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Abstract

In this paper, we define a N = 2 supersymmetric CKP(SCKP) hierarchy and construct its additional
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N =2 SCKP hierarchy to a N = 2 supersymmetric multi-component CKP hierarchy equipped with a C
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1. Introduction

In the theory of integrable systems, it is important to construct their symmetries and identify
their algebraic structure. Among these symmetries, the additional symmetry is an important one.
Additional symmetries of the Kadomtsev-Petviashvili (KP) hierarchy were introduced by Orlov
and Shulman [1] which contain one of the most significant additional symmetries is the Virasoro
constraints on partition functions of matrix models of string theory under the additional non-
isospectral symmetries in the underlying integrable hierarchies. There are two important sub-
hierarchies as the BKP hierarchy and CKP hierarchy [2-7].

There are various supersymmetric extensions [8] of the KP hierarchy. One important super-
symmetric extension is the supersymmetric Manin-Radul Kadomtsev-Petviashvili (MR-SKP)
hierarchy [9] which contains a lot of integrable super solitary equations. Mulase supersymmetrize
the KP hierarchy by constructing a hierarchy called the Jacobian SKP hierarchy [10] which has
strict Jacobian flows and it preserves the super Riemman surface. The additional symmetries
for super hierarchies were firstly found in the paper [11] and the additional symmetry of the
MR-SKP hierarchy was studied by Stanciu [12]. The ghost symmetries, hamiltonian structures
and extensions of the MR-SKP hierarchy were studied as well as reductions of the MR-SKP
hierarchy [13,14]. Later the supersymmetric BKP (SBKP) hierarchy was constructed in [15].
After that this series of super hierarchies attracts more attentions [16—19] including their Dar-
boux transformations and symmetries. Particularly in [17], we construct supersymmetric C type
Kadomtsev-Petviashvili (CKP) hierarchy and six-reduced supersymmetric CKP hierarchy and
their additional symmetries. These additional flows of the supersymmetric CKP hierarchy con-
stitute a C type SWi4oo Lie algebra. Meanwhile, we find the six-reduced supersymmetric CKP
hierarchy contains the super Sawada-Kotera equation as a primary equation. The additional C
type SWit Lie algebraic structure is kept after doing the six-reduction from the supersym-
metric CKP hierarchy. Bosonic hierarchies and their connection with physical models (2D and
topological field theories) is known, while the knowledge of N =2 supersymmetric integrable
hierarchies maybe lead to a link with physical models, e.g. with untwisted N = 2 conformal field
theories.

In the paper [20], we construct the generalized additional symmetries of the two-component
BKP hierarchy and identify its algebraic structure. Besides, the D type Drinfeld-Sokolov hierar-
chy was found to be a good differential model to derive a Block algebra. About the Block algebra
related to integrable systems, we did a series of works in [21,22]. In [19], we construct the addi-
tional symmetries of the supersymmetric BKP(SBKP) hierarchy and these additional flows con-
stitute a B type SWi4oo Lie algebra. Further we generalize the SBKP hierarchy to a supersym-
metric multi-component BKP (SMBKP) hierarchy equipped with a B type SW1400 X SWi Lie
algebra. As a Bosonic reduction of the S2BKP hierarchy, we defined a new constrained system
called the supersymmetric Drinfeld-Sokolov hierarchy of type D which admits a supersymmet-
ric Block type symmetry. The main topic of this article is the study of additional symmetries
of scalar and multicomponent N = 2 supersymmetric CKP hierarchies. These symmetries are
shown to form an infinite-dimensional non-Abelian superloop superalgebra.

This paper is arranged as follows. In the next section we define the N = 2 supersymmetric
CKP hierarchy. In Sections 3, we will give the additional symmetries for the N = 2 supersymmet-
ric CKP hierarchy. Further we define the N = 2 multicomponent supersymmetric CKP hierarchy
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in Sections 4, and in Section 5 we will give the additional symmetries for the N = 2 multicom-
ponent supersymmetric CKP hierarchy.

