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Abstract
The revolutionary newfield of quantumcomputing (QC) continues to gain attention in industry,
academia, and government in both research and education. At educational institutions, there is a
proliferation of introductory courses at various academic levels signaling a growing interest and
recognition of the significance of this field. A crucial and often overlooked aspect is the development
of research-basedmaterials and pedagogical approaches to effectively teach the complexities ofQC to
diverse cohorts of learners acrossmultiple disciplines. There is a great need for empirical
investigations of the effectiveness of learningmaterials and pedagogical approaches in this new
interdisciplinary field.We present an empirical investigation done at anR1 institution using the
multiple case studymethod.We compare a case study on students in an introductoryQC course
without research-basedmini-tutorials to a study of students taking theQC coursewith research-
basedmini-tutorials.We compare the strengths and difficulties of students in the two courses, discuss
the general strengths and difficulties of students across both courses, postulate the effectiveness of the
mini-tutorials and discuss how they can be revised. Strengths across both classes include the ability to
apply single-qubit and two-qubit gates, favoring application ofDirac notation, and a reasonable
understanding of normalization, probability and teleportation described qualitatively.Difficulties
across both classes included use ofmatrix representation, use of rotation gates, and an ability to recall
and analyze quantitatively a circuit representing teleportation.Wepostulate that themini-tutorials
on gates, normalization, probability and a qualitative description of teleportationmay have been
effective in increasing students’ understanding of the concepts.We also identifymini-tutorials that
may need revision.

1. Introduction

The revolutionary newfield of quantum computing (QC) continues to gain attention in industry, academia,
and government in both research and education. At educational institutions, there is a proliferation of
introductory courses at various academic levels signaling a growing interest and recognition of the significance
of this field [1]. A crucial aspect often overlooked is the development of research-basedmaterials and
pedagogical approaches to effectively teach the complexities ofQC to diverse cohorts of learners acrossmultiple
disciplines.While this research has begun [2–12], there is still a great need for further empirical investigations
of (1) students’ QC conceptual understanding as evidenced by their application of those concepts in analyses of
QC circuits and protocols and (2) the effectiveness of learningmaterials and pedagogical approaches in this new
interdisciplinary field.

While there has been significant study of students’ understanding of quantummechanics concepts in the
context of quantummechanics courses at the undergraduate and graduate levels [13–15], the research on
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students’ understanding ofQC concepts and skills at applying those concepts in the context of aQC course is
not that extensive [8–12]. There has been some research on students’ understanding ofQC concepts in the
context of quantummechanics courses [2–7], but those courses are usually designed for upper-level or gradu-
ate physicsmajors and do not focus explicitly onQCconcepts in the context of an interdisciplinaryQC course.
Our investigation adds to the existing research on students’ understanding ofQC concepts and skills at apply-
ing those concepts in the context ofQC courses.

In this paper, we present an empirical investigation done at anR1University using themultiple case study
method [16].We compare a case study on students in an inaugural introductoryQC course in Fall 2021with-
out research-basedmini-tutorials (F21) to a case study of students taking theQC course two years later in Fall
2023with research-basedmini-tutorials (F23). Themini-tutorials are patterned after physics tutorials devel-
oped by various physics education research groups, such as theUniversity ofWashington [17]. However, they
are shorter, designed to be done in 20–30 min in class, and focus on enhancing the ability to apply important
concepts and skills covered in class. The researchmethodology involves conducting interviewswith students
and analyzing the interview transcripts to identify students’ strengths and difficulties in understandingQC
concepts and the application of those concepts in theoretical analyses ofQC circuits and protocols.We also
compared the two cases of students taughtwith andwithout themini-tutorials.

Our research questions are:

• What are the strengths and difficulties of students in an introductoryQC course in understandingQC
concepts as evidenced in the application of those concepts in theoretical analyses ofQC circuits and
protocols?

• Howdo the strengths and difficulties of students in understandingQC concepts in an introductoryQC class
taughtwith andwithout research-basedmini-tutorials compare?

• Dowehave evidence that differences in students’ strengths and difficulties in an introductoryQC class
taughtwith andwithout research-basedmini-tutorials are due to the use of themini-tutorials?

In previouswork [12], we identified students’ strengths and difficulties in an introductoryQC class (F21), as
evidenced by their understanding of important concepts and their skill at applying those concepts inQC cir-
cuits and protocols. In that qualitative study, we used semi-structured interviewswith student volunteers and
analyzed the interviews using the thematic analysismethod.Weused the results of the study as the basis for the
development of a set ofmini-tutorials focused on addressing students’ difficulties in learningQC concepts and
their skills in applying those concepts.

In this study, we interviewed students in the F23 section of the coursewith a subset of the same interview
questions used in the F21 course interviews. In each case, the interviewswere done the semester after the course
was taught, Spring 2022 (S22) and Spring 2024 (S24), respectively.We also developed a rubric to analyze each
set of interviewswith a particular focus on the objectives of themini-tutorials.We employed the rubric on both
sets of data (re-analyzing the first set of datawith the new rubric). Ourmini-tutorial development, rubric devel-
opment, and interview analysis was done through a lens of constructivist learning theory [18–20]. The student-
centered interactive engagement class was taughtwith learners as active participants, developing theirmental
models based on their previous knowledge and aided by their social in-class interactions. Themini-tutorials
were designed to facilitate the application ofQC concepts to theoretical analyses ofQC circuits and protocols.

