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ABSTRACT: We describe a general procedure to construct the independent and complete
operator bases for generic Lorentz invariant effective field theories, given any kind of gauge
symmetry and field content, up to any mass dimension. By considering the operator as
contact on-shell amplitude, the so-called amplitude operator correspondence, we provide
a unified construction of the Lorentz and gauge and flavor structures by Young Tableau
tensor. Several bases are constructed to emphasize different aspects: independence (y-basis
and m-basis), repeated fields with flavors (p-basis and f-basis), and conserved quantum
numbers (j-basis). We also provide new algorithms for finding the m-basis by defining inner
products for group factors and the p-basis by constructing the matrix representations of
the Young symmetrizers from group generators. The on-shell amplitude basis gives us a
systematic way to convert any operator into such basis, so that the conversions between
any other operator bases can be easily done by linear algebra. All of these are implemented
in a Mathematica package: ABCAEFT (Amplitude Basis Construction for Effective Field
Theories).
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1 Introduction

The Standard Model (SM) has been acknowledged as the most successful model in particle

physics, yet several experimental facts indicated that new physics exists beyond the SM.

Under the circumstances that no signal of new physics below the TeV scale is found at
the Large Hadron Collider (LHC), the effective field theory (EFT) framework provides a



systematical parametrization of all kinds of new physics at an energy scale below the new
physics. The EFT framework has been applied to various models at different energy scales,
such as the standard model effective field theory (SMEFT) [1-9], the low-energy effective
field theory (LEFT) [10-13], the standard model effective field theory with right-handed
neutrinos (VSMEFT) [14-18], the low-energy effective field theory with right-handed neu-
trinos (vLEFT) [18-20] and so on.

As a successful paradigm to understand particle physics at different scales, theories of
EFT beyond the leading order attract more and more attention. As of the SMEFT, the
first SMEFT operator was written down in 1979 by Weinberg on the mass dimension 5 [1],
and then in 1986, Buchmuler and Wyler wrote the dimension six operators [2]. Since then,
they have been writing down the SMEFT operators getting more and more attention,
especially after the LHC finished its first run. According to the power counting in the
SMEFT, the lower dimension, the more dominant contributions. However, there are also
many cases that a higher dimension operator dominates the physical processes. Therefore,
it is necessary to write down the complete set of operators at higher dimensions.

When certain EFT is applied to study a specific physical process, it is crucial to obtain
a complete and independent operator basis in order to find all independent operators related
to the process without miscounting and redundancies. In the SMEFT, it takes more than 20
years to obtain the complete and independent basis, the Warsaw basis [3], the widely-used
operator basis at dimension 6. However, when it comes to a higher dimension, although
the number of independent operators at certain dimension can be fully determined once
the model is known, there are still difficulties to write down explicit operators: such as
the equation of motion, covariant derivative commutator, the Bianchi identities, the Fierz
identities, total derivatives, and repeated fields, etc. Furthermore, choices of the complete
and independent operator basis can be multifarious due to the huge number of possible
operators and the freedom to define redundant operators among them.

Recent developments of the on-shell method have greatly reduced the difficulties for
the Lorentz sector of effective operators [21-28], where independent operators are enu-
merated in terms of their corresponding on-shell amplitude basis. An ultimate algorithm
that systematically deal with all the redundancy relations was proposed in [5, 7, 29]. In
particular, the Lorentz sector is represented by a Young tensor component of the group
SL(2,C) x SU(N), the former being the Lorentz group, and N is the number of external
particles in the on-shell amplitude. Additionally, gauge group tensors and repeated field
issues are tackled carefully to guarantee the independence among the flavor-specified op-
erators, with flavor relations automatically derived and encoded in the final expressions of
the operators. Furthermore, it has the advantage that any operator could be expanded
on this on-shell basis, rendering a coordinate as unique identifier of the operator. The
Young tensor method has been applied to the SMEFT [5, 7], the LEFT [12], “SMEFT and
vLEFT [18] to obtain the on-shell EFT operator bases. Note that we are always assuming
massless particles in this algorithm; massive scalars and fermions do not make a difference
as shown in [18], but operators involving higher-spin massive particles/fields require more
sophisticated algorithm, which are investigated in [26-28].



The above Lorentz part of an operator can be applied to any generic EFT with Lorentz
invariance. On the other hand, the gauge structure of the operator depends on the model.
For the general SU(N) gauge group, we still use the Young tableau to obtain the complete
set of the gauge structure. In this case, we invent a Littlewood-Richardson method at
the Young tableau level, instead of the Young diagram level traditionally, using only the
fundamental indices under the SU(NN) group. Thus our Young tensor method could apply to
any Lorentz invariant EFT with any gauge symmetry, such as SU(5), left-right symmetry,
and so on.

After getting the Lorentz and gauge structure, one can take the direct product of two
Young Tableau, which obtains the on-shell basis for a type of operator called the y-basis and
m-basis. Suppose there are repeated fields with flavor indices in the operator. In that case,
the flavor tensor will obey a certain symmetry structure: the flavor tensor can be decom-
posed via the S,, symmetry according to the Schur-Weyl duality [30]. With the permutation
symmetry, we could re-write the operators, ad re-organize these operators according to the
flavor symmetry, which gives the permutation basis (p-basis) and flavor specified operators
(f-basis). Given the EFT operators, one question to ask is what is in the UV for such op-
erators. We perform the partial wave expansion on the operator with the Pauli-Lubanski
and Casimir action to decompose the ones to several j-basis operators, which have a certain
spin and gauge quantum numbers. These constitute different bases of a type of operator:
y-basis, m-basis, p-basis, f-basis (previously called p’-basis [5, 7]) and j-basis.

We not only provide a systematical way to obtain the complete and independent op-
erator basis of EFT that can be applied to generic models, but also present a systematical
method to write any operator basis in terms of our operator basis modulo equation of
motion and commutator of covariant derivative. In the traditional approach, the basis
conversion is quite challenging: how to convert any operator into a standard basis in a
systematic way? In this work, due to the advantage of the Young tensor basis, we can
systematically convert any operator into the on-shell basis using the reduced rule we pro-
vide. All of these are presented in a Mathematica package ABC4EFT, which is publicly
available in the website HEPForge.

On the technical side, we summarize several improvements and new features in the
package compared to our previous work [5, 7]:

e We propose a new efficient algorithm to find the independent m-basis gauge factors,
which simultaneously provides a metric tensor for finding the coordinate of arbitrary
gauge factors.

o In our previous work [7], the coordinate of p-basis operator with definite flavor permu-
tation symmetry is obtained by constructing the irreducible representation of flavor
permutation group with the Clebsch-Gordon coefficients, while in this work, such
information is extracted from the representation of the corresponding Young sym-
metrizers. The new method is also more straightforward for obtaining the f-basis,
which is the reduced p-basis and called p’-basis previously, than the one in the previ-
ous work, where a de-symmetrization algorithm was implemented. The new workflow
of generating the operator bases is summarized in figure 1.
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Figure 1. Flow chart of the ABC4EFT package for finding all independent operators for a given
model at certain mass dimension. The Lorentz Y-basis is constructed using semi-standard Young
tableaux (SSYTs) and the gauge Y-basis is constructed using Littlewood-Richardson rules. To deal
with repeated fields, we introduce the matrix representation of the generators of the symmetric
group Sj,, and construct the matrix representation of the projection operator b to get the p-basis.
Finally we select the first projection operators b of each S,, representation, which correspond to
Young symmetrizers ), and obtain the flavor-specified operators as the f-basis.

e We generalize the Poincare partial wave expansion to the operator j-basis given par-
ticular partitions, and provide a unified Casimir method to obtain both the Lorentz
and gauge j-basis.

In this paper, in section 2 we introduce the building blocks used to build operator basis
in any EFT and the fact that these building blocks are connected with spinor variables
by amplitude-operator correspondence. In section 3, we illustrate the algorithm to obtain
various operator bases, including y-basis, m-basis, p-basis, f-basis, and j-basis. In section 4,
we show that we are able to convert operators among different bases and reduce an over-
complete basis to a complete one. In section 5, we introduce how to define a model in
ABC4EFT and the functions to obtain operator bases in such a model. We conclude in
section 6.

2 Building blocks and amplitude-operator correspondence

In this paper, the building blocks are the covariant derivatives acting on fields Ws which
are irreducible representations (j;, j;) of the Lorentz group and irreducible representations
r of gauge groups, written as D¥ WV explicitly for each field ¥, where w > 0. If not specified,
the indices on the covariant derivatives can either be the Lorentz indices or the SL(2,C)



indices depending on the context. The covariant derivative under the SL(2,C) is defined as
Dag = Dyolts € (1/2,1/2), (2.1)

and here we present all kinds of fields as the irreducible representations of the SL(2, C):

¢ € (0,0), ba € (1/2,0), ¥l €(0,1/2), (2.2)

i i
Frop = §FWJ’O% € (1,0), Frap = —EF#VUZZ, € (0,1), (2.3)
CLaB'ﬂs = Cuup)\o-ggasg\ € (2a 0)7 CRdB"yS = Cuupkggga-zg\ € (07 2) (24)

The covariant derivatives in our notation should be understood as acting on the nearest field
on the right, and the SL(2,C) indices and gauge indices on the covariant derivatives, and
that field should be understood as the indices of the whole building block. For example, con-
sider the case that two covariant derivatives acting on the SM field @), the left-handed quark,

2
D 1)) D242 Qu34; = (DQ) () a2 a® a1 a(2) ai- (2.5)

Where a is the index of the fundamental representation of the SU(3) gauge group, and ¢
is the index of the fundamental representation of the SU(2) gauge group.

In general, the building blocks D¥¥ are the reducible representations of the SL(2,C)
group and can be decomposed as a direct sum of the irreducible representations,

DYV ¢ <jl + %7jr + 12U> @ lower weights. (2.6)

Consider the case where all kind of particle state with |U) generated by the fields W
are massless with the helicity h. The spinor helicity variables are defined as P,ot,, = Ao
up to the little group transformation A\ — e~/2)\, X\ — ¢'?/2)\. The amplitude basis of N
particles, denote by B (hy, ..., hy), should transforms as B — e under the little group
transformation of the ith particle. Thus we can apply the following amplitude-operator
correspondence [5, 7],

(0| DYT| T) ~ N\ZTw)\2irtw, (2.7)

where (j;,7,) = (—h,0) for particle states with helicity h < 0 and (j;,7,) = (0,h) for
particle states with helicity A > 0. This formula will give a correct phase e*? under the
little group transformation of the particle |¥). The total symmetries of As and \s indicate
that only the highest weight of the irreducible representations of SL(2,C) group in eq. (2.6)
should be kept. In fact, the lower weight of the irreducible representations in eq. (2.6) can
be converted into other fields by equation of motion (EOM) and the corvariant derivative
commutator i[D, D] = F, and thus are understood as redundancies in EFT operators
perspective as follows,
2 i _
D[aaDg]B = DuDyoffmagm =-D €aBesp + §[D,“ Dy]eagogﬁ.,
Dioatg) = Duolys s = —€ap(PV)a,
DiaaFrgny = DMF,,pc;'f;Opg]p7 =2D"F €a50% 4,

D[ad CL Blvde = D,ucupa/\af;d UZ‘])WUSTE)‘ = ifa,@(Uy)wd(aa)\)éeDusz/o)\-



The above discussion can be generalized to the massive scalars and fermions as presented
in ref. [12].

Our field building blocks are not only representations of the Lorentz group, but also
representations of gauge groups as well, so we need an invariant tensor T %N ag a
group factor to contract N field building block D"iW; ,. in the operator to form a gauge
singlet, where the a;s are indices of representation r; of the gauge group. If one only
has fundamental, anti-fundamental, and adjoint representation of SU(M) group in the
model,! then the invariant tensor 7%»~%N must be able to construct with the following
basic invariant tensors:

SUM):  fAPC, atPe, 648 (TN, €y iy, €1, 65 (2.9)

where letters in lowercase denote the indices of (anti)fundamental representations and
letters in uppercase denote the indices of adjoint representations of the corresponding
gauge group, T4’s are the generators for the fundamental representation, and f45¢ and
dABC are defined by —2iTr ([TA, TB]TC> and 2Tr ({TA7 TB}TC), where square and curly
brackets represents the commutator and anti-commutator, respectively. Concretely, in the
SMEFT, we have the basic tensors for the SU(2) and SU(3) :

SU3):  fABC,d4BC 648 (AN epe, €, 65 (2.10)

a’

SU(2) : K 51T (Tf)g,eij,eij,dj-, (2.11)
where 7 and A are Pauli and Gell-Mann matrices respectively. If one needs a field carrying
other irreducible representations, then additional invariant tensors may be needed. For
example, if one adds a SU(2) quartet A’ with a single index I to the model, then at least

one additional invariant tensor Fib is needed to convert the fields to the one with only

C
fundamental indices with definite permutation symmetry — Agpe = I‘ébcAI . The reader
can refer to appendix B for how to register a new invariant tensor in the group profile file.
On the other hand, if one expresses the fields directly with tensors of only fundamental
indices for SU(M) group, such as € and J, and leaves the symmetry among the indices
implicit, then no other invariant tensor is needed.

Combining the aforementioned group factors and the Lorentz structures the operators

involving N fields with helicity {h1, ha, -+ ,hn} at a certain dimension d can be formally
expressed as,
N
O = Tovav @ [ DU Wy, (2.12)
i=1

where n+n=r =3, (w; + |hi]) =X ;s and n —n = Y, h; so that the €’s and €’s contract
all spinor indices of su(2); and su(2), of the building blocks. An interesting observation
suggests that the following relation is correct

r=d—N (2.13)

"Here we use SU(M) for the gauge group, because the notation SU(N) is occupied for the N-particle
symmetry group.



n
B 0 1 2 3
n
0 o P2p° F2¢?, FLp?e, ot | P
1 Pi2g? Plpe?D, 122, ¢* D
2 | FRo?, Fript?e, i
3 B3

Table 1. All possible non-vanishing classes involving spin 0, 1/2, 1 fields at the mass dimension
6, where n = 3, (2w; — min(0, h;)) and @ = 3, (w; + max(0, h;)) are the number of €’s and &’s
contraction.

for operators only involving fields with helicity |h;| < 2. The gauge group factor T' can
be factorized to the product of invariant tensor for each gauge group T' =[], Tz. Taking
the SMEFT as example where we only have the SU(3) and SU(2) non-Abelian gauge
group, therefore T" can be written as T' = Tgy(3)Tsu(2), and Tsy(s) and Tsy(z) can be the
combination of the elements defined in eq. (2.10) and (2.11).

Given the operator in the form of eq. (2.12), the full amplitude-operator correspondence
combining everything together is

N
/d4x (0]oRW @)W, W) ~ MD (65 (1), .., 63 (o)) 6 (Z mi) . (2.14)
i=1

M@ (1 (p1), -, 0N (pN)) = Tél’“‘"’NB(d)(hl, oo h), (2.15)

where ¢;s are the external particles with momenta p;, and a; are collections of the group
indices for them. B = (-)"[/]* is the kinematic part of the amplitude in which the su(2);
and su(2), indices are contracted with the €’s and €’s in eq. (2.12) accordingly and the
notations (ij) = A{Ajq and [ij] = Swa:\? are applied. The correspondence between the
EFT operators and amplitudes fully takes care of the redundancies in the EFT operators
since operators which differ by the EOM or the i[D,D] = F correspond to the same
amplitude according to eq. (2.7) and the momentum conservation in eq. (2.14) further
eliminates the IBP redundancy. So after finding all independent amplitudes, which can be
done in a systematically way, the complete and independent operator basis can be obtained
by making use of the amplitude-operator correspondence.

