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Abstract. Dark energy in General Relativity is typically non-interacting with other matter.
However, it is possible that the dark energy interacts with the dark matter, and in this case,
the dark matter can violate the universality of free fall (the weak equivalence principle). We
show that some forms of the dark sector interaction do not violate weak equivalence. For those
interactions that do violate weak equivalence, there are no available laboratory experiments
to probe this violation for dark matter. But cosmology provides a test for violations of the
equivalence principle between dark matter and baryons — via a test for consistency of the
observed galaxy velocities with the Euler equation.
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1 Introduction

Dark matter is currently only detected via its gravitational effects, and there is an unavoidable
degeneracy between dark matter and dark energy within General Relativity. There could be
a hidden non-gravitational coupling between dark matter and dark energy, and thus it is
interesting to develop ways of testing for such an interaction (see [1-3] for earlier attempts).

One signal of a dark sector interaction could be a violation of the weak equivalence
principle (universality of free fall) by dark matter, under the non-gravitational drag due to
coupled dark energy. Since Galileo shattered the myth that heavier objects fall faster, the
universality of free fall has been established as a fundamental principle of gravity. Laboratory
tests have been made to show the independence of the acceleration of objects from their
masses and chemical composition. However, these tests apply to baryonic matter, and no
direct probe of dark matter is available.

If the interacting dark sector couples non-gravitationally to baryonic matter, then ex-
isting laboratory tests provide constraints on the dark sector interaction [4]. Here we assume
that there is zero (or negligible) non-gravitational coupling between the dark sector and
standard-model fields. A difference in the acceleration between dark matter and baryons
could show up in the stellar distribution in tidal trails of satellite galaxies [5]. This same
difference should also show up as an inconsistency when interpreting the relation between
galaxy peculiar velocities and overdensities, as we explain below.

We assume that gravity on all scales is described by General Relativity. Thus there
is no gravitational mechanism to violate the weak equivalence principle. Note that this is
also true of scalar-tensor theories, since the gravitational scalar degree of freedom couples
equally to all types of matter. Indeed, most metric theories of modified gravity also respect
the weak equivalence principle (see, e.g., [6]). Various tests have been developed to discrimi-
nate between metric theories of modified gravity, and non-interacting dark energy models in



General Relativity (see, e.g., [7]). But these tests do not in general apply to dark energy that
interacts with dark matter, since a dark sector interaction can introduce new degeneracies [8].
We confine ourselves to the question of how galaxy peculiar velocities can be used to detect
dark sector interactions within General Relativity.

2 Interacting Dark Energy

We briefly review the necessary background on perturbations of interacting dark energy
models in General Relativity. (For recent work with further references, see, e.g., [11].)

A general dark sector coupling may be described in the background by the energy
balance equations of cold dark matter (¢) and dark energy (z),

p,c = —=3Hpc + aQc, (2-1)
P;; - _3H(1 + wa&)ﬂaf + aQy Qz = —Qc, (2-2)
where w, = P./p., H = dIna/dr and 7 is conformal time, with ds?> = a?(—dr? + dz?).

Here Q., Q, are the rates of energy density transfer to dark matter and energy respectively.
In order to avoid stringent “fifth-force” constraints, we assume that baryons (b), photons ()
and neutrinos (v) are not coupled to dark energy and are separately conserved.

In the Newtonian gauge the perturbed metric is given by

ds? = a? [ (14 2W)dr? 4+ (1 - 2\1/)df2] , (2.3)

where we have neglected anisotropic stress since we are interested in the late universe. The
total (energy-frame) four-velocity is

ut =a! <1 -V, 8%), (2.4)
where the velocity potential v is defined by
(p+Pyv="> (pa+Pa)va, (2.5)
and A = ¢, z,b,7v,v. The A-fluid four-velocity is
u =at (1 — \If,ﬁivA). (2.6)
The covariant form of energy-momentum transfer is
V., TH = QY. (2.7)

where Qff = 0 for A = b,7,v in the late universe, while Q¥ = —Q% # 0. The energy-
momentum transfer four-vector can be split relative to the total four-velocity as

QY =Qau"+F\, Qa=Qa+Qa, u,Fi=0, (2.8)

where @ 4 is the energy density transfer rate and F is the momentum density transfer rate,
relative to u#. Then it follows that F = a=1(0,0"f4), where f4 is a momentum transfer
potential, and

Qff = —alQa(1+¥) +Qa, (2.9)
Qf = ad; (fa+ Qav). (2.10)



In the background, the energy-momentum transfer four-vectors have the form QY =
a1 (Qe, 6) = —@Q% , so that there is no momentum transfer.

