likewise, for a given gluing parameter a € B%, define the new glued section ®/!(n*) :

Z, — R?" by

nt Rt x St — R*" when a # 0

@ft + S,t =
a(77 )( ) {(7]+,C):R+XSI|_|RXSI—>R% when a =0

where ¢ : R x S — R?" is the constant map to the asymptotic constant ¢ = n™(c0) € R?".

Definition 4.2.7. We may assume our chart is chosen such that we may identify the Rie-
mannian metric on @ with the Euclidean metric on R?*". The new glued map at a
destabilizing ghost component of type IT ®/fexp,(n) : ¥, — Q is defined by

&1 expy(n) = | Do) on X\ (Do, U C)
@] exp, (1) = exp,(n)  on Z,.

Remark 4.2.8. By Definition because z, is a nodal point, the map u : ¥ — @ is of class
(3,00) when restricted to the region D,, \ {z,}. After forgetting the marked point zj, and
deleting the ghost component Cy, we delete the nodal pair {z,,y,} relabel z, as the new
marked point z;. We are left with a map that is of class (3,d¢) at the new marked point z;.
Hence, in order to get a well-defined map

t
ftk . Zz{:,g,k — ZA,g,k—l

we must require regularity (3,dp) at punctures at the marked points {1,...,k — 1} for both
of these GW-polyfolds, Zﬁfg,k and Z4g5-1.
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Definition 4.2.9. Assume that we have good data and a stabilization centered at a stable
map (X, j, M, D, u) with isotropy group G (2, j, M, D,u). We can define good uniformizing
family of stable maps associated to the new gluing centered at (2,7, M, D, u) as a
family of stable maps

(a,v,m) = (84, 5(a,v), Mg, Do, B} exp,(n))  where (a,v,n) € O.

Here O is an open subset of a splicing core K. The family of stable noded Riemann surfaces
(X4, 7(a,v), My, D,) is defined in the same manner as in Definition .

If the stable map (X, j, M, D,u) contains a destabilizing ghost component of type I, we
define the new glued map @, exp,(n) : £, — @ using the gluing constructions of Definition

and Definition by the following:

eXpu(n) on Z \ U{xa,ya}ED(Dl‘a U Dya)
@g exp,(n) == @gfb exp,(n) on Zup

@a exp,(n)  on Z, for all other gluing paramters a’ € a.

QD

If the stable map (X, j, M, D, u) contains a destabilizing ghost component of type II, we
define the new glued map @, exp,(n) : £, — @ using the gluing constructions of Definition
E.S.G and Definition by the following:

eXpu(”) on 2 \ U{Iayya}ED(Dxa U Dya)
@f' exp,(n) = { exp,(n) on Z,
@q exp,(n) on Z, for all other gluing paramters o’ € a.

4.3 Technical Construction of the New Polyfold

In order to carry over the GW-polyfold theory of [22] there are three essential technical
results that we must verify:

 (Analog of [22, Theorem 2.50]) Proposition which concerns the sc-smoothness of
our new gluing construction

e (Analog of [22, Theorem 3.13]) Proposition which concerns the sc-smooth com-
patibility of our newly added M-polyfold charts

« (Analog of [22, Theorem 3.22]) Proposition a compactness statement for the
morphisms between two M-polyfold charts.

sc-Smoothness of the New Gluing
Consider the projection map
Tap W — B
(E"&) = m"n7)
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which is uniquely defined by the equations:
Sop(nton) = @4(E7,€7) and o, (nt.n7) = 0.

Abbreviate 8, = f(sT — %) and v = B2 ,(s7) + (1 = Bap(sT))?. We may write down the
following explicit formulas:

n+(s+,t+) — (1 _ ﬁ‘”’) 'ava7b(f+,§_> + ﬁ . €+(S+,t+)

Ya,b Ya,b (4 ].)
a 1— a - |
+ M (5% = Rap 7 — U,))
a,b

for (s*,t7) € R™ x S'. A similar calculation leads to the following formula for 1~

Bus =)= fup =) o~ g - B =P
e R e R
(4.2)

for (s7,t7) e R~ x S™.
Proposition 4.3.1. The map

m:B1 xBixE = E, (a,b, (E7,67)) > map(€F,€7)
s sc-smooth.

Proof. The argument follows precisely the same reasoning as in the proof that the pro-
jection 7w, defined via the usual gluing and anti-gluing is sc-smooth, namely by checking
differentiability of individual terms in the explicit formula for 7,; and applying the chain
rule. Full details must follow the lengthy arguments given in [19, Section 2.4].

If we write £ = ¢ 4 r*, where ¢ is the common asymptotic constant, then the formula
for n* takes the form

00 =et 5 (1= 2220)) - (0T + 0

2 Ya,b
2
a a 1 - Ma _
+ 5 b (s)-rt(s,t)+ Bap(l = Bap) ’b(/y Bos) (s) 17 (s — Rap,t —Vap) (4.3)
a,b a,b

We can decompose this expression into a combination of the following maps.
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M1. The map
H>RT x SRV 5 RY, ¢t

which associates with £T its asymptotic constant c.

M2. The map
a,b’

B% X B% X ]JS’(;O(IR+ X Sl,RN) — RN; (a7 b? TJF) = [rJr]R

M3. The map

Ba,b .
Ya,b

By x By x H**(R* x 84, RY) — H*>*(R" x S, RY), (a,b,r") =

M4. The map
2

By x By x H**(R* x S, RY) = H**(R* x S, RY), (a,b,r") — 2. 7%,
Ya,b

M5. The map

By x By x H**(R™ x §',RY) — H>*(R" x §',RY),

a,b,r~
( ) PYa,b

(' - Ra,ba T ﬁa,b)'

Proposition 4.3.2. The maps M1-M5 listed above are sc-smooth in a neighborhood of
a=0=0.

The proof of the proposition follows from a sequence of lemmas.

Lemma 4.3.3. [19, Lemma 2.18] The map H>®(R* x SL,RY) — RN ¢ v ¢, which
associates with £ its asymptotic constant c is sc-smooth.

Lemma 4.3.4. /19, Lemma 2.12] Consider the map R : Bi \ {0} — [0,00) defined via the

exponential gluing profile by
1
R, =eld —e.

For every multi-index o = (o, ), there exists a constant C' such that
IDR,| < C - Ry - [In(R,)]"

for 0 < |a| < 3.
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Lemma 4.3.5. (Analog of [19, Lemma 2.19]) The map @ : Bi x By x H3%(R* x ST RY) —
RY | defined by ®(a,b,h) =0 fora=0 orb=0 and

Ra,b
®(a,b.h) = [, = [ b < . ,t) dt
fora # 0,b # 0, is sc-smooth.

Proof. We follow the argument of [19, Lemma 2.19]. We abbreviate the sc-Banach space by
F = H3%(R* x ST RY).

Using the Sobolev embedding theorem for bounded domains into continuously differen-
tiable functions we see that the map

(0,00) x (0,00) X Fyp = C°(S",RY),  (Ra, Ry, h) = h <Ra + Ry )

is of class C™*! for every m > 0. By [19, Corollary 2.5] this implies that the map

$: (0,00) x (0,00) X F =R (Ry, Ry, h) — [h]r

a,b

is sc-smooth. The maps a — R, := ¢(|a|) and b — R, := ¢(|b|) are diffeomorphisms. Using
the chain rule for sc-smooth maps, it follows that the map

®: (By\{0}) x (BL\{0}) x F = RY, (a,b,h) = [h]r

a,b

is sc-smooth.

We claim that the map ® is sc® at every point (a, 0, h), (0,b, h), and (0,0, h) € B1 X B1 x
F. Indeed, suppose that (ax, bphi) € (B \ {0}) x (B1 \ {0}) x F,, is a sequence Coilverg?ng
to (a,0,h), (0,b,h) or (0,0,h). We show that |®(ay, bk, hy.)| = |[hx]r,, , | = 0.

Abbreviate ¥, = (& — 1, % 4+ 1) x S! where Ry = Ry,p, = ¢(|lax|) + ¢(|bx]). By
the Sobolev embedding theorem on bounded domains and using the bound |hg|, < C’, we
estimate

|66m' . hk’C’O(Ek) < C’\e‘sm' . hk|Hm+3(Zk) < c”.
This implies
[Pa]m,| < C" - e70m s (4.4)

and hence ® is sc? as claimed.

At this point we know that
1. ®: By x By x F — RV is sc?,
2. the restriction to (B3 \ {0}) x (B3 \ {0}) x F'is sc™.

We shall denote points in Tk(B% X By x F) by (a,b,H). We shall prove inductively the
following.
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(Sk). The map  : Bi x By x F' — RY s of class sc* and T*®(a,0,H) =
TF®(0,b, H) = T*®(0,0,H) = 0 for every (a,0,H), (0,b, H), and (0,0, H) in
Tk(B% X B1 X F). Moreover, if w : T*(RN) — RY is the projection onto a factor
of TFRN | then the composition m o T*® is a linear combination of maps I' of the
following types,

F:B%XC"“xB%xC”bmeﬁRN,
(a,a,b,8,v) — R(a)(aq,...,an,)  R(D)(S1,...,0n,) " [agfu]Ra’b

fora # 0,0 # 0 and I'(a,, 0, 5,v) = ['(0,a, b, 5,v) = T'(0,,0, 5,v) = 0. Here
Jj < m, and n, +ny, < k. Moreover, R(a) is the product of derivatives of the
function R(a) = elal — e of the form

R(a)(aq,...,an,) = D" R(a)(aq,...,an,) ... D" R(a)(0n 4. 4ny_y 41y - - Ony ),

where the integer ng, = ny +...+mny is called the order of R(a). We set R(a) =1
if ng = 0. We define R(b) similarly.

We begin by verifying that (So) holds. In this case, the projection 7 : T°RY = RY — RY
is the identity map, the indices j, k, m and n,, ny are equal to 0, and the composition 7o T0®
is just the map & : By x By x F' — RY given by

(a,b,v) = [v]g,,.
The map has the required form with R(a) = R(b) = 1 of order 0. With ®(a,0,v) =
®(0,b,v) = ®(0,0,v) = 0, we already know that ® is sc’. Therefore, the base case (Sy)
holds.

Assuming that (Sy) holds, we show that (Sg.1) also holds. By induction hypothesis, the
map ® is sc¥, so that T*® is sc’. Moreover, T*®(a,0, H) = T*®(0,b, H) = T*®(0,0, H) = 0,
TF1d is sc-smooth at points (a,b, H) with a # 0,b # 0, and 7 o T*® can be written as a
linear combination of maps of a certain form.

Setting DT*®(a,0,H) = DT*®(0,b, H) = DT*®(0,0,H) = 0, we will approximate
T*® at the points (a,0, H), (0,0, H),(0,0,H) € (Tk(B% x By x F)! as follows. Recalling
that T"®(a,0, H) = T*®(0,b, H) = T*®(0,0, H) = 0, for (a,b,H) = (a,0,H), (0,b, H), or
(0,0, H), we will show that

1
H((S(Z, 567 5H)”1

|T*®(a + da,b+ 6b, H + §H)|o — 0 as ||(da,db,6H)]||, — 0. (4.5)

where the subscripts 0 and 1 refer to the levels of the iterated tangents. By the inductive
assumption (S;), we know that the compositions 7 o T*® with projections 7 on different
factors of T*R™ are linear combinations of maps I' described in (S;). The proof of (@)
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amounts to showing that at the points (0, «, b, 5,v), (a, @, 0, 5,v), (0, , 0, 5,v) € B% X CMe x

Bi x C® x ™+l we have
2

1
|dal + 0| + |6b] + [05] + [0V|m+1

IT'(a + da,a 4+ da, b+ b, 5+ 65, v+ dv)| = 0 (4.6)

as |da| + |da| + [0b] + |05] + |00]my1 — O for the maps
F:B%XC”GXB%X(C”"XF’”—)RN,
(a,a,b, B,v) — R(a)(a,...,an,)  RO) (P, Bny) - [agv]Rmb

defined in (Sy).
R

Using as above the Sobolev estimate on the bounded domain g, | = ( ot —1, B

5+ 1)><

S, we obtain
P+ 0 (v + 5U>|CO(ERa!b) < Cle®m 99 (v + 5U)|Hm+3(ZRa,b)7
where j < m, and estimate

[07 (v + dv)|g < C’e‘ém“@h; + 00| ma1-
Utilizing Lemma , we obtain the estimates
IT'(a + da,a + S, b+ 0b, 5+ 65, v + dv)|
<C? e_émﬂ@ |Ragsal™ -l + 6al™ - [Rypsp|*™ - 18+ 651" - [0+ 60[mia
for a + da # 0 and b+ b # 0. Consequently,

IT'(a + da,a + da, b+ b, 5+ 63, v + dv)]
|da| + [0ae] + |50 + 08| + [6v]mi1
Ra a
02 ) eiém‘*lw . |Ra+6a’3na . ‘Rb+6b|3nb

<
— [oal +0al + 16b] + [05] + [00]m 1

o dalm B+ 0B v 4 00|, (4.7)

In the case (a,,0, 3,v), for 6b small we have 2Rs, > 2In Rg, > |le\7 we can bound the
right-hand side of (@) by

Rat6a,6b
2

C?. e 0mtt | Raysal™™ - [Rsp| "™ - |+ daf™ - [B 4+ 6™ - [v 4 6v]m4a

In the case (0,,b, 5,v), for da small we have 2Rs, > 2In Rs, > ﬁ, we can bound the
right-hand side of (@) by

Bsa,b+5b

C% e T Ry - | Ry - o+ 8™ - |8+ 65" - [v + 601
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In the case (0,,0, 8,v), for da small we have 2Rs, > 21n Rs, > ﬁ, we can bound the
right-hand side of (@) by

Rsa,5b

C2 - e m 173 | Ry "™ - [Rep[*™ - o+ da]™ - |8+ 6B[™ - [0+ 60[mia

Each of these expressions converges to 0 as (da, d«, 6b, 03, dv) — (0,0,0,0,0) in Cx C" x
C x C™ x F™*!. Summing up our discussion so far, we have shown the map T*® satisfies

DT*®(a,0,H) = DT*®(0,b, H) = DT*®(0,0, H) = 0

for all (a,0, H), (0,b, H), (0,0, H) € (Tk(B% x By x I)) . To complete the proof, it remains
to show that T*+1® is of class sc® (which will imply that ® is of class sc¥) and to show that
the compositions m o T#+'® have the required form.

We now consider m o TH*1®(a,0, H), 7 o TF1®(0,b, H), and 7 o T*1®(0,0, H). If 7 is
the projection onto one of the first 2* factors, then m o T*'® has the form of the map T
in (Sx). The only thing is that the indices are raised by 1. Denoting the new indices by j,
m/, and n,,ny,, we have j' = j, m’ = m + 1, and n!, = n,,n; = n, which obviously satisfy
J<m' <k+1,and n, +n;, < k+ 1. If 7 is the projection onto one of the remaining ok
factors, then 7o T*+1® is equal to the sum of derivatives of maps in the induction hypothesis
(Sk). So, if the map

[': By xC" x By x C™ x F,, — RY,
(a,a,b,8,v) — R(a)(aq,...,an,) - R(O) (B, .., Ln,) - [8‘20]&&

for a 7é 0, b 7£ 0 and F(a7a70a670) = T(O,a,b,ﬂ,v) = F(O,&,O,B,U) =0, is one of the maps
from (Si) and if we take the sc-derivative of I' (which we have shown exists at every point),
we obtain a linear combination of maps of the following types:

1. By x C" x By x C™ x Fm+l 5 RN defined by

(a,aq,...004, ..., 00,,0,0,0) — R(a)(ag,...,00;...,an,) - R(Ob)(Br,. .., Pu,)- [8§'U]Rmb
for every 1 < i < n,.

2. By x C" x By x C™ x Fmtl 5 RN defined by

(a,a,b,B1,...,0b;,...,0n,,v) = R(a)(o,...,an,) - RO)(Br,..., 008 ..., Bn,)- [agv]Ra’b
for every 1 <i < ny,.

3. Bi x Cratl x By x C™ x Fm+l 5 RN defined by
(av (5&, a)v b, 57 U) = Rl<a> (5@, a) ' R(b)(ﬁ) ’ [8gU]Ra,b

and obtained by differentiation of R(a) with respect to a.
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4. Bi x C" x By X Cmtl x Fmtl 5 RN defined by
(CL, «, b7 (6b7 6)7 U) = R(CL)(OZ) ’ Rl(b)(éb’ 6) ’ [(‘3@}3& b

and obtained by differentiation of R(b) with respect to b.

5. By x C" x By x C™ x F™ — RY defined by

(a,,b, 8,0v) = R(a)(a) - R(b)(B) - [026v]r

a,b
and obtained by differentiating with respect to v.
6. By x Cretl x By x C™ x Fmtl — RY defined by

(a, (0a, @), b, B,v) = Ru(a)(da,a) - R(b)(B) - [0 ]k

a,b

which is obtained by differentiating R, in the term [@v]g, , with respect to a. Hence

Ri(a)(0a,a) = (DR,6a) - R(a)(a).

,b

7. By x C™ x By x Cmtl x Fmtl 5 RN defined by

(a, b, (6b, B),v) = R(a)(a) - Ra(b) (6D, B) - [01" 0]

a,b

which is obtained by differentiating Ry, in the term [0?v]g. , with respect to b. Hence

Ri(b)(0b, B) = (DRy0b) - R(b) ().

b

Note that in all of the above cases the new indices j',m’ and n,,n; stay the same or are
raised by 1 so that we have 7/ < m/ < k+ 1 and n/, + n;, < k + 1. We have verified that the
statement (Sg1) holds true. This completes the proof of Lemma E.3.5. O

Lemma 4.3.6. (Analog of [19, Lemma 2.20]) The map ¥ : By x By X (H3% (R x ST, RY) x
H3%(R™ x SLRN)) — H2%(R* x ST RY), defined by V(a,b,7r",r") =0 fora=0 orb=0
and

Wla,b,r, ) = (1 - ﬁ::) (s + [ )ors),

fora # 0,b # 0, is sc-smooth.
Proof. We follow the argument of [[19, Lemma 2.20]. We abbreviate by G the sc-Banach space

H3% (Rt x ST RYN) x H3% (R~ x 1, RY) and by F the sc-Banach space H>%(R* x S, RY).
We already know that the maps

B:. x B

! x G — RY,
(a,b,r

) = MRy [P )-Ra

+ W=
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are sc-smooth. We will now consider the map

@:B%XB%XF%F,

Ba,b .
Ya.,b

(a,b,r) — 7] Roy

if a #0,b # 0 and ®(a,0,7) = ®(0,b,7) = ¢(0,0,7) = 0. The similar map for (a,b,r~) can
be dealt with the same way. The map ® is sc-smooth on the set (B% \ {0}) x (B% \{0}) x F
and we shall prove the sc-smoothness at the points (a,0,r), (0,b,7),(0,0,r) € Bi x By x F.

We set 04 1= f =t We shall prove the following statements (Sj) by induction:

a,b ’

(Sk). The map ® is of class sc* and T*®(a,0, H) = T*®(0,b, H) = T*®(0,0, H) =
0. Moreover, if  : Tk(B% X B% x F') — RY is a projection onto a factor of TFF,

then the composition m o T*® is the linear combination of maps of the following

type,

A:B%XCnaxB%XCnbme—)Fj
(a,a,b, 8,v) = R(a)(a) - R(b)(B) - o) - [0%] g, ,

fora # 0,b # 0 and A(0,a,b,5,v) = A(a,«,0,8,v) = A(0,a,0,5,v) = 0. In
addition, the indices satisfy p+q =n,+mnp, m <k andl <m — j.

We begin by verifying that (Sg) holds. In this case there is only one projection 7 : TOF =
F — F, namely, 7 = id. Clearly 7 o ® = ® has the required form with R(a) = R(b) = 1 of
order 0 and all indices 7,[, p, and g equal to 0. Hence we only need to show that the map
® has sc’-property. This is clearly true at points (a,b,v) € Bi x By x F™ for a # 0,b #
0. We carry out the proof of the sc’-property for the map @ at (a,0,v), (0,b,v), (0,0,v).
Consider a sequence (ag, by, vx) converging to one of the following points: (a,0,v), (0,b,v)

or (0,0,v) € B% X B% x F,, and we claim that ®(ay, by, vx) — 0 in F,,. Observe that o,

Ra,b
2

vanishes on | + 1,00). Hence we can estimate

(ks b 0l = 1Tar e+ Wl Ray oy lin = D0 [0k Ru s, I [ 1D 00 (5)]€* dsdt
la]<m R+t xS
R, b
< > Cullviln,,,, [P
ol <rm

with constants C,, depending only on the cutoff 3, the multi-index «, and m. So, to prove
= 0in RV, Abbreviate Xy = [6% — 1, Tpt

them claim we have to show that [vi]g, , L

1] x S*. By the Sobolev embedding theorem on bounded domains,

€7 vleogsy) < Cle’™ vl ms,) = ek
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with the constant C' independent of v and k. This shows that

0], o | < €k e O Rap b (4.8)

Also note that since v belongs to E,,, the sequence ¢ converges to 0. Similarly, we have
|2 (v — v)|cors,) < Cle’™ (vg — v)|gms,) < Clog — vl =: €

which implies that

[0k sy, = VIR, o | = N[0k = VR, ,, | < &) - e70mTonte,
By assumption, |v — vg|,, = ex — 0. Consequently,
[0kl R, ,, [Tt < [vk]g,, , — [W]R,, ,, |- €T + |[V]g,,, | - " Fovte <) 4 e =0

which proves our claim. Therefore, the base case (Sg) holds.

