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Abstract: Fluxonium qubits, designed to mitigate charge noise and enhance anharmonicity,
are among the most promising superconducting platforms for quantum computing. To
understand and exploit their quantum properties and design novel fluxonium-based ar-
chitectures with improved functionalities, these systems require an accurate Hamiltonian
formulation to capture their energy level structure and quantum dynamics. This work
presents a systematic method for constructing the Hamiltonian for multi-loop circuits that
partitions the system into a set of uncoupled harmonic oscillators and a coupled anhar-
monic part originating from the Josephson circuit elements, allowing clear identification of
independent modes and isolating the nonlinearity in the Josephson terms. While demon-
strated for fluxonium-type multi-loop circuits, this method can be generalized to other
superconducting qubit architectures within the broader context of circuit QED, making it
a versatile tool for exploring different circuit configurations. Our systematic and flexible
modeling approach forms the theoretical basis for the qubit measurement and control
experiments validating multi-loop fluxonium architectures.

Keywords: superconducting qubits; fluxonium; Hamiltonian formulation; ciruit QED

1. Introduction

Superconducting qubits have become a leading platform for quantum computing
due to their balance of flexibility, performance, and scalability enabled by established
microfabrication techniques. They are well-suited for quantum gate operations, including
both single and two-qubit gates and precise state readout, essential for implementing
quantum algorithms. Additionally, these qubits offer excellent addressability, allowing
individual qubits to be controlled and measured with high precision using microwave
pulses [1-5].

However, the stability and performance of superconducting qubits depend strongly
on their circuit architecture. Key properties such as anharmonicity, noise resilience, and
coupling strength determine how well a qubit maintains coherence and executes precise
quantum operations. Different qubit designs address decoherence sources (including
charge, flux, and dielectric noise) in various ways: for instance, transmon qubits focus on
reducing charge noise, while fluxonium qubits mitigate both charge and flux noise [6,7].

Superconducting qubits, when coupled with quantum resonators, enable measure-
ment and control of qubit states via resonator-mediated interactions. This forms the
foundation of circuit quantum electrodynamics (circuit QED), the superconducting analog
of traditional cavity QED [8]. While cavity QED explores interactions between atoms and
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optical photons confined in a cavity, circuit QED adapts this to the microwave domain,
with superconducting circuits acting as artificial atoms and resonators as microwave cavi-
ties [9]. This allows for strong light-matter interactions at gigahertz frequencies, usually
using a coplanar waveguide or a 3D cavity [10,11].

Among the different types of superconducting qubits, the fluxonium qubit is one of
the most promising architectures, offering high anharmonicity, improved coherence, and
control properties [12-25]. To overcome charge noise sensitivity and the limited anhar-
monicity (encountered in charge qubits), fluxonium was designed with a large inductive
shunt. Since standard inductors cannot provide sufficiently high inductance, fluxonium
uses a Josephson junction array, known as a superinductor, to achieve this [26]. This design
preserves strong Josephson nonlinearity while suppressing charge noise by shifting the
qubit’s primary variable from charge to flux, making it tunable via external magnetic flux
Pext (i), denoted ¢, throughout this text for simplicity. However, as for all superconducting
qubits, fluxonium remains vulnerable to stability issues from external flux fluctuations and
other environmental noise that cause decoherence. Alternative multi-loop architectures
have been proposed to address stability-related challenges [27,28].

Before experimentally exploring these novel architectures and their properties, it is
essential to first understand their energy level structures and dynamics at a theoretical
level. This is achieved through circuit QED, which provides a framework for modeling
quantum behavior in superconducting circuits and analyzing how these systems interact
with electromagnetic fields. For multi-loop fluxonium qubits, it is especially useful to
decompose the circuit into two distinct parts: one that consists of uncoupled harmonic oscil-
lators and another that contains the coupled, nonlinear elements (the Josephson junctions).
This separation allows for a clearer theoretical understanding of the system’s behavior.
The harmonic part can be treated exactly, while the nonlinear Josephson terms (responsible
for the system’s anharmonicity) can be addressed either perturbatively, if the nonlinearity
is weak, or numerically, by representing the system in a truncated Hilbert space, often
constructed from the eigenstates of the harmonic oscillators (Fock basis).