Before moving further, we would like to clarify some terminology that will be used in
the following.

e Class: the Lorentz irreducible representations presented by a set of abstract fields
with helicities {hi, ho, -+ ,hy} and their covariant derivatives that can be Lorentz-
invariant form a Lorentz class.

e Type: for a specific model, substitution of fields of the model into the abstract fields
of each Lorentz class that can form gauge invariant is a type.

o Term: for each type, the spin-statistics of the m repeated fields in the type constrains
flavor indices of operators transforming under certain representation of the symmetric



B 0 1 2 3

n
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Table 2. All possible non-vanishing classes involving spin 0, 1/2, 1 fields at the mass dimension 7.
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Table 3. All possible non-vanishing classes involving spin 0, 1/2, 1 fields at mass dimension 8.

group Sy, The decomposition of the representation of S, of all the Lorentz and gauge
invariant tensors in the type into irreducible representations of .S, gives the terms in
that type.

e Operator: due to the Schur-Weyl duality, the irreducible representations of S,, of a
term are also irreducible representations of SU(ny), where ny is the flavor number
of the repeated fields. Specifying each flavor index with n; according to the semi-
standard Young tableau (SSYT) gives the independent (flavor-specified) operators in

a term.

Table. 1, 2 and 3 list all possible non-vanishing classes involving the massless spin 0,
1/2 and 1 fields at mass dimension 6, 7 and 8 respectively. At and beyond mass dimension
6, classes involving only two fields vanish since these must contain EOMs of the fields, and
classes involving only three fields all vanish except the I} and Fj3 since these involve at
least one derivative and can be converted to classes involving more fields due to the EOM.
From the perspective of the on-shell amplitude, the above conclusions correspond that
two-point on-shell amplitudes vanish and three-point on-shell amplitudes satisfy special
kinematics for massless particles.
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Figure 2. Relations among the bases. The red arrow means that the basis can always be able to
find its coordinates on the y-basis through a reduce procedure. The yellow circle indicates that the
m-basis, p-basis and j-basis are related by linear transformations. The operators in the p-basis are
tensors of the symmetric group S,,, and these in f-basis are tensors of SU(ns) group, where m is
the number of repeated fields and ny is the flavor number of each repeated field. These two basis
are connected by the Schur-Weyl duality.

3 Operator basis

In this section, we introduce the main function of the package, namely to construct an
independent operator basis. We start by assuming that all the constituting fields are
distinguishable, and the operators in this sense are the so-called flavor-blind operators,
By flavor-blind, we mean to treat repeated fields with different flavor indices as formally
different field objects; for those that does not have flavor indices, we also add unique
flavor indices to them to distinguish them as if they have additional flavor structures. For
example, without additional labeling, the operator F),, 0*¢$0”¢$ vanishes not only because
of the anti-symmetry of F),,, but also because of the identity between the two ¢ fields.
Hence, after the labeling the operator becomes Fj,,, 0% ¢,0" ¢, which does not necessarily
vanish. In particular, if we have two different ¢ as in, for example, the Two Higgs Doublet
Model, and the indices r, s can be chosen from {1,2}, then it is a perfectly valid operator.
Working with flavor-blind operator is easier because repeated fields do not introduce extra
redundancy relations, and we can investigate its Lorentz structures and gauge factors
separately. We will construct the first complete and independent basis of flavor-blind
operators, called y-basis, and choose independent monomials from them, obtaining the
m-basis. Then we will deal with the repeated fields by permutations of flavor labels, and
obtain the p-basis. After applying the Schur-Weyl duality and treating flavor labels as
tensor indices that can take different values (if there are no flavor degrees of freedom,
then the indices take identical values), an operator as flavor tensor have many tensor
components called flavor-specified operators, and the basis formed by these operators is



called f-basis. We use permutation symmetries of the flavor tensors to determine the
additional constraints among the flavor-specified operators. Finally we re-organize the y-
basis to be the eigenbasis of angular momentum and gauge quantum numbers using the
square of Pauli-Lubanski operator W?2 [29, 31] and obtain the j-basis. The relations among
the above bases are shown in figure. 2.

3.1 Y-basis

In this subsection, we consider the flavor-blind operators and construct the operator basis
using Young tableaux; that is why the basis obtained this way is called y-basis. As men-
tioned in eq. (2.14), a type of local amplitudes can be decomposed as the kinematic factor
B that describes the energy dependence and the angular distribution and the gauge factor
T that describes the gauge structure of external particles. For a given type, where the
helicity h; and gauge group representation r; of each external particle are known, the kine-
matic factors {B;} span a linear space of dimension Nz and the gauge factors {T¢;} span
a linear space of dimension N for each gauge group G,i=1,--- ,Ngand j=1,--- ,Ng.
The linear space of amplitude basis thus is the direct product of {B;} and all sets of {T¢;}
with dimension N = N3 x [[o Ne.

The kinematic factors can be obtained by utilizing an auxiliary SU(N) transformation
introduced in [5, 7, 32], where N is the number of particles in a given class and the indices
are raised as SU(NV) indices. The SU(NV) transformation acts on the kinematic variables
(A\i, A;) and keep the total momentum invariant. Now o and ;4 transform as 2 x N and
2 x N representation of the SL(2,C) x SU(N) group respectively. For a given class with
the tuple (N, n,n), where n and 7 denote half the number of left-handed spinor indices and
right-handed spinor indices in the class, representations of As and As under SU(N) group

can be presented by the Young diagrams
(-1
= | : :

A®”&TZB, A&7 . aﬂ

Then the representation of B under the SU(N) is the inner progzuct of X’s and \’s, which can
be reduced to a direct sum of irreducible representations of SU(NN) using the Littlewood-

(3.1)

Richardson rule. It was proved in ref. [32] that all irreducible representations denoted by
Young diagrams in the reduction vanish due to the momentum conservation except the
primary Young diagram

n (3.2)

~10 -



n
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Table 4. All possible non-vanishing classes involving spin 0, 1/2, 1 fields presented by the SU(V)
Young diagram at the mass dimension 8, where w =N — h, @ = N 4+ h. N is the number of fields
in the class and h represents the sum of helicities of all fields in the class. The gray boxes denote
the SU(N) representation of As and the white boxes denote the SU(N) representation of As.

However, although the primary Young diagram is in one-to-one correspondence with
the tuple (N,n,n), different classes may share the same primary Young diagram since
the tuple (N, n,n) does not include all information of a class {{h1, ho,- - ,An},w}, where
w is the number of covariant derivatives in the class. Given a set of labels {1,---, N}
corresponding to each particle in the class and the number of labels to be filled in the
primary Young diagram

#i=n—2h;, 1=1,---,N. (3.3)

#1 #2 #N
—— —_——

All the SSYTs obtained by filling the labels {1,...,1,2,...,2,...,N,..., N} in the pri-

mary Young diagram span the space of all amplitudes in the class, and the amplitudes

corresponding to the SSYTs are the independent basis vectors of the space, that is, {Bl(y)}.

The SSYTs can be translated to amplitudes column by column with the following rules

.

Do~ ERkN 25 ~ (ij), (3.4)
k-3
kn-2

where the & is the Levi-Civita tensor of the SU(N) group.

- 11 -



Here we give an example of class Ff¢2D2. The class is denoted by the helicity of each
field and the number of derivatives in the class, which in this case is {{—1,—1,0,0}, 2}.
Then we can conclude that the primary Young diagram corresponding to the class is

(3.5)

since N = 4, n = 3 and 7 = 1. The number of each labels {1,2,3,4} to be filled in the
primary Young diagram (3.5) can be deduced from eq. (3.3), #1 =3, #2 =3, #3 = 1 and
#4 = 1. Thus filling in all labels will give SSYTs as follows,

11113 1/1]1/2

212(24 21234/ (3.6)
and the SSYTs can be translated to amplitudes using eq. (3.4),
(12)2 (34) [34] = BY),  (12) (13) (24) [34] = BY. (3.7)

The amplitudes can be further translated to operators using the amplitude-operator cor-
respondence eq. (2.7) and eq. (2.14), which are

B(y) F11%° Froas(Dé3) 7 (D¢4)wd, (3.8)
BY = FL1P Ly (Dés)sa(Dos), . (3.9)

The label (y) on B indicates the kinematic factor B is obtained as the y-basis, we keep
the same notation below.

As for the gauge factor T, we proposed in our previous work [5, 7] an algorithm to
find all the independent 1" expressed in terms of products of Mth-rank Levi-Civita tensors
given that all the fields are expressed with fundamental indices only. The algorithm is to
apply the generalized Littlewood-Richardson rules to construct the singlet Young tableaux
from the set of Young tableaux corresponding to each field. Therefore to implement the
algorithm, one needs to convert all the fields with non-fundamental indices to the ones
with fundamental indices only such that they have a direct correspondence to the Young
tableaux. For the most interesting case, a field of adjoint representation of SU(M) gauge
group F4, such a conversion can be made by contracting the field with the e tensor and
generator T4 of fundamental representation in the following form:

al )
Ava A T a2
€a1...aM (T )Z'IW‘F = fal...aM_li ~ 2 K 9 (310)
an —1

Specifically, for the gauge boson W and G for SU(2) and SU(3) gauge groups in the SMEFT,
we have the following correspondence:

ik (TI) FWT = Wij ~

€acd (AA) gGA = Gape ~ z b ‘

(3.11)
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For the fields of other representations, new invariant tensors may be needed to facilitate
such conversion as discussed in appendix B.

In order to illustrate this algorithm, let us take dimension-8 type W2HHTD? in the
SMEFT as an example. The SU(2) group factor can be obtained by constructing the singlet
Young diagrams of the SU(2), and the SU(2) structure in this type contains W, H and HT,
which transforms as the adjoint, fundamental and anti-fundamental representations of the
SU(2) respectively. The correspondence between each field and its Young tableau under
the SU(2) is denoted as

()i, W = €y, (P W ~ iy [, (TIz)iszb = €joms (T72)12 W32 ~[ig]jo],  (3.12)
Hii, ~li), €isjaHJ ~[iyg). (3.13)

The singlet Young diagram of SU(2) can be constructed with the Littlewood-Richardson
rule in the following ways:

1|71 i1 |J1 i3‘ 01171 ]%3
21 1J1 ’

i2 | jo i2|J2 i2 | J2 |4
~ EiliQEjlj'z€i3i4€l'4]'4 (TIl)ilji (7-12)i2j2 = Té’%;llv (3'14)
i1 jl‘iQ‘ i1 |J1 i2‘ 1| J1] 2
111 . 1. . 1.
1J2] J213 J213 %4
~ 6ilj26j1i361‘21’462'43'4 (Tll)iljl (712)2'23'2 = TSIJJ)Q,Q‘ (3'15)

The tensors eq. (3.14) and eq. (3.15) can be further simpified to

Il
Té%)z,l = 28111267

ja? Té%z = ghig —ieh 2 (7 ) (3.16)

Ja*

The construction of the SU(3) group factor Tys is trivial since W, H and H' transform
as the singlet under the SU(3) group, Tg{])&l =1.

The complete y-basis of the type W2HHTD? is then the direct product of the Lorentz
and gauge factors. Define ’Tj = TéU)?, zTS('U)z ]B( ¥) and the basis vectors of y-basis of type
Wi are

; 2
O%HHTDQJ = T = 2601 125% (12)% (34) [34] (3.17)
= 26" 25 WL L P WLE s (DHy)iy o (DH{) S,

OS;)E ipes = THA = 20012572 (12) (13) (24) [34] (3.18)
= 267 2§ W (1P WL 2 Y (D H) iy po (DHL )%,

O i = Tisi = (87112075 — i B/ (v (12)* (34) [34 (3.19)
= :511[25;‘3 _iﬁhw(T‘])ﬁ: Wi P W2 (D Hz)i," o (DHY, 2,

o@gLHsz =T = }511125?3 — il (7)) (12) (13) (24) [34] (3.20)
= [61 6% — del 2 ()i | Wi P WL o (D Hg)iy g (DHY) %,

with the dimension N = Ng x [[oNg =2%x2x1=4.
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3.2 M-basis

For phenomenological studies, the community using the Feynman diagram approach to
compute the observables indicates a preferred monomial operator basis. However, as one
can see from eq. (3.17) to eq. (3.20), the result presented in y-basis may become polyno-
mials when using the notation of Lorentz indices and non-fundamental gauge indices. In
this sense, the y-basis expressions provide an over-complete monomial basis (m-basis) can-
didates by selecting superficially different monomials from those polynomials. In principle,
these monomials can be expressed as linear combinations of complete and independent ba-
sis operators, thus providing a way to discern their independence. This procedure can be
used to reduce any over-complete operator basis proposed for different phenomenological
purposes as long as a general conversion algorithm is found. In the following subsections,
we will first illustrate that the Lorentz structure of an operator can be matched onto an
on-shell amplitude which can be further reduced to the y-basis amplitude following the
reduction algorithm provided in our previous work [5, 7], then we will provide a new effi-
cient algorithm to obtain the independent gauge m-basis, which simultaneously provided
all the information needed to find the coordinates of arbitrary gauge factors on the selected
m-basis as a byproduct.

3.2.1 Lorentz m-basis

In our program, the monomial Lorentz m-basis candidates are selected from polynomials
of the y-basis operators. Any other over-complete monomial Lorentz structures proposed
by readers can be reduced by the same procedure discussed in section 4. The first step is
to translate each monomial back into on-shell amplitudes expressed in angel and square
bracket notations. Secondly, these on-shell amplitudes may correspond to the non-SSYT of
the primary Young diagram, which can be able to convert to the linear combination of the
existing complete and independent y-basis consisting of that SSYT. We provide the algo-
rithm for this conversion in our previous work [5, 7], which will be discussed in detail in sec-
tion 4.1. Finally, with the coordinates of each monomial on the amplitude y-basis, one can
perform the Gaussian elimination to find the independent monomials from these candidates.

