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Abstract
This workmainly focuses on unveiling the particle dynamics features of black holes. For this objective,
we utilize the charged black hole geometry consisting of the cloud strings and quintessence under the
ansatz of Rastall gravity.We have calculated and analyzed the effective potential, angularmomentum,
particle energy, horizon radius, inner stable circular orbit, photon sphere radius, quasi-periodic
oscillations, and effective force to reveal the dynamical features.We in detail discussed the effects of
charge in black hole, Rastall parameter, strings of cloud parameter, and quintessential parameter on
the calculated results. To ensure the scenario of accelerated expansion,ωq lies in the range
−1<ωq<−1/3. From this specific range, we chooseωq=−2/3.

1. Introduction

Thewidely accepted general relativity (GR) theory is considered to be an interesting and elegant theory and has
been tested extensively with consistent results inmost cases [1–3]. The recent discovery of gravitational waves
(GWs) by the variability of solar irradiance and gravity oscillations (Virgo) and laser interferometer gravitational
wave observatory (LIGO) in 2015, through themerger of black holes (BHs), provided strong evidence in support
of GR [4]. Since then, numerousGWevents have been detected leading to a new realmof research inGW
astronomy and a testing ground for various gravity theories includingGRunder extreme conditions [5–11]. GR
has significantly enhanced our understanding of theUniverse, but still has limitations such as being unable to
explain the cosmic accelerated expansion, encountering infinities in the theory at a highly relativistic regime and
not providing predictions for the dark components of theUniverse [12–16]. In response to these limitations,
there are ongoing attempts tomodify the theory.

TheΛCDM (Λ cold darkmatter)model is themost favoredmodification ofGR that incorporates the dark
components of the observable universe as supplementary fields, and is consistent with current cosmological
observations [17, 18]. This simplemodel assumes a spatiallyflat, homogeneous, and isotropic universe filled
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with a constant energy density fluid called the cosmological constantΛ [18]. However, theΛCDMmodel has
limitations, such as the inability to justify the existence ofΛ or explain its small value, which creates a fine-tuning
problem [18]. To address these issues,modified theories of gravity (MTGs) have been proposed, which can
predict observational data without invoking the dark components of theUniverse [19, 20].MTGs have enabled
the study ofGWs, and the emergence of new properties of GWs, such as the presence of a scalar polarization
mode in themetric formalismof f (R) theory [19, 21]. This has stimulated research in the field, leading to
predictions of deviations fromGR in applications to BHs and stellar dynamics. Recent observations have
constrained the extra polarizationmodes ofGWs, including themass of the graviton [22, 23]. Recent
observations have constrained the presence of extra polarizationmodes inGWs andhave established a bound on
themass of the quanta ofmassivemode, graviton, asmg� 7.7× 10−23eV/c2 [23].

Rastall [24] proposed amodification toGR in 1972where he suggested that in curved spacetime or in the
presence ofmassive objects, the covariant derivative of the energy-momentum tensor should not be zero, but
instead only zero inflat spacetime. This resulted in the Rastall gravitymodel, which has received attention for its
unique characteristic of violating energy conservation in the presence of background curvature. TheRastall
theory suggests that the covariant derivative of the energy-momentum tensor should be equal to the divergence
of the Ricci scalar or curvature scalarR, whilemaintaining the Bianchi identity of the vanishing divergence of the
Einstein tensor [25]. Although the violation of the conservation, principle is exclusive to Rastall theory, other
theories like f (R,T) theory and f (R, LM) theory exhibit the same feature inherently [25, 26]. Rastall gravity causes
significant deviations fromGR, particularly near high curvature regimes such as regions surrounding BHs and
neutron stars. Despite being equivalent toGR in some aspects, the Rastall theory shows significant deviations
fromGR in the presence of non-zero curvature or dark energyfields [27]. Recently, the Rastall theory has found
important applications in the literature, including rotating andnon-rotating BH solutions [28–30], the
gravitational collapse of a homogeneous perfect fluid [31], and the the phenomenon of particle creation in
Rastall cosmology [32]. Recently, Javed and his collaborators [33] investigated thewormhole solution and
thermodynamics of BHs solutions in differentmodified theories of gravity.