This tutorial provides a detailed introduction to the theoretical analysis of fluxonium-
type circuits, especially for newcomers aiming to design qubits. This structured approach
allows for a rigorous analysis of the system’s energy spectrum and dynamical properties.
The focus of this tutorial is solely on the theoretical analysis of superconducting circuits,
thus the experimental fabrication and implementation aspects are not covered but can be
reviewed in Refs. [6,14,26,29-33]. This tutorial is intended as a stepping stone for readers
before exploring more advanced literature [1,34-40], particularly for those interested in the
theoretical foundations necessary to study and analyze fluxonium-type qubits. By pro-
viding a robust theoretical foundation, our method initiates the way for optimizing qubit
design, enhancing coherence properties and improving the overall performance of high
impedance architectures.

The paper is organized as follows: In Section 2.1, the focus is on presenting the multi-
loop fluxonium circuit, detailing its structure and how to choose independent variables
that effectively describe its behavior. This includes identifying the relevant node and
branch flux variables and introducing a method for selecting a minimal and efficient set
of variables that simplifies analysis. Section 2.2 develops the Lagrangian formulation of
the system in terms of energy contributions from capacitive, inductive, and Josephson
elements. Section 2.3 explains how redistributing external fluxes is done, in order to
remove them from the inductive terms and move them entirely into the Josephson junction
contributions, simplifying the circuit’'s mathematical representation. Section 2.4 introduces
the Hamiltonian formulation and redefining the coordinates that decouple the system into
normal modes setting up a basis for numerical calculations and experimental investigation.
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2. Multi-Loop Fluxonium
2.1. Circuit and Independent Variable Selection

The circuit includes a readout resonator, identified by the index r, which is induc-
tively coupled to the main body of the circuit through a shared inductance. This shared
element represents a fraction of the superinductance that belongs to the first loop of the
circuit’s anharmonic section, playing a key role in how the resonator interacts with the
rest of the system. Structurally, the circuit includes # Josephson junctions and # + 1 loops,
allowing each loop to be controlled separately through its own external magnetic flux.
This individual control over the loops provides flexibility in tuning the circuit’s behavior.
Additionally, by setting specific parameters to zero, this architecture can be simplified to
resemble known designs such as the fluxonium [26] or gradiometric fluxonium [27] circuits,
making it adaptable for a range of quantum applications.

The method suggests a systematic approach to analyzing superconducting qubits,
beginning with the circuit model and progressing through well-defined steps. The process
starts by deriving the Lagrangian using Kirchhoff’s laws, ensuring an accurate mathemati-
cal representation of the system. Next, we transform the Lagrangian to its normal mode
representation, simplifying the analysis of its dynamical behavior. From there, the quan-
tum Hamiltonian is obtained in the oscillator basis, followed by numerical diagonalization
which is performed to extract the energy levels. Since the system is nonlinear, its simplifica-
tion and linearization is refined upon the approach of Smith et al. [41], where the system is
approximated as linear around a specific operating point. The approach presented enables
automatic calculation of normal mode coefficients for different parameter sets.

The first step in deriving the system’s Lagrangian is identifying the minimum spanning
tree (MST) [42]. The MST is a subgraph that connects all nodes in a network while ensuring
the total edge weight is minimized. More specifically, it includes all the graph’s nodes,
avoiding loops, ensuring the most efficient connectivity with the smallest sum of edge
weights [43]. In our superconducting circuit, the MST (highlighted green part in Figure 1)
serves as the structural foundation for defining the system’s equations. Since the MST
incorporates all nodes but avoids closed loops, it allows for a systematic selection of
independent degrees of freedom. This approach simplifies the Hamiltonian’s formulation
by eliminating redundant variables and ensuring that only relevant phase differences or
node voltages are considered. Once the MST is chosed, the next step involves determining
the loop equations based on branch variables.

