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We discuss renormalization group equations for gauge coupling constants in gauge—Higgs
grand unification on five-dimensional Randall-Sundrum warped space. We show that all four-
dimensional Standard Model gauge coupling constants are asymptotically free and are effectively
unified in SO(11) gauge—Higgs grand unified theories on 5D Randall-Sundrum warped space.
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1. Introduction

Symmetry and its breaking are essential notions in particle physics regardless of theoretical
frameworks. The Standard Model (SM) is based on the gauge symmetry Ggy := SU(3)c X
SU(2)r x U(1)y in four-dimensional (4D) spacetime with the spontaneous electroweak (EW) sym-
metry breaking G gy to SU (3)¢c x U (1), via the nonvanishing vacuum expectation value (VEV)
of the SM Higgs boson. To construct a unified theory beyond the SM here, we use two notions:
gauge—Higgs unification [1-5] and grand unification [6—18]. Gauge—Higgs unification is based on
gauge symmetry in higher-dimensional spacetime. For example, the SU(3)¢c x SOS)w x U(1l)x
gauge—Higgs electroweak (EW) unified theories on five-dimensional (5D) Randall-Sundrum (RS)
warped spacetime are discussed in Refs. [19-25]; the SU(2);, x U(1)y EW gauge bosons and the
SM Higgs boson are unified in 5D SO(5)w x U (1) x bulk gauge bosons, where the RS warped space
is introduced in Ref. [26]. Grand unification theory (GUT) is based on grand unified gauge symme-
try. The candidates for GUT gauge groups in 4D GUTs are well known (see, e.g., Refs. [6,7]). Also,
the candidates for GUT gauge groups in 5D GUTs are shown in Ref. [7]. Gauge—Higgs grand unifi-
cation [27-34] is based on GUT gauge symmetry in higher-dimensional spacetime. The candidates
for GUT gauge groups in 5D gauge—Higgs GUT are shown in Ref. [7]. One of the candidates is an
SO(11) group.

An SO(11) gauge-H-iggs grand unified theory (GHGUT) on 5D RS spacetime is proposed by
Y. Hosotani and the author in Ref. [34]. In the SO(11) GHGUT, the SM gauge bosons and the
SM Higgs boson are unified in the 5D SO(11) bulk gauge boson. The SM Weyl fermions, quarks,
and leptons, are unified in an SO(11) bulk fermion for each generation. Proton decay is forbid-
den by fermion number conservation even if the Kaluza—Klein (KK) scale is much smaller than
0(10") GeV.

In this paper, we discuss gauge coupling unification for the 4D SM gauge coupling constants of
the zero modes of bulk gauge fields in the gauge—Higgs grand unification scenario, in particular
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SO(11) GHGUTs, by using the renormalization group equations (RGEs) for the 4D gauge coupling
constants under KK expansion. We assume that the 4D description is valid up to the fifth-dimensional
compactification scale 1/L in the 5D RS warped space. The compactification scale 1/L is regarded as
the real gauge coupling unified scale Mgy because the SO(11) GUT gauge symmetry is broken to
the G pg gauge symmetry by the orbifold boundary conditions (BCs) on the Planck and TeV branes,
where Gps := SU(4)c x SUR2)p x SU(2)g is known as the Pati—Salam gauge group discussed
in Ref. [35]. Under the above assumption, we show that in several SO(11) GHGUTs, the SM gauge
couplings are asymptotically free at least at one-loop level and the three SM gauge coupling constants
take almost the same values below the GUT scale Mgyr = 1/L as long as Mgyr = 1/L is much
larger than its KK mass scale mgx = mwk/ (ekL — 1) ~ ke %L, where k is the anti-de Sitter (AdS)
curvature in 5D RS warped space.

This paper is organized as follows. In Sect. 2, we discuss an RGE for a gauge coupling constant in
5D non-Abelian gauge theory. In Sect. 3, we discuss RGEs for the SM gauge coupling constants in the
SO(11) GHGUT [34], as well as slightly modified ones. We find that the three SM gauge coupling
constants are asymptotically free, and they are unified in Sect. 3.1. Their several corrections are
studied in Sect. 3.2. Section 4 is devoted to a summary and discussion.

2. RGE:s for 4D gauge couplings on 5D RS warped space

Let us first consider a non-Abelian gauge theory on 5D Randall-Sundrum warped spacetime.
We consider a model that contains bulk gauge and fermion fields. Its action is given by

S = / d’x~/—detG Lsp

1 S
= / d>x~/—detG (—ZTrFMNFMN + \IJ(“)D<C(“)> W@ 4 Lo p + £gh>, 2.1)
where L, 7. and L), stand for gauge-fixing and ghost terms, respectively.
Dy W@ (x.y) =@y —igAu(x, y) ¥ (x, y), (2.2)
1
Ap(x,y) = EZA?m,y)TA, (2.3)
A

j 1
Fun(x,y) = é[DM, Dy|=0mAN — ONAy —ig[An. AN] = 7 Z Fyn®(x, )T,
A
(2.4)

where M = 1,2, ...,5, T are the generators of the Lie group G, its superscript A is the number of
generators of G, £ is the gauge-fixing parameter, and g is the gauge coupling constant.

