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Abstract

This dissertation develops a geometric framework for analyzing the dynamics of relativistic
quantum systems, with particular emphasis on the notion of quantum proper time.
Motivated by the need to reconcile the distinct formal roles that time plays in general
relativity and quantum theory, the work reformulates quantum theory using phase space
variables composed of expectation values and higher-order statistical moments. These
variables define a symplectic structure on quantum state space, enabling a Hamiltonian
formulation of quantum dynamics that parallels classical mechanics while encoding
quantum corrections perturbatively.

Within this framework, the evolution of semiclassical quantum states—including
delocalized or entangled systems—is governed by a quantum Hamilton function con-
structed as an expansion in statistical moments. This expansion retains the geometric
homogeneity properties of the classical Hamiltonian, extending the dynamics into the
quantum regime while preserving a Finsler-like structure. The approach clarifies how
quantum fluctuations, correlations, and entanglement influence effective trajectories and
time evolution, and it enables a consistent treatment of constrained systems such as the
relativistic point particle.

Several physical applications are explored. These include corrections to gravitational
time dilation due to finite wave packet spread, a phase space characterization of entan-
glement entropy, and a modified dispersion relation arising from quantum fluctuations.
These corrections lead to experimentally testable predictions, including potential viola-
tions of the equivalence principle in freely falling quantum systems, shifts in atomic clock
frequencies, and modifications to arrival times in atom interferometers. The formalism
thus establishes a foundation for near-term experimental tests probing the quantum
structure of spacetime.

Finally, the work motivates a broader view in which spacetime geometry itself may
be understood as emerging from the quantum degrees of freedom it governs. The results
provide a platform for extending effective quantum theories into gravitational regimes
and lay the groundwork for future efforts to incorporate backreaction and fully dynamical
quantum geometry.
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Chapter 1

Introduction

1.1 Motivation and overview

Time is a central concept in both general relativity and quantum mechanics, yet the
two theories offer fundamentally different notions of its role and measurement. In
general relativity, time is geometric—woven into the fabric of spacetime and experienced
differently depending on an object’s motion and gravitational environment. Proper time,
the physical time measured along a worldline, is central to relativistic predictions and
precision timekeeping. In quantum mechanics, by contrast, time appears as an external
parameter: it drives evolution but is not itself an observable or a dynamical quantity.
The tension between these frameworks becomes apparent when attempting to describe
the behavior of quantum systems in relativistic or gravitational settings—such as clocks
in superpositions of spacetime trajectories.

This dissertation investigates the question:

Can we define a notion of quantum proper time that respects the
principles of both general relativity and quantum mechanics, and

remains meaningful for clocks in delocalized or superposed states?

To address this, I explore the dynamics of quantum clocks within a geometric
framework that generalizes the concept of proper time to the quantum regime. The
central idea is that a quantum system’s evolution can be understood as a geodesic
in a suitably defined geometric space of quantum states—one that reflects both its
informational and physical properties. Within this perspective, quantum proper time
emerges not from the coordinate structure of spacetime alone, but also from the internal
state space geometry of the clock itself.

The results presented here point toward a unified, geometrically grounded under-



standing of time for quantum systems under relativistic conditions. They contribute
both to the foundations of quantum theory and to efforts aimed at bridging the gap
between quantum mechanics and gravity.

The remainder of this chapter sets the stage for the developments that follow. We
begin in Sec. 1.2 by reviewing the role of clocks in general relativity and provide the
variational definition of classical proper time as Eq. (1.3). From there, in Sec. 1.3 we
examine existing approaches to modeling quantum clocks and highlight conceptual and
technical challenges that arise—particularly in scenarios involving nonflat backgrounds.
These motivate the need for a new framework capable of incorporating both the geometric
nature of time in relativity and the nonlocal structure of quantum mechanics. We conclude
the chapter with a summary of the dissertation’s main contributions (Sec. 1.4) and an

overview of its organization (Sec. 1.5).

1.2 Clocks in general relativity and classical proper time

The notion of time is inseparable from the devices we use to measure it.

Historically, clocks exhibited a subset of degrees of freedom that were accessible
to observation—first under the Newtonian conception of absolute time, which flows
uniformly and independently of any physical processes, and later through their behavior
in a gravitational context. These accessible degrees of freedom—the clock’s position and
momentum relative to a chosen inertial frame—correspond to what we now recognize as
classical degrees of freedom. Quantum degrees of freedom, although present, remained
inaccessible to observation and played no role in the classical modeling of spacetime.

In Newtonian theory, an idealized clock is characterized by its Euclidean degrees of
freedom: position components z¢ and velocity components v* for i = 1,2, 3, with the
time it measures assumed to be independent of these coordinates. However, careful
observation reveals that real clocks experience velocity-dependent time dilation [1], as
well as time dilation due to presence in a gravitational field [2].

Time dilation is a relational effect, implying the relevant degrees of freedom for one
clock—including the time it shows—cannot be specified without reference to those of
another. This may be illustrated by considering a pair of clocks, A and B, in different
classical states (x4, v4) and (xg,vg). The difference in their ticking rates can be quantified
by a Lorentz-like factor which depends on their positions and velocities,

dry

@ =(xa,2p,04,0p). (1.1)



Although this relationship distinguishes neither clock in principle, practical situations in
general relativity typically single out one clock as an observer or local frame. In such a
situation, the degrees of freedom of one clock are fixed and the differential relation (1.1)
provides a description of the degrees of freedom of the other clock relative to the first.
This perspective promotes the time-coordinate of the second clock to a dynamical degree
of freedom—on equal footing with its spatial position—and allows these quantities to
evolve with respect to a new parameter, interpreted as the proper time shown by the
reference clock.

By rewriting the proper time intervals of the observed and reference clocks as dr
and do, respectively, and specifying the degrees of freedom of the observed clock in
coordinates of the reference clock frame as 2%(o), general relativity provides an explicit

expression for the time dilation factor v(x 4, zp,v4,vg) in the form

a J«b
dr = \/—Clzgab(a:)(:; (iixada’ (1.2)
which matches the schematic structure of Eq. (1.1). The function v depends on the
position and velocity of the observed clock relative to the (implied) position and velocity
of the reference clock. It also depends on the spacetime metric g,5, assumed to have
signature (—, 4, +,+). While the form of Eq. (1.2) may not appear natural a priori, it
is sufficiently general to accommodate all experimentally verified relationships between
clock rates to date [3].

The left-hand-side of Eq. (1.2) is explicitly independent of the choice of reference
clock, and the right-hand-side is invariant under reparametrization ¢ — ¢’ = f(o). This
reflects the physical fact that no observer or parametrization is fundamentally preferred;
o may be any smooth parameter.

The differential relationship (1.2) can be integrated to give the total proper time 7
accumulated by a clock travelling along a parameterized worldline (o) between two

spacetime points 2%(0) and z%(1) as

0 -a 1 1 dxa dxP
T[x®, &% :/o \/—égab(az) e Eda. (1.3)

Among all the different possible paths between these two points, freely falling ideal

clocks measure proper time along geodesics of the spacetime manifold. These geodesics



extremize the proper time functional (1.3) and are solutions to the geodesic equation

o, dabdzt

—_— ——— =0 1.4
dr? be dr dr ’ (1.4)

where I'f, are the Christoffel symbols of the Levi-Civita connection associated with the
metric.

This general relativistic clock model successfully accommodates velocity-dependent
time dilation by the dependence on the velocities, and interprets gravitational time-
dilation geometrically as a consequence of spacetime curvature. In this sense, the geometry
of spacetime directly governs the ticking of clocks and proper time becomes a geometric

quantity.

1.3 Time in quantum theory

Standard nonrelativistic quantum theory treats time as a classical background parameter—
it governs the evolution of states via the Schrodinger equation but is not itself subject to
quantization or measurement. As a result, time does not correspond to an operator in
the same way that position or momentum does. This asymmetry mirrors the Newtonian
framework in classical physics and becomes problematic from the relativistic perspective.
Quantum field theory on curved spacetime achieves a formal unification of quantum
mechanics with general relativity, but spacetime in this setting remains a fixed classical
background that merely provides a new stage for standard quantum processes such as
scattering and particle production. Defining time from within the quantum framework,
rather than treating it as an external parameter, remains subtle and unresolved [4, 5].
The standard approach to quantizing a continuous degree of freedom proceeds by
promoting the classical observables to operators obeying the canonical commutation
relation
(2%, py) = ihoPT. (1.5)

To realize canonical quantization of time in this way, the singular Lagrangian action (1.3)
can be reformulated as a first-order constrained Hamiltonian action. This procedure is

reviewed in Chapter 3. The resulting first-order action is
, e
Sla, e parpel = [ 40 |pai® + 5 (6 @hpamn + m*?)] (16)

where the einbein e(0), defined on the worldline, acts as a Lagrange multiplier. Its



variation enforces the Hamiltonian constraint
H = ¢°®(2)papy + m?*c> =0, (1.7)

which is valid for both massive and massless particles. This constraint restricts classical
evolution to the subspace of phase space where the Hamiltonian vanishes.

In canonical quantization, the constraint is imposed at the level of states, selecting
the physical Hilbert space Hpnys as the Cauchy completion of states which are annihilated
by the constraint operator,

H|W) = 0. (1.8)

A consequence of this constraint is that the Schrodinger equation appears to generate no

time evolution,

ihd,|U) = H|T) = 0. (1.9)

The quantum state |¥) thus appears “frozen,” exhibiting no explicit dependence on an
external time parameter. This manifestation of timelessness is a central aspect of the
problem of time in canonical quantum gravity, which is also governed dynamically by a
constraint [6-8].

One promising approach to the problem of time lies in the study of composite systems,
where one subsystem serves as a clock for the other and time emerges from correlations
between them. This approach, known as the Page-Wootters mechanism [9], aims to
replace the external time parameter with relational dynamics.

When the metric g% is flat, the Hamiltonian (1.7) may be promoted without ambiguity
to a quantum operator,

H=—p2+p2. (1.10)

(Here, we temporarily disregard the constant term proportional to mc?, which would
contribute only an overall phase to the quantum state and is therefore physically unob-
servable.) In this simplified setting, the Page-Wootters mechanism provides a viable
framework for defining relational dynamics.

The choice of a time coordinate corresponds to a factorization of the total Hilbert

space into a tensor product of a clock subsystem and a system of interest:

HEHeRHs. (1.11)



Within this structure, the constraint operator H has the factored form
H=H-®1+1® Hg, (1.12)

governing the joint dynamics of clock and system. Due to the simple structure of (1.10),
a natural factorization places Ho = —p? and Hg = p>.

Physical states of the joint system, denoted |¥)), satisfy the constraint H|¥)) = 0.
Covariant time observables [T', H.] oc 1 with eigenvectors |t) (or, more generally, POVMs)

decompose states as

9) = [ dtltho @ [6()s (1.13)

where [1(t))s = (¢|¥)). The constraint operator acting on this decomposition leads to a

Schrodinger equation for the system state evolving by the system Hamiltonian,

ih L (e)s = Hslo(0)s. (1.14)

In this way, the clock degrees of freedom in Ho define an internal time with respect to
which the state in Hg evolves.

However, when such models are embedded in curved spacetime they encounter
significant conceptual and technical difficulties. The decomposition in Eq. (1.12), based
on the flat metric Eq. (1.10) is generally not possible for a metric which depends on
position coordinates. Instead, in such cases factorization of the Hilbert space will lead to
a constraint operator with an additional clock-system interaction term, H;,. Application
of the Page-Wootters mechanism now leads to a Schréodinger equation in which the

effective Hamiltonian is not Hermitian and the dynamics not unitary [10]:

iﬁjtli/f(t»s = Hg|y(t))s + /dt’(t|Hint|t’>|¢(t’))S. (1.15)

Formally, this nonunitarity reflects the fact that the system is not closed, but interacting
with the clock. Open quantum system approaches may offer a path forward, but they
also underscore the limitations of treating time relationally in curved spacetime within
the original Page—Wootters framework.

These difficulties may also point to a deeper issue: the classical background structure
of spacetime itself may need to be reexamined. Classical observations of clocks and
test particles led to the formulation of spacetime as a smooth manifold equipped with

a Lorentzian metric. But quantum effects inevitably induce backreaction on classical



degrees of freedom, even in principle. Since matter responds to geometry, and geometry
is inferred from the behavior of matter, a more complete quantum understanding of
matter naturally calls for a corresponding refinement of our conception of spacetime.
Fortunately, much is already known about the quantum degrees of freedom of matter,
providing a solid foundation for exploring such extensions.

In what follows, we present our phase space quantization as an alternative to the
Page-Wootters construction for relativistic systems governed by a Hamiltonian constraint,
outline its physical consequences, and explore its implications for the behavior of quantum

clocks in curved spacetime.

1.4 Summary of main contributions

This dissertation is based largely on material from three journal articles written jointly
with my advisor, Martin Bojowald.

In my preprint on Quantum Proper Time: A Finsler Space from Entropy and Pu-
rity [11], I show that new nonclassical degrees of freedom—specifically those associated
with the entropy and purity of quantum states—give rise to a family of Finsler geometries
on quantum state space. This framework unifies quantum state evolution and dynam-
ical evolution of expectation values within a single variational principle, allowing one
to associate a proper time to quantum trajectories, including those corresponding to
entangled or mixed states. The resulting formalism reduces to classical proper time in
the semiclassical limit but exhibits nontrivial corrections for delocalized, entangled, or
nonpure systems. This work provides a novel characterization of logarithmic negativity
for two-mode systems and identifies new quantum information parameters which may be
broadly useful.

In a complementary line of investigation on Geometry and Proper Time of a Relativistic
Quantum Clock [12], I examined how the phase space framework applies to clocks in
Schwarzschild spacetime, including the emergence corrections to the gravitational redshift
arising from purely quantum features. These corrections are, in principle, testable with
next-generation atomic clocks [13]. Additionally, I analyzed the role of the observer by
computing proper time for a quantum clock initialized in both the standard Schwarzschild
slicing and the Painlevé-Gullstrand slicing. While proper time is gauge-invariant in
the classical theory, our results suggest that this invariance may be violated at the first
semiclassical order.

In Adherence and violation of the equivalence principle from classical to quantum



mechanics [14], T provided a detailed analysis of a quantum particle in free fall, modeled
as a wave packet characterized by its center of mass and quantum fluctuations. These
fluctuations, which determine the wave packet’s width and spreading, obey an uncertainty
relation that depends on the particle’s mass, thereby introducing mass dependence into
the system’s dynamics. The presence of tidal gravitational fields leads to a coupling
between the center of mass motion and internal quantum degrees of freedom. The analysis
shows that quantum effects can lead to violations of certain formulations of the weak
equivalence principle (WEP), with magnitudes potentially observable by experimental
platforms such as E6tvos-type tests and clock-based return time measurements.
Together, these works support a view of proper time in relativistic quantum systems as
a state-dependent, geometrically grounded quantity—one that encodes both the system’s
motion and its quantum information content. This perspective has implications not
only for the interpretation of time in foundational physics but also for the design and
analysis of quantum experiments in gravitational fields, where coherence and localization

increasingly play a central role.

1.5 Structure of the dissertation

This dissertation aims to construct a manifest embedding of quantum particle mechanics
within general spacetimes. While the physics of classical matter in curved spacetime and
nonrelativistic quantum mechanics are each well understood, they are typically treated
as separate frameworks. Yet, because quantum experiments are always performed within
a spacetime setting, a unified formulation is both natural and necessary.

Chapter 2 begins with a review of the geometric formulation of quantum particle
mechanics, emphasizing a phase-space approach based on expectation values and moments.
Chapter 3 introduces the canonical formulation of classical spacetime physics. A key
strength of the canonical approach is its ability to disentangle physical degrees of freedom
from gauge artifacts. In this framework, observer frames are associated with choices
of spacetime slicing, which provide a concrete setting for realizing the unconstrained
quantum dynamics developed in Chapter 2.

In Chapter 4, we extend the quantum theory back to the full spacetime by rein-
troducing gauge freedom and analyze the resulting geometric structure. In particular,
we investigate how quantum features are described by a Finsler geometry and identify
the conditions under which this geometry reduces to a pseudo-Riemannian form. This

analysis is guided by, and contributes to, a novel phase space characterization of quantum



entanglement, offering new insight into the interplay between geometry and informational
structure in quantum systems.

Chapter 5 applies the formalism to a concrete physical scenario: a quantum clock
in radial free fall toward a Schwarzschild black hole. This example illustrates, within a
well-trodden relativistic setting, how classical notions such as proper time and geodesic
motion are generalized or modified by quantum effects.

Finally, Chapter 6 presents detailed calculations demonstrating several observable
consequences of the formalism. These include modifications to particle dispersion relations,
a nonzero Eotvos parameter signaling violations of universal free fall, corrected return
times in gravitational scattering scenarios, and the reconstruction of quantum, mass-

dependent wave packet effects on the propagation phase in atom interferometry.



Chapter 2

Quantum mechanics in phase space

Only by taking into account the quantum properties of the

bodies that form the reference frames, physical quantum
operators can be defined in quantum gravity.

—Carlo Rovelli

Classical and Quantum Gravity 8 317 (1991)

The work builds on recent developments in the geometrization of quantum mechanics
[15-20]. The identification of Kahler structures presented in Sec. 2.2 is included for
completeness and self-containment, and closely follows the derivations in [18,20], to
which the reader is referred for further details. Sec. 2.3 introduces moment coordinates
on quantum phase space. The Poisson structure on this space defined in Eq. (2.18)
enables the reformulation of quantum dynamics in terms of Poisson brackets, as discussed
in Sec. 2.4. However, this Poisson structure is not canonical when expressed in terms
of moment variables. To address this, Sec. 2.5 reviews a canonical transformations
to Casimir-Darboux coordinates originally developed in [21]. We further relate these
canonical parametrizations to standard representations used in the continuous-variable
quantum information literature for one- and two-mode systems, and identify a new
quantum information parameter that distinguishes the genuinely Finslerian geometry of

the two-mode case from the Riemannian structure of simpler systems.

2.1 Quantum mechanics in Hilbert space

In canonical quantization, the quantum system is specified by an operator algebra A,
whose commutation relations are derived from the Poisson brackets of the classical theory.

In a nonrelativistic system with a finite number n of continuous degrees of freedom,
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the nonvanishing commutators among the generators of A are given by the canonical

commutation relations (CCRs)
[#,p;] = ihd'L,  d,j=1,....n. (2.1)

Here, £ and p; may correspond to the classical phase space variables of a particle system,
or alternatively, to the quadrature operators of an n-mode bosonic field. In the latter

case, they are related to the creation and annihilation operators by
N A N Lo
Tp = —F= (ak + ak) k= —= (ak - ak> : (2.2)

These definitions ensure that the quadrature operators satisfy the same canonical com-
mutation relations as the position and momentum operators, up to dimensionful scaling
by h.

In stark contrast to the classical theory, the quantum theory is: (i) linear, and (ii)
infinite-dimensional. The latter refers to the fact that any representation of the canonical
commutation relation (CCR) algebra A must act on an infinite-dimensional Hilbert space.
This can be seen by taking the trace of both sides of Eq. (2.1). In a finite-dimensional
representation, the trace of a commutator always vanishes, so applying this to Eq. (2.1)
yields the contradiction Tr (ﬁ) = 0.

A representation of the canonical commutation relations can be realized on the

infinite-dimensional Hilbert space! H = (L*(R"™), (-,-)), equipped with the inner product

(6,0) = [ d@p@)ds. (2.3)
In this representation, the position and momentum operators act as
» - h 0
Tt — a' p; — ——. 2.4
A (2.4)

By the Stone—von Neumann theorem, all irreducible representations of the canonical
commutation relation algebra on a finite number of degrees of freedom are unitarily
equivalent to this one.

Within this framework, a central role is played by orthonormal bases of the Hilbert

space, which may be constructed, for example, from the eigenfunctions of a self-adjoint

'In what follows, we adopt the convention of using the same symbol to denote both the Hilbert space
and its underlying vector space.
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operator. These eigenfunctions form a Schauder basis, allowing any state in the Hilbert
space to be expressed as a (possibly infinite) linear combination of them. While this
formalism is powerful and well-suited to many problems, it renders quantum theory

structurally quite distinct from classical mechanics.

2.2 Geometric quantum mechanics via Kahler structures

We now develop a geometric reformulation of quantum theory by introducing an alter-
native characterization of a quantum state’s degrees of freedom—one that emphasizes
physically meaningful quantities such as expectation values and moments, and which
bridges more naturally with classical phase space structures. Since we have at our disposal
the unique (up to unitary equivalence) Hilbert space representation, this reformulation is

naturally introduced through the Kahler structure of a Hilbert space.

When the complex Hilbert space H is viewed as a real-vector space equipped with a
complex structure J, its sesquilinear (or Hermitian) inner product naturally decomposes

into real and imaginary parts as

(6,9) = 5006, 9) + 2-0(6,4) (2.5

where G and §2 are bilinear forms on the tangent bundle of H, with each fiber canonically
identified with H itself. The prefactor (2h)~! is conventional and added for latter
convenience.

It follows from properties of the sesquilinear inner product that GG defines a Riemannian
metric, while 2 defines a symplectic form. These are related through the complex structure
J(¢) = i, satistying

G(6,1) = Q¢ J) (2.6)

The triple (G, €2, J) thus defines a Kahler structure on H.

The symplectic form €2, arising from the imaginary part of the inner product, endows
the Hilbert space with a geometric structure analogous to classical phase space. This
motivates interpreting the Hilbert space as a quantum phase space, where dynamics can
be described in terms of Hamiltonian flows.

On the symplectic manifold (#, (2), the symplectic form €2 provides a bundle isomor-
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phism between the tangent bundle H and the cotangent bundle H* given by

Y= Q1) . (2.7)

The nondegeneracy of 2 guarantees that this map is an isomorphism at each point,
allowing one to associate Hamiltonian vector fields with differential 1-forms via contraction
with €.

Any self-adjoint operator F' € A determines a real-valued function on #, defined by
F(y) = (4, Fp) . (2.8)

This function generates a Hamiltonian vector field X via the symplectic form €2, satisfying
Lxpd=dF. (2.9)

To compute the Hamiltonian vector field explicitly, consider a tangent vector 7 at

the point . The directional derivative of F' in the direction 7 is

d

(dF)(n) = &F(w +t1)

t=0

d .
S F
= Y+ FW+m) .

= (v, Fn) + (n, Fp). (2.10)

Using the self-adjointness of F, the second term is the complex conjugate of the first,
yielding
(dF)(n) = 2Re (F, ). (2.11)

Recalling the Kéhler structure, the symplectic form €2 and the inner product G are
related by

Q(¢, x) = 2hIm(p, x), G(¢, x) = 2hRe(9, x), (2.12)

so we may rewrite the derivative as

(dF)(n) = ;G(ﬁw, ) =0 (Zlhm n) . (2.13)

Therefore, comparing with Eq. (2.9), we conclude that the Hamiltonian vector field
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associated with F' is

Xp(d) = Zthz/; (2.14)

Such vector fields are called Schrodinger vector fields as their integral curves correspond

to solutions of a Schrédinger equation

d 1 A

—p=—=F. 2.15

dtw ih 4 ( )

In this geometric formulation, time evolution appears as a Hamiltonian flow on the

Hilbert space, generated by the symplectic structure €2 and the Hamilton function
H(y) = <¢, H @/J>, given by the expectation value of the Hamilton operator.

For two real-valued functions I’ and G on a symplectic manifold, the Poisson bracket

is defined using the symplectic form €2 as
{F.G} = Q(XF, Xq) , (2.16)

where X and X are the Hamiltonian vector fields associated with F' and G, respectively.
Since the symplectic form is nondegenerate, it admits an inverse !, which defines a
bivector field IT that maps pairs of 1-forms to scalars. In terms of II = Q~!, the Poisson

bracket of two smooth functions F' and G can also be written as
{F,G} =11 (dF,dG). (2.17)

When the symplectic form is nondegenerate, the definitions (2.16) and (2.17) are
entirely equivalent. However, in truncations defined later, we typically encounter degen-
erate Poisson structures—that is, bivector fields II that fail to arise from an invertible
symplectic form. In such cases, the Poisson bracket is taken as primary, and the Poisson
bivector II is defined through its action on differentials.

The degeneracy of II defines a foliation of the phase space into symplectic leaves,
each of which inherits a nondegenerate symplectic structure. Dynamics then takes place
on these leaves, and the geometry becomes locally—but not globally—symplectic.

In the geometric formulation of quantum mechanics, let /' and G be the expectation
values of self-adjoint operators F' and G. The corresponding Hamiltonian vector fields
Xr and X¢ are given by Eq. (2.15). Substituting these into the Poisson bracket definition
(2.16), the Poisson bracket evaluated at a point ¢ € H is

1

{FaHy) = (v, [F,G] ) . (2.18)
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In this geometric formulation, the Poisson bracket of expectation value functions repro-
duces the commutator of the corresponding operators.

The Poisson structure defined by Eq. (2.18) extends to arbitrary smooth functions on
the Hilbert space, not necessarily arising from operator expectation values, by requiring

bilinearity, antisymmetry, and the Leibniz rule.

2.2.1 Pure states and projective geometry

Pure states play an important role in the theory because they represent the most precise
specification of a quantum state. A quantum state is defined abstractly as a positive
linear functional w: A — C on the operator algebra A satisfying normalization w (ﬁ) =1.
In the Hilbert space formulation, where H carries an irreducible representation of A as
specified in (2.4), a state is realized concretely as a positive, trace-class, trace-one, linear
operator p on H.

A pure state operator py is represented by a rank-one projection operator constructed

from a representative ¢ € ‘H

_ 0w 219

Py

Such states are invariant under nonzero complex rescalings of the representative v,
including time-dependent ones. This motivates the definition of an equivalence relation ~
on H,

Y~ AT <= Ar1)eC\ {0} at fixed 7. (2.20)

The quotient space P(H) := H/ ~ is the projective Hilbert space, whose elements
correspond uniquely to pure states.

The geometric structure of projective Hilbert spaces has been extensively studied
[20,22-24], and provides a useful language for analyzing the properties and dynamics of
pure quantum states.

For finite dimensional systems, the projective Hilbert space is isomorphic to a complex
projective space of corresponding dimension. For example, for the two-dimensional
spin—1/2 system, the space of pure states form the Bloch sphere S? = CP!. However,
whenever H is infinite-dimensional, the projective Hilbert space is also infinite dimensional.

Although the symplectic form €2, the Riemannian metric G, and the complex structure
J were originally defined on H, they all descend to the projective Hilbert space P(H)
under the equivalence relation ¢ ~ A\, making it into a Kéhler manifold. More precisely,
one works with the unit sphere S(H) = {¢ € H| (¢,¢) = 1} and views P(H) as the
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quotient S(H)/U(1), identifying states that differ by a phase. Since purity is conserved
by Hamiltonian evolution, this allows one to describe pure state quantum dynamics
geometrically as Hamiltonian flow on P(#), where the generator of time evolution
corresponds to the expectation value function of the Hamiltonian operator.

The resulting manifold P(H) carries an induced metric, called the Fubini-Study
metric, which encodes the Riemannian component of the Kéahler structure. It can be

shown that the geodesic distance between two states ¢ and 1 is computed by [19]

drs (¢, 1) = arccos

(¢, V) (¥, d)
o (2.21)

(0, 0) (¥, )

which is invariant under both global phase shifts and reparametrizations of the state
vector. This metric defines a distance between pure states and underlies many results in
quantum information theory, in particular, in the distinguishability of states.

It is possible to rewrite the Poisson bracket (2.18) explicitly as an expression between

expectations values of pure states as

{Tx(pu ), TrlpyG)} = = Tr(pul G, (2.22)

However, the relationship with (2.18) breaks down when p,, is replaced by a general
mixed state p, for which the geometry of the projective Hilbert space no longer suffices.

The inclusion of mixed states therefore requires a generalization of the constructions
given in [20,22-24], which can still be formulated by means of a Poisson bracket [18] on
the space of states, but in general not with a Kéahler structure. In this vein, we also note
that generalizations of the CCRs in Eq. (2.1), such as those involving nonassociative
algebras [25], can lead to operator algebras that do not admit a representation on a
Hilbert space.