In circuit analysis, loops form when we reintroduce the omitted edges from the MST,
forming independent closed paths within the network. In classical circuit analysis, Kirch-
hoff’s voltage law states that the sum of voltages around a closed loop must be zero.
In superconducting circuits, where Josephson junctions and inductors play a dominant
role, it is often more useful to express loop equations in terms of flux variables rather than
voltages. Using flux variables provides a natural and efficient framework for analysis, incor-
porating key physical principles like flux quantization, Josephson relations and inductive
energy storage.

In superconducting loops magnetic flux is quantized in discrete units of &y = h/2e
(magnetic flux quantum, see Table Al in Appendix A), meaning the total flux can only take
on integer multiples of ®y. Expressing loop equations in terms of flux variables directly
accounts for this quantization, simplifying circuit modeling [42].

The Josephson equations state that the supercurrent through a junction is given by the
current-phase relation I = I sin(¢) with L. the critical current and ¢ the phase difference
across the junction and the voltage-phase relation V = %‘;—f with V the voltage across
the junction. Because phase ¢ is directly linked to the magnetic flux through the relation
Q= %4}, it becomes natural to express Josephson junction dynamics using flux variables.
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Figure 1. Schematic of a superconducting circuit based on the fluxonium architecture, comprising

multiple loops. The circuit includes n Josephson junctions and # + 1 superconducting loops, each
threaded by an external magnetic flux. L, and C, denote the inductance and capacitance of the
resonator, respectively, while L represents the shared inductance between the harmonic (resonator)
part and the qubit part. Notably, Ls constitutes a small portion of the superinductance in the first loop
of the qubit section. For each loop 7, Ly, Ej,, and Peyy(,) = ¢e, correspond to the superinductance,
Josephson energy, and externally applied flux, respectively. The MST is highlighted in green, spanning
the entire fluxonium-resonator architecture and serves as the foundation for selecting the branches
that carry independent flux variables.

The loop equations describe the relationship between Josephson junction phases,
inductive fluxes, and external fluxes applied to the circuit. These equations establish the
generalized coordinates required for deriving the system’s Lagrangian, from which the
Hamiltonian is found through a Legendre transformation.

Additionally, it is important to distinguish between branch variables and node vari-
ables when formulating these equations (see Figure 2). Branch variables represent the
difference in flux across circuit elements, while node variables correspond to the absolute
flux values at each node. Since branch variables are often expressed as differences between
node variables, the loop equations naturally incorporate them. For each branch that is
part of MST, the branch flux is expressed in terms of the node fluxes at its endpoints. This
means that, rather than treating branch fluxes as independent variables, they are directly
determined by the node flux values [44].

These variables are not directly measurable in experiments. Instead, experimental con-
trol is implemented through externally applied magnetic fluxes ¢;, which enter the fluxoid
quantization conditions for each loop [42]. These conditions place limits on the possible
combinations of internal phase differences across the Josephson junctions and they shape
the form of the system’s Hamiltonian directly affecting the structure of its energy spectrum.
While the MST-based variables serve as mathematical coordinates, their evolution under
applied flux leads to changes in observable quantities such as transition frequencies and
dispersive shifts. These observables are probed experimentally via spectroscopic techniques
in the circuit QED regime. So, although not directly accessed, the MST variables capture
the essential degrees of freedom that govern the qubit’s physical behavior and response to
control. Moreover, the parameters of the circuit (L;, C;, Ej;) are not measured directly either.
Instead, they are extracted by fitting the measured transition frequencies or spectra to the
theoretical model of the Hamiltonian. By diagonalizing the flux-dependent Hamiltonian
for various guessed parameter sets and comparing with experimental spectra, one can
derive the best fit values that reproduce the measured transitions [13].
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Figure 2. Schematic of a single-loop superconducting circuit where node variables are represented by
¢1 and ¢g, corresponding to the quantum phase degrees of freedom at each circuit node. Branch flux
variables, denoted by ®; and @y, represent the magnetic flux associated with each circuit element,
such as inductors (L) and Josephson junctions (Ej), along individual branches of the loop.

