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Abstract

The properties of the Cournot model based on the most general entanglement operator
containing quadratic expressions which is symmetric with respect to the exchange of
players are considered. The degree of entanglement of games dependent on one and
two squeezing parameters and their payoff values in Nash equilibrium are compared.
The analysis showed that the relationship between the degree of entanglement of the
initial state of the game and the payoff values in Nash equilibrium is ambiguous.
The phase values included in the entanglement operator have a strong influence on
the final outcome of the game. In a quantum duopoly based on the initial state of a
game that depends on one squeezing parameter, the maximum possible payoff in Nash
equilibrium cannot be reached when the value of the phase parameter is greater than
zero, in contrast with a game that depends on two parameters.

1 Introduction

Since the publication of Eisert, Wilkens and Lewenstein’s papers [1, 2] on the quanti-
zation procedure for the classical game in 1999 and 2000, the topic of quantum games
has been the subject of extensive research [3-33]. The main advantage of quantum
games over their classical counterparts is the potential for higher payoffs when the
initial state of the quantum game is maximally entangled; on the other hand, for the
vanishing squeezing parameter the game reduces to classical form.

The question arises what is the relevance of quantum games in real economic
market situations. It seems that the valuable answer can be derived from the remarks
made already at the beginning of the subject [1, 10]. As noticed by Eisert et al., any
quantum game can be played by purely classical means; a quantum game can be
replaced by a classical one if one allows for considerable extension of the classical
game we have started with [10]. The extended classical game provides the proper
payoffs, however at the expense of time and less economical use of the resources.
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This reasoning can be reversed: given a complicated classical game that requires large
resources, one can ask whether the quantum game can be found which reproduces the
relevant payoffs but is more economical way as far as resources are concerned. This is
also valid question in real market economy. For example, it can happen that the valuable
predictions are not possible in real time (which is sometimes dramatically important)
if one doesn’t refer to the quantum game which reproduces the payoffs of the classical
extended one. From this point of view, the quantum game theory is the particular
case of quantum computations. It should be noted that finding the quantum game
embracing a complicated classical one may be a difficult task. Therefore, it seems that
the reverse strategy is more promising: one selects the most important simple classical
games, quantizes them and, finally, looks for the classical games derived from the set
of quantum ones. The authors of [1] refer also to different context. They speculate, on
the basis of Dawkin’s famous book “The selfish Gene” [34], that ”games of survival
are being played already on the molecular level where quantum mechanics dictates the
rules” [1]. Finally, the extremely exotic possibility is that the human consciousness
has the quantum origin [35].

The quantization scheme proposed by Eisert et al. dealt with games possessing a
discrete set of strategies. However, in the classical game theory, we are not always
dealing with a discrete set of strategies. For games that have applications in economics,
an optimal solution belonging to a continuous set is often sought. For games with a
continuous set of strategies, a quantization scheme was introduced by Li, Du and
Massar [36], who presented their proposal using a simple competition model such as
the Cournot duopoly as an example.

This initiated a series of papers showing that in other models of market competition
known in economics, such as Stackelberg’s duopoly model, Bertrand’s duopoly model
or the model with more than two participants [37], higher payoffs in Nash equilibrium
can be obtained by using quantum strategies instead of classical ones [38—43]. The
main difference between the Cournot, Bertrand and Stackelberg duopoly models is
as follows. In the Cournot model, assuming constant production costs, producers try
to determine the volume of production in order to obtain the highest possible profit,
whereas in the Bertrand model the producer’s decision variable is the price of the
product rather than the quantity produced. In the third model, the Stackelberg model,
the firm decides whether it is more profitable to be the price leader or to follow
another leader. In addition to the basic versions of the above models that we can find
in economics textbooks [37], modifications of these models have also been analyzed.
The Cournot duopoly model has also been considered for nonlinear price functions,
quadratic cost functions [44-46] or when the knowledge of the game is not the same
for both players [47]. The cases with incomplete information were considered in the
Bertrand [48] and Stackelberg duopoly [49, 50]. Bertrand’s model was also considered
under the assumption that products offered by oligopolists differ from each other [51].

In 2005, Qin et al. [52], using the Bertrand model as an example, proposed quan-
tization scheme for asymmetric games with a continuous set of strategies, that is,
when, for example, players/companies operate under different conditions or they have
a different set of information. This scheme is based on an entanglement operator that
depends on two squeezing parameters and has also been used in the analysis of the
asymmetric Stackelberg model [53, 54].

@ Springer



Quantum Cournot model... Page3of28 371

Cournot’s quantum model was also considered in asymmetric form that is using an
asymmetric entangled state [55]. The authors of this model modified the model of Li
et al. [36] using additionally two single-mode electromagnetic fields. As a result, the
entanglement operator depended on three parameters.

Since quantum game models offer the possibility of higher payoffs than their classi-
cal counterparts when the initial state of the game is entangled, it seems natural to ask
whether, while preserving the properties of the classical game, it is possible to obtain
higher payoffs using more than one squeezing parameter. In discussing the properties
of the game, we primarily refer to its symmetry. That is, we assume that the quantum
game is symmetric with respect to the exchange of players, provided that the classical
counterpart is also symmetric. In the present paper, we consider such a model, which
means that the game entanglement operator is symmetric with respect to the exchange
of players but has a more general form than the one proposed by Li et al., and depends
on two entanglement parameters. To check the dependence of the payoff on the degree
of entanglement of the initial state of the game, we compute the entanglement entropy.
Our study aims to compare the properties of a quantum game based on an initial state
that depends on a single squeezing parameter with those of a game that depends on
two squeezing parameters, while maintaining the symmetry of the game.