In the fully general setting, one works with the algebraic definition of the Poisson
bracket [26], defined for an algebraic state w : A — C as

{w(A) 0 (B)} = = w([4 B). (2.23)

This expression satisfies all formal properties of a Poisson bracket, including bilinearity,
antisymmetry, and the Jacobi identity. It can be extended to polynomials in 2 and p;
using the Leibniz rule.

The purely algebraic formulation is more general than the Hilbert space approach, as
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it does not require a choice of representation, provided the algebra A is equipped with a
star-structure that generalizes adjointness relations of operators. Throughout this text,
we adopt the shorthand

(4) =w(4A) (2.24)

so that the algebraic and Hilbert space formulations coincide whenever A is associative

and admits a Hilbert space representation.

2.3 Moments as coordinates on quantum phase space

In the quantum theory, each classical degree of freedom gives rise to a tower of countably
infinitely many new degrees of freedom. For instance, in general the powers (") # ()",
reflecting the presence of fluctuations and higher-order quantum correlations.

Instead of representing states as wave functions or density matrices with respect to
a Schauder basis, an alternative and often more insightful approach is to characterize
states by their moments. Alternative coordinate systems will be introduced in Sec. 2.5,

where we discuss canonical structures on the quantum phase-space.

In the Hilbert space representation, the set of fundamental operators (2, p;) induces a
bundle structure on H [18], where the bundle projection identifies all points ¢, 1) € H

that have the same expectation value for the canonical observables

(6, 8°0) = (0,2%),  (§,:0) = (¥, p) foralli=1,...,n. (2.25)

The base manifold of this bundle is identified with the classical phase space, parametrized

by the basic expectation values

a' = (3", (2.26)
pi = (Pi) - (2.27)

This defines a natural projection from the quantum state space to the classical phase
space, with the fiber over each point consisting of all quantum states sharing the same
classical position and momentum expectations.

We complete the coordinate system by selecting the remaining variables to be the

centralized and symmetrized higher-order moments, which encode fluctuations and

17



correlations beyond the basic expectation values.? These are defined by

A((xl)al (M) pﬁ”) = <(@1 —ah)er @ — g™ e (p—p )P (B —pn)ﬁ")>
(2.28)

where the parentheses around the multi-indices indicate total symmetrization over the
enclosed operators. These moments serve as fiber coordinates in the bundle structure
over classical phase space and characterize the quantum corrections to classical behavior.
As shown in [18], these functions generate Hamiltonian vector fields that are symplec-
tically orthogonal to the classical directions 9/0x" and 9/dp;, ensuring a clean separation
between classical and genuinely quantum degrees of freedom in the extended phase space.
The higher-order moments can be written more compactly by introducing multi-indices

a = (ay,...,a,) and = (f1,...,5,), which encode powers of the basic phase-space

variables. We define the corresponding monomials as

With this notation, a general higher-order quantum moment takes the form
Ay am)eepit - pln) = Aap?). (2.31)

The coordinates (2%, p,, A(z%p?)), for all multi-indices o and 3, form a complete set
in the sense that they uniquely determine the state. A proof of existence and uniqueness
in the classical case is contained in [27]. Generalization of the proof to existence and
uniqueness of wave function and density matrix states is discussed in [18] and [14]. A
self-contained exposition of wave function reconstruction is provided in Appendix B.

As part of the proof, one must assume that the moments are finite and satisfy
positivity conditions. These conditions are identified in [18] as uncertainty relations
specifying the boundary component of the quantum phase space. For example, for a
single canonical pair (z,p), second-order moments must have

2

M)A — Aap) > (2.32)

2The choice to use centralized and symmetrized moments is motivated by their natural appearance
in noncommutative series expansions around classical trajectories, as in Eq. (2.41). Noncentral, non-
symmetric moments could be used, and in fact are more natural in the context of state reconstruction
explored in Appendix B.
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Such a relation is in general poorly defined if any moment is infinite. Higher-order
relations are developed for quantum states in [28], although we will not need them here.
We remark that the existence of such conditions is a restriction on the kinematical phase
space to the space of physical states only and does not imply relations between the
moments of a given state which remain independent. An intuitive description of these
variables in one and two space dimensions is elaborated in [29].

In future equations, we will use further arithmetic rules for the multi-indices, including

the factorial
al =ay! ! (2.33)

and order
la| =a1 4+ + a,. (2.34)

We define the order of a moment as the value of the sum |a+ | = >;(a; + 5;). A

quantum state is called semiclassical if its moments satisfy the scaling condition
A(zpP) = O(ﬁ|a+5‘/2). (2.35)

This condition permits a systematic h-expansion about the classical limit.

Each term in the moment hierarchy carries different physical units, which can compli-
cate the interpretation of expansions like Eq. (2.35). In applications where characteristic
length and momentum (or energy) scales are available—denoted x. and p., respectively—
these can be used to rescale the moments and formulate the hierarchy in terms of
dimensionless quantities. Under such a rescaling, the semiclassical hierarchy is well
defined when the dimensionless ratio A/(z.p.) is small, i.e., h/(z.p.) < 1. This condition
reflects the physical intuition that the minimum quantum of action A is small compared
to the typical phase space volume occupied by the system.

Conversely, when the ratio h/(z.p.) is approximately unity, quantum effects become
dominant and the system is highly nonclassical. In this regime, higher-order moments
are no longer suppressed, and the expansion cannot be truncated reliably.

Even in the absence of external length or momentum scales, the spirit of the expansion
(2.35) can still be applied to control the moment expansion. In practice, it is sufficient to
check the relative magnitudes of higher-order moments relative to lower-order ones. For

instance, semiclassical behavior is supported when dimensionless ratios such as

(A(zY)/A(@*)? <1 or A(z?p?)/A(xp)? < 1 (2.36)
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are satisfied. These conditions ensure that the contribution of higher moments remains
perturbative, even in systems without fixed characteristic scales, however they are
generally hard to check.

As a concrete example, the unsqueezed single-mode Gaussian state with fluctuation
parameter ¢ has moments given for a and b positive integers by

A(zp?) = 27 (@+OIpb o @0 and b (2.37)
P o (0/2)1(b/2) if a and b are even .

and A(z%") = 0 otherwise. The semiclassicality condition for such a state depends on
the preparation of the state. This state is semiclassical provided that the fluctuation
obeys 0 = kh for some fixed scaling coefficient k.

The class of states satisfying the semiclassical hierarchy (2.35) is much larger than
the Gaussian family. The scaling condition constrains the h-dependence but leaves the
numerical coefficients of the moments unspecified, allowing a wide variety of physically

distinct states—differing in correlations, entropy, and purity—to qualify as semiclassical.

2.4 Poisson dynamics

The Poisson structure defined in Eq. (2.18) allows us to associate a Hamiltonian vector
field to each observable, generating a Hamiltonian flow on the (quantum) phase space.

Of particular interest is the flow generated by the quantum Hamilton function, defined as

Ho(v) = (H) . (2.38)

According to Eq. (2.15), the Hamiltonian flow generated by this function is equivalent to
the Schrodinger evolution ; '

V= %H (N (2.39)

However, it is not necessary to evolve wave functions and then extract physically

meaningful quantities via inner product evaluations in Hilbert space. Instead, in the phase

space formulation, one works directly with observable quantities such as expectation values

and moments. If A(z, p, A(z*p?)) is a dynamical variable (explicitly ¢-independent), then

its evolution is determined by the Poisson structure

d
A= {A Ho}. (2.40)
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When states are parameterized by their basic expectation values, x = (&) and p = (p),
along with central moments A(zp”), the quantum Hamilton function Hg becomes a
function of these variables. It is useful to develop a general expression for Hg showing
its dependence on these phase space variables.

Such an expression can be obtained through a series expansion centered around the

basic expectation values:

Ho (2, pa, Alap®)) = (H (2* + (& = 2), pa + (b — P)))

© 2 1 9t (2, p)
_az%ﬁz:%a!ﬁ! 0%xdPp

Az°p?) (2.41)

where the sums range over all multi-indices beginning from the zero multi-index 0 =

(0,0,0,0). In differential geometric terms, Eq. (2.41) is the coordinate representation of
the quantum Hamilton function as a function on the infinite-dimensional quantum phase
space.

Terms in this representation of Hg are distinguished by the order of the quantum
moment they contain. The zeroth-order term always reproduces exactly the classical
Hamilton function. This implies that quantum dynamics reduce to their underlying
classical analog when H can be expressed as a quadratic function of x and p. This
characteristic contributes to the prevalence of quadratic potentials in modeling quantum
systems and explains the extensive research devoted to systems governed by quadratic
potentials in the literature, for example in that of [30], where the Newtonian gravitational
potential is approximated by its second order series expansion. Second, when dealing with
nonquadratic potentials, the remaining terms in this expansion reveal the emergence of
quantum effects. States whose fluctuations are nonzero are extended. In the higher-order
terms, quantum fluctuations of the state couple to the external field through a derivative
expansion of the potential.

In the nonquadratic setting, the quantum effects can dominate or act as perturba-
tions depending on the relative magnitude of higher-order terms. If the Hamiltonian is
polynomial in the basic operators, the expansion of Hg terminates at finite order, and
perturbation theory may not be necessary. Otherwise for Hamiltonians involving non-
polynomial interactions, one must consider the convergence properties of the series (2.41).
In this case, systems satisfying the moment hierarchy condition in Eq. (2.35) are well
behaved as higher-order terms are suppressed by powers of h.

Truncating the expansion at a finite order yields a closed semiclassical dynamics

21



with controlled errors. At leading order, the dynamics reproduces the classical equations
of motion, while higher-order terms introduce perturbative corrections from quantum
fluctuations and correlations. These perturbative effects can capture interesting quantum

features of the system, such as tunneling phenomena, as demonstrated in [31].

2.5 Canonical variables

The quantum phase space variables A(x"pﬁ) do not form a set of canonical coordinates,
as they have nontrivial Poisson brackets with one another. These brackets, derived in [18],

are given for the moments of a single canonical pair x, p by

e - £ 0050000

r,s=0

><A(x“+c_j_kpb+d_j_k)(5j,2r+15k,25 — 0,200k 2541)

+adA (2 PP A(zpt) — beA(z*p" ) Az p?) (2.42)

where the inner sums run over 0 < j < min(b,¢) and 0 < k < min(a, d), respectively.?
The Poisson tensor implied by this relation has a complicated structure.

While the quantum moments A(q:o‘pﬁ) provide a physically meaningful and complete
description of the quantum state, their noncanonical Poisson structure (2.42) complicates
the formulation of dynamics. For instance, the quantum Hamilton function for a
nonrelativistic free particle is

P AP

Ho = —
Q 2m+ 2m

(2.43)

Although A(p?) arises from quantum fluctuations, it appears additively alongside the clas-
sical kinetic energy term, raising the question of how to interpret its physical contribution.
Does it modify the particle’s kinetic energy, or should it be viewed as part of an effective
potential? The lack of a canonical structure for the moments obscures such distinctions.
And while the equation of motion for x retains the canonical form ¢ = 0Hg/dp, the
moment equations are not in Hamiltonian form. To clarify the underlying geometry and
enable a more transparent formulation of quantum dynamics, it is useful to introduce
canonical coordinates on the truncated quantum phase space. The Casimir—Darboux

theorem [32] guarantees the local existence of such coordinates.

3For low-order moments, it is often more practical to compute Poisson brackets directly from the
definition (2.18), rather than using the expression above.
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In what follows, we construct canonical variables for second-order moments. First,
we address the case of a single canonical pair (z,p) in Sec. 2.5.1, and then extend this
construction to two canonical pairs (z, ps, y, py) in Sec. 2.5.2. The two-pair construction
is more involved than simply taking two copies of a single pair due to the presence of
inter-mode correlations. The results presented here build on the constructions introduced
in [21] and are informed by foundational treatments of quantum optics in phase space [33].
A key component of our derivation of Finsler structures in quantum theory in Chapter 4
is a new parameterization of quantum-information properties related to the second-order
moments of a state, which may also have broader applications. We construct this and
other new inverse formulas relating the canonical variables to the original quantum

moments in Sec. 2.5.3.

2.5.1 Single-mode canonical realization

The z-coordinates at second order, (A(x?), A(xp,), A(p?)), have the brackets

{A@), AW} = 4A(ap.),
{A@?), Aap,) } = 2A(7), (2.44)

{Alap:), A2} = 28(02).
In this case, it is known [34-36] that the transformation

Aa?) =5 Alp) =sps  A(p2) =p] +SU2 (2.45)

to new variables (s, ps, U) implies the canonical Poisson bracket {s,ps} = 1 making (s, ps)
a canonical pair. The third variable, U, Poisson commutes with all second-order moments,
making U an element of the center of the Poisson algebra generated by (2.44). In a
Poisson algebra, central elements are known as Casimir functions, in analogy with the
corresponding concept in Lie algebras. Casimir functions represent conserved quantities
as they are invariant under any Hamiltonian flow. These Casimir functions can be
systematically identified for any algebra.

The Poisson algebra for a single-mode system, given by Eqgs. (2.44), is isomorphic to

the sp(2,R) Lie algebra. The single-mode covariance matrix

0:( A(z?) A(m)) (2.46)
Azp,)  A(p?) '
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together with the symplectic form Q;; = {z;,z;} (with x = (z, p,) has components z;)
allow the Casimir of sp(2,R) to be constructed equivalently either as the sum of squared
eigenvalues of Qo or as the value of the trace of (Q0)?. More generally, the algebra

sp(2n,R) has n Casimirs which are constructed as
U o Tr [(Q0)*], k=1,...n. (2.47)

By construction, these quantities are invariant under symplectic transformations. Invert-

ing the mapping (2.45) identifies the single-mode Casimir as the uncertainty product
U= AzHAP) — Alxp,)? (2.48)

which is, by Eq. (2.47), a quadratic Casimir.
As a direct consequence of the uncertainty relation, U is bounded from below by h?/4.

We may therefore write U as
LU
14

with a momentum p, > 1, canonically conjugate to a coordinate ¢ that does not appear

U=p (2.49)

in the Hamiltonian. (It is convenient to separate p, and A in (2.49) such that & can be

used to characterize semiclassical orders. As a consequence, both p, and ¢ are unitless.)

2.5.2 Two-mode canonical realization

In a quantum system with two continuous degrees of freedom, there are ten second-order
moments: six describing the individual modes and four capturing cross-mode correlations.
The second moments are naturally organized into the two-mode covariance matrix, which

in mode-ordering takes the block form
o= (“j "my) , (2.50)
ny O'y

where o, and o, are the single-mode covariance matrices, and o0,, encodes intermode

correlations:

U :(A<x2> A(m)) U :<A<y2> A(ypy)) U :(A@cy) A(xpy))
o \AGp) AR ) Apy) A2 )7 " \Apay) Alpepy))
(2.51)

Although there are ten independent second-order moments, constraints reduce the
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number of physically relevant degrees of freedom. This reduction is typically realized
through unitary transformations of the quantum state, p — UpUT, which induce sym-
plectic transformations on the covariance matrix, o — SoST, with S € sp(4, R).

In particular, transformations Sj, .S, € sp(2,R) diagonalizing the single-mode covari-

ance matrices,

S oS = Ul (2.52)
SioySit = Uyl (2.53)
can be extended to sp(4,R) as
Sy = S, (2.54)
Sy, = Las,. (2.55)

These transformations commute and act in either order on the two-mode covariance

matrix to diagonalize the single-mode blocks,

(2.56)

I / T
Sysmo—SJSJ _ ( Uzl Sp0zyS,, ) '

S/O'T S/T UyI[Q

y-ryTx

The remaining off-diagonal blocks can be diagonalized according to their singular-
value decomposition via an orthogonal symplectic transformation O = O, ® O, with
O.,0, € sp(2,R). This brings the covariance matrix into its so-called Simon normal
form [37],

Ux 0 Cy 0
0 U, 0 c_
o = SoST = ¢ (2.57)
Cy 0 Uy 0
0 c. 0 U,

where S = 0S,S, € sp(4,R).

The single-mode quantities U, and U,, together with the cross-mode correlators c,.
and c_, are invariant under local symplectic transformations and play a central role
in the characterization of two-mode quantum states. These invariants underpin many
entanglement criteria and have been widely used in foundational and applied analyses
(e.g., [33,38-40]).

In contrast to this invariant-based viewpoint, we offer an alternative perspective
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grounded in the intrinsic Poisson structure of the quantum moments themselves. This
approach reveals the true dynamical degrees of freedom of the state directly through the
structure of the moment algebra. The relevant second-order moments are organized into

the vector

A = (A@E?), Alzp), AP, AlY?), Alypy), Ap}), (2.58)
A(zy), Alepy), Apay), Appy))-

The Poisson structure defined in Eq. (2.18) determines the Poisson tensor P;; =
{A;;A;}. This antisymmetric tensor has rank eight, indicating that among the ten
second-order moments A;, there exist four canonical pairs: (s, ps,), (Sy,Ps,), (@, Pa),
and (3, pg). These canonical coordinates provide a complete and dynamically meaningful
parametrization of the physical degrees of freedom, superseding the commonly used local
invariants (U, Uy, ¢4, c_).

In addition, a faithful mapping must include two Casimir functions—quantities that
Poisson-commute with all observables and remain conserved under any Hamiltonian
evolution. These are identified as the quadratic and quartic Casimirs C'; and Cy, which
arise naturally from the the sp(4,R) Lie algebra structure, as given by Eq. (2.47). In
the canonical picture, the Casimirs C} and C5 can be understood as the conjugate
momenta of cyclic configuration variables ¢ and v, which do not appear explicitly in the
Hamiltonian and thus remain dynamically frozen. (We notate these cyclic coordinates as
angles because ('} and Cy both have units of angular momentum. The angle ¢ appears
in the dual-spherical coordinates illustrated by Figure 4.1.)

The canonical mapping introduced in [21,41] extends the mapping for a single degree

of freedom by defining fluctuation coordinates as

A@®)=s2 . AW =5 | Alps) =sebs, > Alypy) = syDs,- (2.59)

However, owing to cross-mode correlations, an extension of the single-mode mapping
requires additional ingredients of the sp(4,R) structure not contained in two copies of
sp(2,R). The position-position covariance A(zy) introduces correlation as an independent

phase-space degree of freedom, /3, through the definition
A(zy) = 545, cos(f). (2.60)

The momentum conjugate to 3, denoted pg, appears in the angular-momentum-like
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cor- relation moments

A(ap,) = sps, cos(3) = sin(8) = (pa +ps) (2.61)
and
A(pLy) = syps, cos() + sin(ﬂ)z—y (Pa — p3) - (2.62)

X
These expressions also depend on the fourth quantum momentum, p,.

The single-mode invariants
U, = A@®)APY) — Alep.)® Uy = Ay*)Alpy) — Alyp,)? (2.63)
are no longer global constants, but rather given by the phase-space functions

Us = (pa—ps)° (2.64)

e (€= 2) = V(G =4 = (G = Csin (a+ 9))

and

Uy = (Pa+ps) (2.65)

: ! : P 2)2 — (Cf — CF) sin(a —
28in2(ﬁ)<(01—4pa)—\/(01—4pa) (CF — C4) sin( 5)>.

+

These depend on the angular canonical pairs (o, p,) and (5, pg) and the two Casimir
variables, C; and (.

The canonical mapping for the three momentum-momentum correlations then has

Ap3) = p? (pa — ps) ! C2 — 4p2 — /Psi 2.66

Dy psx+ 52 + 252 sin2 (ﬁ) ( 1 Pa Sln(a+ﬁ))> ( : )
o + ps)? 1 .

Ap)) = piy + v ;Lng) + 252 sin(B) (C’f — 4p? —V/Psin(a — 6)) , (2.67)

and

2,2
Aepy) = | Poups, + L8 ) cos(8) + 22 (pa — ps) — 2= (05 + po) | sin(B)
S

528y
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1 2 2 .
25,5, sin%(5) ((CF — 4p2) cos(8) — VPsin(a)). (2.68)

Each of these involves the square root

VP(0a, C1, Co) = \/(CF — 4p2)? — (C4 — C). (2.69)

We refer to v/P as the Finsler root, and to the quartic polynomial under the square
root as the Finsler discriminant. This polynomial, P(p,,C1,Cs), generally cannot be
factored over the real numbers, except under specific conditions on the momenta. For
this reason, it controls the qualitative structure of the geometry, distinguishing between
Riemannian and genuinely Finslerian behavior. The full structure of the Finsler geometry
is developed in Sec. 4.2, while Sec. 4.4 explores special cases where this quartic decomposes
into the sum of two Riemannian structures.

Before applying this transformation to the geodesic Hamiltonian, we develop the

inverse mapping.

2.5.3 Inverse formulas for two-mode canonical variables

The inverse mapping from covariance data to canonical variables is given by

W= VA . pe= Af’éﬁ) (2.70)
\ Ps, = AXZ 7”’2)) (2.71)
A(zy)
cos (f) = ————— 2.72
7 A(z?)A(y?) =)
oo = 2E)(Alypy) = Alaps)) + A)APy) — A7) Alzpy) (2.73)
2/A(2?)A(2) — Alzy)?
_ Alzy)(A(ypy) + Alapa)) — Aa?)A(pay) — Aly®) Alzpy) 574
a 2 /A A7) — Alry)? .

together with expressions for C'; and C5, and then a. The expressions for € and Cy
can be identified from expressions for the symplectic eigenvalues and we develop these
first. Then we identify an expression for o which is the canonical variable with the most
complicated relationship to moments.

Unlike a classical state, a quantum state cannot be sharply localized at a single point
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X = (2, ps, Yy, py) in phase space due to the uncertainty principle. This nonlocality is
captured at first order in A by the covariance matrix o, which defines an uncertainty
ellipsoid centered at x whether or not the state is Gaussian. The shape of this ellipsoid
is determined by the symplectic eigenvalues v, and v_, which specify the lengths of
its semi-principal axes. These eigenvalues generalize singular values to symplectic
geometry, remaining invariant under sp(4,R) transformations. As such, they encode
intrinsic, observer-independent features of the two-mode quantum state, including its total
uncertainty and entropic content. They are obtained from the spectrum of the matrix
iQo, where ;; = {x;,x;} is the canonical symplectic form, with x; the components of x.

The quadratic and quartic Casimirs of our canonical mapping can be expressed in

terms of v, and v_ as

Ci=vi+v (2.75)
C; =vi — 172, (2.76)

or, explicitly in terms of second-order moments, as

CF = A(2®)A(p) — A(zp,)?
+AWHAWP) — Alypy)? (2.77)
+ 2A(zy) A(papy) — 2A(7py) A(pay)

and
Cy = (2.78)
4(Apapy) (A(apa) — Alypy)) — Ap2)Alwpy) + A<py> (psy))
X (A(zy)(Alyp,) — Aaps)) + A A(pay) — Aly?)Alap,))
+H4(A(pay) (Alap:) + Alypy)) — A2 A(xy) — < > <pxpy>)
X (A(zp,)(Azp:) + A(yp,)) — Alpap,)A(a?) — zy))

+2 (A AP2) = Aapa)? + A(pap,) Alzy) — <pzy> <:cpy>)

+2 (Apop)) Alay) — Apay) Alap,) + A)ARE) — Alyp,)?)”
+C1.

The lengthy expression for (5 is a consequence of its relation to the determinant of the
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covariance matrix according to

det () = i(c:f _ oy, (2.79)

Y+ 02:0

C, increasing

C increasing

| St

C, = ——
2

Forbidden by Uncertainty

12

Figure 2.1: The allowed region for symplectic eigenvalues (v2, 12 ) of a two-mode quantum

state, constrained by the uncertainty principle. The shaded area is forbidden due
to the lower bound vi > h*/4. The curves of constant C; = v + v? (red) and

constant C3 = v3 — v2 (blue) define a grid over the permitted region. The corner point

I/i = v2 = h%/4 corresponds to a pure, unentangled vacuum state. Arrows indicate

directions of increasing total uncertainty C? and increasing asymmetry C3 between the
modes.

From the Robertson-Schrodinger uncertainty relation
h
o+ %Q >0 (2.80)

it follows that vy > v_ > h/2. These imply the uncertainty bounds

h2
C? > 5} (2.81)
Cy > 0. (2.82)

Together, C? and C3 define orthogonal directions in the space of symplectic eigenval-
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ues, as illustrated in Fig. 2.1. The first Casimir, (], sets the overall scale of quantum
fluctuations. For pure states C; reaches its limiting value, h/+/2, and increases under
mixedness. In contrast, the second Casimir, (5, captures anisotropy in the symplectic
spectrum. When Cy = 0, the eigenvalues are equal (v, = v_), and the state is sym-
plectically isotropic—it is circular in an appropriate canonical basis. As (5 increases,
the ellipsoid becomes increasingly distorted and one canonical mode dominates the
uncertainty. This asymmetry, like C, is invariant under symplectic transformations.

An explicit expression for « in terms of moments is too long to be displayed here,
but it can be obtained by computing U, — U, in two different ways, first from (2.63) and
then from (2.64) and (2.65), such that

cos
AGAGE) ~ AWA)AF) — Alepo)* + Alyp,) = ~Apaps ~ VP
The remaining equations in (2.70)—(2.74) as well as (2.77) and (6.14) then provide a

complete expression for cos «v in terms of second-order moments. In particular, the terms

(2.83)

on the left-hand side of (2.83) as well as the product p,pg on the right can all be written

in terms of different uncertainty products, for which we use the general definition
AR = A(A1B1)A(AsBy) — A(A1B2) A(AsBy) . (2.84)

With this notation, we can write

sin 3 (AZY )2 — (A% )2 + A%sz — AZTYAYPy

YPy TPy TPz Y Ypy (2 8 5 )

VP Azy

We return to provide additional characterization of o when we discuss its role in shaping

CoOst¥ = —

the Finsler geometry experienced by two-mode states in Chapter 4.
Application of the canonical realizations identified here for one- and two-mode systems

toward efficient quantum state sampling is introduced and discussed in Appendix C.
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Chapter 3

Constraints and the problem of time

“I wish it need not have happened in my time,” said Frodo.

“So do I,” said Gandalf, “and so do all who live to see such
times. But that is not for them to decide. All we have to

decide is what to do with the time that is given us.”

—J.R.R. Tolkien,
The Fellowship of the Ring

The previous chapter introduced a geometric formulation of quantum mechanics. Before
applying these techniques to the quantum description of relativistic clocks, we must
first establish a classical model of clocks that admits a consistent quantization. This
chapter presents a pedagogical derivation of the Hamiltonian formulation and subsequent
quantization of the relativistic point particle, which serves as the foundational model for
relativistic clock systems.

Starting in Sec. 3.2 from the classical reparametrization-invariant Lagrangian action,
Eq. (3.1), we construct a first-order Hamiltonian action, Eq. (3.17), and identify the
associated Hamiltonian constraint, Eq. (3.15). Having settled on the canonical approach,
two routes to the quantum theory remain: one may either fix the gauge at the classical
level and then quantize the resulting unconstrained theory, or quantize first and then
implement quantum gauge fixing.

In Sec. 3.3, we take the first approach and carry out classical phase space reduction.
Using the ADM formalism, we relate reparametrization invariance to the slicing ambiguity
in spacetime, allowing the evolution parameter to be interpreted as the proper time
of an ADM inertial observer. By imposing gauge conditions adapted to the frame of

this observer, we identify physical degrees of freedom—thereby completing phase space

32



reduction to the physical phase space. The resulting unconstrained evolution Hamiltonian,
Eq. (3.43), governs the clock’s dynamics relative to this frame and admits quantization
via conventional canonical methods.

We compare the classical reduction approach with the corresponding reduction on the
quantum phase space in Sec. 3.4, where we argue that both procedures yield a consistent
quantization—i.e., the system is anomaly-free. In Sec. 3.5, we present the resulting
quantum theory using the effective Hamiltonian formalism developed in Chapter 2. Since
this formulation describes dynamics in the local frame of an observer and is therefore
noncovariant, we reverse the reduction procedure in Sec. 3.6, reintroducing constraints
to define a spacetime-covariant quantum theory.