We still take the class F2¢?D? as an example. The on-shell amplitude y-basis of the
class is given by eq. (3.8) and eq. (3.9), where the spinor indices can be translated to
Lorentz indices as

BY = —4F 1, P12 (D) (D/\¢4> : (3.21)
BY) = —4F1," Fia" (Dads) (Dyga) + 4FL1," Fio"* (Dygs) (Daga)
— 2FL1uFia" (Daés) (D ea) - (3:22)
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Then we choose the over-complete basis to be:

m v 1

BI") = FuuuFia™ (Dago) (D*é) = =B, (3.23)
m 3} 1 1

B = Fi1,"Fio" (Daés) (Dyoa) = gBEy) - ngy)a (3.24)
m 1 1

B;(), ) = Fi1," Fio" (Dy¢3) (Daga) = glgéy)- (3.25)

Therefore, we can pick out the first two basis vectors to form the Lorentz m-basis, with the

)

conversion matrix that transform the Lorentz y-basis to Lorentz m-basis, denoted as ICémy ,

_1
Kum) = ( K 1) . (3.26)
g8 8

8

3.2.2 (Gauge m-basis

For the gauge factors, monomial candidates like their Lorentz counterparts should also be
obtained by reducing the y-basis results’ polynomials. For example, from eq. (3.16), one
can directly identify two independent and complete monomial group factors as

m __ sz 513
Ty = ghiagis,

Ty = 2/ (77)i8 (3.27)

Ja>
and the conversion matrix between the y-basis and the m-basis is manifest:
30
kg =1 2 e (3.28)
T2

However, it is not always so lucky to have the number of superficially distinct monomial
group factors equals to that of y-basis, especially when multiple adjoint representations
present. For example, in the appendix. A, we find that there are ten superficially distinct
monomial candidates for four gluon operators G*:

m ABE j;CDE m ABE (CDE m ABE (CDE m ABsCD
can,1 — d d ) can,2 — d f ) can,3 — f f ) can, 4 — 4 4 )

m _ JCDE ¢ABE m _ §ACBD m _ JACE ;BDE m _ JACE ¢BDFE
can,b — d f ) can,6 — 4 4 ) can,7 — d d ) can,8 — d f )
m _ jBDE (ACE m _ jCDE rABE

can,9 — d f ’ can,10 — d f (329)

We need to select 8 independent gauge factors from the above candidates. Unfortunately,
we do not have a symbolic reduction algorithm similar to the Lorentz amplitude. To find
independent ones from candidates, we propose an efficient new method to find the m-basis
iteratively and also provide the way to find coordinate of arbitrary group factors on this
basis, which also benefits the conversion of the base.
We start by introducing the inner product defined between two group factors of the
same type:
(T, T/) — Z(Talag...)>c<T/alag...7 (3.30)
{ai}
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i.e. the contraction of all the corresponding indices of 7" and the complex conjugate of T
For example, the contraction of the first candidate itself becomes:

(Tcan,17 Tcan,l) — Z (dABFdCDF)*dABEdCDE
{ABCD,EF}
_ 00

5 (3.31)

With this definition of the inner product, one can iteratively determine whether a candidate
gauge factor is independent of those in a candidate pool that has already been proven to
be independent with each other by checking whether the metric tensor ¢;; = (13, Tj) is
invertible formed by this candidate gauge factors and those in this pool. Following the
algorithm, the pool is an empty set in the first step. One can pop out the first gauge factor
from the candidates T¢an,1 and add it into the pool, which gives a trivial one-dimensional
invertible metric tensor g1, so we can retain Z¢an 1 in the pool. The second step is to add
Tean,2 into the pool, and the corresponding metric tensor g;; becomes:

200
g11 912 = 0
921 922 0 40

One can verify the invertibility of this metric tensor by checking whether the determinant
of the metric tensor is zero or not; if it is zero, then it means that Tian2 and Tean,1 are
not independent, so we can abandon the Tt,n2 in the pool and move on to test Tian3.
Luckily, in our example, g;; is invertible, so we keep Tcan 2 in the pool as one of our gauge
m-basis. One can continue this procedure for one candidate at a time until a number of
independent monomials reach that of the y-basis group factor, which gives a set of complete
and independent monomial group factors as the m-basis {Ti(m)}, with the corresponding
metric tensor g;;. In our example, one can verify that the first 8 candidates Ttan,1-g are
independent with each other, so finally, our m-basis group factors become

T1(m) — JABECDE TQ(m) — JABE fCDE T3(m) — fABE (CDE T4(m) = §4B5CD (3.33)

TS(m) — JCDE fABE Tém) — §AC§BD. T7(m) — JACE yBDE Tg(m) — JACE ¢BDE

)

of which the metric tensor is:

200 40 =20

20 00020
0 40 0 0 0 0 0 —20
0 0 720 0242 0
0 0 06408 2 0

9ij = : (3.34)

0 0 0040 0 20
P 0 248064 0 0
—20 40 200

=20 203200 2 0
0 —200 0200 0 40
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Comments are in order for the above new algorithm. First, the inner product as a con-
traction of all the corresponding indices of two tensors can be viewed as a dot product of two
1-dimensional vectors if one flattened all the tensor indices. This dot operation is usually
very fast in a linear algebra library. Therefore one can view the construction of the metric
tensor as a way to compress the information in the gauge factors onto the lower-dimensional
space before checking their independence. Otherwise one needs to check the independence
among vectors of very large dimension (d = []; dim,,, where dim,, are the dimension of the
representation ;). Second, the procedure to find the independent m-basis simultaneously
constructs the metric tensor, which can be used to define the dual basis to find the coordi-
nate of an arbitrary tensor as we discuss in section 4.1, where most computational complex-
ity resides in the inversion of the metric tensor of which dimension is Né However, if one
starts with a set of flattened tensors of much larger large dimension d x N, one may en-
counter numerical accuracy issue for either solving the coordinate ¢; in a linear equation sys-
tem on a vector space of dimension d or finding the “QR-Decomposition” of this set of ten-
sors, which may lead to an error in determining the independence among the group factors.

Equipped with the technique for converting arbitrary Lorentz structures and group
factors to a complete and independent basis, one can, in principle, verify the independence
of any two operators of the same type no matter what in form the operators are written.
To complete the story we combine the K(™)’s in the eq. (3.26) and eq. (3.28) in hand, and
obtain the full transformation matrix (™ as the outer product of IC(S@%), ngZ%) and ICgmy),

-3 0 0 0
1 1
m m m ic —1g Y 0
Km) = ) @ ) @ i) = | 16 16 T : (3.35)
L0 =10
~f5 16 § 8

where we have used ICEgTZ%) = (1) for the W2HHTD?. We list the m-basis in the following:

O mipey = Tin = —3511125;13 (12)2 (34) [34]

= W1, WLy (D Hs;) (D H]), (3.36)
O aipes = Ty = %611126;3«1%2 (34) [34] — (12) (13) (24) [34])

= WL1," W5 (DAHs;)(D, H'), (3.37)
O e = TS = =3/ ()5, (12)* 34) (34

= el TR (7R, Wi (DaHsi) (DM HY), (3.38)
O e = T = 5127 (P7)i2 (12 (34) 4] — (12) 13) (24 [34)

= el TR (TR iw ] YW N (D Hs) (D, HY ), (3.39)

where 7;57,?) =T g[%ZT é@;,jB,gm). Comparing the above m-basis with the y-basis of

WEHHTD? eq. (3.17)—(3.20), it can be seen that the forms of the m-basis vectors are all
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monomials where each field is labeled with the Lorentz indices while the completeness and
independence of the y-basis are kept in the transformation.

Here we want to remind the readers that the above y-basis and m-basis are obtained
in the condition where all fields are distinguishable. For example, in eq. (3.38), the two
Wi,s are antisymmetric due to their symmetric Lorentz structure and antisymmetric gauge
structure, but the W bosons in the SM must be totally symmetric. That is why we need
to introduce the p-basis for repeated fields.

3.3 P-basis and F-basis

The y-basis and m-basis are bases of flavor-blind operators where all fields are distinguish-
able. Suppose there are repeated fields in an operator. In that case, extra constraints
require the permutation symmetry of flavor indices of the repeated fields must come from
those of Lorentz and gauge factors since the operator stays the same if we exchange two
repeated bosonic fields or obtains a minus sign if we exchange two repeated fermionic fields.

N S {9k,---} {hk,--} {fks}
7o Ok} — (71' o Tle ) (7r o Tso® ) . (71' o B{g:,~~},{hk~--}>’ (3.40)
permute flavor

permute gauge permute Lorentz

The constraint can also be understood as the requirement of the spin statistic for amplitudes
involving identical particles in an amplitude perspective,

M(p)(¢a1 (p1)7 ceey ¢am(pm)a . ) = Dd)(ﬂ)M(p)((baﬁ(l)(pl)v s 7¢aﬁ(m) (pm); s )7

m m

1 boson ¢
D¢(7T) = R T E S,
(—1)%"(™) fermion ¢

(3.41)

where Dy(m) denote the representation of permutation 7 for the identical particles ¢, and
(—1)%8"(7) is the signature of the permutation 7. Technically, we will treat repeated fields
labeled by different flavor indices as different objects regarding to the permutation, and then
organize m-basis operators into irreducible representations of the corresponding symmetric
group by applying the group algebra projectors discussed below. The operators obtained in
this way serving as the basis vectors of a irreducible representations of the symmetric group
are called p-basis, with “p” for permutation. Furthermore, when we treat each operators
in the p-basis as flavor tensors of the corresponding SU(ny) group, i.e. the flavor-specified
operators, the spaces spanned by these flavor tensors are identical if they were the bases
of the same irreducible representation of the symmetric group. Thus redundancies appear
in the p-basis when irreducible representations of symmetric group of dimension larger
than one exist, which only happens for operators with three or more repeated fields with
flavor number larger than one. After removing these redundancies, the remaining operators
form our f-basis, with “f” for flavor. These redundancies are related to the so-called flavor
relation in the literatures as we will illustrate in detail below.

We will still use the type WfH HTD? as an example to illustrate the method of ob-
taining the p-basis. Exchange of the two repeated fields {Wp,1, Wi,2} form a 1-dimensional
representation of the symmetric group So, as shown in eq. (3.41). Exchange of the Lorentz
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indices of the repeated fields in the type form a 2-dimensional representation of the Ss
because the linear space spanned by the y-basis of the Lorentz factor of the type is 2-
dimensional, and any permutation of the Sy acting on the basis should give a linear com-
bination of basis vectors since the basis is complete.

The generator of the So group is (1 2), then it acting on the y-basis of the Lorentz
factor of the WEHHTD?, eq. (3.7) gives the following relations,

(12) (12)2(34) [34] = (21)* (34) [34] = (12)? (34) [34], (3.42)
(12) (12) (13) (24) [34] = (21) (23) (14) [34] = (12)% (34) [34] — (12) (13) (24) [34]. (3.43)

Using this method, we can deduce the matrix representations of (1 2) acting on the y-basis
of the Lorentz factor of VVEHHTD2 as

PY((12)] = (1 0 ) . (3.44)

1 -1

The matrix representations of the So generator acting on the m-basis are connected to that
acting on the y-basis by D™ = ™) DW) (M) ~1 56 we obtain

Dgﬁu2n:( ! 0). (3.45)

1
-1-1

Similarly, we can obtain the matrix representations of the Sy generator acting on the m-
basis of the SU(2) gauge factor of the WZHHTD?, eq. (3.27), as 2 x 2 matrix

D1 2)] = ((1) _01) : (3.46)

The matrix representations of the generator for SU(3) gauge factor is still trivial,
Dgg)g[(l 2)] = (1), and finally the matrix representations of the Sy generator acting on
the full m-basis of the type should be the direct product of that of the gauge factor and
that of the Lorentz factor, D(™)(r) = Dgn(})g(ﬂ) ® Dgﬂ(%(ﬂ) ® Dl(gm) (7), so

1 0 00
1100

DM[(12)] =] 2 (3.47)
0 0 —-10
0 0 i1

2
In this example, the W bosons in the SM have only one flavor number, which requires that
the permutation symmetry of flavor indices must be totally symmetric. The generator (1 2)
Sy group can be used to generate all Young symmetrizers of So, among which the Young
symmetrizer of totally symmetric representation of Sy can be presented as

1000
1 —1000

YA =~y = * : 3.48

1 =5V [z 0 000 (3.48)
0071
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where the superscript [2] denotes the totally symmetric representation of So, and subscript
labels each Young symmetrizer of the representation, which can only be 1 in this case
since [2] is a one-dimensional representation. Each row of the matrix in eq. (3.48) gives
the flavor-symmetrized m-basis in terms of the linear combinations of the original m-basis
eq. (3.36)—(3.39). We find that the matrix in eq. (3.48) is rank-2 and choose the first row
and the last row to be the basis vectors of p-basis,

1000
K — ( ) : (3.49)

So the two operators of the p-basis of the type WLQH HTD? are written explicitly as

1 i
OI(/II%HHTD2,1 =gV (=] 67172672 (12)% (34) [34]
= WLl WL (DyH;) (DM HT), (3.50)

O iy = 1 [ €127 ()8 (12)2 (34) [34] — (12) (13) (24) [34)

_ ezJK(TK)éwLLVWLJuA(DAHZ.)(DVHU)’ (3.51)

where the Y [1z]]s in the amplitudes above act on all corresponding indices, including the
SU(2) indices Iy, Iz and the spinor indices 1,2 in this case. It should be noted that the
amplitudes above are not exactly the amplitudes generated by the above operators, but
the amplitudes corresponding to the operators by amplitude-operator correspondence.

The situation would be more complicated when an operator involves three or more
repeated fields. Generally, for m repeated fields, we choose the S,, group generators as
(12)and (12 --- m) and use the matrix representations of the two generators to generate
matrix representations of all Young symmetrizers of the S,,. When m > 3 and the flavor
number of the repeated fields is more than 1, we will need to deal with representations
of the S, with dimension 2 or more. For example, consider type Q>H e(TCD. Labeling the
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fields as Q1Q2Q3H4e£5, the y-basis and m-basis of Q3H egD are as follows:

Y-basis
OggHefCD,l ie*e® el (Q1aiQany) <Q3ck0“€T5) D, Hy
Ong)He(;D,z _jeabe ik (leaue 5) (Q26; D Qscrc) Hay
OggHech,?) i et (Q1aiQsen) (QQbﬂaueT5) Dy Ha (3.52)
OngHejCDA i€l M (Q10iQany) <Q3ck0“€l5) D, Hy
oggH% pg| e (Quic™els) (Qat; DyQser) Ha
Ogg,)HeLDﬁ —1€e€ M (Q10iQck) (QijUM€£5) Dy Hy
M-basis
Og&eém e el (Q14iQaw;) <Q3ck0”€T5) D, Hy
Og;jqe(tcaz ietbetel! (Q1a20“€ 5) (Qavj DpQser) Ha
Oinet ps| " (QuaiQaer) (Quorels ) Dy (3.53)
g;b;[eéD4 €€ €M (Q14iQany) (QSckU el )D Hy
nggeéDﬁ ieheetd M (Qlaz‘U“e 5) (Q2b; Dy Q3er) Hay
ng;k(tcaﬁ el (Q10iQ3er) (szja”efcs) D, Hy
10 00O0 O
0-1 000 O
o) _ |00 =100 0 550
00 010 O
00 00-10
00 0O0O0 -1

The m-basis of this type is 6-dimensional and the matrix representations of group algebra
projectors b [7] served as basis vectors for the irreducible representation A = [3], [2,1],
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[1,1,1] can be constructed from the representation matrices for the group elements:

1 1 1 1 1 2 1 1
“50-3 303 o2 L o -1
191l _1g_1 14 .21 21
[§ 3 3 6 3 3 3 3 3 3
1 2 2 1
pel_yB_| 3035 —50—3 ey _[ 000 0 0 0
L=V 1g_2 2 ¢ 1 | =N 1 g2 1 o _I
—30-3 303 303 3 —3
000 000 1229 11
1 1 1 1 1 2 1 1
5 03 305 —30-3-35 0 3
1 1 2 1 1 1
3 0 —3-30-3 100004
1 2 1 2 4 1 1
3 733 331 00003
000 0 000 000000
b[21] (2 3)3)[21] 1 L i b[21,1,1}:y1[1,1,1]: (355
53 0 -3-50-3 000000
1 1 2 1 1 1
00 -3 3 03-3 300003
1 1 2 1 1 1
-0 L 201 1ooool

where one can see that by convention the first basis vector b7 in a irreducible representation

always corresponds to the Young symmetrizer, and for the multi-dimensional representa-

tion such as [2,1], the rest basis vectors can be constructed by multiplying the Young
symmetrizer with the group elements. In the following Will refer the flavor indices p,r, s
as 1,2, 3 in the symmetric group. From the above matrix representations of group algebra
projectors, we find that there are 6 independent basis vectors in the p-basis,

P-basis

(»)

OQS Hel.D,1
(p)
Q3Hel.D,2
(p)

(»)
Q3Hel DA
(p)

(p) )
Q3H6CD,6

1 ] o
gy [] jebeetkell (QpaiQrbj) (Qsckaue(};t) D,qu
1

gy |:r} leabc Zkejl (QpazQ'rbj) (Qsckgueg;t> Dqu

1(’I“ S)y [] abe ik gl (QpaiQrbj) (Qscko-uegjt> D,u,Hl (356)

Q3HelD3|3

ly [:| ieabeethell (Qpaza—ue t) (Qr‘b] ,LLQsck) H,

1

*<7’ S)y |::| Zeabc zkf]l (Qpaio"uect) (QrbjDuQsck:) Hl

Q3Hel.D5| 3

1 _ .
gy [} i€k eIl (Q i Q) (QsckU”’@it) D, H

1 1 1 1
50 33 0 3
1 2 1 1
3 03 3 0 —3
1 1 2 1
1g 1.2 _1
(pm) _ 3 373 3
KFP=1 700 50 21 (3.57)
3 3 3 3 3 3
12 1 _2 4 _4
3 3 3 3 3
1 1
1'o0 0 0 3

However, since we treat each fermion in the operators as a flavor multiplet with flavor ny,

the operators in the p-basis become flavor tensors of representations of SU(n) group. The
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two projectors of [2, 1], b[lz’l] and b[22’1]

, acting on the m-basis vectors actually give a different
set of the p-basis vectors that span the same SU(ny) space. To illustrate this point, let us

take

1 1

() = o2V, = 3V [r] Mprs = 5 (Mprs + Myps — My — Mpy) (3.58)
1 1

7@ — 2y, $(23)Y B My = 5 (Mysy + Mpr = My = M), (3.59)

then TIS,Q and Tp(fg span a 2-dimensional representation of S3 where each element of S3 can
be presented as

D[Q,l] (B) = ((1) (1)) ’ D[2,1] (12)= (_11 _01) ) D[z,l] (13)= (_01 _11) , (3.60)

01 -1 -1 0 1
Digq1 (2 3) = ., Dipy(132)= ., Dipy(123)= . (361
2,1 (2 3) (10) 2,1 (132) (1 0) 2,1 (123) (_1 _1) (3.61)

The following relations allow us to rewrite each component of Téﬁg as linear combinations

of components of T[S,%g,
i 1 .
T3 = =50 > Dy (] T, s =1, d (). (3.62)

For example,

1 3 (1) 1 1 1 1 1
TEDS3

- Lowy [y [ .
_ é(2 3) V) [BF] Mors
=12 (3.63)

So we should keep only one Young symmetrizers of [2, 1] in eq. (3.55), and the independent
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operators, presented as flavor tensors, are called the f-basis.

F-basis
1
Og;)He(ED,l gy ... jeabe Zkﬁ]l (QpaiQrbj) (Qsckaueét) D,qu
1
Og:’)He(ED,Q gy [} abeihel! (Qpaerbj) (Qsckgueiz‘) D, H (3.64)
1
Ogonet ps| 37 [H] i (Qpaio®els) (Qra; DyuQuck) H
1 ;cabe ik
O(Q];)Heg:DA gy |::| te b € kfjl (QpaiQrbj) (Qsckauegt) Dqu
1 11 1
“50-33 0 3
1 2 1 1
1L g2 1 _1
(fm) _ 3 3 3 3
K= 00 50 20 (3.65)
337333 3
;0000 %

The relation eq. (3.62) is valid for representations of the symmetric group with any dimen-
sion, and we always choose to keep the first Young symmetrizer for representations with
dimension more than 1 in the package.

3.4 J-basis

The above amplitude basis can be re-organized to be the eigenbasis of the conserved angular
momentum and gauge quantum numbers for subsets of the external particles. In this case,
the spin and quantum numbers for partitions of the external operator correspond to certain
ultraviolet resonances. This eigenbasis can be obtained from the partial wave expansion
via the Casimir action, more specifically, the Pauli-Lubanski operator [29, 31]. In terms
of the spinor helicity notation, the Pauli-Lubanski operator, W, = %GWPUP" MP? can be
rewritten. It forms a Casimir invariant W? for the Poincaré group, which has the eigenvalue
—P2J(J +1). Apply to multi-particle states Z = {i,7,...}, P# = (3 ,ezpi)? is the total
momentum square, and J is the total angular momentum. These operators are represented
by the helicity spinors as follows

- 0
PIad = Z)‘iaAida MI,aﬁ Z ( wza 5 + zﬁa)\a> )

1€ 1€L
0
Iaﬂ - ZzEZI ( ~@ Zﬂ@j\?) : (3.66)
W2 = o 3 (GG + EGIM - 26 MENTY) . (3.67)
ij€L

It’s straightforward to confirm that the Poincaré algebra is satisfied with

[Ppa M,ul/] = i(gpupu - gpuP,u)- (3.68)
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For example, the scattering amplitude 12 — ¥3¢4 generated by a dim-5 operator O =
(Y193)dhapy is A = (13), which is exactly the eigenstate of W2,

3
W 2(13) = —1512<13>- (3.69)

The eigenvalue —P?.J(J + 1) = 3515 confirms that J = 1/2. Angular momentum conser-
vation ensures that WI?.A = W%A, when 7 is the complement of channel Z. The eigenstate
of VVI2 is called a partial-wave amplitude with angular momentum J, among that, the
independent one is called the Lorentz j-basis.

To obtain the j-basis in given channel Z, we apply W2 to the y-basis in the same
dimension d. The result must be the dim-(d + 2) amplitudes. Note that a Mandelstam
variable sz times the dim-d y-basis is also a dim-(d 4+ 2) amplitude. We can then reduce
them to our dim-(d + 2) y-basis and solve the coefficient matrix W;;, which is defined as
W%B;y’d = Zj WijSIB;/’d.

WIQB%Jvd — Z /C;;y[)’?’d‘”’ sz[)’?’d — Z IC;;”B?@"'Q N Z Wz-lejZ _ IC;TZy ) (3.70)
J J J

After that, we diagonalize 1V;; and obtain the j-basis. For example, to obtain the j-basis in
channel {1, 2} of state {1/2,1/2,1/2,1/2} with 2 derivatives, we first list the dim-8 y-basis
as follows

BY® = {[12][34]% (34), — [13][24]) (24) , [13][24][34] (34) } . (3.71)

Acting the W2 in the channel {1,2} gives

[12][34]2 (34) 00 0 [12][34]2 (34)
Whoy | —[3)24224) | =|0—6 4 || —(3)24220) | - (3.72)
[13][24][34] (34) 10 —2 ) \ [13][24][34] (34)

After diagonalization, we obtain

~1-66\({00 0 ~1-66 —6 0 0
~102]||0-6 4 —102| =]0-20]. (3.73)
1 00)\10 -2 1 00 0 00

Therefore, the complete set of the J-basis in the dim-8 should be

B/=2 [12][34] s34 — 6[13][24] (524 + S34) -1 -66 [12][34)% (34)

B/=t | = ([12][34] — 2[13][24]) s34 =|1-10 2 —[13][24]? (24)

B/=0 —[12][34] s34 1 0 0) \[13][24][34] (34)
(3.74)

The total angular momentum for the particles {1,2} is 2, 1, and 0 respectively. In our
package, the function W2Diagonalize incorporates the above steps. A similar J basis can
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be defined on the gauge group factor space. The meaning of J becomes a series value of
Casimir of the corresponding gauge group for each group of particles in the channel. The
definition of the Casimirs is based on the following definition of the action of generators
on a group factor:

N

_ mA A
Tl/llg...IN = ’II% © TIIIQmIN = Z(Tri)IZiTI1-..IF1ZIi+1IN7 (375)
i€

where 7 again represents a channel of particles that the generator acts on e.g., Z = {1, 2},
T represents a formal operator on the gauge m-basis, T;f‘i represents the generator matrices
for irreducible representation r;. For SU(M) group, one needs the value of M — 1 Casimirs
constructed from generators to characterize an irreducible representation. For SU(2) and
SU(3) we have the following Casimirs:

Cy = TT?, for both SU(2) and SU(3), (3.76)
C3 = d¥°T*T T¢, for SU(3) only,

For a general definition of Casimirs, one can consult the textbook [33]. We take the operator
type W* as an example; the corresponding gauge m-basis is:

Tlm) = 01,1500,1,, TQ(m) = 01, 1,01514 T?fm) = 61,1,00505- (3.78)
40 -2\ (7™
Co o™ = T, 0 T, oT\™ = (Co)y "™ = | 20 2| | T{™ |, (3.79)
{1.2} {12} {12} (1.2}

2 0 4 ) \1{™

where (C3);; represents the representation matrix of C on the gauge m-basis. Diag-
{1,2} {1,2}
onalizing the (C3);; gives you the eigenvalues as (C3) = 2,1,0, and the corresponding
{1,2} {1,2}

eigenvectors:
J=
TI(112[23)I4 = _3T1(m) + 2T2m) - 3T3m) = _35111'351214 + 25111'251'314 - 35111451213

J=1
TI(1[2]3)I4 = 1Tl(m) - T3m) = 6111351214 - 5111461213

J=0 m
TI(1]213)I4 =1x Tz( )= 0N 150151, (3.80)

Representing the W7 and Ws are the group to intermediate irreducible representations of
quartet, doublet, and singlet, respectively. The above gauge j-basis can be obtained by the
function GaugeJBasis.

Combining the coordinates of the Lorentz and gauge j-basis, one can obtain the opera-
tor j-basis,here we give an example of the j-basis of type Q3 H efTCD. To define the j-basis with
channels, one first need to label the fields, by convention, we label the fields in increasing
order of their helicities, i.e., in our example, the fields are labeled as Q1Q2Q3H4e£5.
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With the function GetJBasisForType, we can obtain the results listed below:

1f) _ %y [] i€abc Zk'ejl (Qp(l’LQTb] (Qscko-'ueT )D Hl

(f) = %y [:| iﬁabc ZkGﬂ QpalQ'l’bj C?sckraﬂeJf ) D Hl

2

ng) _ %y } jerbecibieil (O (

wiote

4

(
)

6)) {I} jetbeeikedl (Qpaerb] (Qsckguegt) Dqu

(QTbj uQsck Hl

group: (Spin, SU(3)., SU(2)w, U(1)y)
{Q17Q2}7{Q37H476£5} 0;
(1,3,3,4) —20{" + 305 + §07
—60y" + 30y
(0,3,3, 1) —[1+2(r s)]OY) — 20
(1,3,1,3) 5+ (r )03 =[5+ (r )05 - 304"
o o)
14 2(r S)]OQ3H D2 — 20y
(0,3,1, 1) 20\ 4 og )
{Q17H4}7{Q27Q3762;5} O]
(3,3,3,2) 8O £ 1[1 + (r 5)]O) + 3[1 + (r 5)] O
(.3,3, 1) O + 51+ 3(r )]0 — 21+ (r 5)]OF) — O
—[1 = (r 5)]OY) — 204 51
3.81
(2,3,1,2) 31— (r )0 — 11— (r 5O - 501
(.3.1,2) —O + 311+ (r )]O8) + 31 - (r )05 — L0
—20W) 411+ (r 5))OY)
{el5, @1}, {Q2, Qs, Ha} 0,
(1,3,2,-2) o + 1+ (r 5)]0f + 0
O + 1(r 50§ — L2+ (r )05 — 10
2(9§f) + (r S)Oéf)
i 42(r )]0 — 11+ 2(r s)]05) — 20
(’)gf) +[1+(r 3)](’)§f) - Oif)
{H47 235} {Q15Q27Q3} OJ
(1,1,2,-1) o)+ 1+ (r s)]0Y) + 0
oD + 1 50 — 12+ (r 5O — 1o
2(9@ +(r S)Oéf)
20 4 o)
S1+2(r )05 — 311+ 2(r 9]0 — 3017
0 +[1+(r 905 - O
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Let us take a closer look at the j-basis of {Q1, Q2},{Q3, Ha, 6(15}. Permuting the label
of the three repeated Qs gives the following three different channels:

group: (Spin, SU(3)¢, SU(2)y, U(1)y)
{Q1,Q2}, {Qs, Hy el 5} ol ol o
(1,3,3,3) (0,-2,0,0,1,0) | (0,2,0,0,—1,0) (-2,3,0,2,0,0)
(2,0,-4,-1,0,2)| (2,0,4,—1,0,—2) (—6,3,0,0,0,0)
(0,3,3,3) (=2,0,0,1,0,0) | (—2,0,0,1,0,0) (0,—1,-2,0,0,—2)
(1,3,1,1) (0,0,0,0,1,0) (0,0,0,0,—1,0) (0,3,1,-3,-1,-2)
(0,0,0,-1,0,2) | (0,0,0,—1,0,—2) (0,1,2,0,0,—2)
(0,3,1,3) (0,0,0,1,0,0) (0,0,0,1,0,0) (2,1,0,0,0,0)
{Q3,Q1},{Q2, Hy el 5} ol ol o
(1,3,3,3) (1,-1,0,-2,2,0)| (1,1,0,-2,-2,0) (—4,0,5,0,—2,0)
(2,0,—1,-4,0,2)| (2,0,1,—4,0,—-2) (—6,0,3,0,0 0)
(0,3,3,3) (0,0,-1,0,0,2) | (0,0,1,0,0,—2) (0,2,1,0,0, —2)
(1,3,1,3) (-1,1,0,0,0,0) | (-1,-1,0,0,0,0) [(0,-1,—%,—1,—% —%)
(-2,0,1,0,0,0) | (—2,0,—1,0,0,0) (0,—-2,-1,0,0,—2)
(0,3,1,3) (0,0,1,0,0,0) (0,0,-1,0,0,0) (2,0,1,0,0,0)
{Q2.Q3},{Q1, Hy el ol ol 05-”
(1,3,3,3) (1,1,0,1,1,0) (1,-1,0,1,—-1,0) (4,3,3,-3,-2,0)
(1,0,1,1,0,1) | (1,0,—1,1,0,—-1) (6,3,3,0,0 0)
(0,3,3,1) (-1,0,1,-1,0,1)|(~1,0,-1,-1,0,—1)|  (0,—1,1,0,0, —2)
(1 3717 %) ( 17 -1 0717170) (_17170717_170) (07 57 %7 %7_57 %)
(- 1,0, 1,1,0,1)| (-1,0,1,1,0,—-1) (0,1,-1,0,0,—2)
(0,3,1,1) (1,0,—1,-1,0,1)| (1,0,1,-1,0,-1) (-2,1,1,0,0,0)

(3.82)
The j-bases of two channels differed by permuting labels of repeated fields may look dif-
ferent on flavor-blind bases, but indeed they are the same up to a permutation and an
overall constant. For example, the j-basis operator corresponding to the state (0, 3, 3, %) of
{Q1,Q2},{Qs, Hy, e£5} expanded on the f-basis is given as

—[1+2(r 5)]OY) — 20\ (3.83)
1

=3 {—[1 +2(r 9)|Y {} -y {] } jebeeik el (QpaiQrb;) (QsckUﬂelt) D, H,

while the j-basis operator corresponding to the state (0, 3, 3, %) of {Q3,Q1},{Q2, Hy, e£5} is

2+ (r s)]08) — 20 (3.84)
% {[2 +(r )Y {} -y {] } i€ I (QpaiQrivg) (QsckU“eit) D, H,
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One can check the operator eq. (3.84) is connected with eq. (3.83) by a permutation that

transform {Ql,Qg},{Qg,H4,e£5} to {Qg,Ql},{QQ,H4,6:;5}, which is (1 3 2), or (p s 1)
in this case, with

(psr) {—[1 +2(r )|y {} -V { }} = {[2 + (r 9)]Y [} -y {]} (3.85)

[« ]3]

4 Conversion among different bases

It has always been a confusing issue to have multiple choices of operator bases in the EF'T,
which keep active in the literature for different purposes. For example, at dimension 6, the
Warsaw basis [3], the HISZ basis [34], and the SILH basis [35] were introduced to address
different aspects in the studies of the SMEFT operator. Therefore, it is important to
systematically relate the bases to compare results among works in different areas of study.
However, due to the many redundancy relations, the conversions between operator bases
are usually tedious. In the package, we provide a solution by deriving the coordinate of
any given operator under the y-basis, so that the relations among the operator bases could
be solved easily by linear algebra.