In order to define the node flux variables uniquely, we must choose one node as
the ground node, where the flux is set to zero. This choice removes redundancy in the
equations and ensures that all other node fluxes are measured relative to this reference.
Without selecting a ground node, the system would have an arbitrary global offset. This
convention is applied throughout the circuit depicted in Figure 1, where the node fluxes
serve as the fundamental variables for formulating the equations of the loops. Once
a ground node is chosen, the fluxoid quantization conditions around each loop yield
independent equations, allowing for a consistent derivation of the system’s Lagrangian
and Hamiltonian. This leads to the following set of loop equations:

¢, — L, +¢Pc, = 0
Py TP P, = P
Pe, + L, =g, = P
PrL, — ‘PEM = e,y

Flux variables for branches directly connected to the ground node are rewritten in terms of
the node flux at the non-ground terminal of each element:

$c, :‘Pr_‘f’g =¢r
Pry = Ps — Pg = Ps
PE;, = ¢1— P =P 2

4’E]n =¢n— g = Pu

We can take advantage of the fact that our circuit contains three branches consisting
solely of inductances around the node shared between the resonator and qubit part, allow-
ing us to use their current relationships to eliminate the shared inductance variable, which
means reducing the number of independent degrees of freedom

1 1 1
E¢Lr + fs¢Ls + fl¢L1 =0, (©)
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So, substituting the variables above, the shared inductance flux variable becomes
LsLq LsL
s = fr—2— + (P14 Pe)) "1 (4)
where we noted
A=LsL,+L,L; + L{Ls. (5)

2.2. Lagrangian Formulation

Starting from loop equations given in Equation (1) and the shared inductance flux
above (Equation (4)), we systematically replace each branch flux with its corresponding
node flux expression. This transforms the set of equations into a more compact and intuitive
form. Some of the inductive flux variables are redundant due to their linear dependencies
in the loop equations. To simplify the system, we eliminate these redundant variables by
expressing them in terms of node fluxes and replace the expressions in the Lagrang ian:

L= 1C47 + 3% + -+ g

21 L1+Ls 21/Ls+L, 1 21,1 1 21/ 1 1
— PP — PRy (B +5)*¢2§(f2+f3)*"'*4’n§(fn+LM)
Horpr R rpars o Puidnr, ©
Ls+Ly
—Prde; ERE — Pader 15— — Pudpe,

FP10er 15 + Pades 15+ D1, 1+ Pude, 1
+Ej, cos(¢1) + Ej, cos(¢z) + - - - + Ej, cos(@n).

To proceed with the quantization of the circuit in Figure 1, we introduce the capacitive
C and inductive { matrices, which determine the quadratic energy terms associated with
charge and flux variables:

0 G 0
C= ) . )
0 0 Cy
Li1+Ls Lg
]AL L+LK1 01 0 0
FoMeE om0 0
1 0 -1 Lt 0 0
L=
0 0 0 _L17
1 1 1
0 0 O _fn fn+L11+]

In the inductive matrix, we observe that only nearest-neighbor elements are nonzero,
which significantly simplifies the system’s representation. With this observation, we can
now express the Lagrangian in matrix form, which provides a more structured and compact
representation. In this representation, matrix A is the coupling between the external flux
terms and the flux variables in the system:

L
Loil Ks(pe]
s+ 1
A ey — [Tz(sz

A=| Goe— ¢ | (7)

1 1
fn¢g" o Lyt (PE”'H



Photonics 2025, 12, 417

7 of 15

This matrix captures how the applied external flux influences the dynamics of the
circuit by interacting with the internal degrees of freedom. Including it, we ensure that the
external flux contributions are properly accounted in the system’s equations for an accurate
description of the circuit’s response to external magnetic fields. Thus, the Lagrangian in
the matrix form reads:

A\ T . T T
Cl?r 4?1’ Or ¢r br
1 4)1 ¢1 1 (pl 1 ()bl 4)1
E=gl S 2] | | AT et ®)
(ljn ‘Pn (Pn <Pn (Pn

where J] part refers to the anharmonic Josephson part of the Lagrangian.