This approach to quantization of the relativistic point particle provides a concrete
example of how classical gauge symmetry, constraint dynamics, and semiclassical quantum
evolution interrelate in a simple system and paves the way to further questions regarding
geodesic motion of massive or massless quantum states in curved spacetime and observer-

dependence at the intersection of quantum theory and general relativity.

3.1 Reparametrization-invariant actions for free particles

The classical theory of particle motion in general curved spacetimes is extraordinarily
well-tested [3]. We adopt the mathematical structures developed in this regime as our
starting point. Quantization of these structures should then yield a (hopefully unique)
extension into the quantum regime that remains compatible with the classical limit.
The spacetime trajectory v : [0,1] — M, given in coordinates by z%(c) = % o v(0),
of a free relativistic particle is determined classically by the stationary solutions of the

proper time functional

1 1 dzo dab
7= [\~ ato) i G (3.1

where g, is the spacetime metric with signature (—, +, +, +).

The equations of motion of (3.1) are independent of mass and valid even in the
massless case, however in the massless case the integrand vanishes and 7 = 0. The
parameter o is a real evolution parameter and plays the role of time. The theory defined
by (3.1) is invariant under arbitrary smooth reparametrization of the worldline parameter,
o — o = f(o). In this sense, the theory admits no preferred or absolute notion of

external time.
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A notable feature of classical relativity is that the action 7[y| for a freely falling
test particle is independent of the particle’s internal properties—an observation elevated
to the status of a physical principle through the equivalence principle [42]. Despite
this unique feature, other actions typically encountered in physics have dimensions of
M - L2 . T-! This choice of units is not arbitrary but dictated by the existence of a
fundamental constant of nature: the reduced Planck constant A, which appears in the
path integral formulation of quantum mechanics. In particular, the propagator for a

quantum particle is given by

a
Ty

saleon = [

Zo

smo)}} 52)

DMMmﬂih

where the action S[z(c)] must have the same dimensions as A to ensure the exponent
is dimensionless. To obtain an action with these physical dimensions, we multiply the

proper time by an overall constant and define the free particle action as
Shl = —me*r[y], (33)

where m is a parameter with units of mass, ¢ is the speed of light, and 7[y] denotes
the proper time functional defined in Eq. (3.1). The minus sign ensures that physical
trajectories minimize the action. The identification of m with the Newtonian inertial
mass depends on taking the nonrelativistic limit, which is only possible for massive
particles. For massless particles, m does not admit this interpretation.

Although we do not follow the path-integral approach to quantization in this dis-
sertation, it nonetheless highlights certain features more transparently. For instance,
substituting Eq. (3.3) into the propagator expression reveals that the exponent scales as

the ratio of proper distance to the particle’s Compton wavelength

S cT
B Rime) (34)

In the classical, tree-level limit, an overall multiplicative factor in the action does not
change the variational equations of motion. However, as shown in the loop corrections
analyzed later in this work, such quantum effects typically violate the weak equivalence

principle [14].

34



The proper-time functional (3.1) defines the square-root Lagrangian

0 ea 1 dze dxb
L(x% &%) = \/—ngab(x) o (3.5)

However, the velocity Hessian of this Lagrangian, 0°L/01%01®, is singular, complicating
the construction of the canonical theory. To address this, we now turn to an equivalent

classical formulation that is better suited for canonical analysis.

3.2 The einbein action and proper time normalization

The einbein action for a relativistic clock moving between spacetime events x%(0) and

x*(0) is given by

e 1 dx®dz®  e(me)?
Slae = | do( G+ S ) (3.6)

where e(0) is a worldline scalar field (the einbein), and m is a parameter with units of

mass. This action has the singular Lagrangian

1 dz*dz®  e(mc)?

L £, €) = ——(q —_— 3.7
Varying the action (3.6) with respect to e gives the constraint
1 dz® da®
2
= 3.8
¢ m2c29% ds do - (38)

Substituting this result back into the einbein action (i.e., resolving the constraint)
reproduces the square-root form (3.3). The einbein and square-root actions thus define
equivalent variational problems.

Equation (3.8) provides the general relation between the einbein and the spacetime

metric prior to any gauge fixing. In the massive case, the gauge choice
e=— (3.9)

enforces proper time normalization of the worldline

dz? da® 9

Gab—— do dO' = —C . (310)
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In the massless case, the einbein appears as a Lagrange multiplier, and its variation
imposes the null condition on the worldline
detda? (3.11)
I 4 do '
Thus, e remains unconstrained and reflects the freedom to rescale the affine parameter
along the null geodesic.
We can translate the Lagrangian action (3.6) into a Hamiltonian one. The momenta

conjugate to the x® are

oL 1 )
Y = = — Qi 3.12
Pa= Ha ¢ Jab® (3.12)
and the velocities are expressed as
i = —eg™py. (3.13)

Since the einbein e(o) appears in the action without a time derivative, its conjugate

momentum vanishes identically

_oL _
— ==

indicating that p. is a primary constraint. Formally, p. generates gauge transformations

associated with the reparametrization invariance of the worldline.

In both the massive and massless cases, the system exhibits a secondary constraint
9"(x), papy +m*c =0, (3.15)

Verifying this condition requires invoking the Lagrangian equation of motion for the
einbein, Eq. (3.8); hence, the constraint is classified as secondary.
The first-class Hamilton function for the action (3.6) constructed via a singular

Legendre transform is

H = peé+p.a®(x,p) — L(e, x, &(z, p))

. e,
peé = 3 (9" ()papy + m?c?) (3.16)

and implies the first-order action

Sz, e, paype] = /da (paZ® + peé — H)
= / do |pai® + g (9" ()paps + m202)} : (3.17)
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Equation (3.17) is the first-order relativistic action in parametrized form. The einbein
field appears as a Lagrange multiplier for the Hamiltonian constraint. The equations of

motion obtained from the requirement 6.5 = 0 for arbitrary variations of its arguments
1

are
0S . e Ogb°
S0 = hat 5%}%}% =0 (3.18)
0S
5o = i +eg®p, = 0 (3.19)
0S 1
e Q(Q“bpapb +m?c®) =0 (3.20)

The constrained Hamiltonian dynamics represented by these equations are equivalent to
the Lagrangian equations and make sense in both the massive and massless cases.
The Lagrange multiplier e can be related to the evolution parameter. Consider the

equations of motion

1dz® b

— = —q° 3.21
e do g Po ( )
1dp, 10g%

- - - . 3.22
e do 2 0x° pop ( )

These are equivalent to the second-order equation

A e (3.23)
(&

where ['}, are the usual Christoffel symbols for the metric g,,. Reparametrization from
o to an affine parameter, 7(0), requires the einbein field e(o) to satisfy the first-order

inhomogeneous differential equation

TRE)

In particular, Eq. (3.24) admits a solution with constant e(o) along the worldline, i.e.,

de/do = 0, provided that o is proportional to 7. In this case, the parameter o is affine.

For a massive particle, the proper-time gauge e = 1/m implies the Hamilton function

_ 1 ab 2 2
Hmassive - _% (g (‘x)papb +m-c ) . (325)

IThe minus sign on p, in the first equation comes from integrating by parts
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For a massless particle we impose any gauge condition on e and obtain
1 ab
Hinassless = _59 <x>kakb . (326)

Both expressions define Hamiltonian constraints, and we denote them with the roman
letter H. In the massless case, the momentum is written as k, to emphasize that it is
defined only up to arbitrary rescaling.

In the massive case, the proper-time normalization gives the singular Lagrangian

1 1
L= —imgabﬂ'ﬁai’b —+ imC2 . (327)

The classical proper-time functional can therefore be expressed as

h] :/Wdr. (3.28)

This expression can be interpreted in two ways. (i) If we insert the Lagrangian (3.27),
we rewrite the integral (3.28) in the form (3.1). (ii) If the constraint H = 0 is used, it
implies L. = —mc?, such that (3.28) equals [ d7r and indeed represents proper time.

On the cotangent bundle the classical pathlength functional can be rewritten as

Tlz(7),p(7)] = / 1+ iidf. (3.29)

On the one hand, inserting the Hamiltonian constraint H,.sive gives the path integral

~ 9"(%)pape
m2c?

(3.30)

And on the other, when we maintain the constraint that the Hamiltonian vanish, we
ensure that the theory remains reparameterizable and the expression still measures proper
time.

Canonical quantization, undertaken in Sec. 3.5, will ultimately yield a quantum-
effective expression that corrects the classical constraint H — Hg = H 4+ O(h). The
proper-time formula (3.29), using the quantum effective Hamiltonian constraint will then
serve as our definition of quantum proper time.

However, the Hamiltonians introduced in this section are constraint functions. Rather
than quantizing the constrained system directly—i.e., promoting H to a quantum operator

H and working with quantum constraints—we simplify the analysis by first performing
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classical phase space reduction. This reduction can be carried out starting from either

Eq.(3.25) or Eq.(3.26).

3.3 Classical constraint reduction and the problem of time

Due to the Hamiltonian constraint, not all phase space variables correspond to independent
physical degrees of freedom. The constraint can be used to eliminate one variable—
usually po. This elimination procedure is called “resolving the constraint.” Resolving the

constraint in the parametrized action (3.17) yields the first-order action
S’ 2 p;] = /da (]02913Z +p0j30) (3.31)

where pg is understood to be the function obtained by solving the Hamiltonian constraint,
defined as
Po = —H(l’i,pj,l‘o)/c. (332)

This expresses the time component of the momentum as a function of the spatial
coordinates, momenta, and coordinate time.

Even after resolving the Hamiltonian constraint, the Hamilton function H may still
carry explicit dependence on the coordinate z° (for example in cosmological spacetimes,
or inside a black hole horizon where the metric is no longer static). Since its conjugate
momentum pyg is unphysical, the variable 20 itself is pure gauge. To complete the reduction
of phase space, we must therefore eliminate all reference to 2°.

As a gauge variable, 2 may be fixed by any convenient gauge condition. A possible

choice is
2°(0) = co, (3.33)

which identifies the worldline parameter o with the coordinate time. However, in general,
other gauge choices may be more insightful.
To illustrate this, we describe an alternative gauge choice to deparametrize the action.

To identify the gauge, we rewrite the resolved action (3.31) in the form

_— dt { dzi/do
Slt. 2%, p) = /d"d (pz dt/do

g

— H(xi,pj,t)> , (3.34)

where, for convenience, we have written z° = ¢t to absorb the dependence on the speed
of light c.
d

The multiplicative factor é acts as a local dilation, relating the worldline parameter
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o to the coordinate time ¢. The underlying worldline gauge theory permits arbitrary
reparametrizations of o, reflecting this freedom. If ¢ = f(o) is locally invertible (which
we will always assume it is), we can perform a change of variables in the integral (3.34)

and write o = f~1(¢). The chain rule then implies the deparameterized action

. dat ,
expressed in terms of the deparametrized velocities

de'  da'/do
dt = dt/do

(3.36)

This procedure has the same effect as assigning o — ¢, however the relationship between
them may more complicated than simple equality and depends on the solution to the
differential equation dt/do = f(o).
The integrand of Eq. (3.35) is the deparametrized Lagrange function,
Lzt ") = Pigy ~ H(z' pi,t), (3.37)
where we define the apostrophe (prime) derivative with respect to coordinate time t.

This defines the Lagrangian action on the spatial hypersurface

S[zi, 2] = / dt L(zi,2"). (3.38)

In the case of the mass-shell constraint (3.15), the above-described procedure requires
solving a quadratic equation in py. The roots of this equation are naturally interpreted

using the ADM decomposition of the inverse spacetime metric,

(-
ab __ N N
g = Ni i — NiNT : (3.39)

N2 N2

In these variables, the two roots of the Hamiltonian constraint following immediately

from the quadratic formula are

po = N'p; £ |N|\/7ijpipj + m2c?. (3.40)
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This expression represents a linearized form of the constraint (3.15), and its two roots
correspond, in a precise sense, to separate constraints for particles and antiparticles [43].
In what follows, we do not pursue this distinction and simply select the positive root.
Moreover, we will assume a positive lapse function, N > 0, so that the time-orientation of
the ADM observer (Box 3.1) aligns with the direction of increasing worldline parameter.

The lapse and shift functions, N and N?, represent gauge degrees of freedom of the
spacetime metric. In a particular foliation of spacetime with N* = 0 and N = 1, the
fully-reduced Hamiltonian governing evolution relative to the chosen observer frame is,

for a massive particle,

H(z", pi;t) = c\/fyij(xi, t)pip; + m2c?, (3.41)

and for a massless particle

H(z', kiyt) = ey (xf, t)kik; . (3.42)

Ref. [44] identifies synchronous coordinates that realize such a slicing for the Kerr metric.
From the role of reference frame theory, if we wanted to keep the role of the observer
explicit, we could work in the general spacetime gauge where the Hamiltonian takes the

(possibly time-dependent) form

H(Z,pt) = N(&, t)\/vij(f, t)pipic? +m2ct — N'(Z,t)pc. (3.43)

This function is not manifestly covariant—it is defined on the spatial hypersurface ;.
Nonetheless, at the classical level, the resulting spacetime trajectory implied by this

Hamilton function,
(0) = (ct(0), 2'(t(0))) , (3.44)

(for arbitrary o) is covariant. If the local Lorentz transformation laws for ¢ and z* are
assumed, then the covariance of (3.44) follows trivially. However, from the perspective
adopted here, covariance is not taken as a fundamental principles, but rather as an
empirical feature that the theory is constructed to reproduce. Our interest lies in
examining how covariance might persist—or break down—at the quantum level. In
particular, the specific form of covariance under the Lorentz group SO(1,3) is not
imposed a priori and may, in fact, be modified by quantum effects (the group—or its
representation at the very least—must be enlarged to cover new nonclassical degrees of

freedom).
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Covariance, as a physical principle, relates the observations of a system made by
different observers. However, in the quantum regime, the noncommutativity of measure-
ments implies that such covariance is not automatically preserved ( [45]). Preliminary
results originally published in [12] and revisited in Sec. 5.6 of this dissertation, compare
quantum proper time in Schwarzschild spacetime using both the standard foliation and
the Painlevé-Gullstrand slicing. These results suggest a potential violation of covari-
ance in the quantum theory, highlighting the frame-dependence of quantum-corrected

geometric quantities.
Box 3.1 ADM Observer

We can make the identity of the observer precise. Let z' = (x!, 22, 2%) denote the
coordinates on each hypersurface ¥; of the foliation {¥;};cr, and let (¢, ', 22, 23)
denote the corresponding smooth extension to a coordinate system on the full

spacetime.

Definition: An ADM observer is defined as one whose worldline remains at fixed
spatial coordinates * = const.. The coordinate basis vectors (9;, 0y, 02, 93) define
the ADM observer frame, and the vector g, is tangent to the wordline of such an

observer.

Proposition: The Hamiltonian (3.43) corresponds to the particle energy as

measured in the ADM observer frame.

Proof: In general, d; is not orthogonal to the hypersurfaces ¥;. Let n denote
the future-directed unit normal to the hypersurface ¥;. We assume for simplicity
that the basis 0; € T'(%;) is already orthonormal (if it is not, then we additionally
must construct normal coordinates in the hypersurface). We have, by construction
g(n,n) = —1 and ¢(0;, 9;) = d;5. The ADM decomposition of the coordinate vector

field 0; in terms of this orthonormal basis is
0, = Nn+ N'O;, (3.45)

an expression which defines the lapse N, and shift N*. Let p® = (E/c, p’) denote

the components a particle’s 4-momentum, relative to the orthonormal frame (n, 9;).
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The energy measured by the ADM observer is
—9(8,p) = NE — N'pjc. (3.46)

Corollary: The expression

E(Zp) = \/vij(f)piijQ + m2ct. (3.47)

represents the energy of the particle as measured in the frame of an observer
whose worldline is orthogonal to the ADM foliation. For an ADM observer, the
lapse N corrects for time dilation and the shift term —N'p; is a projection of the

momentum onto the spatial flow of the coordinates themselves.

Example: In flat spacetime with N = 1, N* = 0, and v“ = 6%, the ADM particle

energy reduces to the standard relativistic energy:
H(Z,p) = \/p?c® + m2ct. (3.48)

Since the Hamiltonian in Eq. (3.43) is unconstrained, we may proceed with conven-
tional canonical quantization to obtain the quantum theory. However, before doing so,

we consider an alternative route: quantization followed by quantum-level gauge fixing.

3.4 Quantum constraint reduction and the problem of time

In the classical theory, we have seen that the Hamiltonian constraint eliminates an
entire canonical pair, such as (2%, py), resolving the redundancy associated with time
reparametrization invariance. An alternative approach, following Dirac, is to first quantize
the constrained classical system and then impose the constraint at the quantum level.
In this setting, one might expect to encounter moments associated with the time
coordinate ¢t = x° and its conjugate momentum p, = —F/c. However, this raises the
question of how to interpret the time and energy operators £ and E. While one can assign
a formal representation of these operators on a Hilbert space such as L?(R*) via { =t
and po = 1hd/0t, the well-known Pauli theorem presents an obstruction. Specifically, the
theorem asserts that if a self-adjoint time operator conjugate to the energy exists, then
both operators must have continuous spectra spanning the entire real line. As a corollary,

no self-adjoint time operator can be conjugate to a semibounded Hamiltonian—that is,
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one that possesses a ground state.

In Dirac quantization, the classical constraint H = 0 is promoted to a quantum
constraint H = 0. Then, just as each classical observable = gives rise in the quantum
theory to an infinite tower of expectation values (Z"), the formalism developed in [16,17]
shows that each classical constraint gives rise to an infinite tower of quantum constraints,
involving moments of all orders.

In addition to the expectation value of the Hamiltonian operator, any expression
of the form <Oﬂ>, where O is a generic polynomial in # and p, must also vanish on
physical states. These constitute higher-order constraints involving quantum moments.
As phase-space functions on nonphysical states, (I:I> and (Oﬁ) are in general independent
functions in the sense that (ﬂ} = 0 does not imply (Oﬂ) = 0. Moments of physical
states are therefore obtained only if we impose the primary constraint Hg = 0 as well
as the infinite tower of higher-order constraints (OH) = 0 for suitable O, such as all
polynomials up to a certain degree (if we use a truncation) in the basic operators.

A detailed analysis of such gauge systems, given in [16,17], shows that the resulting
constraints are mutually consistent in the sense that all gauge transformations respect
the joint constraint surface on which all the constraints up to a given order are zero.
Moreover, at least for Hamiltonians that do not depend explicitly on time, a consistent
gauge fixing can be chosen that sets moments involving a time variable, given here by
coordinate time ¢, equal to zero. The resulting reduced phase space on which constraints
are solved with this gauge fixing is then equivalent to a semiclassical quantization of the
classically reduced system discussed in the previous section.

This step, which amounts to a choice of gauge fixing in the underlying gauge theory
depends on the spacetime coordinate system used to express the background metric
g as specific functions of the coordinates. In physical language, this step represents
the choice of a reference frame, which does not affect observables classically because of
general covariance. By introducing moment variables, our methods allow us to determine
possible implications of reference frames in a quantum setting.

Classical phase space transformations induce corresponding transformations on the
quantum phase space, ensuring that classical frame changes are mirrored by well-defined
quantum frame transformations. The structure of these symmetries and their correspon-

dence is discussed in Appendix A.
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3.5 Quantization

The analyses of Secs. 3.3 and 3.4 show that ADM energy (3.43) of a point particle in
a spacetime with spatial metric 4% and lapse and shift functions N(Z), N*(Z), can be
robustly interpreted as the value of the Hamiltonian generating time evolution in a chosen
spacetime foliation. In particular, the physical degrees of freedom of the relativistic point

particle, when described in an arbitrary frame, are governed by the Hamilton function

H(Z,p) = N(f)\/fyij(f)piijQ +m2ct — NY(Z)psc. (3.49)

This Hamilton function is unconstrained and may be quantized via conventional canonical
quantization.

In Chapter 2, we reformulated quantum evolution as Hamiltonian evolution of the
expectation values ', p; and moments A(z*p?) of phase space variables, generated by

the effective Hamilton function

Ho(# 5, A(p")) = (H(z+ (@ —x),p+(-p))

© X1 9letflH(x, p)
= 2 alp!  0xdPfp

a=0 =0

A(zpP) . (3.50)

Expanding to second order gives the Hamilton function the form?

o 2H , 1 0°H
A(z'd’ —A(x'p; -
(l‘ x )+ 8x18pj (I pj) + 28]71‘817]‘

1 0%H
Ho=H+ =

The first derivatives of the Hamilton function (3.43) (incidentally giving the classical

equations of motion) are:

oOH ON 1 0y pupc®  ONFpe
- = F -+ —N— — ——— 3.52
ox? ((%’ 2 Oxt E? oxrt E (3:52)
10H 1. DKC ,
- — N kPR~ N?, )
o, 75 (3.53)

2The sum extends over i, j = 1,2,3. The factors of 1/2 appearing in front of the pure spatial and the
pure momentum derivatives account for the symmetry of the corresponding moments, while the mixed
position-momentum moments are not symmetric under exchange of indices and therefore do not require
such a numerical factor.
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The second derivatives are:

O?H _ g O?N 1 (0N oV ON OyM\ prpic?
oxtoxI 0x'dxd 2\ 0x' Jxd ~ Oxd Ox? E?
NV pepipmpac | N P pepi®  OPNF pye (3.54)
4 Ox' Oxi E* 2 OxiQzi E? oriozi E |V
LOH - ON gpre N 0™ ppmpne® OV e ONY o
¢ 0x'0p; ori | E 2 " oy E3 ort E oxt ' '
and
1 0H 1 (e PPee (3.56)
2 Op;Op;, E\! T T ) '
Putting these together,
Ho = NE — N'pic
EE 0*N _1_1 ON O~k N ON O*\ prpic?
2 |0x'0xd 2\ Ozt Ox7  Oxd Ox' E?
N M O™ pepipmpac | N P9 mipi®  O°N* pye N
—_ . —— —————— | A2’z
4 Oxt Ox’ E4 2 0xidxi  E? 0x'0xi E
ON o N 5.0V pepmpnc® | 9* pre ONY -
2o kPR T gk N g A(r'D.:
+<8xﬂ E 2 ox? E3 oxrt E ox? («ps)e
11 y i ikPiD c?
tyg (37 - M) A, (3.57)

where E(Z,p) is the function given by Eq. (3.47).

This Hamilton function generates evolution for the basic expectation values Z, p’ and
for the second moments A?() of a delocalized semiclassical state. The classical term
NE — N'p;c corresponds to the energy measured by an idealized observer at a sharply
localized spacetime event, as in the case of a point particle interacting with a perfectly
localized detector. Once quantum corrections are included, however, the measurement
becomes intrinsically nonlocal—the particle’s spatial profile is no longer sharply defined,
and the effective energy includes contributions that depend on the state’s spread. When
the lapse and shift functions depend explicitly on position, N = N(Z) and N* = N*(Z),
this nonlocality introduces ambiguity: one can no longer cleanly separate effects due to

the observer’s frame from those arising from the delocalization of the particle itself.
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This ambiguity is closely related to the notion of proper time uncertainty: in the pres-
ence of quantum delocalization, the particle no longer follows a single classical trajectory,
and the proper time accumulated along its worldline becomes state-dependent. Since
the lapse function N(Z) weights the rate of proper time flow relative to coordinate time,
variations in N (Z) across the spatial support of the quantum state lead to fluctuations
in the accumulated proper time. As a result, the energy measured by the ADM observer,
which classically corresponds to the rate of change of proper time along the worldline,
now acquires quantum corrections sensitive to the geometry of the slicing and the spread
of the state. In this sense, quantum corrections to the energy functional encode an
observer-dependent uncertainty in proper time.

As written, the expression (3.57) is organized by moments. It is possible to compress
the expression a little bit. The whole expression is a multivariable Taylor series. Individual

parts of it have the series expansions

NE) = N+ 1A (i) TN o (r2 3.58
(N(@@) =N + 5 <”)axiaxj+ (r*?) (3.58)
and
k(5 koL i..J 0°N* 3/2
(N*(Z)) = N +§A(m)axiaﬂ+o(h ). (3.59)

Using this and grouping by inverse powers of E gives

Hg prc  ONI A(a'pj)e
E Oxt E
1., , . (ONOY  ON oM D2k
— L)
! [4A(I =) (aazi 905 " 0w ort T owiow ) PP

+£i (N+7*) prA(@'p;)

C2

1 .
+27]A(pipj)} I3
E EA( m n)a,yij avkl

Y m
Oxm pipipeA (2" py)

+’Ykl

C4

+7"77 pip; Apep) | 5 (3.60)

which is now degree-zero homogeneous in momenta.
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This exact effective Hamiltonian for a second-order truncation simplifies in the

synchronous gauge, N = 1, N* = 0, to

H L gy 07" Oy’" 1 ¢
T LLA@ V)5 Pen + kA @) + 577 Aip) | 1
L[, . 0v9 oyM 11 07" a0 ct
-5 LAC’B ) o e PP+ S mpzp]pkA(w ")+ i Alpkp) | 57 -
(3.61)

This expression, or its general gauge counterpart, expression (3.57), could be used to
study quantum effects on massless particles.
In the nonrelativistic limit, where 77p;p; < (mc)?, we can derive approximate

expressions for the effective Hamilton function. The energy expands as

m.
E ~ mc+ 72];;% ,2 (3.62)
; ~ m102 B WQJ:”Z?’péﬁc ~ m102 ’ (3.63)
;2 ~ (m;)2 - ﬁfgj ~ (m;)z’ (3.64)
oym .
Elg ~ (m;)?’ - 3;m§;€] ~ (m;)?’ ' (3.65)

Relativistic corrections to inverse powers of E are suppressed by increasing powers of
1/c*. In particular, the term in (3.60) proportional to ¢*/E* contributes no corrections
at leading order in the nonrelativistic expansion. Therefore we find,

ONJ

%A(xipj)c

1., . . (ONOy  ON oM D2y
_ Loy}
! [4“33 =) <8x" o0 0w 0 T oaiows ) PP

nonrelativistic ot Y DiP o
e s (NG (e + )~ (e -

1 ..
+27”A(pzpj)]

(3.66)

1
m

48



In the synchronous gauge N = 1, N* = 0 this simplifies further to

synchronous, Yoy .m .
Hnonrelativistic ~ 2 ’}/ p’ij 367
Q met+ (3.67)
1 A((ﬂkxl) 82’)/ij 8,Yij .
“om < 2 9zhoztl i ok’ (@p)) +77 Alpiy)

This simplified expression and its implications will be the focus of the remaining studies

of this dissertation, in Chapters 4, 5, and 6.

3.6 Extending dynamics to spacetime via gauge embedding

After the considerations of the last sections, we are now in a position where an arbitrary
spacetime observer with the worldline (3.45) can, in their local frame 3;, use one of the
Hamiltonians from Sec. 3.5 to evolve both physical classical degrees of freedom and the
semiclassical statistics of a quantum state, with dynamics expressed in their proper time.

The Hamiltonians from Sec. 3.5 have additional terms beyond those of the classical
theory. As a result, quantum backreaction on the classical degrees of freedom z* implies
that the spacetime trajectory (¢, z'(t)) will generally deviate from the classical prediction.
However, while these deviations can be predicted using the theory laid out so far, we
cannot yet determine the proper time experienced by the quantum state itself. In the
language of Sec. 3.3, doing so requires reversing the phase space reduction—moving
from the unconstrained theory governed by the hypersurface Hamiltonian Hg to the
constrained spacetime theory governed by Hg. We construct Hg in Eq. (3.84).

For clarity, we begin by demonstrating this lifting procedure in the classical setting

where we are familiar with all of the ingredients and the result.