Assuming that (Sg) holds, we show that (Sg.1) also holds. By induction hypothesis, the
map ® is of class sc¥, so that T*® is sc”, and T*®(a,0, H) = T*®(0,b, H) = T*®(0,0, H) = 0.
Moreover, m o T*® can be written as a linear combination of maps of a certain form. We
also know that T*® is sc-smooth at points (a, b, H) with a # 0,b # 0.

We will approximate T*® at the points (a,0, H), (0,b, H), (0,0, H) as follows. Consider
the maps A described in (Sj) of the form

A:B%XCn“XB%XCanFm—}RN
(a,a,b, B,v) = R(a)(a) - R(B)(B) - 07} - [0%0]r,,

for a # 0,b # 0 and A(a,«,0,5,v) = A(0,a,b, 3,v) = A(0,a,0,5,v) = 0. We will show
that if (a, o, b, 8,v) € By x € x By x C™ x E™* is of the form (a, «, 0, 8,v), (0, a, b, 3,v),
or (0,a,0,3,v), then

1

Bal & ol T 100l - 5] & ool Ale 00 460, b 4 0b, B4 08,0+ dv)]; = 0

as |dal + |0a| + [0b] + 05| + |0v|m+1 — O which will prove that A has the approximation
property at (a, «, b3, v) with respect to the linearized map DA(a, «, b, 5,v) = 0.
Exactly as in the proof of Lemma {.3.5, we can obtain the estimate

|A(a + da,a + da, b+ 0b, B+ 65, v + dv)|
|da] + |dcr| + |50 + [68] + [0V|m1
C?. 676m+1w ) |Ra+§a’3na ) ’Rb+§b‘3m7

[0al + [0 + [0b] + [35] + |00]m1a

o dal" | B+ 0B|™ - |u 4 00|
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Again, one can show this converges to 0 as (da, da, 0b, 03, 0v) — (0,0,0,0,0) in C x C™ x
C x C™ x Fmtt,

Finally, we need to show that 7 o T**1® is a linear combination of the maps of the
required form and which have the required continuity properties at points with vanishing
a. The terms making up 7 o T**'® are the terms guaranteed by (Sj) provided 7 is the
projection onto one of the first 2% factors. In this case the indices m and j are raised by one.
If 7 is the projection onto one of the last 2% factors, then 7 o T*+1® is a linear combination
of derivatives of maps guaranteed by (S;). We once again refer to the case by case study of
Lemma §.3.5. [

Lemma 4.3.7. (Analog of [19, Lemma 2.21]) The map & : Bi x By x H3%(R* x ST RY) —
H3%(R* x SYRY), defined by ®(a,b,r) =7 ifa=0 orb=0, and by

Bap
-

P(a,b,r) =
( ) PYa,b

(4.9)

if a #0,b# 0, is sc-smooth.
Proof. We follow the argument of [19, Lemma 2.21]. We need only prove the sc-smoothness
at points (a,0,7), (0,b,7), and (0,0, r) in By x By x H3%(R* x S'). We may assume that a

and b are small. Choose a smooth function y; : Rt — [0, 1] satisfying x1(s) = 1 for s € [0, 1]
and y1(s) =0 for s > 2, and set x2 = 1 — x1. Then the map

b
Ya,b

2
(a,b,r) — —=

“X1°T
is obviously sc-smooth since for |a| and |b] small it is equal to the map
(a,b,r) — X1°T

which is independent of a and b. It remains to deal with the map

2
(a,b,7r) — Pas

X2 T
Ya,b

This map can be factored as follows. First, we apply the map
By x By x H**(R* x SY,RY) = Bi x By x H**(R x S",RY),  (a,b,7) = (a,b, x2r)
which is an sc-operator and hence sc-smooth. Then compose with the map

Bas
U
Ya,b

By x By x H**(R x ST, RY) = H>*(R x S",RY),  (a,b,u) —

We claim that this map is sc-smooth; a full proof of this fact would require an analog of 19,
Proposition 2.8].
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Finally, compose with the restriction map
H**(R x §',RY) — H>*(R" x S, RY).

which as an sc-operator is also sc-smooth. Hence we can write (@) as a composition of
sc-smooth maps, and the proof is complete. O

Lemma 4.3.8. (Analog of [19, Lemma 2.22]) The map ® : By x B X H3% (R~ x S, RY) —
H3% (R x SYRYN), defined by ®(a,b,r) =0 ifa=0 orb=0, and by

®(a,b,r) = M 7(- = Rapy - — Vap)

Ya,b
if a # 0,b # 0, is sc-smooth.

Proof. We follow the argument of [19, Lemma 2.22]. We study the map for a and b small.
Choose a smooth map x : R~ — [0, 1] satisfying x(s) = 1 for s < —1 and x(s) = 0 for
s € [—3,0]. If |a| and [b] is small, the map @ is the composition of the following three maps.
The first map is defined by

By x By x H**(R™ x 8", RY) = By x By x H**(R x S, RY),  (a,b,u) = (a,b,x - u).
It is an sc-operator and hence sc-smooth. The second map is defined by

By x By x H**(R x ", RY) = H>*(R x S',RY)

— Ba,b(l - Ba,b) .

a,b,u
( ) f)/a,b

U( - Ra,ln T ﬁa,b)-

We again claim this map is sc-smooth, which requires an analog of [19, Proposition 2.8].
The last map is the restriction map H>%(R x St RY) — H?%(R* x S RY) which is an
sc-operator. This completes the proof.. [

This complete the proof of Proposition .

Local M-Polyfold Models for the New Polyfold

Following our construction of the sc-smooth splicing ,, the construction of good uni-
formizing families of stable maps follows the same recipe as in the construction of the original
GW-polyfolds. In particular, for a stable map o = (3, j, M, D, u) with constant destabilizing
ghost components C}, the construction of good data and a stabilization of the underlying
noded, not necessarily stable, Riemann surface is identical. Note that the construction of a
stabilization does not require the addition of any marked points to a ghost component Cj,
as such a component will already satisfy the DM-stability condition.
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Thus, assume for a we have chosen good data with an associated a stabilization S and
linear constraints Hy .,y C Ty.,)M for z; € S. As before, define an sc-Banach space by

E,={ne Hf’éo(u*TM) | n(zs) € Hy(z,) for z, € S}

which consists of sections along the smooth map w : ¥ — M which satisfy the linear
constraint H,.,) at the points z, € ¥. There exists a good uniformizing family

(a,v) = (84,7(a,v), (M US), Dy), (a,v) €0

of stabilized noded Riemann surfaces.
The parameters (a, v) give splicing parameters, and together with the gluing construction
allow us to define a splicing core

K ={(a,v,n) | (a,v) € O,n € Eu, 7a(n) =n,7as(n) =n}.

where the projections are understood as being defined on the appropriate regions of nodes
on the underlying Riemann surface.

Definition 4.3.9. Assume that we have good data and a stabilization centered at a stable
map « = (3,7, M, D,u) with constant destabilizing ghost component C}, and with isotropy
group G(a). A good uniformizing family of stable maps centered at « = (X, j, M, D, u)
is a family of stable maps

(a,v,m) — (84, 5(a,v), Mg, Do, B} exp,(n))  where (a,v,n) € O.
Here O is an open subset of the splicing core K.

The coordinates (a,v,n) € O are therefore local sc-coordinates of the M-polyfold models
on which we define the polyfold Zj;fg’k. The analogs of [22, Proposition 3.10, Proposition
3.12], concerning the action of the group G(«) on the local sc-coordinates carries over ver-
batim to this context.

sc-Smooth Compatibility of Good Uniformizers

At this point, in addition to the old local M-polyfold models which are defined at points
which do not contain constant ghost components C}, we now have defined new local M-
polyfold models at points which contain constant ghost components Cj. Our next task is
therefore to demonstrate the sc-smooth compatibility of all good uniformizing families of
stable maps, both the original ones and the new ones we have defined with the new splicing
construction. This will also allow us to establish the etale condition for the ep-groupoid
structure we wish to construct. Thus we need to verify the following version of [22, Theorem
3.13] in our present context.
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Proposition 4.3.10. We consider two good uniformizing families of stable maps (a,v,n) —
Qg Parametrized by (a,v,n) € O and centered at a stable map o = (X, 5, M, D,u); and
(', v, 1) — Mgt ) Parametrized by (', v, 1) € O and centered at o' = (X', 5/, M', D', u).
Here we understand that ‘good uniformizing family’ may be either of the following types

e the usual good uniformizing families centered at stable maps which do not contain a
destabilizing ghost component

e the new good uniformizing families centered at stable maps which do contain a destabi-
lizing ghost component, families which are defined using the new splicing defined using
the projection mqy,.

We assume that for two points (ag,ve,m0) € O and (ay, vy, ) € O there exists an isomor-
phism

. /
o : Qag,v0,m0) 7 Xal vl mh)

between the associated stable maps. Then there exist a unique local germ of an sc-diffeomorphism

f : (Oa (2071)0»770)) — (O/’ (%»%»U(’)))a (Qﬂ)»??) = (Q,,’U,ﬂ?/) = f((QﬂJﬂ?))

between the parameter spaces satisfying f(ag,vo,n0) = (ag, vy, 1) and there exists a core-
smooth germ of a family (a,v,n) = Gvn of isomorphisms

Plawm) * Aaom) = O‘;‘(g,vm)

satisfying cb(go,vo,no) = o

Proof. The proof once again will follow nearly verbatim the reasoning and arguments given
in [22]. We indicate precisely where to expect modifications to the argument.

To begin, we reiterate that the Deligne-Mumford construction remains the same, as do
the constructions of stabilizations and associated linear constraints, and so we may observe
that the results of Lemmas 3.14, 3.15, and 3.16 will hold. In particular, there exists an
sc-smooth germ near (ag, vg, 1o):

(a,v,m) = (d'(a,v,n),v'(a,v,n))

and a family of isomorphisms between the underlying (unstable) noded Riemann surfaces:

/

Sp(g,v,n) : (Ega j(@, U)7 Mga Dg) — ( lg’(g,v,n)aj,(gl(g7 v, n)a U/(Q> v, 77)7 M(’I’(g,’l),’l])’ Dg’(g,v,n))'

From there, the argument requires us to compare the glued maps on the glued Riemann
surfaces in order to get a map (a,v,n) — 7'; this map will be uniquely determined by
expressions of the form:

D expl, (i) = ®exp,(n) o ¢, and ©n' =0

(a,v,m)

where the gluing and antigluings may be of either kind we have defined. Such an expression
may be broken down into the following possible local expressions:
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1.
1" = (expl,) " o exp,(n) © ¥l (4.10)

2.
T]/ = (eXp;/>71 © Dq eXpu(ﬁ) o gp(gl,v,n) (411)

3.
Dat (a0 XDy (11') = Ba XDy, (17) © P41y ) AN Our(awm) XD (7)) = 0 (4.12)

4.
7 = (expl,) o @g’tb exp,(n) o gp(;vm (4.13)

5.

EBg’t(a,v,n),b/(a,v,n) exp’/u’ (77/) = @ifb eXPu(Tl) o 90(;%1;,7]) and 6if/(a,v,n),b/(a,v,n) exp;, (77/) =0

(4.14)

6.
@gf(avv,n%b,(Q,M)exp;, (') = &, expu(n)ogo(zvm) and @f:f(avw)’b,(a’vm)exp;, (n) =0 (4.15)

7.

@a’(a,v,n) eXp;’ (77,) = @gfb eXPu(U) © 90(;1,1;,17) and @a’(a,v,n) eXp;’ (77,) =0. (416)

The first three expressions (lélld), (|41]J), (léllj) arige in the construction of the GW polyfolds
in [22], and hence are sc-smooth. The proof that (4.13) is sc-smooth is identical to the proof
that (4.11)) is sc-smooth. The proof that (@), (), and () are sc-smooth is discussed
below. ]

The proof that (), (), and (4.16) are sc-smooth will follow the same argument
given that 3 is sc-smooth, which follows from [22, Theorem 2.57], which is proved in [22,
Appendix 5.1]. The proof follows from writing down explicit formulas for the above expres-
sions.

As an example, we discuss the localized setup for (4.16). This situation arises if we
try to check the compatibility of a source good uniformizing family centered at a stable
map which has an destabilizing ghost component C} of type 1, and hence two nodal points
{Za,Ya}, {xp, yp}; and target good uniformizing family with only one node {z/, y, }. We may
assume the node {z,,y,} will correspond to the node {x.,y. }; there will be no morphisms
for points in the overlap of the two good uniformizing families when b = 0.

This discussion is localized to a region of the destabilizing ghost component C}. Thus,
we have parameters on the source (a,b) € B, x D C C? and w € W, where D C C is an
open neighborhood such that cl(D) does not contain 0, and W is an open neighborhood of
0 in some CV. We have parameters on the target o’ € B, C C.
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We assume D, , D, , D,,, and D,, are the small-disk structures associated to the gluing
parameters a and b, while D} ~and D = are associated to the parameter a’. Using the
exponential gluing profile, we have constructed glued surfaces 7,7, (which we may identify
with Z,;) on which we have defined the dual glued maps @,, and Z/, on which we have
the usual gluing ®,.

For h > 0 and a (or a’) small enough one can define the sub-cylinders Z,(—h) and Z!,(—h)
as in [22, p24-25] and recall that Zy(—h) = D,(—h)U D,(—h) if a = 0, and similarly for Z;.

We assume that the following data are given:

(1) A smooth map (a,w) +— d'(a,w) € C defined for w € W and a € B, with e sufficiently
small, and satisfying a’(0,w) = 0 for all w € W. In this situation, variation of the
gluing parameter b only does not correspond to another gluing parameter.

(2) For sufficiently large h > 0, a core-smooth family of holomorphic embeddings
¢(a,w) : Za(_h) - Z(;’(a,w)
parameterized by (a,w) € B. & W.

(3) There exists H > 0 such that

Zat(ay)(—H) C Paw)(Za(—h))
for all (a,w) € B. @ W where ¢ is sufficiently small.

Here ¢ differs from the map ¢ above; it only depends on finite-dimensional parameters. In
fact, ¢ factors through ¢ by a map (a, b, v,n) — w determined via pullback of the transversal
constraint; see the argument of [22, Theorem 3.13].

Consider the sc-Banach space E of maps 7 : D,,(—h) U D,,(—h) — R?" of class (3,d)
satisfying n(z,) = n(yp). Similarly, consider the sc-Banach space E' of maps ' : D!, (—H)U
D, ,(—H) of class (3, d) satistying 7'(za) = 7' (ya)- ’

With these spaces we define the map

P:B.eDEWSE—E, (a,w,n)—1n

where 1’ € E’ is defined as the unique solution of the two equations

@a’(a,w) (77/) = @g,tb(n) © gb(_a%w) and @a’(a,w) (77,) = 0.
Proposition 4.3.11. The map ®, which corresponds to the local expression ({.16), is sc-
smooth.

To check sc-smoothness, we write down an explicit expression for 7'+ as follows. Writing

n* = r* + ¢, where ¢ is a common asymptotic constant, abbreviating a’ for da’(a,w), By =
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B(-— Ry /2), and v, = % + (1 — ) we have:
ﬁa’ — R
4+ 1 a,
e (1 e '/sl Dan(r) (O (F52:1)) dt

Ba’ — -
ﬁa’
Yo

Three is an analogous formula for the component 7'~. As in [22, Appendix 5.1], it is pos-
sible to check sc-smoothness of this expression through further decomposition into smaller
terms, and application of the chain rule. The process for checking the sc-smoothness of the
expressions (E) and () follows the same procedure.

_|_

(1= Ban(@ty)) 7 () = (Raps Vap)) -

Remark 4.3.12. An important reality check is the following natural question: What would
happen if we tried to compare two good uniformizing families centered at a stable map «
with constant destabilizing ghost component, one which uses the old gluing, and one which
uses the new gluing?

There is a map defined in one direction (from the new gluing to the old), which one
can check is sc-smooth; this in fact is also a local expression of the well-defined inclusion
L Zi;fg,k — ZA797]§.

In the other direction, there is only a partially defined map. At points where it is defined
and where the gluing parameters surrounding the ghost component do not vanish, this map is
sc-smooth; this is not a surprise, given that such points must also be sc-smooth compatible
with other local sc-coordinates. At other points it will necessarily not be defined or be
sc-smooth.

Compactness Properties for Morphisms

We need to establish a version of 22, Proposition 3.22], which concerns the compactness
properties for the space of morphisms between two good uniformizing families. This result
should be thought of as an important initial step in showing the properness condition of our
eventual ep-groupoid structures.

We take two good uniformizing families of stable maps

(a,v,m) = vy, where (a,v,n7)€ O

and
(@, 9", 1) = g,y where (d',0',7) €O
centered at smooth stable maps « and o’. The set of morphisms between these M-polyfolds
is given by:
M(O,0") ={: Aapn) = Ug oy [(@;v,1) € O, (a0, 7) € O,
¢ is an isomorphism of stable maps}. (4.17)



CHAPTER 4. THE GROMOV-WITTEN POLYFOLD OF STABLE CURVES WITH
CONSTANT DESTABILIZING GHOST COMPONENTS 86

For a morphism ¢ : c/(gu,n — O/(g,ﬁv,m,) we can define the source map s : M(O,0’) — O by
s(¢) = (a,v,n) and the target map ¢ : M (O, 0") — O by t(¢) = (d’,v', 7). Using Proposition
, we can give M (O, Q') a topology, and moreover, an M-polyfold structure.

Proposition 4.3.13. For every point (a,v,n) € O there exists an open neighborhood U C O
which has the following property. Consider a sequence ¢, € M(O, Q") of morphisms where
s(¢r) € U and such that t(¢y) converges to a point (a/,v',n') € O'. Then there exists a
subsequence of ¢y which converges in M(O,O’).

The crucial ingredient in the proof of this proposition is one final technical result - an
analogue of [22, Proposition 2.59]. As in the discussion above, there are versions of the
proposition corresponding to the local expressions (m), (1.15), and () Here, we will
only discuss the analog of (4.14)).

We assume that ((Dq,, Dy, ), (Ta;Ya)): (Day, Dy, ), (x5, 45)) as well as (D, ,, Dy, ), (Tar, Yar)),
(D3, Dy, ), (xy, yy)) are disk pairs so that we obtain via gluing the associated cylinders Zq
and Z, ,,. We assume that E is the sc-Banach space of maps 7 : D, (—h) U Dy, (—h) — R*"
of class (3,0p) satisfying n(z,) = n(ys); similarly, we assume E’ is the sc-Banach space of
maps 1" : D, (=H)U D, (—H) of class (3,4o) satistying n'(za) = 7' (ya')-

We assume that (ag, b) and (a}, b)) are small gluing parameters converging to (0,0) and

. /
D : Zakvbk - Zajg,b;€

is a sequence of holomorphic embeddings having the following properties. The restrictions
of the maps to a fixed annulus-type neighborhood of the boundary of the discs D converge,
viewed as the maps into the discs D', in the C*°-sense. Then we consider a sequence (7;,)
in E' converging on level 0 to some 1) = (n;", 1, ) € E' and define the maps n, € E as the
unique solutions of the two equations

@z{i,bk () = (@(sz (7)) o ¢ and @g;bk (nk) = 0.

KOk
Proposition 4.3.14. Under the assumptions stated above the sequence (¢y) converges in
CP. in finite distance to the left and the right boundary to holomorphic embeddings ¢* :
D,, = D, , and ¢~ : D, — D, satisfying ¢*(z,) = xo and ¢~ (y») = yy. The sequence
(m.) C E converges on level 0 to the map ny = (ng,my ) € E given by
m =1ny °¢" and ng =ny 0P .

The convergence of the sequence (¢y) is a fact about Deligne-Mumford spaces. The
remainder of the statement follow the arguments of [22]. There are similar propositions for
the local expressions (@) and (4.16).
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4.4 A Natural Polyfold Structure on the

Gromov—Witten Polyfold of Stable Curves with
Constant Destabilizing Ghost Components

In this section, we discuss how all the puzzle pieces fit together to give a natural polyfold
structure on Zﬁf%k. The crucial ingredients are Proposition {.3.10 and Proposition @.3.13
which are can be viewed as precursors of the properties of being étale and proper, respectively.

Before we can use these to try to define an ep-groupoid structure, we must first establish
necessary facts about the underlying topology of the space Zﬁfg,k' These facts are derived
essentially through a combination of knowledge about the topology of our local M-polyfold
models, a decomposition of Zﬁfg’k into components which are covered by Banach manifolds,
and judicious use of Proposition §.3.1(J and Proposition 4.3.13. It is only once we have

established these facts that we can give Zf;fg?k a polyfold structure.