The evolution equations for the dimensionless density perturbation d4 = dpa/pa and
for the velocity perturbation are:

Sy +3H(cE g —wa)da—(1+wa)k vt
—3H[3H(14wa)(ci 4 —wa)+wy|va+

—3(1 +wy)¥ = piA&QA—l—apCiA [\11—5A—3H(C§A—1UA)UA], (2.11)
2
! 302 _ %A e _ 2
Vi+H(1 3csA)vA+(1+wA)5A+\If (1+wA)pA{QA[U (1+cSA)vA]+fA}, (2.12)

where w, = 0 = ¢2, and ¢2, = 1.

For our purposes, we are interested in the behaviour of dark matter in the Newtonian
regime on sub-Hubble scales. In this case, the perturbed continuity and Euler equations
reduce to

5, — kv, = pﬁ (6Qc — Q.02 , (2.13)

v+ Hue+ 0 = e Qc(v —ve) + fe| (2.14)

C
If the right-hand side of the continuity equation (2.13) is nonzero, then the interaction will
lead to a bias in the linear regime between dark matter and baryons [12], since the baryon
overdensities obey
8§ — ko, = 0. (2.15)
If the right-hand side of the Euler equation (2.14) is nonzero, then the dark matter no longer
follows geodesics and breaks the weak equivalence principle, unlike baryons, for which

vy, + Hop + ¥ = 0. (2.16)
In the Newtonian regime, the Poisson equation becomes
kU = —47Ga® (pede + puly) - (2.17)

Here we neglect dark energy clustering, assuming that the sound velocity of dark energy per-
turbations is ¢z, = 1. Dark energy perturbations can be important on large scales depending
on the strength of interactions but they are not important on sub-horizon scales as long as
the sound velocity of dark energy perturbations is positive — since in that case, the gradient
term in the evolution equation for d, [see eq. (2.12)] always dominates over the interaction
terms. The evolution equation for 6. is then given by

5g’+H5;—4wGa2pcac—Hpﬁ(5QC—Q050)— [pﬁ(an—Qcéc)] —pﬁkQ [Qc(v—vc)Jr fc] —0. (2.18)

3 Different types of interaction

There is no fundamental theory that determines the form of the interaction, i.e., of Q¥, so
we are forced to use phenomenological models. Here we consider three types of interaction,
each illustrated with a particular form: interactions that do not change the continuity or
Euler equations; interactions that change only the Euler equation; interactions that change
only the continuity equation. The general case, where both equations are modified, can be
thought of as a linear superposition of the last two cases.



3.1 Continuity and Euler equations unchanged

A general class of interactions may be defined by requiring that there is no momentum
exchange in dark matter rest frame,

Qf = Qeug (3.1)

where @, remains to be specified. For this class, we find from egs. (2.9) and (2.10) that, for
any Q., we have f. = Q.(v. —v). Thus eq. (2.14) becomes

v, +Ho.+ ¥ =0. (3.2)

This is the same Euler equation as the non-interacting case, so that the dark matter velocity

is not directly affected by the interaction and there is no violation of weak equivalence. The

dark matter continues to follow geodesics, and feels no direct drag force from the dark energy.
An example in the form of eq. (3.1) is [9-11, 13]

Qg = _FPC ug ’ (33)
where I is a constant interaction rate. In this case Q. = —I'p.(1+9.) and eq. (2.13) becomes
ol — k. =0. (3.4)

The continuity equation is therefore the same as in the non-interacting case.

Thus for this form of interaction, there is no violation of the weak equivalence principle
by dark matter, and no bias is induced by the interaction. In fact, in the Newtonian regime,
the only signal of the dark sector interaction in structure formation to linear order is via
the modification of the background expansion history. The evolution equation (2.18) for

d. becomes
8! + O, — 4w Ga®(pede + pudy) = 0, (3.5)

which is the same as in the uncoupled case. Thus the only imprint of the dark sector
interaction on &, is via the different background evolution of H and p..

3.2 Continuity equation modified

If we keep eq. (3.1) but generalize eq. (3.3) to [14, 15]

QL = —(Tepe + Tape) ul (3.6)

then 6Q. — Qc0c = T'ypsr(de — d;). Since dark energy does not cluster on sub-Hubble scales,
we can neglect the 4, term, and we have

ol — kv, = al“w& e - (3.7)
Pe
For this interaction, the dark matter continues to follow geodesics by virtue of eq. (3.2), but
the continuity equation (3.7 is modified. As a consequence, there will be a bias induced by
the interaction.
The evolution equation (2.18) for ¢. becomes

/
o+ (H — aI’x&> 8 = ArGa® pydy + |AnGa’p, + QQHFI& +al', <&> }50. (3.8)
C C pC



(This generalizes [15], where only the case I'. = 0 is considered.)