2. The N = 2 supersymmetric CKP hierarchy

Letus define a N = 2 supersymmetric CKP system now. .4 is assumed as an algebra of smooth
functions of a spatial coordinate x, a grassmann variable 6+ and their super-derivation denoted
as Dy = 0y, + 640. This algebra A has the following multiplying rule

o0
D;’ECD:Z[nii](—l)‘b("i)dJi[i]Dii, @.1)
i=0
0 i<0 or (n,i)y=(0,1) (mod 2);

n
[n - i] B <[,[fl]]> i>0,(n,i)#(0,1) (mod 2). @2
2

Here the value |®| means the super degree of the operator ® which shows the operator & is
Fermionic or Bosonic. The supersymmetric derivative D4 satisfies the supersymmetric analog
of the Leibniz rule

D (ab) = Di(a)b+ (—1)!aDi(b), (2.3)

where a is a homogeneous element of .A. We introduce the even and odd time variables
(tli, b, t5i, t6, -) and the following definition of even and odd flows

o0

Dy4i—p = L DZE,3 Z
0t4i—2 8t4l 3 -

2.4)
3 dt4i44j-6 8t41+4 -6

We recall that the supercommutator is defined as [X, Y] = XY — (— )XYy X . The bracket has a
property as [X, Y Z] = [X, Y1Z+ (—)XIYIY[X, Z]. Then D3 = }[D+, D11 =9, {D;, D_} =
0. This family of infinite odd and even flows satisfy a nonabelian Lie superalgebra whose com-
mutation relations are

0
Otsjraj—6
[Dj;_3. Df;_31=0, [Dsi—2,D+]1=0, [Dj_; D+]=0. (2.5)

[D4i—2, D4j—2]1=0, [D4i—2,ij,3]=0, [DjIE Df] 3=

For any operator A = ZieZ(fi(O) + fDT+ fFD” + fl-(l)D"'D_)B" € A and homogeneous
operators P, Q, its nonnegative projection, negative projection, adjoint operator are respectively
defined as

Ar=> "+ D+ frD_+ fVDyD)d, A_=A- AL, (2.6)

i>0
(PQ)" = (=1)!"elg*P*, (P~ = (=D)"I(PH)~". @7

Also for the operator DX, the adjoint operator is defined as

k(k+l) k

(D5)* = (1) (2.8)



C.Li Nuclear Physics B 969 (2021) 115465

The rules of conjugation within the super-pseudo-differential formalism are as follows: (AB)* =
(—1DIAIBIB* A* for any two elements with Grassmann parities |A| and | B|; (9%)* = (—1)¥9¥ and
u* = u for any superfield. The Lax operator of the N = 2 supersymmetric CKP hierarchy has a
form as

L=®D_ o' L*=—L, (2.9)
where
o=1+Y @ +aDi+a7D_+a"DiD_)d™, (2.10)
i>1
satisfy
o* =L (2.11)

The N = 2 supersymmetric CKP hierarchy is defined by the following Lax equations
Dy—L=[(L* 4 L1, Dy sL=[L* ) L]-2L%2 k=1, (2.12)
D sL=[(A%", L), A=0Di07!, k>1. (2.13)

We call the eq. (2.11) the C type condition of the N = 2 supersymmetric CKP hierarchy. The
N = 2 supersymmetric CKP hierarchy (2.12) can also be redefined as

Dyr®=—(L*"_0o, Dy ;o=-L*?)_o, D} ;o=-a%7)_0o,
(2.14)

with k > 1.
With the above preparation, it is time to construct additional symmetries for the N = 2 super-
symmetric CKP hierarchy in the next section.

3. Additional symmetries of the N=2 supersymmetric CKP hierarchy

In this section, we are to construct additional symmetries for the N=2 supersymmetric CKP
hierarchy by using the Orlov—Schulman operators whose coefficients depend explicitly on the
time variables of the hierarchy. The Orlov—Schulman operators M ii and auxiliary operator Q¢
are constructed in the following dressing structure

ME=orFo !, i=0,1; QL=00.90",
where

1 1 _
r=x+ 3 > @4k =2ty o DY+ 5 4k — g D¥3

k>1
1 _ .. it2i
—52@432’{ F0u+ Y = iy _sty; 07T, (3.1)
k>1 i,j>1
T =01+ 3072 (3.2)
k>1

where Qj: = agi — Qia.
Then one can get the following lemma.
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Lemma 3.1. The operators F]#, Q1 satisfy