Notably, all vacuum solutions ofGR and themodifiedRastall theory (RT) are shared.Nevertheless, the non-
vacuum solutions exhibit notable distinctions from those inGRwhen the Radstall parameterλ is taken into
account. Researchers becamemore interested in RT as a result, as seen by their varied views about the novelty
and accuracy of RT.Despite the growing interest among researchers to investigate the intriguing and enigmatic
characteristics of the RT, Visser [34] has argued that the RT ismerely GR’s counterpart. Darabi et al [35, 36]
dissented, contending that Visser’s assertionwas untrue and that these ideas are different. Visser contended that
Rastall’s energy-momentum-tensor (EMT) ideawas faulty and that it wasmerely a rearrangement. On the other
hand,Darabi et al contended that Rastall’s concept of EMTwas in linewith the accepted definition of EMT.
Using the same technique as Visser [34], they provided a convincing example of the f (R) theory of gravity to
support their claim, proving that it is not the same as general relativity. SinceGR can be recovered for a given
value ofλ, or the Rastall parameter, the RT is essentially amodified version ofGR. It is important to note that the
recent work byHansraj et al [37] provided support for the extensive analysis conducted byDarabi et al [35, 36].
Some interestingworks in other versions of RT are present [38–40].

In the currentfield of study, BHs are regarded as one of themost characteristic features of powerful
gravitational fields. The strong gravitational force of a BHmeans that nothing (particles or radiation) from its
event horizon, yet it however swallows everything in its vicinity. In addition to defining some impressive classical
discoveries, these thermodynamic entities also provide a clearer picture of the quantumgravitational properties
they exhibit.Well-knownBHconfigurations exhibit curvature singularity outside their event horizons; these
include the Schwarzschild, Reissner-Nordstr om̈ (RN), Kerr, andKerr-Newmann configurations. Alternatively,
it is necessary to verify the accuracy of solutions of theGRor alternative theories of gravity by conducting tests
based on various astrophysical phenomena. X-ray data obtained from astrophysical compact objects can be a
valuable tool for testing specific theories and corresponding solutions [41–44]. Another approach is to use test
particles’movements aroundBHs tomodel certain processes related to the accretion disc [45, 46]. The
electromagnetic field surrounding BHs plays a crucial role in determining themovements of charged particles
and other relevant astrophysical processes in the vicinity of the BH. Electromagnetic fields and adjustments
made to gravity’s laws have beenwidely examined in references [47–51], withmany research projects focused on
exploring how the electromagnetic field and parameters of compact objects influence the dynamics of charged
particles (for example, [52–60]. Furthermore, the study of electromagnetic fields’ effects on particlemotion in
the background of non-zeromagnetic dipoles in the compact object’s gravitational field has been examined in
the following references [61–66]. In recent studies, authors [67–73] have discussed particle dynamics in BH.
Authors [74–76] have discussed the BH geometries haven the quintessence field and clouds of strings.

Here, we plan to explore the charged particle dynamics surrounded by the cloud of strings and quintessence
filed in the Rastall gravity black hole vicinity. In section 2we briefly describe the charged black hole spacetime in
Rastall gravity. In section 3we study themotion of chargedmassive particles. In section 4, we discussmassless
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particle dynamics. Section 5 focuses on the collision of test particles around themagnetized black hole. Section 6
comprehends the discussion about the effective force. Section 7 is devoted to the concluding remarks of the
obtained results. Throughout themanuscript, we use a systemof units inwhichG= c= 1.

2. Charged black hole solutions surrounded by a cloud of strings and quintessencefield
(CBHSCSQ) in rastall gravity

According to the study presented in reference [77], Rastall gravity is amodified version ofGeneral Relativity that
alters the conventional covariant conservation condition ofTμ ν

;ν = 0 to a new form:

l = n
mn mT R, 1( )

whereλ is a representation of the Rastall parameter. Themodified energy-momentum conservation condition
in Rastall gravity alters the general conservation of energy andmomentum in the presence of non-zero
curvature.However, when the curvature approaches zero,meaning nomatter-energy contents are present, the
theory approximates to theGeneral Relativity (GR). The resulting field equations in Rastall gravity are provided
in the following form [24, 77]:

z k- - =mn m mnR g R T
1

2
1 2 . 2V( ) ( )