Let us take dimension-6 type D?H2H'? as an example. In ref. [2], there are 3 operators
in this type

Oopr = %D#(HTH)D“(HTH), oY =(H H)(D,H D*H), 0¥ =(H'D'H)(D,H H).

(4.1)
However, there are only two independent operators in this type if operators involving the
EOM are not considered in this type, as in the Warsaw basis ref. [3]

Oun = (H'H)O(H'H),  Oup = (HTDMH)T (H'D'H) . (4.2)

It is necessary to reduce the over-complete basis eq. (4.1) to a complete basis, such as
eq. (4.2), which can be easily done by the function FindMCoord. The result gives

Osn —% 0 0
oD [=| 109 (OHD) . (4.3)
0P 01 Hy

So we conclude the over-complete basis eq. (4.1) can be reduced to either {Ogy, (91(3)} or
{Og), (’)g)}, and its conversion relations to eq. (4.2) are given in eq. (4.3).

Furthermore, in the SILH basis ref. [35], they list two independent operators different
from those in Warsaw basis as following

<— Rd
O}y = DYH'H)D,(HTH), 0%, = (HD"H)H'D H), (4.4)

=
where HI D*H = H'DFH — DFHYH. The conversion relation between the two complete
bases eq. (4.2) and eq. (4.4) is worth known for comparison of works using the two bases.
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The result gives

1
OgZ}LH L =2 Onp

Note that the above linear relations hold up to EOM, which means that the two sides
of an equation can differ by an operator that has vanishing contributions to the on-shell
amplitude in the given type of external state. The difference may contribute to other
types of amplitude due to either tree-level diagram or EOM, and is supposed to have been
counted in those types. When we are not focused on a particular type, extra terms should
be added to the above relations, which will be solved in the near future. In this paper,
we mainly introduce the linear relation restricted to a given type. Thus all the equations
in this section should be understood as modulo EOM. We will show how to decompose a
given flavor-blind operator(amplitude) into the Y-basis in section 4.1, and the conversion
between flavor-specified bases is inferred in section 4.2.

4.1 Unique coordinate of operators

For flavor-blind operators, where each field is distinguishable, the Lorentz structure and
gauge factors can be treated separately. Suppose we have a monomial operator O =
T ONB, ayn, We can decompose it in the following steps

Bah---,aN = ZICB,Z'(B?)GL---,GNv TN = ZICTJ(J}m)ahMaNa
; -

J

O=> Ksikr,;T}, T = (T (B g,

i?j

(4.6)

where the final m-basis 7.7 is simply the direct product of the m-basis for Lorentz structures
and gauge factors.

To get Kp, we first decompose B into the y-basis, for which we have a standard
routine [12]:

1. Calculate the corresponding helicity amplitude via the follow replacements
o=l V7 =(il% W[ =% wli=lila, DI =il (4T)
v 1 . — 14 . v 1
PAY = il ol i), Fi =~

Other forms of building blocks can first be transformed into the above cases, for

[i\éﬁ“daozﬁ\i}ﬁ, UZdO'#BB:26a56dB. (4.8)

example
Ui W = ol 51 + Glpo i = (ilo*|i] + (ilo"]3],

0% 104 0% 1, . W=U | G v (49)
Y =Fp" + Fp~ = 5 ((ilo"6"]i) — [ila"0"|3]) .

Note that some conventional building blocks are usually a mixture of helicity ampli-
tudes with different helicity assignment, which is not preferable in our construction.
In some cases, it would also obscure the features of some computations, like the non-
renormalization theorem [36] is actually trivial from the helicity amplitude point of
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view. That is why we are not choosing these building blocks to construct our opera-
tors, but they can still be considered if one insists, by combining types of operators
for a mixture of helicity assignment, while a given operator consisting of these build-
ing blocks would have a coordinate for a combined operator basis. We will show an
example shortly.

. For any amplitudes that correspond to non-SSYT, use momentum conservation and
Schouten identity to convert it towards SSYT amplitudes, i.e. the y-basis. It requires
a certain order of the constituting fields, and different orders would lead to different
y-basis. We usually adopt the helicity-non-decreasing order proposed in [32], but it
is not mandatory.

The reduction can be implemented in two steps: first, use momentum conservation to
replace as many momenta with lower labels in the order by those with higher labels,
which include the following situation:

e Replace all the momenta of first particle by momentum conservation

N

(i)[15] = = D _(ik)[ks]. (4.10)

k=2

It amounts to remove all the derivatives on the first field via the IBP relation.
(D"Wq) e (=) U D™ (--1). (4.11)

e Replace all the momenta of particle 2 or 3 in the following cases such that no
lower label momenta would be generated,

N N

[Lpali) = = > _[L]kld), (Llpald] = = > _(1lpxld],
k=3 k=3
N N

[1ps[2) = = > _[1[k[2), (Llpsl2] = = > (Llpxl2], (4.12)
k=4 k=4

b2 -p3 = Z —Di - Dj-
i,j#1

{i.33#{2,3}

This is possible because on-shell conditions convert the lower label momenta
generated. On the operator side, it means that EOM is involved. One could
apply IBP according to eq. (4.12) while keeping track of how some terms are
converted via EOM, so that the reduction still holds at the operator level. We
take the type IlHTHD operators in the Warsaw basis as an example

O = (11, ) (HD W1 ) 5 A (1 Hy ™ TL) = 6157 (112 3]4] = —2676](1[3]4]

(4.13)
where we used momentum conservation to replace po — —(p1 + p3 + p4), and
the p; and pyg terms vanish by on-shell condition. On the operator side, we can
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do it more carefully

(2%, ) (87D 1) = =2l ) (1D, H) =i, (e ) (1 H)

’ T (4.14)
PN (1,0, ) (1D, HUH) + (1,5 + T ) (HTH),

where the first term is our y-basis corresponding to the amplitude in eq. (4.13),
and for the second term we used the EOM of lepton Dl + J = 0 for lepton
source term 17 + h.c. in the Lagrangian. In the code, we have not kept track
of these terms because it is still a purely amplitude-based algorithm. An intact
reduction of operators may be implemented in future versions.

Second, when two same-type brackets contain 4 different particles with the order
1 < j < k <, we use the Schouten Identity to apply the following replacement

(il) (k) = (ik) (3l) — (i) (kL) (4.15)
[il][7k] = [ik][51] — [i7][KL]. (4.16)

3. When a monomial basis other than the y-basis is defined as the standard m-basis,
such as in the case that Lorentz indices rather than spinor indices are used for the
building blocks, we could find the coordinates of all the m-basis operators via the

B = Kij'Bj, (4.17)
J

where K™ should be the convertible matrix. For a given operator, we can first

above steps

decompose it into the y-basis, and then use K™Y to get the coordinate under the

B= Z KYBY = KY(K™ 1B = Z Kp,iB". (4.18)
J )

2

m-basis

For the gauge factors, we can make use of the metric obtained in section 3.2.2 and
easily find the projection of a given gauge factor onto the m-basis by the inner product

(T T) = > Koy (T T77) = 3 g3Krys = Ky = g7 (T}, T), (4.19)
J J J

where ¢% is the inverse metric g%/ Jjk = 5t i.» the invertibility guaranteed by the independence
of the m-basis {7;"}.

Now that we obtain both Kp and K7, whose direct product give a unique coordinate of
the operator O (up to EOM) according to eq. (4.6). However, repeated fields have not been
considered yet. In the presence of repeated fields, the m-basis itself may not be independent.

4.2 Flavor specified operators and flavor relations

When the flavor is turned on, there are two effects: 1. some p-basis operators must vanish
due to the lack of flavors to fill in the tall Young tableau of the flavor tensor; 2. for multi-
dimensional representations of the permutation group for repeated fields, only a subset
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of the p-basis, namely the f-basis, is independent, while the other operators should be ex-
pressed as flavor permutations of the f-basis. The latter leads to the flavor relations among
the flavor components of the operators. We examine the two aspects with two examples.

The first example is the dimension-8 operators H2H2D* in ref. [6]. The operators in
ref. [6] and those generated by our package are presented respectively as

Ref. [6] P-basis

O\ (D HD,H)(D*HVDrHy) O] s | HiH;(Dy D, HY)(D*D” HY)

O, |(DLHYD,H;)(D*HYD Hy)  OF) oo | HiH(Dy D, Hy) (D*DY H')

O |(D*H D, H;)(DYHYD,Hy) O, . | Hi(D,H;)(D,H)(D*D” H)
(4.20)

Here we retrieved the omitted SU(2) indices in ref. [6]. In our package, the m-basis
and p-basis of type H2H2D* can be obtained by the function GetBasisForType as

M-basis|Higgs are treated as distinguishable.
o™ | Hy;Hy(D,D,H}")(D"D"H})
oy Hy;H(D,.D, Hoj)(D* D" H})
O§™ | Hyi(D,Hay)(D, HY') (D* D HY)
o™ |  HyH,(D"D"Hi"(D,D,H})

o™ | H,HY(D,D,H,;)(D"D"H]")

O™ | Hyi(D,Hyy)(D*D”H]')(D, HY)

P-basis Higgs are treated as flavor multiplets.
O | 1 51, 5151 HyiHyg (D, D, HIY) (DD HY)
OF | LY [, 5] Hyi Hi (D, Dy Hyj)(DP DY HY)
OF |53 w1, (12] Hyi(Dy Hyy) (D, HE) DV DY HE) (4.21)
O | 13 [BE] tutty (DD, HE (DD 1)
0 | 1y (L] Hutti (DD, ) (DrD 1)
OF | 1 |BE] Hy(D,uHy) (D, ) (DF D H))

with the conversion matrix

3001 0 0
0505 3 1
Kcom) _ ?83_% 2 _05 (4.22)
2 2
0i0-3-1-1
003 3 0 3

where all Higgs are treated as distinguishable in the m-basis and are labeled with 1,2, 3,4
while they are treated as repeated flavor multiplets in the p-basis and are labeled with
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p,7,8,t. The coefficient matrix of eq. (4.20) expanded on the m-basis eq. (4.2) is given by
FindMCoord as
112000

c™=1100000|, (4.23)
010000

thus
112112

-1
P — o(m) (;dpm)) =1l100100]. (4.24)
010010

For the SMEFT where there is only one generation of Higgs, the last 3 terms of the p-basis
in eq. (4.2) vanish and C'?) becomes a square matrix.

112 024)1 112 Og%HwD?,l
C(p) — 100 s ng = 100 OggHTgDQQ . (425)
010 o) 010/ \ 0P apa s

Next, let’s look at a more complicated example, where mixed symmetry of flavors is
involved. The operators in the type W LQ? in ref. [6] can be rewritten in our notation as,

Ref. [6]

O{(/‘l/)LQS fabceﬂekm@—])inw;{u (LpiO"quraj) (stthal) (4.26)

O ga | el (1) W, (LyiQuet) (Qrajo™ Qo)
erbeeltem (71T WL (Lpio™ Qaok) (QrajQtet)

3)
OWLQ3

and the p-basis of this type is listed below.

P-basis
Og/[I;)LQ3,1 &Y [elz] ebeeitehm (TI> 3 WL, (Lpio™ Qrag) (QsvkQet)
Og/[I;)LQi%,Q %y [] eabceilekm (TI) gn ;{u ( p’Lthl) (Qrajo'ijsbk’)
O%[I;;LQS 3 %y __ €abc€il67‘€m (TI) ‘;nW;{V (L st Qraj) (stthcl)
OE/[I;)LQ?’A %(8 t)y [] Eaécellekm (TI‘) inW;f (L ot Qra]) (stthcl) (4 27)
OWP/LQ375 %y __ eabegil hm (7—]> %Wiu (L Toind stk) (Qrantcl)
O{(/[p;)LQ3 6 %(S t)y |:] Gabceilekm (TI) ‘ZnW;{ (L lo'lesbk) (Qrantcl)
O‘?%LC}”,? %y __ eabceileém (T[) gn ,L{l/( pthcl) (Qrajg Vstk)
OV[I;LQ:s,g %(5 t)y [] eabcezlekm (TI) ian ( pthcl) (Qrajo'/uj@sbk)
abe il _km j v
O&I;)Lng 9 %y :| € ’ € lek (7—1) %WJV (Lma“ Qraj) (stthcl)
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Following the similar method above, one can find

()
OVﬁLQ"’,l

(p)
OVﬁLQi”,Q

(p)
OVgLQi” 3

o) 102 0 1000 3\ [O¥ .,

O [=]0100 00100 ||OF

(p)
100-1 11001/ O

)
Oprgs z

(»)
OW]iLQ?’ 8

(»)
OV(IZLQS 9

(4.28)

The operators in (4.26) do not present any information on flavor structures, although not all
flavor components of the operators are independent. The flavor constraints are clear once
these operators are expanded on p-basis. For each operator in (4.26), it is straightforward
to decompose the operator into different irreducible representations of SU(ns) and S3 as

1 1 . 1 : 1
Oprst = 63) [] Op'/‘st + gy {} Oprst + §y [} Oprst + 63) [] Oprst- (429)

For example,

(1)

WY LR O 1000 0000 O

1 s (1)

337 [} OWLQ3,p7’5t

1 oW 002 0 —1000 0 )

gy [} W LQ3,prst OWLQ3 1
0000 0000 O o

ly 0(1) 5 OI/IZ;LQii )

6 WLQ®prst 0000 0000 3 o ,

1 (2) .