The paper is organized as follows. In Sect.2, we describe the classical Cournot
model. The quantization scheme of games with a continuous strategic space proposed
by Li et al. is presented in Sect.3. The form of general entanglement operator and
the Cournot quantum duopoly model based on it are presented in Sect.4. Section5 is
devoted to a comparison of the payoffs of players in duopoly models based on one
and two squeezing parameters, as well as an analysis of the degree of entanglement
of the initial states of the models under consideration. The final section contains some
conclusions. Some detailed calculations are included in the appendices.

2 The Cournot’s duopoly model

The eternal question posed by the entrepreneurs is what the optimal level of production
should be to achieve maximum profit. Obviously, the answer depends on the prevailing
market conditions. The analysis of business behavior is frequently conducted under
the conditions of perfect competition or monopoly. However, these situations are far
from reality, and thus, oligopoly models, which better reflect the real market, are often
considered.

One of the most well-known oligopoly models is the Cournot duopoly, which is
based on the following assumptions:

1) there are only two producers of a given good,

2) the product of both producers is homogeneous,

3) the cost of production is the same in both companies and the marginal cost is
constant,

4) the product price is set by buyers, while sellers adjust the production quantity
according to the already established price,
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5) each producer simultaneously estimates the demand for their product and sets the
quantity of their production assuming that the production volume of the competitor
will not change.

We can describe this simple model as follows. Let

O=q+q (D

denote the total quantity of production, where g1, g2 are the production quantities of
company 1 and 2, respectively, while

_|p—Qforp>Q
P(Q)_{O for p < Q )

is the market-clearing price, where p > 0. The total cost to company i of producing
the quantity g; is

Ci(qi) = cqi 3)

which means that the marginal cost equals ¢, where we assume ¢ < p. The payoffs
can be written as

7i(q1,92) = qi(P(Q) —c)=qi(p—c—q1 —q2) =qitk —q1 —q2), (4)

withk = p —c,i = 1, 2. In the context of game theory, a duopoly can be defined as a
two-person game in which each player/company aims to identify the optimal strategy,
within the set of all possible strategies g;, that will yield the greatest profit, under
the assumption that the other player strategy is fixed. Thus, solving the optimization
problem n}]ax i (qi, q;) we find the pair (¢, g3)

k
k *
— —_— 5
9=9=3 (5)
which is the Nash equilibrium. Substituting the solution (5) into the payoffs function
(4), we get
k2
Ti(gr. 47) = mq1. 42) = 5 (©)

It is important to note that, in the Cournot model, there is no cooperation between
companies, and they make their decisions simultaneously.

3 Quantum version of the Cournot’s duopoly

The quantization scheme of the games with continuous strategic space was proposed
by Li, Du and Massar [36]. The transition from the classical game to its quantum
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counterpart involves the preparation of a Hilbert space for each player and the assign-
ment of specific quantum states to the potential outcomes of each classical strategy.
Given that the set of strategies in the classical duopoly is continuous, it is necessary
to utilize a Hilbert space of a continuous variable quantum system. In this context, the
authors have selected two single-mode electromagnetic fields with a continuous set of
eigenstates. The initial state

J(B) 10y, ® [0), (7

is the starting point of the game; here |0); for i = 1,2 are the single-mode vacuum
states of two electromagnetic fields. J (8) is the entangling operator which must satisfy
two conditions:

(1) symmetry with respect to the exchange of players/companies (in accordance with
the symmetry of the classical game);

(i1) the classical game must be faithfully represented by its quantum counterpart; this
will be satisfied if J(8) = J(B)* = I for some particular B (in this case g = 0).

The operator J (B) has form
J(p) = e Pl -ndn), ®)

where g > 0; a;r (a;) is the creation (annihilation) operator of i-th company “electro-
magnetic field.” In fact, Eq. (8) describes the two-mode squeezing operator where S
is called the squeezing parameter [56]. Thus, the action of operator J (B) on the state
|00) creates the two-mode squeezed vacuum state (Eq. (7)). The quantum strategies
of each player are represented by unitary operators

Di(x) =@~ i €[0,00), i=1,2. ©)
Hence, the final state is given by

[vr) = J(B) (D1 (x1) ® Da(x2))J (B) 00} , (10)

where |00) = |0); ® |0),. The quantities of companies are determined by the final

measurements g; = (wf| X i |Wf>- The functions niQ (x1, x2) determined according to

. % _ kcosh B,
Eq. (4) reach maximal value for x}* = 7 276

Nash equilibrium are

thus, the payoffs corresponding to the

k%eP cosh B

Q/ % % _ _0/, % _x _
7T1 (xlv'xZ) _77:2 ('xl’x2) (3C0$hﬁ+sinhﬂ)2.

(1)

The profits depend on squeezing parameter; when 8 = 0, the quantum game acquires
the classical form described in Sect. 2. However, for B — oo the payoffs in the
Nash equilibrium converge to k%/8. Therefore, in the case of a maximally entangled
quantum game, the players are able to achieve higher profits than they would in a
classical game.
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4 More general form of entangling operator

From the previous section, we see that the optimal outcomes of the quantum game
depend on the value of the squeezing parameter §; the higher its value, the more profits
players can make. This observation gives rise to the question of whether the enhanced
profits could be attained in the quantum Cournot duopoly if the entanglement operator
was to possess a more general form and was to depend, for instance, on two squeezing
parameters.