Considering the trace of the above-given equation, one can obtain
k

z
z=

-
¹R T

4 1
, 1 4, 3

( )
( )

in this scenario, we consider ζ= κλ, and in the next discussion, we shall represent the Rastall parameter by ζ. To
serve the purpose of obtaining the black hole solutions in the given framework, we use the following ansatz:

= - - Wds f r dt
dr

f r
r d , 42 2

2
2 2( )

( )
( )

here, f (r) describe the Schwarzschildmetric function and q q fW = +d d dsin2 2 2 2 for spherically symmetric
general spacetime. The Rastall tensor is defined as mn mn z= + mng R  , where mn represents the Einstein
tensor. The components of the Rastall tensor are as follows:
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where theRicci scalar is given as:

=  + ¢ - +-R r r f r rf r f r4 2 2 , 62 2{ ( ) ( ) ( )} ( )

where prime notions are the derivative relative to the radial coordinate r. One can elaborate the general total
energy-momentum tensor mTi as:

q= + +m m
n n

m
n
mT E , 7( )

where m
v is the energy-momentum tensor for the surrounding field, qn

m is the energymomentum for
quintessencefield, andEμ

ν is the trace-freeMaxwell tensor given below as:

⎛
⎝

⎞
⎠k

= -mn ma n
a
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az

azE F F g F F
2 1

4
, 8( )

where Fμν represents the anti-symmetric Faraday tensor, obeying the conditions:

=
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For spherical symmetry it gives:
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Q

r
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Electrostatic charge in this theory is represented by the parameterQ. Hence, theMaxwell tensor takes the form:

⎛

⎝

⎜
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⎞

⎠

⎟
⎟k

=
-

-

m
n -

E
Q

r

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

. 11
2

4
( )

Letelier was the first to present a solution for a static spherically symmetric black hole in the presence of a cloud
of strings [78] in the context of GR. By representing the cloud of strings as world sheets, it is possible to express
the energy-momentum tensor of the cloud of stringswith a proper density ρc given by:

r
g

=
S S

-
mn

mz
z
n

, 12c ( )

where g = S Smn
mn

1

2
. The string bivectorΣμν is expressed as

x x
S =

¶
¶

¶
¶

mn
m n

e
x x

. 13ab
a b

( )

The two-dimensional Levi-Civita symbol ò ab, where ò01=− ò10= 1, is utilized here. The spherical symmetry of
the cloud of strings is evident, implying that it is solely a function of the radial coordinate r. Consequently, both
the density ρc and the string bivectorΣ

μν can be expressed as functions of the radial coordinate r. As a result, the
non-zero components of the antisymmetricΣμν tensor are identified asΣ01 andΣ10, and they satisfy the
relationshipΣ01=−Σ10. Thus, the energy-momentum tensor of the cloud of strings can bewritten as follows:

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

r
r=m

n

r

r

0 0 0

0 0 0

0 0 0 0
0 0 0 0

. 14

c

c

( )
( ) ( )

From equations (1), (3) and 14)wemaywrite,
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The solution of the above equation reads,

r = - -
-r br , 16c

a2 2 1
2 1 1( ) ( )
( ]
(

where b is the constant of integration. It has a direct associationwith the density of the cloud of strings. Theweak
energy condition stipulates that the value of parameter ‘b’must be greater than or equal to zero. Recently, a
solution describing a black hole surrounded by quintessence was derived, and its energy-momentum tensor was
provided by [79]

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

q

r

r

r w

r w

= - +

- +

m
n

r

r

0 0 0

0 0 0

0 0
1

2
3 1 0

0 0 0
1

2
3 1

, 17

q

q

q q

q q

( )
( )

( )

( )

( )

where the pressure and density related to quintessence, pq and ρq, respectively, are linked by the equation of state
pq= ωqρq, withωq showing the quintessential state parameter. Now the = T0

0
0

0 and = T1
1

1
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of Rastallfield equations lead [77]:
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Solving equations (17) and (18), we get the general solution for themetric function,