Y

The Topology on ZZM

A topology on the new polyfold Zj;fg,k is induced from the topologies of the local M-
polyfold models in the following way. Consider a good uniformizer of stable maps (a, v,n) —
Q(a,0,m) defined on an M-polyfold O and centered at a stable map a = (2, 7, M, D, u). Denote
the automorphism group of o by G(«). The M-polyfold O comes with a finite group action
by sc-diffeomorphisms

Gla) x 0= 0, (g.(a,v,n)) — g*(a,v,m).
The map defined on the quotient space

G(a\O = Zlyrs a.v,n] = [Sq, j(a,v), My, Dy, ®1 (exp, (1))]

into the space of stable curves is injective. We may therefore define a topology on Zﬁfw
through the requirement that all such maps will be homeomorphisms onto open sets; showing
this is a well-defined topology requires Proposition 4.3.10.

M-polyfold models have topology given by the subspace topology of the Oth level of a sc-
Banach space (which itself is a Banach space). Hence M-polyfolds models (and the quotient
space of an M-polyfold models) will have a topology which is second countable, paracompact,
and Hausdorff.

From this we may prove that at a point in ZXM there exists a countable basis of open

neighborhoods. That Zﬁfg’k is a Hausdorff topological space will then follow from the fact
that our M-polyfolds are Hausdorff in addition to Proposition l;.3.13. We could also use the
fact that the inclusion map ¢ : Zﬁfg,k — Zag4k is a continuous injection on the underlying
topological spaces, and that Z,4 , is a Hausdorft topological space. Finally, the existence
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of a countable basis at a point and Proposition can be used to show Zﬁfg,k is com-
pletely regular. The proof that there exists a countable basis for Zf‘fg’k uses a countable
decomposition of Zﬁfg’ . into diffeomorphism types, which are then proven to be separable.

Having shown Zﬁfg’k is Hausdorff, completely regular, and second countable, we may use
Urysohn’s metrization theorem to conclude it is also metrizable and consequently, paracom-
pact.

Proposition 4.4.1. The topology on Zﬁfg,k uniquely determined by the local M-polyfold
models is a Hausdorff, second countable, paracompact topology.

Polyfold Structure on Zﬁf%k

We may now define a polyfold structure on Zﬁg’k as follows. Using Proposition , we
may obtain a countable collection of good uniformizing families of stable maps O,, indexed
by A € A, whose images |O,| form an locally finite cover of the topological space Zﬁfgk. We
thus define the object set as

I 0.

AEA

We may then define the morphism set as

[T M(0,,0y)

AN EA

where M(O,, Oy ) is defined by () The definitions of the additional structure maps of
multiplication, unit, and inverse are all the obvious ones, and allow us to define a groupoid
structure.

This groupoid structure is étale, as follows immediately from Proposition . The
fact that it is also proper follows from both Proposition @ and the fact that the object
set we have defined is a locally finite cover of Zﬁfg’ - Hence, we have a polyfold structure on

zt
9,k

As in the usual case, this polyfold structure is natural in the sense that, having fixed a
strictly increasing sequence (0;);>0 C (0, 27), if we construct another polyfold structure with

this recipe they both will possess a common refinement, and hence are Morita equivalent.

Theorem 4.4.2. Having defined the new gluing procedure, for a fized strictly increasing
sequence (0;);>0 C (0,2m), the second countable paracompact topological space Zf‘fg’k of stable
curves with constant destabilizing ghost components possesses a natural equivalence class of
polyfold structures.
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4.5 The Polyfold Fredholm Problem for the New
Gromov—Witten Polyfold

We have already described the underlying set of the new strong polyfold bundle wit A gk
as a set of equivalence classes of tuples (X, j, M, D,u, &) in Definition .

New Strong Polyfold Bundle Structure

To give Wj;fg,k a strong polyfold bundle structure we must define lifted versions of the
good uniformizing families, following the procedure of [22, p116-119].
Let
(Qa v, 77) = (E@ j(@, U)v MQ? D&? @gt GXpu(ﬁ» where (Qv v, 77) S O

be a good uniformizing family of stable maps associated to the new gluing as in Definition
2.9.
Let 6(a,v) : (T3,,j(a,v)) = (T2, j(a,0)) be the complex linear map given by

~

d(a,v)h = 5(id — j(a,0) o j(a, v))h.

Let I be defined via parallel transport of a complex connection, as follows. Fix a complex
connection on the almost complex vector bundle (7'Q), J) — @, i.e. if Vx is the covariant
derivative on @ belonging to the Riemaniann metric wo (id @ J), the connection Vx, defined
by VxY = VY — %J (VxJ)Y, defines a complex connection, in the sense that it satisfies
Vx(JY) = J(VxY). If 5 € T,(Q is a tangent vector, the parallel transport of a complex
connection along the path ¢ — exp,(tn) for ¢ € [0, 1], defines the linear map

[(exp,(n),p) : (T,Q, J(p)) = (Texp, @, J (exp,, (1))

which is complex linear, hence I'(exp,(n), p) o J(p) = J(exp,(n)) o I'(exp,(n),p).
The component £ is a complex anti-linear map

£(2) (125, )) = (Tu@, J(u(2)).

As we have already remarked, we can define new versions of the hat gluings. By implanting
the new hat gluing @ét, we have defined the new glued section

INE)(2) (T80, 5(a, 0)) = (Tygeyy @, J (@11 u(z)))

along the glued base map @étu into . The composition £ o 6(v) is a complex anti-linear
map

(1.5, (v) = (Tux@, J(u(2)))

which satisfies the identity

&I (€0 6(v)) = &f'(&) 0 b(a,v).
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Given a point (a,v,n,€&) € K™ we define the complex anti-linear map
E(Q7 Ua 777 5)(2) : (TzEQ7 .](Qv U)) — (T@g expu(n)(z)Q’ J(@ﬁt expu(n) (Z)))
at the points z € ¥, \ {not-glued nodal points} by

=(a, v,n,€)(2) = T[®L exp, (n)(2), B u(z)] 0 BL(€)(2) 0 8(a, v)(2).

Definition 4.5.1. Given a good uniformizing family associated to the new gluing construc-
tion,
(a,v,1) = (Sq, j(a,v), My, Dy, &1 exp,(n))

we can associate the lifted family defined by
(a,v,7,8) = (L4, (@, v), My, Do, &} exp,, (1), E(a, v, 1, €))
where (a,v,n,§&) € K&,
Following the arguments in [22, p119-124], using these lifted families we can define a

strong polyfold bundle structure Wj;’tg’k on the set ngg’ I

The Cauchy—Riemann section
Consider the Cauchy-Riemann section 9 : Zflfm — Wf\fgk. This is defined on the
underlying sets of the polyfold Zz{:g,k and strong polyfold bundle Wﬁf% x by the equation
3,4, M, D,u] — [, j, M, D, u, 3(du+ J(u) o duo j))].

In a local sc-trivialization K' — O it has the following local expression

(a,v,m) = (a,v,7,8)
where ¢ is the unique solution of the equations

T(]' exp, n, ®4'u) - &1 0 0(a,v) = 01j(a.0) (BL' exp, 1),
ere-f=o.

To show that 9 is proper we can observe that the unperturbed solution set S(9;) with
the topology given by the stable map compactification of [26] is a compact topological space.
We can then show that this topology is equivalent to the the subspace topology induced by
the underlying topological space of the Gromov-Witten polyfold Zﬁfg’k.

To show that d; is regularizing consider the following commutative diagram of maps
defined between the underlying sets.
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ft
Wagr o Wagk

o | Da

gk iz Zags
We then only need to observe that these maps preserve the induced grading of the sc-
structures.
We can define a filled section for 9 associated to the new gluing constructions following
22, p129-130]. Moreover, we may write down a local expression for the filled section in a
region of a destabilizing ghost component of type I as an operator:

f:O—F, (a,v,m) — &
where £ is the unique solution to the equations.

D(@lf(ut + 0w +07), @l (uh u)) o &I4(6) = ds(@l(u™ + 0t u” +17))
) o B
&) - = =&l (n.n7)).

Here O is an open neighborhood of (0,0,0) in By x By x E x H3mom(RE x ST R*™) and
F = H*mom(RE x ST R?). We may check sc-smoothness of this expression associated to
the new gluing using local expressions as in Proposition §.3.1. To check that this expression
can be conjugated to an sc’-contraction germ requires mimicking the proof of [22, Proposition
4.8]

Lastly, calculation of the Fredholm index for the case of a punctured Riemann surface is
classical, the technology can be found in [29] [32].
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Chapter 5

Pulling Back Perturbations via the
kth-Marked Point Forgetting Map

We have defined a new Gromov—Witten polyfold of stable curves with constant destabiliz-
ing ghost components, on which we can consider a well-defined kth-marked point forgetting
map

ftk : Zﬁf%k — ZA797,1€_1.

In this chapter, we show how to pullback perturbations via this map. This map is sc’, and
fails to be sc! at stable curves which contain a destabilizing ghost component of type 1. As
a consequence, pulling back perturbations is not quite as automatic as in the case of the
permutation maps in Corollary , and will require a hands-on approach.

Throughout this chapter, we will assume that (A, g, k) # (0,0,2),(0,0,1),(0,0,0),(0,1.0
and (A, g,k) #(0,0,3), (0,1, 1) as these cases have already been dealt with, see Remark @
and Remark , respectively.

5.1 The kth-Marked Point Forgetting Map Redux

We require the stable curves in Zj;fg,k are of class (3, dg) at all marked points {21, ... 251},
and of class HJ . at the marked point z. In order to get a well-defined map, we will require

that the stable curves in Z4 , ;1 are of class (3,0¢) at all marked points {21, ... 251}
Definition 5.1.1. We define the kth-marked point
ftk; . ngg,k — ZA797/§_1

on the underlying sets of the GW-polyfolds as follows. Let [X, 7, M, D, u] be a stable curve;
to define ft; we distinguish three cases for the component '} which contains the kth-marked
point, z. € Cj.
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o The component Cj \ {zx} is stable, i.e.
2. g(Cy) +(M\ {z:)U|D|)e, >3 or /C wtw > 0.
k

We therefore define

ftk([zvjv M,D,U]) = [27J7M \ {Zk}7D7u]'

« The component Cj, is a destabilizing ghost component of type I. Then ftx([%, j, M, D,
ul) is give by the stable curve obtained as follows. Delete zj, delete the component Cy,
and delete the two nodal pairs. We add a new nodal pair {x,,y,} given by two points
of the former nodal pairs.

o The component C} is a destabilizing ghost component of type II. Then ft,([%, j, M,
D, u]) is give by the stable curve obtained as follows. Delete z, delete the component
Cy, and delete the nodal pair. We add a new marked point z;, given by the former
nodal point which did not lie on C}.

Theorem 5.1.2 (Pulling Back Perturbations via the kth-Marked Point Forgetting Map).
We can construct a regqular perturbation which pulls back to a reqular perturbation via the
kth-marked point forgetting map

Fti: 200 = Zagrar.

Proof. Our strategy is to use the methods of Chapter H, and attempt to pullback a suitable
perturbation. This approach is complicated by the fact that ft; is sc?, and fails to be
sc! at stable curves which contain a destabilizing ghost component of type I. This is an
unavoidable consequence of the fact that our construction of the GW-polyfolds uses as a
base the exponential Deligne-Mumford spaces, and we have shown in Proposition m that
fti: ﬂ;f,f — ﬂ;ﬁil fails to be C'! at precisely the components of type I.

We may still consider the pullback via ft; of the polyfold Fredholm problem given by
the strong polyfold bundle W 11 — Za4%-1 and the Cauchy-Riemann seciton J;, as
illustrated in the below commutative diagram.

ft;;WAvng*l WAvgakil

fﬁaJ(J l)aJ

ft
Zhgk i ZAgh

However, the pullback ft;Wy 4r—1 does not carry an sc-smooth structure. We may replace
the étale condition with an sc-étale condition (where the source and target maps are required
to be surjective local homeomorphisms) and hence we may consider ft;W4 5—1 as carrying
a topological polyfold structure.
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The strong polyfold bundle Wﬁf%k — Zﬁfg,k carries an sc-smooth structure. We observe

there is a natural sc’-homeomorphism Wﬁg,k ~ ftiWa gk—1. We may therefore consider the
pullback of a parametrized sct-multisection A" : Wy ;-1 — QT as defining a parametrized
sc®-multisection projsA’ : Wﬁ%k — Q*. This is defined identically as in Definition ;
except here the local section structures ft;st,. .., ftis’ : O, — K[1] can only be assumed
to be scl.

A multisection which is sc” is unsuitable for running a transversality argument. However,
if we are careful in our construction of the sct-multisection A we can actually ensure that
the pullback local section structures ft;si, ..., ft;s} will be sc-smooth. The main idea is the
following: in the local expressions we can pinpoint exactly where the failure of differentiability
occurs; the map between the gluing parameters (a,b) — @ *exp, b fails to be C' whenever
Q4 *exp b = 0. We can define a cutoff function 5 : By € C — [0,1] to be constant on a
small neighborhood of the gluing parameter ¢ = 0. Hence, while the expression a *eyp, b is
not C', the composition 3(a *exp b) is smooth. The construction of the sc™-multisection A
with sc-smooth pullback is made explicit in the subsequent two sections. In Section , we
examine the local expressions for ft; in the sc-coordinates of M-polyfold charts. In Section

, we make explicit the construction of the parametrized sc™-multisection A,

Following this observation, it is easy to follow the procedure of Theorem ﬂ to achieve
simultaneous transversality. In order to achieve simultaneous compactness, notice that aux-
iliary norms are only assumed to be sc’, and hence the pullback of an auxiliary norm by ft;
gives a well-defined auxiliary norm on the strong polyfold bundle Wj;'fg’ = Zflf% p- It is then
a topological exercise to show that the map ft, satisfies the topological pullback condition
@j, and hence we may apply Theorem . ]

0

5.2 Structure of the kth-Marked Point Forgetting
Map on the Perturbed Gromov—Witten Solution
Spaces

Consider the kth-marked point forgetting map ft; : ngg,k: — Zagk—1 defined in Defi-
nition . By Theorem we can construct a regular perturbation which pulls back
to a regular perturbation via ft;. Hence the kth-marked point forgetting map persists af-
ter perturbation, giving a well-defined map between compact oriented weighted branched
orbifolds,

Ttlstt @, proig) ° SH 107, pr055A) = Sagi1(D1, A).

Considered on the underlying topological spaces, this map is continuous. Considered on the
branched ep-subgroupoid structures, the associated functor

ftk:’Slj;t B rproish) Sk (0, proj5A) = Sa g i1 (95, A)
'9 ’
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is continuous at points which contain a destabilizing ghost component of type I, and smooth
at all other points. The restricted kth-marked point forgetting map ft; and its associated
functor f; are both weight preserving.

The preimage of ft; at any un-noded stable curve [%, j, M, 0, u] € Sa4r-1(d5, A) can be
identified with the Riemann surface ¥, i.e.

FtN(2, 5, M, 0,u)) ~ .

At any un-noded stable map (3,7, M, 0,u) € Sagx-1(0, A) there exists a local branching
structure (M;);e; such that any stable map in a given local branch is also un-noded. In a
neighborhood consisting of un-noded local branches, ftk has the structure of a fiber bundle
with fiber the un-noded Riemann surface 3, i.e.

ftiX(M;) ~ % x M.

By pulling back a perturbation via the map ft;, the perturbed Cauchy—Riemann section
is independent of the placement of the kth-marked point; hence given a perturbed solution
we may move the kth-marked point freely and still have a perturbed solution.

Remark 5.2.1. In [43] we will show that the expected behavior for the orientation is given as
follows. The orientation at any stable map in ft;*(M;) ~ ¥ x M; is given by the orientation
defined by the complex orientation of X and the orientation of M;.

5.3 Local Expressions for the kth-Marked Point
Forgetting Map

Having defined ft; on the underlying sets of our GW-polyfolds, we now write local
expressions for ft; in the coordinates given by the (alternative) good uniformizing families
of stable maps. Our exposition will be quite similar to the local expressions for the kth-
marked point forgetting map considered on the DM-spaces [t : ﬂg,k — ﬂg,k_l which we
have derived in Section P.5.

Let [a] = 2,7, M,D,u] € Zf‘f%k be a stable curve, and let a = (2,4, M, D, u) € Zj;fg,k
be a stable map representative. There are four cases to consider.

Suppose first that the component Cy, \ {zx} is stable, i.e.

2. g(Cy) +4(M\ {z))U|D))e, =3 or /C ww > 0.

Hence

Ste(X,5, M, D,u) = (X, j, M\ {z}, D, u).

There are now two possibilities.
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1. The component Cy, \ {z;} satisfies the DM-stability condition i.e.
2-9(C) + (M \ {z}) U [Dl)g,, = 3.
2. The component Cj, \ {zx} does not satisfy the DM-stability condition i.e.

2 9(Ci) + 8((M \ {z}) U D), < 3.

However,

/ uw¥w > 0.
Ck

Case 1—The component Cj \ {z;} is stable and satisfies the
DM-stability condition

Suppose that the component Cy \ {zx} is stable and satisfies the DM-stability condition
ie.

2-g(Ck) +8((M \{z}) U |Dl)c, = 3.

As in Section @, we may choose good data and a stabilization S for .. This determines an
alternative good uniformizing family of stable maps centered at «, given by

(a0, 2,m) = (Zq,j(a,0), (M \ {z}) U{(2)} U S)a, Do, &L exp, (1))-

We may use the same exact stabilization S for ft,(a), and (nearly) identical good data.
This determines a good uniformizing family of stable maps centered at ft,(a), given by

(@', v, 0) = (B, 5(d,0'), (MU S)y, Do, @ exp,, (1))

Note that the gluing constructions are the same, due to the absence of any destabilizing
ghost components.
Comparing the good uniformizing families of stable maps, we deduce

ft:(Za, 3 (@, 0), (M \ {z}) U{8(2)} U S)a, Do, L exp,, (1))
= (Eg/a.ﬂgla U/), (M U S)Q’? Dﬁ’? Do/ eXpu(ﬁ/))

precisely when ¢’ = a, v = v, and ¥ = 1. Hence considered as a map between the sc-
coordinates given by these good uniformizing families of stable maps, a local expression for
ftk is given by A

ftk : (Qa v, z, 77) = (Q’ U, 77)'



CHAPTER 5. PULLING BACK PERTURBATIONS VIA THE kTH-MARKED POINT
FORGETTING MAP 97

Case 2—The component Cj, \ {z;} is stable but does not satisfy the
DM-stability condition

Suppose the component Cy\ {z} is stable but does not satisfy the DM-stability condition
ie.

2-9(Cr) + 2((M \ {z}) U[D])g,, < 3.

/ uwrw > 0.
Cy,

This is nearly identical to the above case. However, note that a stabilization for « is not
necessarily a stabilization for ftx(«); the component Cj, already satisfies the DM-stability
condition (in the case of the former), but once we forget the kth-marked point, it is no
longer stable and needs to be stabilized (in the case of the latter). To address this, simply
choose a stabilization and good data for « that also gives a stabilization and good data for
ftr(a). There is no issue with choosing a stabilization and good data that adds points to a
component which already satisfies the DM-stability condition.

The process is now identical. As in Section R.3, we may choose good data and a stabi-
lization S for a. This determines an alternative good uniformizing family of stable maps
centered at «, given by

(a,v,2,1) = (Sg,(a,v), (M \ {2x}) U{d(2)} U S)g, Dy, B4 exp,, ().

We may use the same exact stabilization S for ft, (), and (nearly) identical good data.
This determines a good uniformizing family of stable maps centered at ft,(a), given by

(@', v, 0) = (B, 5(d,0'), (MU S)w, Do, @ exp,, (1))

However,

Again, the gluing constructions are the same, due to the absence of any destabilizing ghost
components.
Comparing the good uniformizing families of stable maps, we deduce

Fte(Sa 3 (a,0), (M {z4}) U{(2)} U S)a, Da, BF exp, (1))
= (Eg’7j<g/7 U/)7 (M U S)g’ﬂ DQ’? SER eXPu(U/))
precisely when ¢’ = a, v = v, and n = 1. Hence considered as a map between the sc-
coordinates given by these good uniformizing families of stable maps, a local expression for
ft; is given by A
fti s (a,v,2,m) — (a,v,n).

Case 3—The component ()} is a destabilizing ghost component of
type 1

Suppose the stable map o = (X, 5, {z1, ..., 2k}, D, u) has a destabilizing ghost component
of type I. Hence the component C} contains the marked point z;, and there exist two nodal
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pairs {Z4,y.} and {zy,yp} such that y,,x, € Cy. Then fti(«) is given by the stable map
determined from the following procedure. We delete z;, delete the component Cy, and delete
the two nodal pairs. We add a new nodal pair {x,,y,} given by two points of the former
nodal pairs.