By using appropriate gauge-fixing and ghost terms discussed in, e.g., Ref. [36], we get the KK mode
expansion of the gauge field

2 oA
Ad(x,2) = */n_RnZ:%Aﬁ( ‘@) £1(2), (2.5)

2 o0
Al (x,2) = ,/n—R AN ()R (2) (2.6)
n=0
in a conformal coordinate z := ¥ for |y| < L, where k is the AdS curvature, L is the size of the

fifth dimension, and an (z) and h,’;‘ (z) are described using Bessel functions (see, e.g., Refs. [23,24]).
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Here we summarize some basic results for the RGEs for 4D gauge coupling constants (see,
e.g., [6]). We only consider the RGEs at the one-loop level, but we can find the RGEs at the two-loop
level given in, e.g., Refs. [37-39]. The RGE for the gauge coupling constant is given by

dg
poo= B(g), (2.7)
o

where (g) is a B function for the gauge coupling constant. In general, a model contains real vector,
Weyl fermion, and real scalar fields. The 8 function at one-loop level is given by

3
v =5 Ntk - TR - TR | @8)
Vector Weyl Real

where Vector, Weyl, and Real stand for real vector, Weyl fermion, and real scalar fields in terms of
4D theories, respectively. The vector bosons are gauge bosons, so they belong to the adjoint represen-
tation of the Lie group G:T (Ry) = C2(G). C2(G) is the quadratic Casimir invariant of the adjoint
representation of G, and T (R;) is a Dynkin index of the irreducible representation R; of G. Note
that when the Lie group G is spontaneously broken into its Lie subgroup G, it is convenient to use
the irreducible representations of G'. (For its branching rules, see Refs. [7,40].) It is convenient to
use the B-function coefficient b := (16712 / g3) B17199P () instead of B! 7109P(g):

11 2 1
b=—= > T(Ry)+ 3 > T(Rp)+ G > T (Ry). (2.9)

Vector Weyl Real

By using o (1) := g%()/4m, we can rewrite the RGE in Eq. (2.7) as

b
—1
=——. 2.10
dlog Pk () e (2.10)
When b is a constant, we can solve it as
_ _ b 7
a () =« I(MO)—EIOg<E>- (2.11)

Let us consider the RGE for the 4D gauge coupling constant in 5D gauge theories given in
Eq. (2.10) by using the B function coefficient given in Eq. (2.9), where it depends on its matter
content at an energy scale ;. We take into account the contribution to the 8 function coefficient from
not only zero modes but also KK modes for masses less than renormalization scale ., where since the
contribution to the gauge coupling constant of the zero mode from each KK mode is almost the same
as that from the zero mode, we neglect the difference between them. Under the approximation, once
we know the mass spectra in the models, we can calculate the RGE for the gauge coupling constant
at one-loop level. In general, it is difficult to write down exact mass spectra because it depends on
orbifold boundary conditions and parameters of bulk and brane terms. For the zeroth approximation,
the mass of the zero modes is m = 0 and of the kth KK modes is m = kmgg. By using the mass
spectra, the RGE of the gauge coupling constant can be divided into two regions:

d B —%bo for w < mgg
—a , (2.12)
dlog(p) _%(bo + kAbKK> for kmgx < pu < (k+ Dmgg
where b° is a B-function coefficient given from its zero modes, which can be calculated by using

Eq. (2.9); AbXK is an additional B-function coefficient generated by a set of KK modes of all bulk
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Table 1. Summary of the adjoint representation of any Lie group G, where d(G) and C,(G) stand for the
dimension and the quadratic Casimir invariant of the adjoint representation of G. See Refs. [6,7] for details.

Algebra Group Rank d(G) C>(G)
A, SUmn + 1) n>1 nn+1) n+1
B, SO(2n + 1) n>3 n2n + 1) 2n — 1
C, USp(2n) n=>2 n2n+1) n+1
D, SO(2n) n>4 n2n —1) 2(n —1)
Es Es 6 78 12
E; E; 7 133 18
Eg Eg 8 248 30
Fy Fy 4 52 9
G, G, 2 14 4

fields, which can also be calculated by using Eq. (2.9). The 8-function coefficient AbXK is

AKE = —;CQ(G) + g Z T(R) (2.13)
Dirac
because a 5D bulk gauge field is decomposed into 4D gauge and scalar fields and a 5D bulk fermion
field is decomposed into 4D Dirac fermion fields.
We solve the RGE in Eq. (2.12). The number of the set of KK modes for © > mgg is approximately

equal to the energy scale divided by the KK mass scale:
ke~ M (2.14)
MKK

We integrate the RGE in Eq. (2.12) with respect to u from Mz to (M z<u<m KK):

(W) = o' (My) — b—010g<L>. (2.15)
2w My
For u > mgx, the gauge coupling constant is given by
a () ~ o~ (mxx) — ﬁmg( A ) - AbKK( o 1). (2.16)
27 myxg 2 \mgg
From Eq. (2.16), we find that for AbXK > 0, the gauge coupling constant diverges at a certain
point,
a(p) —> 00, (2.17)
while for AbXK < 0 and p > mgx, the gauge coupling constant reduces rapidly:
() = A_;]fK%. 2.18)

From Eq. (2.13) and the above discussion, we also find that the gauge coupling constant of a
non-Abelian gauge field based on a simple Lie group G is asymptotically free when its matter
content satisfies

21
Y TR < 5 GO, (2.19)

Dirac
because of AbKK
for any classical and exceptional Lie group by using the quadratic Casimir invariant in Table 1 and

the (second-order) Dynkin index of irreducible representations of each simple Lie group G listed in

< 0. We can check which matter content can satisfy the condition in Eq. (2.19)
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Ref. [7]. In particular, by using the tables in Appendix A of Ref. [7], it is easy to check the cases for
up to rank-15 simple Lie groups and D¢ = SO(32). Also, by using rank-n discussion, we can check
it for any rank classical Lie group.