3.6.1 Parametrization of the classical theory

When starting from the reduced theory governed by an unconstrained Hamiltonian
H(Z,p), a specific time coordinate t—typically the proper time of a chosen observer—has
already been selected. As a result, the theory is no longer reparametrization-invariant:
evolution x'(0) — x%(t) is explicitly tied to a particular foliation or reference frame.
To restore reparametrization invariance, we enlarge the phase space by reintroducing
the canonical pair (2°,py), which had been fixed in the reduced formulation, and then
reinstate gauge symmetry.

Since H generates time translations with respect to a fixed observer frame, we promote
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this evolution to a gauge symmetry by imposing the first-class constraint

(. pa) = po + iH(f, 7 =0 (3.68)

This constraint generates gauge transformations in the extended phase space, with the
gauge parameter identified as the worldline parameter o. The resulting reparametrizations

transform the initial data

(xO(O),xi (:UO(O))) — (xo(a),xi (mo(a))) = (xo(a),xi(a)) = 2%0). (3.69)

On the constraint surface ¢ = 0, the gauge flow generated by ¢ coincides—by
definition—with (minus) the physical evolution generated by H. Since rescaling the
constraint ¢ does not alter the constraint surface itself, the associated gauge parameter
can be freely reparameterized. This reparametrization freedom is made explicit by

introducing the einbein e(o), leading to the rescaled constraint

O(x%, pas e, pe) = —e€ (po + iH(f,ﬁ)) =0. (3.70)

By imposing this constraint ¢ = 0, rather than fixing the time coordinate z°, we recover a
reparametrization-invariant formulation in which physical trajectories lie on the constraint

surface and correspond to gauge orbits under the Hamiltonian flow generated by ¢.

3.6.2 Regaining covariance of the classical theory

Although the constraint ¢ = 0 restores reparametrization invariance, it does not recover
the full observer covariance of the original relativistic theory. In particular, the original
theory possessed an additional symmetry under the exchange of particle and antiparticle
sectors—or equivalently, under time reversal. To recover the fully covariant, quadratic
Hamiltonian constraint, this symmetry must be reinstated by explicitly including the

negative-energy (antiparticle) branch. Specifically, the two linear constraints,

¢— =po— N\/Vijpz'pj +m22 - N'p; = 0 (3.71)
¢4 =po+ N\/Vijpz'pj +m22 = N'p; = 0 (3.72)
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are multiplied, resulting (after division by —N?) in the familiar quadratic Hamiltonian

constraint of the covariant theory

B N . NN
H=¢ ¢, = Noz 2N2popi + (7” ~ Nz | Pili +m?c?=0. (3.73)

This constraint is quadratic in the momenta and admits a pseudo-Riemannian interpre-
tation, typically expressed by introducing the bilinear form ¢g®, defined in Eq. (3.39), so
that

H(C(]a’,pb) = gab(x)papb + m202 =0. (374>

This puts the theory back into the fully covariant (spacetime) form, where time
evolution is a gauge redundancy, and physical observables must be reparametrization-
invariant.

Analogous to the rescaled linear constraint in Eq. (3.70), we may introduce the einbein

to explicitly control reparametrization freedom, yielding the constraint

e

—5 (9" (@)papy +m*e”) = 0, (3.75)

H<xa7pb) - 2

which is the exact form of the constraint from the first-order action in Eq. (3.17). Fixing

the new gauge by setting e = 1/m, we obtain the proper-time gauge form

1
H(2".pp) = =5~ (9" (@)papp + m*¢*) = 0. (3.76)

This expression satisfies the identity

oH 1 g
L I i €] 7 (3.77)

mc? c? m2

which allows us to recover the original form of the proper-time functional

1 ab .
T—/\/ +72d /\/ J ppde. (3.78)
mc

That the parameter 7 on the right-hand-side indeed measures proper time follows by

substituting the constraint H = 0 into the first form of the expression.

The proper-time functional Eq. (3.78) defines a norm on the cotangent space at each
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spacetime point, given by

P (x p) = \/—1gab($)”‘pb. (3.79)

c? m?

The subgroup of general linear transformations on the cotangent space R* that preserve
this norm consists precisely of Lorentz transformations. These act on covectors as

Pa > (A71)°_ py, preserving the quadratic form defined by the metric g*°(x).

3.6.3 Parametrization of the semiclassical quantum theory

Reparametrization invariance can be recovered in the quantum theory by enlarging the
quantum phase space using the same procedure as in the classical case. However, the
resulting expressions contain additional terms that make the formalism considerably
more involved.

In place of the unconstrained Hamilton function H(Z,p), canonical quantization
formulated in terms of moments on quantum phase space gave Ho (T, p, A?()) as Eq. (3.57).
Keeping track of the sign of the energy, we can introduce the gauge variable py = —Hg/c

and write the first-class particle and antiparticle constraints

~ B P ON? . c N &
Po — (N($)>; — (N*(@))pi — 9 Al@’p) —AL +Bo 75 = 0 (3.80)
~F PN ON® : c N ¢
Po + (N(x)>€ — (N(@))pi — D A(2’p;) + AE - B;ﬁ =0 (3.81)
where
1 w o [ON Ov9  ON oy 0%~
A= 4A(x z) <8x"3 o * Ozl Oxk N@x’faml Pibi
0 g 1 .
ok (N’y”) pil(zFp;) + 57”A(p¢pj) , (3.82)
and
1 ) z’ja kl o i o
B = ZA(xmx") E)Zm %pipjpkpl + M arimpipjpkﬁ(xmpl) + 7" pip; Alprpr).  (3.83)

Multiplying the two linear constraints (and dividing by — (N (Z))2) gives the Hamiltonian
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constraint

7

a]; A(xjpi)> Do (3.84)

2 1 )
H 0 > A2 - _ Do AP
R (Lg T
y N 1 Nt .\’
A N B 2 A? N *AB N? SB?

T T B e T e T vE s~

However, this constraint involves products of second-order moments A?()A?(). To the
order of our truncation these terms should be set to zero. The resulting expression,

though lengthy, can be written explicitly as

L 2 N . NN
Ho(a", %,p0, 7, A%()) = —p5 +25zPip0 + (7 N) pip; +m*c?
A(zk2)y 9°N
N® Oxkoxt 10
A(zkzb) [ O*N? O*N N° 2 ON°
-2 — | p; A i 3.89
N? (axkaxl dzkorl N ) PP e i (#7p)po (3:85)

A(xkxl) 0°N N'NJ 0?’N? NI 2 ON* NI
N Dip;

Oxkox! N2 oxkoxt N N Oz N (@'Pi)p;

A(xkxl) ON Oy ON Oy 2 2 9 . ~id
= N : N~ Y XA,
T on \oek et T ori ek T ankant ) PP T Noa k( ¥ )pzA(w p;) + 5 Alpp))
1 1 87” a kl a,}/z
I (Z)pip; + m22 <4A(‘T ) e o Smbpep + 7" S PiPEA ) + 7" pip; Alpep) | -

This expression is remarkably general: it governs simultaneously the evolution of
classical expectation values and second-order statistical moments of a quantum state in
an arbitrary spacetime. Its derivation rests on a sequence of well-motivated steps: we
begin with the classical Hamiltonian governing the evolution of expectation values, apply
conventional canonical quantization to the unconstrained physical degrees of freedom,
reformulate the resulting quantum theory using an exact—though unfamiliar—set of
alternative variables, truncate this formulation at second order for practical tractability,
and finally lift the theory back into a covariant spacetime framework.

As a second-order derivative expansion of the classical constraint, and owing to the
nature of derivatives under the Leibniz rule, the quantum constraint naturally contains a
multiplication of terms. And although this constraint remains homogeneous of degree-two

in the momenta, it is no longer quadratic. As a result, it cannot be expressed in terms of
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a bilinear form, and the extension of the particle theory to include quantum degrees of
freedom appears to lack a pseudo-Riemannian structure. Nonetheless, Hg still defines a
reparametrization-invariant theory—only now the familiar quadratic geometry must be
replaced by a generalized degree-two structure: Finsler geometry.

The norm defined by Hg acts on an enlarged cotangent space that includes additional
quantum coordinates. The identity of this tangent space is obscured by our use so far of
noncanonical coordinates. In particular, it is not immediately clear whether momentum
(co)variances A(p;p;) can be considered quadratic in a new momentum, or whether the
mixed covariances A(z¥p;) correspond to linear quantum momenta. Canonical quantum
coordinates can be identified through canonical transformations of the moments, such
as those constructed in Sec. 2.5. The linear symmetry group acting on this extended
cotangent space and preserving the quantum-corrected norm is not currently known. An
initial exploration of the symmetries associated with the quantum moments is presented
in Appendix A.

Special cases—such as restricting the number of quantized degrees of freedom, working
in a synchronous classical frame, or taking the nonrelativistic limit—can simplify the
analysis significantly. These cases lead to tractable models that still capture essential
features of the quantum-corrected geometry. The resulting structures define new types

of Finsler geometry, which will be the focus of the next chapter.
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Chapter 4
Finsler geometry of quantum phase space

“Where is the library?”

“Turn right, proceed thirty-four paces, turn right again,
twelve paces, then through door on the right, thirty-five
paces, through archway on right another eleven paces, turn
right one last time, fifteen paces, enter the door on the
right.”

Mappo stared at Iskaral Pust.
The High Priest shifted nervously.

“Or,” the Trell said, eyes narrowed, “turn left, nineteen

paces.”

“Aye,” Iskaral muttered.
—Steven Erikson
Deadhouse Gates

A quantum clock cannot be modeled as a point mass moving along a single spacetime
geodesic if it is in a state with nonzero position fluctuations. Instead, it is an extended
object subject to tidal forces and a superposition of time dilations at different altitudes.
Here, a geometrical formulation of quantum mechanics is used to show that additional
quantum properties representing correlations between different directions can be intro-
duced to realize generalized notion of geodesic motion. This motion takes place in an
enlarged spacetime carrying a non-Riemannian geometrical structure. A specific version
of Finsler geometry parameterized by entropy and purity of the state provides a novel

setting for a combination of quantum and gravitational effects.
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4.1 Pseudo-Riemannian structure for a single degree of freedom

In a synchronous gauge of the metric—where the lapse and shift are fixed to N = 1,
N? = 0—and in the nonrelativistic limit, the quantum Hamiltonian constraint Hg defined

in Eq. (3.85), truncated to leading order in A, takes the form

Ho(a®, @0 7. 0%0) = —5 (= ph+77pipy + m?e’
A(a*al) 9?47 ok

2 axkaxlpiijrZWpiA(xkpj)+’V”A(p¢pj)). (4.1)

If we consider only quantized motion along the z-direction (or the radial direction in a
spherical coordinate system), we can apply the one-dimensional canonical mapping (2.44)
to express the (massive-particle, nonrelativistic, synchronous-frame) geodesic quantum

Hamiltonian defined in Eq. (3.67) in terms of momenta as

L 1
Ho(a,7,po, 7, A%0) = —3—( = b+ 7pips + mic (42)
52 aQ,Yij O~ . B2 )
+ 5 g2 PiPi +2 5y SPils +y Py + 12V ) :

This expression is strictly quadratic in momentum components, which now include p;

and p,. Quantum corrections can therefore be expressed by a six-dimensional metric

—1 0 0 0 0 0

0 ,y:m + %Szai,yxx ,yyx + %82832:7% ,sz 4 %S2gg,yzx Sam,y:c:e 0

G| 0 AP AV 4 5202 A 4 55202 s9,0Y" 0

go = 0 ~%+ %823;37% AUE %Szagvyz N 4 %S2ag,yzz 50,7 0

0 SOy SO YY* Yo et o 0

0 0 0 0 0 ihQ’ym/sQ
(4.3)
such that

Ho(w,Y, 2, 8,4, Dy Pys P» Psy Dg) = —27171 (9pip; +m?c) . (4.4)

with an extended p; = (pt, pas Py, Dz: Pss Pq)-
The block structure of the metric arises from our choice of synchronous gauge. The

modified spatial Riemannian metric appearing in this formulation corresponds to a

truncated Taylor expansion of the underlying classical metric coefficients, evaluated in
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the quantum state
(@) = (e |6 = ) 1| )08 = (14 §AEAE) 7700 + 009 (05

This series expansion of the metric is analogous to the expansion (3.50) for H (). With

this consideration we have

o [(7(@) sO 0
V6 = | 897 AT 0 : (4.6)
0 0 ThPy [ 52

This formula defines an effective metric 72 governing the free motion of a quantum
test particle on a curved background. The block corresponding to the classical physical
degrees of freedom consists of the expectation values of the components of the classical
inverse spatial metric, evaluated in the quantum state of the particle. As a result,
rather than interacting directly with the classical background, the quantum particle
experiences a smoothed, state-dependent effective geometry. Furthermore, unlike a
classical point particle, a quantum object possesses additional internal structure. In
the present formulation, Eq. (4.6) incorporates these features by introducing a spatial
fluctuation coordinate s, representing the width of the wave packet, along with its
uncertainty coordinate ¢, which encodes residual quantum information beyond leading-
order expectation values.

For the purposes of computing proper time, because this simplified case remains
quadratic, we may immediately generalize the Riemannian expression in Eq. (3.78).
Moreover, for a quadratic Hamiltonian, the inverse Legendre transform is well defined
and in fact yields a quadratic quantum Lagrangian which can be organized by defining

the quantum-effective metric as the inverse of the Hamilton quadratic form

gaQB = (g‘g’)il . (4.7)

Thus we would obtain
- me?

1 _
Lo = —imgc_%:t“:'vb = (4.8)

For small moments in the semiclassical approximation, the quantum metric could be

inverted perturbatively, such that
92" = gua®i® + O(A%(-)) (4.9)
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where A?%(+) stands for any expression of homogeneity degree two in the quantum variables,
s, , ¢ as well as V.
The Lagrangian equations would then be obtained as the stationary solutions to a

reparametrization-invariant quantum proper time path functional
. 1 Q Jrad b
To = —ggal—jdx dab. (4.10)

Here, the quantum-effective metric defines an effective line element!

ds* = g[%(a:, s)dz®da® (4.11)

On the part of the quantum phase space where quantum states obey the semiclassical
hierarchy condition, Eq. (2.35), the quantum Lagrange function splits into classical and
nonclassical contributions. In such cases, the quantum proper time obtains dominant
contributions from motion through the classical geometry with subdominant contributions

from quantum effects

2
2

- / (_2 (Lclassical + Lnonclassical) - ]-> dO’ (412>
mc

= Tclassical + Tnonclassical -

The additive nature of this expression is implied by the general semiclassical result (4.9)
for the metric. This integral is evaluated over a quantum-corrected radial geodesic in the

Schwarzschild geometry in Sec. 5.1.

4.2 The two-mode spacetime Finsler Hamiltonian

For single-mode dynamics, the canonical realization of the moment algebra, Eq. (2.45),
yields a geodesic Hamiltonian that is quadratic in the newly-introduced momentum
coordinates. In this case, the effective inverse metric Eq. (4.6) extends the Riemannian
structure of the classical theory over the lowest semiclassical order of the effective

spacetime theory.

Tt is interesting to ask whether this quantum effective metric obeys an extended covariance condition
with a higher-dimensional tensor transformation law that leaves the effective line element invariant. We
leave this as an open question, but note that recent work on quantum reference frames, as mentioned in
our Discussion section 6.5 suggests that this task may be challenging.
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As shown in [21,41], the quadratic dependence on momenta remains intact when
extending moments of a single classical degree of freedom (z, p) up to at least fourth order,
such as A(z?). The pseudo-Riemannian structure of the classical theory then seems to be
a generic feature of the effective theory of single-mode dynamics. However, according to
the same papers, this property no longer holds when two independent classical degrees of
freedom, (z,p,) and (y, p,), are quantized. In this section, we use a canonical realization
of the Poisson algebra of two-mode second moments to address the canonical structure of
an effective two-mode theory. Unlike single-mode systems, two-mode (or more generally,
bipartite) systems inherently involve entanglement entropy, making entropy measures an
essential aspect of their description.

The canonical mapping defined by Eqgs. (2.59)—(2.68) enlarges the cotangent space
from the three-dimensional space spanned by the momentum covector p; = (py, py, p-) to

the nine-dimensional space V* = R? spanned by the extended momentum covector

Pa = (pxapyapzapsmpsyapaapﬂa01702)' (413)

When needed, we denote the basis of the tangent space V' by e; and the dual basis of
V* by 9 where the a runs from 1 to 9 in both cases. As usual, these satisfy the duality

condition

ea(9") = 9%(eq) = 62 (4.14)

Substituting the canonical mapping into the quantum geodesic Hamiltonian, Eq. (3.67),

yields a function of canonical variables that is not quadratic in the momenta. Instead,

due to the Finsler root /P, the Hamiltonian takes the form of a generalized 4-th root
Finsler Hamiltonian

1 — -
Ho = — (JM+ B pap; + 2m202) : (4.15)

- 2m

Even though this no longer induces a Riemannian structure on the quantum space,
the degree-two homogeneity in the momenta implies that geometric notions including
connection, parallel transport, and geodesic still exist; see for instance [46,47]. We can

provide explicit expressions for both Afbed apd pab using the canonical mapping.
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4.2.1 The covariant rank-four tensor A%

We begin with the covariant rank-four tensor A%%¢ which is fully symmetric, and define

its complete contraction with momentum covectors as?

A= Aabadpapl;pgpg. (4.18)

This nonquadratic contribution to Hg arises from the term v7A(p;p;), since the
momentum-momentum covariance matrix A(p;p,) contains the square root V/P. Tsolating
this contribution defines the kernel

—sin(a+ B)/s?2  sin(a)/(sys

Kij(sz, 5y, 0, 8) = es(B) [ P/ .( e=5) ) (4.19)
sin(a)/(szsy)  —sin(a — 5)/52

Using this kernel, the fully-contracted quartic part of the Finsler Hamiltonian takes the

form

1 .
\/Z = 5 iﬂ”\/ﬁ. (420)

The sign of this term is determined by the trace of the contraction of the kernel K;; with
the inverse metric,
1 sin(a + f)y*™  sin(a)y™  sin(a — S)y¥Y

T ) 4.21
g i 252 * SuSy 252 (4:21)

4.2.2 The bilinear form B®

The symmetric bilinear form B®: V* x V* — R is an extension of the single-variable

expression (4.6). In the basis ez, the coefficients of B® may be arranged in the block

2Similarly, we can define the complete momentum contraction of the symmetric rank-two tensor as
B := Babpapg. (4.16)
In terms of these quantities, we have

1
Ho = 5— (\/Z+B+2m2c2), (4.17)

which is the form seen in standard Finsler literature such as Ref. [48]’s eq. (2.1.9).
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matrix>

(v(%,9)) Dlg”] E 0 0
Dg"] g C 0 0
Bﬁb: ET OT @ 0 0 (422)
0 {Tr(Z;'y1) 0
0 0 0

In this expression, ¢ and j are ordinary spatial indices taking the values x,y, z, while
and J denote indices that correspond to the quantized modes, x or y. We expect that
this somewhat awkward notation could be improved in a full quantum treatment of all
three spatial directions where both indices range over {1,2,3}. However, since we are
free to interpret the degrees of freedom as modes rather than strictly in terms of spatial
directions, this type of index notation is likely unavoidable in general.

The component-wise expectation value of the metric is now a two-variable Taylor

series with
(v(2,9)) = (1 + (892033; + 25,8, cos(3)02, + 3532)) V(2 y) + O(*?) (4.23)

—(1+

which represents the same state-averaging of spacetime as in the one degree of freedom

[N NOR I

(A2 + 22 (wy)d?, + A(;ﬁ)aj)) Vi (z,y) + O(R?)  (4.24)

case.
The 2 x 4 block D[y%] defined for [ = 1,2 and j = z,y, 2 is

Ij1 _ (820, + 8y 005(6)8y>’7xj
bbel= ((syawszcos(mamyf)' (4:25)

This block is a generalization of the corresponding expression in one degree of freedom.
When the inverse metric components 7% vary along a classical coordinate direction,
this expression couples spatial momenta p; to fluctuation momenta pg,. In other words,
nonzero coefficients in D[] indicate that the cotangent vectors associated with classical
momenta and fluctuation momenta are not orthogonal.

The 2 x 2 block 4!/ defined for I,.J = 1,2 specifies the metric coupling of the

3Note that this expression does not define an invertible matrix and therefore does not constitute an
inverse metric. As we will show below, the Finsler analog of 4% receives contributions from B as well as
A and is invertible.
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fluctuation momenta subspace
Tx Ty
510 = ( 7 cos(B)y ) . (4.26)

The determinant of 7 is

det(317) = 777 — cos(B) ()", (4.27)

indicating that the shape of the metric ellipsoid for the quantum correlations s,, s,

differs from that of the classical coordinates x and y when A(zy) # 0.

4.2.3 Fluctuation subspace trace terms

In the (zp) ordering defined by & = (z,y,ps.,p,), the covariance matrix A(£€7) is

Yo g
5 — ( ot zp ) (4.28)
xp p

so that we have position-position, position-momentum, and momentum-momentum

rewritten as

covariance matrices

. (A(w?) A(my)) _ (A(m) A(xm) . :<A(pi> A(pxm)‘
To\A@y) AW T Ay Ap)) T \Any) AR
(4.29)

The quadratic Casimir of the two-mode mapping, C?, generalizes the quadratic
Casimir of the single mode mapping, U. In Eq. (4.22), the inverse metric component
acting in the ec, ® ec, subspace equals half the trace of the inverse metric against the
inverse position-covariance matrix

" 2c0s(B)y™
Tr (27171 = esc? T + L2 . 4.30
(=2'7) (8) 2 e s, (4.30)
The matrix B is noninvertible because Cy appears only in the quartic part. Physically

however, it is the fundamental inverse tensor

0*°H 0
OpaOpy,

V& (x,p) =m (4.31)
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which determines meaningful geometric quantities. For the generalized quartic this is
V& = B 4347 — 247 A", (4.32)

where we have used normalized partial contractions A%, A%, and A% defined through

the relations

APLAT = A pepepy, (4.33)
Al/QA&B — AaBEJpEpCZ7 (434)
AL/4 pabe _ A&Eécng. (4.35)

The expression 'y‘g computed this way is invertible.

4.2.4 The blocks F, (', and ©

Analogs of the cross-mode momenta p, and pg did not appear in the one-dimensional
restriction. Their role in the effective geometry described by (4.22) arises due to the
blocks E, C', and O.

The term (0 /02*)p; A(x¥py) couples p, and ps to the classical momenta p; through

antisymmetric and symmetric derivatives of the metric

(4.36)

ﬁeﬁmﬁ(@MWQWu@ﬁw@w )

— ((5/5:)07™ + (50/54)0:7")

The components of eg ® e, (the lower row) are symmetric gradients which capture how a
quantum state interprets stretching or compression of the spacetime, without introducing
rotation or shearing. That is, quantum correlations may affect how nearby geodesics
converge or diverge. If the spacetime metric has vorticity, then components of e, ® e,
are nonzero and couple the classical degrees of freedom directly to p,.

The coefficients of e, ® e, and e;, ® ez arise entirely from the term y**A(p,p,) and
contribute the block

S48y

C = sin(3) (_5“*‘ _S”") | (4.37)

Finally, the block containing the coefficients of the quantum angular momenta

coordinates is

o— (sinz(ﬂ)Tr (0355 togy ™) = 2Tr (B0 7Y) =™ /s% + 71/1//%)) (4.38)

—y" 55 4V [ s) sin®(6) Tr (X, 'y~
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where

oy = ( L0 ) , (4.39)
0 —1

Similar to the one-variable case, the quadratic part of the generalized quartic Finsler
metric depends explicitly on the correlation variables s, and s,. However, the two-
variable quadratic metric (4.22) now depends also on the spatial correlation angle 3,
which introduces anisotropic behavior into the effective geometry. This anisotropy implies
that the effective quantum geometry depends on the alignment (or misalignment) of
and y correlations.

The expression for the quadratic part of the effective quantum metric simplifies when
the correlation structure of the quantum state aligns maximally with the slicing of the
classical metric. In this case, § = 7/2 (implying A(xy) = 0, an isotropic state), the

quadratic part of the effective quantum metric is

BEJ) —
g4 5 ix Y Syay"fmc . Szaz’Yiy _Syazﬂ’iac . Szaz’Yiy
<’7 (x,y)> Sﬂﬂaﬂ@’y syc?yv Sy Sy Sz Sy O
zj Tz " _"
Sz0r7Y ¥ 0 5 5 0
yj vy Y %
syayv 0 v — — 0
50y Y™ 5007V ~Y ~Y i vy ~YY A 0
Sz o Sy - Sy Sa - 52 - s% 55 o s2
_ sy sk09% Y Y o S A i 0
Sz Sy Sy Sz 82 s2 s2 s2
xrx
0 0 0 0 0 ;(”2 +
SfE
0 0 0 0 0 0

4.3 Quartic Finsler geometry

In the physics literature, non-Riemannian Finsler metrics have previously been considered
in situations where spacetime geometry exhibits higher-order dependencies on direction,
motivated for instance by modified dispersion relations [49,50]. One example is the

Randers metric [51],

ds = k,dz® + \/igab(:n)d$adxb, (4.41)

where the field k, parametrizes small Lorentz violations. Particle mechanics in the
geometry (4.41) obey a dispersion relation different from the relativistic prediction.

This mechanism has been applied in connection with the GZK threshold [52] and in
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cosmological studies [53].
Finsler metrics based on higher-order polynomials have also been studied. In multi-

metric geometry [54] one encounters the Finsler structure

F=Y F®W (4.42)
I

in which each F® is a Riemannian Finsler structure, F*)(x,y) = gl(j“ ) (x)y'y? where

(2%, ") are local coordinates on the tangent bundle of spacetime. In the bi-metric case
with F(1) = \/gg)(x)yiyj and F® = (2)(x)yiyj, the Finsler structure may be rewritten

j

F(z,y) = \/ \/ 195 0 viyyry + (o) + 95)) vy (4.43)

a special case of the generalized 4th-root Finsler structure

F(z,y) = \/ V @iy Yy + bigyty? (4.44)

studied in [55,56]. The Finsler geometry found here is precisely of this form, except that

we have derived a Hamiltonian version.

On a Finsler manifold, the natural Lagrangian structure L = F?/2 is complemented
by the dual Finsler structure F* which gives rise to the Hamiltonian HY = (F*)?/2.
Finsler Hamiltonians are discussed in [57]. When applied to (4.44), the result can
be compared to our Hamiltonian construction. In our results, Finsler properties are
not realized for the standard four spacetime dimensions. They are instead controlled
by quantum entropy and purity through the conserved momenta Cy and Cy. These

quantum-information properties will be discussed in Sec. 4.5.
4.4 Riemannian special cases of the quartic geometry
The Finsler structure defined by the quantum-corrected geodesic Hamiltonian, Eq. (4.17),

will define a Riemannian geometry if the quartic part of it, Eq. (4.20), is reducible.

4.4.1 Gaussian states

The statistical moments A(z®p”) (for all multi-indices o and 3) provide a complete
parametrization of N-mode quantum states, pure or mixed. However, pure Gaussian

states are uniquely characterized by a restricted subset of the second order moments. In
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the position representation, Gaussian states are fully specified by their position-position
statistics 3, and position-momentum statistics X,,; see Eq. (4.29). The second-order
momentum statistics, as well as all higher-order moments, are entirely determined by
these two sets of parameters.