Let us suppose that the entanglement operator has the following form:

~AT2

j] (8, g) = 65*(&]2+&§) a(al +a2 )+E*a1a2 sa (,12 (12)

where § = we'?, £ = Bel?; 0, ¢ € [0, 21), a, B € [0, 00) are the squeezing param-
eters. The operator J1 (8, &) reduces to J (B) described by Eq. (8) for « = 0 and
0 = 0; thus, the parameter § is equivalent to the squeezing parameter of the two-
mode squeezing operator [56]. On the other hand, for 8 = 0 the J 1(6, &) reduces to
two single-mode squeezing operators with o > 0 as squeezing parameter [56]. Note,
however, that the operator Ji(8, &) is not equal to the product of the two-mode and
two single-mode squeezing operators because the term 6* (a7 + a3) — (S(AT2 al 2)
does not commute with £*aja; — & &I&; Equation (12) describes the most general
form of the operator containing the quadratic terms in creation/annihilation operators,
which is symmetric with respect to the exchange of players. An entanglement operator
that also contains quadratic expressions but does not satisfy the symmetry condition
for player substitution was presented in reference [55]. A comparison of the operator
J 1(8, &) with the operator discussed in reference [55] is included in Appendix A.
Following the scheme of Li et al. [36], we have to find

gi = (Wf]‘}?l Wff1>’ =12, (13)

where the final state is now of the form

(W) = J] @, &)(D1(x1) ® Da(x2))J1 (8, €) [00) . (14)

To do this, we need to determine the expressions

J1(8,)a;J] (5, 8) = etaze,

A A . . (15)
hi6.8)a] I 6. &) =eale?
fori =1, 2, where
A A]’Z A{Z kA A A'I’A‘;‘
A =§* (a1+a2)—8( +a,) +&aax —€aa,. (16)
Let us write
Gi(1) = e'dgietA, (17)

@ Springer



Quantum Cournot model... Page70f28 371

Differentiating the above equation with respect to ¢, we get
&i(1) = e Adre™A — i Ae A = (A, 41 (1)), (18)
Using Eq. (18), we find

ai(r) = £al () + 284} (1)
ar (1) = 4] (1) + 284 (1)

t (19)
ay(t) = &*ax (1) +28%a (1)
a3(1) = £*a1 (1) + 28" (1)
or, in the matrix form
a1 0 0 25¢) (@)
aw | 1o 0 &2 a®
aw | T2t e 00 ||ajo (20)
fl;([) E¥ 250 0 ay(t)
The solution of Eq. (20) is
a(t) = ¢'Ma(0) 1)
where
a () 0 0 25 &
ar (1) 0 0 £25].
aO=lan | M=l e 00|
a;(t) £ 250 0
fort = 1 we have
a(l) = ¢Ma(0). (22)

Accordingly, the explicit form of Eq. (15) can be obtained by computing ¢, which
assumes the form (see Appendix B for detailed calculations)

%(cosha + cosh b) %(— cosha + cosh b) %(ad sinha + bf sinh b) %(—ad sinha + bf sinh b)
% (—cosha + cosh b) %(cosh a + cosh b) %(—ad sinha + bf sinh b) % (ad sinha + bf sinh b)
e = 3 (Sizza + Si;:;b) 3 (— sinha 4 Si;:;h) 4 (cosha + cosh b) 1 (—cosha + cosh b)

i (— sinha 4 —Sig?h) i (—Si;‘z“ + —Sig;b) (= cosha + cosh b) 1 (cosha + cosh b)
(23)
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where

= \/4012 + B% — dapf cos(6 — ),

b= \/4a2 + B2 +4aB cos(d — ¢),

L1 6+9) (24)
2elfq — B’

i 6+9)

T 260 + e’

f

Equations (15) take the form

J1 (8, E)&lff(é, &) =%((cosha + cosh b)a; — (cosha — cosh b)ar

— (ad sinha — bf sinh b)a] + (ad sinha + bf sinh b)a}),
Ji (8, E)&sz(b‘, &) =%((cosha + cosh b)a, — (cosha — cosh b)a

— (ad sinha — bf sinh b)aj + (ad sinha + bf sinh b)a)),
18, 8)al Il s, ) :ﬁ(abd f(cosha + cosh b)a] — (cosha — cosh b)a,

+ (bf sinha + ad sinh b)a; — (bf sinha — ad sinh b)ay),

A s 1 - .
J1(6, 5)&;J1' (8, &) =2abdf ((cosha + coshb)a, — abdf (cosha — coshb)a,
+ (bf sinha + ad sinh b)ay — (bf sinha — ad sinh b)ay).
(25)
The final measurement defined by Eq. (13) yields
q 1_2 ha 4 2coshb + 1+d'h+ 1+bf'hb~
=— cos cos — sin — sin
M=y . ad " T \br ’”
1 1 i
—{2cosha —2coshb+ | — +ad |sinha — [ — + bf | sinhb | x> |,
ad bf i
q 1_2 ha + 2coshb + l—i-d'h—i- 1—l—bf'hb~
= — in — in
2=y i cosha cos o Ta sinha b S X
1 1 i
—[2cosha —2coshb+ | — 4+ ad ) sinha — | — + bf | sinhb | X1 |.
ad bf |
(26)
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In the next step, we determine, according to Eq. (4), the quantum profit functions
ﬁle (X1, X2); their explicit form is given in Appendix C. From the conditions

0~ =
8 9
ML), @7)
8x1
~0,~ =
a )
dag X)) (28)
dx2
we get
P

k(2(cosha + coshb) + (7 + ad) sinha + (57 + bf) sinh b)

(2coshb + (# +bf) sinhb)(2cosha + 4coshb + (L + ad) sinha + 2(bif + bf) sinh b)
(29)

provided

2ad cosha + sinha + a’d® sinha # 0,
2bf cosh b + sinh b + b% f% sinh b 0.