For simplicity, let us assume that {z,,v,} and {z;,y,} are the only nodal pairs on
(2,4, M, D] and hence {x.,y.} is the only nodal pair on ftx([%, 7, M, D]). We make this
assumption entirely on the basis of notational convenience and clarity. The general case
easily follows from this description. Hence we assume o = (X, j, M, {{Za,Ya}, {Zs, U} }, u)
and that ft,(a) = (X\ Ck,j, M\ {z1}, {{ze, ye}}, w).

There is a unique biholomorphism between Cy \ {ya, 23} and R x S! which sends the
marked point z; to the point (0,0), the puncture y, to —oo, and the puncture z;, to +00.
We may choose the small disk structure at y, such that there is a biholomorphism between
Dy, \ {ya} and R~ x S' C R x S'. Likewise, we choose the small disk structure at z, such
that there is a biholomorphism between D,, \ {z;} and R™ x S' C R x S'.

Let (a,b,v,m) — (Zap, j(a,b,v), (MUS)ap, {{Ta,Ya}, {Tt: Yo} }arps @ifb exp,(n)) be a good
uniformizing family of stable maps centered at (X, j, M, {{Za, o}, {®s, up},w). Explicitly,
this family is given by the following.

The glued Riemann surface ¥, is given by

Yap =\ (D, UCLUD,,)) U Z, U Z,.
o The good complex deformation is given by

ia,b.v) = ](’U) on X\ (D,, UC,UD,,)
) on Z, U Zy.

o The marked points zi, ..., zx—1 € M,y are given by the former marked points {z1, ...,
21} C X\ (D, UC, U D,,). The marked point 2z, € M, is given by

(0,0) e R x S* when a =0and b =0
o = (o(1a),04) € Zq when a # 0 and b = 0
(0,0) € Zy when a =0 and b # 0
(p(r4),04) € Z,(equivalently, (0,0) € Z,) when a # 0 and b # 0.

« The set of nodal pairs {{Za, Yo}, {Zp, U }ap is given by

Hza, v}, {xp, vt} whena=0and b=0
{{zp, v} } when a # 0 and b =0
H{za,va}} when a =0 and b # 0
0 when a # 0 and b # 0.

{{xaa ya}: {Ibv yb}}a,b =
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e The map @gfb exp,(n) : Xqp — Q defined by the new gluing construction is given
by
ex on X\ (D, UC,UD
69CLftb eXpu(n> _ Eu(ﬁ) \ ( a k yb)
’ Do pexp,(n) on Z, U Zy

Let (c,v',n') = ((£\ Ck)c’j(fa V), (M \ {z})e U Se, {{ze, Ye} te, Deexp, (1)) be a good
uniformizing family centered at ft,(a) = (X \ Ck, 7, M \ {21}, {{zc, y.}}, v). Explicitly, this
family is given by the following.

o The glued Riemann surface (X \ C%). is given by

(S\C)e = (S\ (D, UCLUD,)) U Z,

« The good complex deformation is the same as above on ¥\ (D,, U Cy U D, ), and is

given by
1 on Z,
o The marked points 21,..., 2,1 € M, are given by the former marked points {z1,...,

Zk—l} cX \ (DIC LJ Ck LJ Dyc).
o The set of nodal pairs {{z., y.}}. is given by {{z., y.}} when ¢ = 0 and () when ¢ # 0.
o The map @.exp, (1) : Xop — @ is given by

exp, (1 on X\ (D, UC,UD,,
@c eXpu(n/> — ( ) / \ ( Y )
@cexp,(n') on Z.

We now compare the good uniformizing families of stable maps, and deduce

ftk<2a,b7 j(aa b> U), Ma,b U Sa,ba {{xaa ya}a {xba yb}}a,ba GBZ;tb eXpu<77))
= (Zé,j(C, Ul)a (M \ {Zk})c U Sa {xca yc}m De eXPu(U/))

recisely when v' = v and when ¢ = a %, b, as can be seen from the DM case in Section
. We claim that 7" = . To see this, observe that Z, U Z, are Z,,,, biholomorphic. By
the construction of the new gluing, we may also observe that the interpolations for the new
gluing at the double parameter (a,b) and the gluing for the single parameter a %, b are the
same. Explicitly, for a pair of reference curves (v, u™) with u* : R* x S — R?" we have

@gfb(U+7 U_) = 69a’"epr(q’t—"_’ u_)7
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considered as maps Z, LI Z, — R?". For a pair of vector fields (h*, h™) along these reference
curves given by h* : R* x S — R?" we also have

®£fb<h+’ h_) = 69a"‘ex}')b(l’L—"—7 h_)J
eg,tb(h—i_? h_) = @a*epr(h+7 h_)
It therefore follows that ' = n uniquely solves the equations
Dty XDy (1) = Bareny XD, (17),

eg,tb eXpu (77) = 07 @a*epr eXpu(UI) = 0
Therefore, considered as a map between the sc-coordinates given by these good uniformiz-
ing families of stable maps, a local expression for ft, is given by

A~

fte: (a,b,0,m) — (@ *exp b,v,m).

Case 4—The component C} is a destabilizing ghost component of
type 11

Suppose the stable map o = (X, 5, {z1, ..., zx }, D, u) has a destabilizing ghost component
of type II. Hence the component C} contains the marked point z; together with another
marked point z;, and there exist a nodal pairs {z,,y,} such that y, € Cy. Then ft;(a)
is given by the stable map determined from the following procedure. We delete z;, delete
the component C%, and delete the nodal pair. We add a new marked point z;, given by the
former nodal point which did not lie on Cy, i.e. {z,}.

Once again, for simplicity, let us assume that {z,, y,} is the only nodal pair on (X, j, M, D)
and hence ft(3, 7, M, D,u) contains no nodal pairs. We make this assumption entirely on
the basis of notational convenience and clarity. The general case easily follows from this
description. Hence we assume a = (X, j, M, {{z4,va}},u) and that fty(a) = (X\ Ck,j, M\
{Zk}, Q), u) .

There is a unique biholomorphism between Cj,\ {y,, 2;} and R xS which sends the marked
point z to the point (0,0), the puncture y, to —oo, and the puncture at the marked point z;
to +00. We may choose the small disk structure at g, such that there is a biholomorphism
between Dy, \ {y,} and R~ x ST C R x S*.

Let (a,v,m) = (34, j(a,v), My U S, {{Za, Ya} }a, B exp,(n) be a good uniformizing fam-
ily centered at (X, 5, M, {{x4,ya}},u). Explicitly, this family is given by the following.

e The glued Riemann surface >, is given by
Yo = (Z\ (D,, UCY)) U (RY x SN LU {+00}.
o The good complex deformation is given by

. o j(”) Onz\(Dxal—le)
ila,v) = {z on Rt x St



CHAPTER 5. PULLING BACK PERTURBATIONS VIA THE kTH-MARKED POINT

FORGETTING MAP 101
o The marked points z1,...,2;, ..., 2,1 € M, (with z; omitted) are given by the former
marked points {z1,...,2;,...,2k-1} C 2\ (Dy, U Ck). The marked point z, € M, is
given by
(0,00 eR x S! when a =0
" (o(r4),0,) € RT x S when a # 0.

Meanwhile, the marked point z; € M, is given by the point {+o0}
o The set of nodal pairs {{z4, ¥s}}a is given by {{z4, ¥, }} when a = 0 and () when a # 0.
o The map ®/'exp,(n) : By — Q defined by the new gluing construction is given
by

2\ (Dy, U
IS X0 S\,
®ftexp, (n)(= exp,(n), by definition) on RT x S?

Let (v/,n) — (2 \ Ck, j("), (M \ {z}) U S, 0, exp,(n')) be a good uniformizing family
centered at ft, (X, 7, M, {{za,va}},u) = (X\ Ck,j, M \ {zx},0,u). Explicitly, this family is
given by the following.

o The Riemann surface is ¥ \ Cx. We may identify the neighborhoods D,, \ {z} ~
D,, \ {z:} =~ R x S%; this sends the marked point z; to +o0.

e The good complex deformation can be taken the same as above, i.e.
, j') onX\ D,
j') = .( ) +\ .
1 on RT x §
using the identification of D, \ {z;} with Rt x S

o The marked points are given by 24, ..., 2;, ..., 2,1 € M, and as mentioned, the marked
point z; is be identified with the former nodal point x,.

o The set of nodal pairs is the empty set.
e The map exp, (1) : £\ Cr — Q.

Comparing the good uniformizing families of stable maps, we see

fti(Zarj(a,0), Mo U Sa, {20, Y} ar 1 exp,(n) = (E\ Cr i(0), (M\ {21}) U S, B, exp, (1)

precisely when v' = v and 1’ = . Therefore, considered as a map between the sc-coordinates
given by these good uniformizing families of stable maps, a local expression for ftk is given
by .

ftk : (aﬂ]ﬂ]) = (Uﬂ?)'
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5.4 Pulling Back Perturbations via the kth-Marked
Point Forgetting Map

We now give an explicit construction of an sct-multisection A" : Wy 51 — QT such
that the pullback sc™-multisection proj3A’ : Wffw — QT (which,_a priori, is only sc®) can
be checked to be sc-smooth, as required in the proof of Theorem .

Pulling Back an sc-Smooth Bump Function via an sc’-Map

A crucial ingredient in the construction of an sc™-multisection are the sc-smooth bump
functions. We begin by recalling the discussion from [18, p174]. Given an sc-Hilbert space
H with associated norm |-||, the map z — ||z||” is sc-smooth. Then, choosing a smooth
function 8 : R — [0, 1] with compact support and 5(0) = 1, the function B(Hx||2), r € H
defines an sc-smooth bump function.

We construct an sc-smooth bump function at a point [, j, M, D,u] € Z4 451 according
to the following procedure. Let (a,v,n) — (X4, j(a,v), (M U S),, D,, @4 exp,(n) be a good
uniformizing family of stable maps centered at the stable map representative (3, j, M, D, u) €
Zagk—1- The sc-coordinates (a, v, n) lie in the sc-retract O which is a subset of the sc-Banach
space (B%)ﬂD x E x Hf}’go (uw'TQ).

Choose a smooth cutoff function 5 : R — [0, 1] such that supp 5 C (—1,1) and § =1 on
a small neighborhood of 0 € R. For € > 0 we define g, : O — [0, 1] by

Be: (a,v,1m) = (H ﬁ(ilaIQ)) Bl - BC )

aca

This is an sc-smooth bump function with support contained in an arbitrarily small neigh-
borhood of (0,0,0) € O (recalling that O is equipped with the subspace topology induced
from the sc-Banach space (B1)*” x E x H2P (wTQ)).

Then the pullback of this sc-smooth bump function via the sc® map ftk (considered
as a local expression on local M-polyfold models) is sc-smooth. We see this explicitly by
considering the above four possible cases for the local form of ftk. The crucial observation
from these local expressions is the fact that while the function @ #ey, b is not C*, the pullback
term [ (%|a *exp 0[?) is smooth, by our requirement that 8 = 1 on a small neighborhood of
0eR.

Construction of the Perturbation

We now construct the parametrized sc™-multisection A’ for the strong polyfold bundle
Wag k-1 =+ Zagk-1. The construction follows the same exact procedure as in [18, Theorem
15.4].
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Local Construction: Let [a] = [X,j,M,D,u] € Z4,4,-1 be a stable curve, and let
a = (X,5,M,D,u) be a stable map representative. Let O, be an M-polyfold chart centered
at «, and invariant under the induced action by G(«). Thus we have good uniformizing
family
(a,v,m) = (Bg,j(@,v), Mo, Dy, ©g exp, (1)), (a,v,7m) € O,

and let K — O, be a local strong bundle model, with sc-coordinates given by (a,v,7,§).

Choose vectors wy, ..., wy such that wy, ..., wy, together with the linearization of 0; at a
together span H>% (¥, A% ®@; uw*TQ). Let 3 : O, — [0,1] be the sc-smooth bump function
constructed above.

Define a parametrized sct-section O, — K, with parameters ¢t € R¥ by

St : Oa — K7 (Q>Ua77) — (Q>U77776(Q7 U?U) ’ (Zi’ﬂ:ltipg(wi»)’

where p, is the strong bundle projection defined using the hat gluings, see [18, p117] and
[22, p65-67]. Using the natural action of isotropy group G(«), we can define a collection of
scT-sections {Sg}geg(a), each with weight m, which together give a local section structure
for a well-defined sc*-multisection A : Wy ;-1 — Q.

By our construction, the pullback sct-multisection projzA’ : Wf;fg’k — QT is sc-smooth.
First, the pullbacks via ft; of the sc-smooth bump functions will be sc-smooth. Second, the
pullback terms p,(w;) are sc-smooth given that the hat gluing constructions are identical for
Wf‘fg,k and Wy gr—1.

Local to Global: Taking a finite sum of sc™-multisections as constructed above gives
the desired perturbation, A’ := ®A'. We can use the approach of Theorem @ to achieve
simultaneous transversality. By requiring that the locally constructed \' satisfy No[A] < 1
and dom-supp(\') C U, we can ensure the sum A’ is controlled by a pair (N,Us) for
parameters t € B, C R!. The fact that projj3A’ is controlled by a pair now follows from
% rem B.1.3 and the fact that ft, satisfies the topological pullback condition of Definition

1.2
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Chapter 6

Naturality of the Polyfold
Gromov—Witten Invariants

Small modifications to the construction of a polyfold yield invariants which, a priori,
we can not assume are equivalent. In this chapter we give a framework for proving sta-
bility of polyfold invariants under modifications to the polyfold construction. We use this
to establish equality of the Gromov-Witten invariants defined by the polyfold of stable
curves with constant destabilizing ghost components Z,éfg,k; constructed in Chapter W, and
the polyfold Z}WZ constructed in [22] (Theorem ) We also use it to establish equal-
ity of the Gromov-Witten invariants associated to polyfolds which have different choices of
punctures at the marked points (Theorem ) Finally, we use this to establish equality
of the Gromov-Witten invariants for polyfolds constructed with different strictly increasing
sequences (d;);>0 C (0,27) (Theorem 6.1.4).

6.1 Gromov—Witten Polyfold Variations

We begin by introducing three pairs of GW-polyfolds, each with a slight modification to
the polyfold construction.

Polyfold of Stable Curves with Constant Destabilizing Ghost
Components and Polyfold as Constructed in [22]

In Chapter @ we have constructed a new polyfold Zifg,k of stable curves with constant
destabilizing ghost components. We would like to compare the GW-invariants defined by
this new polyfold with the GW-invariants defined by the GW-polyfold ZEXX,% as constructed
in [22].

Theorem 6.1.1. The polyfold Gromov—Witten invariants associated to the new polyfold
Zﬁfg’k and the Gromov-Witten invariants associated to the polyfold Zj{g‘f,f constructed in
[22] are equal.
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To begin, consider the inclusion map

HWZ

t
zZit s Z o

195k
where we require all stable map representatives are of class (3,dy) at the marked points
21, ..., zx—1 for both polyfolds. The sequence of points in Z,4 4 defined in Proposition m
can be used to show that the above inclusion map is not proper, considered as a continuous
map on the underlying topological spaces of the polyfolds. Furthermore, the pullback strong
polyfold bundle is not the same as the new strong polyfold bundle on Zﬁg,k- Hence, the
methods of pulling back perturbations used to construct compatible perturbations in Chapter
do not apply.

Gromov—Witten Polyfolds and Punctures at the Marked Points

As elaborated in Remark , situations naturally arise where we need to require that
the stable curves of the GW-polyfold satisfy exponential decay estimates on neighborhoods
of punctures at some fixed subset of the marked points. These situations include the GW-
polyfolds considered in the previous subsection, as well as the GW-polyfolds used to define
the joining and self-joining maps.

Theorem 6.1.2. The Gromov—-Witten invariants defined by the Gromov—Witten polyfolds
do not depend on the choices of punctures at the marked points.

Consider a GW-polyfold Z), , where we require all stable map representatives are of
class H3% at the marked points z; for all i € {iy,...,i;} C {1,...,k} and of class HJ_ at
the remaining marked points.

Additionally, consider the GW-polyfold Z4 , [H?NH?%] where we require all stable map
representatives are of class H>% and of class H_ at all the marked points. For any such

loc
GW-polyfolds we can consider the inclusion map

Zagr[H? N H) — Z) ok

There exist sequences of maps which converge in H{_ but do not converge in H*%. Conse-
quently, in general the above inclusion map is not proper. Furthermore, the pullback strong
polyfold bundle is not the same as the standard strong polyfold bundle on Z4 ,;[H? N H?%].
Once more, the methods of pulling back perturbations used to construct compatible pertur-
bations in Chapter a do not apply.

The Gromov—Witten Polyfolds with Sequences (4;)

At the beginning of the construction of the GW-polyfolds, one chooses a strictly increas-
ing sequence (6;);>0 C (0,2m), i.e.

0<(50<51<"'<27T.
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This sequence is used to define sc-Banach spaces which are then used to define the M-polyfold
models of the GW-polyfold Zi’f;?k (see Section 2.4 of [22]). The following result implies this
is one of the few choices which might lead to GW-polyfolds which are not Morita-equivalent.

Theorem 6.1.3. /22, Theorem 3.37] Having fixed the exponential gluing profile and a strictly
increasing sequence (0;);>0 C (0,2m), the underlying topological space Zi’fsg‘)’k POSSESSES
natural equivalence class of polyfold structures.

The construction of a polyfold structure requires choices, such as the choice of a cut-off
function in the gluing constructions, choices of good uniformizing families of stable maps,
choice of a locally finite refinement of a cover of M-polyfold charts, as well as the exponential
gluing profile and the choice of the strictly increasing sequence (6;);>0 C (0,27). The above
theorem states that, having fixed the exponential gluing profile and a strictly increasing
sequence (d;);>0 C (0, 27), different choices lead to Morita-equivalent polyfold structures.

We will further extend this theorem with the following result.

Theorem 6.1.4. [Naturality of the Polyfold Gromov-Witten Invariants] The Gromov—
Witten invariants defined by the Gromov—Wilten polyfolds do not depend on the choice
of an increasing sequence (9;);>0 C (0,27).

Given two sequences (d;) C (0,27) and (0;) C (0,27) we can always find a third sequence
(67) C (0,27) which satisfies
6 <07, 5, < 0f
for all i. The GW-polyfold associated to the sequence (/) can be seen to give a refinement
of the GW-polyfolds associated to (d;) and (0}), in the sense that there are inclusion maps

3,4, 3,84 3,80
ZA,g,k = ZA,g,k - ZA,g,k'
It is therefore sufficient to consider inclusion maps of the form
3,9(, 3,00
ZA,g,k = ZA,g,k

with 6; < ¢; for all ¢ and demonstrate that the associated GW-invariants are equal. Note that
if 69 < ¢&f this inclusion map is not proper; to see this, exploit the difference in exponential
weights. Furthermore, the pullback strong polyfold bundle is not the same as the standard
strong polyfold bundle on Zi’f;‘%k. So once again, the methods of pulling back perturbations
used to construct compatible perturbations in Chapter B do not apply.

6.2 Equality of Polyfold Gromov—Witten Invariants

We have given three different inclusion maps between three different sets of GW-polyfolds,
each with some slight modification to the polyfold construction. We can consider the follow-
ing three commutative diagrams of maps between polyfolds.
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GW-Polyfold of Constant Destabilizing Ghost Components and HWZ GW-
Polyfold:

It HWZ
WA?.gvk tw WA,Q,]C
ST

GW-Polyfolds and Punctures at the Marked Points:

WagklH? O H>®] ——n W)

ol [Jo

ZagiHP NH>] ——— Z) |

GW-Polyfolds with Different Strictly Increasing Sequences (;);>o:

2,8/

WAvgJC w WA’vgJC
G _
02
3:56 3,00
ZAvg7k Lz ZAvg7k

In each of these cases, we have sc-smooth proper Fredholm sections of the same index, 0,
and J,, and we have sc-smooth inclusion maps between polyfolds ¢,y and ¢z. The associated
functors between polyfold structures iz are fully faithful, and are also injections on both
the object and the morphism sets. Likewise the associated functors between polyfold strong
bundle structures iy are also fully faithful, are an injection on both the object and the
morphism sets, and moreover are bundle maps (i.e. restrict to a linear map on the fibers).
Finally, in each case S(9;) C Im(cz).

It cannot be overstated that the differences between each set of GW-polyfolds are subtle;
despite this, there are enough similarities in the setups that for the time being we may
consider a single, general setup described as follows. Consider a commutative diagram of
polyfolds as follows.

Wi TWQ

L

ZlT)ZQ

Suppose W) — Z; is a strong polyfold bundle. (Later we will further specify that Z; is one of
the three polyfolds considered above, i.e. 2§, ., Za,[H*NH>%], or Zj’f;o’k. Likewise, we will
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further specify that W; is one of the three strong polyfold bundles Wﬁf%k, WA%k[HQ"SO NH?,
or Wj’fgg{k.)