We report on the strengths and difficulties of students observed in the interviews in each case study and a
comparison of both case studies.

2.Quantumcomputing course and student population

2.1. Fall 2021 inaugural course and student population
The coursewas first taught in F21. It was taught as an upper-level Physics Elective and there were 6 students in
the course, all junior or senior physicsmajors. The first 2–3weeks of the course focused on the physics of two-
level quantum systems as taught in theQuantumMechanics text byDavidMcIntyre [21]. After that, themain
text was the 2021 version of the onlineQiskit textbook by IBM (now the legacy version) [22] supplemented by
materials fromother texts [23–33]. The coursewas taught interactively in a semi-flipped format, with students
asked, but not required, to read ahead and a significant amount of class time spent on discussions, problems,
and exercises. Therewere two exams, amidterm and a final, graded homework, a project, and a participation
grade for attending class, contributing to discussions, groupwork onproblems, exercises, etc. Therewere no
pre-requisites for the course. The quantummechanics and linear algebra neededwere taughtwithin the course.
The topics covered and an approximate schedule are shown in table 1.

2

Eur. J. Phys. 47 (2026) 015702 BThacker et al



2.2. Subsequent course offerings, student populations, and introduction ofmini-tutorials
The course has been taught each Fall semester since the inaugural course. The instructor continued to use the
MacIntyre physics text, the IBMQiskit textbook and the same approximate schedule, coverage and format
(semi-flipped, very interactive, a significant amount of class time spent on discussions, problems, and
exercises). In the second and third semesters, therewere 10 and 11 students in the course, respectively.

In F23, the coursewas co-listed for the first time in Physics andElectrical andComputer Engineering
(ECE). In F23, we introduced a set ofmini-tutorials designed to focus on or expand on certain topics. Themini-
tutorials are patterned after research-based physics tutorials developed by various physics education research
groups, such as theUniversity ofWashington [17]. However, they are shorter, designed to be done in
20–30 min, and focus on enhancing the ability to apply important concepts and skills covered in class. The
mini-tutorial is not the first time a student is exposed to a concept or skill. It is usually designed so that the
student is required to apply the concept/skill in a different context thanwas initially covered in class. This will
help the student know if they actually understand the concept/skill and are able to apply it. The development of
themini-tutorials, based on the previous research [12], was amechanism for the instructor to formalize some
of the classroomdiscussions, problems and exercises previously done in the class. The topics addressed in the
mini-tutorials were:

• Probability in the context of a Stern–Gerlach analyzer

• Half Adder

• SingleQubitGates

• Generating Bell States

• Entangled States

• PhaseKickback

• Teleportation

• Deutsch’s Algorithm

• Deutsch-Josza Algorithm

• QuantumFourier Transform

The intent of eachmini-tutorial was different. As the F21 interviews had indicated that students had diffi-
cultywith applying different representations to circuit problems, somemini-tutorials were developed that
required students to answer the same question using different representations. For example, in the SingleQubit
Gatesmini-tutorial, students were asked to answer the same question in three different representations:Matrix,
Dirac, and Bloch Sphere. In other cases, the student was to solidify their knowledge byworking through a
protocol or an algorithmwith different initial conditions than had been used in class. In the quantum teleporta-
tionmini-tutorial, for example, the students are first asked to describe teleportation qualitatively and then to
work through the circuit startingwith a different Bell state than had been used in class. TheDeutsch,Deutsch–

Table 1.Topics covered and approximate schedule.

Week Topic

1 Stern–Gerlach Experiment, QuantumState Vectors

2 Matrix notation,Operators, Eigenvalues and Eigenvectors,

3 Measurement, CommutingObservables, Uncertainty Principle

4 Classical Bits, Qubits, SingleQubitGates

5 BigOnotation,No-Cloning Theorem

6 MultipleQubits and Entangled States

7 PhaseKickback, Circuit Identities

8 ProvingUniversality, QuantumTeleportation, SuperdenseCoding

9 DeutschAlgorithm,Deutsch-JozsaAlgorithm

10 Bernstein-Vazarani Algorithm

11 Simon’s Algorithm

12 QuantumFourier Transform

13 QuantumPhase Estimation
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Josza andQuantumTeleportation algorithms also required students towork through the algorithmswith dif-
ferent initial conditions. Samplemini-tutorials are shown in figures A1–A5 in appendixA.

2.3. Interviewee populations
In this paper, we discuss interviewswith students in the first and third semesters of the course, F21 and F23.

As stated above, in F21, therewere six physicsmajors in the course, four seniors, and two juniors. Although
the coursewas listedwithout pre-requisites, all of the students had taken junior-level quantummechanics or
were taking it concurrently and had taken linear algebra.We report on interviewswith four students the seme-
ster after they took the course, Spring 2022 (S22). Information on the students is listed in table 2, including their
education level, level based on examgrades,major, andwhether or not they had taken quantummechanics and
linear algebra at the time of taking the course. The level based on examgrades can be interpreted asHigh
Proficiency (A), Proficient (A−/B+), and Lower Proficiency (C) on exams. For example, F21_1_a refers to a
High Proficiency student interviewee fromF21. The letters ‘a’ and ‘b’ distinguish individuals.