The N-mode pure Gaussian is parametrized explicitly by the position-space wave-

function
1/2
1 1 by
Yoy Yap) = | = R D Yl I R . 4.45
Vol B, ap) <27r det2x> eXp( gt ( Zh/2> x) (4.45)
where © = (z1,...,xy) is the position vector and matrix multiplication is assumed. The

modulus of Eq. (4.46) recovers the standard Gaussian density

1 1 -
r,0;) = ———exp|—=x E_1x>. 4.46
(s, B) = 5 exp (505, (4.46)
The momentum-space wave function is obtained by Fourier transforming the position-
space Gaussian wave function. This can be done analytically with the Gaussian integral

formula
(2m)"
det A

The momentum-space Gaussian wave function thus obtained is

1 1
/exp (—ZxTAx + JTa:> d"z = exp <2JTA_1J> : (4.47)

1/4
~ det (Ex)
) 4.4
¢G(pa g, ZIP) ((2@2 det (%H + E%p) ) ( 8>

1 . (h? - 2, ' hy(5,
XeXp (—4pT <4H+Zip> <H+Zh/§> pr‘i‘%arctan <h22dit(§]))>) .
zp

T

This indicates that, in the Gaussian case, the momentum statistics are fully determined

by the matrix equation

(PP
¥, = %! (4]1 + 2§p> (4.49)
or equivalently, by the equations
2 h’
YeXp — X, = Z]I. (4.50)

This result generalizes to multiple modes the statement that Gaussian states saturate

the uncertainty relation.
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Specializing to the two-mode case, either of the Eqs. (4.49) or (4.50) represent a
system of four nonlinear constraint equations. These equations, when expressed in
canonical coordinates, reveal constraints on the canonical variables.

In Egs. (4.50), the diagonal equations, in canonical coordinates for two modes are

L/ o
L (c RR(ARS) I (4.51)
1/ o h?
5 (ct-(U.-U,)) = T (4.52)
From these follow the two conditions
h2
uv,-U, = 0. (4.54)

The first of these, because Cf = v? + 12 is the total uncertainty, says that Gaussian
states have minimum uncertainty. Moreover, because vy > h/2, the equality (4.53)
implies v, = v_ = h/2 and consequently, also that Cy = 0 for a pure Gaussian state.

Using these constraints, the second condition (4.54) can be expressed as

st 12~ 5 ) 2 o, )

This can be solved by either of

Pa = 0 (456&)

_ C% cos(a)
ps = E\[p2— 71 n(f) (4.56b)

The remaining off-diagonal equations in Egs. (4.50) are also solved by p, = 0 in

which case they do not present additional constraints. However, if we assume p,, # 0
and instead use the constraint (4.56b), the off-diagonal equations give the two additional
constraints

S¢Dsy + SyDs, = 0 (4.57)

and

1= sin(c»z)\/%2 (sin®(v) — cos?(B)) + s2p?2, sin®(f) — sups, sin(23)
Pa=73 cos(2ar) 4 cos(20)

. (4.58)
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The later condition allows p, < C%/2 and, by (4.56b), would correspond to an imaginary
solution for pg.

If we require all of the momenta solving the equations (4.50) to be real, then we must
rule out the solutions (4.56b), (B8), and (4.58). Then the matrix equality (4.50) imposes

only the three independent conditions

2
C? = h—, (4.59)
2
Cy =0, (4.60)
Pa = 0. (461)

Mapping backward, these three conditions imply that only seven of the ten second-order
moments for two modes are independent. In the moment parametrization, these are
usually the three X, and the four X,

When Egs. (4.59)—(4.61) are satisfied (or so long as Cy and p, are much smaller than
C} and pg), then the quartic part in the Hamiltonian (4.17) is negligible. In this case,
we can approximate from Eqgs. (2.64) and (2.65),

2

c

and the quantum contributions to p; and p? from momentum variances are

3 C3

NN S 4.

W) =t o a s () "
p_ G
Alpy) =1, + 5 + 55370 o
Y 52 23%51112(5)
and

A(papy) = G cos() (4.65)
PaPy) = | PscPsy Sesy  2sin?(B)sssy |

—sin(f3)ps (psy + psz> :

Sy Sy

These expressions indicate that centered two-mode pure Gaussian states are fully char-
acterized on the six-dimensional subphase space coordinatized by (s, ps,; sy, Ds,; 3, Dg)-

This subspace arises from reducing the full ten-dimensional space of second moments
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Figure 4.1: Auxiliary spherical and Cartesian coordinate systems used to describe pure
two-mode Gaussian states. Each mode is associated with a three-dimensional auxiliary
space in which the radial coordinate s, or s, corresponds to the single-mode spatial
uncertainty. The polar angles, constrained by purity with ¥, = 9, = 3, capture the
spatial correlation between modes, while the azimuthal angles ¢, and ¢, have conjugate
momenta set by the global invariants of the state.

by the purity constraints Eqs. (4.49), which fix the values of the Casimirs Cy and Cy,
and eliminate the degree of freedom associated with the conjugate pair (o, p,). The
remaining variables describe both the local properties of each mode and their nonlocal
coupling through the correlation angle .

The moment expressions (4.63)—(4.65) for pure two-mode Gaussian states can be
interpreted as centrifugal kinetic energies in two auxiliary three-dimensional configuration
spaces. The variables s, and s, play the role of radial coordinates, while the angular
structure encodes internal constraints of the state; see Figure 4.1. The polar angles v,
and 9, are constrained to a common angle 3, capturing mode correlation, while the
azimuthal angles ¢, and ¢, are gauge-like degrees of freedom. The conjugate momenta
are fixed by purity constraints to be p,, = p,, = C1/V2 = h/2 and py, = po, = pa.*

This structure provides a geometric decomposition of the pure-state submanifold into
two angular sectors with locked dynamics and a shared angular orientation [, which
captures the entanglement-induced coupling between modes. While Gaussian states are
often analyzed through symplectic invariants and covariance matrices, this spherical

model offers a complementary mechanical perspective, where the internal structure of

4Because C}//2 is the momentum conjugate to ¢, and y it would be consistent to identify these
spurious angles with the cyclic coordinate ¢, up to scaling; see paragraph before Eq. (2.59).
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Figure 4.2: Representation of two-mode squeezing as a trajectory in the auxiliary
configuration space. The initial unsqueezed Gaussian state is localized in the X — Z
plane, with position uncertainty s, twice that of s,. As the squeezing parameter increases
in magnitude, the state evolves along a fixed azimuth toward the north or south pole
of the sphere, depending on the sign. The polar limit corresponds to an idealized EPR
state 1 (z,y) x §(x — y), exhibiting perfect position correlations.

the state corresponds to constrained motion in auxiliary spaces.
As an illustrative example, we visualize the flow of two-mode squeezing within the
auxiliary configuration space. The two-mode squeezing transformation acts on the

covariance matrix by congruence as 0yq = Ssq(r)assz(r) where the symplectic squeezing

Su(r) = ( cosh (r)ly sinh (r)o3 ) ' (4.66)

matrix is given by

sinh (r)os  cosh (r)Iy
Here, r is the real-valued squeezing parameter, Iy is the 2 x 2 identity matrix, and o3
is the third Pauli matrix. This transformation continuously deforms the state along a
symplectic trajectory that preserves the Casimirs while modifying local and cross-mode
correlations.

Figure 4.2 shows an example with an initial (unsqueezed) Gaussian state with a
position uncertainty for the y mode that is twice that of the x mode. The initial,
unsqueezed state is represented by a pair of points in each auxiliary configuration space.
Since the azimuthal angles are spurious, we choose a representative configuration lying
in the X — Z plane. The squeezing transformation preserves these spurious angles, so
the entire squeezing trajectory remains confined to this plane. For convenience, both

mode configurations are depicted within the same three-dimensional auxiliary space.
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In the auxiliary space representation, unsqueezed states lie in the X — Y plane. As
the squeezing parameter increases in magnitude, the state moves toward either the north
or south pole of the sphere, depending on the sign of the squeezing. The limiting states
along the polar axis correspond to idealized EPR states of the form ¢ (x,y) o d(z — y),

in which the position difference is perfectly correlated.

4.4.2 Case 2

The pure Gaussian case represents a limiting configuration where the state is both pure
and symplectically isotropic, with v, = v_ = h/2 and p, = 0. In this case, the Finsler
root /P vanishes, reducing the two-mode geometry to a Riemannian structure.
Riemannian geometry can also emerge in more general, nonpure settings. Specifically,
even when the symplectic eigenvalues take nonlimiting values, the geometry remains
Riemannian if p, can be chosen so that the Finsler discriminant vanishes. However, the
momentum p,, is not free to vary arbitrarily. For given values of the Casimirs C and Cs,

reality conditions on the Finsler discriminant imposes a nontrivial constraint
P(pa, C1,Co) = (C? —4p?)? — (C} — C3) > 0. (4.67)

This condition carves out a forbidden interval around |p,| = Ci/2. Specifically, if
|pal < C1/2, then Eq. (4.67) requires

02_ 04_04 _
os|pa|s$1 Voo EoH (4.68)

4 2

On the other hand, if |p,| > C1/2, the inequality becomes

02 4+ JCh —
|Pal Z\l . S P ko (4.69)

4 2

Reality conditions thus imply that the allowed values of p, lie outside the exclusion

band defined by
Iexclusion = (p,,er) . (470)

with the minimal and maximal angular momenta

vy v

pi=—g—. (4.71)
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When p,, assumes one of the boundary values p_ or py, then p, # 0, yet the Finsler
root still vanishes, signaling a return to a Riemannian form despite the presence of
nontrivial correlations. These configurations generalize the pure-state limit and reveal a
broader class of geometrically special states.

Explicitly, when p, saturates the lower bound p, = p_, we have the momentum

variances ( in )2
(px> psz + S% Sg Sin2 (6) Y ( )
min + pﬁ)2 I/+V,
A =2 + e 4.73
(py) =15, + 2 2 sin(3) (4.73)
and
(Pa™)? — p3 Viv_
A T = sz s - N
(Papy) <p Ds, + - o5y 52 () cos(f3)
pSy min pr min .
(Bt ) = 2 5 ) sin). (@74
z Y

When p, saturates the upper bound, p, = p., the azimuthal terms become negative but
otherwise retain the same structure.

The presence of a forbidden interval, (p_, p; ), through which p, cannot evolve under
any Hamiltonian flow might be an artifact of our truncation. The variables p,, C;, and
Cy are of order h, but the discriminant P(p,, C1,Cs) is quartic, contributing at quadratic
order only due to its appearance under a square root. In a higher-order truncation,
fourth order variables could plausibly modify the discriminant and the reality condition
(4.67), potentially connecting the currently disjoint allowed regions or even removing one
of them entirely. Since this remains uncertain, it is intriguing to consider the possibility
that the forbidden interval is fundamental rather than an artifact. Such would indicate
that the quantum state structure directly governs not only the qualitative nature of
the geometry but also the accessible phase space itself. Transitions between disjoint
P sectors would be dynamically forbidden—mnot by energetic barriers, but by deeper
algebraic and geometric constraints.

The bounds on p, show that its range is dictated by the symplectic eigenvalues v,
and v_, which encode the quantum uncertainty of the system. If the state is prepared
in the outer region with [p,| > p,, then its sign remains fixed under unitary evolution.
This introduces a form of dynamical irreversibility, wherein the phase-space structure
imposes global constraints on state evolution. In contrast, within the inner band, sign

changes are allowed.
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This result reveals a connection between information-theoretic bounds (such as
uncertainty relations) and the topological structure of quantum phase space, suggesting

that quantum information flow is fundamentally limited by the geometry it inhabits.

4.4.3 Case 3

Another quadratic case is obtained if Cy = C; with arbitrary p,, such that

sin(a + )

7 (4.75)

1
Uz = (pa = ps)° = 51C7 — 4p;)
and a similar expression for U,.
However, the two-mode uncertainty relation det(o) > k*/16 restricts physically
realizable states. Comparing this to Eq. (2.79) reveals that the condition C; = Cj is
forbidden. This further highlights how information-theoretic constraints fundamentally

shape the Finslerian geometry experienced by the system.

4.5 The role of purity and entropy in clock evolution

In this section, we explore how our canonical realization of second-order moments links
fundamental quantum characteristics—such as uncertainty, entropy, and purity—to the
geometry of the phase space.

When we restrict to Gaussian states, the two-mode covariance matrix ¢ provides a
faithful parametrization. In this case, the invariants C; and C5 not only parameterize
the state of the system but also serve as direct measures of quantum correlations and
entanglement. The von Neumann entropy of the quantum state with density matrix p is

defined as
Sv(p) = =Tr (plog, p) (4.76)

This definition depends on the full spectrum of the density matrix. Alternatively, for

Gaussian states the formula
Sy (o) = sy(2vy/h) + sy (2v_/h) (4.77)

holds, where v, and v_ are the symplectic eigenvalues of the covariance matrix ¢ and

v+1 v+1 v—1 v—1
sy(v) = 5 log2< 5 )— 5 10g2< 5 ) (4.78)
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An alternative indicator of a state’s mixedness is the purity p(p) defined as

p(p) = Tr(p?). (4.79)
For Gaussian states the purity has the special form

o) = L
JJdet(o)

The statistics of o provide one characterization of the state. However through these

(4.80)

formulas, the Casimir variables C; and C5 are explicitly linked to entanglement and
purity as alternative characterizations of the quantum state. These important quantum
concepts therefore determine the Finslerian nature of geometry.

Geometrical Finsler properties are then experienced in the direction of «, which is a
correlation parameter with a more complicated relationship to moments than 5. Our
derivation of quantum-information variables as elements of canonical pairs on a phase
space demonstrates their dynamical independence, defined as being subject to pairs of
Hamilton’s equations derived from partial derivatives of the Hamiltonian. Canonical
variables are defined only up to the possibility of performing canonical transformations,
and are therefore not unique without further conditions. Here, referring to the standard
notions of quantum fluctuations s, and s,, correlations cos 3, as well as entropy and
purity which are functions of C; and Cs, the only remaining non-momentum variable is
given by a. Therefore, if we impose the condition that the standard notions should be
represented as canonical coordinates, the pair (o, p,) is distinguished as the remaining
independent set. It is still possible to perform canonical transformations of («, p,) while
keeping all the other variables fixed, but this would change the square-root expression
VP and the fact that it depends on p, but not on «. Combining these conditions,
the correlation parameter « is therefore distinguished in spite of its rather complicated

expression in terms of second-order moments.

4.6 Geometric characterization of entanglement and its nonlocal

phase space structure

Our formulation offers a geometric perspective on entanglement. According to the
Peres—Horodecki criterion [38], a two-mode Gaussian state is entangled if and only if

the smallest symplectic eigenvalue of the partially transposed covariance matrix satisfies
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Figure 4.3: Logarithmic negativity (8 = 7/2,C; = 2.7h,Cy = 2h) is a function of the
Minkowski distance of (ps,ps). The colored region represents the physically allowed
domain, excluding the vertical gray bars, which are forbidden by reality conditions on p,
(see main text). The blue region corresponds to separable (unentangled) states, while
the areas outside the vertically opening hyperbolas (indicated by red and black dashed
lines) are entangled. Warmer colors indicate higher logarithmic negativity, while cooler
colors indicate lower entanglement.

vPT < h/2. In our canonical framework, this eigenvalue becomes a phase space function.
Although the full phase space expression for v*'7T is lengthy, its functional dependence

can be succinctly represented as

(W) = (W), B, pay pg, Cr, Ca). (4.81)

This reveals that entanglement is determined entirely by the inter-mode structure—
specifically, the angular correlation variables (a, ), their conjugate moments (pq,ps).
and the global Casimir invariants (C, Cy) parametrizing the entropy and purity of the
global state. Notably, 2T does not depend on single-mode variables (s;, ps, ), underscoring
the nonlocal character of entanglement.

The logarithmic negativity Er is a widely used entanglement measure in quantum

information theory. It is computed from the covariance matrix according to
Ey = max(0, — In ") . (4.82)

This entanglement measure serves as an upper bound on distillable entanglement [33].

For 8 = 7/2 the logarithmic negativity takes the manageable form

e N oz = CF — 4(p2 — p3) — /(C} — 4(p2 — p3))* — (Cf — C3) . (4.83)
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Figure 4.4: Unlike the nondegenerate case shown in Fig. 4.3, this plot corresponds to
vy = h?/2 and v_ = h%/4, with v_ saturating its minimal physical value. In this limiting
case, the entanglement boundary hyperbolas described by Eq.(4.85) degenerate to 45-
degree lines, creating two regions of separable states connected by the pure Gaussian
state at the origin.

Fixing the Casimir invariants—or equivalently, the global entropy and purity—allows
the logarithmic negativity to be expressed as a parametric function on the momentum
space (Pa, Pg)-

Reality conditions applied to expression (4.83) introduce a new boundary in angular

momentum space, constraining the combination p? — p%

vy —v_\?
pa —ph < (—* ) : (4.84)

This inequality defines a pair of horizontally opening hyperbolas, shown in Figure 4.3,
which bound the region describing allowed states.
The vertically opening hyperbolas in the same figure separate entangled and separable

states. This boundary is given by

CEDIZES)

vy —v)?

ps— Pl = (4.85)

States lying above this curve are entangled. This curve is degenerate when at least one

eigenvalue saturates its lower bound; c.f. Figure 4.4.
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The entanglement structure identified here has direct implications for experimental
scenarios involving entanglement generation and decoherence, offering intriguing op-
portunities for future investigation into the dynamics and controllability of quantum

correlations in gravitational or relativistic settings.
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Chapter 5
Quantum analysis of Schwarzschild radial

geodesics

“I'm sorry. We're outside the light cone.”
“What’s that?”

“It’s what physicists call the cone shape that light describes
as it emanates along the time axis. It’s impossible for
people outside the cone to comprehend events taking place
inside the cone. Think about it: Information about who-
knows-how-many major events in the universe is flying
toward us right now at the speed of light. Some of it has
been traveling for hundreds of millions of years, but we’re

still outside the light cones of those events.”
“Fate lies within the light cone.”

Ringier considered this, then gave him an appreciative nod.
“General, that’s an excellent analogy! But sophons outside

the light cone can see events on the inside.”
“So the sophons have changed fate”
—Liu Cixin
The Dark Forest

This chapter applies the formalism developed in the previous chapters to a concrete
physical setting: the behavior of a quantum clock freely falling into a Schwarzschild

black hole. Specifically, we compute the proper time experienced by a semiclassical

78



quantum state as it undergoes radial infall from a finite initial radius. This serves as a
demonstration of how the geometric formulation of quantum mechanics interacts with
curved spacetime in realistic scenarios.

Chapter 4 established a simplified model by considering one-dimensional quantization
in synchronous coordinates, valid in the nonrelativistic (low-velocity) limit. In that
setting, the effective quantum spacetime retains a pseudo-Riemannian structure, enabling
us to formulate geodesic motion via parallel transport using a modified Christoffel
connection derived from the quantum-corrected metric. Section 5.1 presents quantum
geodesics computed in a synchronous slicing of the Schwarzschild geometry.

A key result of this analysis is a quantum-corrected expression for gravitational
time dilation. Since gravitational time dilation depends on the time component of the
tangent vector along a clock’s worldline, quantum corrections to the geodesic equations
naturally lead to corrections in the accumulated proper time of the clock. These results
are presented in Section 5.3.

More broadly, the quantum Hamiltonian constraint implies that both the trajectory
of the state and the effective background spacetime are dynamically modified by quan-
tum fluctuations. To study this interplay, we investigate several geometric structures:
Section 5.4 examines possible coordinate singularities and signature changes in the
quantum-corrected geometry; Section 5.5 computes the associated volume element; and
these investigations culminate in Sec. 5.6, where we determine the slope of the lightcone
implied by the perturbed metric and discuss under which conditions a quantum state
might effectively “leak” outside its classical lightcone. Thus, we ask: Can quantum

effects, like Liu Cixin’s sophons, truly alter fate?

5.1 Schwarzschild quantum proper time

The standard (Schwarzschild-Droste) slicing of the Schwarzschild solution is expressed in

coordinates (tg,r) by the line element

s 1
ds* = — (1 - T) Adtz + —dr?. (5.1)
r L=
In this slicing, the ADM variables are
Ts
N(tg,r) = /1——, (5.2)
r
Ni(tg,r) = 0, (5.3)
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V" (ts,r) = - (5.4)
r

A transformation to Lemaitre coordinates (¢, p)

1 /ry d
dt; = dtg+ — Ts TT
c Tl—f

r dr
dp = cdtg+ = 5.6
o= ¢ s+\/;_? (5.6)

gives a synchronous slicing of the Schwarzschild solution with line element

(5.5)

ds* = —c*dt + %d,o2 : (5.7)
where the r coordinate is implicitly defined in terms of p and ¢, via

3p—ctL 2/3
= (= .- 5.8
r (2 - ) r (5.8)

This expression is obtained by integrating the difference between Eqs. (5.6) and (5.5),

dp — cdty = \/TTdr. (5.9)

2 /1 \3/?
=—(— s+ctp. 5.10

P 3 (rs) e L ( )
The metric in these coordinates is nonsingular at the Schwarzschild radius, corresponding

to the surface %(p — ctr) = rs. The curvature singularity is located at p — ct;, = 0. In

this synchronous slicing, the ADM variables are

The inverse of Eq. (5.8) is

N(ty,p) = 1, (5.11)
N'(ty,p) = 0, (5.12)

3p—ctp\/3
VP(te,p) = <2 . > :

The corresponding inverse metric coefficients are then
-1 0
g = ( 0 ) : (5.14)

80



The singular Lagrangian in proper-time gauge and the corresponding Hamiltonian

constraint in Lemaitre coordinates are given by

. me? (dtp\> mr, (dp)®  me?
L(t tr,p)=—|—] — =2 — =mc® 5.15
i) ="y () -5 (L) + T —me )
and ) 2 )
P 3p—clp p, mc
H(tr, p, p, :L—( ) £ ——=0. 5.16
(L p ptL pP) 2m 2 T 2m 2 ( )
The associated geodesic equations are
12 (2 o, \P
tr+-—— | z——— = 0 5.17
L+2crs <3p—ctL> ’ (5.17)
1p? — 2ctrg
e 7 (5.18)
3 p—ctL

These equations admit an exact solution describing the worldline of an idealized

pointlike clock with the initial conditions

(tLJPJt'lﬁp)(O) = (07:007170)' (519)

The resulting solution is
tr(r) = 1, (5.20)
p(T) = po- (5.21)

Thus, the clock and the observer are comoving in these coordinates, and the proper time
along the observer’s worldline coincides with the Lemaitre coordinate time ¢y,
Integrating Eq. (5.9) along the worldline with dp = 0 gives the coordinate time

elapsed as the clock falls radially inward between radii ro and r

1 m |z 1
tr(r;ro) = _E/ 1/71— de = cr (7“3/2 — r3/2) , (5.22)
To K] s

In particular, the coordinate time to reach the Schwarzschild horizon at r = r is

1 2
L1 horizon = g (PO - 3T3> . (523)

Because the Lemaitre slicing is synchronous, the proper time along the clock’s worldline
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coincides with the coordinate time ¢7,. Thus, Eq. (5.20) implies that the proper time to
reach the horizon is also given by t1, nhorizon-
Finally, the total proper time to reach the curvature singularity at » = 0 (or equiva-
lently, the surface p = cty) is
Tingutarity = = . (5.24)

If the clock is not an ideal point object, but has quantum features, then the formalism
developed here permits us to compute leading-order corrections to the classical proper
time. The spacetime Hamiltonian constraint (defined in Eq. (4.2) and specialized to the

Lemaitre slicing) is given by

2 2 2
D; D mc
Ho(t s = L L 5.25
Q( LyPyS,4, Dty s Pp, P pq) m Y om 9 ( )
2 92 2 2 2 2
_S O ey Pe O Bebe g (Pa | PPy
2 0p? 2m dp m 2m  4s22m

The first two derivatives of v** are

ByPr 1(2 rn \* 1w
S _ L (5.26)
D rs \3p—clg rsV T
o 11 (2 . \P 1 (527
op: 2r2\3p—cly N r2’ '

In the one-dimensional, synchronous gauge considered here, the quantum Hamiltonian
constraint remains quadratic in momenta. The effective inverse metric gg’, introduced in

Eq. (4.3), takes the following form in this coordinate system

-1 0 0
0 L_li s,
ab re 4r: rg\Vor
gg = 0 s\/ﬁ T 0 . (5.28)
reV T T ,
e or
0 0 0 —
452 7

This effective metric both corrects the classical metric coefficients at order O(h) and
extends the geometry to include the additional quantum degrees of freedom s, representing
spatial spread, and ¢, the conjugate variable to the Casimir invariant of the second-
moment algebra which provides a measure of the purity of the state.

The resulting geodesic equations generalize the classical case and now include quantum
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backreaction terms

12 (2 r \*
i+ - [=—2 t tr,p,5,¢) = 0 5.29
L+2c:rs <3p—ctL> + felte, py 5,4, 1L, %, 4) ) ( )
1p% —2ctrp CLL
-5 t t =0 5.30
P=3 pay e st g d) » (5.30)
§+fs(tLap757Qat'Lap7‘é7q') = 07 (531>
$ 1p—ci
1+2¢| - — = = 0. 5.32
T q(s 3p—ct> ( )

Here, the functions f;, f,, and fg, represent the leading-order quantum corrections and
are of order O(h). Although their full expressions are lengthy, they can be derived
explicitly either from the Hamiltonian equations of motion of the quantum Hamiltonian
(5.37), or by computing the Christoffel symbols associated with the quantum-corrected
inverse metric gg’.

We now specify semiclassical initial data for numerically solving the geodesic equations
of a quantum clock undergoing radial infall. We consider a minimally squeezed quantum
state that is initially stationary in the Lemaitre frame. The momenta—velocity relations

derived from the quantum Hamiltonian Hy are

. 10Hg Pt
i 1 _ 5.33
c Op; me’ (5:33)
OHo ro 18\ p, s [T5ps
. S (A A S 5.34
p p, (7’8 4r2> m  rsVorm’ (5.34)
OH s s
= 2 = 2 b TPs (5.35)
Ops rsVrm  rgm
. 0OHg r ph?
- - ) 5.36
1 Ip, rs 4ms? (5:36)

The uncertainty relation (Eq. (2.49)) requires p, > 1, implying from Eq. (5.36) that ¢ # 0.
Physically, this reflects the fact that one cannot simultaneously localize both position
and momentum arbitrarily precisely. If we may impose py = $9 = 0, corresponding to an
initially stationary clock with minimal spatial squeezing, then a direct consequence of
¢ # 01is that the classical condition #1,(0) = 1 is inconsistent the proper time normalization
enforced by the quantum Hamiltonian constraint.

Setting p, = 1, the minimum value allowed by the uncertainty principle, fixes the

initial value of ¢ via Eq. (5.36). Imposing the constraint Hg at the initial point determines
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the required value of p;, , and hence #1,(0). Explicitly, we evaluate

2 2 2
Di,o mc ro h

Ho (0, po, S0,0,pt,0,0,0,1) = 51y > 7 3ms? =0 (5.37)
= Pro = /mic+ Zf; : (5.38)
The full initial conditions for the quantum trajectory are therefore
(tz,p,5,9)(0) = (0, po,50,0) (5.39)
(ip.p.5,4)(0) = J1 +Z’ (:ﬁ)z,o,o, 245;% (5.40)
where the initial radial coordinate r¢ is determined from py via Eq. (5.8)
()" o

Motion outside of the Schwarzschild horizon requires py > %rs.

In contrast to the classical case—where a comoving clock remains synchronized with
the proper time of a synchronous observer, as expressed in Eq. (5.20)—the quantum
initial condition in Eq. (5.40) shows that £, # 1. While the observer’s clock can be treated
as a perfect classical timekeeper, the quantum clock exhibits differential gravitational
time dilation across the spatial extent of its wave packet. As a result, the two clocks
gradually desynchronize. If the quantum clock maintains coherence over a sufficiently
long timescale, this desynchronization may become experimentally measurable.

It is important to emphasize that Eq. (5.40) specifies only initial conditions. In
the adiabatic limit where the clock’s spatial spread s is frozen ($ = 0), the geodesic
equations (5.29)(5.32) admit a trivial solution with f;, = p = ¢ = 0, consistent with the
initial configuration. This implies that a finite-time extension of the initial conditions is
possible in the frozen-spread regime.

To investigate dynamical effects and uncover nonlinear deviations from classical
evolution, one may go beyond this limit. Because the equations are derived perturbatively,
higher-order adiabatic corrections can be computed systematically. Alternatively, one
can integrate the full quantum geodesic equations numerically. Such numerical solutions
are shown in Figure 5.1.