[Dyj—a — DY 72, TT1=[Dj;_5— DY, T71=0; j=0,1, (3.3)
[Dyi—o — D¥72, 041 =[Df_,— DY ™3, 041=0, (3.4)
[0+, TF]1=-TF, [0, TF1=1, [3,T5]=1. (3.5)

Proof. The proof is quite similar as the proof in [18] as following

. 1 ) . .
[Dsi—r — DY 2,r§]=5<4z—2)1);‘; Y~ [D¥ 2 x]1=0, (3.6)
[Dy_; — DY T§]
= 9 —ir# L-Di"—3 ) (3.7)
8t§_3 — Y314 14j—6 0
1 NP GO o 2o
:5(41—3)Dil 3—532' 2Qi+2Z(z—1)t;§._3az'+2-/ 4 (3.8)
=l
OO . .
—Z(2i+2j—1)zj;_31)4l+4f—8 [Df—3 ——Z(4k 3 DE]
j= k>1
=0, (3.9)

in which we used
: 1 . 1 ..
(DY x]= 54 =3)DE™ = ~6% 2 Qx,
and

[D4—3 Z(4k i DE ==Y ") -3 _ ,DYTH S (3.10)
k>1 j=>1

For F]i, Q4+ we can prove it similarly. Also we do a direct calculation as

[0+, T51=[Qx.x]— [Qx, 5 Zt4k OX 200 = —0. — Y i %3 =1,

k>l k>1

and other identities can be proved similarly. 0O
Then it is easy to get the following lemma by dressing structures.

Lemma 3.2. The operators Mji, Qu, L satisfy
[Qu, Mf1=-M;, [Qu,MT1=1, [L* MF]=1, (3.11)
D; Mi:[(Lk)+,Mi] Dy Qi =[(L"4,Qul, k=4i—2,4i-3,i€Zs, (3.12)
DEMT =[(A")4, M7,
D+Qi:[(A )4, Qil, k=4i—2,4i—3,i€Z,. (3.13)
HereDZ 2—D _p=D4i—>
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Proof. The dressing structure

®[Dy_; — DI Tile ! =0; (3.14)
will lead to

[®Df ;o' —oDY o7 Mi1=0. (3.15)

Here we only consider

o0
[Df_5— (DF_3 @)@ + ) 1 @uigaj 6@ =AY, MF]=0. (3.16)
j=0
Then we get
[D}; 5 — (Df_3®)@~" — A% M]=0; (3.17)

and using eq. (2.14) we can derive

(D} 5 — @AYy, Mf1=0. (3.18)
Similarly we can derive

(D, 5 — (LY, M1=0. (3.19)

The other identities can be proved using the similar dressing techniques. O

We will introduce the following operator B;fkl » defined as

B:t

iklp — MatkMitlQiLzm _ (_l)pl+n1+p+lL2m (Qi)Mith(:)tk’ (320)

where k,m > 0;1, p = 0, 1. This operator is the generator of the additional symmetry of the
N =2 SCKP hierarchy.
Then the following proposition can be derived.

Proposition 3.3. The operator B:;n Ip satisfies the following flow equations
Dyx—2By,, =—1L* ) By 1, Dy 3By, =—IL* ) B 1. (3.21)
+ 4k-3 +
DZ?(—?:anlp =-[(A ) anlp]' (3.22)

Proof. The lemma can be proved by dressing the following identities by ®
[Dye—r — DX, T T 0™ = [DF, 5 — DY, 131 0lom1=0. 0  (3.23)

+

To prove that B, Ip

satisfies the C type condition, we need the following lemma.

Lemma 3.4. The operators MljE satisfy the following conjugate identities,

MF = (-D)'ME, Qf=-Qu. (3.24)
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Proof. Using

** =07, I = (=T}, 0} =—04, (3.25)
the following calculations

M = o* T 0% = (=)' oI o~ ! = (1)’ M7,
will lead to the first identity of this lemma. The other identities can be proved in a similar

way. O

It is easy to check the following proposition holds basing on the Lemma 3.4 above.