In F23, when the coursewas co-listed for the first time in Physics andECE, therewere eleven students in the
course, five undergraduate Computer Engineeringmajors, two undergraduate Physicsmajors, one under-
graduate Electrical Engineeringmajor, one undergraduate Economicsmajor, one Electrical Engineering grad-
uate student and one Interdisciplinary Studies graduate student.We report on interviewswith four students
the semester after they took the course (S24). All of the students who volunteered to be interviewedwere Comp-
uter Engineeringmajors. TheComputer Engineeringmajors interviewed had not had physics beyond Physics
II, Electricity andMagnetism, so they had not studiedQuantumMechanics before taking the course. Some of
themhad taken Linear Algebra. Information on the students is listed in table 2.We list whether or not the
students had taken quantummechanics or linear algebra before taking theQC course, but neither of thesewere
pre-requisites for the course.While the students who volunteered to be interviewed one semester were all phy-
sics students and the other semester were all Computer Engineering students, we had representatives ofHigh
Proficiency, Proficient and Lower Proficiency in both cohorts.Wewere employing a qualitative case study
approach, depicting the learning patterns of specific students with different proficiencies, comparing students
in the two cohorts at similar Proficiency levels.

3.Methods

Clinical interviews [34]with the participants served as the data source for this study. To help identify strengths
and difficulties, we developed and applied a rubric to use to analyze the interviews.While this was quantitative
data, it was not statistically significant due to the small sample size. However, we found the quantative data to be
a very informativeway to illustrate the qualitative results. As our goal was to identify the strengths and
difficulties, not to present an in-depth analysis on a particular concept/skill, we found the quantitative data to
be very informative.We also analyzed the videos qualitatively and describe the evidence for identifying a
concept/skill as a strength or difficulty.

Table 2. Students interviewed in S22 and S24. The table shows their education level at the time they took the course, their level based
on examgrades (High Proficiency (A) , Proficient (A−/B+), and Lower Proficiency (C), on exams), major, andwhether or not they
had taken quantummechanics or linear algebra at the time of taking the course. For example, F21_1_a refers to aHigh Proficiency
student interviewee fromF21. The letters ‘a’ and ‘b’ distinguish individuals.

Education level Level based on examgrades Major Quantum Linear algebra

Fall 2021

F21_1_a Senior High Proficiency (1) Physics Yes Yes

F21_1_b Senior High Proficiency (1) Physics Yes Yes

F21_2_c Senior Proficient (2) Physics Yes Yes

F21_3_d Junior Lower Proficiency (3) Physics Yes Yes

Fall 2023

F23_1_a Senior High Proficiency (1) Computer Engineering No No

F23_2_b Senior Proficient (2) Computer Engineering No Yes

F23_2_c Senior Proficient (2) Computer Engineering No Yes

F23_3_d Senior Lower Proficiency (3) Computer Engineering No No
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3.1. Rubric development and analysis
Once the S24 interview questions had been chosen from the S22 interviews, we developed a rubricwe could use
to identify the skills and concepts evidenced in the interviewee answers. The rubricwas designed to identify
evidence of particular concepts or skills by students in answering the interview questions. The rubric used for
each interview question is presented in figures B1–B7 in appendix B after the interview question. Each rater
awarded a 1 or a 0 for each bullet point in the rubric for evidence of that skill or concept in the interview.
Sometimes a concept or skill was not addressed in a particular interview because decisionsweremade by the
interviewer tomove on fromaquestionwhen it seemed that continuation of the questioning sequencewould
be unproductive or based on available time to complete the interview. In these cases, a bullet point was awarded
NA for not applicable.

Therewere four raters, two physics education research (PER) faculty and two computer science (CS) gradu-
ate students. The raters viewed the interviews fromboth S22 and S24, applying the rubric to each interview.We
averaged the scores (1 or 0) across all raters for each concept/skill. Thenwe divided that average by the total
possible points and compared the percentage for each interviewee for each concept/skill across semesters,
attentive to the level of the students in each course. The quantitative results are shown in figures 1 and 2. After
each rater had coded all of the interviews, we used Fleiss Kappa [35, 36] as ameasure of inter-rater reliability.
Across the four raters, Fleiss Kappawas calculated to be 0.73, indicating substantial agreement across raters.

3.2. Interviews
Qualitatively, we viewed the interview videos to identify common strengths and difficulties of students in
understandingQCconcepts and in the application of those concepts in theoretical analyses ofQC circuits and
protocols. This project was not an in-depth analysis of the strategies used by different students on a particular
concept/skill, but a broad study of evidence of common strengths and difficulties acrossmany topics and
possible evidence of the benefits and drawbacks of themini-tutorials. However, we do describe the student
responses and sometimes use direct quotes from representative interview segments as evidence to support our
analysis.

The interviewswere carried out the semester after the students took the course. So, the F21 students were
interviewed in S22 and the F23 students were interviewed in S24. In S22, therewere two interviewswith each
student volunteer. In S24 therewas only time for one interviewper student volunteer, sowe chose a subset of
the S22 questions to give us a comparison across semesters and to align aswell as possible with some of the
mini-tutorials. These included questions on normalization, probability, entangled states, single qubit gates,
half-adder, phase kickback, and teleportation. Sample interview questions used in both S22 and S24 and the
rubric employed are shown in appendix B. In S22 therewas a single interviewer. In S24 therewere three differ-
ent interviewers, but the same questionswere asked by each interviewer. Both interviewswere conducted a
semester after the students took the course.

The interviewswere semi-structured, so the interviewer could ask formore detail for clarification, if nee-
ded. If the student was stuck butmight be able to progress with a little help, the interviewerwould offer a hint,
such as thematrix for a particular gate. The interviewswere recorded using Zoomor some other recording
platform.