6 [T O3 st 0100 0000 0 OZ)LQ‘*?’

1 s (2)

3V [} OW Lo prst 0000 0010 0 OZ)L@A (430)
- 2 = .

3V [} OI(/V)LQS,stt 0000 00000 Og)Lngf’

1 (2) WLQ3.,6

1y H 0D, st 0000 00000 || &

WLQ3,7

19 g 0F) 1000 00000 0]

6 WLQ3,prst OWLQ3 8

;y[]ow) 0000 1000 0 e

! oy e 000—-10 100 0 Owrgss
B (3) — ,

W [E] O 0000 0000—1

1 (3) -

éy |::| OWLQ3,prst

Where we used the orthogonality of different Young symmetrizers. It seems that one can
choose the linear independent rows from the matrix as independent operators, for example,
the red rows in eq. (4.30). The other rows should be understood as the following flavor
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constraints,

T (1)
Y {} OWLQ3 ,prst =0,
v (2) —
Y [} OWLQ3,prst =0,
T o@ _
Yy } Owros prst = 0> (4.31)

Y [] OI(/V)LQ3 prst =Y [] OI(/V)LQ3 ,prst?

(3) _ oW
:| OWLQ3,prst _7:)) {I:| WLQ3,prst*

However, one should remember that the following f-basis is the truly independent and

<
IS0

complete basis for three or more repeated fields,

F-basis
O s 1 |8V [t el b (1) 4 WL, (Lo Qraz) (QupkQuer)
O s 2| 8 [T el e (1) WL, (LyiQuer) (Qrajo™ Qo)
OI(/[J;)LQ373 %y :| Z'Eabc ilekm (T]) gnW;{u (Lpia Qraj) (stthcl) (432)
O{(/(J;)LQ:;A %y } Zeabc ilekm (T[) %LW[II,V (Lpio-w/stk) (Qrantcl)
OI(/IJ;)LQ?’,S %y ‘} Zﬁabceil€km (TI) inW;{u ( pZthl) (Qrajgijsbk)
)
Oi(/[];)LQ?’,(S %y ] ZGabc i km (TI) 'an;{z/ (Lpiaquraj) (stthcl) )
which indicates the operator %J} {} OI(/?/)LQ:; orst is redundant. So there is another flavor

constraint:

V[E7) Ot = & (~5 09 [57] Ot g + 5 0 [57] OPrg) - (033

To conclude, after taking account of the flavor structures, the operator basis of the type
WLQ? can be chosen as the f-basis (4.32), or equivalently the operator basis (4.26) in
ref. [6] together with the flavor constrains eq. (4.31) and eq. (4.33).

4.3 Alternative operator basis

With the technique of finding unique coordinates of any given operator, we can easily
implement many tasks that were thought to be tedious.

1. We can find conversion matrices between various operator bases in the literature.
Suppose there are two independent operator bases le) and QZ(-Q), both being inde-
pendent and complete. We can find their coordinates under our standard m-basis

n _ (1) ym (2 _ (2) ym
Qi = ZKij O, @7 = Z’Cij 0" (4.34)
J J
The conversion matrices must be invertible due to the linear independence within
each basis. Therefore we have

QY = Z/C (K7 (4.35)
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2. We can also find linear relations among over-complete basis. If an operator basis @
is over-complete, with number n > the actual dimension of the operator space, the
coordinates of them form a n x matrix K,. Not only can we select an independent
subset of basis from its independent rows, but we can also use the solutions to the
linear equation > ; ¢;K%; = 0 to induce the redundancy relations among the operators

ZI CIQII =0.

3. We can customize our m-basis by constructing the over-complete basis with selected
rules. As explained previously, in the current version of the package ABC4EFT, we
obtain the m-basis operators by selecting independent ones from an over-complete ba-
sis of operators from the monomials present in the y-basis. It is also possible to build
an independent basis out of particular building blocks that are more conventional or
phenomenologically preferred. For example, the F//F basis of gauge field strength
is more frequently used in the literature than the chiral basis F7 /g, with relations
F =Fp+Fg, F =i(Fr—Fg). Note that such building blocks are in the reducible rep-
resentation of the Lorentz group, which means that they generate particles with dif-
ferent helicities. On the other hand, our predetermined types all involve fields of only
irreducible representations of the Lorentz group. Therefore it is courteous to merge
several types into one bigger type, which we may call “helicity-inclusive” type of oper-
ators, whose basis is the direct sum of operator basis for types that differ only by signs
of the helicities. For instance, the type we studied in section 3, WgHHTDQ, is in a
bigger “helicity-inclusive” type W2H HTD?, which also includes the type WI%H HiD?
and W WrHHTD?. While the basis for I/VI%HHTD2 is similar to that for WgHHTD2
obtained in eq. (3.36)(3.39), the basis for W, WrHH'D? is given below

| . |
N ipay = €7 ()WL WP (D, D, HY) (4.36)
1 : .

After taking into account that W boson has only one flavor, we obtain the p-basis
for the “helicity-inclusive” type W2H?D?:

P o™ (m) (m)
Oyapyzpei = {OWEHHTDQ,I’ OWfHHTD2,4’ OW}%HHTD2,1’

(m) (m) (m)
OwlgHHfmA’ OWLWRHHTDQ,l’ OWLWRHHTD2,2}

(4.37)

Now we can construct all kinds of operators involving W,,,, or WW and work out their
coordinates under the basis eq. (4.37) by the expansion W = W, + Wg and W =
i(Wr, —Wg), so that an independent set of 6 operators can be selected as an operator
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basis. It can also be used to examine the basis present in the literature, such as ref. [6]

Qg/ll/)2H2D2

Q%/IQ/)2H2D2
QE}?/)QH2D2

C2%}4[1/)2 H2D2

QE}?/)QHQDQ

Q$)2H2D2

= (D"H'D"H)W, ,W*
1 1
B _ZO€V2H2D2’1 - ZO€V2H2D2’3 + Oy 2 o6
= (D“HTDMH)WZ,I,)WIVP = O€V2H2D2a1 + 03/2[{213273

e (DMHTDMH)WVIPWIVP == i(O€V2H2D271 - O€V2H2D273)

= ie/% (DHHT DV H ) W, Wi (438)

- Z.(Og[/2H2D2 ’2 + O%/ZHQDQ 24 + 20€V2H2D2 15)
_ AJK g J 117K 1 K
= K (prHiT D ) (W, WP — Wil wie)

- _2’[:(9%/2H2D2 ’5

=ie "5 (DHH D H) (W, Wi + W wie)

14 P
- 2(OW2H2D2’2 - OW2H2D2’4)

It’s easy to check that the conversion matrix is invertible, proving that the 6

operators are indeed a complete basis for the type W2H?D?.

4.4 Reduction of over-complete basis

With the complete m-basis, it is able to expand any over-complete basis of any type on the

corresponding m-basis and reduce the over-complete basis to its complete subset. Taking

the type D2LLTQQ" as an example, it is straightforward to write down the following over-

completed operators based on the properties of v matrices,

D2LLtQQt
0(1) (D#LpiD“Qmj)(LliQIaj)
0@ (DyuLpi D" Qo) (LI Q) )
o® (DyLpiQraj) (DL QL)
oW (DyuLpiQraj) (DL Qf )

, . 4.39
0(5) (Dp,LpiDz/Qraj)(Llla—ul’@za]) ( )

OO | (D, LyiDyQray) (L5 Qf)

ON | (DY Lo, LI (D Qyajo, Q)
OF) (D" Lyi0uQ") (D" Qrajor LL)
0O [(D*Lyio, L) (D" Qrajo, Qo).

— 38 —



Each of eq. (4.39) can be expanded on m-basis

M-basis
Ogm) (LPiQTaj)(DuLLiD“QIaj)
O™ | (Lpi00Qyrag) (DMLY DY Qo) (4.40)

O™ | (LpiQrag) (DL LY DHQ] )
Oz(im) (LpiUuVQraj)(DuLljDuQIai)

Using FindMCoord, and the coefficient matrix is obtained as

1 0 00
00 10
—% 3 00
00 -4}
01 00|, (4.41)
00 01
-1-10 0
1 =100
00 00

where the coefficients in the last row being all 0 is the consequence of O corresponding to
the EOM redundancy. From eq. (4.41) one can choose 4 independent rows of the matrix as
a complete basis of D?LLTQQT, for example, the 4 rows which are marked red in eq. (4.41).
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Here we give another example of the dim-9 type d(TCeCLTQui, it is straightforward to
write down the following basis:

d};ecLTng

oW (dzu v )( ep@rai) (Ug sucmlf))
o) (AL ubLE") (ecp@rai) (ucuc)
o (dfubLE") (ecpticd) (Qraiucy)
oW (dgubLli) (ecpucl;) (Qraitg?)
0w (dfubLE") (ecptict) (Qraitic )
0 (dTub I}z)(ecpuct)(Qraiucg)
o® (ecpou cub)( raiU“LI}i)(%?%g)
o® (ecpOu cub)(szauLli)(ucguc?)
0 (ecpopd)] b)(“cgUuLli)(Qmich)
oo (ecpau ub) (“cgauLli) (Qraiugt)
ot (e Ccppu cub)<uc?U“LLi)(uc?sz‘)
O (e popdlup) (ucf o L) (ug b Qrai) (4.42)
O (Qraioudlu) (ucsot Li¥) (ecpuct)
O | (Qraioudiow) (ucbo L) (ecpuct)
019 (@ iOp Cub>(uc§‘7u[fii>(ecpuc§)
016) (Qraioy Cub)(ucfa“Ly)(eCpucg)
0(17) (u Cub)(ucgU“Lli)(ecZJQmi)
O | (ubopdiu) (ucf o L) (eepQrai)
o9 (CubL )( ecpOuvQrai) (U s u ft))
00 (CubL e cpOuwQrai) (Uey botu )
oY (df Lub L) 19 (e eepTuies)(Qraic™ u b)
0 1(dl L) (ecpoumue ) (Qraio™ ucd)
0@ (C b l)(%pawu 9 (Qraict” Ugs)
04 (dTubL )( cpO e ) (Qraio” U’CS)

The basis is obviously over-complete due to Fierz identities. The independent flavor-blind
basis given in our code is the m-basis

M-basis

O | (Al b L) (e p@ra) (ue 2u.?)

O™ | (dh L) (ecptto ) (Qraituc}) (4.43)
O™ (dl L) (ecpQrai) (ucbucs)

O™ |(dl L} (ecptic?)(Qraiucf)
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The function FindMCoord can be used to find the coefficients of each operator in (4.42)
expanded on m-basis. The result is as following

0 0 1 0
0 1 0 O
0 0 0 1
-1-10 O

—2 -2
0 0 —2-2 (4.44)
—2-20 0
0 0 —2-2
02 0 0
00 0 2
2 0 0 0
00 2 0
4 8 0 0
00 4 8
8 4 0 0
0 0 8 4
4 -4 0 0
0 0 4 —4

One can check that the above matrix has rank 4 and the independent operators of
dieCLTng can be chosen as 4 independent rows of matrix (4.44), for example, the 4
red rows in (4.44).

5 Brief introduction on ABC4EFT

In this section, first we will show how to include a user-defined model in the Mathematica
package, then we will introduce the Mathematica functions to analyze EFT operators and
give the complete basis of the EFT operators in such a model.
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To load the package, one should first locate the directory of the package ABC4EFT,
and on this directory, one starts with

In[1]:= << ABCA4EFT"

The package allows the users to define a model involving various fields, gauge groups,
and global groups. Here is an example of writing a function to define the SMEFT.
In[2]:=
SetAttributes[DefSMEFT, HoldFirst];
DefSMEFT [model_,nf_:3]:= Module[{},
ModelIni[model];
AddGroup [model,"U1b"];
AddGroup [model,"U11"];
AddGroup [model, "SU3c" ,GaugeBoson->"G"] ;
AddGroup [model, "SU2u" ,GaugeBoson->"W"];
AddGroup [model, "Uly",GaugeBoson->"B"];
AddField[model,"Q",-1/2,{"SU3c"->{1,0}, "SU2w"->{1},"Uly"->1/6,"U1b"->1/3} ,Flavor->nf] ;
AddField[model,"uc",-1/2,{"SU3c"->{0,1},"Uly"->-2/3,"U1b"->-1/3} ,Flavor->nf] ;
AddField[model,"dc",-1/2,{"SU3c"->{0,1},"Uly"->1/3,"U1b"->-1/3},Flavor->nf] ;
AddField[model,"L",-1/2,{"SU2uw"->{1},"Uly"->-1/2,"U11"->1} ,Flavor->nf];
AddField[model,"ec",-1/2,{"Uly"->1,"U11"->-1} ,Flavor->nf];
AddField[model,"H",0,{"SU2u"->{1},"Uly"->1/2}]
]
DefSMEFT [SMEFT] ;

Where the inputs of this function are the name of the model and the number of
generations of fermions that would be taken into account in the model. The user-defined
function DefSMEFT invokes the functions ModelIni, AddGroup and AddField in the package,
where ModelIni just initializes the model, and AddGroup, AddField will be introduced in
the following content.

The function AddGroup adds a global group or a gauge group to the model, along with
options that can name the corresponding gauge boson if the added group is gauge and
assign the certain list of indices to a group.

In[3l:= Options[AddGroup]={GaugeBoson->None,Index->"default"};
AddGroup [model_, groupname_String,OptionsPattern([]]

It should be noted that the input groupname_String must be a string that formed by the
commonly used name of the group, for example, "SU3", "SU2" and "U1", and a extra char
to label a certain group, for example, "b", "1" "c", "w" and "y", in order to make the
code recognize and load the corresponding group. For now, the package only contains the
group profile of SU(3), SU(2) and U(1), and we will give a instruction of how to add more
groups in appendix.

The function AddField adds a field to the model. The inputs of AddField are the name
of the model, name of the added field in string, helicity of the field, list of representations
of the field under each group in the model and some options, which include number of
flavor generations, mass dimension, Hermiticity and chirality of the field.

In[4]:= Options[AddField]={Flavor->1,Dim->"default",Hermitian->False,Chirality->{}};
AddField[model_,field_String,hel_,Greps_List,OptionsPattern(]]
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There are a few things about the options that are worth discussing. As mentioned
before, a massless chiral field in most models satisfies the relation |h| = d — 1, where h and
d are helicity and mass dimension of the field, while graviton, with |h| = 2 and d = 2, does
not satisfy the relation. So it is necessary to include the option that specifies the mass
dimension of a field Dim. Another thing is that the Hermitian conjugate of a field will be
automatically added to the model if the option Hermitian is set to False.

We also introduce the most important functions in this section, and leave some auxil-
iary functions that one may be of interest in appendix C.