3. Gauge—Higgs grand unification

Let us consider the RGEs for gauge coupling constants in the SO(11) GHGUT shown in Table 2 and
the slightly modified ones by using the results in the previous section. For the energy scale between
Mz < u < mgg, the RGEs for the SM gauge coupling constants at one-loop level are the same as
the RGEs in the SM.

To analyze this difference between the three SM gauge coupling constants, we introduce the
following values:

Ajj () = a;(n) —aj(n), (3.1
A () = () — o) (), (32)
where i, j = 3C, 2L, 1Y for the SM gauge coupling constants, «; () = gi2/4rt(i =3C,2L, 1Y),
azc(p) is the SU(3)¢ gauge coupling constant, ooy () is the SU(2);, gauge coupling constant,
a1y () is the U(1)y gauge coupling constant, and we take the SU (5) normalization for U (1)y

(i, j=4C, 2L, 2R for the Pati—Salam gauge coupling constants). From Egs. (3.1) and (3.2), we have
the following relation:

Aij () = =A% (e (e (). (3.3)
To discuss the accuracy of unification, we introduce E;;(u) defined by

Ajj() _ ai(u)
aj(n)  aj(p)

Bij(w) = (3.4)

We check the 8 function coefficients of the three SM gauge coupling constants by using the RGE
in Eq. (2.9). The SM matter content or the zero mode matter content in the SO(11) GHGUTs is
given in Table 3. By using the formula in Eq. (2.9) and the (second-order) Dynkin indices listed in
Refs. [6,7,40], we obtain the following well-known SM B-function coefficients:

-7
11 2 1
bi=—3Ca(G) +3 > TR+ 3 DTy =| —19/6 |. (3.5)
Quarks & Leptons Higgs +41/10

where i = 3C, 2L, 1Y stand for SU (3)¢, SU(2)r, and U (1)y, respectively, and we took the SU (5)
normalization for U (1)y.

The RGE evolution for the SM gauge coupling constants in the SM is shown in Fig. 1, where
we used the following input parameters for the three SM gauge coupling constants at u = Mz =
91.1876 £ 0.0021 given in Ref. [41]:

a3c(Mz) = 0.1184 + 0.0007, (3.6)
Aem(Mz)
o (Mz) = ————, 3.7
21.(Mz) i 6 (M) (3.7)
Sctem (Mz)
Mz)= —————F——, 3.8
oy Mz) = 5 2 0w (M) (3-8)
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Table 2. The matter content in the SO(11) GHGUT in Ref. [34]. The table on the left shows the matter content
of SO(11) bulk fields. Orbifold BC stands for the choice of signs for fermion fields. The table on the right shows
the matter content on the Planck brane. (See Ref. [34] for details.)

Bulk field Au vy vy
SO(11) 55 32 11
5D RS 5 4 4
Orbifold BC (=, —) (=)
Brane field P16

SO(10) 16

SL(2, C) (0,0)

Table 3. The matter content in the SM or the zero mode matter content in the SO(11) GHGUTs.

G, W, B, q u‘ d° V4 e )
SUB)¢ 8 1 1 3 3 3 1 1 1
SUQ2). 1 3 1 2 1 1 2 1 2
U(l)y 0 0 0 +1/6 —2/3 +1/3 —1/2 +1 +1/2

SL2.O (53) (3 G Go Go) (G0 (o (G0 ©O0

Standard Model Standard Model Standard Model
60 30 0.10 7
50 20 AN
40 _ 10 0.05 K .
n = = N
N 23 4 13 o 0.00 y N
- _ /
10 -20 005t
0 -30 -0.10
100 10° 103 10! 10! 10V 100 105 103 10! 10! 10V 101 1014 1017
u H
7]

Fig. 1. pn—a~'(u), u — Agj (w), w — Eij () (log-linear plots) in the SM. The left figure shows 1 — o™ (1)
(log-linear plots), where the red line is a3c, the green line is «y,, and the blue line is «yy; the center
figure shows u — Aj;(u) (log-linear plots), where the red line is Aj.,; =oc3_cl —ozz_Ll and the blue

line is Aly,, = (xl_yl — a;Ll; the right figure shows u — &;;(u) (log-linear plots), where the red line is
E3car = asc/opr — 1 and the blue line is By = o1y /oo — 1.

where the relations between the EW gauge coupling constants ooy () and ojy(n) and the
electromagnetic (EM) gauge coupling constant «,,, (1) and the Weinberg angle Oy (1) are given by

3oy ()aar ()
em - s 3.9
Cemli) = 3 () + SaaL () G2
sin? Oy (1) = Sony (1) (3.10)

By () + Sapr ()

The experimental values of the EM gauge coupling constant and the Weinberg angle given in
Ref. [41] are

a,l(Mz) = 127.916 +0.015, (3.11)
sin Oy (Mz) = 0.23116 = 0.00013. (3.12)

As is well known, GUTs based on the SU (5) gauge group and also other higher-rank gauge groups
without intermediate scales predict the SM gauge coupling unification at the GUT scale Mgy r. The
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Table 4. Summary of representations of the Lie group SO(11) satisfying the condition
T(R) < (21/8)C,(SO(11) = 55) = 189/8, where SO(11) Irrep., d(G), T(R), and Type
stand for the Dynkin label, the dimension, the Dynkin index, and the type of the irre-
ducible representations of SO(11), respectively. R and PR represent real and pseudo-real
representations of SO(11). (See Ref. [7] for details.)