Suppose Wy, — Z5 is a strong polyfold bundle. (Later we will further specify that 25 is
one of the three polyfolds considered above, i.e. ZYWZ 24 or Z3%,. Likewise we will
further specity that WV, is one of the three strong polyfold bundles WE};\{%, Wi g k> OF Wi’f;‘j k)

We thus have strong polyfold bundles W; — Z; and W, — Z,. Suppose that d; and 0,
are sc-smooth proper Fredholm sections of the same index, and suppose we have sc-smooth
inclusion maps between polyfolds ¢y : Wi — Wsh and 1z : Z; — Z,. Suppose that the
associated functor between polyfold structures iz : (Z1, Z1) < (Zo, Z5) is fully faithful, and
is also an injection on both the object and the morphism sets. Suppose that the associated
functor between polyfold strong bundle structures iy, : (Wi, Wy) — (Ws, Ws) is also fully
faithful, is an injection on both the object and the morphism sets, and moreover is a bundle
map (i.e. restricts to a linear map on the fibers). Finally, suppose that S(9;) C Im(vz).

It follows from commutativity that ¢z restricts to a continuous bijection between the
unperturbed solution sets i.e. tz|g,) : S(01) — S(92). In fact, this map is a homeomorphism

as can be shown from some point-set topology, noting that S(9;) is compact and S(0,) is
Hausdorff (see [35, Remark 3.1.15]).

Perturbations which Restrict

While we cannot pullback perturbations, in concrete examples we may be able to con-
struct perturbations which have well-behaved restrictions. We highlight the conditions we
would like such a pair of parametrized sct-multisections to possess by introducing the fol-
lowing definition.

Definition 6.2.1. We say the parametrized sct-multisection AL : Wy, — QT is a regu-
lar perturbation with a compatible restriction if there exists a parametrized sc*-
multisection A} : W, — Q% with common parameters t € B! C R! such that the following
conditions are satisfied.

Restriction condition: We require that the following diagram of maps between poly-
folds commutes.

Q-l—
Al 6.1
// (6.1
Wi ——= Wa

We require the following diagram between local section structures commutes for every 1 <
i < k, and we require that the weights are equal, o; = o..

K|~ K,

Y @ A D (6.2)

0, —2- 0,
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Here [z] € Z; maps to [y] := tz([z]) € 25, and we have local section structures at [z] and
[y] given by the following data:

 a local sc-trivialization K; — O, at a representative x, and parametrized local sections
(st) with weights o; for i € I,

« alocal sc-trivialization Ky — O, at a representative y and parametrized local sections
(s!) with weights of for i € I.

Transversality condition:
o (01,AY) is a transversal pair for the strong polyfold bundle B! x W, — B! x Z,
o (0y,AY) is a transversal pair for the strong polyfold bundle B! x W, — B! x Z,

Compactness condition: We require that A} is controlled by a pair (Na,Us) which
controls the compactness of 0s, i.e.

« Np[A)] <1
o dom-supp(AL) C Us.
Anti push off condition: We require that for every t, € B!,
S(09, AY) C 12(Z2y). (6.3)
Proposition 6.2.2. Consider the three inclusion maps outlined in Section ,
o 2y o ZHNE

d ZA,g,k[Hg N H3750] - Zz/‘l,g»k’

There exist reqular perturbations with compatible restrictions for these maps.

We prove this proposition in Section @ Given a pair of such perturbations, the transver-
sality condition implies we can find a common regular value ¢, € B! /25 and hence by Theorem

the perturbed solution sets S(9;, A?) and S(0,, AY) will have the structure of weighted
branched orbifolds. By the commutativity of the diagram, we can also conclude that there
is a well-defined continuous map between the perturbed solution sets,

lz . S(gl,Aio) — 8(52,/\50).

By the compactness condition, we know that S(9,, AY) C Z, is compact.
Observe the following:

o dom-supp(AY) = 15 (dom—supp(Ag’))
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o the topology on Z; will in general be strictly finer than the subspace topology of the
embedded image tz(Z2;) C Z,.

It follows from these two observations that for an arbitrary open neighborhood 51_1(0) C
U, C Z;, we cannot expect dom-supp(A}’) C U;. Hence we cannot in general expect that Al
will be controlled by a pair. And moreover, we cannot assume that S(d;, AY) is compact.

Proposition 6.2.3 (Branched Suborbifolds and Invariance of Domain). The restriction of
the inclusion map to the perturbed solution sets

Lz S(gl,Atlo) — S(EQ,AtQO)

is a homeomorphism between the underlying topological spaces. Moreover, the associated
functor

Iz : 5(51,]\?> — 5(52,[\30)
considered as a continuous map on object and morphism sets, is a homeomorphism onto its
image. Furthermore, (@) implies the inclusion map is weight preserving, i.e. (A 00y)o1z =
A 09 and ([\go 00y)0lz = /Atho 00.

We prove this proposition in Section @ By Theorem the transversality condition
implies that the thickened solution sets given by

» S0, A5t € BY) = {(t[2]) € Bl x 21 [ Aj(0u([2])) > 0} € By x 2y,
e S5, M5t € BY) = {(t,[2]) € Bl x 25 | Ab(Da([2])) > 0} C B! x 2.

will also have the structure of weighted branched orbifolds. The compactness condition
implies that the set

S(0, Ayt € cl(Bepp)) = {(t, [2]) € cl(Bl) x 22 | A3(2([2])) > 0}

is compact. And by the commutativity of the diagram, we can also conclude that there is a
well-defined continuous map between the thickened solution sets,

idx1z:S@, ALt e BY < S@ ALt € BY), (4 [2]) = (¢ 2(2]).

Proposition 6.2.4 (Thickened Solutions Sets and Invariance of Domain). The restriction
of the inclusion map to the thickened solution sets

id x 1z : S(01,AL;t € BY) — S(9y, Ab;t € B, (t,[2]) — (t,e2([2]))
is a homeomorphism between the underlying topological spaces. The associated functor
idx iz: 80, At € BYY = S, At € BY),  (t,2) = (t,i2(2))

considered as a continuous map on object and morphism sets, is a homeomorphism onto its
1mage.
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We prove this proposition in Section @ Since S(0,, AY) is compact, we may use Lemma
to conclude that S(9;, AY°) is also compact, and therefore has the structure of a compact
weighted branched suborbifold. We may now use Definition [7.2.1 to get a well-defined
branched integral

[
(8(81,A10),A19081)
for a given sc-smooth differential form w € Q* (2).

Furthermore, the above Proposition implies the inclusion map between the per-
turbed solution sets satisfies the necessary hypothesis for the change of variable theorem
, and therefore for a given sc-smooth differential form w € QF_(2;) we have

/ _ _w= | _ W,
(5(92,A%0),A%0005) (5(1,A10),A1900)

However, we cannot assume that the perturbation A} is a regular perturbation (see
Definition ) This is problematic since Proposition B.4.11 only implies the existence of
a compact cobordism between the perturbed solution spaces of two perturbations which are

both assumed to be regular perturbations.

Figure 6.1: Compact Cobordism Between Regular Perturbations

A At
0 = 1

Fredholm Multisections

In order to strengthen the results of Proposition , and therefore obtain a compact
cobordism between the perturbed solution spaces of the perturbation AP and a regular
perturbation, we introduce in this subsection the notion of a Fredholm multisection.
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Definition 6.2.5. Let W — Z be a strong polyfold bundle. We define an sc-smooth
proper Fredholm multisection as a pair (0,A) consisting of an sc-smooth Fredholm
section 0 : Z — W and an sc™-multisection A : W — QT such that the solution set

S@A) ={]€Z|A0d(z]) >0} C 2
is a compact set.

As it turns out Fredholm multisections carry the full strength of the abstract perturba-
tion theory which we recalled in Chapter . In particular, we have the following analog of
Proposition .

Proposition 6.2.6. Let W — Z be a strong polyfold bundle, let & be an sc-smooth proper
Fredholm section. N
Let [0,1] x W — [0,1] x Z be a strong polyfold bundle, and let (0, ) be an sc-smooth

Fredholm multisection, consisting of the sc-smooth Fredholm section 0 defined by (s, [2]) —
(5,0([2])) and an sct-multisection A : [0,1] x W — Q.
Suppose that (0, \) is proper, i.e.

S0, A) = {(s,[z]) € [0,1] x Z | A(s,8([z])) > 0}

is a compact subset of the underlying topological space [0,1] x Z. .
Then there exists a pair (N,U) which controls the compactness of (0,A). Furthermore,

there exists a reqular perturbation I of (0, ) with respect to the pair (N,U), i.e. there exists
an sct-multisection T : [0,1] x W — QT which satisfies the following:

. (57/\ @ ') is a transversal pair of the strong polyfold bundle [0,1] x W — [0,1] x Z,
e N[ <1 and dom-supp(T') CU.

Consider the strong polyfold bundle [0, 1] x Wy — [0, 1] x Z1, and consider the sc-smooth

Fredholm section d; defined by (s, [2]) = (s,0:([2])). We can consider an sc™-multisection
A§* 0 [0,1] x Wy — QY defined by (s, [w]) = Aj™([w]). Notice that we can identify the
restriction A7 |(1}xw, with the sct multisection AY.

Consider the solution set

S0, A1) = {(s,[2]) € [0,1] x 21 | A7 (01 ([2])) > 0}.
By Proposition , the thickened solution sets S(9;, Al;t € B') and S(0y, AL;t € Bl) are
homeomorphic, which implies that the subset S(d;, Al;t € cl(B' /2)) is homeomorphic to the
compact set S(Dq, Ab;t € cl(B! /2))- Hence the solution set S (0, Aj™) is compact.

We can now interpret the pair (91, A]") as an sc-smooth Fredholm multisection of the
strong polyfold bundle [0,1] x Wy — [0,1] x Z;. By the observation that the solution set

S(0, Aj"™) is compact, this Fredholm multisection is proper.
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Proposition 6.2.7. Consider the strong polyfold bundle W, — 2y, and consider the sc-
smooth proper Fredholm section 01. Consider the strong polyfold bundle [0,1] x W; —
[0,1] x 24, and consider the sc-smooth proper Fredholm multisection (51, A5,

There exists a pair (N,U), consisting of an auziliary norm N for [0,1] x W and a
neighborhood U C [0,1] x 21 of the solution set S(0,A;™), which controls the compactness

of (01, A7), such that the following holds.
The pair (No,Uy) controls the compactness of 9y, where

e Ny is given by the restriction of N to {0} x W,
e Uy=UN ({0} x Z).

Moreover, there exists a reqular perturbation I' of (51, A5™) with respect to the pair (N,U)
such that

e the restriction I'|io1xw, can be identified with a regular perturbation I'y of 01 with
respect to the pair (No,U),

e in a neighborhood of {1} x Z1, the reqular perturbation T' may be chosen so that it is
the O perturbation.

Proof. Consider the inclusion map
{0} xid : Z; — [0,1] x 24, [z] — (0, [2]).

Observe that this map satisfies the topological pullback condition . We may identify the
strong polyfold bundle W, and the pullback strong polyfold bundle ({0} x id)*([0, 1] x W}).
We may also identify the sc-smooth proper Fredholm section 01 with the pullback section
({0} xid)*(01, Aj™). We may consider the following commutative diagram of maps between
polyfolds.

W1 M [O, 1] X W1

o @ D (@1,A770)

24 s 0,1] x 2,

Then the existence of the pair (N,U) follows from Theorem and the fact that
{0} x id satisfies the topological pullback condition B.1.2. The auxiliary norm Ny is given
by the pullback ({0} x id)* N, while Uy = ({0} x id)~*(U). i

Furthermore, we may construct the desired regular perturbation T' of (91, A]™) with
respect to the pair (N,U) using the reasoning of Theorem B.1.1. We do not need to perturb
in a neighborhood of {1} x Z;, as by assumption (9, Al) is a transversal pair. O

All the pieces are now in place.
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Theorem 6.2.8 (Proof of Theorems b.l.]J, ki.ld, bléll) Consider the GW-invariants of
Definition . The GW-invariants associated to each of the pairs of GW-polyfolds we
have described are equal, i.e.

ng,g,k[zﬁfg,kKal? ceey Qg 5) = ng,g,k[zfl{lgﬁ,/kZKal? sy Qg 6)7

GYI/Vg,g,k:[Z’Z’A,Q,k’[[{:3 N H3,6o]](a1’ ey Ok B) - ng,g,k[zg,g,k](ah sy Qg 5))

3,0,
ng,g,k[ZA,gO,k](ah ceey Ol 5) = Gw/gy,k[zi(sgo,k](alv ceey QU B)

where o, ..., 04 € H(Q;R), and € H*(MZZ;R). (Here we use “GWg’g,k[Z] " to denote
the GW-invariant considered with respect to a specific GW-polyfold Z.)

Proof. Suppose that the inclusion map between polyfolds 1z : Z; < Z, is given by one of
the pairs of GW-polyfolds we described at the start, i.e.

ft HWZ
* ZUgk T ZA,g,k’

. ZAg,k[Hg N H3’60] — leé\,g,k’

3,80 3,00
* Zhgk T LAk

Then we have a commutative diagram of polyfolds

Qk % Mlog

g,k

Hi?:levixw (64)
ervg xm!

ZlT)ZQ

as described in Section @, where we consider the orbifold Q¥ x ﬂ;i as a finite-dimensional
polyfold.

We now review the argument up to this point. Consider the following commutative
diagram of polyfolds, which moreover satisfy the hypothesis outlined at the start of this
section.

Wi TWQ

L

ZIT)ZQ

By Proposition , there exists two parametrized sc*-multisections A¢ : W, — QT and
AL - W, — Q7 which are transversally compatible perturbations, as described in Definition
0.2 l
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Let ty € B! /2 be a common regular value of the two transversally compatible perturba-
tions. Then Proposition ‘ implies that restriction of the inclusion map to the perturbed
solution sets

Lz S(gl,AiO) — 8(52,/\;0)

is a homeomorphism between compact weighted branched suborbifolds, and moreover satis-
fies the hypothesis of the change of variables theorem 7.2.5. Therefore for a given sc-smooth
differential form w € QF (Z5) we have

W= Law. 6.5
/(5(62,/\;0),/\’;0082) (5(01,A10),A1900,) z (65)

Finally, Proposition together with Stokes’ theorem implies that there exists a
regular perturbation I'y : W; — Q7 such that

VoW = 5w, 6.6
/(S(al,A?),AiOoal) z /(5(81,1‘0),1‘0081) z (6.6)

Hence considering the GW-invariants as branched integrals via Definition , we con-
clude

k
GWg,g,k[ZQ](ah s B) = /(3(82,/\’;0),1\;00@2) Z/:\1 ev;"PD(c;) A m *PD()

_ A exiPD(a) £ 7 PD(5)

ES

L
— — Z
(8(01,A10),A%000) (z:1

/\ ev;-*PD(ozi) A W/*PD(6)>

_ _ Uz
(8(91,10),I'0001) i=1
k

=/ _/\ ev;PD(a;) A 7" PD(B)
(8(91,10),F00d1) ;1

= ng7g7k[zl](aly e O B)

where in the second equality we used (@), in the third equality we used ), and in the
fourth equality we used t5ev* = ev? and ti7* = 7 by commutativity of ([.4) ]

6.3 Existence of Perturbations which Restrict

In this section we prove Proposition .

Local Surjectivity of the Linearized Cauchy—Riemann Operator

We begin with some basic facts about the standard, linear Cauchy—Riemann operator.
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Proposition 6.3.1. /22, Proposition 4.15] Let H>% (Rx S, R?") be the usual sc-Hilbert space
with antipodal asymptotic constants, where the level m is given by reqularity (m+3,6,,). Let
J(0) be a constant almost complex structure on R*". The Cauchy-Riemann operator

Os + J(0)0, : H>™(R x S*",R*™) — H**(R x S* R*")
is an sc-isomorphism.

This expression might look familiar, it gives the filled version of the Cauchy—Riemann
operator, (see [22, p129-130]). We have a similar result for disks.

Proposition 6.3.2. Let H} (D,R?*") be an sc-Hilbert space. Let J(0) be a constant almost

loc
complex structure on R?**. The Cauchy-Riemann operator

s + J(0)0 Hijc(]D),RQ”) — Hfoc(]D), R2”)
18 surjective.

Proof. This follows from [32, Exercise B.3.3], where solutions can be constructed using the
existence of solutions to the Laplacian. We recall the argument therein for the convenience
of the reader. Identify (R?*", J(0)) with (C",). In order to solve

(0s +1i0;)w = h
write w = u + v and h = f + ig and solve the second order equations
Au; = 0 f; + 0,g;, Avj = 0595 — O, f;.
O

_ Consider now the Cauchy—Riemann section, defined on the underlying sets of the polyfold
Zj’fzo’ » and strong polyfold bundle Wi’f;o,k by the equation

3,5, M,D,u] = [Z,j,M,D,u,5(du+ J(u) o duo j))].
In a local sc-trivialization K — O it has the following local expression

(a7 U? 77) '—> (a7 U? 777 g)
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where ¢ is the unique solution of the equationsm

F(@a €XP, 1, @au) : @QE . 6(@, U)

5],]'((1,1)) (@a €XDPy 77)7
éag ’ BQS 0.

(6.7)

We can simplify this expression considerably by fixing the coordinates a = 0, v = 0.
Moreover, we may identify a neighborhood of a point ¢ € ) with a neighborhood of 0 € R*"
under which the Euclidean metric pulls back to the Riemannian metric on ). The expression
(6.1) now becomes

E=T(u+nu)" - (Os(u+n)+ J(u+n)d(u+n)).

Consider the linearization at a solution d;;u = 0 with respect to the coordinate 7. It now
has the following local form

n = 5 (0 + J(w)Om + 0, J (u)dyu) .

Lemma 6.3.3 (Local Surjectivity of the Linearized Cauchy-Riemann Operator). Let (X, j,
M, D,u) be a stable map which is a solution to the Cauchy—Riemann operator 0. Let

D3 : H3(S, 0" TQ) — H>* (2, A% @, w*TQ)

be the linearization of @ at (X,4, M, D,u), considered as an sc-Fredholm operator between
sc-Banach spaces, where in addition we are leaving the complex structure on (X, j) and the
gluing parameters fixed. Then there exist open subsets of the Riemann surface 3

e a disk-like neighborhood D, at every marked point z; € M (regardless of whether we
require u is of class H>% or of class H}, at z;)

e disk-like neighborhoods D,, U D, at every nodal pair {z,,y,} € D

o (if it exists) a component S* C X with two punctures, on which u is constant

such that the restriction of D,0 to each of these regions is a surjective operator.

Furthermore, here §(a,v) : (T4, j(a,v)) = (T4, j(a,0)) is the complex linear map given by §(a,v)h =
%(id — j(a,0) o j(a,v))h. Here I' is defined via parallel transport of a complex connection, as follows.
Fix a complex connection on the almost complex vector bundle (T'Q,J) — @, i.e. if Vx is the covariant
derivative on @ belonging to the Riemaniann metric w o (id & J), the connection Vx, defined by VxY =
VxY — %J(VXJ)Y, defines a complex connection, in the sense that it satisfies Vx(JY) = J(VxY). If
n € T,Q is a tangent vector, the parallel transport of a complex connection along the path ¢ ~ exp, (tn) for
t € [0,1], defines the linear map

L(exp,(n),p) : (T,Q, J(P)) = (Texp, ()@, J (exp,(n)))

which is complex linear, hence I'(exp,,(n),p) o J(p) = J(exp, (1)) oI'(exp,(n),p). A fuller explanation of these
details can be found in [22, p118, p126].
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Proof. We prove the existence of the first neighborhood, assuming u is of class H .. Consider
the operator

D.d: H3 (D,R*™) — H2_(D,R™)

which is defined by the local expression we have just discussed, i.e.
Duén = 2 (9sn + J(u)ym + 0pJ (w)Oyu) .

Moreover, assume we have identified a neighborhood of @ with a neighborhood of R?" such
that «(0) = 0.

For every € > 0 there exists a 6 > 0 such that we have the following estimates for the
ball Bs(0) C D

[[(J(u) — J(O)athHfoc(B(;,RQ") <3 HUHHISOC(B(;,RQ”)
and
Haﬁj(u)atuHHfoc(Bg,RQ”) <3 HnHHﬁ)C(B(;,RQ") :

We consider the restriction of D,0 to HJ .(Bs, R*); we may write

D0 = 1 (9 + J(0)0m) + 1 (J(w) = T(0)dn) + 1 (9, (w)dyu) .