The function StatResult[model_,dim_] presents the statistic result of a model at
certain mass dimension. For example,

In[5]:= StatResult [SMEFT,8];

Done! time used: 0.2870018
number of real types—541
number of real terms—1266
number of real operators—44807

The function A11TypesC[model_,dim_] presents all complex types in a model at cer-
tain mass dimension. For example, all complex types in SMEFT at mass dimension 6 can
be obtained by

In[6]:= A11TypesC[SMEFT, 6]

Out[6]= <IFL°—{BL®,BLWL?,WL®,BLGL?,GL®} ,9*—{dcecuc’,ecLquc,dcQ’uc,Lq’ },
FLp*— { BLecH{L ,BLdcH}Q, BLHQuc , ecHLWL , dcH{ QWL , HQucWL , dcGLH}Q, GLHQuc |,
FL’¢”— { BL’HH} , BLHH{WL , HH{WL? , GL’HH} | ,99pt*—{ ec’ect?,, ecectLLt,dcteclat , dedctLLt,
LLtucuct, ecectQQt,dcectltQ, L’Lt? ,dcdctecect, ecectucuct ,dc’det? , dedctucuct , uc®uct?,
ecQTzuc,chTQTuc,dcTLQucT,ecTQzucT,LLfQQT,dcdcTQQT,QQTucucT,QZsz},
D¢*yppt— {DecectHH} , DHH{LL} , DdcHt*uct , DdcdctHHf , DHHfucuct , DdctH*uc , DHHFQQT } ,
p’¢* —{D’H’H{* } ,¢°%° — { ecHH}’L, dcHH}’Q, HHfQue | ,¢°— {H°HF’ } 1>

The function GenerateOperatorList[model_,dim_] presents all independent opera-

tors in a model at certain mass dimension as monomial p-basis. For example,

In[7]:= GenerateOperatorList [SMEFT,5]

Generating types of operators ...
Time spent: 0.1098517

outl7]= <|@*P*>—<|HL>—<|{L—{2} ,H>{2}}—{e™ eI HxHy (LpiLej) } 1> 1> 1>

The output presents the only EFT operator LLHH in the SMEFT at mass dimension 5,
with the flavor structure of the two Ls and the two Hs symmetric.

The function GetBasisForType [model_, type_,OptionsPattern[]] gives the m-basis
and p-basis of a type in a model. The inputs are a user-defined model and a type formed
by derivatives, fields and their Hermitian conjugates in the model. For example, the model
could be the SMEFT and the type could be "D"#"H"2" g2,
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In[s]:= GetBasisForType [SMEFT,"D"*"H"2"H{"?]

out[s]= <|"basis"—{H;H;(D,D,H{") (D*D”H{’) ,H;H}* (DD, H;) (D*D"HI),
H; (D,H;) (D, HT) (D*DYH{Y) ,H;H; (DD, HYY) (D*DVHE) ,H;HYY (DD, Hy) (D*DVHTY),
H; (D,H;) (D, H{?) (DD¥H{') }, "p-basis"—<]| {H—>{2},HT—>{2}}—>{{% ,0,0, % ,0,0},
1 11 1 1 1
{0,5,0,5,5,1},{0,0,5,-5,0,-5}}|>|>
Here the p-basis operators are flavor-specified operators presented by linear combi-
nations of flavor-blind operators in m-basis "basis". The result in "p-basis" presents
the symmetry of flavor indices of the repeated fields in this type, which in this case are
the Higgs bosons, and the coefficients of each p-basis operator expanded on the flavor-
blind m-basis. The function GetBasisForType can also give the monomial p-basis after
de-symmetrization by adding a option DeSym—True.

In[o]:= GetBasisForType [SMEFT,"D"*"H"2"Ht"? ,DeSym—True]

outlo)= <|{H—{2},H{—{2}}—{H;H; (DD, H}") (D*DH{I) ,H;H}" (DD, H;) (D*DYHEY) ,
H; (D4Hy) (D HEY) (D*DYH{I) } 1>

The function FindYCoord[model_,operator_,OptionsPattern[]] will reduce any
operator to our y-basis and obtain the coordinate. The input format of the operator
is similar to that of the FeynRule for more acceptably. Except that fields and indices are
entered in string format. We show how to input fields and tensor structures in table 5. We
list some of examples in table 6.

In[10]:= Find¥Coord[SMEFT,del2["i","k"] del2["j","1"] DCIDC"Ef"["k"],"mu"],"nu"]

DCIDCL"Ht" ["1"], "mu"], "nu"] "H"["i"] "H"["j"]]

1 1
Out[10]= <Isu2—{1, 0}, SUB—{1}, Ler—>{1, 0, o}, TProduct—»{Z, 0, 0, 0, 0, o}, type—H2H?D? |>

Where the solutions associated to "SU2", "SU3", and "Lor" are the coor-
dinates in gauge and Lorentz Y-basis respectively, and the result associated to
"TProduct" is the tensor product of the first three terms. We also pro-
vide the function FindMCoord[model_,operator_,OptionsPattern[]] to reduce any
operator to our M-basis and P-basis. The input format is the same as
FindYCoord[model_,operator_,OptionsPattern[]].

The function GetJBasisForType[model_,type_,partition_] presents all possible
eigenvalues of W2 and gauge representations of a type in a model for a channel Z, along
with the corresponding eigenstates as J-basis operators. The inputs are the model, the
type and certain channel. For example, consider the type HH TW}%DQ in SMEFT. Labeling
the fields as Hl,H;r,WRg,WR4, the J-basis of channel {H;,Wgr3} — {Hg,WR4} can be
obtained as follows.

In[11]:= GetJBasisForType [SMEFT,"H""H}""WR"2"D"?, {{1,3},{2,4}}]
Out[11]= « "basis"%{HjHTi (D“WRI*") (DMWRIV)\) JHiWRT (D,‘Hfi) (D“WRI*") e Mt (DMWRIV)‘) (D“WR”"’) ,
e u R, (D“Htj pHwr'™ ) L vgroupst —{SU3c,SU2w, Spin},

"j-basis"—{<|{H;,WR3}—{{0,0},{3},2},{Ht,,WRa}—{{0,0},{3},2}I>—{{8i,-61,-4,3}},
<|{Hy,WR3}—{{0,0},{3},1},{H},,WRq}—{{0,0},{3},1}>—1{{0,-21,0,1}},

<|{Hy ,WR3}—{{0,0},{1},2},{H}, ,WRq}—{{0,0},{1},2} I>—>{{-41,3i,-4,3}},
<|{Hy,WR3}—{{0,0},{1},1},{H},,WRq}—{{0,0},{1},1}>—1{{0,1,0,1}3}|>
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fields input format group tensors | input format
€cp "ec"["p"] 5;» del2["i","j"]
eg:p "ect"["p"] oy del3["a","b"]
Lyi "L, p] 517 del3n["I","J"]
Lf "LtrLrit,vpt] 5B del8n["A","B"]
Quai | "0, 7, "a"] (7). rrrnrgnnan
Q) "qfr it "p", "a"] (M), AL, b, ran
Ucp "uc" ["p","a"] € eps2al["i","j"]
u};pa "uct" ["p","a"] €ij eps2f["i","j"]
dey "dec" ["p","a"] el TK eps3n["I","J","K"]
d&m "def" ["p","a"] eabe eps3a["a","b","c"]
B or BYY | FS["BL","p","v"] €abe eps3f["a","b","c"]
BRy or BY | FS["BR","p","v"] fABC fabc["A","B","C"]
Wi, or Wi | EST"WL","u","v","1"] dABC dabc["A","B","C"]
WII%W or W]I%’“/ FS["WR","p","v","I"] ot or o, sigmal["p"]
G{,, or G* | FSI"GL","u","v","A")| &"or5, | sigmab['u"]
G}%W or Gg’“’ FS["GR","p","v","A"] Y or v, Gal["p"]
H; "H"["iM] o or o, sigmaT["p","v"]
HT "HE"["iM] at or ou sigmabT["u","v"]

Table 5. In the function FindY Coord, the input format for the SM fields and tensor structures.

building blocks input format
D}/«ecp DC["eC" [Ilpll] ’Ilmull]
L;iaul/'ri Dot [nL-I-n [Ilpll , niu] ,Sigmab["mu"] , "L" [Ilrll , lljll]] de12[|ljn , llill]
i1t b FS[IIGRII’Ilmull’llnull,llAll] "H"["i"] A[llAll,llall’llbll] delQ["i","j"]
Gﬁ/’“’ ; O'H ()\A)ad:;pri n [ L LR T [ T ] ; n non n n nNupen npn
*Dot ["Qf"["j","p","a"],sigmabT ["mu", "nu"],"dcf" ["r","b"]]

Table 6. Some examples for the input format.

6 Conclusion

In this work, we present a general procedure to construct the independent and complete
operator bases for generic Lorentz invariant EFTs, which is implemented into a publicly
available Mathematica package: ABC4EFT (Amplitude Basis Construction for Effective
Field Theories). This package provides the unified construction of Lorentz structure, gauge
structure, and flavor structure by the Young tensor method, based on the on-shell ampli-
tude operator correspondence. Our procedure can be applied to any EFT with the Lorentz
symmetry and any gauge symmetry and any field content, and generate the complete and
independent basis up to any mass dimension. Compared to our previous work, we improved
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the algorithm for finding the m-basis gauge factors with the metric tensor method; we accel-
erated the method for finding the p-basis coordinate and performing the de-symmetrization
by directly constructing the representation matrix for Young symmetrizers, we also added
the new routine for finding the j-basis operators.

This Young tensor basis provides a modern view of the EFT operators from the on-
shell perspective. It has many advantages: 1) As the mass dimension goes higher, the
Feynman rules of effective operators become very complicated, especially for the operators
with repeated fields, while the corresponding amplitude basis can be obtained much more
easily and the tree-level bootstrap of on-shell amplitudes has the potential to massively
simplify the calculations. 2) The contributions of operators to helicity amplitudes are
manifest, providing insights for analysis of phase space and amplitude interference. 3)
The on-shell basis will also benefit the renormalization group calculation of the higher
dimensional operators.

In principle, one can write down many different kinds of bases in an EFT framework.
These different bases are related by relations such as the equation of motion, the Fierz
identify, etc. Our on-shell amplitude construction provides routine for reducing any oper-
ator into our standard basis. This provides automatic conversions among different bases,
making it possible to compare results from various literature.

Although in this paper we only demonstrate this package using the SMEFT operators
as an example, it could be easily applied to other EFTs including, but not limited to, the
LEFT, the vSMEFT, the two Higgs doublet model EFT, the left-right symmetric EFT,
and the dark matter EFT, etc. Future developments will also include EFT with soft
particles like the non-linear sigma models. One needs to modify the field contents and
gauge structure in the package to generate the on-shell amplitude basis for these EFTs.
The package ABC4EFT can be downloaded from the HEPForge website.?
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A A non-trivial example for finding gauge M-basis

Here we present a non-trivial example for finding the gauge m-basis from candidates, where
the number of m-basis candidates is larger than that of independent ones. The type of

Zhttps:/ /abcdeft. hepforge.org.
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operator we will analyze is GAGEGYGY. We can convert each field to the one with

fundamental indices only:

(G)a1a2a3 = (AA)deaamng ~ A a2‘

(@brbabs = (NP)p, €y, GE ~

(G)‘31‘3253 = (/\C>22660103G€ ~ & 62‘

(@ ardsds = (A)5, €dd,a,GT ~

The overall conversion factor is:

CF = ()‘A)gz €aayas3 (AB)I?Q €bb1 b3 (/\0)22 €ccye3 (/\D)Ellz €ddy1d3

The corresponding singlet Young tableaux and y-basis becomes is:

bycs bieids bodid 01/021b1 by bacs bibsds cidyd
le = emasezgazbacs hierdz bedrds 1o Ty 10 T, T2y — ¢@1asce agbacy bibsdy cidids
c2|c3|da|d3
b breads bodid 01/021b1 by by asbib ds_cadid
T??)/ = emasbsgazercs bicadz cbadids 1o T 10 T Ti/ — ¢arasbz azbibs ciczdy cadids
bs|c3|da|d3
b asbacs bicads cidid a1 ag|byjcy bs_asbaca bicsds cidid
T5y = emasbsgazbacs hrcada cenduds 1o Ty 1o 1 Té/ — arasbs casbacy biczdy crdds
bs|c3|da|ds
by asbscs bicads cidid @1 ag|byjcy by asbzca bicsds cidid
T%/ — ¢auasbz cazbses bicady cerdidy as|bslcsldy T8y — arasbz cazbzer biczds erdids
ba|c3|dald3
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After contraction with conversion factor, the y-basis gauge factor expressed with adjoint
and anti-fundamental indices becomes polynomials of invariant tensors:

CF Tiy — 8dABEdCDE + 165AC§BD + E(sABéCD o SidCDEfABE +8idABEfCDE
+8fABEfCDE

CF sz — —16dACEdBDE + %45AC5BD o 16idBDEfACE o 16idACEfBDE + 16fACEfBDE,

CF T} = 646850

CP.TY = 32dABEdCDE+L;5A350D7
CFTﬁy — ].6dABEdCDE+ 7565A350D+16idABEfCDE,

CFT%J _ 16dABEdCDE+37325AB5CD+16Z'dCDEfABE

CFTSy — 8dABEdCDE—|— 3 5AB§CD+8 dCDEfABE+81dABEfCDE
—8fABE pODE, (A.10)

from the above polynomials one can find 10 superficially different monomial invarant tensors
as our M-basis candidates:

ABE CDE m ABE (CDE m ABE (CDE AB CD
Tcanl_d d can2_d f ) can3_f f ’ Tcan4_6 9
m CDE ABE m AC BD m ACE ;BDE m ACE BDE
TcanS*d f ) Tcanﬁfé 4 can7*d d ’ TcanS*d f
m BDE (ACE m CDE ABE
can,9 — =d f ) can,10 — =d f (A'll)

Our algorithm can select 8 out of 10 from the above candidate by iteratively constructing
the metric tensor g;;, finally our M-basis is:

Tlm — dABEdC’DE’ TZm _ dABEfCDE’ Tgn — fABEfCDE’ Tin — 5AB($CD’

T57n — dCDEfABE, Tén — 6AC§BD T”Ym — dACEdBDE, Tgm — dACEfBDE. (A12)

B Group profile for SU(IN) gauge symmetry

For the purposes of the symbolic and numerical manipulation of SU(/N) gauge group invari-
ant tensors, we need a group profile file for each gauge group, it contains information for:
e The list names of basic invariant tensors stored in tList [group].
For example, for the SU(2) group we have:
tList[SU2] = {del2, eps2a, eps2f, 7, del3n, eps3n};

where del?2 represents the Kronecker delta for the fundamental and anti-fundamental
indices, eps2a and eps2f represents 2nd-rank e tensors with anti-fundamental and
fundamental indices, T represents SU(2) generator, del3n and eps3n represent Kro-
necker delta and 3n-rand e tensor with adjoint indices.
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e The name list of totally anti-symmetric tensor stored in tasList [group].
For example, for SU(2) we have:

tasList[SU2] = {eps2a, eps2f, eps3n};

e The tensor rank and tensor dimension of basic invariant tensors are stored in a global
variable tAssumptions.
Iy

For example, for the SU(2) generator (7'); as a rank-3 Mathematica tensor:

In[12]:= T[I,1i,j]
is registered in tAssumptions as:
In[13]:= AppendTo [tAssumptions, T € Arrays([{3, 2, 2}, Reals]];

e The ordered indices type of basic invariant tensors stored in tRep [group].