⎡
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where a= κb.Wewill define the term a as the cloud of string parameter, as evident from equation (16), where
this parameter, or the integration constant b, directly represents the density of the string cloud. Theweak energy
condition further restricts this parameter, requiring a� 0 [77]. Here,M denotes themass of the black hole,ωq
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represents the quintessential state parameter, and q corresponds to the quintessential parameter associatedwith
the quintessence density as defined below. The pressure and density of quintessence are related by the equation

of state pq= ωqρq, where r = -
w
w +q

q

r2

3 q

q3 1( ) . To achieve the scenario of accelerated expansion, it is necessary to

impose the condition−1< ωq<−1/3. In this study, we adopt w = -q
2

3
. As for q, it is a positive parameter

[79, 80]. Notably, when a= q= 0, we recover the Schwarzschild charged solution.
With equation (20), themetric equation (4) takes the form:
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Themetric equation (21) describes a Reissner-Nordströmblack hole encompassed by a cloud of strings and a
quintessencefieldwithin the framework of Rastall gravity.

Parameters a, q,Q& ζ have a strong effect on the horizon radius rh as shown infigure 1. Increasing values of
q& ζ result in increasing rh, while increase in a,Q depict decrease in rh.

3.Massive particlemotion around chargedBH surrounded by a cloud of strings and
quintessencefield (CBHSCSQF) in Rastall gravity

Our analysis begins with the examination of themotion ofmassive particles around theCBHSCSQF in the
context of Rastall gravity. In order to describe the trajectory of suchmotion, we can employ the Lagrangian of a
massive particle with a specifiedmassM as follows [71]:

t
¢ = =mn

m n m
m

g u u u
dx

d

1

2
, . 22( )

In the above equation, τ, xμ, and uμ represent the affine parameter, coordinates, and four-velocity of the test
particle, respectively. The expressions for the energy  and angularmomentum , which are crucial quantities
governing the dynamics of the test particle, are provided below:

Figure 1.Horizon radius rh Forfixed valuesM = 1, q = 0.0001,Q = 0.40 a = 0.30 & ζ = −0.20, where variable values are given in
plotlegend.
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Equations ofmotion for test particle can be found by replacing equation (23) into the normalization condition
gμνu

μu ν=−ò in the equatorial plane q = p
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Then the equation of geodesics depending upon the radial takes the form:
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In this case,Veff(r), ò, and  represent the effective potential for the radialmotion of the test particle, the geodesic
motion, and the angularmomentum, respectively. Themotion of neutral particles around the black hole can be
obtained by imposing the conditions  =r 0 and =r 0̈ . The expressions for 2 and 2 for theCBHSCSQF in
Rastall gravity are given by:

Figure 2.Massive particle:Veff versus r by fixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft graph)} , {M = 1,
q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft graph)} and
{M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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Figure 3.Massive particle:  versus r by fixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft graph)} , {M = 1,
q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft graph)} and
{M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.

Figure 4.Massive particle:  versus r by fixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft graph)} , {M = 1,
q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft graph)} and
{M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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Figure 5. ISCO radius rISCO Forfixed valuesM = 1, q = 0.0001,Q = 0.40 a = 0.30 & ζ = − 0.20, where variable values are given in
plotlegend.

Figure 6.Massless particle:Veff versus r For fixed values {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft graph)}, {M = 1,
q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft graph)} and
{M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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One can observe the radial propagation ofV ,eff  , and  infigures 2, 3, and 4, respectively. It is evident thatVeff

increases with an increase in a&Q, and decreases with an increase in q& ζ.  shifts towards the left with
increasing in a, q,Q and decreasing ζ, Additionally,  Follows the same trend as  behaves for varying values of
a,Q, q& ζ.

Subsequently, wewill investigate the inner stable circular orbit rISCO. In order to determine the rISCO, the
following conditions can be considered:

⎧
⎨⎩

¢ =

 =

V

V

0

0.
32

eff

eff

( )

The system complexitymakes it difficult to obtain the analytical expression for rISCO. So, we deal with the ISCO
radius numerically and draw its graphs depending upon a,Q, q& ζ as shown infigure 5.One can observe by
having an overview that rISCODecreases with increase in a&Q and increases with increase in q, whereas it shows
uneven behavior for decreasing values of ζ.