SO(11) Irrep. d(G) T(R) Type
(10000) 11 1 R
(00001) 32 4 PR
(01000) 55 9 R
(20000) 65 13 R

relations between the SM gauge coupling constants «; (1) are given by

a3c(Mgur) = a2 (Mgur) = ary(Mgur). (3.13)

They lead to
sin 0w (MguT) = 3. (3.14)

Obviously, sin’ Ow(Mgur) # sin’ Ow (M z), so we have to take into account the effects for the RGEs
for the SM gauge coupling constants between the EW scale and the GUT scale.

At present, the value of «; (M7z) has roughly four-digit accuracy, according to Ref. [41]. Thus, it is
meaningless to discuss more than four-digit accuracy for E;; (). We regard YIE; (| < 10~% asan
almost SM gauge coupling unification scale Mgcy. From Fig. 1, in the SM, for any scale ., YIE; ()]
cannot be less than 10™#, and then in the SM without any correction (or only negligible ones), three
gauge coupling constants are not unified. If there are intermediate symmetry breaking scales between
an original GUT scale and the EW scale, then in general they contribute a non-negligible effect for
gauge coupling unification; this is discussed in, e.g., 4D SO(10) GUTs [42—46] because one of the
examples is Ggyr = SO(10) D Gps D Gsp. The rank of the original GUT gauge group G gyr must
be more than 4 because the rank of the SM gauge group Ggyy is 4. The rank of the SO(11) gauge
group is 5, so we will discuss its intermediate scale effect in the SO(11) GHGUTs.

3.1.  Asymptotic freedom and gauge coupling unification

We check the asymptotic freedom condition given in Eq. (2.19) in SO(11) GHGUTs. To maintain the
success of the SO(11) gauge—Higgs grand unification in Ref. [34], such as automatic chiral anomaly
cancellation for the gauge symmetries on the Planck and TeV branes, we use the same orbifold
boundary conditions (BC): the orbifold BC on the Planck brane y = 0 breaks SO(11) to SO(10); the
orbifold BC on the TeV brane y = L breaks SO(11) to SO(4) x SO(7) ~ SU(2) x SU2) x SO(7).
The two orbifold BCs break SO(11) to the Pati—Salam gauge group Gps. The orbifold boundary
conditions for the SO(11) vector representation 11 on the Planck and TeV branes are given by

Poi1 = diag(ho, —11>, P = diag<14, —17>. (3.15)

Also, by using the branching rules of the representations in Table 4 shown in Ref. [7], we find that
the branching rules of pseudo-real representations of SO(11) lead to complex representations of
its subgroup, while the branching rules of real representations of SO(11) lead to real representa-
tions of its subgroup. That is, we must use pseudo-real representations to realize a 4D chiral gauge
theory. In Table 4, only the SO(11) spinor representation 32 is a pseudo-real representation of SO(11).
(The SO(11) 320 representation is the second lowest dimensional pseudo-real representation listed
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Table 5. Matter contents that satisfy three chiral generations of quarks and leptons and
the asymptotic freedom condition in Eq. (3.16).

nss n3; ni ADKK
31
0 3 0 -
2
—93 +8
0 3 <11 23+ onn
6
—29+8
0 5 <3 22 tonn
6
—21+8
1 3 <2 %

Table 6. Matter contents that satisfy three chiral generations
of quarks and leptons, the asymptotic freedom condition in
Eq. (3.16), and the fermion number conservation.

n3 nu AbKK
31
3 0 -
2
—13
5 <2 -
6

in Ref. [7].) Also, the zero modes of each SO(11) spinor bulk fermion field are the five SM fermions
plus one right-hand neutrino. Therefore, the matter content of SO(11) GHGUTSs must contain at least
three SO(11) spinor bulk fermion fields, the same as in Ref. [34], so we subtract the contribution from
the three SO(11) spinor bulk fermion fields. The asymptotic freedom condition is

Y TR < % (3.16)
R

We consider which matter contents can satisfy the asymptotic freedom condition in Eq. (3.16).
To maintain the number of chiral matter fields, if we introduce an SO(11) spinor bulk fermion field
with a parity assignment, then we must also introduce another SO(11) spinor bulk fermion field
with the opposite parity assignment. From Table 4, the SO(11) 65 representation does not satisfy
the condition. By using the condition in Eq. (3.16) and the Dynkin indices given in Table 2, we
summarize the matter contents in Table 5 that satisfy three chiral generations of quarks and leptons
and the asymptotic freedom condition in Eq. (3.16).

In the SO(11) GHGUT [34], fermion number conservation leads to sufficient proton decay sup-
pression [34]. When we impose the fermion number conservation, an SO(11) 55 bulk fermion with
orbifold BCs must have another SO(11) 55 bulk fermion with the opposite orbifold BCs; an SO(11)
11 bulk fermion with orbifold BCs must have another SO(11) 11 bulk fermion with the opposite
orbifold BCs. From Table 5, we cannot introduce any SO(11) 55 bulk fermion to keep the fermion
number conservation without exotic fermion zero modes. The matter contents that satisfy three chiral
generations of quarks and leptons, the asymptotic freedom condition in Eq. (3.16), and the fermion
number conservation are shown in Table 6.