4. Results

Wedivided the strengths and difficulties into four broad categories: (1) FundamentalQuantumMechanics
(QM)Knowledge, (2)Multiple Representations, (3)Gates and (4)QCconcepts and protocols.Within each
category, we discuss the results from the interviews descriptively and discuss the quantitative results from the
rubric.We found that the quantitative codingwas an informativeway to represent the strengths and difficulties.
It is notmeant to be interpreted as statistically significant but as a useful illustration that reflects the qualitative
results across students and across semesters.

We present the results from the quantitative coding in figures 1 and 2. In our qualitative discussion of the
results of each category, wewill refer to the students interviewed as labeled in figures 1 and 2.

In figure 1, we show the comparison of F21 and F23 students for each concept or skill as evidenced in the
interview questions across levels. For each concept/skill, we averaged the scores (1 or 0) across all raters.We
divided that average by the total possible points for that concept/skill and present it as the percentage of total
possible points for each concept/skill based on the rubric. In some cases, the interviewermade a decision to
move on fromaquestionwhen it seemed that continuation of the questioning sequencewould be unproduc-
tive or due to available time to complete the interview. If the questionwas not addressed in the interview, it
appears asNA. Students at the same level are grouped together. So, for example, student awho took the course
in F23 and is a level one student, would be labeled F23_1_a.
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In figure 2, we show the average of all students interviewed for each concept/skill for each semester and the
overall average across both semesters. The averages do not include students assigned anNAbecause the ques-
tionwas not addressed in a particular interview.We have highlighted the averages in bold thatmight bemis-
leading due to the number of students coded.

4.1. FundamentalQMknowledge
4.1.1. Normalization and Probability
All of theHigh Proficiency students both semesters were coded at 100%or near 100% in conceptual
understanding or skill applicationwhen answering probability and normalization questions in both cohorts. In
the interviews, they answered correctly and quickly, without hesitation.

Figure 1.Comparison of F21 and F23 students for each concept or skill as evidenced in the interview questions across levels. For each
concept/skill, we averaged the scores (1 or 0) across all raters.We divided that average by the total possible points for that concept/
skill and present it as the percentage of total possible points for each concept/skill based on the rubric. In some cases, the interviewer
made a decision tomove on fromaquestionwhen it seemed that continuation of the questioning sequencewould be unproductive
or due to available time to complete the interview. If the questionwas not addressed in the interview, it appears asNA. Students at the
same level are grouped together. So, for example, student awho took the course in F23 and is a level one student, would be labeled
F23_1_a.

6

Eur. J. Phys. 47 (2026) 015702 BThacker et al



The F21 Proficient student also demonstrated a strong understanding of the concepts of normalization and
probability, also answering quickly and correctly. The F23 Proficient students took longer to answer questions
on normalization and probability correctly, but they took time to think through the questions carefully.
F23_2_b, for example, first stated ‘..they all have to have an equivalent probability, which it looks like they
do…’ when asked about normalization. But the student did not recognize that the amplitudes as given in the
problemwould not normalize to one. Their discussion of probability, however, led them to return to rethink
normalization. The student hadwritten the two qubit state as the product of two one-qubit states and realized a
square root of twowasmissing. They returned to the two-qubit state and recognized that each termneeded to
bemultiplied by½ for the state to be normalized so that the total probablity was equal to one.

The other F23 Proficient student, F23_2_c, initially recognized that the probability amplitudes squared
needed to add to one for the state vector to be normalized and that you had to normalize the quantum state
vector in order to determine the probabilities. However, they first wrote an equation for normalization of a
single qubit state and struggled to apply the concepts to amulti-qubit state, as in the question asked.

The Lower Proficiency students either semester did not remember the concepts of normalization or prob-
ability verywell. F23_3_d first stated that the sumof the probabilities would be zero but later realized that it
needed to be one.However, the student did not remember how to normalize the state vector. In general, across
all categories, the Lower Proficiency students often did not remember enough for us to identify difficulties.

For normalization and probability concepts, the difference in F21 and F23 Proficient and Lower Proficiency
student answersmay be due towhether or not they had taken quantumpreviously or concurrentlywith theQC

Figure 2.Average of all students interviewed for each concept/skill for each semester and the overall average across both semesters.
The averages do not include students assigned anNAbecause the questionwas not addressed in a particular interview.Wehave
highlighted the averages in bold thatmight bemisleading due to the number of students coded.
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course.However, there is clearly room for improvement on themini-tutorials about probability and normal-
izaton based on the answers of Proficient students and inability to answer of the Lower Proficiency students in
each cohort.

4.1.2. Entanglement
Except for student F23_1_a, the students did not demonstrate a solid understanding of the concept of
entanglement in answering the interview questions. Some students, F21_1_b and F23_2_c, demonstrated
understanding of the concept but had difficulty determining if the states given in the problemwere entangled.
They recognized that a two-qubit state is entangled if it cannot bewritten as the tensor product of two
individual qubit states. They knew that they had developed an algebraicmethod in class to determine if a state
was entangled or not. However, they had incorrectlymemorized the result of the algebraicmethod.When they
applied the incorrectlymemorized result, they got an incorrect answer and they did not remember how to
generate the algebraicmethod.