The payoffs corresponding to the Nash equilibrium read
il ) =al 7, %)

k2(2coshb + (bif +bf)sinhb)(2cosha + 2 cosh b + (L + ad) sinha + (ﬁ + bf) sinh b)
N 2(2cosha +4coshb + (2 + ad) sinha +2(ﬁ + bf) sinh b)2

(30)
with a, b, d, f defined by Eq. (24). The payoffs depend on four parameters: two
phase parameters 6, ¢ € [0, 2] and two squeezing parameters «, B € [0, 00).

In the case of « = 0, the entanglement operator J; (8, &) (12) reduces to an operator
that depends on one squeezing parameter and one phase parameter

J(§) = e tilfrehh g = gt (1)
and the payoffs read

k? cosh B(cosh B + cos @ sinh j)
(3 cosh B + cos @ sinh B)2

ul (. xy) = ud (o} xd) = (32)

If we additionally put & = 0, we obtain exactly the duopoly model described by Li et
al.

Both functions “82 (x}, x3) and ﬁgz(if, X3) do not exceed the value %. The first
one approaches its maximum value for = 0 and 8 — oo. For the second function,
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o
ui,, (%7, x3)

0.124
0.122 o
0.120 ¢
0.118 o=
0.116 _gur
0.114 :
0.112
B al0) 0.5 1.0 1.5 2.0 2.5 3.0°
(a) the payoff ufl_?(:c]‘, x3) as a function of the squeez- (b) The payoff ugz(x]‘, x3) for selected values of the
ing parameter § and phase parameter 6. phase parameter 6.

Fig. 1 Payoff at quantum Nash equilibrium described by Eq. (32) for k = 1

. . . . .2 0 ax ~
it can be shown analytically that its maximum value is % Just note that & 1Q2 (x7, x3)
can be written in the form

0w e Ruiitz) K 2
uﬁz(xf,xz):m:?(z—z ) (33)
where

1
z1 = 2coshb + (ﬁ + bf) sinh b,

1
7o = 2cosha + (— +ad)sinha,
ad

.= 21
2z1+ 2

Thus, for z = % the function u 82 ()Ei*, i;‘) reaches its highest value equal to %.
Let us examine the payoff function defined by Eq. (32) in greater detail. For higher

values of phase parameter, its values increase at a slower rate with an increase in the
k> (1+cos0)
(34cos )2
Hence, in the limit, it attains its minimal value for 6 = %, which is equal to the payoff

parameter (see Fig. 1). The function u? (x¥, x3) goes to when 8 — oo.
12X X

in the classic Cournot model, and its maximal value for & = 0, which is equal to %.
As illustrated in Fig. 1, forthe 6 € (0, %) the players cannot reach the maximum value
of payoff in the model depending on only one squeezing parameter 3.

The payoff function described by Eq. (30) depends on four parameter. Obviously,
ﬁgZ()Ef, X3) reduces to ugz(xi", x3),i =1,2,for § = 0. The graphs of this function
for selected values of phase parameters are given in Fig.2. In contrast, when the
entanglement operator depends on two squeezing parameters, the payoff function
fﬁQ,z ()Ef‘, X3) can reach its maximum value even if 6 and ¢ are different from zero,
see Fig.2. In particular, when 6 = ¢ = 7 (Fig. 2a) and § — o0, the payoff goes to
0.1242 for ¢ = 0 and to 0.125 for « — o0. As can be seen in Fig. 2a, the function
u gz (%7, X3) reaches its maximum value very quickly: foree = 1 and 8 = 2, the payoff
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(a) p=0=7% (b)¢=350="F (©é="0=3%

Fig.2 Payoffs at quantum Nash equilibrium described by Eq. (30) as a function of the squeezing parameters
o, Bik=1

Fig.3 Payoffs at quantum Nash equilibrium described by Eqgs. (32) (the blue surface) and (30) (the orange
surface) for¢p =0 andow = B; k =1

is already 0.1249. When the values of the phase parameters are different, as in Fig. 2b
and ¢, reaching the maximum possible payoff sometimes requires higher values of the
squeezing parameters. With « = 0 and 8 — oo, the payoff (Fig. 2b) is only 0.0557;
to get 0.1249 the parameter « needs to be about 4.5. A comparison of Fig. 2b and ¢
suggests that the phase parameter 6 has a greater effect on reducing the payoff value
with fixed & and B than the parameter ¢. In the case of the function described in
Fig. 2c, substituting « = 0 and going with 8 to infinity, we obtain the payoff equal
to 0.1224, whereas a value equal to 0.1249 is already obtained, for example, with
a=0.708=2.

If we put 0 = ¢ and @ = B in Eq. (30), the result is a function that depends on only
two parameters, just like the function “?,2 (x}, x3) described by Eq. (32). The graphs
of both functions are shown in Fig. 3. We can see that the phase parameter, which has
a significant effect on the payoff ”?,2 (x7, x3), which reaches a minimum value for
6 = 7 despite the increasing value of the parameter 8, does not affect to the same

extent the function ﬁgz (X}, X3) which reaches a value of about 0.1244 for 6 = % and

g =1.
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5 Degree of entanglement versus payoff of the quantum game

Both for the games with discrete and continuous sets of strategies, the advantage of
quantum games as compared to their classical counterparts is due to the entanglement
of the initial state of the game. For example, as one can infer from Fig. 3, the largest
payoff values in a Nash equilibrium are obtained with maximally entangled states. As
the entanglement parameter approaches zero, the quantum game coincides with its
classical counterpart.