As in the previous section, we use approximate mass spectra of zero modes and kth KK modes
whose masses are m = 0 and m = kmgg, respectively. We also use the gauge coupling constant in
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AbKK = _31/2 AbKE = _13/2 AbKK = 41/2

100 100 o
5 80 % 80 ]
O O o
T 5 7 ® 3 7 ® 5

— - — - - —
s I S 40f I S 40 - oI =l ';
£ 20 P 20 . i
2 2 g

0 5 8 11 14 17 0 0 “
100 10> 10° 10 10°° 10 100 10° 10% 10" 10™ 10V 100 10% 10% 10" 10" 10V
H H u

Fig. 2. 1 — a~'(u) (log-linear plots) in SO(11) GHGUTs with one KK mass scale m; = 10'° GeV: the left,
center, and right figures show (n32, n11) = (3,0) (AbKK = =31/2), (nsz,nn1) = (5.2) (AbKK = ~13/6),
and (n3z, nyy) = (5, 4) (AbKK = +1/2>, respectively, where the solid lines show the SO(11) GHGUTs; the

dashed lines show the SM ones; the red lines stand for a3¢; the green lines stand for oy, ; and the blue lines
stand for ayy.

AbKK = _31/2 AbKK = _31/2,-13/6,+1/2
T : . - . . . ‘
/ ]
| <]
/ g ]
/ = °
T / = D =
3700t / > S 700t 1
50.0 | A = 50.0| 1k
300 "u 30.0 - 18
20.01 20.0F ]
150 s 150}
10.0 . . . . L1 10.0 . . . . L
100 10° 10% 10" 10" 107 100 105 108 10t 10 107
H H

Fig. 3. 1 —a~'() (log-log plots) in SO(11) GHGUTSs: the right figure shows three different matter con-
tents (132, n11) = (3, 0) (AbKK = —31/2), (n32, n11) = (5,2) (AbKK = —13/6), and (n32. n11) = (5,4)

(AbKK = +1 /2), with a fixed KK mass mxx = 10'© GeV, where the dashed lines show AbKK = —31/2, the
solid lines show AHXK = —13/6, and the dash-dotted lines show AbXK = +1/2; the left figure shows one mat-
ter content (132, n11) = (3, 0) (AbKK = —31/2), with three different KK masses m, = 10°, 10'°, 10'* GeV,

where the dashed lines show myx = 10° GeV, the solid lines show mxx = 10'° GeV, and the dash-dotted lines
show myx = 10'* GeV. For both figures, the red lines stand for a3¢; the green lines stand for «»; ; and the blue
lines stand for «yy.

Eq. (2.16) for the three SM gauge group, where !, b, and AbXK should be replaced by a; ! bl(.),
and AbKK, a; and bi0 are dependent on the SM gauge group, while AbXK is independent of the
SM gauge group. From Eq. (2.16), we find that the difference between the SO(11) GHGUTs and
the SM is only in its third term dependent on ALK for w > mgg. Also, the difference between a;” !
and aj_l (i # j) in the SO(11) GHGUTs is in the first and second terms in Eq. (2.16). Therefore,
Agj (n) in the SO(11) GHGUTsS are the same as those in the SM. (A;j () in the SM are shown in
the center figure in Fig. 1.) By using the asymptotic form of the gauge coupling constant given in
Eq. (2.18), for . > mgg, E;j (i) can be written as

—on MK ) (3.17)

— ~ __ / = TAA

Let us check what we can learn from Figs. 2, 3, and 4. From Fig. 2, we can clearly see that the three
SM gauge coupling constants «; (i = 3C, 2L, 1Y) are convergent into one, and rapidly decreasing for
ABKK < 0 and increasing for AbXK > 0, as shown in Egs. (2.18) and (2.17), respectively. From the

9/17

970z ‘2 AInC U0 Yoseasay Jeajon Joj uoireziueblo ueadoing - NY3D e /610°speulnopioxodeidy/:diy woly papeojumoqd


http://ptep.oxfordjournals.org/

PTEP 2016, 043B02 N. Yamatsu

AbKK = _31/2 AbKE = _31/2 AbKE = _31/2
100 = 30 Z 0.0001 2
ﬁg i< o o 0.00005 \ o
- J > = =] - S
I ol - -
s a0] e =g —18 = ur 0.0000 =
20 . 220 2 -0.00005 <
0 S -30 g —-0.0001 S
100 10° 102 10'110%4 10V 10010° 1081010410 108 10! 10 10V
u H i

Fig. 4. 1t —a ' (), n — A;Ai (n), and o — E;; () (log-linear plots) in SO(11) GHGUT with the same matter
content (n3z, n11) = (3, 0) (AbKK = —31/2) and KK mass mxx = 10° GeV: the left figure shows 1 — ' ()

(log-linear plots), where the red line represents o3¢, the green line represents «y; , and the blue line represents
ayy; the center figure shows i — A}, (w) (log-linear plots), where the red line is A, = a3t — ay;' and the

blue line is Ay, = ayy — ay;'; the right figure shows u — &;;(11) (log-linear plots), where the red line is
E3cor = asc/ap, — 1 and the blue line is E1y; = ajy /o — 1. The dashed lines show the SM, the solid
lines show SO(11) GHGUT.