Figure 7.Photon radius rPh Forfixed valuesM = 1, q = 0.0001,Q = 0.40 a = 0.30 & ζ = −0.20, where variable values are given in
plotlegend.
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4.Massless particle otion aroundBH surrounded by a cloud of strings and quintessence
field inRastall gravity

In this subsection, we investigate themotion ofmassless particles (photons)within the spacetime of a black hole
in Rastall gravity. By employing themetric Lagrangian of the black hole spacetime inRastall gravity, one can
derive the equation ofmotion for photons around theCBHSCSQF by setting ò= 0 in equation (27). In the
equatorial plane, the equation ofmotion can be expressed as:

 = -r f r
r

, 332 2
2

2
( ) ( )


f =
r

, 34
2

( )

 =t
f r

. 35
( )

( )

ByUtilizing equation (33), one can easily get the expression for effective potentialVeff of themotion of photon as:

=V f r
r

. 36eff

2

2
( ) ( )

The dependence of the effective potential on the radial coordinate for photonmotion is presented infigure 6.
The effective potential formassless particles increases with increasing a andQ, while it decreases with increasing
q and ζ. The shift in the photon orbit radius can be observed infigure 7. It is observed that the photon radius

Figure 8. Frequencies vr & vθ = vf verses radial coordinate r by fixing {M = 1, q = 0.0001,Q = 0.40& a = 0.30 (Upper eft graph)} ,
{M = 1, q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40& ζ = −0.20 (Lower eft graph)} and
{M = 1, a = 0.3 ζ = − 0.20 & Q = 0.40 (Lower right graph)}.
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decreases with an increase in a andQ, and increases with an increase in q and ζ. The photon’s circular orbit
radius rph aroundCBHSCSQF inRastall gravity can be obtained from the solution of the second equation in
equation (32). Being complex solution, we apply numericalmethod to plot rph directly without obtaining its
expression.

5.Oscillations ofmassive particles near the circular orbit

In this section, we examine the epicyclic frequencies associatedwith the quasi-periodic oscillations (QPOs) of
test particles within the effective region of the ISCO radius. The detailed formulation of these frequencies can be
found in thework by Bambi et al [45]. Three fundamental frequencies are considered: (i) the Keplerian
frequency or orbital frequency vf= wf/2π, (ii) the radial epicyclic frequency vr= wr/2π, which represents the
oscillations in the radial direction around themean orbit, and (iii) the vertical epicyclic frequency vθ= wθ/2π,
which characterizes the vertical oscillations around themean orbit in time-like equatorial circular orbits. The
expressions for these frequencies are given by:

f
= =

-  -
f

¶
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¶

¶

¶

¶

¶

¶

¶

¶

f f ff

ff
w

d

dt
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Figure 9. RP-1Model: Frequencies vu & vL verses radial coordinate r by fixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft
graph)} , {M = 1, q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft
graph)} and {M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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From themetric space given in equation (20) give the following formof fundamental frequencies of themassive
particles around the circular orbits
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Where vir, i= 2, 3 4...,14 are given inAppendix.
These frequencies are contingent upon the spacetime parameters a, q,Q, and ζ, as illustrated infigure 8. It

can be observed that vr increases with increasing values of a, q, andQ, while it decreases with increasing ζ. On the
other hand, vθ decreases with increasing values of a, q, andQ, but increases with increasing ζ.

In this portion of themanuscript, we also account for the possible frequencies of twin peakQPOs [81]
surrounded byCBHSCSQF.

Figure 10. ER-IIModel: Frequencies vu & vL verses radial coordinate r by fixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft
graph)} , {M = 1, q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft
graph)} and {M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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• The standard relativistic precession (RP)model [82] assigns upper and lower frequencies based on the
respective values of vf as vU= vf and vL= vf− vr. In themodifiedRP-1model, the frequencies are
represented as vU= vθ and vL= vf− vr, while in themodifiedRP-2model, the frequencies are represented as
vU= vf and vL= vθ− vr. The graphical representation of the RPmodel illustrates the increasing and
decreasing behaviors associatedwith changes in the parameters of the CBHSCSQF, as depicted infigure 9.

• The three epicyclic resonance (ER)models, namely ER-II, ER-III, and ER-IV, are proposed inwork by
Kluzniak et al [83]. Thesemodels assume that the accretion disks have a significant thickness, and the
resonance of radiation particles following geodesic orbits gives rise to quasi-periodic oscillations (QPOs). The
upper and lower frequencies for orbital and epicyclic oscillations in the ERmodels are defined as follows: for
the ER-IImodel, vU= 2vθ− vr and vL=vr for the ER-IIImodel, vU= vθ+ vr and vL= vθ and for the ER-IV
model, vU= vθ+ vr and vL= vθ− vr.We plot the ERmodels (ER-II, ER-III, ER-IV) incorporating the effects
of CBHSCSQF geometry parameters in figures 10, 11, and 12).