In problemsworked in class in F21 and in themini-tutorial in class in F23, students had been asked to come
upwith amethod for determining if a two-qubit statewas entangled or not.Wewill need to redesign themini-
tutorial on entanglement to focusmore on using the definition of entanglement to devise a process to deter-
mine if a state is entangled or not, so that they focus on understanding the development of the process and not
just the process result.

4.2.Multiple representations
In the interviews, the students had been asked to represent a superposition state in three different
representations:matrix,Dirac, andBloch Sphere. The students were asked, if given a single qubit in either the
|0〉 or |1〉 state, how theywould put it in superposition. Theywere asked to do it usingmatrix notation, Bloch
sphere representation,Dirac notation and to illustrate it using a circuit diagram.

Only one of the F21students answered correctly usingmatrix notation. Three F21 students (one at each
level) answered correctly usingDirac notaton.One explicitly said hewas not comfortable usingmatrix nota-
tion. The F23 students, except for F23_1_a, were also not comfortable withmatrix notation in answering the
interview question and preferred towork inDirac notation. Student F23_2_b said, ‘So, like I said, I canwork in
Dirac notation all day, but linear algebra skills…’.We observed in the interviews both years that themajority of
the students preferredworkingwithDirac notation and applied it correctly.

F23 students demonstrated a better understanding of the Bloch sphere representation. Three out of four
students could correctly identify the positions of |0〉 and |1〉 along the positive and negative directions along the
z-axis and also drew axes for |+〉, |−〉, |i〉, and |-i〉. However, they did not always use a righthand rule orienta-
tion. Theywere able to correctly identify a superposition state on the Bloch sphere and discussed how aHada-
mard gate rotated |0〉 to |+〉 and |1〉 to |−〉. F23_1_awas also able to identify the axis of rotationwhen a
Hadamard gatewas used to rotate |0〉 into |+〉. The fact that the F23 students demonstrated a better under-
standing of the Bloch sphere than the F21 students, indicates that themini-tutorialmay have been helpful.
However, it will need somemodification or some supplementation onmatrix notation and, to a lesser extent,
on Bloch sphere notation.While not commonly used in quantummechanics, the Bloch sphere is an important
representation inQC.

4.3. Gates
Most students in both semesters didwell when applying the gates frequently used in class, the X,H,CNOT, and
Tofolli gates. The students did not dowell with the phase gates S and †S , which are gates that were less
frequently used in class. Onewould expect the Z gate to be understood aswell as theX andHgates.We expect
that it did not showup that way because in the question theywere asked it was sandwiched between the S and †S
gateswithwhich students struggled.

In class, threemethodswere introduced for understanding different gates:matrix calculation,Dirac repre-
sentation, and rotation around the Bloch sphere. The F23 interviewees received amini-tutorial (Appendix A.2)
that required them to determine the state of a qubit after a series of gates using all threemethods, whereas the
F21 interviewees did not receive thismini-tutorial.

Comparing students of similar performance levels, we found that forHigh Performance students, F23_1_a
and F21_1_amastered all gates, while F21_1_b incorrectlymemorizedBloch sphere rotationmethods.None of
the students used thematrixmethod voluntarily.

For Proficient level students, some from each semester (F23_2_c and F21_2_c) struggledwith the rotation
gates, S and †S , andwere not successful in eitherDirac ormatrix notation.However, one Proficient student,
F23_2_b, initially struggledwith the output qubit froman S gatewhen the input qubit was 1

2
(|0〉+|1〉).While

being promptedwith thematrix for S gate, F23_2_bwrote down the output qubit as 1

2
(|0〉+i|1〉). This suggests
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that F23_2_bmay have synchronized the representations ofmatrix andDirac notation. Correspondingly, he
did not use thematrix to calculate but analyzedwhat thematrix for an S gate could do to |0〉 and |1〉 respectively.
Themini-tutorial about gatesmay have positively impacted F23_2_b’s learning by engaging him in all three
representations, facilitating their integration.

The Lower Proficiency students, F23_3_d and F21_3_d, did not demonstrate an operational understanding
of the S and †S gates in any of the notations,matrix, Dirac or Bloch sphere.

Overall, students in both classes were proficient in the application of themore frequently used (in class)
single qubit gates and less proficient in the application of rotation gates, whichwere not used as often in class.
Therewas some evidence (F23_2_b) that themini-tutorialsmight have positively influenced the F23 students
understanding and application of gates.

4.4.QC concepts/protocols
4.4.1. Phase kickback
The concept of phase kickbackwas not addressed in all of the interviews. In the interviewswhere the concept
was addressed, in F23,⅔ of the students could identify phase kickback in a circuit and correctly discussed the
concept. The other student did not remember the concept. In F21, in the interviewswhere the conceptwas
addressed, one student could identify phase kickback in a circuit and remembered the concept and one student
could not.

Students who could not identify phase kickback did not remember the concept and did not remember
enough to identify difficulties. Students who did remember phase kickback demonstrated their understanding
like F23_2_c, who said, ‘Imean phase kickback is when the target changes the control.’ However, the student
then applied the concept directly to a control qubit in the |+〉state (changing it to |−〉)with the target in |−〉
(leaving it in |−〉)withoutwriting out the target and control in terms of |0〉 and |1〉.