From Proposition the first term on the right is surjective, while we can bound the other
two terms on the right in the operator norm by e. From classical functional analysis the
space of surjective operators is open. Hence there exists some d such that

D,0: H?

loc

(Bs, R*) — H?

loc

(857 RZ”)

is surjective.
We prove the existence of first neighborhood, assuming u is of class H>% By symmetry,
this will also show the existence of the second neighborhood. Consider the operator

D, : H¥(R* x §',R™) — H>®(R* x S',R>")

which is defined by the same expression as before. Moreover, assume we have identified a
neighborhood of @ with a neighborhood of R?*" such that lim, ., u(s) = 0. We proceed the
same as before. By [22, Lemma 4.19] there exists R > 0 such that we have the following
estimate for the region [R,00) x S C Rt x St

[(J(u) — J<O)at7]”H2a50([R,oo)XSl,JRQ") <3 H77||H§’50([R,oo)xsl,R2n) :

The same argument shows that there exists R > 0 such that

HanJ(u)atuHHz,ao([R,OO)XS17R2n) < % : |’T]HH3”50([R,00)><51,R2”)'
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One should be careful to note the presence of the exponential weights in the above norms.
Using Proposition [.3.1, we may use the same argument to conclude that there exists some
R > 0 such that

D0 : H3([R, 00) x SY,R*™) — H2%([R, 00) x S, R?")

is surjective.

We prove the existence of the third neighborhood. Noting that u is constant on the
component S?, and assuming in our chart u(S?) = 0 the local expression for the linearized
Cauchy—Riemann operator

D,0 : H¥(R x §',R*") — H>®(R x 5", R>")
is given by
n+— 0s + J(0)0m

where H2p°(R x S',R?") is the sc-Hilbert space of maps with asvmptotic constant a as
s — —oo and asymptotic constant b as s — +00. By Proposition 5.3.1, we can observe that
this is a surjective Fredholm operator, with kernel the constant maps. O

As a consequence of the above lemma, we obtain the following.

Corollary 6.3.4. Shrink the above small disk-like neighborhoods slightly. If necessary, shrink

further in order to assume the regions are all disjoint. Then there exist vectors wy, ..., wy €
H%% (%, A% @, u*TQ) such that

e wi,...,wy together with Im(Dug) span H*% (3, A% @ ; u*TQ)
o Wi,...,wg vanish on the above regions of 3.

Remark 6.3.5. By our simplifying assumptions, this is not the full linearization of the sc-

smooth proper Fredholm operator 0 : Z — W, rather the linearization restricted to the

subset a = 0,v = 0. However, the image of the full linearization contains Im(D,0), so all
this implies is that the number of vectors in the above corollary will be greater or equal to
the dimension of the cokernel of the full linearization.

Construction of Perturbations which Restrict

We now construct the parametrized sct-multisection A* for the strong polyfold bundle
Wi’fsgfk — Zi’f;(zk. The congtruction follows the same exact procedure as in [18, Theorem
15.4], where use Corollary .3.4 to ensure the vectors we choose vanish on disk-like regions
of the nodal and marked points, as well as on any destabilizing ghost components.

In the following exposition, we make this construction explicit, and thus make it easy
to check that such a parametrized sc™-multisection (and its appropriate restriction) can be

used to satisfy the requirements of Definition .
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Local Construction: Let [o| = [X,j, M, D,u] € Zi’f;o’k be a stable curve, and let
a = (X,5,M,D,u) be a stable map representative. Let O, be an M-polyfold chart centered
at «, and invariant under the induced action by G(«). Thus we have good uniformizing
family
(a,v,m) = (Bg,j(@,v), Mo, Dy, ©g exp, (1)), (a,v,7m) € O,

and let K — O, be alocal strong bundle model, with sc-coordinates given by (a, v, 7, £) where
necessarily ¢ € H>® (X, A% ®; uw*TQ). Use Corollary 6.3.4 to choose vectors wy, ..., wy
which vanish on disk-like regions of the nodal and marked points, and any destabilizing ghost

components, and such that w, . .., w;, together with the linearization of d at a together span
H%% (2, A% @;u*TQ). Let 8: O, — [0, 1] be an sc-smooth cutoff function with 3 = 1 near
(0,0,0).

Define a parametrized sc-section O, — K, with parameters ¢t € R¥ by

St : Oa — K: (Q,U,??) = (Q7U>777B(@7v777) ’ (Zletng(wl))),

where p, is the strong bundle projection defined using the hat gluings, see [18, p117] and
[22, p65-67]. Using the natural action of isotropy group G(«), we can define a collection of

sct-sections {s} }gea(a), each with weight m, which together give a local section structure

for a well-defined sct-multisection A* : W%, — Q*.

At this stage, it is appropriate to verify that the restriction condition of Definition
is satisfied for each of the three inclusion maps we are considering. In each case, the choice
of vectors wy, ..., wy, confirm that the parametrized sc™-sections {s!}geq(a) have a well-
defined restriction to Im(W;) — Im(Z;). It remains to check the sct-smoothness of these
restrictions, considered with regards to the smooth structures of Z; and W,. First, note
that the inclusion maps are sc-smooth, and hence the pullbacks of the cutoff functions
will be sc-smooth. Second, the restriction of the terms p,(w;) are sc-smooth in the cases of

ZaguH*NH?*] — Z) | and Zz’f;ék — Zj’fg(”k, as the hat gluing constructions are identical.

In the case of Zﬁg’k — ZEZY% observe that sc-smoothness at points without a degen-
erating ghost component is automatic, since at such points the inclusion map is an sc-
diffeomorphism. At points with a degenerating ghost component, the gluings differ, as do
the lifted good uniformizing families which define the sc-trivializations of the strong polyfold
bundle. However, this is irrelevant as by construction p,(w;) = 0 over the glued cylinders
Z4, and for zero vectors on such regions the gluings and lifted good uniformizing families
coincide.

Local to Global: Taking a finite sum of sc™-multisections as constructed above gives the
desired perturbation, A? := @M. In particular, the restriction condition holds since it holds
for each term . We can satisfy the transversality condition using the fact that Im(W; ;) C
W, ., and the reasoning of Theorem . By requiring that the locally constructed A* satisfy
Ny[M] <1 and dom-supp(A') C Uy we can ensure the sum A’ is controlled by a pair (No, Us)
for parameters t € B, C R, and hence satisfies the compactness condition.
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Verifying the anti push off condition ()

The final step is to demonstrate

S(EQ,AEO) - Im(Zl)
for all t € B!, and for 2, = Z¥ . Za,4[H?> N H3’50],Z§1’§jk, and hence show that the
anti-push off condition is satisfied. A priori, observe that S(0y, AY) C (23)s. This is
insufficient to prove the anti push off condition; the oo-level of Z, ,; contains nonconstant
ghost components, as well as smooth maps with exponential decay only up to a constant
c < lim;_,o 6; < 2.

However, we have constructed the perturbation A’ from terms A’ whose local section
structures vanish on disk-like regions of the nodal and marked points, as well as on any
destabilizing ghost components. It follows that S(dy, AY) C Im(Zf‘fM). Indeed, let [o] €
S(0a, AY). Consider a stable map representative a = (X, 7, M, D,u) and let (s;) be a local
section structure for AY at a. By construction, for any destabilizing ghost component
S% C ¥ we have s;|s2 = 0 and hence dju|g2 = 0. Therefore [a] may only contain constant
degenerating ghost components, and so [a] € Im(Zf}ngC) as desired.

For the other two situations, we need a small lemma.

Lemma 6.3.6. Let A' be the parametrized sct-multisection constructed as above, i.e. as
a finite sum of parametrized sct-multisections which vanish on disk-like regions of the
nodal and marked points, as well as on any destabilizing ghost components. Suppose that
(¥, 7, M, D,u] € §(0,A"), and let (X, j, M, D,u) be a stable map representative.

Then for every nodal pair {x,,y.} € D there exists disk-like neighborhoods D,, U D,
and for every marked point z; € M there exists a disk-like neighborhood D, such that

8U|Dza|—|Dya = 0, ou D.; = 0.

Proof. Let a = (2,7, M, D,u) be the stable map representative of [%, j, M, D, u].

Consider one of the sc*-multisections A" constructed above. Hence let {s}scq) be
a local section structure for \!, defined on an M-polyfold chart O, with sc-coordinates
(a',v',n), centered at a stable map o/ = (X', 7', M', D’ ).

Consider a point (a’,v', ') € O4, which maps to the stable map (3, j'(a’,v"), M.,, D’,,
Do exp, 1'). We consider the value of the local section structure s}, at the point (a’,v’,7’)
as defining a vector in H>%(%},, A @, *TQ). By construction, s!(a’,v',n/) = 0 on the
regions

« D, ,UD, CXj fora =0,
o D;/ C E;/ fOI‘ Z; € Mé/

Suppose there exists a morphism ¢ : o/(%’ ) —ajie a biholomorphism

! !
VoMo

Cb : (E;{ﬂj/(agavé)) — (Z,])
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which moreover defines bijections between the marked points ¢ : M), — M, and between
the nodal pairs ¢ : D!, — D. Consider a nodal pair {z,,y,} € D and let D,, UD,, bea
small disk nelghborhood at this pair. We can shrink these disks so small that D LU D C
O(Dy-1(z,y) U G(Dj-1(,,))- Likewise, consider a marked point z; € M and let D, be a small
disk nelghborhood at z;; again we can shrink this disk so that D, C Cb(D/z;)

This shows that the local section structure for \* at a, considered as vectors in H2% (3,
A% ®@; u*T'Q) vanish on disk-like neighborhoods of the nodal pairs and marked points of
a. We can repeat this process for each of the finitely many A in the sum A! = @\, and
hence conclude the local section structure for A* vanishes on the finite intersection of these
disk-like neighborhoods. The conclusion of the lemma necessarily follows. [

The consequence of the lemma is the following. Any perturbed solution [a] € S(9, A?)
is an honest solution to the 0 equation restricted to disk-like neighborhoods of the marked
and nodal points. It is immediate that on these regions the perturbed solution possesses the
same properties as solutions to the d equation, and hence we can conclude for any stable map
representative o = (3, j, M, D, u) that u € C2 and that at any puncture we have u € H?3%
for all dg < 2.

This demonstrates

o 8(5, At) C Im(ZA7g7k[H3’50 N HB])
. S(@,A) C Im(Z3%))

as desired, confirming the anti push off condition.

6.4 Branched Suborbifolds and Invariance of Domain

In this section, we prove Proposition . We begin by recalling some essential facts
about weighted branched suborbifolds.

Subgroupoids of Ep-Groupoids

An sc-smooth Fredholm section 0 and a sct-multisection A together define a perturbed
solution subgroupoid with object set

S@,A) :={r e Z|AQ@x) >0} C Z

and with morphisms given from the restriction of Z to this set. We pause to recall some
essential facts about subgroupoids.

Definition 6.4.1. Let (Z, Z) be an ep-groupoid. Let m : Z — |Z| denote the quotient
map to the orbit space. We say that a subset of the object set, S C Z, is saturated if
S = 77 1(n(S)). We define a subgroupoid as the full subcategory (S, S) associated to a
saturated subset of the object set.
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A subgroupoid comes equipped with the subspace topology induced from the ep-groupoid
(Z,Z), in addition to the induced grading. It does not come with a sc-smooth structure in
general, so the étale condition no longer makes sense. However, one may observe it inherits
the following directly analagous properties.

o (scY-étale). The source and target maps are surjective local sc’-homeomorphisms.

» (proper). For every point x € S, there exists an open neighborhood V' (x) so that the
map t: s 1 (V(x)) — S is a proper mapping.

Proposition 6.4.2. Consider the orbit space of a subgroupoid, |S|. There are two topologies
on this space we may consider:

o the subspace topology Ts, induced from the inclusion |S| C |Z|,
e the quotient topology 7,, induced from the map S — |S]|.
These two topologies are equivalent.

Proof. e T, C Ty

Suppose U C |S| and U € 7. Then U = V N |S] for V C |Z| open. By definition,
7 Y(V) C Z is open. Moreover, 7= (U) =7} (V)N71(S) =7"1(V)N S. Hence 7~ (V) is
open in S. It follows from the definition of the quotient topology that U € .

e T, CTs

Suppose U C |S| and U € 7,. We will show for every [z] € U there exists a subset B C ||
such that B € 75 and [z] € B C U. It will then follow that U € 7,, as desired.

Let # € 771(U) be a representative of [z]. There exists an open neighborhood V(x) C Z
equipped with the natural action by G(z) and such that V(z) NS C #=1(U). Observe that
[V (z) S| = |V(x)] N|S|; this follows since S is saturated.

Let B := |V(z)| N |S| € U. Then observe that |V (z)| C |Z| is open, since by [18,
Proposition 7.1}, the quotient map by 7 : Z — |Z] is an open map. hence B := |V (z)|N|S| C
|S| is open in the subspace topology. It follows that B € 75 and [z] € B C U, as desired. [J

The following proposition is a direct analog of Proposition for subgroupoids.

Proposition 6.4.3. [Natural Representation of G(x) for a Subgroupoid] Let (S,S) be a
subgroupoid of an ep-groupoid (Z,Z). Let x € S with isotropy group G(z). Then for
every open neighborhood V' of x there exists an open neighborhood U C V' of x, a group
homomorphism ® : G(x) — Homeoyo(U), g — ®(g), and a sc®-map T : G(z) x U — S such
that the following holds.

1. I'(g,z) = g.

2This can be shown from the definitions, using in addition that if f : X — Y is proper, then for any
subset V' C Y the restriction f|s-1 vy : f~1(V) = V is proper.
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2. s(I'(g,y)) =y and t(I'(g,y)) = ®(g)(y) for ally € U and g € G(x).

3. If h : y — z is a morphism between points in U, then there exists a unique element
g € G(x) satisfying I'(g,y) = h, i.e.,

I':'G)xU—{peZ|s(¢p) and t(p) € U}
s a bijection.
Moreover, consider the following topological spaces:
e G(x)\U, equipped with quotient topology via the projection U — G(x)\U,

e U/ ~, where x ~ 2’ for x,a’ € U if there exists a morphism ¢ : x — z’, equipped with
the quotient topology via the projection U — U/ ~,

e |U|, the image of U under the map S — |S|, equipped with the subspace topology.

Then these spaces are all naturally homeomorphic.

Weighted Branched Suborbifolds
When an sc-smooth Fredholm section @ and a sc™-multisection A are transversal (recall
Definition 34%) then by Theorem 5.4.4 the perturbed solution set S(9,A) and the per-

turbed solution subgroupoid S(9, A) carry the additional structure of a weighted branched
suborbifold and a weighted branched ep-subgroupoid, respectively. This is defined as follows.

Definition 6.4.4. [18, Definition 9.1] Consider a subset S of a polyfold Z, and let 6 be a
weight function on S, i.e. a function 6 : S — Q*. Suppose that Z is an associated polyfold
structure, .S an associated subgroupoid, and 0:S — QF an associated weight functor. We
say that (S,6) is a weighted branched suborbifold of Z and that (S, 0) is a weighted
branched ep-subgroupoid of (Z, Z) if the following properties are satisfied.

1. § C Z,, equivalently S C Z,.
2. Every point x € S is contained in an open neighborhood U C Z such that

i€l
where [ is a finite index set and where the sets M; are finite dimensional submani-
folds of Z (in the sense of [24, Definition 4.19]) all having the same dimension. The
submanifolds M; are called local branches in U.

3. There exist positive rational numbers o;, i € I, (called weights) such that if y € SNU,

then
0(y) = Z Oj.

{iellyeM;}
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4. The inclusion maps ¢; : M; — U are proper.
We call (M;),.; and (0;),c; a local branching structure.

By shrinking the open set U we may assume that the local branches M; (equipped with
the subspace topology induced from U) are homeomorphic to open subsets of R™. Hence
we may assume that a local branch is given by a subset M; C R™ and an inclusion map
¢; : M; — U where ¢; is a homeomorphism onto its image, and ¢; is proper.

Remark 6.4.5 (Relationship between Local Section Structures and Local Branching Struc-

tures). Consider a branched ep-subgroupoid defined by an sc-smooth Fredholm section 9 and
an sct-multisection A. There is a direct relationship between the local section structure (see
Definition ) for A and the local branching structure at a point € S as follows. Con-
sider a local sc-trivialization at x consisting of an M-polyfold chart O,, a strong local bundle
model K — O,, and a local section structure for A consisting of sct-sections s; : O, — K
and weights o; for ¢ € I. The implicit function theorem for M-polyfolds [1§, Theorem 3.13]
implies that the sets

M; = (3 — s,)}(0)

define finite dimensional submanifolds which together with the weights o; give a local branch-
ing structure in O,.

Remark 6.4.6. Let Y be a topological space. Let X be a subset of Y, and equip X with the
subspace topology. Consider an open subset A C X, hence A = X NU for some open subset
UotY.

We may consider two topologies on the set A:
e (A, 7x), where Ty is the subspace topology induced from the inclusion A — X,
e (A, 1y), where 1y is the subspace topology induced from the inclusion A < Y.

Then these two topologies are equivalent. Moreover, A < X is a homeomorphism onto its
image.

The point of this digression is the following. By definition, U;c; M; is an open subset of S.
We can equip U;erM; with the subspace topology induced from the inclusion U;eyM; — S
or the subspace topology induced from the inclusion U;c; M; < Z; these two topologies are
equivalent. And moreover, U;c; M; — S is a local homeomorphism.

Furthermore, the quotient map S + |S| >~ S is an open map, and therefore |U;c;M;]| is
an open subset of S§. In addition to the topologies described in Proposition , we can
also equip |U;e;M;| with the subspace topology induced from the inclusion |U;e;M;| — Z;
these topologies are all equivalent. And moreover, |U;c; M;| < S is a local homeomorphism.

Lemma 6.4.7 (Topology of Local Branching Structures). Consider the local branching struc-
ture Uijer M; C U C Z at a point in S. There are two topologies we may consider on this
set:
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o (UjerM;, 7s), where T4 is the subspace topology induced from U

e (UierM;,7,), where 7, is the quotient topology induced by the map q : |y M; —
Uie[ M;.

These two topologies are equivalent.

Proof. e T, C Ty
Consider the following commutative diagram where ¢ is the quotient map, ¢; are the
continuous inclusion maps ¢; : M; — U, and 7 is the induced inclusion map.

Ui i
Uier M; 6—’¢’> U

|
(Uier Mi, 1) s (Uier My, 1)

Then by the characteristic property of the quotient topology, Llc;¢; continuous implies
i: (UierM;, 7,) — U continuous, and by the characteristic property of the subspace topology,
i: (UierM;, 7,) — U continuous implies i : (U;esM;, 75) — U is continuous.

e 7,C Ty

We begin by making a few observations. First, U is homeomorphic to an sc-retract; con-
sequently, it is a metric space, as well as a regular space. Second, the inclusion maps
¢; : M; — U are homeomorphisms onto their images, and by assumption are proper. This
moreover implies the images ¢;(M;) C U are closed in the subspace topology; to see this
note that in metric spaces, sequential compactness is equivalent to compactness, and then
use properness.

Suppose V' C U;e; M; and V' € 7,. We will show for every z € V' there exists a subset
B C Ujer M; such that B € 7, and x € B C V. It will then follow that V' € Tyupspace, as
desired.

The set ¢~ (V) C lie; M; is open and hence ¢~!(V)) N M; is open in the topology on
M;. Considering = as a point in U via the set inclusion U;c; M; C U, use the fact that
¢; : M; — U is an injection to observe that ¢~'(z) = {z;,,...,x; } where x; € M, for a
nonempty subset {iq,... 4} C I.

Now, consider an e-ball around z, that is © € B.(x) C U. Take e small enough that
¢, (Be(x)) € ¢ (V)NM;, for all 4 € {iy, ..., i}, using the fact that ¢;, is a homeomorphism
onto its image, and hence ¢; '(B.(x)) give a neighborhood basis for M;, at the point ;.
Furthermore, take € small enough that ¢;"(B.(z)) =0 for all j € I'\ {1, ..., i}, using the
fact that « and ¢;(M;) are closed subsets of U, and U is regular.

Thus, B := B.(x) N U;e; M; is an open set in the subspace topology on U,;c; M;, and
x€BCV. Tosee BCV,let y€ B, then there exists § € | |;c; M; such that ¢(§) = y and
§ € ¢ (Be(z)) C ¢ (V)N M, hence y € V.

O
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Invariance of Domain
The following is a classical result due to Brouwer, published in 1911.

Theorem 6.4.8 (Invariance of Domain). /3] Let U be an open subset of R™, and let f : U —
R™ be an injective continuous map. Then f is a homeomorphism between U and f(U).

This result can immediately be generalized to manifolds; let M and N be an n-dimensional
manifolds and let f : M — N be an injective continuous map. Then f is a homeomorphism
onto its image. Moreover, if f is bijective, it is a homeomorphism. We further generalize
this result to the branched suborbifolds of our current situation.

Lemma 6.4.9. Let 2, and 25 be two polyfolds, and let (Z1, Z) and (Zy, Zs) be associated
polyfold structures. Let Sy C 21 and Sy C Z5 be two n-dimensional branched suborbifolds,
and let (S1,81) and (S2, S2) be associated branched ep-subgroupoid structures. Consider a
map

f : Sl — 82

which is continuous with respect to the underlying topological spaces, and which has an
associated functor

A

f:(51,81) = (52, 85).

which is continuous on the object and morphism sets.
Suppose the following conditions are satisfied.

e The functor f is an injection considered on the object and morphism sets. Moreover,
it s fully faithful.