2.3. Redistributing External Fluxes

Certain terms, such as ¢, (external flux terms) remain constant and do not vary with
time. Since the derivative of a constant is always zero, these terms do not appear in the
Hamiltonian because do not contribute to the system’s evolution and can be safely ignored
in the equations of motion. More, eliminating these unnecessary terms simplifies the
equations, removing complexity that does not add new information about the system.

Taking out the potential part of the system, we have:

Li+Ls stLy
U =73 5B+ oty (Mgl + D)+ 33+ 5) + o+ oha (e + o)

Lyt
—pip1 % — 12— — PuaPu
+P10e, R+ Padpey 15 -+ Pue, T )
P19ty — P2Pes 15—~ Pu1Pen Ty — Pnbe, o s
—Ej, cos(¢1) — Ej, cos(@z) — - -+ — Ej, cos(¢n).

By setting the potential energy U to zero and also shifting the coordinates to absorb
the effect of the external flux, we solve for the stationary points, allowing us to determine
how the external flux shifts the equilibrium flux values in the circuit, so setting the potential
energy to zero we find the shifting due to the external flux in the system. First, we ignore
the Josephson energy term and focus only on the part of the potential energy that does not
include it. The potential energy matrix can be written as:

+1 .| A (10)
$n $n Pn

The inductive energy term generates a quadratic potential and directly determines
the flux equilibrium shift due to external flux, while the Josephson energy introduces
nonlinearity that complicates the solution. If we remove the Josephson part, we are left
with just the inductive part, which still gives insight into how the external flux affects
the system in the absence of nonlinearity. This will be corrected when we reintroduce the
Josephson part. We perform a coordinate transformation that absorbs the external flux
shift and we redefine flux variables relative to this new equilibrium. Firstly, we complete
the square in the potential energy expression. This mathematical technique allows us to
reorganize terms, especially those involving products between flux variables and external
fluxes, into a squared form that isolates the flux variables. By doing this, the external fluxes

appear in a shifted form, different from their original definitions. Because the 1/L matrix is
symmetric, we can write this equation, as
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¢Tlx =oT4,
L (11)

iX:A.

Solving this equation yields the shift vector introduced by the external fluxes, which
effectively relocates their influence from the inductive terms to the Josephson junction
contributions. This transformation simplifies the system by embedding the external flux
effects into the Josephson phase dynamics, avoiding complications in the inductive energy
terms. As a result, the flux variables are redefined to naturally incorporate external flux,
leading to a more concise and intuitive formulation of the Hamiltonian. For the inductively
coupled fluxonium-resonator system, solving the equation above yields the following

Xfluxonium — < 421 ) (12)

For architectures with n Josephson junctions and n 4 1 loops, the x vector contains the

shift vector:

results of the above Equation (11):

Ls
LG A LT (Pe e o ey + e, )

(Lo+La+-+Lys1)e; —(Li+Ls) (fey + e, 1) Xr
L1+L2+"'+Ln+Ln+1+LS X1
x (Li+1+"'+Ln+1)(‘P€]+"‘+‘PB,')7(L1+"'+Li+LS)(¢Ei+1+"'+¢t’n+]) _ X (13)
- Li+Ly+-+Ly+Lyt1+Ls - 1 4
(Lrl+"'+Ln+l>(¢€1 +A-ey )7(L1+"'+Lnfl+L5)(¢€n +¢"n+l ) Xp—1
Ly+Ly+-+Ly+Ly41+Ls
Lyt (q)f] +“'+(P€n)7(L1+‘“+Ln+LS)¢€y,+1 Xn

Ly+Lp+-+Ly+Ly41+Ls

where 7 is number of the intermediate ith loop and takes values from 1 to (n — 1), with n
being the total number of the junctions. For two loops, we retrieve the values for the
gradiometric fluxonium [27], where the effective external flux depends on the flux im-
balance in the two loops, having an inductance asymmetry controlling its sensitivity to
global magnetic flux variations. When the asymmetry is 0, the system achieves immunity
to uniform flux noise, the spectrum being equivalent to a standard fluxonium with an
equivalent flux offset:

_A( 4 )
L1+L2+LS (PEl 4)32

Xgr.fluxonium = Loge, — (L1 + Ls)ﬁbq
L1+ Ly+ Ls

(14)

2.4. Hamiltonian Formulation

We use the Legendre transformation H = }_; Q;¢; — L to derive the Hamiltonian H
from the Lagrangian £, where Q); is the generalized charge conjugate to the flux variable ¢;,
defined as Q; = 3—4; and ¢; is the time derivative of the node flux ¢;. Once the Hamiltonian
is established, it acts as the system’s energy model, showing how energy is shared between
the capacitors, inductors, and Josephson junctions. For this, the Hamiltonian must be
quantized, transforming classical variables into quantum operators.

The quantization process involves transforming the Hamiltonian into a form where it
operates on quantum states, by promoting classical variables flux and charge, into quan-
tum operators that satisfy commutation relations. In circuit QED, qubits interact with

microwave resonators in a way that allows for coherent quantum control and readout.
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Quantization ensures that energy transitions between discrete levels can be manipulated
using microwave photons and the Hamiltonian describes the discrete set of energy levels
of our system [45].

Thus, the Hamiltonian of the system is constructed based on the degrees of free-
dom associated with the n + 1 loops and n Josephson junctions and the corresponding
flux variables:

H= gi Q7 + 2(1:1 Q2 -+ 2(1:,,1 Q7

HoR R el 4 ) 0 (g 53) +o (g + )
(Pr(Pl A (Pl(PZ L, (Pnfl(Pn Lln

—Ej, cos(¢1 + xl%) — Ej, cos(g2 + Xz%) — - —Ej, cos(gy + xn%)

(15)

By setting Ly ... Ly, 1 and ¢, ... ¢, to zero, we recover the fluxonium limit, where
the system simplifies to a single Josephson junction shunted by a large inductance [26].
This result aligns with the standard fluxonium formulation, where the inductive energy
and Josephson energy define the qubit’s quantum states and the circuit behaves as an
artificial atom with well defined flux dependent energy levels. Also, setting L3 ... L, and
Ges - - - Pe,,, to zero, we recover the gradiometric fluxonium limit designed to suppress sen-
sitivity to uniform magnetic field fluctuations by incorporating a symmetric structure [27].

The new coordinates are calculated liniarizing the Lagrangian according to
Smith et al. [41] and can be expressed using normal modes:

¢r = Too®r + To1Pg, + - - + TonPg,

¢g = T1oPr + T11Pg, + - + T1,Pg, 16)

g, = Tuo®Pr+ Tn®g, + -+ TunPg,,

where T is the transformation matrix (for details see Appendix B).

Introducing these expressions (16) into the Lagrangian results in a kinetic energy term
that involves time derivatives of the node flux variables, specifically ®? terms, which in
turn gives rise to ® contributions in the equations of motion. The kinetic energy term is:

Tiin = 3(Cr T2 + Cq, T§1 -+ Cy, T2, ) D%
+3 (CrT120 +Cp TH + Tt an T} )q’le
+o 4 (G Ty + Cqy Ty + -+ Cop T )3, (17)

+(CrT00T01 +CqTioTi1 + -+ + Cq” T T ) PrPg,
+- (CrTOiToj—l—"'-FCPTpiTp]‘—l—...)CDiCD]‘-i—...,

where the cross-terms involving ®;®; are the mixed time derivative terms. By choosing T
wisely, such that TTCT = D (becomes diagonal), the mixed terms are eliminated, thus trans-
forming into normal modes [46]. This ensures that the kinetic energy has no cross-terms,
leaving us with n independent normal modes. This normal mode transformation redefines
the variables into independent modes. By regrouping the terms in the Hamiltonian, we can
identify effective parameters that characterize the system’s adjusted behavior and for the
general case, the adjusted parameters are:

Cr =GCTaH+CiT3+ - +CuT3,

C =CTH+C T4+ +C,T?
' 210 11 n-1n (18)