+

kip satisfies a C type condition, namely

Proposition 3.5. The operator B

B —_p

mklp — (3.26)

+
mklp*
Proof. Using the Proposition 3.4, the following calculation
B}f]jlp — (Mg:kMitlQiLzm _ (_1)pl+m+p+lL2m (Qi)Mith(:)tk)*
— (_1)[11L2m* (Qi)*Mitl*Métk* + (—l)m+p+lM6tk*MfH* (Qi)*L2m*
— _(MoileilQiLZm _ (_1)p1+m+]7+lL2inMlilM0ik)’

will lead to this proposition. O

Basing on above proposition, it is reasonable to define additional flows of the N=2 supersym-
metric CKP hierarchy as

Do, L =1-(B,)—. L1, k,m>0;1,p=0,1. (3.27)

Proposition 3.6. The flows (3.27) commute with the flows of the N=2 supersymmetric CKP hier-
archy as

[

mnlp’

Dyi2] = Dby DE 5] =0. mnz00,p=0,1,ieZy, (3.28)

which holds in the sense of acting on ®.

Proof. The proposition when k = 4i — 3 can be checked as

+ +
[Dmnlp’ Dk ] o
+ + 1 knEt nt
= DmnlpDk - (_1)( ) Dk Dmnlpq)
= (DAY -, (B 1@+ [(Byy) - L@+ (=D (LY, B 1@
=0. O (3.29)

That means that the additional flows of the N = 2 supersymmetric CKP hierarchy are sym-
metries whose algebraic structure can be shown in the following proposition.

7
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Proposition 3.7. The algebra of additional symmetries of the N = 2 SCKP hierarchy given by
eq. (3.27) is isomorphic to the N = 2 super Lie algebra SWi 4.

Proof. The isomorphism is given by

z >3, & —>Q0++T3, n—>Q_+T70, (3.30)

o> T, T, > T, (3.31)
which further lead to

2 = L% & - Qi+ ML 0 Qo+ ML (3.32)

o> My, 3> M, Iy > M (3.33)

One can find the above construction keeps &, n commuting with z, £ anticommuting with n. O
4. The N =2 multicomponent supersymmetric CKP hierarchy

Let us define a N = 2 multicomponent supersymmetric CKP system in this section.

A is assumed as an algebra of smooth matrix-valued functions of a spatial coordinate x, a
grassmann variable 6+ and their super-derivation denoted as D+ = dp, + 6+ 0. We introduce the
even and odd time variables (t]j’[a, 1,45 IS{EQ, t6.o» -) With 1 <o < s and the following definition of
even and odd flows

i) i)
Diida=5——: Dy 3=z —+) lij 305 @.1)
4i—-2,a : .7

This family of infinite odd and even flows satisfy a nonabelian Lie superalgebra whose com-
mutation relations are

[Dii—24: Daj-21=0, [Dsi-24,D3; 3,41=0,

0
+ + =-2—
[D4i—3,a’ D4j—3’/3] - 23t4,‘+4j—6,a 8&,/3 ’

(D3 3.4 Df; 341=0, [Dsi20,D+1=0, [Dj

i—3,a°

D.]1=0. 4.2)

T

73’0(7

The rules of conjugation is u* = u” for any superfield where u” means the transpose of
the matrix-valued superfield u. The Lax operator of the N = 2 multicomponent supersymmetric
CKP hierarchy has a form as

E=WD V! L*=—D ED”!, R, =VE, V!, 4.3)
where
V=1+Y @”+a} Dy +a7D_+a" DD )o ™, (4.4)
i>1
satisfy
v =Dp_w!pT! (4.5)

and E, is the matrix with element at the position of «-th row and «-th column being 1 and other
ones being zeroes. The N = 2 multicomponent supersymmetric CKP hierarchy is defined by the
following Lax equations
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Dy2ob =[®&% R4 k], Dy 5 b=[®¥ Ry 1 - 2L Ry, (4.6)
D} 5 b=[A" Ry B}, A=WUD W™ k>1. 4.7

We call the eq. (4.5) the C type condition of the N = 2 multicomponent supersymmetric
CKP hierarchy. The N = 2 multicomponent supersymmetric CKP hierarchy (4.6) can also be
redefined as

Dy 20¥=—E%?Ry)_ ¥, Dy 5 W=—E"R,) ¥, (4.8)
D} 3, V=—(A%TRy)_ ¥, 4.9)
with k > 1.