As the example above, for the SU(2) generator 7 as a rank-3 Mathematica tensor,
we register their indices type orders as:

In[14]:= tRep[r] = {{2}, {1}, {-1}};

meaning the first index transform as adjoint representation, the second index trans-
forms as fundamental representation, the last index transforms as anti-fundamental
representation.

e The relations between invariant tensors and their complex conjugate stored in
TensorConj[]. For example the SU(2) generators:

In[15]:= TensorConj[7[I_, a_, b_1] := 7[I, b, al;

e Replacement rules stored in tSimp [group] for the contraction of basic invariant group
tensors such as Levi-Civita e, Kronecker delta &, group structure constant f®¢ and
generators (T4)%. For example, for SU(2) group we have:

In[16]:=  tSimp[SU2] = Hold[Block[{},
del2[i_, j_ 1 del2[j_, k.1 := del2[i, k];
del2[i_, i ] := 2;
del3n[i_, i ] := 3;
del3n[a_, c_] del3n[a_, b_]
del3n[a_, b_] del3n[b_, c_]
del3n[a_, c_] del3n[b_, c_]
del3n[b_, c_] del3n[a_, b_]
del3n[a_, b ]2 := 3;
del2[a , ¢ ]1 7[J, a, b1 :=7[J, c, bl;
del2[c_, a1 7[J_, b_, a_]1 :=7[J, b, c];
T0i_, j_, 7.1 := 0;
T7la_, i_, j_.1 7la_, k_, 1.1 :=

del3n[c, bl;
del3n[a, cl;
del3n[a, bl;
del3n[a, cl;
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2 del2[1, il del2[j, k] - del2[1, k] del2[j, il;
eps2alx_, y_] eps2flw_, z_ ] :=

del2[x, w] del2[y, z] - del2[x, z] del2ly, wl;
eps3nli_, j_, k] eps3n[l_, m_, n_] :=
Det@Outer[del3n, i, j, k, 1, m, nl;

del3nf[a_, d_] eps3nla_, b_, c_] := eps3nld, b, cl;
del3n[a_, d_] eps3n[b_, a_, c_] eps3n[b, d, cl;
del3n[a_, d_] eps3n[c_, b_, a_l eps3nlc, b, dl;
eps2f[i_, j_1 del2[i_, k_] eps2f [k, jl;

eps2fl[i_, j_ 1 del2[j_, k.1 := eps2f[i, k];
eps2ali_, j_]1 del2[k_, i_] := eps2alk, jl;
eps2ali_, j_ 1 del2[k_, j_ 1 := eps2ali, kJ; 1]

they include contractions between and within Kronecker delta, contractions between
delta and generators, contractions between € and Kronecker delta, Fierz identity for
generators, conversion of € tensors to the § products. In addition, there is one more
replacement rule need to be stored independently in the global variable tY2M, which is
used to reduce of the number of generators when the presence of the matrix product
of two generators:

In[17:=  AssociateTo[tY2M, {7[a_, j_, k. 17[b_, k_, m_] =
Module [{dummy = Unique[]},
I eps3n[a, b, dummy] 7[dummy, j, m] + del3n[a, b] del2[m, jl]
11;

Additionaly, the conversion from the structure tensors into trace of generators are
also useful in the simplification, therefore we individually store them in the global
variable tM2Y, for example, for SU(3) group we have:

In[18]:= AssociateTo[tM2Y, {fabc[a_, b_, c_.] =
Module[{dl = Unique[], d2 = Unique[], d3 = Unique[l},
-(1/4) A[a, d1,d2] (A[b, d2, d3] A[c, d3, di] -Alc, d2, d3] Alb, d3, d11)],
dabcla_, b_, c.] =
Module[{d1 = Unique[], d2 = Unique[], d3 = Uniquell},
1/4 Ala, d1,d2] (A[b, d2, d3] Alc, d3, dil + Alc,d2, d3] Alb, d3, dil)]
1

The numerical values of these basic invariant tensors stored in tVal [group].

For example, for SU(2) group we have:

In[19]:= tVal[SU2] = {de12 — IdentityMatrix[2], eps2f — LeviCivitaTensor([2],
eps2a — LeviCivitaTensor[2], 7 — GellMann[2],
del3n — IdentityMatrix[3], eps3n — LeviCivitaTensor [3]}.

The name of the Levi-Civita tensor used for translating colums of singlet Young
tableaux columns tYDcol [group].

— 50 —



For example, for SU(2) group we have:
t¥YDcol[SU2] = {eps2a};

as the indices in the Young tableaux are fundamental ones, we need use € with anti-
fundamental indices to contract them.

The additional tensors need to convert fundamental indices to non-fundamental ones
stored in CF [rep_,num_,ind_].

k

As we have shwon in eq. (3.11), the conversion prefactors such as €y (T] ) * and

1

€acd ()\A) g to contract the products of €’s we obtained from the translation of the
singlet Young tableaux. The rep_ are the representation of the corresponding gauge
group expressed in Dynkin coefficients, which is needed to specified by user for each
representation (including fundamental and singlet representation for consistency).
For example, for the SU(2) group we have:

In[20]:= CF[{0}, num_, ind ] := 1
CF[{1}, num_, ind_] := del2[ind, Subscript[num, 1]]
CF[{-1}, num_, ind_] := eps2f[Subscript[num, 1], ind]
CF[{2}, num_, ind_ ] :=
TensorContract [eps2f®7, {{1, 5}}] [Subscript[num, 1], ind, Subscript[num, 2]]

where we have specified the conversion factors for singlet, fundamental, anti-
fundamental and adjoint representations. On the right hand are of the form tensors
appended with free indices in order. num represents the position of the represen-
tation in a representation list ready to be analyzed, ind is the non-fundamental
indices. Take the last line, the convert factor for the adjoint representation as an

I\k

example, the right hand side corresponds to (T ) + €k, With correspondence I —ind,

1 —Subscript [num, 1] and j —Subscript [num,2], the dummy index k is formally
suppressed in the function TensorContract.

The setting of output symbols for basic invariant tensors stored in tOut [group].

For example, again for the SU(2) generator 7 we have:

In[21]:= tOut[7] =
PrintTensor[<|"tensor" — PrintTensor[<|"tensor" — "7", "upind" — {#1}|>],
"upind" — {#3}, "downind" — {#2}|>]&;

This tells us that the printed format of 7 should have a adjoint index in the superscript
of the 7 with whatever label presented by #1, and additional lower and upper indices
represented by #2 and #3 for the grouped object 7 and adjoint index.

The generators for different irreducible representations stored in TGen[rep_].

These are used for getting j-basis operators. For example, for SU(2) group we have:

In[22]:= TGen[{1}] := 1/2 7[#1, #2, #3] &
TGen[{-1}] := -1/2 7[#1, #3, #2] &
TGen[{2}] := -I eps3n[#1, #2, #3] &
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where {1}, {-1}, {2} represents fundamental, anti-fundamental and adjoint repre-
sentation respectively. The returned generators must be a function of invariant tensor
with three arguments #1, #2 and #3, where #1 is the label for the generator, i.e. an
adjoint index, #3 is the index that contract with the index of the fields in the trans-
formation, i.e. an index of type of conjugate representation of rep, #2 is the free
index of the transformed fields, i.e. an index of type of rep. As an illustration, a
generator acting on a field of fundamental representation yields:

mlou; — ul = (r1)]uy, (B.1)

thus #1, #2, #3 corresponds to I, ¢ and j respectively. The order of the position
should be consistent with the order of indices of those invariant tensors claimed in
tRep and tAssumptions.

Lastly, we comment on the addition of higher representation fields in the Model. If we
use only fundamenal indices to represents the field and leave the symmetry among indices
implicit, then the only piece of information that needs to be added to the group profile
file is a identity conversion factor in CF[rep_,num_,ind_]. For example, if we use Ay to
represents Quartet, with all three fundamental indices totally symmetrized, we need to add:

In[23):=  CF[{3}, num_, ind ] := 1

This is enough for the use of the function GetBasisForType, however the function
GetJBasisForType will not work properly in this setup. Alternatively, one may insist
on expressing the field of higher dimensional representation with a single index of that
representation, for example, one may use A to express quartet. In this case, to ensure our
Young tablueax method work, we need to find the conversion factor as invariant tensor
Fébc such that FébCA 1 = Agpe, then one need to register this new invariant tenor in tList
for its name, in tAssumptions for its shape, in tRep for its indices type, in TensorConj
for its conjugate tensor, in tVal its numerical value, in tOut its output string form. After

these registeration, one can set CF [rep_,num_,ind_] in the following:

In[24]:= CF[{3}, num_, ind_] := I'[ind, Subscript[num,1], Subscript[num,2], Subscript[num,3]]

To enable the function GetJBasisForType, one needed to register the generator of
quartet (named for example as Tq) as an another new invariant tensor with the same
procedures above, after the registration, one can add it to the TGen, to specify the action
of generators on the quartet field:

In[25]:=  TGen[{3}] := Tql#1, #2, #3] &
TGen[{-3}] := Tql#1, #3, #2] &

C Auxiliary Mathematica functions

In this section, we present some auxiliary functions which might be useful for readers who
are interested in the internal structure of the code.
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The function LorentzList [dim_] enumerates all possible states at a given dimension.
These states by default contain particles with helicitis {0, i%, +1,4+2}. People who need to
take more particles of different spins into account, may add the option HelicityInclude.

In[26]:= LorentzList[6]

outpe]= {{{-1, -1, -1}, 0},{{-1/2,-1/2,-1/2,-1/2},0},{{-1,-1/2,-1/2,0},0},
{{-1,-1,0,0},0},{{-1/2,-1/2,1/2,1/2},0},{{-1/2,0,0,1/2} ,1},
{{0,0,0,0},2},{{-1/2,-1/2,0,0,0},0},4{0,0,0,0,0,0},0} }

The function SSYT[state_,k_,OptionsPattern[]] enumerates the independent he-
licity amplitudes for a special state and derivatives.

In[27]:= SSYT[{1,1,0,0}, 2, OutMode—"amplitude"]

out27= {ab[3,4] sb[1,2]? sb[3,4], ab[3,4] sb[1,2] sb[1,3] sb[2,4]}
In[28]:= SSYT[{1,1,0,0}, 2, OutMode—"amplitude output"]

outfos]= { -[12]1°s34, <34>[12][13][24]}

Options OutMode— could control the output format. Note that ab[i,j] and sb[i,j]
represent (ij) and [ij] respectively.

The function LorentzBasisAux[state_,k_,posRepeat_,OptionsPattern[]] obtain
the independent Lorentz m-basis in a given state and repeat fields. For instance, a complete
set of operators including 4 fermions with helicities h = —1/2 without derivatives is given by

In[29]:= LorentzBasisAux[{-1/2,-1/2,-1/2,-1/2},0,{{1,2},{3,4}}]

Out[29]= <|"basis"—{chy[9,,1,¥,] chyp[v;,1,¥,]1, chplp,,1,9;] chpl,,1,4,17F,
"Trans"—{{1,0},{0,1}}, "Ybasis"—{abl[1,2] ab[3,4], ab[1,3] abl[2,4]},
"generators"—<|{1,2}—{{{1,0},{1,-1}},{{1,0},{1,-13}},

{3,4r—{{{1,0},{1,-1}},{{1,0},{1,-1}}}I>I>

Where LorentzBasisAux[state_,k_,posRepeat_] ["Trans"] is
the conversion matrix between Lorentz m-basis and y-basis,
LorentzBasisAux[state_,k_,posRepeat_] ["generators"] show the conversion matrix
after the permutations. One may add a option AlderZero->{__} to require that some
particles are soft.3

The function GaugeBasisAux[group_,replist_,posRepeat_] gives the gauge m-
basis of a list of representations for certain group, and the matrix representations of genera-
tors of Sy, group on the gauge m-basis, where m is the number of repeated fields. For exam-
ple, consider the SU(2) gauge structure of H2H?D* and label the field as Hy, Ho, Hg, Hl.

3When we say particle 4 is soft, which means that amplitude vanishs when p; — 0, such as Goldstones.
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The SU(2) representations of fields are labeled by the Dynkin coefficients, but for the
SU(2), both fundamental representation and anti-fundamental representation are of the
Dynkin coefficient {1}, so we label the anti-fundamental representation as {-1} instead.
The repeated fields are Hi, Hy and H:;f, .

In[30]:= GaugeBasisAux[SU2,{{1},{1},{-1},{-13},{{1,2},{3,4}}]

out[30]= <|"basis"—{del2[i,k] del2[j,1],del2[i,1] del2[j,k]},
"generators"—<|{1,2}—{{{0,1},{1,0}},{{0,1},{1,0}3}},
{3,4}—{{{0,1},{1,0}},{{0,1},{1,0}}}I>I>

The outputs are the gauge m-basis of H2H2D*, 5};5{ and 5}5{;, and the matrix represen-
tations of generators of the two S5 groups on the m-basis.
The function W2[amp_, ch_] evaluates the result of the WIZ applied to an amplitude

in[31):= W2[ab[1,2] sb[2,3], {1,2}]
Out[31]= Z ab[1,2]% sb[1,2] sb[2,3]

The function W2Diagonalize[state_,k_,ch_] enumerates the independent j-basis in
a given state.
In[32]:= W2Diagonalize[{1, 0, 1, 0}, 2, {1, 2}] //Ampform

Out[32]= <I"basis"—>{[13]2sz4, —[13]2ss4}, "j"—{2, 1}, "transfer"—{{-4, 3}, {0, 1}},
"j-basis"—+{-4 [18]%s -3 [131°sss, - [181%sas} >

Where W2Diagonalize[state_,k_,ch_]["basis"] exhibits the Lorentz y-basis,
W2Diagonalize[state_,k_,ch_]["j-basis"] are the result for J-basis with an-
gular momentum showed in W2Diagonalizel[state_,k_,ch_1["j"] respectively.
W2Diagonalize[state_,k_,ch_] ["transfer"] is the convertion matrix from y-basis to
j-basis.

The function PWExpand [amp_,num_, ch_] calculates the partial wave expansion of local
amplitudes, with the input of particle number num_ and channel ch_.

In[33]:= PWExpand[ab[1,3]sb[1,3], 4, {1,2}]

Out[33]= <I"j"— {1,0}, "j-basis"— {-2 ab[2,4] sb[2,4] - ab[3,4] sb[3,4], ab[3,4] sb[3,4]},

"coeff"— {-1/2, -1/2}|>

Where PWExpand [amp_,num_,ch_] ["j-basis"] are the Lorentz J-basis in the same
dimension, along with angular momentum showed in PWExpand[amp_,num_,ch_J["j"].
PWExpand [amp_,num_,ch_] ["coeff"] is the expansion coefficient.

D On-shell amplitude bases in the SMEFT

Here we list the on-shell amplitude bases in the SMEFT at the mass dimensions 6, 7, and
8. The on-shell amplitude bases are not in one-to-one correspondence with the operator
bases we listed before, for example, in ref. [5], but these are both complete and independent
bases connected by linear transformations.
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D.1 Dimension-6 on-shell amplitude basis
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