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ABSTRACT 
On the basis of a 6-expansion technique proposed by Bender et al, eigenvalues of a nonhermite Fokker-Planck 

hamiltonian which appears in the context of stochastic quantization of a system with a complex action are calculated 
up to the second order. The calculation is considered to be nonperturbative w.r.t. physical coupling constants in the 
sense that their nontrivial effects have been taken into account. We focus our attention on the sign of the real part 
of eigenvalues to clarify the approach to the equilibrium state. 

Introduction 

In the application of the stochastic quantization 
method [1] to a system with a complex Euclidean 
action [2] or in its Minkowski space-time formula­
tion, one of the most important problems is to clarify 
whether the stationary solution of the Fokker-Planck 
(F-P) hamiltonian is indeed its true equilibrium so­
lution or not. In the usual case with a real Euclidean 
action, the positivity of eigenvalues of the F-P hamil­
tonian (we define their eigenvalue equation as in (5) 
below) is easily shown from the fact that the hamilto­
nian can be transformed into a hermite one 
a similarity transformation. Contrary to this, very 
little is known about the spectrum of the F-P hamil­
tonian with a complex action or in the Minkowski 
space-time formulation, because in these cases the 
hamiltonian is essentially nonhermite; nobody has 
yet found any transformation to make it hermite. 
Eigenvalues of such a hamiltonian are in general com­
plex valued, but to clarify asymptotic behaviour of 
the system in the large fictitious time limit t -».oo 
we only have to know the sign of the real part of the 
eigenvalues. That is, if we can show its positive semi-
definiteness the approach to the desired equilibrium 
states of the form e~Ss or e l S u will be guaranteed. 

The purpose of this paper is to solve the eigen­
value equation of the F-P hamiltonian with a com­
plex action nonperturbatively to get an analytic form 
of the eigenvalues. We adopt here a <5-expansion tech­
nique as a nonperturbative method. This technique 
has recently been introduced by Bender et ai [3] to 

solve nonlinear equations nonperturbatively and is 
said to have several advantages over conventional 
perturbative methods including the property of rapid 
convergence and the preservation of nontrivial func­
tional dependence on physical parameters. Eigenval­
ues will be calculated up to the second order in 5 and 
the sign of their real part is discussed following the 
above mentioned line of thought. 

In this paper we consider two simple cases: 
(i) a system with quartic interaction as well as 

quadratic one in the zero dimensional (Minkowski) 
space-time 
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and 

(ii) a system with similar interactions repre­

sented by a complex action in the zero dimensional 

(Euclidean) space-time 

Here p?) e, g and g1 are real positive parameter 
while a takes a complex value. The e-term in (1) 
represents a damping term and the case Klauder and 
Petersen have taken in their numerical calculation [4] 
is represented by the above S% with g1 = 1. 

Preliminaries 

Let us consider the following "effective" F-P 
equation for the "complex probability" distribution 

P ( M ) 



with the F-P hamiltonian H(x) 

where the action 5 is to be replaced by ~%Sm and 
Se in cases (i) and (ii) respectively [5]. Owing to 
the nonhermiticity of if, ^ H, which is a con­
sequence of S* ^ 5, both right- and left-eigenvalue 
equations, i.e. both eigenvalue problems for if and 
Ht should be considered here. Let \un) and \vn) be 
eigenvectors of H and if* belonging to eigenvalues 
— A n and — £*, respectively, 

It is easy to show the equality Xn = £ n and the or­
thogonality (vn\um) oc <$nm. We assume here that 
{\vn}} and {\un)} form a complete orthonormal set 
characterized by an orthonormal relation and a com­
pleteness relation 

We introduce an artificial expansion parameter 
6 into the action S by replacing every 4 appearing 
in S with 2 + 25 [3]. Expanding every quantity as a 
series in powers of 5 

and equating terms of the same order in 8 on both 
sides of the eigenvalue equations (5), we get higher 
order corrections to A?» as in the usual perturbation 
theory. 