Cn =GCT3+CiTAH + - +CuTs,
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Li+Ls.y (Le+L 1y, (1 1\, 11\,
Lg = T —\T — 4+ T = T
R="4 00+(L A +L%) 10+(L2+L31) 20 +(L,anH) " 19
S
—XTooTw - ETloTzo - = ET(n_1)oTno
Lyt Ls,  (Le+Lr 1y, (1 1y, 1\
Li=—% T01+( A +f2) 11+<L +T3>T21+ +(7+ n+1)Tn1
Ls 1 1
_XTMTH - ET11T21 - = L*WT(nfl)lTnl (20)
Li+L, (Le+Le 1y, (1 1y, X
Lo = T )T 4 (—+ )T = T
" A 0"+(L A +L%) 1”+(L +L31) n +(LH+L,,+1) o (21)
_XSTOnTln szlnTZn T ET<”*1)"T””

After shifting the external fluxes and applying the appropriate parameter transfor-
mations, the Hamiltonian can be expressed in a form that clearly separates the harmonic
dynamics of the system from its nonlinear components. Specifically, the Hamiltonian
now consists of a normal mode part, which includes the capacitive and inductive energies
written in terms of decoupled charge and flux variables and a Josephson junction part,
which retains the nonlinearity through cosine terms dependent on the shifted phases and
external fluxes. The full Hamiltonian is given by:

R 1. 11 ' . 27
H—zQ CQ+3® L<I>+;E]kcos(qu0+xkq)o), (22)

where Q is the vector containing the modified conjugate charge variables, and ® repre-
sents the vector of modified flux variables corresponding to the system’s normal modes.
Additionally, C and { are capacitive and inductive matrices containing the new coordi-
nates. These flux variables are defined such that the quadratic part of the Hamiltonian
becomes diagonal, effectively decoupling the modes and simplifying the analysis. Here,
T denotes the k-th row of the transformation matrix used to diagonalize the linear part of
the Hamiltonian and isolate the normal modes. Additionally, ¢ is the vector containing
the transformed reduced flux variables, which are related to the physical phases across the
Josephson junctions and appear in the nonlinear cosine terms and x; is the new equivalent
external flux for the k loop. This formulation highlights the separation between the linear,
diagonalizable dynamics of the system and the nonlinear contributions from the Josephson
junctions. Next, to calculate the Hamiltonian matrix elements, the cosine term must be bro-
ken down using the addition formula cos(X £ Y) = cos X cos Y F sin X sin Y adapted for
the number of elements in the cosine. This allows the cosine and sine matrix elements to be
computed analytically through expressions involving the associated Laguerre polynomials
2, following the method outlined by Smith et al [41].

3. Conclusions

In this work, we introduced a structured method for constructing the Hamiltonian
matrix of fluxonium-based superconducting circuits, particularly for systems where the
capacitance matrix is diagonal, ensuring no direct capacitive coupling between different
elements of the circuit. Central to this method is a variable redefinition process that allows
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the complete elimination of cross-terms by selecting a set of independent variables that
decouple the system through normal mode decomposition.

For the multi-loop fluxonium architecture, this redefinition has a significant outcome:
all external flux contributions are fully transferred to the Josephson junction anharmonic
terms. This shift simplifies the overall circuit representation and facilitates a more organized
formulation of the system’s Hamiltonian. Also the matrix elements associated with the
Josephson terms can be expanded using Laguerre polynomials, enabling efficient numerical
diagonalization and analysis of the energy spectrum.

This approach not only aligns with known limits, such as standard fluxonium [26]
and gradiometric fluxonium [27] configurations but also provides a broader framework
applicable to more complex superconducting qubit circuits. By decoupling the dynamics
into normal modes, we are able to isolate the behavior of each loop within the circuit.
This isolation supports targeted experimental investigations, especially those involving
quantum non-demolition (QND) measurements [47].

By transforming the system into a basis in which the linear part of the Hamiltonian
is diagonal, the modes become decoupled at the quadratic level. This enables clearer
identification of the dominant dynamical degrees of freedom and facilitates analysis of how
different noise channels couple to the system.