A

e Consider a point x € Sy which maps to f(x) € Sa. Then there exists a local branching
structure (M;)ier at @, and there exists a local branching structure (M});c; at f(x)

such that the following holds. The index sets are the same, I = J, and f restricts to
an injective continuous map between each branch, i.e.

e The map f is a bijection.

Then the functor f is a local homeomorphism. Furthermore, the map f is a homeomor-
phism.

Proof. We prove the first claim, i.e. the functor f is a local homeomorphism.

Let x € S; which maps to f (x) € Sy. By assumption, there exists a local branching
structure (M;);er in a neighborhood O, of x, and there exists a local branching structure
(M) jes in a neighborhood Of(ac) of f(x) such that the index sets are the same, I = .J, and

f restricts to a injective continuous map between each branch, i.e.

Flag, © M; — M.



CHAPTER 6. NATURALITY OF THE POLYFOLD GROMOV-WITTEN
INVARIANTS 128

We may invoke invariance of domain to see that the restricted maps f|y, are

A

homeomorphisms onto their images. Observe that the open balls Be(f(z)) C Oy, give a

neighborhood basis for M! at f(z) for all i € I. Tt follows that f~(B.(f(z))) C O, give a
neighborhood basis for M; at x for all i € I. For € small enough, the restricted maps

fMZﬂf—l(BE(f(x))) cM; N f‘l(Be(f(:v))) — M{N Be(f(ff)) (6.8)

are homeomorphisms for all ¢+ € I. A A R A
Define a neighborhood of x by U, = f~Y(B.f(z))); then N; := M; N f~1(B.(f(x)))
give local branches in U,. Define a neighborhood of f(z) by Uf(x@: B.(f(x)); then N/ :=

A

M; N Be(f(z)) give local branches in Up,,. We can now rewrite (6.§) more simply as
,f|AQ : N; — ]VZ.

The maps f |n; are homeomorphisms for all ¢ € [. It follows that the map

Uie[(f N L Ne = LN

iel el

is a homeomorphism.
Consider the following commutative diagram of maps.

u(fln,)
UiEI NZ — |—|i€I Nl,

: !

(Uier Ni, 74) (f|—> (Uier N}, 7¢7)

UN;

We assert that the map f\uNi : (UierNi, 74) = (Uier N/, 1) is a homeomorphism. Indeed,
by assumption f|uy, is injective. We can use the fact that L(f|y,) is a bijection to see
that f |uny; must also be surjective. It is easy to check that f luw; 1s continuous with respect
to the quotient topologies 7, and 7. Furthermore, f lun, is an open map. To see this,
let U C (UjerNy, 7;) be an open set. Then ¢ '(U) C U/ N; is open by the definition
of the quotient topology. Since U(f|y,) is a homeomorphism, (L(f|y,)) (¢~ (U)) is open.
Commutativity of the diagram and the fact that both U(f|y,) and fluy, are bijections
implies that (Uf|x,) (¢ (U)) = ¢~ (flon, (U)). Tt therefore follows that f|,y, (U) is open by
the definition of the quotient topology.

By Lemma @, the fact that f|oy, : (UierNi, 74) — (Uier N/, 7,) is a homeomorphism
implies that f]uNi : (UserNiy 75) <= (Ujer N/, 75) is a homeomorphism. By Remark , the
inclusion maps (U;er Ny, 75) < S1 and (U;er N/, 75) < Ss are both local homeomorphisms.
We now see that the map f : 81 — S5 is a local homeomorphism on an open neighborhood
of the point x € S;. Since x € S; was arbitrary, and since f is injective, we can conclude
f , considered on the object sets, is a local homeomorphism. It then follows from the étale
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property that f , considered on the morphism sets, is a local homeomorphism. This proves
the claim.

We prove the second claim, i.e. the map f is a homeomorphism.

Let [z] € S and let f([z]) € S,. Let & be a representative of [z], then f(z) is a
representative of f([z]). We may take the same local branching structure (N;);e; at z,
and the same local branching structure (N/);c; at f (x) as above. In particular, f lun; -
(UserNiy 75) < (User V], 75) is a homeomorphism.

The proof is now almost completely identical to the argument above. Consider the
following commutative diagram of maps.

flun,

Uier Ni — Uier Ni/

[ Js

|Uier Vi ‘m |Uier V|

We assert that the map f|jun,| is a homeomorphism. Indeed, by assumption f|jun,| is injec-

tive. We can use the fact that f lun, is a bijection to see that f|juy,| must also be surjective.
By assumption, f is continuous and therefore the restriction f|uy, is continuous. Fur-
thermore, f|jun, is an open map. To see this, let U C |Uje;N;| be an open set. Then
q Y(U) C UierN; is open by the definition of the quotient topology. Since J?|uNi is a home-
omorphism, (flun.)(¢ *(U)) C UseN! is open. Commutativity of the diagram and the fact
that both f| y, and f|y, are bijections implies that (f|ux,) (¢~ (1)) = ¢~ (flun (U)). Tt
therefore follows that f|jun,(U) is open by the definition of the quotient topology.

Once again, by Remark , the inclusion maps |U;e;V;| < 81 and |U;er V]| — Ss are
both local homeomorphisms. We now see that the map f : §§ — s is a local homeomorphism
on an open neighborhood of the point [z] € S;. Since [x] € §; was arbitrary, and since f is
bijective, we can conclude that the map f is a homeomorphism. This proves the claim. [

Proof of Proposition

Proof. Consider the restriction of the inclusion map to the perturbed solution sets
Ltz 2 S(01, A0) = S(0,, AY)

and consider the associated functor
iz S(01,AP) = S(Dy, Al).

We show that these maps satisfy the hypothesis of Lemma .

e The functor iz : S (él,f\ﬁo) ) (32,/1';‘)) is an injection considered on the object and
morphism sets. Moreover, it is fully faithful.
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This is automatically satisfied by our assumptions on iz at the start of Section @

« Consider a point 2 € S(dy, A%?) which maps to y := iz(z) € S(D2, AY). Then there
exists a local branching structure (M;);c; at z, and there exists a local branching
structure (M});e; at y such that the following holds. The index sets are the same,
I = J, and 7z restricts to an injective continuous map on each branch, i.e.

~ /
LZ’Mi : Mz — Mz

This follows from the restriction condition between local section structures (@) together
with Remark (.4.5 which describes the relationship between the local section structures and
the local branching structures.

Explicitly, by the restriction condition between local section structures, there exists a
local section structure (s) for A at z and a local section structure (s,°) for AY at y, such
that the following diagram commutes, for every i €

K1‘2—>K2

w
sl [

OmTOy

It therefore follows that M; = (51 — si9)71(0) for i € I give a local branching structure at x,

and M/ = (8, — 5,°)71(0) for i € I give a local branching structure at y such that we have
a well-defined injective continuous restriction

This proves the claim.
e The map 1z : S(01,A?) = S(d2,AY) is a bijection.

The map 1tz : Z; — Z, is an injection by assumption, and hence so is the restriction
Lz| s(@ .ty To show surjectivity, let [y] € S(Do, AY). By the anti push off condition (@),
i

S(EQ,A?) C LZ(Zl),
so we can find [z] € Z; such that tz([z]) = [y]. Then by commutativity,
AY 0 01([z]) = A 0 D2(12([2])) = AP 0 D2([y]) > 0

hence [x] € S(d1,A}), and so ¢z] (3.t is surjective. This proves the claim. O
M
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Proof of Proposition

Proof. The same exact reasoning can be used to show that the restriction of the inclusion
map to the thickened solution sets

idxtz: S(E,Aﬁ;t c Bi) — 8(52,A§;t c Bé), (t,[z]) = (t,e2([2]))
and the associated functor
id % i5: 80, At € BY — S@y, Abit € BY,  (t,2) v (£ 5(2))

satisfy the hypothesis of Lemma .
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Chapter 7

Proofs of the Gromov—Witten Axioms

In this chapter we prove Theorem .

7.1 The Polyfold Gromov—Witten Invariants

Let (@, w) be a closed symplectic manifold of dimension 2n. For a given homology class
A € Hy(Q;Z) and for integers g,k > 0, and for a regular perturbation A, the perturbed
solution space S4 4x(0s, A) has the structure of a 2¢;(A) + (2n — 6)(1 — g) + 2k dimensional
compact oriented weighted branched orbifold. Consider the following diagram

Hf:l Vi

SAugvk<5J7 A) Qk

——log

M,

where QF is the k-fold product manifold, Mlg(ji is the logarithmic Deligne-Mumford orbifold,
ev; is the evaluation map at the ith marked point, and 7 is the projection map which forgets

the perturbed solution and stabilizes the domain. These maps are smooth when considered
with respect to a weighted branched ep-subgroupoid structure on Sy 4%(0s, A).

Definition 7.1.1 (The Polyfold Gromov—Witten Invariant). Suppose that 2¢g + k& > 3, so
that My, # 0. Associated to the above diagram, the Gromov—Witten invariant is a
multilinear map

GWS ,  H(Q:R)** @ H,(M,;R) = R

We will consider the following two ways to define this map.

9.k

1. Branched Integral

k
GWgpt. (1, .. ., Qg; :/ B _ ev; PD(a;) A 7*PD
Brlas (1 k) (St (@,0),403) /:\1 (@) %)
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2. Intersection Number

GWie Num. (1, -+, ag; B) = (Hleevi X 7T) (Sagk(05,N)) - (HLXZ- X B)

We discuss these definitions in the following sections.

Remark 7.1.2. The above formulation of a GW-invariant as a multilinear map is due to [41]
[40]. In [27], a GW-invariant is formulated as a multilinear map

19, H(Q;R)® — H* (M, R).
It is related to our formulation of a GW-invariant by the following equation

GWS (ar,... a5 B) = (IS, (PD(c), ..., PD(ay)), B).

In [B2], a GW-invariant is formulated as a multilinear map defined on cohomology classes of
@ (as opposed to homology classes of Q)

GWS 5 s H'(Q;R)®F @ H, (M, R) — R.

9.k

It is related to our formulation of a GW-invariant by the following equation

Gng’k(al, o B) = QW%M(PD(@I), ..., PD(ay); ).

7.2 The Gromov—Witten Invariants as Branched
Integrals

In this section we recall the branched integration theory on compact oriented weighted
branched suborbifolds, as originally developed in [23].

Let S be an n-dimensional, compact oriented weighted branched suborbifold with weight
function ¥ : S — Q% of a polyfold Z. There exists a map

Os: QL (Z2) = M(S, L(S)), W

which associates to an sc-differential n-form w € Q7 (Z), a signed finite measure f,, on a
canonical measure space (S, £(S)) [L8, Theorem 9.2].

Definition 7.2.1. The branched integral of a given sc-smooth differential form w €
Q2 (Z) is defined by evaluating the measure p,, on the measurable set S € L(S); this is

denoted by
= Uy, (S).
/(M)w 1o(S)

The next theorem follows the same reasoning used to prove [18, Theorem 11.8].
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Theorem 7.2.2 (Change of Variables). Let f : Z; — 25 be an sc-smooth map between

polyfolds. Let S C Z1 and Sy C 25 be n-dimensional compact weighted branched suborbifolds

with weight functions 91 : S — QT and ¥y : So — Q. Let Sy and Sy be associated oriented

branched ep-subgroupoids with associated weight functors 191 S, — QT and 192 Sy — Q7.
Suppose that f restricts to an sc-smooth functor f 0 S1 — s, and suppose that

e f:85 — & is a homeomorphism between the underlying topological spaces,
. f: S1 — Sy is injective and a local homeomorphism,
e f is weight preserving, i.e. 950 f =11 and Dy 0 f = V.

Then given a sc-smooth differential form w,

w = *w.
/(32,192) (81,01) f

Theorem 7.2.3 (Stokes’ Theorem). (18, Theorem 9.4] Let Z be a polyfold with polyfold
structure Z which admits sc-smooth partitions of unity. Let S be an n-dimensional, compact
oriented branched suborbifold with weight function 9 : S — Q™.

Let OS be its oriented boundary and let w be an sc-differential form of degree n—1. Then

/ dw = / w.
(S8,9) (08,9)

Remark 7.2.4 (Computation of the Branched Integral). The proof of Stokes” theorem shows
how to compute the branched integral using the same approach as in classical differential
geometry.

Cover the underlying compact topological space S with finitely many open sets |U,, | C Z,
ke{l,...,l}, where U,, C Z are open sets admitting the natural G(xy) action. Moreover,
suppose that S N U,, = U;er, M; where (M;, 0;) are oriented local branches with associated
weights o;.

Denote by Uy, the saturations of the sets U,, in Z, i.e. U} = '(7(U,,)). Add another
saturated open set Uj so that the sets Uy cover Z and the sets |UZ, \ Ug| still cover S.

By assumption Z admits sc-smooth partitions of unity, hence there exist sc-smooth func-
tors By : Z — [0, 1] which satisfy supp 8 C Uy, . Moreover, St Be=1onS.

We may now write

!
w = / O - w = / 7.1
/(s,ﬁ) ,;) s " Z ﬁGeﬁ ; Mis0;) (7.1)
(we drop the term k& = 0 in the second equality since supp 5y NS = 0).

Corollary 7.2.5 (Invariance of the Branched Integral). /21, Theorem 4.23] Let W — Z
be a strong polyfold bundle, let O be an sc-smooth proper oriented Fredholm section, and
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let (No,Uy), (N1, Uy) be two pairs which control the compactness of 0. Suppose that Ay is a
reqular perturbation of O with respect to the pair (No,Uy), and that Ay is a reqular perturbation
of O with respect to the pair (Ny,Uy).

Let w be a closed sc-smooth differential form which represents a class in Hjp(Z). Then

/ _ W= _ _Ww.
(S4,9,k(9,A0),A000) (S4,g,k(0,A1),A100)

Definition 7.2.6 (Gromov-Witten Invariant as a Branched Integral). [22, Theorem 1.12]

Let aq,...,ap € H(Q;R), and let 8 € H*(/\/l;i; R). Suppose that A is a regular perturba-
tion of the Cauchy—Riemann section d; with respect to a pair (N,U). Hence the perturbed
solution space Sa ,1(0s, A) has the structure of a weighted branched suborbifold with weight
function A 0 0.

We can represent the Poincaré duals of the homology classes «; and § by closed differential
forms in the de Rahm cohomology groups, PD(«;) € H}p(Q;R) and PD(p5) € HjR(ﬂ;?i; R).
By pulling back via the evaluation and projection maps, we obtain a closed sc-smooth dif-
ferential form A eviPD(o;) A m*PD(B) € H}p(Za 415 R).

We define the GW-invariant via the branched integration of this differential form on the
perturbed solution space, i.e.

k
GWgrmt. (a1, ..., ax; B ::/ _ _ ev;PD(a;) A 7*PD
Br.Int. (1 k5 5) Sy (BrA)ASB) l/:\l () (8)

Remark 7.2.7. As a result of Corollary , the branched integral does not depend on the
choice of a pair which controls compactness, or on the choice of a regular perturbation with
respect to this pair. As a result of Stokes’ theorem , the branched integral does not
depend on choice of closed sc-smooth differential form which represents a class in Hjp(Z).
Hence this definition gives a well-defined invariant.

7.3 The Gromov—Witten Invariants as Intersection
Numbers

Compact oriented branched weighted orbifolds are generalizations of smooth finite-dimensional
spaces; as such, we can generalize appropriate notions of transversality and intersection num-
ber. In this section, we show how to define the Gromov—Witten invariants as an intersection
number.

Let us first consider the general situation. Consider a compact oriented orbifold M and
a closed oriented suborbifold ¢ : B < M. Consider a compact oriented weighted branched
suborbifold S (see Definition ), and consider a smooth map f: S — M.

SLM

]

B
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Definition 7.3.1. [1, Definition 2.3] Let ¢ : B — M be a smooth map between oriented
orbifolds. Let (B, B) and (M, M) be orbifold structures, which we moreover assume are
effective. We say that B is a suborbifold of M if the following conditions are satisfied.

o The functor i : B — M is an immersion with respect to the object / morphism sets.
« The image of the object set of B, i.e. i(B) C M, is saturated.

e Let y € i(B) C M. Then the morphism set B acts transitively on i~!(y). Moreover,
let g € 7Y(y), we require
17 () = fey-

where the (effective) isotropy subgroups are denoted by G(y) and G(zo).

» Considered on the underlying topological spaces, ¢ : B — M is proper. (It follows
from the above condition that it is also injective.)

Remark 7.3.2. As a consequence of the above definition, we have the following local descrip-
tion. Consider y € i(B), and suppose zo € i (y). Then there exists a G(y)-invariant open

neighborhood Uy, and there exist G(z)-invariant open neighborhoods V,, at each of the ﬁﬁé;((jo))

many preimages x € i~ !(y) such that

v,ntm(@i) = | g-iVi)= U i(Vi)

geG(y) zei~(y)

(see [, Remark 2.4]).

The following proposition generalizes some results about manifolds to the current situ-
ation of orbifolds. For the relevant constructions of classical differential geometry, see [2,
Chapter 1, §6].

Proposition 7.3.3. Let B be a closed oriented suborbifold of an oriented orbifold M. There
exists a normal bundle w : N — B of rank n := dim M — dim B. Associated to the normal
bundle there exists a Thom class T € Hjp ., (N;R) (i.e. a de Rahm form with compact
vertical support) which is characterized by the following properties.

e For every x € B the restriction of T to Hjr .(N; R) is the generator determined by the
orientation. Here Hyp . denotes the space of de Rahm forms with compact support.

o The map

Hip(B;R) = Hipw,(N;R)

W= TTWAT

s an isomorphism.
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There exists a netghborhood U of the zero section Ny such that there exists a well-defined map
between orbifolds 7 : U — M which is a local diffeomorphism. There exists a well-defined
pushforward j. : Hjg .,(U;R) — Hijp(M;R). At points y € j(U), it is defined by

(j*w)y = Z j*wa}-
i)

BAS
At points y ¢ j(U), it is defined by 0. This map has the following significance.

e The Poincaré dual of B can be represented by the pushforward of the Thom class by
this map, i.e. PD(B) = j.T.

e The support of the Poincaré dual of B can be shrunk into any given neighborhood of
BCc M.

Example 7.3.4. Consider the example of a suborbifold defined by a point, defined on the
underlying topological spaces by the inclusion map

g {z} = M.
If 1, maps {z} to a point of M with non-trivial isotropy group G(i,({z})), d := tG(i.({z})),
we have the following consequences.
o The orbifold structure of {x} has object set {x1,..., x4}, i.e. d distinct points.

e The normal bundle structure consists of d distinct tangent planes, N, ,..., Ng,.

e The Poincaré dual is represented as the sum of the Thom classes on the d distinct
tangent planes, i.e. is given by a G(Z,({z}))-invariant volume form w with total weight
d.

When one remembers the definition of the integral on an orbifold this makes sense. Letting
Ui, 12} be a G(i,({z}))-invariant neighborhood of i,({z}) we see that

PD({z}) = sortrry w=1
[ PPUH = et [,

Consider a compact oriented weighted branched suborbifold S (see Definition )
At every point x in an associated oriented weighted branched ep-subgroupoid S an open
neighborhood of x is given by a local branching structure x € U;c; M; C S where [ is a finite
index set and where the M, are finite dimensional submanifolds.

Definition 7.3.5. Let S be a compact oriented weighted branched suborbifold. Let M
an oriented orbifold, and let B be an oriented suborbifold with inclusion map ¢ : B — M.
Consider a smooth map f : S — M. We say that f is transverse to B, written symbolically
as f i B, if for all [x] € S, [2'] € B which satisty f([z]) = ¢([z']) € M,

dfo(TuM;) @ diy(TyVi) = T,U,. (7.2)

where
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« U, C M is an open neighborhood of a representative y of [y] := f([z]) = ¢([2'], where
M is the object set of an orbifold structure on M.

o UjerM; C S is an open neighborhood of a representative x of [x], where S is the object
set of an weighted branched ep-subgroupoid structure on §. Moreover, f(x) = y.

« V, C B is an open neighborhood of a representative z’ of [2], where B is the object
set of an orbifold structure on B. Moreover, i(z') = y.

Moreover, we require (@) for all such representatives of [y], [z], and [z'].

The underlying topological space S is compact and hence we can cover it with a finite
number of open sets of the form |Uer, M;|, k € {1,...,1} (see Remark ) When f and
B are transverse and dim S + dim B = dim M, the intersection points will be isolated. One
can then show that the subset f~!(B) C S consists of a finite number of points.

Definition 7.3.6. Suppose that dimS + dim B = dim M. We define the intersection

number by
f(8)-B:= > dx])
[z]€f~1(B)

where 0([z]) must account for orientation, weights, and istropy as determined by the following

equation:
! 6([2]) = (3o +i) - (]le(m)> | (ﬁ((;;((if)))

where o; is the weight of the branch M;, and where the sign is positive if the orientation of
both sides of equation () are the same, and negative if the the orientations are opposite.

Theorem 7.3.7. The branched integral and the intersection number are related by the fol-
lowing equation.

) f*PD(B) = f(S) - B.