Let us compare the degrees of entanglement of the games based on J (§) and
Ji (8, &) (defined by Eqgs. (31) and (12)) and their payoff values in a Nash equilibrium.
To determine the degree of entanglement of a game, it is necessary to use some measure
of entanglement. For Gaussian states, which we are dealing with, many measures of
entanglement can be found in the literature [57, 58].

One of the simplest measures is the entropy of entanglement which, for a pure state,
can be expressed in terms of the covariance matrix. In the case of a bipartite Gaussian
pure state, the entanglement entropy is of the form [59]

<X 1 1 1
S = Z <u, >log2 < §> - (/Li - 5) log, (,ui - E) (34)

where p; are the symplectic eigenvalues of the correlation matrix o of any of the
subsystems. It remains to explain what symplectic eigenvalues are.
Let us define the column vector

~>
|
>

(35)

where X, Pk, k = 1,2, are position and momentum operators with the canonical
commutator [X P P;] = i8y;. The vector 7 obeys the following commutation relations

[Pk, 7] = iQpu (36)

where

o= (_01 é) =1,® (_01 é) 37)
k=1

is a symplectic matrix, 1,, being the n x n identity matrix. The inverse of the matrix
Qis

Q=" =—q. (38)
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For Gaussian states, we can define Gaussian unitary operation as a transformation that
maps a given Gaussian state onto another Gaussian state. Such a transformation can
be assigned a unique symplectic transformation, S € Sp(2n, R), which preserves the
commutation relations

iQ = [, {1 = S, F11ST; (39)

thus, Q@ = SQST.
The covariance matrix of n-mode system defined by

1
Ok = 5 (P, 713) — (7e) (7r) (40)

where {-, -} denotes an anti-commutator, transforms under the action of a symplectic
transformation as follows

o' =SosT. (41)
According to Williamson’s theorem [60], any real symmetric positive definite matrix
of order 2n x 2n can be diagonalized by an appropriate symplectic transformation
Sw € Sp(2n, R):
T _
SwoST = oy, (42)

where

Uw=diag(“*1:l‘627-~'5Mn7,u'17/~"'2’"‘7I‘LI1)' (43)
All the u; are real and the n distinct eigenvalues of oy, are the symplectic eigenvalues
of the covariance matrix o.

In order to find the values of the w;, let us consider, for any given covariance matrix
o, anew matrix K such that

o=-KQ. (44)

By multiplying both sides of Eq. (44) from the right by Q~! and using Eq. (38), we
obtain

K =0%. (45)
If two covariance matrices, denoted by o and o”, are related by a symplectic trans-
formation, then the corresponding K and K’ matrices are related by a similarity
transformation

K =0'Q=505"TQ=250Q5 ! =sKks! (46)
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S
0.08/

0.06+

0.04+

0.02+

002 004 006 008 010

Fig.4 Entanglement entropy of state | W) = J (&) 100)

which means that the matrices K and K’ have the same eigenvalues. It can be checked
that the eigenvalues of the matrix K’ = 0,2 are equal to {&=i u;}. Thus, in order to
find the symplectic eigenvalues of the covariance matrix o, it is sufficient to determine
the eigenvalues of the matrix K = o Q2.

Now we can find how the entanglement entropy of initial state depends on the
entanglement operator.

A. The degree of entanglement of the initial state |\V,) = J (&) 100)

First, we determine the covariance matrix of one of the subsystems (as the covariance
matrices for both subsystems are identical). According to Eq. (40), it reads

_ (4 cosh(2p) 0
o= (2 0 %cosh(2,3)> @7

from which we can directly determine the symplectic eigenvalues. Thus, the entan-
glement entropy, Eq. (34), has form

g cosh(28) In(coth B) 4 In(cosh B sinh )
1= .

In2 (48)

As we can see from Fig.4 the values of the entanglement measure S; increase with
the B.

B. The degree of entanglement of the initial state | ;) = J1(8, &) 100)

In the case of an initial state based on the entanglement operator J 1(8, &), the covari-
ance matrix 1 of the first subsystem has a more complicated form (again the covariance
matrix of the second subsystem is identical to that of the first). Its matrix elements are
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as follows
= l(2(cosh(2a) + cosh(2b)) — (L + ad) sinh(2a) — (L + bf) sinh(2b)),
8 ad bf
0120 = 03] = é((ad — %) sinh(2a) + (bf — %) sinh(2b)), (49)
Oy = l(2 cosh(2a) + 2 cosh(2b) + (ad + L) sinh(2a) + (bf + l) sinh(2b))
8 ad bf

wherea, b, d, f aredefined by Eq. (24). According to the procedure described above,
we multiply the covariance matrix of the subsystem & by the symplectic matrix €2,
defined by Eq. (37), and then, we look for the eigenvalues of the resulting matrix. This
procedure yields the following symplectic eigenvalues

ad

bf | . i’
bf + E) sinh(2a) sinh(2b)

1
i =fy = 4\/2 + 2 cosh(2a) cosh(2b) — (

4
2040 — B?)sinh(2y/4a® + B2 — 4B cos(f — ¢)) sinh(2y/4a? + B2 + 4af cos(0 — §)) ) 172
V16a* + g% — 802 B2 cos(20 — 24)

! (2 +2 cosh(2\/4a2 + B2 — 4ap cos(d — ¢)) cosh(2\/4a2 + B2 + 40 cos(6 — $)) (50)

and the entanglement entropy

. 1 1 1
S Zm((1+2ﬂ1)ln </11+§)+(1—2ﬂ1)1n (ﬂ1—§>>- (SD

The eigenvalues (50) are periodic functions of 6 and ¢ with period = and depend
on the difference between the phase parameters. Therefore, the entropy function S
actually depends on three parameters o, 8 > 0,and 0 <6 — ¢ < 7.