We propose that this theoretical framework can serve as a blueprint for analyzing the
dynamics of multi-loop qubits, providing the theoretical tool that helps determining the
quantum dynamics of novel multi-loop superconducting circuits, which is necessary for
understanding and guiding qubit characterization and control experiments. In the long
run, our method provides the theoretical basis for the development of more reliable and
scalable multi-loop superconducting qubit systems.

In addition to their role in quantum computing, multi-loop fluxonium-type qubits
may also find applications in the emerging field of quantum interconnects. Their high
impedance, enhanced coherence, and tunable nonlinear interactions make them promising
candidates for mediating coherent information transfer between modular quantum sys-
tems. These features are particularly relevant in the context of long-distance entanglement
distribution, quantum memory interfacing, and hybrid quantum network architectures
that are central to the vision of future quantum communication systems [48].

Although our method provides a flexible theoretical framework for multi-loop super-
conducting circuits, its applicability is based on specific circuit characteristics. In particular,
the formalism assumes a diagonal capacitance matrix and a strongly inductive network that
enables mode hybridization and flux redistribution. In contrast, transmon qubits are de-
signed to operate in the low-impedance regime, where the charging energy is small and the
system’s behavior is dominated by capacitive terms. While certain elements of the approach
like normal mode analysis may still be applicable, the full formalism in its current form is
not directly transferable to transmon-like architectures without significant modification.

Uncertainties in parameters and imperfections during fabrication can have a noticeable
impact on how well qubits perform. The modeling approach we use works especially well
for studying how sensitive multi-loop circuits are to such imperfections. Because the energy
terms are written directly into the Hamiltonian, changes in these values can be easily built
into numerical simulations. Findings indicate that asymmetries in the inductive setup
can bring back sensitivity to global flux noise and cause shifts in the circuit’s optimal
operating point.

The influence of flux fluctuations and other noise sources on multi-loop fluxonium
coherence properties is a critical aspect of qubit performance. While this work focuses on the
theoretical formulation of the Hamiltonian, a detailed study of decoherence under realistic
noise models is currently in preparation, where we use this framework to analyze how
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the flux, charge, quasiparticle, and critical current noise influence decoherence processes,
energy level stability, and overall circuit stability.
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Appendix A. Table of Symbols

Table Al. Summary of frequently used symbols throughout the manuscript.

Symbol Description

Cr Capacitance of the readout resonator

Ci Capacitance of the i-th Josephson junction

L, Inductance of the readout resonator

L; Inductance of the i-th loop in the qubit section

L Shared inductance between resonator and first loop
Ej, Josephson energy of the i-th junction

Ec Charging energy

Er Inductive energy

¢ Node flux variable at node i

be; External magnetic flux threading loop i

Dy Magnetic flux quantum, 1 /2e

Q; Generalized conjugate charge variable to ¢;

ox Reduced phase variable: ¢; = 27¢p; /Py

C Capacitance matrix

1/L Inductance matrix

T Transformation matrix to normal modes

P Vector of normal mode flux variables

A Flux coupling vector (external flux contributions)
L Lagrangian

H Hamiltonian

Appendix B. Construction of the Transformation Matrix

The linear part of the Lagrangian contains a kinetic term of the form:

1.1, 1 -
Liin = 59"Ch,  Lpot = —59'L 79, (A1)
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where ¢ = (¢, <pq)T are the node flux variables for the resonator and qubit modes,
respectively. To decouple the linear part of the Lagrangian, we solve the generalized
eigenvalue problem:

(CflLfl)vk = a),%vk, (A2)

where wy are the normal mode frequencies and vy are the eigenvectors. We begin by
rewriting this using the square-root decomposition of C, which is positive definite:

c=cl/2cl2 (A3)
We introduce a change of variables:
_ 1,7, 1
§=C"29, = Lun=38"8 Loo=—5T"AL (Ad)
where:
A=C Ve (A5)

The matrix A is real and symmetric, meaning it is diagonalizable:
A = STST, (A6)

where I' is diagonal and S is orthogonal.
The full transformation to the normal modes is then:

T=C1?s, ¢=To, (A7)

where @ are the flux variables corresponding to decoupled normal modes [49].
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