Proof. Let [x1],...,[z;] € f~'(B) be the finite points of intersection. By Proposition we
can represent PD(B) by the pushforward of the Thom class j, 7, with support in an arbitrarily
small neighborhood of B C M. Hence, we can assume f*7 is supported in arbitrarily small
disjoint neighborhoods of the points [zy], i.e.

supp f*17 C Ug|Uier, M| C S.

where Uer, M; C S are disjoint G(zy)-invariant open sets for representatives xj, of [xy].
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We assert that
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This is clear, except for the third equality. To see this equality, consider the point x, € M;

which intersects a point 2, € B, i.e.y := f(zz) = i(z}) € M. By the definition of suborbifold

, there are precisely ﬁtgg:y,)) many points in i~!(y) C B. By the transversality assumption,
0

dfo (T, M;) @ di (T Vi) = T,U, at each of the points 2’ € i~1(y).

By the definition of the pushforward, and the definition of the Thom class , it follows

that the restriction of 7,7 to f(M;) is a volume form of weight ﬁﬁg((f,)), with sign + depending
0

on the orientation of the intersection. This justifies the equality

pn L EG(y)
/(Miﬁoi) = iﬂG@j{))'

]

We now consider the setup for defining the Gromov—Witten invariants as an intersection
number. If A is a regular perturbation, then by Proposition B.4.10 the perturbed GW solution
space Sa (07, A) has the structure of a compact oriented weighted branched suborbifold.
These solution spaces can be given additional structure as proposed by the following remark.

Remark 7.3.8. [43] There exist regular perturbations A such that the perturbed GW solution
space Sa 407, A) has the structure of a stratified space, i.e. there exists a filtrationl

(Sagk)o C (Sagr)a C - C(Sagr)ze(A)+@n—6)1—g)+2k—2 C (Sagk)2es (A)+(2n—6)(1—g)+2k
where the codimension 2¢ stratum appear as the subset of Sy 4, which consists of ith-noded
stable curves.

Let aq,...,ar € H(Q;Q), and let g € H*(ﬂlg‘fi; ). Suppose that there exist closed
submanifolds X; C @ and a closed suborbifold B C ﬂ;i such that

! This should not be confused with the filtration given by the sc-structure on the polyfold Z4 4. We
may note that the induced filtration from this sc-structure on Sa,q 1 is trivial since Sa g1 C (£4,g,k)o00-
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* [Xi] = a; and [B] = 3,
o (TIF_jev; x 7t) M (TIF_, X; x B).
We consider I1¥_, X; x B as a suborbifold of Q¥ x ﬂ;i. Thus we have the following diagram.

Ik evyx#
—_—

QF x M%

g,k
L]

Ik, X, x B

SA,g,k (gJa A)

Definition 7.3.9 (Gromov-Witten Invariant as an Intersection Number). Consider the
above setup, and suppose that

i(Zn — dim(X;)) + (69 — 6 4+ 2k — dim(B)) = 2¢1(A) + (2n — 6)(1 — g) + 2k.

=1

We may define the Gromov—Witten invariant GWiy Num. (1, - - -, ag; §) as the intersection
number

(I yevi X m)(Sagu(Ds,A)) - (=, X x B) = ) o([=])

[x]E(HleeviXﬂ')71 (ITk_, X; xB)

Corollary 7.3.10. The definition of GW-invariant as a branched integral is equal to the
definition of GW-invariant as an intersection number, i.e.

k
N evi PD(a;) A PD(B) = (ITF_ ev; x 7)(Sagx(9s,A)) - (IIF, X; x B).

/(SA,g,k(8J7A)7A°5J) i=1

It therefore follows that the above definition of intersection number is a well-defined invariant,
and moreover does not depend on our choices of submanifolds / suborbifolds.

Proof. This follows immediately from Theorem . [

We now discuss the assumptions of Definition that we represent homology classes
as submanifolds / suborbifolds, and that these submanifolds / suborbifolds were transverse
to the map II¥_ ev; x 7. The rational homology groups of any orientable manifold @ have
a basis consisting of elements that are represented by smooth closed submanifolds of @ [45,
Corollary 11.30]. Hence for each homology class «o; € H,(Q;Q) there exists a submanifold
X; C @ such that k;[X;] = «; for some k; € Q. When genus g = 0, the Deligne-Mumford
space Mloo,i is a manifold, and hence for any homology class g € H, (ﬂgﬁi; ) there exists a

submanifold B C Mﬁii such that k'[B] = /8 for some k' € Q. There does not yet exist an
analogous theorem for smooth orbifolds.
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The underlying topological space Sa 4 x(0, A) is compact and hence we can cover it with
a finite number of open sets of the form |U;er, M;|x (see Remark (.4.6). When g = 0 we may
perturb the submanifold I1¥_, X; x B to be transverse to the finite number of smooth maps
defined on the finite collection of branches M;

N AL k log
Hizlevi X T MZ — Q M

Moreover, by the argument in [32, Exercise 7.1.2], we may assume the perturbed submanifold
is still a product submanifold.

However, if genus g # 0 then we cannot in general perturb the suborbifold B C ./\/llog
near orbifold singularities, and so we introduce the following condition.

Definition 7.3.11. We say that the homology class 8 € H, (./\/lg v; Q) satisfies the suborb-
ifold representability condition if the following requirements are satisfied.

o There exists a suborbifold B C Mﬁ such that [B] = p.

o The projection map 7 : Sa (05, A) — ﬂ;i is transverse to the suborbifold B.

o The restriction of the projection map to the codimension 2i > 0 stratum of Sa , (9, A),

Le. T (Sagk(0,M))2er (A)+(@n—6)(1—g)+2k—2i — ﬂ;i, is transverse to the suborbifold
B.

These requirements are automatically satisfied in the following situations.

« When the genus is zero, i.e. for all g € H, (Mgoi, ). In this case by [45, Corollary

I1.30], B can be represented by a submanifold. We can perturb this submanifold to be
transverse to the finite collection of branches.

e When § = [M.%] and B = M_*.

Now consider the finite number of smooth maps defined on the finite collection of branches
M; .
Y v x 7 M—>Qk><./\/lOg

Assuming that g € H, (ﬂl;i; Q) satisfies the above suborbifold representability condition
we may perturb the submanifold TI¥_, X; C Q" to be transverse to the finite collection of
restricted maps I1¥ _1€V;]7-1(B). Denoting the perturbed submanifolds by the same letter, it
follows that lelevZ x & and I1¥_, X; X B are transverse.

Remark 7.3.12 (Gromov—Witten Invariants as a Distinguished Homology Class). Another
possible approach to defining the GW-invariants is to ignore the additional structure of
a compact oriented weighted branched orbifold and consider only the underlying compact
topological space. By considering the weight function ¥ : Sa,x(0;,A) — Q as well as
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the orientation, one can hope to associate to the compact topological space Sa4x(9s,A) a
distinguished homology class

(S4.0k(0, )] € Hae,(A)+@n—6)(1-g)+2k(Sagk(0, A); Q).

The existence of such a rational homology class is speculated in [[18, Remark 15.8], who
suggest using a triangulation of the underlying topological space to construct it. Another
possible approach to the construction of such a rational homology class is given in [30], which
also uses a triangulation of the underlying topological space in the proof of [30, Proposition
3.25].

The underlying compact topological space does not depend on the weight function, and
hence neither does the homology of this space. In order to ‘distinguish’ a homology class, one
uses the weight function and the orientation to make a choice of a top dimensional homology
class.

We are careful in our choice of words to not call this a ‘fundamental class’, as in classical
algebraic topology this has a very specific meaning. In the cases of finite-dimensional ori-
entable manifolds and finite-dimensional orientable orbifolds, the top dimensional homology
group has rank one, and a fundamental class by definition is a choice of generator of this
top homology group.

7.4 The Gromov—Witten Axioms

We prove the Effective, Grading, Homology, Zero, Symmetry, Fundamental Class, and
Divisor axioms for curves of arbitrary genus, and for all closed symplectic manifolds. Our
approach is essentially the same as the approach in [32], used to prove the Gromov—Witten
axioms for semipositive symplectic manifolds in the genus ¢ = 0 case. The main difference
is that they interpret the Gromov-Witten invariants as an intersection number, where the
Gromov—Witten solution spaces have the structure of pseudocycles. In our case, we also
interpret the Gromov—Witten invariants as an intersection number, except our perturbed
Gromov-Witten solution spaces have the structure of compact oriented weighted branched
orbifolds.

Effective Axiom
Ifw(A) <0 then GWS = 0.

Proof. The energy of a smooth map u : ¥ — @ is defined as

1
E(u) := §/E|du|?dvolz.

By the energy identity, a J-holomorphic map must satisfy w(A) = E(u) > 0 (for example,
see [32, Lemma 2.2.1]). Hence, the unperturbed solution space of J-holomorphic maps is the
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empty set, i.e. Sayx(0;) =0, and is trivially transverse without perturbation. Therefore,

k
Gng’k(al, o apf) = /@ N\ eviPD(a;) A 7*PD(j3) = 0.
i=1

Grading Axiom
[f ng,g,k(ala e Ok ﬂ) # 0 then
k

> (2n — deg(y)) + (69 — 6 + 2k — deg(B)) = 2¢1(A) + (2n — 6)(1 — g) + 2k.

i=1

Proof. The left hand side is the codegree of a; X - - - ap X 8 in the product Q) x - - - X Q) X Mlﬁ,

while the right hand side is the dimension of the perturbed solution space. Hence, this follows
directly from the definition of the GW-invariants. [

Homology Axiom

There exists a homology class
OAgk € H201(A)+(2n—6)(1—g)+2k:(Qk X mg,k; R)
such that

GWS , i(ar,... ax; B) = (P PD(ay) = -+~ pyPD(cy) ~ pyPD(B), 0a,4x)

where p; : QF x My — Q denotes the projection onto the ith factor and the map py :
QF x My — M, denotes the projection onto the last factor.

Proof. The GW-invariants define homomorphisms GWi‘?’g’k P Ho(Q;R)®F @ H (M R) —
R. This homomorphism defines a cohomology class in H*(Q* x M, x;R), for * = S-F | (2n —
deg(a;)) + (6g — 64 2k — deg(/3)). The Poincaré dual of this cohomology class is the required

homology class o4 x € Hoc(a)+@2n—6)(1—g)+2k(Q" X Mg R).
OJ

Zero Axiom

If A=0,9 =0 then GWOQ’O7,€(041, .y ap; B) = 0 whenever deg(5) > 0, and

GWoQ,o,k(ala o [pt]) = /Q PD(aq) A -+ N PD(a)
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Proof. Any map u : ¥ — @Q with d;u = 0 and u,[X] = 0 must be constant. Moreover,
at all constant, genus 0 stable curves the linearization of the Cauchy—Riemann operator is
surjective (see e.g. [32, Lemma 6.7.6] or Lemma ) It therefore follows that the un-
perturbed solution space Syox(95) = {[,7, M, D,u] | d;u = 0} C Zy0 is transversally
cut out. The map ev; X m : Spox(ds) — Q X MST,S for any ¢ = 1,...,k defines a dif-
feomorphism. If we use this diffeomorphism as an identification Spox(95) ~ Q X

then the map II%_jev; x m @ Soox(0y) — QF x Mﬁfi can be identified with the map

id x idyg  : Q x Moy — 0F M.
Con51der the definition of GW-invariant as a branched integral, we see that

GW(?Ok(alw'wak;[pt]):/ ay DD A RERIO) A TERLD)
o 80,0,(0.7)
_ /Q o 19GPD (1) A+ AMAGPD (o) A di, PD(B)
0,k
— [ PD(as) A+ APD(ay) - [ PD(B)
JRICD (@) [, PD()

0,k

If deg(f) > 0 then deg(PD(3)) < dim(mg);f) and hence [ize PD(53) = 0. On the other
hand, if 8 = [pt], then fﬂz’f PDIpt] = 1. ]

Symmetry Axiom

Fiz a permutation o : {1,...,k} — {1,...,k}. Consider the permutation map o :
ﬂlgo,i — MZZ, [¥,7, M, D] — [%,4,M°, D] where M = {z,...,2,} and where M° :=
{z1,..., 2}, 2= 20(:). Then

GWg,gk(agu),..., R 0eB) = (=1)N (s GWng(al,...,ak;B)

where N(o; ;) == 84{i < j|o(i) > J(]),deg(ai) deg(oy;) € 2Z + 1}.

Proof. In Corollary we have shown we may pullback perturbations via the permutation
map, yielding a persistent map between the perturbed GW solution spaces,

g SA’QJC(EJ, pl”Oj;A) — SA’QJC(EJ, A)

In Section @ we moreover discussed the structure of this map.
To prove the symmetry axiom, consider the following commutative diagram of maps.

Q

6’[}0.<i)

Sa,gk(0,proj5A) —— Sagx(0s,A)

wl l”/

——log ——log
M M
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We may then compute the GW-invariants using the branched integral.

Gngg,k(aa(l), e ,aa(k); O'*ﬁ)
evll*PD(aU(l)) ARERWN ev;C*PD(aa(k)) A 7*PD(0.,)

/(SA,g,k (04,A),A0d )

o* (evyPD(ay1) A -+ A evPD(aym) A 7*PD(o.
/(SA,g,k(BJ,proJ;A),proj;AoB.z) ( ! ( (1)) g ( (k)> ( B))

a*evll*PD(oza(l)) AR U*ev;:PD(ag(k)) AT a*PD(0.35)

/(SA,g,k (9.5,projiA),projsAod )

_ _ evyyPD(ay)) A ANevy o PD(agy) A T PD(B
L. rmeistrmgsaciy s 0P Do) o PD(0i) (8)
= (—1)Na) / v PD(a)) A -+ A evfPD(ay) A 7*PD()

(S4,g,k(0.5,projsA),projsAod y)

= (-)NTIGWS (e, . aps B)

In the second equality, we have f(SA,g,k(éJ,A),Aoéj)W = f(sA,g,k(EJ,proj;A),proj;AoéJ) o*w by the
change of variables theorem [7.2.2. In the third equality, we use commutativity of the diagram

to see o*m"*PDo, () = m*0*PDo.(3). In the fourth equality, observe ev; o 0 = ev,(;) hence
orev = ev,(;y; we also observe the map o : ﬂlﬁ
0*PDo.,(8) = PD(p) for all g € H*(Mlﬁ; ). In the fifth equality, the sign (—1)N(@®) is
introduced by the permutation of the differential forms. O

——log . . .
— M, is a diffeomorphism, and so

Figure 7.1: Symmetry Axiom

\

LY

GWﬁLB(O‘J(l)v Qo (2)) Ao (3)5 (M 3]) iGW,?,Ls(ah ag, ag; [My 3])
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Fundamental Class Axiom

Consider the fundamental classes [Q] € Hn(Q;Q) and ﬂi] € H6g,6+2k(ﬂgji; ).
Suppose that A # 0 and that (A, g, k) is not basic (Definition ) Then

ng,g,k(ala <oy O—1, [Q]v [M;(ji]) = 0.

Suppose that § € H, (ﬂlg‘fi_l; Q) satisfies the suborbifold representability condition (Def-

inition . Consider the lth-marked point doubling map s; : ﬂﬂ,l — ﬂ;ﬁi (see
Definition ) Then

ng,g,k(ah vy Of—1, [Q]’ 81*6) = ng,g,k—l(ala ey O 6)

Proof. In Theorem we have shown we construct a regular perturbation which pulls back
to a regular perturbation via the kth-marked point forgetting map, yielding a persistent map
between the perturbed GW solution spaces,

Fti s SE (07, pr0j5A) — Sagr-1(9, A).

In Section @ we moreover discussed the structure of this map.

We prove the first assertion. Since we have constructed the perturbed GW solution space
Sﬁfg’k@ 7,projsA) with a pullback perturbation via ftj, it follows that given a perturbed
solution we may move the kth-marked freely and still have a perturbed solution.

Now, interpret the GW-invariant as an intersection number via Definition , and
consider the finite set of points (IT¥_,ev; x 7) M (IIFZ' X; x Q x Mlji) C Sﬁ;k@b projsA).

This set must be empty, as the last marked point is unconstrained and so any intersection
point can never be isolated. Explicitly,

(Iyev; x m) (I X x Q x mlgoi) = (2 ev;) (TS X,) € SY, £(95, proj3A),

and (II¥'ev;) " (IT*Z} X;) has no constraint on the kth-marked point.
We prove the second assertion. Consider the following commutative diagram of maps.

Q
ev;
ev;
S,J:g,k(gja prong) W SA,g,k:—l(gJ7 A)
7{ l
M M
g,k ftr g,k—1
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Again we consider the GW-invariant as an intersection number via Definition . By
our conditions, we may assume that

. = 1 g _
o I lew; x 7 Sagr-1(05,A) = QF 1 x M;iq is transverse to IIF - X; x B,
I = . ——log . _
o TIF 6, x 70 SY, (95, proj3A) — QF x M, is transverse to ITF!X; x @ x sl(B).E

Hence both (Hk tev x ) W I X x B) € Sagr1(0s,A) and (ITE_ ev; x ) “HITEL X x
Qxs(B)) c & 50, projsA) consist of a finite set of points. The map ft; gives a leeCtIOIl
between these sets of points. We assert that, taking into account orientation, weights, and
isotropy, the intersection numbers will be the same, i.e.

(T yev; x m)(S,p) - (S X x Q x 5y(B)) = (M ew; x ) (Sagp1) - (M X x B)
and therefore

GWAgk(alv sy Og—1, [Q]a Sl*ﬁ) = ngyyk—l(ala SR 7O‘k—1;5)'

Divisor Axiom

Suppose (A, g,k) is not basic (Definition ) and suppose that § € H,(M Og v_1; Q)
satisfies the suborbifold representability condition (Definition |7.3.11). If deg(ay) = 2n -2
then

l

GWS , lan, ..., ap PD(ftiPD(B))) = (A o) GWS ;. 1(an,... a5_1; ),
where A - oy, is given by the homological intersection product.

Proof. We interpret the GW-invariant as an intersection number via Definition . Con-
sider the commutative diagram of maps given in the Fundamental Class Axiom.

oy N a 710
By our conditions, we may assume that I/ ='€v; x & : Sayx1(0,A) — QF ! gi 1
is transverse to Hf;llXi X B, and hence

(T tev; x m) NS X, x B) € Sagr1(0s,A)

consists of a finite set of points. By the requirement that the restriction of II*Z!¢v; x # to
the codimension 2¢ > 0 stratum of S4 451 is transverse to Hl: X; X B, we may observe
these points consist of un-noded stable curves, i.e.

(Il ev; x ©) M I XS X B) = {[Ss Gy Mo, 0, ] Ymer-

2 By assumption, 3 € H.(M lgoi,(@) can be represented by a suborbifold B C /\/lgk 1 such that 7 :

Sag, k 1(5 7, N) — ﬂ;oi 1 is transverse to B. The lth-marked point doubling map is a smooth embedding
of ./\/lg s_1 into /\/lg »- 1t follows that the homology class s;.5 € H., (./\/llgoi,@) can be represented by the

suborbifold s;(B) C Mgvk, and moreover 7 : SA p (07, projsA) — ngk is transverse to B.
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The map [ty : ﬂlg‘fi — ﬂ;i_l is a submersion, and hence ft;'(B) C ﬂ;i is a sub-
orbifold. Moreover, by the argument in [32, Lemma 7.5.5], [ft;'(B)] = PD(ft;PD(8)). We
now observe that I lev; x # : S, — Q"1 x ﬂ;i is transverse to "2} X; x ft;'(B),
and moreover

(I fev; x ) M XG < ft. 5 (B)) = {[Zms Jms Mon U {2k}, 0, U] b C S;ng’k(gj, proj;A).
Now consider the restriction of the evaluation map evy : S.flfg,k:(g 7, projsA) — @ to this
set, i.e. ev : {[Zm, Jms Mm U{z}, 0, um] b — Q. We can identify this restriction of ev, with
the map
Ut : U2, — Q.

Choose a closed submanifold X}, C @ such that [X;] = a4 and such that X} is transverse to
the finitely many maps w,, : X, — @. By the assumption deg(ay) = 2n — 2, these intersect
in a finite set of points. Counted with sign, the intersection number w,,(%,,) - X is equal to
the homological intersection product A - ay.

It follows that IT%_ ev; x 7 : Sﬁf%k — QF x Mlgfi is transverse to I1*_, X; x ft;*(B). The
intersection of Xy with the fiber [X,,, jim, My U {2}, 0, u,,] contributes the additional factor
A - ay to the intersection number over the point [2,,, jm, M, 0, u,,]. Therefore,

ng,g,k(ab sy O PD(ftZPD<5))) = (A ) ak) ng,g,kfl(ala ceey Q13 6)

Figure 7.2: Divisor Axiom

.:-"--h-\_- X e e
v \\\ 4 / T
¥
| |
.3\\‘ /ﬂ / I'._‘ . "d
X1 hh.h"'-—-‘# il X3 \.\___a___/-/ X3
X1
X2 X2

GW/?,OA(O‘L g, a3, aa; [Mo 4])

GWfi),o,s(Oéla az, az; [Mo3])
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