With the above preparation, it is time to construct additional symmetries for the N = 2 multi-
component supersymmetric CKP hierarchy in the next section.

5. Additional symmetries of the N=2 supersymmetric CKP hierarchy

In this section, we are to construct additional symmetries for the N = 2 s-component su-
persymmetric CKP hierarchy by using the Orlov—Schulman operators. The Orlov—Schulman
operators MijE and auxiliary operator Q4 are constructed in the following dressing structure

ME, =wri o i=0,1; 1<a<s; Qe=0QsV ",
where

Too=%Eq+ = Z(4k Dtap—2,0 Ea DI+ (4k 3tji_3.qEa DY

k>1
1 _ o 2
—Eth;_wEaaz" 2044 ) G —])r‘ﬁ_&arj;_&aEaaZ'”-/ 2 (5.1)
k>1 ij>1
T, =01Ea+ Y th 5 Eqd™ 2, (5.2)
k>1

where Q.+ = g, — 6+0.
Then one can get the following lemma.

Lemma 5.1. The operators F;TL’ o» O+ satisfy

[Dai-2. — DY Eq, T g1 =Dy 3, — DY~ 3Em,rﬂtﬁ]—o j=0.1, (5.3)
[Dai 2.4 — DY *Eq, Q+1=[Dj; 3, — DY Ea. Q4] =0, (5.4)
[0+, 0] =—T1, [0+, T, ]=Es [3,T5,]=E,. (5.5)

Proof. The proof is quite similar as the proof in [18] as following

[Dsi20 = DY Ea, Ty gl = 5 L i —2) DI By p — [DH2, X1 Eubip =0,
[(Dyi 34 thi_3Ea,F(j)Eﬂ]
i 5, ———— — DY E,, TE,] (5.6)
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1 - 1.
=5 @i - 3)DY T E L8y p — Eazl—ZQiEwam,ﬂ

+2) (= )1} _3. 4 Eaba,pd® (5.7)
Jj=1

oo
=Y Qi +2j = Dt};_3 4 Eaba gD
j=1

. 1
—Eo84 DY, x — 5 Z(4k — 3ty _3 DX
k>1
=0, (5.8)

in which we used
. 1 . 1 4.
(D3, x]= S i = 3)DY 3 — EaHQi,

and
: 1 T
4i—3 + 4k—3 . + 4i+4j—-8
(D27, 2 D @k =35 5, DY T1==)"(4j =355, DY : (5.9)
k>1 j>1
For Fli o+ @+, we can prove it similarly. Also we do a direct calculation as
1 _
[0 TG 41 =10, xEg] = [Q, 5 > 13 5 Ep* 2 Q] =TT,
k>1

and other identities can be proved similarly. O
Then it is easy to get the following lemma by dressing structures.

4+ A .
Lemma 5.2. The operators M G Qu, £ satisfy

[Qs. My, )=—M{,. Qi M{,]=E. [E* M;,]=E,. (5.10)
— + k +

Dk,an))g = [(L Ra)+» Mj,ﬂ]’

Dy Qs =[(E*Ra)+. Qsl, k=4i—-2,4i -3, ieZy. (5.11)

DM =[(A Ry) 4, M),

D, Qe =[(A*Ry)+. Qsl, k=4i—2,4i -3, ieZ,. (5.12)

Here D, _, ,=Dj;_, ,=Dii 24
Proof. The dressing structure

WDy 5, — DY Eq, T 197 =0; (5.13)
will lead to

[WDG 5,V — WD E, W M1 =0. (5.14)

Here we only consider

10
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o0
[Dfi 30— (Dfi 3, 0W '+ i3 YairajeW ™ — AR, M 1=0.

j=0
Then we get
(D} 5, — (D 3, WW " — ARy, M ,1=0; (5.15)
and using eq. (4.8) we can derive
[D}i 54— (A" Ra), M g1=0. (5.16)
Similarly we can derive
(D30 — &Y Re)y, My 41=0. (5.17)

The other identities can be proved using the similar dressing techniques. O

We will introduce the following operator Brf,fliy defined as

Bl = MEEMELQUEA R, — ()PP R 12 Q) ML ML, (5.18)
where k,m > 0;/,p =0,1;1 <, B,y <s. This operator is the generator of the additional
symmetry of the N =2 multicomponent SCKP hierarchy.