Let us see how the function S; behaves in a few special cases:

a) for ¢ =6 and o, B > 0 we obtain 5’1 = S1, where S is described by Eq. (48);

b) fora = pand 0 < 0 — ¢ < 7, the symplectic eigenvalue and the entanglement
entropy increase with the entanglement parameter §; the fastest grow corresponds
toh —¢ = %, see Fig.5.

c) fora, B >0and 6§ — ¢ = %, %, %}, it can be seen that as « and § increase, the
entanglement entropy value also increases, see Fig. 6.

Now, let us try to analyze how the payoffs of the players in the Cournot model
depend on the degree of entanglement of the initial state of the game.

Case 1.

Let ¢ = 0; then, according to the measures S; and 3‘1, the entanglement degrees
of the initial states |\W), |\f/0) are the same, the entanglement measure depending
on only one squeezing parameter 8. However, the payoff functions based on these
states are distinct and dependent on entanglement and phase parameters. Assuming
specific values of the phase parameters (see Fig.7), it can be observed that the payoff

a2 (7%, £ (Eq. (30)) is always higher than the payoff u? (x¥, x}) (Eq. (32)).
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Sy

B 00

(a) (b)

Fig.5 Symplectic eigenvalue ji) (a) of the covariance matrix of subsystem and the entanglement entropy
Si(b)fora =fand0 <0 —¢p <7

(@0-6=7% (b)0—6=75

Fig.6 Entanglement entropy S for determined value of 6 — ¢

Furthermore, it can be observed that the difference between the payoffs of the
games under consideration depends on the values of the parameters ¢, 6. The payoff

ulQ(xi‘,x’z") is

an increasing function of the parameter g for 6 € [0, %) U (37”, 27,

a constant function for § = {%, 37”},

— adecreasing function as 8 increases for 6 € (%, 37)

The effect of the parameter 6 on IZIQ()?T, X3) can also be studied. For relatively small

values of the para;meter o, the function ﬁ?(i;‘, X3) behaves similarly to u1Q (x7, x3),
g )1

ie., for 6 € (7, 7), the payoff decreases as 8 increases. However, as the value of
the parameter « increases, the properties of the function ﬁlQ(ii", X3) change and it
transforms into a function which increases with the parameter g (see Fig. 7e and f).

The dependence of payoff functions on the phase parameters for selected values
of the entanglement parameters is illustrated in Fig. 8. It can be observed that as the
value of the parameter « increases, the difference between the payoffs i ? (X}, x3) and
ulQ(xi‘, x3) also increases.

Case I1.

Now, let us see how the payoff functions behave wheno = g and 0, ¢ € [0, 2m).In
this case, the entanglement entropy Sy has different form than S;. The payoff function
ulQ(xi‘, x3) depends on two variables, whereas the function i (X}, X3) depends on
three. Therefore, let us analyze some cases with specific values of one of the phase
parameters.
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Fig.7 Payoffs in Nash equilibrium of games based on the entangled operators J (&) and J 1(8,&) for6 = ¢,
k=1
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Fig. 8 Payoffs ﬁIQ (X7, %3) and ulg(xf, x3) for selected values of parameters o, f and 6 = ¢
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Fig.9 Payoffs i IQ (X}, %3) and ulQ(xT, x3) for & = B and selected values of parameter ¢

M Qe s Qv un
Uy (Xq.X5)-uyg (X1,X3)

0.02
—iy
0.01 — =E
\ ) ¢=rt
T T i
-0.01 =5
-0.02

Fig. 10 Difference between payoffs i ]Q (X, %) and u ]Q (x}, x3) for selected values of ¢ and o = = 0.8

First, let us analyze the properties of it1 (X, X) for specific values of the parameter
¢. In contrast with the case I, the values of i1 ()Ei", X73) are not always greater than those
of ulQ(xik, x3) (Fig. 9). By analyzing the difference between the payoffs obtained in
games based on the entanglement operator J (§) and J 1(8, &), it can be seen that the
phase parameters can be chosen in such a way that u 1Q (x7, x3) gives significantly more
favorable results as compared to i1 (X}, X3), see Fig. 10.

The 6 and ¢ parameters enter function L?IQ()?T, x3) — ulQ(xT, x3) only as linear
arguments of the cosine function; thus, this function is a periodic one with respect to
both 6 and ¢ parameters with period 277. By fixing a specific value of the parameter S,
it is possible to numerically identify the values of the phase parameters that result in
the maximum or minimum value of the difference between the functions ﬁlg()?]“ x3)
and ulQ(xi“, x’z*); the results are shown in Table 1. As one can see, a set of parameter
values can be selected that yield more favorable results in the game based on J &).