The four panels display the dynamical evolution of: (top left) the differential time
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dilation 9 — 1; (top right) anomalous tidal motion £ —1; (bottom left) tidal stretching

s = 1/A(p?); (bottom right) and uncertainty coordinate g.
Classically, the proper time of the in-falling clock matches the coordinate time
(dtL

%= =1). In the quantum case, however, the initial velocity ¢ # 0 causes the clock to

initially run slightly slower than its classical counterpart. As the clock falls inward, the
dir,

quantum time dilation factor F= decreases and eventually drops below unity, indicating
that proper time accumulates faster than coordinate time.

The geodesic equations in this section were derived under the assumption of non-
relativistic motion. For the numerical solution shown in Figure 5.1, we have explicitly
verified that the kinetic term 4#?p? remains much smaller than m?c® throughout the
entire trajectory.

Quantum backreaction effects cause the clock to drift from its initial radial position, pg,
as shown by the small but growing deviation in p(7). Meanwhile, the spatial fluctuation
s increases monotonically throughout the evolution, consistent with the assumption of
sustained coherence. This growth corresponds to a monotonic decrease in the conjugate
coordinate ¢, as dictated by conservation of p,.

By the time the quantum clock approaches the classical horizon, the magnitude of its
spread s becomes comparable to the remaining distance to the singularity, emphasizing
the breakdown of point-particle intuition. For comparison, Figure 5.2 presents the
trajectory in the Schwarzschild-Droste radial coordinate (7). In the classical case, where
p(T) = po, the function r(7) reduces to r(7) = (%%)2/37 which terminates with a cusp
at the curvature singularity. The quantum clock’s trajectory p(7) and coordinate time

tr(7) both differ from the classical case, resulting in a delayed arrival at the singularity.
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5.1.1 General slicings

In our original work [12], we computed proper-time evolution for radial geodesics in

nonsynchronous slicings of the Schwarzschild geometry. Building on that analysis,

we now generalize the quantum Hamiltonian constraint to arbitrary observer frames
while preserving the nonrelativistic (slow-speed) limit. This generalization reflects the
coordinate freedom inherent in general relativity and allows us to investigate how quantum
geodesic motion depends on the slicing—that is, on the frame of the observer making
the measurement. The result is a more general expression for the quantum constraint
than the one used in the previous discussion, as it incorporates arbitrary lapse N, shift
N", and spatial metric component 7", allowing the formalism to accommodate a wider

class of spacetime slicings beyond the synchronous case.

. . 1 52 O°N
Ho(a", 7, po, 0, A%()) = (—N2 + i g ) Vo (5.42)

+2lNT+52<182NT 82N]\7’“>]pp
N2 2 Or? or? N o

. (NT)2 s (02N (N")2 92N"N" ONOy"™ NFPy"\| ,
+ [7 E <8r2 N2 9rdr N ' Or or +5 or? )]pr

L 2o L2 (0 (V) ON" N
N2 a Spspﬂ N 87” 7 87” N pSpT
fyrr pqh 2

+ N < s T 152 >+m c

From this expression, the quantum inverse metric gg’ can be read off

+ s2 2N MJri(;a?Nr _62NM> s ONT
N2 N3 or2 N2 N2 \2 0Or2 or2 N N2 or
NT 2 (192N" _ 92N N* rr s rr ONT N™
g — M+ (3% - S5 7o v (& vy ) )
s_ONT s T ON"™ N”
7 o 3 (& (Nym) — 200
0 0
(5.43)
where the quantum-corrected spatial component g is given by
N7 2 82 82]\7 NT 2 aQNr NT aNa rr NaZ rr
N2 or? N2 oror N or Or 2 0Or?

These expressions define the quantum extension of the ADM inverse metric, valid in any

foliation of a 1 4+ 1 spacetime. The quantum correction terms arise from second-order
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spatial moments of the wave packet (s) and are of order h. The structure remains
pseudo-Riemannian but depends on quantum degrees of freedom, forming a geometric

precursor to full quantum gravity.

5.1.2 Note on the use of published material

The remainder of this chapter reproduces content from Ref. [12] without modification.
While this material remains relevant, its presentation does not fully reflect the insights
and refinements developed in the earlier sections of this dissertation. Future work could
revisit and revise these discussions to integrate them more fully into the framework
established in Chapters 1-4.

5.2 Schwarzschild—Droste slicing

In the case of the standard Schwarzschild—Droste slicing of Eq. (5.1), the shift vector

vanishes and this expression simplifies further

-L+5 %z,év 0 0
82 nr ON Oy"" s O rr
g = 0 gy (N 29N 8T) LA (NYT) 0 (5.45)
0 %% (N,yrr> WN 0
0 0 0 e

An in-falling clock which was originally stationary at r, measures proper time at

some r < 1y given by

r [T A r Ts Ts
Tclassical<7n; 7’O) = ;0 [ 70 arctan (F) + 7 ? - 70 . (546)

In the quantum-adiabatic limit, s = 0, the solution to the geodesic equation gives

nonclassical contributions to the elapsed proper time of

2
Dyl 3 s rojry T

7?uonclassical(r; TO) = 1 - Telassical T —4/— — —
2mes 2 o c\lr 70

1r, s 1 marctan (W)

Sl +3 +

ro/r—1
2arctanh (, / TOO/T_1>

2crg | \Jro/r—rg/ro 1 —rs/ro (1- 7’3/7’0)3/2

(5.47)
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(compare with Eq. (4.12)). The terms in this expression are determined by partial
derivatives of the classical metric that appear in (4.3), evaluated at the classical (o)
and then integrated over o. In this quantum adiabatic approximation, s as well as p, are
determined by moments of the initial state (details in Appendix D).

This result highlights the general geometrical nature of the separation of proper time
into classical and quantum contributions, found earlier for specific wave functions in [58],
and it generalizes this property to any semiclassical state. Our parameterization in terms
of p, and s further shows that there are two separate contributions to the quantum term
since leading order corrections scale with two competing effects. One, an effect that
originates in the U-term and enforces the uncertainty principle (see [29]), is proportional
to pg as well as the squared Compton wavelength of the state and tends to increase the
proper time read by the clock. The second is a spatial delocalization effect proportional
to the state’s position variance s? and tends to decrease the time read by the clock.
Notice the mass dependence of the first term, which is a sign of quantum violations of
the equivalence principle as in [14].

This quantum effect on proper time of a clock depends on geometric properties of a
single clock’s (extended) worldline. For infinitesimal trajectories, one clock’s proper time
can be related to the time read by any other clock by time dilation formulas. We obtain

these in our next discussion.

5.3 Corrections to gravitational time dilation from quantum geometry

The absence of a preferred time coordinate is a feature of general relativity, highlighting
the theory’s principle that the measurement of time is relative to the observer’s frame of
reference. Consequently, in the classical theory, two clocks, A and B, measure proper
times 74 and 75 which disagree depending on their relative position and motion (but
independently of other properties such as their masses or compositions).
We quantify the first-order difference in the rates of two clocks by a Lorentz factor
dr A

@ =(xa,2B,04,0B). (5.48)

To write a coordinate expression giving the functional form of ~, it is necessary to choose a
slicing of spacetime. Time dilation formulas therefore require three choices: the worldline
of each of the two clocks and also a choice of coordinate slicing.

In relativity, it is common to align the slicing of spacetime with the reference frame
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of one of the two clocks, reducing the complexity of the problem. This choice introduces
an asymmetry: the motion and position of the clocks are no longer on equal footing.
One clock becomes anchored in the coordinate system, while the other is defined relative
to it. This asymmetry implies that, in general, there is no straightforward relationship
between the coordinate expressions for dr,/drp and drg/d7a.

By treating one of the clocks implicitly as the coordinate observer (or a global frame),
the expression (5.48) represents the 0-component of the tangent 4-vector to the worldline
of the other clock. If the second clock is freely-falling, then its tangent vector components
are determined by the geodesic equation. In the classical theory, the geodesic Hamilton
function, Eq. (3.15), produces two equations for the tangent vector components of radial

geodesics:

. p?
t = c\/|det(¢g?)|—— — g** (5.49)

m2c?

 [det(g®®)[p, + g\ /Idet(g°?) p2 — m2c2g"
r = mgtt .

(5.50)

Equation (5.49) gives the time dilation factor as a phase space function. We can
instead write it as a function on the tangent bundle (using velocity components) by solving
the equation (5.50) for p, and substituting. The solution for the classical time dilation
factor obtained in this way has a surprising form which depends on the deparametrized

velocity of the noncoordinate clock, denoted in two spacetime dimensions as

z*  da® dr

With this definition, solving the Hamiltonian geodesic equation yields

1
Vclassical = — 4z da / 5 .
Gab~ar ~at / €

In the quantum-perturbed case, Hamilton’s equations involve two additional tangent

(5.52)

vector components:

. 0Hg

5= (5.53)
. 9H,

— . 5.54
q o, (5.54)

Still, an analogous result to (5.52) holds in the quantum theory if we make the substitution
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GJap — ga% and use the deparametrized tangent-vector velocities

(5.55)

¢ da® dr ds dg
£ dt '

B “arar dt
Indeed, the form of the result, Eq. (5.52), is determined directly from the constraint

L= 3 gabx i’ + % mec?. (5.56)

The quantum dynamics are determined by a Lagrangian with the same form obeying
the same constraint. Dividing both sides of the constraint by ¢ and rearranging yields

immediately the deparametrized time dilation formula

dt 1
E f— = Q dma dxb 2 (557)
9ab~at dt /c

In the quantum-adiabatic limit when $ = 0 and neglecting the classical Doppler effect

by setting 7 = 0 produces the special case

Y = Yclassical + “nonclassical (558)

where Yepassical 18 the classical factor, Eq. (5.52), and the nonclassical contribution is

2,2
3 GetJ — 2(gtt) 5? h Py 9u
nonclassical — “Yclassica classica Y 559
“nonclassical = Tclassical < Gut 4  Velassia 2mes ) 2 det gap (5:59)

Using the standard Schwarzschild slicing in which the line element takes the form:

o 1
Japda®da® = — (1 - r> Adt? + ———dr? (5.60)
r L—rg/r
gives
1
Yelassical = (561)
\/ 1-— 7"3/7"0
and , )
1s? rs/T P, h re\ /2
nonclassical — = "5 /9 - 1—— . 562
Tnonclassical = 5 75 (1—r8/7“)5/2+ 2 \ 2mecs ( r) (562)

The time dilation factor has quantum corrections which scale in the same way as

the proper time corrections, Eq. (5.47). The first correction predicts that in a curved
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spacetime a poorly localized clock experience greater dilation than a clock in a more
localized state. This tidal effect can be realized classically by a finite-size oscillator clock.
The second, proportional to A2, is strictly quantum mechanical and expected even in flat
spacetime. It scales according to the ratio of the particle’s Compton wavelength to the
spatial extent of its wavefunction, as noted independently in [58].

The reference [58] obtained this quantum time-dilation effect from the Page-Wootters
formalism applied to two clocks, A and B, in a superposition of momentum states. In [58]
the dilation effect appears when one considers the probability that the first clock reads
time 74 conditioned on the clock B reading time 75. Our formalism produces a similar
result: the coordinate 7 measures the proper time of an in-falling clock, while ¢ represents
the proper time of the coordinate clock.

Time dilation depends on the choice of clocks, and nominally the Painleve-Gullstrand

slicing in which the line element takes the form

Japdzda’® = — (1 — 7;8) Adt* + 20\/?dtdr + dr?. (5.63)
implies a separate class of coordinate clocks. However, (5.63) gives the same form for
the 00-component of the metric. Therefore the time-dilation prediction in the adiabatic,
static case 7 = § = 0, given by (5.59) is identical to the Schwarzschild-slicing prediction.

The two slicings differ most near the classical horizon, where the metric functions
exhibit significantly distinct behaviors. This suggests that nonclassical reference frame

effects between these two cases will be most apparent in that regime.

5.4 Signature change

The spectrum of the metric tensor is denoted A(gas) = {0, - - ., A\n }. Proper orthochronous
basis changes can rescale the eigenvalues but not alter their signs. Therefore, the metric
signature, defined by the signs of the eigenvalues, is invariant. In general relativity, the
metric tensor has a Lorentzian signature, represented in two spacetime dimensions by
the tuple (—, +). Such a Lorentzian-signature metric distinguishes between time-like,
space-like, and light-like intervals.

The result (4.3) for the quantum effective metric predicts that quantum effects
will shift the locations of the zeros and singularities of the metric functions. This has
implications for the causal structure of spacetime experienced by a quantum object. We

demonstrate these notions in the standard slicing of the Schwarzschild metric where the
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eigenvalues of the inverse metric are:

1
Ar=1—1rg/r. (5.65)

For r > r,, the eigenvalue corresponding to the first eigenvector is negative, while
the eigenvalue for the second eigenvector is positive. Although the standard slicing leads
to poorly defined coordinates at the Schwarzschild radius, continuing the coordinates
beyond this point results in a flip in the signs of the eigenvalues. Because the eigenvalues
flip signs at the same point, the signature of the metric is preserved, while the causal
nature of the basis vectors is reversed.

Computing eigenvalues for the quantum-effective inverse metric in the standard slicing

yields
1 r/r 82

AP =— - = 5.66
R AN LI (5:00)

2

o Ts TS TS
AT_5_1_7_F_27743’ (567)

2

o Ts TsS  TsS
AN =1-— P (5.68)

h? r
A=—(1--2). :

(7 (569)

Positivity of the eigenvalue ), indicates that the quantum coordinate ¢ is spacelike for
r > r,. However, due to the block diagonal form of g‘g’, it plays no further role in the
current discussion.

The remaining three eigenvalues collapse to the classical ones, (5.64) and (5.65), in
the classical limit. For any s, the sign of the first eigenvalue flips from negative to positive
at r = r,, as in the classical case. The new quantum coordinate s splits the classical
eigenvalue (5.65) into two distinct values, A2 | and A2 ,, which change signs at r ~ 7+ s
and r &~ ry — s, respectively. Table 5.1 summarizes the global structure of signature
change.

For states within their correlation distance of the classical horizon, the effective metric
governing their geodesic motion has two time-like directions. Precise causal implications
for states both far from the horizon and near the horizon can be captured by the local
light-cone structure. We compute this light-cone structure in Section 5.6.

Before then we address the matter of signature change when the quantization is
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I II 11 IV
Mo+ + - -
R
M| — + + +
ANl - - 4+ +

Table 5.1: Eigenvalue signs of the inverse quantum metric gg’ in the standard slicing
of Schwarzschild metric, across four regions: Region I (r € (0,75 — s)), Region II (r €
(rs — s,75)), Region III (r € (rs,7s + 5)), and Region IV (r € (rs + s,00)).

computed in a slicing adapted to the region near the horizon. The Painleve-Gullstrand

slicing of the Schwarschild metric, Eq. (5.63), produces the eigenvalues

1r 72

A= ———2 14+4— +1 .

¢ 27’( + 7“§+ ), (5.70)
1r 72

A = S 14+4——1]. 71
+2T( i ) (5.71)

The signs of these eigenvalues remain unchanged across the classical horizon, with (5.70)
staying timelike and (5.71) staying spacelike.

Quantization in these coordinates leads to an effective metric with eigenvalues

¢ (e n-a) 67
' :

AP = At <)\t n (T;\;E;\(r)\r PA,: - 2)) > (5:73)

Agzl—f—?(uf)i, (5.74)

with A\; and A, in these expressions given by (5.70) and (5.71). Corrections to the classical
eigenvalues computed in this slicing do not cause sign changes in A2 and A2. The horizon

structure therefore appears different in the two slicings considered here.

5.5 Volume element

The determinant of the metric, computed as the product of the eigenvalues, is a coordinate-

dependent construction which plays an important role in the geometric theory. The
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volume element in curved spacetime is given in terms of the metric determinant as

dV = /—det g, d*z (5.76)

where the dimension four refers to the four classical spacetime coordinates, integrating
over t, r, ¥ and ¢ in a spherically symmetric geometry.
The determinant of the inverse quantum metric (4.3) extends the classical metric

determinant. Computing directly we find

. 2
det <gaQb) — [det (gab> 4 % <grr det (gab>// . Zgrr/ det (gab)/>

4
+ SZ <grr det (gab”)4grr/gtr’gtr” (577)

' rr rr h2‘grr
— 20" - 2(g ')29“">]' 1

This expression introduces series corrections associated with quantum fluctuations and
an overall scaling associated with the quantum uncertainty coordinate q.

The inverse of this determinant provides the volume element in four dimensions but
only for radial motion, integrating over ¢, r, s and ¢. This manifold may be extended
to include angular coordinates ¥ and ¢ as well as their canonical moment coordinates
analogous to s and ¢ for each degree of freedom. If all these values are included, we

obtain a 10-dimensional volume element.

5.6 Lightcone slope

Causal structure is locally determined by the slope of light cones. Material objects,
including clocks, follow time-like worldlines whose tangent vectors always remain within
the lightcone at each point, indicating that they experience the passage of time. In
Section 5.3, we argued that a freely falling clock’s tangent vector is altered by its quantum
state, and in Section 5.4, we demonstrated that quantum effects modify the lightcone
structure. Here, we check if these predictions are consistent,leading to a generalized,
state-dependent causal structure.
In the classical theory, the tangent vector components to a radial null curve, V¢ = (£, 7),
satisfy
G VeV = 0. (5.78)
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This quadratic equation can be solved for the lightcone slope

dt t —Ytr + —det a
() —— (9s). (5.79)
dr lightcone r it

In the Schwarzschild slicing, Eq. (5.60), the lightcone slope of in-falling and out-going

dt 1 1
<> — (5.80)
dr lightcone cl— 7“5/’/’

In the same coordinates, a classical point particle in-falling from finite position rg

lightrays is given by

has tangent vector components

dt 1 Ty
dr  1—ry/r =
: ’ (5.81)
dr om0
dr roro

These tangent vector components determine the slope of the massive particle’s worldline:

dt ajdr 11 [ [1=r/r
dr - =T (5.82)
dr massive particle d?"/dT cl— 7“3/7” Ts 1 — T/ro

When r > r, the trajectory of a massive particle remains always within the lightcone:

1 —rs/ro
1—7r/ro

| (dt/dr)massive particle | (5 83)

(dt/dr)

lightcone

In the quantum-perturbed case, the particle’s tangent vector components are modified
by tidal and quantum uncertainty effects. For a massive clock with quantum fluctuation

s = /A(r?) freely falling from finite position ry, the tangent vector components now

rs/T 2 1/2
dt _ Vl_rs/ro 145 =) <1+ < Pt ) (1 T)) (5.84)

E a 7’3/7” \/1 rs/T0

1 7’.5/ 0)2

satisfy
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(7“2(1 — /1) + r3(1 —ry/ro) + rro(l —rs/r)(1 — 7’5/7’0)>

h s s s s s ' 1 52
(P (2_7”_7“) Ts _Ts g T/t 55 1 s
2mces T T (A l—rs/rre Irs /T — 14 /70 c?
(5.85)

In the adiabatic limit we assume that the motion occurs in the ¢ — r plane and
set § = 0. Then these tangent vector components determine the slope of the massive

particle’s worldline as

<dt> = 1— rs/ To
dr massive particle cl— 705/7" Ts 1— T/TO

(==

1 (r —ro)(r 4 2rg — 3rg)rs\ o Dyl 2
" (ro —rs)(r —rs) i (r—7s)*(ro — 1) >S i <2mcs> )] |
(5.86)

The lightcone slope in the ¢t — r plane is also modified by the perturbed metric functions.

In the quantum-adiabatic limit where ds = 0,

dt 11 .52
() — 4= " (5.87)
d?” lightcone c 1-— 7/.3/7- cr (1 - 7ds/"ﬂ)

The ratio of (5.86) to (5.87) yields the quantum generalization of the classical lightcone
condition (5.83) as

(dt/d,r)massive particle | 1— TS/TO
(dt/dr)lightcone 1- T/T’O
1 (r* +7r(rg — 2rs) + (ro — rs)z)f 1 ph ? (1 B rs)
r(r—rs)(ro —rs)? 2 2\ 2mes r) ]’
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When the massive particle state is localized well away from the horizon, the ratio
of velocities is greater than one, indicating that quantum effects are consistent with an
appropriately generalized notion of causal structure implied by the extended geometry.
However, as the state approaches to within its correlation distance of the Schwarzschild
radius, the particle velocity can exceed the limit set by the local lightcone. This anomolous
behavior was suggested by the metric signature analysis in Section 5.4.

In this region, a closer analysis including higher adiabatic orders may shed more
light on the dynamics, but a deeper understanding of space-time structure will likely
be required too. The signature effects observed when r is close to r, are caused by
quantum fluctuations of a wave function that, heuristically, is spread out over a region
that crosses the horizon. Even if the radial position is still greater than the Schwarzschild
radius and we may be tempted to consider the Schwarzschild slicing valid, the support
of a wave function includes radii less than the Schwarzschild radius as well as at this
radius itself, where the coordinate system and the slicing break down. The varying
signatures according to Table 5.1 are then seen as an implication of a wave function
that simultaneously experiences a spacelike r (outside of the Schwarzschild radius) and a
timelike r (inside). As derived, these effects become relevant when r ~ r; + s, just when
the main support of the wave function reaches the classical position of the horizon. The
horizon structure and, as seen in (5.88), the causal structure then become unsharp or,
from the perspective of Riemannian geometry, ill-defined.

These observations have an important implication for quantum reference frames in
spacetime. From the formal perspective of reference frames, it would be allowed to use
t as a reference variable for relational evolution if ¢ is timelike (outside of the horizon)
or when ¢ is spacelike (inside), in both cases a mathematical relationship r(t) is strictly
determined by initial conditions. However, our example demonstrates that quantization
of such a function is not guaranteed to be compatible with causal properties of spacetime.
From the perspective of physical observables, a key problem is that only the outside ¢ can
be related to an observer (an asymptotic one at large fixed radius) while this observer
does not have access to the inside ¢, and there is no stationary observer in the interior that
could measure ¢ there. It is therefore important to develop a systematic role of spacetime
structure in the general theory of quantum reference frames, at least in cases in which
they are applied to gravitational systems. In this context, it is important to note perhaps
related obstructions to covariance in models of time as a quantum reference frame with
position-dependent momentum terms in the Hamiltonian constraint [15,26, 59].

A breakdown of covariance does not necessarily constitute an inconsistency in quantum
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reference frames. More likely, it would just mean that different choices of quantum
reference frames (such as a stationary clock some distance from the horizon, compared
with a freely falling clock) constitute physically distinct setups of experiments, and
therefore may well predict different measurement outcomes. The main question is how
much of the resulting physics can still be described geometrically within a meaningful

setting of spacetime.
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Figure 5.1: Geodesic motion of a radially in-falling quantum clock in the Lemaitre
slicing of Schwarzschild spacetime. A classical Lemaitre observer records the spacetime
location of a clock by noting the time ¢; and radial coordinate p. In order to specify
the state of a quantum clock, the observer must in addition specify the fluctuation
coordinate s = 1/A(p?) and the entropy of the clock, parametrized by g. The formalism
developed in the main text allows these variables to be treated on equal footing within an
extended quantum spacetime geometry. The clock is initialized in a minimally squeezed
Gaussian state with no center-of-mass velocity at finite radius. It evolves according to
the quantum geodesic equations (5.29)—(5.32), which govern motion on the quantum-
corrected geometry. Initial conditions for the numerical integration are: py = 8r,, po = 0,
sp = 0.1r4, and $p = 0. The initial value of ¢ is determined from Eq. (5.36) with p, = 1,
and £1,(0) is fixed by enforcing the Hamiltonian constraint Hg = 0. Units are defined
so that r, =1, c = 1, and h = 0.01. Because the quantum equations violate the weak
equivalence principle, we fix the clock mass to m = 1. The horizontal axes indicate
the classical proper time of horizon crossing and the time of arrival at the curvature
singularity.
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Figure 5.2: Radial coordinate evolution r(7) of a quantum clock undergoing geodesic infall,
plotted using the Schwarzschild-Droste radial coordinate defined in Eq. (5.8). This curve
is obtained by applying the coordinate transformation to the quantum trajectory shown in
Figure 5.1. Although the clock’s motion was originally computed in Lemaitre coordinates,
this plot presents the corresponding trajectory in the more familiar Schwarzschild radial
coordinate for comparison. The classical solution in these coordinates terminates in a
cusp at the singularity; the quantum trajectory, by contrast, arrives slightly later due to
quantum backreaction.
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Chapter 6
Experimental outlook and testable pre-

dictions

... The numerical interpretation . ..1is however necessary.
...50 long as it is not obtained, the solutions may be said
to remain incomplete and useless, and the truth which it
is proposed to discover is no less hidden in the formulae

of analysis than it was in the physical problem itself.

—Joseph Fourier
The Analytic Theory of Heat

In this chapter, we collect the most promising predictions of the formalism for validation
in near-term experiments. Although experimental physics has achieved remarkable
precision in both gravitational and quantum domains independently, the longstanding
goal of probing systems that simultaneously exhibit quantum and gravitational features
remains largely unrealized.

Naturalness arguments, reviewed in [60], suggest that direct experimental access to
quantum features of the spacetime metric is unlikely in the near future—though indirect
signatures may be accessible through high-precision cosmological observations, such as
those of the cosmic microwave background [61,62]. An alternative and more tractable
program involves generating and controlling quantum matter states that evolve within, or
even source, gravitational fields [63]. Within this framework, feasible experimental tests
include: modifications to particle dispersion relations (Sec. 6.1), violations of the univer-
sality of free fall (Sec. 6.2), anomalies in gravitational scattering return times (Sec. 6.3),

and phase shifts in atom interferometry from quantum propagation effects (Sec. 6.4).
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6.1 Modified dispersion relations

Most observable consequences of the quantum-gravitational effects discussed in this work
arise from quantum-induced modifications to the kinematical properties of matter and
radiation. These kinematical properties are governed by dispersion relations, which
describe how energy and momentum are related for a given particle species. Quantum
corrections to these relations can lead to measurable deviations from classical behavior,
particularly in high-precision or long-baseline experiments. In this section, we derive
modified dispersion relations for both nonrelativistic quantum matter and ultrarelativistic
particles, including radiation, by analyzing quantum fluctuations in the Hamiltonian
constraint.

In the nonrelativistic (slow-speed) limit, quantum fluctuations in the constraint Hg,

given in Eq. (4.1), lead to the modified dispersion relation

ab koo 079" ij dg™ k 2 2

(g + —A(z"z )axk8x1> PaPb + 97 A(pip;) + WpaA(a: p;) +mc = 0. (6.1)
In a region of weak gravitational field, where g,, &~ 14 is close to the Minkowski

metric, corrections containing the metric derivative become negligible and the mass-shell

condition simplifies to

pa = [P1* + 87 A(pip;) + m>c?. (6.2)

This expression indicates that quantum fluctuations contribute additively to the energy.
As a result, even a particle that is classically at rest acquires a “zero-point” energy due
to the momentum dispersion A(p;p;).

This motivates the interpretation of the fluctuation term as a quantum correction to

the rest mass, through the definition of an effective mass
m2gc® = m*c® + 67 A(pipj), (6.3)

For massless particles, the nonrelativistic approximation breaks down. In this case,
one must refer to the full relativistic Hamiltonian constraint in Eq. (3.85) to identify
corrections to the dispersion relation. In the weak-field limit, the dispersion relation

becomes -
6" 6" pip; A(prpr)
0" pup, +mc?

pg = 5ijpz-pj + 6“A(p,-pj) +m?? — (6.4)
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The massless limit of this relation is

57 keske; A (K

2 _ sij (1. 7)) —
WP = 09 (kiky + Akiky)) .

(6.5)
which implies that even for classically massless fields (such as photons or gravitational
waves) quantum fluctuations in momentum induce effective mass-like behavior. This
opens the possibility of experimentally probing quantum corrections to dispersion in
systems traditionally modeled as massless.

These modified dispersion relations have important implications for experimental
tests of fundamental physics. While no deviation from the standard relativistic dispersion
relation has yet been observed, several upcoming experiments are approaching the
sensitivity required to detect such effects. The fluctuation term §”A(p;p;) scales as
h%/o?, where o characterizes the spatial spread of the wave packet. This implies that
systems prepared in squeezed or engineered quantum states—where fluctuations can be
enhanced—offer promising platforms for amplifying the predicted deviations.