The modification of the standard evolution for . occurs in 3 ways: firstly via the
modified expansion history in the background H and p.; secondly by the modified Hubble
friction term H — H[1 — al'yp,/Hpc]; and thirdly by the modified effective gravitational
coupling for dark matter — dark matter particle interactions,

Gu=Glip e Lo (p2) (3.9)
eff 2rGap?  ArGape \ p. ) | ’

3.3 Euler equation modified

A second general class of interactions has no momentum exchange in the dark energy frame,

QL = Qculy . (3.10)

It follows that f. = Q.(v, — v), and hence
a
v+ Hoe + ¥ = p—Qc(vgg — V). (3.11)
C

In this case, there is an explicit deviation of the dark matter velocity relative to the non-
interacting case. The dark matter no longer follows geodesics in general. Note that, even
though dark energy does not cluster on sub-Hubble scales, we cannot in general neglect the
dark energy velocity v, relative to the dark matter velocity v, in eq. (3.11).

An example of the form of eq. (3.10) is [16]

Qe = —ap Ve, (3.12)

where ¢ is the scalar field that describes dark energy and « is a coupling constant. Note that
VHyp is parallel to the dark energy four-velocity uk:

P P

In this case, Q. = a  a(pe’ +6pe’ + pedp’ — pe’¥). The perturbed Klein-Gordon equation
is [17]

5" 4+ 2H6¢ + (K* + a®V,p)0p = 2¢/ (V' + HY) + 20" ¥ — aa’p.d, (3.14)

where V() is the quintessence potential. In the Newtonian regime, the last term on the
right dominates over the other terms, while the k2 term dominates on the left, leading to

k250 = —aa’pd. . (3.15)

It follows from egs. (3.11), (3.12) and (3.13) that
5
v+ Ho+ ¥ = —ay <vc + 5), (3.16)

confirming the violation of weak equivalence. For the perturbed continuity equation (2.13),
the right-hand side becomes —ady’. By eq. (3.15), this term is suppressed by k=2 relative to
the ¢ term on the left-hand side, and therefore to a good approximation we have

8 — k. =0. (3.17)



Using (3.15) and (3.17), the evolution equation (2.18) for é. becomes

2
8! + (H + ay')d, = 4nGa’pyoy, + 4rGa? (1 + 40‘—G> Pede - (3.18)
T
As in the case of eq. (3.8), the modification of the standard evolution for . occurs in 3
ways [12]: firstly via the modified expansion history in the background H and p.; secondly by
the modified Hubble friction term H — H[1 + a¢’/H]; and thirdly by the modified effective
gravitational coupling for dark matter — dark matter particle interactions,

o2
= 1+—. 1
Geg G< +47TG> (3.19)
These effects are incorporated in the modified N-body simulations for this form of interacting
dark energy [18].

4 Testing for dark sector interactions

In this section, we discuss several possible ways to use observations to constrain the dark
sector interactions discussed in the previous section.

4.1 Continuity and Euler equations unchanged

We first consider the case where there is no modification to the dynamics of perturbations in
the Newtonian regime. The difference comes purely from the modified background evolution.
If dark matter interacts with dark energy, the dark matter density no longer decays like
a~3. This affects the distance measures in the Universe and thus changes the measurements
of CMB, SNe and Baryon Acoustic Oscillations. By combining these observations, we can
measure today’s matter density and then determine the matter energy density at the last
scattering surface. However, the distance is determined by integrating over the expansion
history and we cannot directly check the deviation at each redshift from the standard
behaviour, p. o a=3.

There is an independent way to measure the dark matter density using structure for-

mation. From the Poisson equation, the dark matter density can be written as

B _ 2U(k,a) [ kh\?
wm(a) = Qula)h? = “30.(k.a) (a—HO> , (4.1)

where we neglected the baryon contribution for simplicity (we are only illustrating the prin-
ciple, rather than making quantitative predictions). One way to measure d. is to reconstruct
. from peculiar velocities using the continuity equation eq. (3.4) because in this case there
is no modification to the continuity equation and no violation of weak equivalence principle.
On the other hand, weak lensing measures directly ¥ without bias. Thus we can use eq. (4.1)
to predict the background evolution of matter density from structure formation.

In figure 1, we plot w., /wﬁif , where wy, is the true matter density measured by weak
lensing, and we is derived from the background measurement of w,, at the last scattering
surface, assuming p,, o a~3. At late times when the interaction becomes important, this
ratio deviates from 1 due to the non-adiabatic decay of the dark matter density. In this way,
we can check the modification to the behaviour of the matter density at each redshift, using

tomographic measurements of ¥ from weak lensing.
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Figure 1. The ratio between the true matter density obtained from structure formation and the

density estimated from geometrical tests assuming the non-interacting adiabatic behaviour p,, o< a=3.