left figure in Fig. 3, we find that for AbXX < 0, the SM gauge coupling constants decrease drastically
above mxx and they also converge, where the convergent scales depend on ALK for AbKK > 0,
the SM gauge coupling constants increase drastically and also seem to converge above m kg, where
our perturbative calculation is not reliable. From the right figure in Fig. 3, we find that, regardless
of KK mass scales mgxx = 10°, 1010, 10!4 GeV, the SM gauge coupling constants decrease drasti-
cally above mxx and they also converge for AbXK < 0, where they diverge for AbXX > 0. From the
right figure in Fig. 4, we find that for u ~ 10105 GeV, Eij(u) ~ 104, so we regard > 10105 Gev
as Mgcy in this case. The center figure in Fig. 4 is exactly the same as that in Fig. 1. One may
wonder that even in the SO(11) GHGUTs, the gauge coupling constants were not unified based
on Fig. 4. For the SO(11) GHGUTs, from the definition of A’ ; (n) in Eq. (3.2) and the four-digit

accuracy of o; (Mz), the error of Aj; (1) is Err[A; (10)] ~ 0107~ (n) =~ 0(10~*) p/m for
1> Mocy > mix. Formgx = 106 GeVand u = 10! GeV, Err[A;j(lo“ GeV)] ~ 0(10) and the
deviations AéC,ZL (1011 GeV) and A/IY’2L (1011 GeV) are less than 10 from the center figure in Fig. 4,
and then Mgy starts around 10! GeV.

From the above discussion, we found that in the SO(11) GHGUTSs the 4D SM gauge coupling
constants are almost unified above Mgcy regardless of the matter contents and their mass spectra,
and the SM gauge coupling constants are asymptotically free. We also found that My depends on
the matter contents given in Table 5.

3.2.  Corrections for gauge coupling constants

We check whether the above analysis is valid even when we take into account several corrections. We
divide our discussion into two cases, mxx < Mps >~ Mgyr = 1/L andmgx < Mps < Mgur=1/L,
where Mpg is the symmetry breaking scale at which G pg gauge symmetry is broken in Gy, gauge
symmetry. This is because for mgx < Mgyr = 1/L >~ Mpg, we use only the RGEs for the Ggys
gauge coupling constants, while for mgx < Mps < Mgyr = 1/L, we have to use the RGEs for the
G s)r gauge coupling constants below Mpg and the RGEs for the G ps gauge coupling constants above
Mpg. In the latter analysis, we have to take into account matching the conditions between the G pg
gauge coupling constraints and the G, gauge coupling constraints at the Pati—Salam scale Mpg.
(Note that for 4D non-SUSY SO(10) GUTs, this effect has been discussed in many articles, e.g.,
Refs. [42-48].)
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3.2.1. mgx < Mgur =~ Mps >~ 1/L

Here we check whether the above analysis is valid even when we take into account mass spectra
of bulk fields. Since mass spectra in the SO(11) GHGUTs depend on orbifold BCs and parame-
ters of bulk and brane terms, it is almost impossible to use them in an exact expression. Instead,
we use approximate forms for the flat space limit. We use the mass spectra of the kth KK modes
(k=1,2,...) of bulk fields by their orbifold BCs for the flat space limit:

2k —1
(N, D), (D, N) : ——mgx, (3.18)

(N, N), (D, D) : kmgk, (3.19)

where N and D stand for Neumann and Dirichlet BCs, respectively. (X, Y) (X, Y = N, D) stands
for the orbifold BCs on the Planck and TeV branes, respectively. (This approximation is good for
large k because the RS warped space is an asymptotically flat space for a short distance.) Only each
field with (N, N) contains a zero mode. For large k, a kth KK mass spectrum in RS warped space
approaches that in flat space. For most cases, the difference between warped and flat spaces leads to
only a tiny effect for RGEs because the contribution to the B-function coefficient from each mode is
logarithmic. In the following discussion, we use the above approximate mass spectra.

By using the above approximation for the mass spectra of the bulk fields, the RGE for the gauge
coupling constant can be divided into three regions:

1 MKK
0
—E i for n < T
d I o KK KK 1
T ot~ ——(b- + 60> +(k— 1) Ab > for k— = )mgx < u < kmgg
dlog(0) " 2w\t 2 ’
1 1
—— (B0 + kABKK) for kmgx < p < (k + —)
2 2

(3.20)

where b? is the B-function coefficients given from its zero modes, i.e., bulk fields with the orbifold
BC (N, N); 8bXK is the B-function coefficient by bulk fields with the orbifold BC (N, D) or (D, N);
ADbXK is the additional B-function coefficient generated by a set of KK modes of all bulk fields, where
b?, SbZKK, and AHXE can be calculated by using Eq. (2.9).

We solve the RGE in Eq. (3.20). As in Sect. 2, the number of the set of KK modes for i > mgg
is approximately equal to the energy scale divided by the KK mass scale k >~ u/mgg in Eq. (2.14).
Under the approximation, we can solve the RGE exactly, but that seems to make it difficult to see the
contribution from mass splitting effects. We only write down a rough approximate form for mgx > .,

pY  sbKK AbKK
o7 () ~ a7 i) — [ =5 + 2 ) log( - ) — ko), (3.21)
2 4 MgK 2 MKK
where, for My < u < mgg,
_ _ 1 "
1 1 0
o; (/,L) =q; (MZ) — Ebl lOg(M—Z) (322)

(For the above expression, we ignored the contribution to o; (1) from § blKK between mgx /2 and mgx,
and so on.) We find that the first and second terms in Eq. (3.21) are negligible compared with the
third term for large w.
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Table 7. The orbifold BCs of the components of the SO(11) bulk gauge field Ay, = A, ® A,.