Other demonstrations of a reasonable understanding of phase kickback came fromF21_1_a and F23_1_a:
FromF21_1_a: ‘…well that is fundamentally what phase kickback is when the target is flipping the control

instead.’
FromF23_1_a: ‘Since this one starts in aminus state instead of a plus state, you end upwith these negative

signs downhere in your state, which normally youwould see theCNOTgate being the qubit with the dot on it
flipping the qubit with the plus on it. But in this case specifically, since your phase of your target qubit is it is in a
minus state, then it kind ofworks the otherway around if both of your bits are in this plus orminus state. Yeah,
it flips the phase of the control qubit. So yeah, that’s essentially what phase kickback is. It would flip the phase of
the control bit when the phase of the target qubit isminus.’

4.4.2. Quantum teleportation
In F21, only one student, F21_1_a, showed evidence of a qualitatively correct understanding of teleportation
andwas also able to demonstrate a reasonably good understanding of teleportation quantitatively, reproducing
and discussing the circuit. The otherHigh Proficiency student, F21_1_b, correctly discussed the no-cloning
theorem and started to draw the circuit for teleportation, but just includedAlice’s qubits in the circuit drawing.
The student then started to carry out themath demonstrating the quantum state after Alice had entangled her
unknownqubit with her qubit that was entangledwith Bob’s qubit. The student started out correctly but could
not factor out Alice’s qubits to clearly see how ameasurement byAlicewould determine the gate(s)Bob should
apply. The student knew the correct answer butwas having trouble demonstrating itmathematically.They did
knowhow to interpret the four different possible answers of Alice’smeasurement to determinewhich gate(s)
Bob should apply to recreate Alice’s unknownqubit for the given entangled state. So, the student did not discuss
the process qualitatively in the interview, just immediately started drawing the circuit andwriting out the state
vector after Alice had entangled her two qubits.

The other F21 students, (Proficient, and Lower Proficiency), did not demonstrate sufficient qualitative
descriptions. Their descriptionswere vague,missing information or contained incorrect pieces of information.

Of the F23 students, F23_1_a and F23_2_b, demonstrated an incomplete qualitative understanding of
quantum teleportation. Their answers were short and contained some correct and some incorrect information.
F23_2_b, for example, said ‘Alice is trying to send amessage to Bob and because she has one part of an entan-
gled qubit, she is able to entangle hermessagewith that part of her entangled qubit. And thenBob can take a
measurement and decodeAlice’smeasurement or Alice’smessage.’ The student had the correct general idea
but did not recognize that it was Alice thatmade ameasurement and sent those results classically to Bob so that
Bob could reconstruct Alice’s unknownqubit.

The other two F23 students, however, F23_2_c and F23_3_d, demonstrated a very good qualitative under-
standing of quantum teleportation. They discussed that qubits cannot be copied and how teleportation solves
that problem. F22_3_d said ‘There is a big long no-cloning theorem that sayswhy that cannot happen. But one
of theways around that is you can use teleportation to kind of use the third bit to entangle the quantum
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information of the sender bit and the receiver bit…’ The student continuedwith a correct description of the
sender entangling the unknownqubit with their part of the entangled qubit froma third party,measuring both
qubits and sending the results of thatmeasurement to the receiver so the receiver could reconstruct the
unknownqubit.

F23_2_c also gave a correct qualitative description of teleportation, discussing the no-cloning theorem,
describing the story of ‘Alice’ and ‘Bob’, a third partywho created an entangled state, Alice’smeasurements and
Bob’s recreation of Alice’s unknown state: ‘So,my understanding is that it is sort of like you are technically
cloning them, but because of the no-cloning theorem you cannot technically clone a qubit. But so, like the
whole story is like Alicewants to sendBob like qubits, and she’s trying to comeupwith away that you can do it
over a very, very, very long distance because otherwise it would be too long. And so they use the help of Tele-
mon. I think it is the nameTelemon. And so he entangles the qubits. But yeah, so quantum teleportation is
essentially like you entangle the qubits. So like Alice andBob have different entangled qubits that they like they
both get one part of that entangled qubit. So, whenAlice goes through a set of like a circuit, and it gets two
classical bits, and so she sends those two classical bits to Bob, which then can use those two classical bits to
recreate Alice’s qubits. So, you teleport them essentially. (Interviewer asks ‘What do youmean by recreate?’) I
meanwhenAlice sends Bob the like one and zero, right? Classical bits. Bob can then use like gates like not the
Hadamard but like X, Z or Y, right, to recreate or essentially like copy, such as clone, what Alice had before that.
So like if Alice sends him a 00 then he knows exactlywhat it is. If Alice sends him a 01 he has to put it through an
Xor a Z gate or something like that. So you kind of have like rules to follow to recreate it, but so that satisfied the
no-cloning theorem, but it lets you quote, unquote teleport them.’

One student, F23_1_a, demonstrated a good quantitative understanding of the circuit after receiving some
help from the interviewer, constructing the circuit, representing the quantum statemathematically at each step
and explaining the gates the receiver would apply to recreate the unknown state based on the sender’s
measurements.

Overall, the F23 students demonstrated a stronger qualitative understanding of quantum teleportation
than the F21 students. This could be due to themini-tutorial on quantum teleportationwhich required them to
describe the technique qualitatively and towork through the circuit startingwith a different Bell State thanwas
discussed in class.

5.Discussion and conclusions

As the teaching ofQChas expanded rapidly acrossmany STEMfields and acrossmany education levels from
K-12 to graduate school, empirical research on students’ understanding of and ability to apply fundamentalQC
concepts has only just begun.We have presented a comparison of two case studies of students’ strenghts and
difficulties when applying basicQC concepts and skills after taking an upper-level introduction toQCcourse.
We have presented the results of interviewswith student volunteers on topics that were covered early in the
course they had taken the previous semester.