4.2 Test of the continuity equation

In the case where the interaction changes only the continuity equation, there is no difference
between the peculiar velocities of baryons and dark matter. We assume that galaxies can
be treated as test particles that are made of baryons and whose peculiar velocities, vy,
are determined by baryon peculiar velocities. Although there is an indication that this
assumption is valid [19], this should be tested by N-body simulations carefully in the presence
of interaction. We leave this for a future work.

With this assumption, we can determine peculiar velocities of baryons, vy, from
peculiar velocities of galaxies, vy. The latter can be measured for example by redshift-space
distortions (see [20, 21] for recent work). Then it is possible to determine dark matter
peculiar velocities because v, = vp.

On the other hand, density perturbations can be measured from the galaxy distribution
with a knowledge of bias. Omne possibility to measure bias is to use weak lensing. Weak
lensing measures ¥ without bias and J. can be derived from the Poisson equation (2.17).
Note that in order to measure ¥ from d., it is necessary to measure the true evolution of p.,
which is modified by interactions. However, we found that the modification to the continuity
equation has significant effects even in weak interactions cases where the effect of interactions
on p. is negligible. Thus in the following we only consider the case where we can neglect
the effect of interactions on the evolution of p.. Another possibility is to use the peculiar
velocity measurements. In the case that we consider here, the Euler equation is not modified
[see eq. (3.2)] and it is possible to reconstruct ¥ from v.. Then again using the Poisson
equation, . can be derived [22-24]. In this way we can test whether the continuity equation
is modified.

Figure 2 demonstrates the breakdown of the standard continuity equation by an inter-
acting dark energy model. We used a model where I';, # 0 and I'. = 0.
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Figure 2. The breakdown of the continuity equation by an interacting dark energy model. In this
model, v, = v. and &, — k*v. = al'z(ps/pe)de.

4.3 Test of weak equivalence principle

The weak equivalence principle is broken when the Euler equation for dark matter is mod-
ified. In this case, there is a difference between the peculiar velocities of dark matter and
baryons. With the assumption that galaxies trace baryon peculiar velocities, we measure
baryon peculiar velocities say from red-shift distortions. Unlike the previous case, dark mat-
ter peculiar velocities are different. However, without knowing that there is an interaction
between dark matter and dark energy, we estimate dark matter peculiar velocity as

v =y = vy (4.2)

The estimated peculiar velocity is different from true peculiar velocity of dark matter:
ve # vt

If the continuity equation is not modified, as happens for the model of eq. (3.12), then
the true peculiar velocity satisfies the same continuity equation as the uncoupled case. Thus,
if we use the estimated peculiar velocity, the continuity equation is apparently broken

Sl — k2ot £ 0. (4.3)

In this case, the continuity equation is not broken but v, # v,. Then we can apply the same
analysis as in the previous section. We can measure ¢, from weak lensing. Then it is possible
to prove the breakdown of the weak equivalence principle through the apparent breakdown
of the continuity equation. Figure 3 demonstrates this idea.

5 Conclusions

An interaction between dark matter and dark energy could exist in various ways which are not
detectable by any direct probe. We investigated how the Euler equation and the continuity
equation for dark matter could be modified by such an interaction, taking care to provide
a covariant analysis of momentum transfer. Modification of the Euler equation indicates a



50 ———ry

1)
>
o

™

w
o
LI B

(6'n—Kk?v,)/6°,,x100% (z
I
o
T

Figure 3. The breakdown of the weak equivalence principle for dark matter. In this model, the
continuity equation is not broken but v, # vp.

deviation of the dark matter motion from geodesic, under the drag force of dark energy —
and a consequent breaking of the weak equivalence principle for dark matter. Using three
different forms of interaction as examples, we considered interacting models in which:

(A) neither the Euler nor continuity equations are modified, so that the effect of the inter-
action in the Newtonian regime is purely via the different background evolution;

e Euler equation is unchanged but the continuity equation is modified (and conse-
B) the Eul tion i h d but th tinuit tion i dified d
quently a new bias is introduced by the interaction);

(C) the continuity equation is unchanged but the Euler equation is modified, leading to
violation of weak equivalence.

We discussed how in principle observations could be used to detect these different forms
of interacting dark energy. In case (A), we used the fact that the continuity and Euler
equations are unchanged to devise a test based on the non-adiabatic redshifting of the dark
matter. This test uses independent measurements of the Newtonian potential and the density
perturbation via the Poisson equation, to compute the true matter density and show that it
deviates from the non-interacting case.

In cases (B) and (C), the effects of the violation of the continuity equation or Euler
equation are stronger than the non-standard redshifting of the background matter density.
We showed how, given a knowledge of bias from weak lensing, tests could be constructed for
the breakdown of the continuity or the Euler equation.

A further issue raised by our investigations is how to distinguish interacting dark energy
from modified gravity. This is left for future work.
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