Field BC Representations of Ggyy = SU3)e x SUQR), x U(l)y
A, (N,N) (8, 1)0, (1, 1)g, (1,3)9
(N, D) (3.2)-5/6, (3,2)45/6
(D, N) B, D13, 3, D3
(D, N) (3, D423, 3, D a3, (1, gy, (1, Dy, (1, 1)
(D, D) 1, 2) 412, 2, Do
(Degt, D) (3,2)41/6, (3.2) 16
Ay (N,N) 1, 2) 412, 2, D2
(N, D) B, D13, 3, D3
(D, N) (3,2)_5/6, (3, 2) 4576, (3, 2) 4176, (3, 2) 176
(D, D) (8, 1)o, (1, Do, (1,3)0, 3, 1)42/3, 3, a3, (1, D)1, (1, 1)1, (1, 1)g
AbKK = _31/2 AbKK = _31/2 AbKK = _31/2
100 > S e—— - 0.0001 E
80 | 3 %g < < 0.00005 k >
- 60 ; < = ~._ < . >
IE 40 /. - - \’j)'{it - a 0 —— ~— o m 0.0000 m
sol— Z---" Hﬁ Y - 0 ~0.00005 / <
0 g -3 g —0.0001 S
100 10° 108 10110107 100105 10810104107 103 10! 10 10V
" u 7

Fig.5. i —a~ ' (), n — Agj (1), 0 — Bij(u) (log-linear plots) in the SO(11) GHGUT with the matter content
(n32, nn) =(3,0) (AbKK = —31/2) and KK mass mgx = 10° GeV, and bulk gauge field mass splitting
correction. For the explanation, see the caption in Fig. 4.

By using the above discussion, we calculate how much the mass splitting effect by the orbifold
BCs contributes to the gauge coupling unification. First, we need to know the contribution for 8blKK
from the SO(11) bulk gauge fields and the SO(11) 32 and 11 bulk fermion fields, but as long as the
fermion number is preserved and their brane Dirac mass terms change the component fields with
a Neumann BC to those with an effective Dirichlet BC on the Planck brane, they lead to the same
contribution to all three gauge coupling constants: Sbff = bﬁ( = c‘)‘bé%< . Therefore, we consider the
contribution to 8blKK (i =3C,2L, 1Y) from the SO(11) bulk gauge field. From Table 7, we get

ShAE = -8, spif =—10, b = -4 (3.23)

From Fig. 5, we find the following. First, from the center figure, u — A; ; (m), in Fig. 5, we find that
the SbiK K term in Eq. (3.21) is not negligible compared with the b? term, and contributes to A’ ; ().
From the right figures, u — E;;(u), in Figs. 4 and 5, the convergence scale is changed, but this does
not affect whether the SM gauge coupling constants converge or not. Therefore, we find that orbifold
BCs or mass spectra affect the detail structure of gauge couplings described by A’ (), but they do
not affect the convergence of the SM gauge coupling constants described by E;;(1).

We comment on the contribution to RGEs from the SO(10) spinor brane scalar field on the Planck
brane in Table 2. Its non-vanishing VEV is responsible for breaking SO(10) to SU(5). There are
21 would-be NG modes. Nine modes are eaten by Gps/Gsys gauge bosons, while 12 modes are
uneaten because SO(10)/G ps gauge bosons absorb their corresponding fifth-dimensional compo-
nents of the 5D gauge field. The 12 modes become massive via their quantum correction, whose
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AbKK = _31/2 AbKE = —31/2 AbKE = —31/2 o
100 > 30 = 0.0001 3
80 s n 2 0.00005 \ S
- 60 = = = = =
[ = - 0 - = uw 0.0000
s 40 310 ~ I
200 i 20 1w -0.00005 %
15 - M
0 2 -30 g —-0.0001 g
100 105 108 101104107 10010° 108101101017 103 10! 104 10V
u H M

Fig. 6. ;. — o~ ' (), . — Al (1), 1 — Eij () (log-linear plots) in the SO(11) GHGUT with the matter content

(n32,n11) = (3,0) (AbKK = —31/2) and KK mass mgx = 10° GeV, and would-be NG correction. For the
explanation, see the caption in Fig. 4.

Table 8. The SM matter content in the Pati—Salam base.

G;L W, W,; q u ¢’
SU@) ¢ 15 1 1 4 4 1
SUQ2), 1 3 1 2 1 2
SUQ2)r 1 1 3 1 2 2
SL(2,C) (3:3) (3:3) (3:3) (3.0) (3.0) (0.0)

masses are expected to be O (mgxg) or less depending on the dynamics. They correspond to a com-
plex scalar field with (3,2) _ 6 under Ggy,. It is not any SU (5) multiplet, and it affects the gauge
coupling unification. The contribution to the S-function coefficients of G sy, is given by

+1/3
1
N=— Y TRy =|[+1/2]. (3.24)
would-be NG +1 / 5

where this contribution effectively vanishes above the brane mass scale of ¢16 because the SO(10) full
multiplet 16 contributes to the B-function coefficients of G g;,. From Fig. 6, we find that it contributes
to a gauge coupling unification scale, but the values of leNG are small.

3.2.2. mgx < Mps < Mgyr =~ 1/L
Let us discuss the Pati—Salam scale Mpg effect. In this case, we have to use different RGEs for the
SM and Pati—Salam gauge coupling constants above and below Mpg.

We check the S-function coefficients of the Pati—Salam gauge coupling constants of the zero modes
by using the RGE in Eq. (2.9). The matter content of the zero mode is shown in Table 8. By using
the formula in Eq. (2.9) and the Dynkin indices listed in Refs. [6,7,40], we obtain

—32/3
11 2 1
bi = ——Cy(G; - T (R; - T(R)=]-1 , 3.25
T GG + 3 Z‘ (R)+3 ), TR 9/6 (3.25)
Weyl Fermions Complex Scalar —~19 / 6

where i = 4C, 2L, 2R stand for SU4)¢c, SU(2)1,, and SU(2) g, respectively.