Wehave analyzed the strengths anddifficulties of students in an interactive-engagementQCclass taughtwith
andwithout a set ofmini-tutorials.We reported on the interviewswith four students in each class in F21 andF23.

As a comparison of two qualitative case studies, eachwith a small number of students, we aimed to identify
potential patterns that emerged in the two populations and did not attempt to generalize any claims to larger
populations.

Across both classes, we found thatmost students demonstrated their ability to apply single-qubit and two-
qubit gates correctly, except rotation gates. They also favoredworking inDirac representation abovematrix or
Bloch sphere representations of qubits. However, the F23 class demonstrated a better understanding of the
Bloch sphere representation than the F21 class. This could be due to themini-tutorial that required them to use
all three representations.

Many students in both classes demonstrated a reasonable understanding of and ability to apply the con-
cepts of normalization and probability, although F21 students appeared to bemore fluent in applying the con-
ceptswhen answering questions. This could be be attributed tomore practicewith the concepts due to prior
knowledge of quantummechanics, as opposed to lack of impact of themini-tutorials.

Even though the concept of phase kickbackwas not addressed in all of the interviews, theHigh Proficiency
andProficient students whowere able to identify phase kickback in a circuit were able to describe the concept
verywell. This is an important concept inQC and not one usually taught in quantummechanics.

Overall, the F23 students demonstrated a stronger qualitative understanding of quantum teleportation
than the F21 students. This could be due to themini-tutorial on quantum teleportationwhich required them to
describe the technique qualitatively and towork through the circuit startingwith a different Bell State thanwas
discussed in class.
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In summation, common strengthswere students’ ability to apply single-qubit and two-qubit gates cor-
rectly, except rotation gates, and the use ofDirac notation. Commondifficulties across both classes werematrix
representation of qubits, use of rotation gates, and a quantitative (based on recalling and analyzing the circuit)
understanding of teleportation.

Beyond identifying students’ strengths and difficulties across both classes, we have identifiedmini-tutorials
thatmay have been helpful to the F23 students. Also, as instructionalmaterial development always necessitates
ongoing improvement, we identified revisions andmodifications of themini-tutorials.

We have discussed the strengths and difficulties in each of the two classes and compared the strengths and
difficulties of students across classes (our research questions 1 and 2.) For research question 3, we donot have
strong evidence of the effect of themini-tutorials. To address this, wewillmake some changes to our data
collection in the future, including adding a set of pre- and post-tests to be administered as close to the begin-
ning and end of the administration of themini-tutorials as possible.Wewill also interview the students the
semester that they are taking the class, instead of the semester after they have taken the class.

Our limitationswere the small sample size of both the classes and the number students who volunteered to
be interviewed. Also, the interviewswere the semester after the students took the course, not while theywere
taking the course.
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AppendixA. Samplemini-tutorials

Stern–Gerlach

FigureA1. Stern–Gerlachmini-tutorial.
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Single qubit gates

Entangled states

FigureA2. Single qubit gatesmini-tutorial.

FigureA3.Entangled statesmini-tutorial.
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Phase kickback

Teleportation

AppendixB. Interviewquestions and rubric

For the rubric given after each interview question, each bullet point was given a 1 or a 0 by the rater, indicating if
the interview response contained evidence of that concept/skill or not.

FigureA5.Teleportationmini-tutorial.

FigureA4.Phase kickbackmini-tutorial.
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Interviewquestion 1 rubric:
Normalization

• Understandingmathematically that the sumof coefficient squares is 1, |〈q1q0|q1q0〉|^2;

• Knowhow to normalize a state.

Probability

• Coefficient squares are the probabilities of states.

• Part c. Accurately calculate the probabilities of states.

• Part d. Accurately calculate the probabilities of states

Figure B1. Interview question 1.
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Interviewquestion 2 rubric:
CNOTgate—a, b

• Circuit 1.When the control qubit is |1〉, the target qubit flips.

• Circuit 2.When the control qubit is |1〉, the target qubit flips.

Toffoli gate—b

• Circuit 2.When the control qubits are both |1〉, the target qubit flips.
Measurement—a. b

• Circuit 1, The output should bewritten as 1 0, not as |1〉 |0〉

• Circuit 2, The output should bewritten as 1 0, not as |1〉 |0〉

Figure B2. Interview question 2.
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Interviewquestion 3 rubric:
Matrix operation—a

• Use thematrix format of theH gate to present the transformation of |0〉 or |1〉 to a superposition.
Interpreting circuit diagrams—b

• Draw a circuit with anHgatewith the correct input (i.e. |0〉 or |1〉) and output.
Bloch sphere—c

• Draw the Bloch sphere that accurately shows the positions of |0〉 and |1〉) along the positive andnegative
direction of the z axis.

• Draw the x and y axes of the Bloch sphere that follow the right-hand rulewith the z axis.

• Identify the superstation state accurately on the Bloch sphere.

Diract notation—d

• Clearly write the input (i.e. |0〉 or |1〉) and output (i.e. |+〉 or |-〉) inDirac notations
Superposition—a, b, c, d

• Understand that |+〉 and |-〉 are superposition states

Interviewquestion 4 rubric:
X gate

• Accurately identify the output of theX gate as |1〉

Hgate

• Accurately identify the output of theH gate from the input (expected: |-〉)
S gate

• Accurately identify the output of the S gate from the input (expected: 1

2
(|0〉 − i|1〉)

• Demonstrate reasonable justification throughmatrix operation or Bloch sphere rotation.