High-precision atomic clocks based on alkaline-earth-like atoms, such as 2*Mg, are
currently being developed with the goal of detecting fluctuation- or mass-dependent
frequency shifts. As demonstrated in [13], such systems could offer a test of the fluctuation-
induced time dilation effects derived in Chapter 5.

For freely propagating quantum particles—such as ultra-cold atoms in time-of-flight
measurements or photons in long-baseline interferometers—the effective dispersion rela-
tion modifies the arrival time as a function of the initial wave packet profile. In particular,
experiments that systematically vary the wave packet width, squeezing, or correlations
can probe these effects. Several such experimental programs are underway globally.
A prominent example is the Matter-wave Atomic Gradiometer Interferometric Sensor
(MAGIS-100), currently under construction at Fermilab. Designed as a 100-meter atom
interferometer, MAGIS-100 will test quantum coherence over macroscopic scales in the
presence of gravity and is explicitly aimed at probing new physics at the intersection of
quantum mechanics and general relativity [64].

At astrophysical scales, even minuscule modifications to the dispersion relation
may accumulate into measurable effects for photons or gravitational waves traveling
cosmological distances. Deviations could manifest as frequency-dependent time delays
or distortions in pulse profiles. Although many of these studies are presently focused
on constraining Lorentz invariance violations, fluctuation-induced dispersion relations

may contribute subleading effects, potentially distinguishable in high-resolution multi-
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messenger astrophysical observations. In particular, Finslerian modifications of spacetime
geometry have been explored in the context of ultra-high-energy cosmic rays and the
Greisen—Zatsepin—Kuzmin (GZK) cutoff [52], highlighting a concrete observational avenue

for testing such geometric generalizations.

6.2 EOtvos parameter

Gravitational fields arising from matter sources exhibit inhomogeneity. In the Newtonian
framework, inhomogeneity corresponds to nonlinear potentials. Quantum effects backreact
on the classical degrees of freedom only when the second derivative d?®/dz? becomes
dependent on z. However, accurately characterizing the source mass distribution with
sufficient resolution to resolve the field structure to this order it is challenging. (A recent
experiment by Overstreet et al. in [65] presents an intriguing counterexample, where
deliberate efforts were made to precisely characterize the source mass distribution.) A
simpler test, albeit with less far reaching implications, emerges from the consequence that
the weak-field geodesic equation predicts a universal acceleration for all objects regardless
of the specific geometry. This observation leads to a class of experiments known as E6tvos
experiments. These experiments are designed to constrain the normalized differential

acceleration between two objects, expressed as:

ay — a2

n(1,2) = ———. (6.6)

In this definition a = “12& represents the average acceleration, and the quantity 7 is
referred to as the E6tvos parameter.

In general relativity, the geodesic equation, or its weak-field limit

d2.CEi N lahoo
dtZ N 2 82% ’

(6.7)

predicts (1, 2) = 0 identically for any two objects even when their masses differ, m; # mo.
In a sense, general relativity is constructed as a geometric theory of gravity with the
explicit aim reach of arriving at this conclusion. Modern extensions to the standard model
and general relativity typically anticipate some deviation from this classical prediction.
Consequently, the parameter 7 serves as a valuable model-independent framework for
quantifying violations of the weak equivalence principle. We are particularly interested
in whether quantum effects lead to n # 0 and, if so, at what level these effects become

significant.
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Our canonical effective methods provide direct predictions for quantum corrections
to the acceleration of a quantum state in a nonuniform gravitational field. The dynamics

are determined via the Hamilton function

L
H (Zﬂ,p, Svp8> = % + 27; + mq)eff(mu 8) (68)
with the quantum-gravitational potential
120 , 1(hr\*1
q)eﬁ‘(]f, 8) = @(I’) + 5@5 + g <m> 872 (69)

The equations of motion for x and s in terms of the gravitational field strength g(z) = @&’

are
1
&=—g— iaig s (6.10)
AN
= 0, U R 6.11
§ gs+ (m) 1 (6.11)

We read off the anomalous center of mass acceleration
N A 1.9 2
—5 (&) — (=9({2)))| = 50:9 A(z7). (6.12)

The center of mass acceleration deviates from the local gravitational field acceleration
when both the width of the state and the gravitational field strength curvature are
non-vanishing. Although this is the outcome expected from classical tidal forces acting
on extended objects in an inhomogeneous field, our canonical formulation is more general
because it provides also the dynamics of s = \/A(2?). In particular, the final value of
the anomalous acceleration depends on the value of s which is plainly mass-dependent
because m appears explicitly in §. The origin of the mass-dependence lies ultimately
in the quantum requirement to preserve the uncertainty product, which is defined for
moments of x together with p, rather than .

We estimate the Eotvos parameter for a delocalized quantum particle as compared to

a more localized particle as
_ . T _
N~ g5 = (—g(2)] = 597 g Al?) (6.13)
Parameter values suitable for terrestrial experiments are ¢ &~ 10m/s* and 9?¢ =~
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1072 /ms? however the wave packet width A(x?) is not independently well constrained
by experiment. Equation (6.13) indicates a range of values for n from n ~ 0.5 x 10733
when the wave packet width is atomic scale (s &~ 107! m) to n & 0.5 x 1073 when the
wave packet width approaches the arm-length of typical interferometers (s ~ 1 m). This
latter value is within the sensitivity range of proposed atom-interferometers [66-69] and
it is possible that proposed future experiments including km-scale underground tests,
and space based atom interferometers could reach these dimensions.

Inverting the above reasoning with the experimental constraints of state-of-the-art

atom interferometers which have resolutions of nearly 10~'g [70] requires the wave packet

s =14/A(x?) < 10m. (6.14)

6.3 Gravitational scattering return time

width to remain bounded

In [71,72] Davies considered the possibility that the quantum dynamics of a particle
may allow its time of flight to differ systematically from the classical prediction by
travelling beyond the classical turning point into the forbidden region of the gravitational
potential. Perhaps surprisingly, Davies found no evidence for tunneling delay. Instead,
the particle return time adheres to the classical prediction in gravitational fields which
are at most quadratic in position and provided that the particle is measured far from the
classical turning point. This result does not challenge the status of the weak equivalence
principle for quantum phenomena. However, stationary state analysis of quantum objects
tunneling into the classically forbidden region of a potential gives only limited insight
into the dynamical problems encountered, particularly in the context of interferometer
experiments.

The equations of motion (6.10) and (6.11) indicate that for low order gravitational
potentials where 9%¢ vanishes, the classical degrees of freedom decouple from the quantum
degrees of freedom. It follows directly then that the measured return time for a wave
packet in linear or quadratic potentials is identical to that of a classical point particle in
agreement with the stationary state calculations of [71,72]. For higher order potentials
029 does not vanish and instead couples the spreading motion of the wave packet to the
motion of its center of mass. This outcome was anticipated by [30] and [73], but neither
provided quantitative calculations, which would be quite challenging if based on wave
functions.

Estimating an out-and-back time of flight prediction requires integrating the equations
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of motion. To do so, we specialize to the case of a Newtonian potential where the effective

Hamilton function is

2 U GM GM
H(r7pa87ps) - + ps = - ms2’

p?
= — — 6.15
2m  2m  2ms? T r3 ( )

It can be seen here that the classical Newtonian potential energy has a power law

correction of the form

Vi) = - SMm [1 +ay (T)Nﬂ (6.16)

r

with N =3, a3 = 1, and ry = s. Power law modifications of this form have previously
been studied. In the context of extensions to the standard model, the case N = 3 can
be considered as arising from the simultaneous exchange of two massless pseudoscalar
particles [74]. A powerlaw correction with N = 3 also arises from the model of Randall
and Sundrum [75] where non-compact warped extra dimensions with warping scale r
are considered. If there are indeed Yukawa-style couplings present, then the finite-width
effects that we discuss here could confound their detection.

Choosing an arbitrary length scale equal for example to the earth radius, r. = r. and

corresponding time, energy, and momentum scales as

r3
t. = < 6.17
Vi (6.17)
r. GMm
E.=p.— = 6.18
Pey- - (6.18)
gives the non-dimensional Hamilton function and equations of motion
2 2 2
P D U 1 s
H )= —F+F =4+ — ——— — 6.19
1 352
(6.20)
. u  2s
S=etE

Unlike the classical case where all free parameters may be scaled out, here a free parameter

remains which depends on the particle mass

R4 RBP4
Cor2p2 GMm2r,

(6.21)
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Figure 6.1: Particle return time. The dashed line plots the out-and-back return time
for a classical point particle in Newtonian 1/r gravity. The behavior for small energy
is quadratic as predicted from the linear potential result ¢ = y/e. At higher energy the
return time grows until it diverges at the classical escape energy ¢ = 1. The solid lines
represent the return time for a particle obeying the perturbed equations of motion (6.20)
for u € (107°,1). These are generically lower than the unperturbed result and approach
the classical result as u — 0.

This parameter reflects the minimal uncertainty product compared to the scale of the
problem. The same effect could be had in identifying characteristic length (r.) and
momentum (p.) scales and rescaling 1h — h/(rep.) = %73 such that the canonical
commutation relation is dimensionless. Such a phrasing, however useful, tends to obscure
the mass-dependence of the relation because it implies an m-dependent, non-fundamental
h.

The uncertainty-product enforcing term becomes important when the wave packet
is very narrow compared to y/u in which case the wave packet is forced to expand but
for terrestrial experiments, u is entirely negligible. For a neutron moving in the earth’s
gravitational field near the mean earth radius the numerical value is u ~ 1073¢ while
for a 10 gram mass in the same conditions u ~ 107%. Without this term the resulting
trajectory is the one predicted from classical tidal effects only and is not mass-dependent.
This aligns with the thinking that existing atom interferometers are essentially classical
in their operation. The main perturbation to the center of mass trajectory of a wave
packet will come from tidal effects and not quantum effects owing to the uncertainty

principle.
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Figure 6.1 presents typical return time curves from numerical integration of the
equations of motion for particles whose classical component of the energy is

(6.22)

Vo
2

S |

The total energy of the particle is still given by equation (6.19). In an experiment,
the choice of initial conditions depends on the preparation of the state. The ability
to discriminate the total energy of the particle from its classical initial conditions may
complicate the return time—energy dependence. Here it is evident that a wave packet
prepared at a given height and velocity returns quicker than an identically prepared point
particle. The effect is most pronounced in the non-linear regime, a result in agreement

with our earlier discussion.

6.4 Propagation phase in interferometry

In 1924, Louis de Broglie introduced a groundbreaking concept through his work [76],
suggesting that massive particles possess wave-like characteristics. These wave properties
can be understood within the framework of wave functions, where they stem from the
polar decomposition described by equation (B1). A consequence of this description is
interference of wave components. A simple example is the interference of two wave
function components of equal magnitude where the resulting probability of measuring a

particle depends on the relative phase of the two components via
|exp(if) + exp(ifh)|? = 2 + 2 cos(f; — 0y). (6.23)

Equation (6.23) and its dependence on the phase difference 60 = 6; — 05 is an example of
an interference effect typically ascribed to wave phenomena.

The field of matter wave interference has matured significantly over time and atom
interferometer experiments now play a crucial role in a variety of fundamental research
endeavors. In this section, we describe how we can gain insights into interference by
examining quantum moments. This goal begins with relating quantum moments to the
phase difference between spacetime points, denoted §(z¢,ts) — 6(x;,t;). This quantity
is known as the propagation phase of a single wave function component. It is defined
rigorously only in the wave function formalism. Nonetheless, we previously described
how to determine a position-dependent phase from moments and separately explained

the time dependence of these moments. In this section, we bring these concepts together
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to describe the evolution of the phase along a spacetime trajectory.

As a point of comparison, we first review the approach for calculating the propagation
phase presented in [77] based on Feynman path-integral techniques. Other approaches,
based on evolving plane waves ( [30]) and Gaussian wave packets ( [78]) have also been
described. These however produce predictions for the phase shift which agree with the

semiclassical approach at the level of experiment; see [79].

6.4.1 Path integral method

In an approach based on the path integral, we consider a state prepared in the wave
function state ¢ (x;,t;). The quantum evolution of this state is given by the propagator

formula
Wz, ty) = /dxiK(xf,tf, T, 6) (2, 1) (6.24)

The path integral method uses Feynman’s expression for the quantum propagator, in
which the propagator is represented as a sum over paths I' connecting the spacetime

points (xs,tr) and (z;,;) according to
K(xg, te,wit;) = /\/'Ze%sr. (6.25)

In this equation, Sr represents the action along the path T'.
Storey and Cohen-Tannoudji [77] prove that when the system Lagrangian is quadratic,
the quantum propagator (6.25) can be simplified as

K (g, 20, 1) = F(t, ;) oxp (;Scl(:vf,tf,xi,ti)> . (6.26)

In this equation Sq(zy,tr, x;,t;) represents the action along the classical path connecting

(xs,tf) and (x;,t;). When we substitute this expression into equation (6.24), we obtain:
1

(g, ty) = F(tf,ti)/dxi exp (hSd(xf, ty, xi,ti)> P(wi, t;). (6.27)

In the quadratic case, the classical action is a quadratic function of x; and z;. Therefore,

for certain initial states including plane wave and Gaussian states, this integral can be

solved in closed form. For a plane wave initial state

Y(x,t;) =

! W—Eﬂ] . (6.28)

e [
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In this case, the phase of the integrand is stationary when

aScl
8@

+po=0. (6.29)

Since S, is quadratic, equation (6.29) is a linear equation for the stationary phase point

T stationary = Lo The expansion of the classical action around this point is given by
Scl(xf, tf, To + (, ti) = Scl(l'f, tf, Zo, ti> - ng + C(tf, ti)CQ. (630)

In this expression, we used equation (6.29) to replace the first derivative of the action
with the negative plane wave momentum. We also introduced the second derivative
0%Sa/0x7 = C(ts,t;), which is assumed to be independent of z; and ;. Following these

adjustments, the integral (6.27) becomes straightforward to evaluate, yielding the result:

imh

Y(xy, tp) = Fts, t;) Clinty)

1
W(xo, t;) exp <hSC1(:vf, tf,ﬂf(),ti)) ) (6.31)
From this expression we read off the propagation phase accumulated between spacetime

points as
1 rt
O(ts, x(ty)) — O(t;, x(t;)) = ; / ! Letassical (, @)d. (6.32)
ti

The classical Lagrangian Lepgsical (7, ) is treated as a function of time once we specify

the classical trajectory x(t).

6.4.2 Moment method

In the moment approach we obtained the reconstruction formula for the phase derivative
df/dzx. Considering now the phase as a function of space and time, 6 = 6(z,t), it
is appropriate to consider the reconstruction formula (B13) as providing the partial

derivative with respect to position appearing in the differential

00 00

Both of the partial derivatives may depend on the coordinates x and t. For example, the

second order Hermite reconstruction depends explicitly on the position coordinate from

equation (B20)
a0 (D) .
dr  h + (o= (@))

AT (6.34)



With this equations of motion for the moments supplied, this becomes also a function of
time, 00/0x = 900/0x(x,t). If the phase where genuinely a multivariate function, then
to determine the phase difference between two spacetime points from differential data

would require a line integral of the differential (6.33)

20 90 ) (6.35)

O(xy,ty) — 0(zi,t;) = A ((%dx + adt

where 7 is a path connecting the spacetime points (xf,t;) and (z;,t;). We can define the
path arbitrarily by a parametrization v : [1;, 7] = R?,~v(7) = (2,(7),t,(7)) where we
require the coordinate functions satisfy x.,(7;/¢) = ;)5 and t,(7;/5) = t;/y. That is, we

compute the parametrized line integral

O(xy,ty) —0(zi,t;) = /

T

(90 de, 08 dt,
(o ()t S+ G ) 2 ) ar (630

There are some difficulties in this approach. For one, the moment data does not
directly constrain the partial derivative 00/0t. However, if we require that the result

obtained be independent of the integration path, then the mixed partial condition

906 909

5107 ~ 03 o1 (6.37)

will allow us to reconstruct 00/0t from integration of 90/0x up to an overall time depen-
dent function. For example, when we use the first order result for 96/90x and substitute
the time dependence of moments appropriate for a particle in a linear gravitational field

we have 56 %) (t— o)
a0 _ (Pl —my(t —to

which, being the plane wave approximation, is a trivial function of position. Partial

(6.38)

differentiating with respect to time gives

0 00 mg
Dt a—— 6.39
Ot Ox h (6.39)
Using the mixed partial condition (6.37) and integrating with respect to position gives
the time partial in this case as

90  mgx
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where the arbitrary function of time f(t) is added without affecting the mixed partial
equality. This residual freedom of time-dependence cannot be eliminated using moment
data alone and represents the non-physical arbitrary phase which may be included in any
wave function under the scaling (2.20). Nonetheless, in this case we are free to choose
this arbitrary function of time as

() (t)?

fly = —208 (6.41)

where (p)(t) is the classical time-dependence of the momentum. Putting everything

together, we have

8<xf7tf) .731, Z

( dz + dt) (6.42)

-/
/7 [ <<ﬁ> Vi mgx) dt] (6.43)

2mh h
This line integral was constructed to be independent of choice of integration path. It is

convenient to choose the integration path parametrized by time, v = ((£)(¢),¢). Then

the line integral is

1 d(z
O(as ty) — O(witi) = f/ 3 _ gl (6.44)
hJy dt
where H is the conserved energy

Nk

o + mg(Z). (6.45)

The integrand in (6.44) is numerically equal to the classical Lagrangian evaluated along

the classical trajectory

d{z)

<ﬁ> dt - H ((52‘>a <ﬁ>) = Lclassical(t) (646)

This demonstrates equality between the moment approach and the result derived from
the Feynman path integral, expressed in equation (6.32).

The plane wave approximation determines the propagation phase using only classically-
defined quantities which respect the weak equivalence principle in the absence of quantum
back-reaction. Quantum back-reaction occurs only if higher-order structure of the

gravitational field can be resolved. Therefore, in low-order gravity-resolving atom
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interferometer phase measurements, we anticipate no observed violation of the weak
equivalence principle. This expectation is supported by experiments, including: (i) a series
of simultaneous dual-species atom-interferometer E6tvos tests, presented in [70,80, 81],
which constrained n(®*Rb,*" Rb) < 107'2; (ii) the dual-species test conducted by [82],
which placed constraints on the more significant mass gap, n(**K, 8" Rb) < 10~7; and (iii)
the work of [83], which constrained the differential acceleration for atoms in a coherent
superposition of metastable energy states at the 1079 level.

These analyses highlight the importance of distinguishing between an atom inter-
ferometer’s use of quantum properties in making a measurement and the absence of
back-reaction of the quantum properties on the measurement. As discussed in [73] and
revisited more recently in [79], the null results obtained so far indicate that quantum
back-reaction on the center of mass dynamics either does not manifest, or itself conforms
to the equivalence principle. Our analysis suggests that quantum effects do not conform to
the equivalence principle. Therefore, it is reasonable to deduce that current instruments
lack the detection sensitivity to resolve wave packet effects, i.e. the atoms used in these
experiments mimic classical test particles, at least as far as their center of mass motion
is concerned.

Our moment expansion, accommodates this conclusion through the moment hierarchy
defined in equation (2.35). However, it also offers a new framework for performing
calculations in the regime where quantum back-reactions become important. The
challenge of incorporating the wave packet structure intrinsic to atomic test masses
prepared for a local experiment has received comparatively little attention, with the

work [78] being an exception.

6.4.3 Incorporating wave packet effects

The potential for quantum back-reaction onto the classical trajectory is highly interesting
since it would signal a deviation from the geodesic motion predicted by general relativity,
providing a unique regime for testing the compatibility of gravity and quantum mechanics.
The effect of higher-order potentials on non-local wave packet structure is mass-dependent
with the non-zero E6tvos parameter calculated in Section 6.2. This quantum effect may
be incorporated into the phase determination with the second-order accurate result,
equation (B20):

90 _ (p) 3
%—f+($—<$>)

e (6.47)
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Figure 6.2: Mach-Zehnder interferometer spacetime geometry in an inhomogeneous grav-
itational field. The center of mass trajectories of the separated wave packet components
do not intersect at the time of the third equally spaced pulse. Instead, spatial separation
implies that wave packet structure will determine the interferometric phase difference.
The phase of each component is most easily computed by integrating the differential
phase along a piecewise path traveling first along the two center of mass trajectories, and
then vertically at the fixed end time.

An example of the application of this formula could be to identify wave packet effects on
the propagation phase.

We consider a simple Mach-Zehnder interferometer and imagine that the device
operates based on light-pulses coherently splitting, redirecting, and recombining an
atomic wave packet at equally spaced times. The spacetime geometry is sketched in
Figure 6.2. In this sketch it is made evident that, in the presence of a linear gravity
gradient, particle trajectories within a Mach-Zehnder interferometer do not close at
the time of an equally spaced pulse after a single reflection. We can determine the
phase of either wave packet component at the time of the recombining pulse, ¢t = 27T,
at any vertical displacement most easily if we choose an integration path which follows
the component’s center of mass trajectory until ¢ = 27T, and then follows a vertical
path at the fixed time t = 27. This choice of integration path is convenient because
for the first two segments of the piecewise path the path satisfies z, = () and the
second-order contributions to the phase vanish. Then in the last segment the moments
are all time-independent yielding a simple integration.

Lastly, we comment on the structure of the second-order result. The first order phase

difference, adequate for describing plane waves propagating in low-order potentials, was
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determined by the classical Lagrangian action

1
M:ﬁ/hmmﬁ. (6.48)

The moment approach with its canonical structure evaluates the same phase difference,
but in phase space coordinates. At the lowest order this was expressed by the Legendre

transform of the classical Lagrangian as

1
00 = ﬁ / (pl' - Hclassical) dt. (649)

The second-order formula for the phase derivative in canonical phase space coordinates

was 90 ()
_p = (&)ps
% h P (6.50)
Integrating over a physical trajectory and changing variables with the Jacobian
ds x—(Z)
— = 6.51
dx s ( )
yields
1
60 = 7 / (pdx + psds) . (6.52)

The integration is over the phase space trajectory z(t), on which s(¢) depends through
s* = (z — (£))? + constant according to (6.51). To this, we may incorporate the time-

dependent contribution from the conserved energy, H = (H), for free without leaving

the same Hilbert space ray and finally obtain the propagation phase

M:;/mﬂmﬁ—HMt (6.53)
where H = <ﬁ ) is not equal to the classical Hamilton function but is the effective quantum
energy including moments, for example as given by (6.8). This final result connects
the phase contribution from second-order wave packet structure to the Lagrangian
formulation. We expect that this result is obtainable also from the propagator method
outlined in [77] because the integrals involved remain Gaussian. Nonetheless, it appears
the quantum propagation phase is more naturally understood through its dependence on

the quantum phase space structure.
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6.5 Discussion

In curved spacetime, a particle’s motion is typically described by geodesics of a quadratic
metric. Corresponding observables—for instance based on particle dispersion relations—
are tightly constrained by experimental data. However, quantum effects introduce
deviations from these classical trajectories. Using the Hamiltonian formulation of the
geodesic problem, applying canonical quantization, and parametrizing the state through
moments of the canonical operators, this dissertation has shown that the quantum-
corrected dynamics of a freely-falling particle retain a Hamiltonian structure. To fully
utilize this structure, a faithful mapping of the second-order moments to canonical
variables enabled us to distinguish quantum variables as either configuration variables
or momentum variables and to establish the kinetic component of the Hamiltonian in a
systematic way.

The identification of these canonical variables is further enriched by quantum
information-theoretic considerations. Standard results for Gaussian states explicitly
link entropy and purity to the covariance matrix of second-order statistics. Our meth-
ods, which are built on the semiclassical approximation (2.35) and which apply also
for non-Gaussian or mixed states, encode these measures of quantum coherence and
correlations into the Casimir’s €'y and (5 of the canonical mapping previously derived
in [21,41]. Through this chain of mappings and their inversion analyzed here, these quan-
tum information-theoretic quantities not only characterize the state but also influence
the particle’s interaction with the underlying geometry.

The classical theory of a free particle to which the quantum theory must reduce, is
reparameterization-invariant as a consequence of the quadratic metric. This invariance is
a cornerstone of any consistent physical theory. The four dimensions of the spacetime
metric g, originate from the four-dimensional tangent space of the classical point particle.
However, it has been argued that physical observables in canonical quantum gravity can
only be defined by considering the quantum properties of the material bodies that form
the reference systems [84-86]. Quantum reference frames therefore necessarily require
a deeper understanding of spacetime structure, extending beyond the conventional
four-dimensional tangent space.

When two classical degrees of freedom of a particle used as a reference frame are
quantized, the classical tangent space is effectively extended to a 10-dimensional space. In
this extended framework, the moments A(p2), A(p?), and A(p,p,) are no longer quadratic

functions of the tangent space, making it impossible to describe the quantum dynamics
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within the standard spacetime setting provided by Riemannian geometry, even extended
to additional dimensions. Nonetheless, these moments remain homogeneous functions of
degree two in new momenta, making Finsler geometry a suitable broader framework that
incorporates quantum degrees of freedom while preserving reparameterization-invariance.

The full Finsler Hamiltonian is exceptionally detailed and encodes an intricate
interplay between quantum coherence, spacetime curvature, and higher-order corrections
to classical geodesic motion, capturing both the anisotropy of quantum fluctuations and
the non-quadratic nature of the effective metric in the presence of quantum effects. We
expect that any physical reference system built on quantum continuous variables will
experience spacetime through a geometry similar to those described here.

The quantum-corrected dispersion relation, expressed in terms of an effective mass,
provides a simpler framework for bridging quantum mechanics and general relativity.
By associating quantum corrections with an effective mass, the particle’s trajectory is
modified as if influenced by additional mass or energy linked to its quantum state. This
effective mass directly connects quantum state properties, such as spread, to the particle’s
interaction with spacetime.

Our results also generalize concept of quantum-information theory independent
of their connection to gravity or spacetime geometry. While most of the canonical
parameters identified here—such as fluctuations, correlations, entropy and purity—have
well-established interpretations, the canonical pair (a,p,) appears to be new. The
variable «, defined in (2.85) introduces a new correlation or uncertainty parameter.
Its momentum p,, appears in the characteristic square root (2.69) in combination with
C} — C3, which is proportional to the determinant (2.79) of the covariance matrix. For
pure gaussian states p, is zero and the geometry is Riemannian. Two-mode thermal
gaussian states which are nonetheless symmetric v, = v_ need not have p, = 0. In
this case the two canonical variables, a and p,, are crucial for Finslerian properties of
quantum geodesic motion.

If the symplectic eigenvalues are unequal—that is the two modes represent systems
at different temperatures—then the nontrivial geometric structure requires p, to have
a fixed sign. The inability of p, to change sign in this case implies directional irre-
versibility, making transitions between certain quantum states forbidden (or requiring
non-Hamiltonian processes to occur).

The restriction on p, may be understood in terms of quantum information flow. Since
Pe i bounded by symplectic eigenvalues, which encode quantum uncertainty, it may be

acting as a measure of how quantum correlations (or entanglement-like effects) distribute
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in phase space. The sign-fixing condition could indicate a one-way transfer of information
within the system, analogous to the way entropy increases in thermodynamics. This
suggests that p, behaves like an effective entropy-like quantity in phase space, encoding
irreversible aspects of quantum state evolution.

The theory’s predictions could be tested in several experimental settings, particularly
in regimes where quantum coherence and spacetime curvature are both significant. Quan-
tum coherence effects on massive particles, such as in cavity optomechanics using either
silica nanospheres or cold atomic ensembles [87], could probe the effective mass corrections
predicted by the theory. By subjecting ultracold atoms in coherent superpositions to
gravitational potentials or artificial spacetime geometries created using optical lattices,
deviations from classical trajectories predicted by the theory could be observed. If states
can be controlled in such experiments, the influence of all the quantum parameters

discussed here can be analyzed.