If we compare the degree of entanglement of the two games, we find that the
entanglement entropy S; is always greater than or equal to S| (Fig. 11). Even in
the cases when ulQ(xik, x3) payoffs are higher than ftlQ (X7, X3), the selected measure
of entanglement indicates a higher degree of entanglement for the model based on
J 1(8, &) as compared with that based on J (&) (Table 1).

Let us now analyze the properties of the ﬁ?(fci", X3) and ulg(xi", x3), choosing
the specific values of the parameter 8. For 6 = m, the payoffs for the game based
on fl (8, &) are always higher than those for the game based on J (&) (Fig.12b). It
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Fig. 11 Entanglement entropies 1 and S for selected values of phase parameter ¢
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Fig. 12 Payoffs IZIQ(J?T, %3) and ulg(xf, x3) for & = g and selected values of parameter 6

09 Q
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~0.01 s g1n
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Fig. 13 Difference between payoffs i h (x1 s xé‘) and u | (x1 R *) for selected values of 6 and @ = 8 = 0.8

should be noted that the payoff u?(xi", x3) is independent of the ¢ parameter and
is an increasing function of g for 6 € [0, 7) U (3—” 2m) and a decreasing function
for 0 € (7, s =). It can be deduced from Figs. 12 and 13 that both phase parameters
have a strong mﬂuence on the variation in the function i (x1 , X3). The entanglement
entropy S is a function of the phase parameters through cos(6 — ¢), so the graph of
the function S; (¢) at a fixed value of 6 and S is the same as graph of $1(0) in Fig. 11b.

Case III.

Consider the case where 6 —¢ = const. and «, B > 0, which is interesting because
the entanglement entropy S depends only on the difference of phase parameters. Let
us choose the range of the values of the parameter 6 from 0 to 7, for which the function
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Fig. 14 Payoffs in Nash equilibrium of games based on the entangled operators J(£), J1 (8, &) and corre-
sponding entanglement entropies for fixed values of 6 and ¢ that satisfy the condition 6 — ¢ = %, %, %

ulg(xi‘, x3) increases with the increasing squeezing parameter 8. When 6 € (0, ),

ﬁlQ(iT, X3) is also an increasing function of both squeezing parameters o and . As
shown in Fig. 14c, f, i the higher the values of the difference of phase parameters,
the higher values reach the measure of entanglement S; as the parameters « and f
increase; in all cases, 5‘1 > §.

The measure S; depends only on the squeezing parameter §; therefore, the graphs
of S in Fig. 14c, f, i are the same. The difference between the graphs of S in Fig. 14f
and i is hardly noticeable, but plotting the graphs of this function for a fixed value of
the parameter « in Fig. 15¢ we see that for & — ¢ = % the measure of the degree of
entanglement reaches higher values than for 6 — ¢ = 7.

Comparing Fig. 14a with 14b (14d with 14e, 14g with 14h), we see that the dif-
ference between the payoffs IZIQ()?T, x3) and ulQ(xi‘, x3) increases as the parameter 6
increases. The reason for this is that for 6 — % values of u?(xf, x3) grow slower and

slower as the functions of S (see Fig. 1); the ? (X7, X3) also reaches lower values for
a fixed parameter 8 when the phase parameters are different from zero, but thanks to
the parameter o the maximum possible payoff can be reached when o increases. To
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(a) @2 (&;,&3) for & = 0.5 and (b) % (z},#3) for a = 1 and fixed (¢) Sy for o = 0.5 and fixed val-
fixed values of § and ¢ values of § and ¢ ues of 0 — ¢

Fig. 15 Payoff ﬁlg(if i; ) and entanglement entropy S for fixed values of «, @ and ¢ (these are special
cases of the graphs of the functions ﬁIQ()ET, %3) and S| in Fig. 14

see this, we have plotted the graph of the ftIQ()Ei", x3) fora = 0.5, 1 (Figs. 15a and b)
and the same fixed values of the parameters 6 and ¢ chosen for the graphs in Figs. 14b,
e and h. Figure 15a and c is plotted for the same values of the parameters « and 6 — ¢;
we see that the effect of the phase parameters 6, ¢ on the payoff function is quite
different from that on the entanglement measure. However, the squeezing parameter
a offsets the negative effect of the phase parameters on the payoff value (compare
Fig. 15a with 15b).

6 Conclusions

The quantization scheme of games containing a continuous set of strategies proposed
by Li et al. made it possible to analyze the quantum counterpart of the duopoly models
known in economics. The most well-known and simple model is Cournot’s duopoly.
In this case, the corresponding quantum model yields higher payoffs than the classical
one. This phenomenon can be attributed to the entanglement of the initial state of the
game; Li et al. showed that the higher the value of the squeezing parameter, the higher
the payoffs of players in Nash equilibrium; the initial state of the game they considered
depended on only one parameter—the squeezing parameter.

Due to the key role of the game degree of entanglement on its outcome, we decided
to consider the quantum Cournot model based on the most general entanglement
operator Ji (8, &) satisfying the assumptions concerning the symmetry with respect
to the exchange of players and full representativeness of the classical game by its
quantum counterpart and depending on two squeezing and two phase parameters.

The main conclusion of the analysis is the observation that the relationship between
the degree of entanglement of the initial state of the game and the payoff values in a
Nash equilibrium is ambiguous. Comparing the entanglement entropy values of the
initial state of the game for fixed values of the parameters «, 8, 9, ¢, one concludes that
the degree of entanglement of state Ji ,8) |00) is higher than that of state J &) |00),
while the payoffs of the players in games based on these states may have an inverse
relationship (see Table 1).