Z gate

• Accurately identify the output of the Z gate from the input (expected: 1

2
(|0〉 + i|1〉)

• Demonstrate reasonable justification throughmatrix operation or Bloch sphere rotation.

Figure B3. Interview question 3.

Figure B4. Interview question 4.
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S dagger

• Accurately identify the output of the S dagger gate from the input (expected: |+〉)

• Demonstrate reasonable justification throughmatrix operation or Bloch sphere rotation.

Interviewquestion 5 rubric:
X-gate

• Circuit 1, Recognizewhen anX-gate is a applied to a single qubit it flips the qubit, taking a |0〉 to a |1〉 or a |1〉
to a zero.

• Circuit 4, Recognizewhen anX-gate is a applied to a single qubit it flips the qubit, taking a |0〉 to a |1〉 or a |1〉
to a zero.

• Circuit 5, Recognizewhen anX-gate is a applied to a single qubit it flips the qubit, taking a |0〉 to a |1〉 or a |1〉
to a zero.

CNOTgate

• Circuit 1,When the control qubit is |0〉nothing changes.When the control qubit is |1〉, the target qubit flips.

Figure B5. Interview question 5.
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• Circuit 3, CNOTapplied to a superposition state: The control and target qubits should be expressed in the
computational basis andwritten as a two qubit state, keeping track of the ordering of q0 and q1 (control and
target). Apply the gate termby term to the two-qubit state.

• Circuit 5, CNOTapplied to a superposition state: The control and target qubits should be expressed in the
computational basis andwritten as a two qubit state, keeping track of the ordering of q0 and q1 (control and
target). Apply the gate termby term to the two-qubit state.

Hadamard gate

• Circuit 2, TheHadamard gate takes a |0〉 to a |+〉 and a |1〉 to a |−〉, putting the qubit in a superposition state.
(Or rotating the qubit into the x-basis.)The student should be able towrite out |+〉 = (|0〉 + |1〉)/sqrt(2) and
|−〉 = (|0〉 − |1〉)/sqrt(2).

• Circuit 3, TheHadamard gate takes a |0〉 to a |+〉 and a |1〉 to a |−〉, putting the qubit in a superposition state.
(Or rotating the qubit into the x-basis.)The student should be able towrite out |+〉 = (|0〉 + |1〉)/sqrt(2) and
|−〉 = (|0〉 − |1〉)/sqrt(2).

• Circuit 4, TheHadamard gate takes a |0〉 to a |+〉 and a |1〉 to a |−〉, putting the qubit in a superposition state.
(Or rotating the qubit into the x-basis.)The student should be able towrite out |+〉 = (|0〉 + |1〉)/sqrt(2) and
|−〉 = (|0〉 − |1〉)/sqrt(2).

• Circuit 5, TheHadamard gate takes a |0〉 to a |+〉 and a |1〉 to a |−〉, putting the qubit in a superposition state.
(Or rotating the qubit into the x-basis.)The student should be able towrite out |+〉 = (|0〉 + |1〉)/sqrt(2) and
|−〉 = (|0〉 − |1〉)/sqrt(2).

o What can you say about the operation of theCNOTgate for the first, third andfifth quantum circuits?

o What do youunderstand as phase kickback?

Phase kickback -a.b.

• Recognize that in 1. and 3. the state is unchanged and in 5., the target remains the same but the control qubit
changes phase. (5. is an example of phase kickback.)

• Recognize (by showingwavefunction in computational basis and applying gates) that the initial state is
|−〉|+〉 and the final state is |−〉|−〉. The target qubit remains the same and the control qubit has changed.

Interviewquestion 6 rubric:
Entanglement

• Accurately identify this state as not entangled.

• Provide reasonable justifications, such as recognizing that the state can be factored into |+〉|+〉, or using the
formula, or being able to generate a rule to determine if a state is entangled or not.

a. 1

2
(|++〉 - |–〉)

• Accurately identify this state as entangled.

• Provide reasonable justifications, such as recognizing that the state can be factored into |+〉|+〉, or using the
formula, or being able to generate a rule to determine if a state is entangled or not.

Figure B6. Interview question 6.
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Interviewquestion 7 rubric:
Teleportation qualitative

• Alice has an unknownqubit that shewants to send to Bob but she cannot clone it (no-cloning theorem), so
she needs anothermethod.

• A third party (called Telemon inQiskit) creates an entangled pair of qubits and sends one toAlice and one
to Bob.

• Alice entangles her unknownqubit with the qubit fromTelemon andmeasures both qubits. She sends the
results of themeasurements classically to Bob.

• Depending on the classicalmeasurement results, Bob applies a particular gate to his qubit, producingAlice’s
unknownqubit. (Neither Alice or Bob know the state of the unknownqubit, it has simply been teleported
to Bob.)

Teleportation quantitative

• Correctly render the circuit diagram, including the creation of an entangled state by Telemon, Alice’s
application of CNOTandH,Alice’smeasurement.

• Accurately write the state after the creation of an entangled state by Telemon.

• Accurately write the state after Alice’s application of CNOTandH.

• Accurately illustrate Bob’s options of using possible gates based onAlice’smeasurement.
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