6.6 Conclusion and outlook

This dissertation has developed a geometric and physically transparent framework for
analyzing relativistic quantum systems, with a particular focus on the role of quantum
proper time and the structure of quantum phase space. By reformulating quantum
theory in terms of expectation values and higher-order moments, and equipping the
resulting space with a symplectic (and where appropriate, Kéhler) structure, we have
bridged the formalism of classical Hamiltonian mechanics with the statistical nature of
quantum theory. This approach enables a unified description of quantum and classical
dynamics and provides a powerful language for encoding semiclassical corrections in a
systematically improvable way.

A central theme throughout this work has been the treatment of time in constrained
relativistic systems. We explored both classical and quantum methods of gauge fixing,
emphasizing the observer-dependence inherent in any operational definition of time. This
led to the identification of evolution Hamiltonians adapted to specific spacetime slicings,
and the construction of consistent quantum dynamics in terms of constrained Hamiltonian
flows. In particular, we showed how the semiclassical dynamics of a quantum clock can
be described by a Finsler geometry derived from entropy and purity—an extension of
proper time that captures nonclassical features such as delocalization and entanglement.

The formalism developed here yields testable predictions. In particular, we derived

modified dispersion relations and proposed measurable corrections to gravitational red-
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shift, free-fall universality, return time in gravitational scattering, and phase shifts in
atom interferometry. These results provide a roadmap for how quantum information
features—such as coherence and state purity—can manifest in relativistic observables
and how next-generation quantum sensors may probe the interface of general relativity
and quantum theory.

Looking ahead, several avenues for further research emerge from this work. First,
while the formalism allows for consistent truncation at second order in the moments,
higher-order analyses remain challenging. This is due in part to the combinatorial
growth in the number of terms and the absence of fully constructed canonical coordinate
systems beyond second order. Nonetheless, the coordinate representation of the quantum
Hamilton function, as defined in Eq. (2.41), preserves the homogeneity properties of the
classical Hamiltonian at all orders in the moment expansion. This structure suggests
that the full quantum dynamics retains a geometric character—specifically, a Finslerian
one—even in curved spacetime.

The distinction often drawn between the geometry experienced by classical degrees of
freedom and the geometry of quantum state space (such as that defined by entanglement
structure in Sec. 4.6) is ultimately one of scale, not principle. In the complete theory,
these descriptions should converge. This points toward an emergent picture of spacetime
in which geometry is not an independent background but is instead shaped by—and
arises from—the dynamical quantum degrees of freedom it governs.

Finally, a compelling direction for future research lies in incorporating backreaction:
understanding how quantum clocks influence the geometry of spacetime itself. In a
complete theory of quantum gravity, the spacetime metric would no longer be fixed,
but a dynamical, entangled quantity subject to quantum fluctuations. The framework
presented here offers a stepping stone toward that goal by treating matter in a geometric
and constraint-consistent way, and by establishing tools that may be extended to coupled
matter-geometry systems.

Taken together, the results and methods developed in this dissertation provide
a conceptual and computational foundation for exploring the interface of quantum
mechanics and general relativity, with promising implications for both foundational

theory and experimental tests.
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Appendix A

Symmetries

An essential feature of the classical theory is its covariance under spacetime transfor-
mations. However, the decision to gauge fix restricting moments involving the time
coordinate is a frame-dependent condition, just as the choice of a classical time coordinate
is a choice of frame. In the context of our quantum framework, we must consider how the
dynamics generated by the quantum Hamilton function remain covariant under spacetime
transformations, extending the classical notion of symmetry to the quantum regime.

In the classical theory, we describe a local change of coordinates by the Lorentz

transformation

% =AYz, (A1)

This transformation gives in the quantum theory the corresponding unitary transformation

of the operators

UA)712U(A) = A% 2% =: 3¢ (A2)
By appropriate insertions of the identity, the quantum statistics transform as tensor
representations of the Lorentz group. For example, the second-order correlations have

the transformation laws

A (x“/mbl) =AY AY, A (x“xb) (A3)
A (2py) = A AP A (27py) (A4)
A (pa’pb’) = Aa/aAb/bA (papb) . (A5)

With these transformation laws, the moment-based quantum theory is covariant under
local changes of coordinates. The transformation laws, Eqs. (A3)—(A5), mix time and
space statistics. Neglecting moments involving the time coordinate is a frame-dependent

assumption on the quantum state.
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Appendix B
Generation of wave function states from

moments

Canonical effective methods work directly with the observable quantum statistics (Z), (p),
and A(z®p?). These statistics can be measured and predicted without reference to a
specific wave function state. Nonetheless, several important questions arise: Do these
statistics fully encode the physical content of the quantum state? Is there redundancy in
this set of variables? And how are these statistical descriptors related to the alternative
representation of quantum states in terms of wave functions? In this section, we present

a procedure for reconstructing a wave function ¢ (x) from a given set of moment data.

B.1 General considerations

Provided a Hilbert space equipped with an inner product, the extraction of moments
from a wave function is straightforward. However, the inverse task—constructing a wave
function representative compatible with specified moment data—is more challenging.
In general, neither the existence nor the uniqueness of such a state is guaranteed. The
mathematical literature refers to the task of determining a distribution that generates a
given set of moments as the problem of moments. A historical perspective on the moment
problem, along with its extension into complex function theory, is presented in [88].
The resolution of the moment problem depends on the choice of Hilbert space in
which the reconstructed measure is expected to reside. The existence of a real-valued
distribution corresponding to a given sequence of moments {m;} can be ensured by
verifying that the associated Hankel matrices, defined by (H,,);; = m4; for i +j < n, are
positive definite for all n € N. An accessible proof of this criterion is provided in [89]. In

our subsequent analysis, however, we will simply assume the existence of a wave function
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based on physical reasoning, without explicitly checking the positivity of Hankel matrices
constructed from moment data.

Non-uniqueness arises in two ways. First, a typical wave function encodes information
for an infinite hierarchy of moments, whereas practical applications typically rely on a
finite (truncated) set of low-order moments. Multiple nonidentical states may share the
same low-order statistics. Consequently, any attempt to reconstruct a wave function from
a truncated set of moments must arbitrarily specify the remaining, undetermined higher-
order moments. This unavoidable choice introduces ambiguity into the reconstruction
and reflects the inherent incompleteness of using only limited statistical data to fully
characterize a quantum state. Second, even once a compatible wave function has been
selected, there remains residual freedom due to complex rescaling as defined in Eq. (2.20).

To address these ambiguities, we present a procedure for selecting a specific represen-
tative from the space of states compatible with the given moment data. The method

constructs a wave function in polar form

(1) =/ ple,t) exp(if(,1)) (B1)

by first determining the probability density p(x,t), followed by the phase 6(z,t), out of
moment data. An extension of this procedure to states described by density matrices is
discussed in [41].

Results obtained through moment evolution and this procedure should agree with
experimental results, but may not agree with results obtained from the Schrodinger
wave function theory. Such disagreements do not have physical implications because
they merely correspond to different rescaling choices of the form (2.20). Examples of
disagreement with the Schrodinger theory appear in the reference [14]. Application of
this method to determine the interferometer phase identified by certain experiments is

presented in Section 6.4.

B.2 Density reconstruction

If the unknown probability density p can be expressed as a polynomial in x, the recon-
struction problem is linear and has a unique solution. However, due to normalization
constraints, p typically is not polynomial. Nonetheless, the simplicity of reconstructing
polynomials suggests a general approach: we decompose p into a polynomial basis that
approximate it. We then reconstruct these approximations order-by-order to achieve the

desired level of accuracy.
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Following this idea, let L,(z) be a complete, orthogonal set of polynomials with
weight function w on L?(w,R) and let u,(x) be the associated orthonormal basis such
that

/Run(x)uk(x)dx = Onk- (B2)

1
up(x) = m\/w(:c)Ln(x). (B3)

Having assumed the basis property of the wu,, any function f(z) in L*(w,R) can be

with

expanded with coefficients in R as

= iojo Crtin () (B4)

with coeflicients
cn:/f(a:)un(a:)da:. (B5)

In particular, we can reconstruct the density p from moment data if we choose f(x) =
x)/+/w(z). In this case, the expansion coefficients reduce expectation values of polyno-

mials:

z)dx = (Ln(%)). (B6)

/F\/—FL

Because L, (x) is a polynomial in z, (L, (%)) can be reconstructed from moments

-

(o) = 3 Ikl (B7)

Expressing the expectation value in coefficient form uses the so-called raw forms of the
moments, not the centralized ones. The two are nonetheless related by the binomial
theorem
a 2, ~\\a - a a—1i/a\a—1% /20
A = (@ - @) = 3 (4) ot (B
i=0
which is a matrix equation that can be inverted to solve for the (2%) from the provided
Az).
Tracing these steps backwards gives finally the distribution reconstructed from its

moments as

o0 n n

DY 3 EalE)La(e) = 0e) 33 Slaoaliat. (B
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B.3 Phase reconstruction

Moments of the form (2"p) can be used to reconstruct the phase. These non-symmetric
moments can be obtained as linear combinations of symmetrically ordered ones. The

real part of these moments are given from the definition as

R((@"5) =R [ dey? (az h;i) v (B10)
= %/dx\/ﬁexp(—w)x":b ldcgz/f exp(if) + \/ﬁzjz exp(if) (B11)
= h/dxx pda (B12)

The function that multiplies the monomial powers of z in this is fipdf/dz. Consequently,

we can apply the reconstruction procedure from before on this product with the outcome:

ﬁ w(x)
dx p(x)

ZZZ*Z n.jln kR (< >> (B13)
n=0 j=0 k= 0

This result determines the phase derivative from moment data because the density’s
dependence on moments is already established. Together with equation (B9), these

results provide the link between moments and wave function states.

B.4 Propagation phase shift

The reconstruction procedure works by adapting a reference distribution—the selected
weighting function w(x)—to nearby distributions such that the result matches the
specified statistics. Here “nearby” means that only finitely many Taylor coefficients
change. In a finite truncation of the procedure there are many nearby distributions having
the same statistics depending on the arbitrary choice of orthogonal polynomial system.
We focus our examples on the useful choice of generalized Hermite polynomials which are
characterized by the shifted and rescaled Hermite weight function exp(— M) This
choice allows us to encompass not only Gaussian states but also provides a structured
approach for handling states that go beyond the Gaussian approximation.

Explicitly substituting generalized Hermite polynomials into the reconstruction pro-
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vides the first order in moments approximations

1 _em? m?  2m(z) _mx (B
. — ) 119" _ oM B14
p(z;m, o) —° ( +25 = T T2 (B14)
do (p)
dg DY = ; A B15
dx< ) h<1+2%22_2n;7g:0>_2512:c+2g2)x) (B15)

Centering the generalized Hermite functions about the center of mass with the choice

m = (Z) simplifies these expressions to

_(@=(@)?
e of
plr) = (B16)
T
o _ (p)
- h (B17)

where « is still arbitrary because we have not assumed any second order statistics.
For fixed choices of the first order data at a time ¢, the phase derivative may be

integrated with respect to = to give the phase profile of the instantaneous state as

0(z,t) = 0(x0) + W;_W. (B18)
This linear phase profile matches that of a plane wave with momentum (p) so we refer to
the first order result as the plane wave approximation to the phase, see Figure B.1. In
this approximation, the phase at any position is known if the phase at any other position
and the (mean) momentum of the state are known.

In Section 6.4, this first-order reconstruction will be shown already to reproduce the
interferometer phase identified for plane-wave states evolving in linear and quadratic
potentials as presented in [77] and [90]. We extend those results by carrying the
reconstruction to the next order (i.e. first non-trivial quantum order). Incorporating

second order quantum fluctuations and choosing o® = A(z?) provides the reconstructions

S
plx) = M() (B19)
o (p) . Aap)

The probability density obtained in this case reproduces the well-known formula for
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Figure B.1: An abs-arg plot of a plane wave demonstrating its linear phase profile.

A

Figure B.2: A Gaussian state as defined in equation (B22). The parameters for this state
were chosen to give a narrow momentum distribution about the same mean momentum
as the plane wave in Fig. B.1.

a Gaussian probability density parametrized by its first two statistical moments. More
interestingly, the phase derivative gains an additional term which is non-zero for = # ().
When looked at nearby to the wave packet center, the phase of a Gaussian state resembles
that of a plane wave with momentum (p) and has a well-defined wavelength, see Figures
B.2 and B.3. Corrections to the plane wave phase due to spatial localization become
important when displacements from the wave packet center are significantly larger than
the ratio of second-order moments A(zp)/hA(z?).

The spatial dependence of corrections is better understood when the phase derivative

-

Figure B.3: A Gaussian state with the same mean momentum but with a wide momentum
distribution compared with Fig. B.2.

_—
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formula is expressed in canonical coordinates. In this form, the phase derivative is given
by:
. p  x—(%)ps
dr h S h
with s = /A(2?) giving the standard width of the packet. This result resembles that

of a plane wave when either p, is small, indicating narrow momentum spread, or when

(B21)

looking near the distribution center where (z — (2))/s < 1.

Figure B.2 illustrates the case of a state with narrow momentum spread. Its phase
closely matches that of a plane wave for most of its weight. Conversely, when the
momentum distribution is wide (and ps > 0), the phase increases more rapidly than a
plane wave for > (%), resulting in wavelength compression, and more slowly for z < (%),
causing wavelength elongation. These corrections to the plane wave result are evident
in Figure B.3 where parameters are chosen for a Gaussian wave packet with a broad
momentum distribution.

For fixed choices of statistics, the equation (B20) (or its canonical form, equation
(B21)) may be integrated and combined with the density reconstruction, equation (B19),

to give the instantaneous pure state reconstruction

0= () o[t (-5

= 2‘90] . (B22)

The overall phase exp (ify) incorporates both the arbitrary integration constant from
equation (B20) as well as the unspecified choice of branch from the square root of p. It
is interesting to compare this result with the general form for a Gaussian pure state.

In the position basis, a general Gaussian wave packet can be represented as
W(x; A, B,C) = exp (AJ:2 + Bx + C) (B23)

with A, B,C' € C. We identify the real degrees of freedom as

A=—(a+ia) (B24)
B=b+ip (B25)
C=c+iy (B26)

and require a > 0 so that the state is normalizable. A tedious, but straightforward process

of evaluating expectation value integrals and solving systems of equations identifies these
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parameters in terms of the state’s statistical moments as

= _228129;?1 (529)
b= Q;? — W (B30)
¢= —Z + log KZ:” (B31)

with the overall phase v undetermined. With this choice of parametrization, the general

Gaussian wave packet written in (B23) is expressed in terms of its statistics as

w(z) = (%)1/4 exp l—m (1 _ i2A§fp)> +¢<ﬁ;f 4 m} . (B32)

Up to an overall (z-independent) phase, this result is identical to equation (B22).
Agreement between these two results indicates that our reconstruction procedure with
the choice of generalized Hermite polynomials contains Gaussian states. When higher-
order fluctuations are provided, the general reconstruction equations (B9) and (B13)

allow state approximations beyond the Gaussian form to be derived.
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Appendix C
Efficient quantum state sampling by canonical

realization

C.1 Efficient sampling of one-mode quantum states

An extensive investigation of the quantum free particle using the geometric point of
view implied by our methods appears in [91]. The quantum Hamilton function for a

nonrelativistic free particle is

PP APY
Ho = om om (C1)

The Hamiltonian equations of motion for a quantum free particle, derived from the

Poisson structure with the brackets defined in Eq. (2.44), are given by

Oﬁ? —0, (C3)
dAd(tx?) _ 2AT(§;p) | o
dAd(tp )y, (C6)

These equations have solutions in terms of initial data as

(@)(6) = 20 + 2(t ~ t) ()
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Figure C.1: Sampling of second-order moments for a single-mode quantum state. Points
within the surface represent physically valid states. The boundary is defined by saturation
of the uncertainty relation, Eq. (C12). Units are chosen with & = 1.

(D) (t) = po (C8)
and
A = A+ 22020 gy 4 B0y e (©9)
An)(t) = Aap)o+ 220 ) (©10)
A = A (o)

An important question is how to sample valid initial data. Obviously, one must impose
some constraints, for instance positivity of the variances A(z?) > 0 and A(p?) > 0.

Additionally, the second-order moments must also respect the uncertainty relation
h2
Az A(p?) — Azp)? > T (C12)

This inequality defines a nonlinear constraint surface in moment space, complicating
direct sampling of valid states. The set of physically admissible states corresponds to
the interior (and boundary) of a rotated elliptic paraboloid defined by Eq. (C12), as
illustrated in Fig. C.1.

A more efficient sampling procedure leverages the canonical structure of the moments.

One introduces a set of canonical variables (s, ps, U) where s > 0, U > h%/4, and then
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A(p?) 3

Figure C.2: Sampling of second-order moments for pure (red) and thermal (blue) single-
mode quantum states. All samples are constructed from canonical variables (s, ps) via
Eq. (C13). The red points lie on the minimal uncertainty surface (U = h?/4), while the
blue points correspond to mixed states with U = 5h2/4. Units are chosen with h = 1.

computes the moments via
2 2 2 2 U
AW =5 Alzp) =sps, AP =pi+ 5 (C13)

This transformation allows uniform sampling of valid pure Gaussian and thermal states
by fixing the Casimir invariant U and sampling over the symplectic subspace (s,ps),
Fig. C.2. The benefit of this method is demonstrated in Fig. C.2, which shows both pure
states (with U = h?/4) and mixed states (with U > h?/4).

C.2 Efficient sampling of two-mode quantum states

The utility of canonical sampling becomes even more apparent when extended to higher-
dimensional systems. For two-mode quantum states, the second-order moment space is
already 10-dimensional, and valid states must satisfy the nontrivial requirement that
both symplectic eigenvalues obey v, > h%/4 and v_ > h%/4, as defined in Sec. 2.5.2. The

saturation of these inequalities defines a highly nonlinear surface within the 10-dimensional
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Figure C.3: Sampling of second-order moments for two-mode quantum states. Samples
are efficiently generated by fixing the Casimir invariants C; and C5, then uniformly
sampling the canonical variables (s, ps,, Sy, Ps,, @ Da, 3, Pg), followed by reconstruction
of the moments using the canonical transformations in Eqs. (2.59)—(2.68). Each sample
represents a Gaussian state of fixed entropy and purity. The 10 moment components are
visualized via projections: marginal statistics for the z- and y-modes are shown as 3D
scatter plots, and cross-mode correlations are shown in 2D. Each tuple of points across
the four panels corresponds to a single quantum state.

moment space.

As in the single-mode case, fixing the Casimir invariants C; and Cy—which correspond
to the entropy and purity of the two-mode Gaussian state—ensures that uniformly
sampled points in the symplectic subspace (s, ps, , Sy, Ps,» @, Pa, 5, Pg) map to physically
valid quantum states via the canonical transformations Eqs. (2.59)—(2.68).

This canonical parametrization provides a framework for exploring decoherence
in quantum systems. By isolating physically meaningful quantities such as marginal
fluctuations, inter-mode correlations, and Casimir invariants that encode purity and

entropy, it enables a clear characterization of how coherence and entanglement degrade
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under environmental interactions. The ability to efficiently sample physically valid initial
conditions with fixed entropy or purity allows systematic exploration of decoherence
dynamics across different regimes. In particular, the evolution of canonical variables
under dissipative or stochastic dynamics directly reflects the structure and timescale
of decoherence, making this approach especially suited to studies of open quantum
systems and quantum-to-classical transition phenomena. This parametrization permits
monitoring decoherence by observing how trajectories in phase space move away from

minimal-uncertainty (pure) states.
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Appendix D

Supplementary derivations for chapter 5

This Appendix collects a variety of calculations supporting the analyses of Chapter 5.
The main results are derivations of quantum proper time computed in the standard
Schwarzschild slicing, Eq. (5.47). Since the structure of spacetime remains Riemannian
in the presence of quantum corrections for radial geodesics, the quantum derivations of

follow the same scheme as the classical counterparts which we present first.

D.1 Classical proper time for radial free fall

The proper-time Lagrange function for radial free fall of a massive particle in the

Schwarzschild-Droste slicing is

. 1 dz®dz®  mc®  md® Ty dt\? 1 m(dr\®> me
L(t,?”,t,?”) = —5MGab—— +:(1_) - - . 5 7 +

2 dr dr 2 2 r dr 1-2% dr 2
(D1)
The classical Hamilton function in the same slicing is
1 1 p? rs\ P2 mc?
H(t ) = ——(9"pa 2c?) = ¢ —(L—S> T —. (D2

Conservation Laws:

1. The Lagrange equation of motion for ¢ gives a conserved quantity

4oL _ oL

dt
I i = gy mp=me ( constant (D3)

2. Both L and H are quadratic and therefore equal to each other. In particular, both

functions are conserved along the particle worldline. Setting initial conditions at
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Mass T 7(rs, 1075)

1.4Mg 4150 meters milliseconds
10°M 3 million meters tenths of a second
10°M, 3 billion meters hundreds of seconds

Table D.1: Proper fall time to horizon order-of-magnitude examples.

(t,r, pt,pr) = (0,70, pt,0), we have

1 p? s\ pr 1y
ti f H: L (1 — ) L = 1 D4
conservation o (=% ome r)om T 15 o (D4)

The constraint H = 0 at the initial time gives an equation for the value of p; for all

time
1 p? mc?
H(0 0) = — ~ 0
( » 70, Pt ) 1—1;8277102 2

f (D6)

1

T

to reéxpress the Hamilton energy in terms of the radial velocity leads to the effective

1(dr\> & T 1/ pe\?
) S (o) =2 () D
2 <d7'> + 2 ( r) 2 (mc) (D7)

V(r) &

potential equation

Solving this for the radial component of the velocity yields

dr s  Ts [ /GM GM
= /-2 =2 - D8
dr ¢ roorg \’ < r o > (D8)

This actually is the Newtonian equation (although here the parameter is proper time).

The integral of this equation (with minus sign) with initial condition is

1 1 1
[rg’/Q arcsin < 1- T> + 1oy [ — — ] (D9)
r

1/ 1 ,
. Ts Tedr - 1/2
c 7"0,/7‘,—% Crs To To

T(r) =
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which is the main text Eq. (5.46). The fall time to the horizon is

1/2 f 2
CT(TS; 7"0> = (:O) To arcsin < 1-— :s) + 7"0\/? ~ 71-2710\/;70 - ;s' (DlO)
s 0 0 s

The latter expression is valid for ro > r,. Examples are computed in Table D.1.

The expression for 7(r) is not directly invertible for (7). However, the function
7(r; 7o) is monotone on the domain [rg, 7] as may be checked either graphically or by
looking at the derivative formula. Locally therefore, the inverse function theorem applies.
We can solve for r(7;79) by solving the equation 7 — 7(r;r9) = 0. A numerical approach
to solving this is Newton’s method, detailed in Sec. D.1.1. Alternatively, in Sec. D.1.2

we develop a series expression for r(7) from the derivative formula (D8).
D.1.1 Newton’s method solution for (1)
Newton’s method solves nonlinear equations.

know:  f(r)=r7 T € [ro, 7]

want: fl(1) =7 7€ [f(ro), f(rs)]

ri(r) =ro— T. (D11)

Each guess is improved according to

flra) =7

P (D12)

Pusa(7) = () =

This approach is challenging to pursue because: (i) Newton’s method may converge

to the incorrect root and (ii) the expression (D12) quickly becomes unweildy even for

ro(T).
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Figure D.1: Proper time 7(r) along a radial infall geodesic in Schwarzschild spacetime,
plotted as (r,7(r)), along with Newton’s method iterations to approximate its inverse
(1,7(7)). The geodesic starts from rest at r = 10r; and terminates at the horizon
r = rs, with 7(r) given analytically in Eq. (D9). The plot shows the original geodesic,
its parametrized inverse, an initial guess for the inverse, and the first and second Newton
iterations. Care must be taken to ensure that Newton’s method converges to the correct
root due to the square root in the derivative fl—:, but once properly initialized, convergence
is rapid. Axes are in units where ¢ = r, = 1.

D.1.2 Series solution for r(7)

We assume that r(7) is analytic on the interval [ro,7s]. Performing the expansion at the
initial point produces the series
1 d*r

e

r(r) =19+ dr

24 ... D1
dr T (D13)

7=0
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Figure D.2: Series approximations to the radial solution r(7) in Schwarzschild for a
massive particle initially at rest at r = 10r;. The quadratic approximation 7, 5(7) =
ro — g/27?% is the result from the Newtonian approximation in proper time.

The higher derivatives may be obtained from derivatives of expression (D8). For example,

the second derivative is

ﬁ _ddr

dr2 ~ drdr
_ drd fre o A (D1
— drdr\r g r27

The odd-order derivatives all vanish at the initial position. The expansion to 4th-order

reads
4,2
crs 4 CTEy
7,<7_) —ry — 47% 72 48r87— 4. (D15)
1GM G?M? 4
— _ D16
To 5 (2) T 127’8 T + ( )

r(r) 1o 1 (Ts>2 (07')2 1 (rs)5 (CT>4
_ o Lrs\Ter\T L s\ fer D17
T rs 4 \rg T's 48 \rg Ts " ( )

where the second expression substitutes the formula for the Schwarzschild radius. Figure
D.2 plots the first few Taylor series approximations to r(7) for o = 10r;. The second
order approximation is nearly the parabolic result from Newtonian theory, except for its

parametrization in proper time.

D.2 Classical time dilation

We obtain the remaining component of the tangent vector from the known momentum:

aL dt dt tt pt ]- pt
ot i dr dr m 11— " mc?

Dt (D18)
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Substituting the constraint relation p;/mc = ¢\/1 — r4/r¢ gives the useful form

a_ 1 T
dT_l—T*S To
r (D19)
dr _ _ rs 7
dr roro

The derivative dt/dr can be used to obtain a series expansion for ¢(7). Performing the

expansion at the initial point produces the series

) t+dt +1 d?t
T) = — T+ - —
0 dTT=0 2 dr2

4 (D20)

=t + TT‘+ T (D21)

60
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40

30+
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Figure D.3: Series approximations to the time coordinate ¢(7) for a massive particle
initially at rest at r = 107, in Schwarzschild. The linear approximation is the standard
gravitational time dilation result.
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The dimensionless expression is

dh):c%+_3LCT+,1(“)4O][VQ(“>3+.U. (D22)

T rs 1= 12 \r T Ts

0
For a particle at infinity ryp — oo we have t = 7. Closer to the horizon the coordinate
time loses track with the particle proper time and ¢ > 7, i.e., closer to the horizon time

appears to pass more slowly.

D.3 Causality and light cone slope

The tangent vector components (D19) are used to identify the slope of a massive particle’s

worldline in Schwarzschild-Droste coordinates:

dt o 11 ro|l=1
dt T S S L ey D23
<dr> . ) dr cl—22\r,\|1—-L ( )

massive particle dr T 70

One can compare this coordinate velocity to the light-cone slope

dt 1 1
G e
dr lightcone cl—=2

When r > r, the trajectory of a massive particle remains always within the lightcone:

s

<%>massive particle r 1 - 0 (D25)

= > 1.
(ﬂ) rs\[1— =
dr lightcone 0

The coordinate velocity may be integrated to give the unparametrized trajectory of a

radially falling massive particle in Schwarzschild-Droste coordinates. The Newtonian

part of the trajectory is approached asymptotically for r,rq > r,:

T's

' [
t(r) = —7 (275 + 19) /19 — s arcsin (H) + V1o — 7"s\/7’(7"07—7")+27“§/2 arcsinh ﬁ

crs -

3/2
—To —/rro(ro—r)

—0

(D26)

The non-Newtonian arcsinh term diverges as r — ry (see Figure D.4). In order

to address behavior near the horizon (and also to address coordinate-dependence as
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Figure D.4: Schwarzschild-Droste massive particle trajectories with lightcone.
a proxy for observer-dependence) it is necessary to choose new coordinates. Many

coordinate systems exist for resolving the Schwarzschild horizon. In the quantization of

the relativistic free particle, we will choose coordinates adapted to the particle.
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