Then the following proposition can be derived.

+afy

Proposition 5.3. The operator B, ;; »

satisfies the following flow equations

+ — =+
D2, BiPV — —[*2R,)_, B:2PY],

mklp mklp
- +afy 4k—3 +afBy
D3 pBopiy =—1E""Rp)—, B, 1y, 1. (5.19)
+ tafy _ 4k—-3 +afy
Dy 5 ,Buyy =—[(A" "Ry, B,y 1. (5.20)

Proof. The lemma can be proved by dressing the following identities by W

[Dax—2, — DY 2E,, Tl QL E, 0™

= [Di_lp — D¥E,, Eyrgfgrﬁs 0h™M=0. O (5.21)
To prove that Bi,?liy satisfies the C type condition, we need the following lemma.

Lemma 5.4. The operators Ml.jE satisfy the following conjugate identities,

ME = (-D'ME, Q1 =-Qx. (5.22)

o’
Proof. Using
V=0Tl T = (DT, 05 =—0u. (5.23)

,a’
the following calculations
+ —1pt Tt @1 i gt
Ml.’; = y* Fi’;\Il* = (=D v = (=DM,
will lead to the first identity of this lemma. The other identities can be proved in a similar
way. 0O

11
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It is easy to check the following proposition holds basing on the Lemma 5.4 above.

Proposition 5.5. The operator B’fzﬁy satisfies a C type condition, namely
Tafy* +aBy
Bmklp - _Bmklp : (5.24)

Proof. The following calculation
By = (MG ML QUL Ry — (= )PP R B2 QL) M M)
= (=P REEP™ QL) M My + (=)™ P MG M Q)L™ R,
= (—)PHmEPH R QL ML MG, — Ma M QUEP R,
= — (MG MR QUE" Ry — (1P PR, B2 QLML M),
will lead to this proposition. O

Basing on above proposition, it is reasonable to define additional flows of the N=2 supersym-
metric CKP hierarchy as

=+ +
Dt L =[~(Boel7)- L], kom=0:1,p=0,1;1<a,p.y <s. (5.25)

Proposition 5.6. The flows (5.25) commute with the flows of the multicomponent N=2 supersym-
metric CKP hierarchy. Namely, one has

+ + .
[ Doeh? Daicap | = Dot DE 5, | =0 monz00,p=0,1, i€z (526)

which holds in the sense of actingon Vand 1 <o, B,y, p <s.

Proof. The proposition when k = 4i — 3 can be checked as

[Doetr DE, | w

mnlp >

+ +
=DtV D W — (—1)ITPEDE DI

mnlp mnlp
= (=D PREER,) - (BT )10 + (B! ) LR, W (5.27)
+
+ (=PRI R ¢, B W (5.28)
=0. O

That means that the additional flows of the N =2 multicomponent supersymmetric CKP
hierarchy are its symmetries whose algebraic structure can be shown in the following proposition.

Proposition 5.7. The algebra of additional symmetries of the N = 2 multicomponent SCKP hi-
erarchy given by eq. (5.25) is isomorphic to the Lie algebra multi N =2 Q) SW400.

Proof. The isomorphism is given by

2 —0, & > QuEp+TT,0, nEge> Q Eg+T7 0, (5.29)
0.Ep>Tg g O:Eg>TT,, 0nEg T g, (5.30)
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which further lead to
2 —Eh EEp o> QuRg+ MR nEg > Q_Rg+ My 412, (5.31)
+ + _
aZEﬂHMO’ﬂ, BgE,gi—)MLﬂ, 3,7E/3|—>M1“3, (5.32)

where keeps &, n commuting with z, £ anticommuting with n. O
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