We consider the contribution to SblKK from the mass spectra of the SO(11) bulk gauge field. As we
discussed before, the would-be NG bosons do not affect the RGEs for the SM gauge coupling con-
stants. We can calculate (SblKK (i =4C, 2L, 2R) by using the orbifold BCs of the SO(11) bulk gauge
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Table 9. The orbifold BCs of the components of the SO(11) bulk
gauge field Ay = A, @ A, in the Pati-Salam base.
Field BC Representations of G pg
Ay (N, N) (15,1,1,(1,3,1),1,1,3)
(N, D) (6,2,2)
(D, N) 6,1,1)
(D, D) 1,2,1)
A,y (N, N) (1,2,2)
(N, D) 6,1,1)
(D, N) 6,2,2)
(D, D) (15,1, 1,(1,3,1),(1,1,3)
AbKK = _31/2 AbKK = _31/2 AbXE = —31/2
60 z 30 > 30 >
L D
40 & 20 \7 3 20 S
=00 T— cg = 18 ~_ B = 18 1=
- < e —
0 ———= l; -10 ~4n —;8 T~qn
_ - b =20 I - ]
20 s =30 g -3 g
100 10° 1081010107 100105 108101010’ 100105 108101010
JZ H H
AbKK = _31/2 AbKK = _31/2 AbKE = _31/2
40 E 40 E 40 — E
= 200 < = 200 T o= 200 <
T e T e T T
20— g 20— R -20 - R
100 10° 10° 101101077 = 100 10° 1081011041077 5 10010° 105107101077 S
J H H

Fig. 7. 1 — Aj;(n) (log-linear plots) in SO(11) GHGUT with the same matter content (n32,n11) = (3,0)

(AbKK = —31/2) and KK mass mgx = 10° GeV, and Pati—Salam scales Mpg = 10°, 10'°, 10'* GeV: the top

figures do not include the SO(11) bulk gauge field mass splitting correction; the bottom figures include

the SO(11) bulk gauge field mass splitting correction. The red line is Ay ,, = a;cl — oy, Ll, the blue line is

l _ 1 -1 : : I _ 1 —1 : : / _ -1 —1
Aly, =y —oy, the purple line is Adpop =0 — 0y, and the magenta line is Aycor =0gc —0yp

field shown in Table 9:

ShRE = 35 KK = 21, 5K = —21. (3.26)

We have to use the RGEs for three SM gauge coupling constants below Mpg, while we have to
use the RGEs for three Pati—Salam gauge coupling constants. To connect them, we use the following
matching condition at the Pati—Salam scale Mpg (mxx < Mps < Mgur):

a3c(Mps) = asc(Mps), (3.27)
arr (Mps) = oy (Mpy), (3.28)
ayy (Mps) = a5, (Mps) + 23 (Mps), (3.29)

where they are determined by the normalization conditions of the generators of Gps and Ggy
(see, e.g., Ref. [44] for details).

From the 1 — A] ; (w) figures in Fig. 7, we find that the Pati—Salam scale without the orbifold BCs
(mass splitting) affect the detail structure of gauge couplings described by A’ ; (). Thus, even when
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we take into account the Pati—Salam scale, the orbifold BCs, etc., they do not change our discus-
sion about asymptotic freedom of the SM gauge coupling constants and gauge coupling unification.
For myx = 10° GeV and p = 10''-12) Err [A;j (IOIHZGeV)] ~ 0(10-100) and the deviations
Al (10712 GeV) and A}y 5, (101712 GeV) are less than 50 from the center figure in Fig. 7, and
then Mgy starts around 1011712 GeV.

4. Summary and discussion

We discussed the RGEs for the 4D SM gauge coupling constants in the SO(11) gauge—Higgs grand
unification scenario on the 5D RS warped spacetime. We found that the 4D SM gauge coupling con-
stants are asymptotically free in the SO(11) GHGUTSs with the matter contents shown in Tables 5
and 6, which satisfy AbXK < 0. We also discussed the SM gauge coupling unification. We showed
that the three SM gauge coupling constants are effectively unified above the almost SM gauge cou-
pling unification scale Mgcy discussed in Sect. 3.1. We have not fixed the GUT or compactification
scale Mgyr = 1/L, but as long as Mgyr = 1/L is larger than Mgcy, there is no inconsistency
within at least the current experimental accuracy of the SM gauge coupling constants. In Sect. 3.2,
we showed that the correction from the mass spectra of the SO(11) bulk gauge fields, the would-be
NG boson, and the Pati—Salam scale does not affect the asymptotic freedom and gauge coupling
unification of the SM gauge couplings, while they affect the detail structures of the RGE running.
From the above, we find that the Weinberg angle at © = Mgyr, sin O (Mgur) = 3 /8, is consistent
with that at & = M, sin® Oy (M) ~ 0.23.

In this paper, we mainly considered the SO(11) GHGUTs, but our discussion can be applied to
other GHGUTs. For example, we have already found the asymptotic freedom condition for a gauge
coupling constant in general GHGUTs based on any simple Lie group G in Eq. (2.19). It is very easy
to list the the matter contents that satisfy the asymptotic freedom condition by using the tables in
Ref. [7].

We discussed the RGEs for the 4D SM gauge coupling constants in 5D RS warped spacetime
by using the KK expansion. There is another approach using AdS/CFT-like correspondence, as
discussed in Refs. [49-53].
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