Calculation of eigenvalues of H 

First let us consider case (i). The action S m is 
now regarded as a function of the parameter S 

where (2 + 25)! = T(3 + 26). S'M is expressed as a 
series in powers of 6 and we substitute Sl(x) in (4) 
by this — iSl

M. The lowest order eigenvalue equation 

is easily solved using two operators Q and Q defined 
hv 

and we easily construct all eigenvectors |i4°̂ ) and 
\vn^) in the following form 

from the "vacuum states" \u^} and \v^) which sat­
isfy Q\u^) = 0 and Q\v^) = 0, respectively. Left-
and right-eigenvectors of Ho are orthonormal to each 
other and belong to the same eigenvalue -Xn \ i.e., 

Note that the real part of A n

0 ^ is positive semi-definite 
and proportional to e. 

Let us proceed to calculate the first order correc­
tion Xn \ which is explicitly given by 

To treat a logarithm we make use of the following 
formula with a regularization parameter a (> 0) 

for a, 6 > 0. Owing to this regularization parameter 
a each term in the above integrand is well defined. 
After somewhat a long calculation [6], we arrive at 
the final form of An ^ 

Here the variable 6 stands for an argument of A ^ , 
i.e., AS0) = IaJV* and 7 = 0.577-... Notice that 
the real part of A n ^ given by 



is positive semi-definite for any positive e as long as 

It is very interesting to note that this property is 

preserved even in the e —> 0 limit where S ( A ^ ) = 
5gn7c/2 > 0. 

The above procedure is also applicable to the cal-

culation of the second order correction A n , whose 

real part is calculated to be 

Here e is supposed to be sufficiently small and only 

the lowest order (e independent) terms are presented. 

Detailed calculations are found elsewhere [6]. 

Thus we have calculated the eigenvalue An up to 

the second order in S. If we set S = 1 and consider e 

small it becomes 

which may imply that the positivity of R ( A n ) for 

n > 1 is not always guaranteed though it is likely to 

hold if / i 2 and g are small, specifically / i 2 -f g < 1/2. 

Next we turn to case (ii). Just as in case (i), we 

can calculate the eigenvalue of the F-P hamiltonian. 

Calculations are parallel to the previous case and we 

easily arrive at the results 

It is not at all dimcult to obtain the second ordei 

correction An

2^ in this case, though we could not fine 

such a compact expression with a genera 

n (> 0) as that in case (i) [6]. Here we only presem 

the explicit expressions of the real part of the twe 

lowest eigenvalues Ai and A2 (Needless to say, Aq = 
0.): 

where a; are numerically evaluated as 

ai ~ 0.049, 

a 2 ~ 0.13, 

a 3 ~ 0.067, 

a 4 ~ 0.27. 

If we put (5 = g1 = 1 in the above we can verify 

again that the positivity of the real part of the eigen­

values is still retained as long as ft(cr) > 0. This case 

corresponds to the one Klauder and Petersen have 

studied in detail numerically [4]. They have found 

strong numerical evidence that R(A n) > 0 (n > 1) 

for SR(cr) > 0. The above expressions may be consid­

ered to verify their claim, this time analytically up 

to the second order in 6. 

Summary 

We have calculated eigenvalues of the essentially 

nonhermite F-P hamiltonian in two cases (i) and (ii). 

The calculations are based on the 5-expansion tech­

nique and are regarded as nonperturbative in the 

sense that the nontrivial dependence on the cou­

pling constants has been taken into account. In 
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case (i) (Minkowski space-time formulation), we have 
found that the real part of the eigenvalues acquires 
higher order corrections in powers of <5 some of which 
are not dependent on the damping parameter e and 
that their positivity is not always guaranteed. On 
the other hand, for a system with a complex Eu­
clidean action, case (ii), we have shown that the 
real part of the eigenvalues is positive semi-definite 
if R ( j ) > 0. This may be considered as an analytic 
proof of Klauder and Petersens* claim. Of course, 
these statements are based on the perturbative cal­
culations w.r.t. S and their validity is in general re­
stricted by the approximation. Nevertheless we be­
lieve they may reflect the true nature of the systems 
and we hope that these new approaches will shed 
light on this field of the stochastic quantization. 
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DISCUSSION 

Q. Yong-Shi Wu (Univ. Utah): What is the expected 
convergence of the ^-expansion? 

A. H. Nakazato: In their papers, Bender et al. inves­
tigated the range of convergence using a soluble 
simple model. They found that it is characterized 
by the condition 6 < 1 and 6 = 1 lies on the border 
of the convergence range. 

In my case, 6 is finally set equal to 1, but I think 
we can expect that the nonperturbative property of 
the solution may appear, even at the lowest order in 
6. 
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