Phase parameters also have great impact on the outcome of the game. In the case of
the game based on the entanglement operator J (&), the maximum possible outcome of
the game with 8 — oo is observed to decrease as the phase parameter 6 approaches the
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value of 5. When the game depends on two squeezing parameters, it is possible to reach
the maximum payoff in Nash equilibrium when @« — oo and the phase parameters
satisfy the condition 6 — ¢ = const. (Fig. 14). As shown in Sect. 4, it is not possible
to achieve an arbitrarily large payoff in a Nash equilibrium when «, 8 — o0. The
maximum payoff that a player can receive in a Nash equilibrium of the model under

consideration is %.

Appendix A

In paper [55], the authors considered an entanglement operator of the game of the
form

j()/h V2, yi2) = eVlz(alaz—aIaz)e}/l (af—tlfz)/Ze)/z(a%—tlgz)/Z (52)

where y1, ¥2, Y12 € R and y1» > 0. This operator satisfies the condition that the
classical game is to be fully represented by its quantum counterpart, but does not satisfy
the symmetry condition with respect to the exchange of players. The entanglement
operator defined by Eq. (12) satisfies both of these conditions.

Using the position )fj = (aj- + a;)/~/2 and momentum P = i(aJT. —ap)/V2
operators, the entanglement operator (52) can be rewritten in the following form

-i()/ly Y2, V12) = ei)/lz(f(lf’2+)22f’1)ei3/1(?Afl131+131Xl)/2ei7/2()}2f’2+132??2)/2_ (53)

and is equivalent to the operator
i A X1 Py+i Ay X Pr+i By (X1 Pr+PLX1)+i By (Xo Py+ Py X2)+i Cy (54)

J(y1, y2, y12) = e

where

rsinhyp _n-n

1

’

sinh r
Ay = r 51.nh )/126”72 ’
sinh r
1 2r coshypp . Yi— "
B = - ————~sinh ,
! 4 ()/1 trt sinh r s ( 2
1 2rcoshyin . V=72
B, = - — ——— " sinh ,
273 (’“ RRCRE —— 2

C1 — any real value,

r = arccosh <cosh <)/1 ; Vz) cosh )/12> .

The i C; factor contained in the operator J v1, v2, Y12) (54) can be ignored because it
has no effect on the final state of the game.
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For y1 = y», the operator J (v1, 2, v12) becomes symmetric due to the exchange
of players and simplifies to a form

Fonm, y) = ereaale) =3 e i) (55)

which is a special case of the operator Ji (8, &) defined by Eq. (12) when 8 = ¢ =0,

— Y
ﬂ_y]zandS—T'.

Appendix B

To find the expansion of eV where

0 0 28 ¢ 0 0 2w pe’
£% 280 0 Be 19 207 0O 0
one can diagonalize the matrix M by transformation
M = SMgipgS™ (57)
and then use the formula
M = §eMine g1, (58)

Miag is a diagonal matrix with elements on the main diagonal which are the eigen-
values of the matrix M and the corresponding eigenvectors of M are the consecutive
columns of the matrix S. Finding the eigenvalues and eigenvectors of the matrix M,
one can write

—a0 00
Maiag = 0a 00
00-00}"
000O0°%P
O GO, 00, 6t
2eifq—ei? B 2ei0q—ei?f  2elfa+tei?f 2eifa+el?p
o O+0) Li0+9), O+ Li649))
S =] T 20a—ci?B 2e0a—e%B  2e0atei®p 2elPateifp
—1 —1 1 1
1 1 1 1

(59)

where a = /4a2 4+ B2 — 4aB cos(0 — @), b = \/4a? + 2 + 4af cos(6 — ¢).
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It is not difficult to find e™dise

cosha — sinha 0 0 0
oMaing _ 0 cosha + sinha 0 . 0
0 0 coshb — sinh b 0

0 0 0 cosh b + sinh b

(60)
Using Eq. (58), one can find eM its final form is described by Eq. (23).
Appendix C

The quantum payoff functions i 2(x1 X») are obtained by substituting g; and g»,
described by equation (26), into the payoff functions defined by equation (4). Their

explicit forms are
1 .
ﬁ ) s1nhb> (x1 +x2)>

1
ﬁlg(il,iz) 3 (2k — <2005hb +
1 .
(x1 —x2) + <2coshb + (7 +bf> smhb) (x1 +x2)> ,

- <<Zcosha + (7 + ad) smha) b7
0.~ - 1 1 .
iy (X1, %) = 3 2k — (2coshb + sinhb ) (x1 + x2)

bf

. ((2005ha + <— +ad> sinha | (xp — x1) + <2005hb + (% +bf> sinhb> (x1 +x2)> .

(61)
Using Eq. (24), we obtain the following payoff functions
il (%1, %)
1
== [k - (cosh \/4a2 + B2 +4daBcos(® — ¢)
2
(B cosB + 2a cos ¢) sinh \/4012 + B2 +4aBcos(® — p)
+ (xi 4 xj)
Vaa? + B2 + 4aB cos(60 — §)
. [cosh \/4052 + B2 —4ap cos(d — ¢)
(62)

n (=B cos + 2a cos @) sinh \/4012 + B2 —4aBcos(d — ¢)
2402 + B2 — 4af cos( — )

+ (cosh \/4a2 + B2 + 4apB cos(0 — ¢)

)(xi—xj)

(B cos 0 + 2a cos @) sinh /4a2 + B2 + 4aB cos(6 — p)
+ )(xi +Xj)]
Vaa? + 2 + 4aB cos(0 — §)
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fori, j =1,2.
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