6. Effective force

The determination of themovement of a test particle, whether it is directed away or towards the central source,
can be inferred by observing the behavior of the effective force. The effective force experienced by a test particle
within the gravitational field of a gravitating source [84] can be calculated using the following expression:

= -
¶

¶
F

V r

r

1

2
. 42

eff ( )
( )

Figure 11. ER-IIIModel: Frequencies vu & vL verses radial coordinate r by fixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper
eft graph)} , {M = 1, q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft
graph)} and {M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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The expression of effective force calculated in the case of CBHSCSQF inRastall gravity geometry is as:
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The interpretation of the impact of the effective force can be enhanced through graphical analysis, as depicted in
figure 13. It is observed that the behavior of the effective force fluctuates between attractive and repulsive,
eventually settling into an attractive force along the radialmotion. The attractiveness of the effective force
increases with an increase in q and becomesmore repulsive with an increase inQ. On the other hand, when a is

Figure 12. ER-IVModel: Frequencies vu & vL verses radial coordinate r byfixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper
eft graph)}, {M = 1, q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft
graph)} and {M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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increased, the effective force is initially attractive but later becomes repulsive. Similarly, decreasing ζ leads to an
initial repulsive effective force, followed by it becoming attractive.

7. Conclusion and summary

This paper contains a comprehensive discussion of the particlemotion formassive andmassless particles, quasi-
periodic oscillations, and effective force under the paradigmof Rastall gravity with charge of black hole, strings
of cloud, and quintessencefield. Through the above discussion, we reached the following concluding points:

• WePlotted the horizon radius rh infigure 1 along parametersQ, a& q. It can obviously be seen that the
horizon radius rh alongQ increases with the increasing q and decreases with increasing a. Horizon radius rh
along a decreases with the increasingQ, and horizon radius rh along q increases with the increasing ζ.

• While studying the particle dynamics around theRastall BH,we discussed the effective potentialVeff

depending upon the radial coordinate r of the compact body formassive andmassless particles for varying
values of ζ,Q, a& q. It can be observed from figure 2 formassive particles andfigure 6 formassless particles
that theVeff increases by increasingQ& a and decreases by increasing ζ& q.Moreover,Veff for themassive
particle ismore than themassless particle.

• One can observe the energy and angularmomentumofmassive particles in figures 3 and 4. Energy and
angularmomentum along radial coordinate r, increase with the increase in ζ and decrease with an increase in
Q, q& a.

• We investigate the ISCO radius formassive particles around the BH, it is observable from figure 5 that ISCO
alongQ increases with an increase in q and decreases with the increasing values of a.Moreover ISCO along a
increases with an increase inQ, and along q increases with the increase in ζ.

Figure 13. Effective Force F verses radial coordinate r byfixing {M = 1, q = 0.0001,Q = 0.40 & a = 0.30 (Upper eft graph)},
{M = 1, q = 0.0001 ζ = −0.20 & a = 0.30 (Upper right graph)}, {M = 1, q = 0.0001,Q = 0.40 & ζ = −0.20 (Lower eft graph)}
and {M = 1, a = 0.3 ζ = −0.20 & Q = 0.40 (Lower right graph)}.
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• Photon sphere radius is investigated, studied, and calculated by using the commonmethod using the effective
potential. Its detailed information can be seen in figure 7. rph alongQ increases with an increase in q and
decreases with the increasing values of a. Also, rph along a decreaseswith an increase inQ, and along q increases
with the increase in ζ.

• Weplotted the radial and tangential frequencies along radial coordinate r infigure 8. Infigure 9, we plot the
upper and lower frequencies of the RPmodel while ERmodel frequencies are given infigures 10, 11, and 12.
These graphical illustrations indicate variations in the frequencies by varying the parametersQ q a& ζ (Q is
electrostatic charge, q is a positive parameter, a is cloud of string parameter, and ζ is Rastall parameter ).

• Attractive behavior of the test particle through the effective force is plotted infigure 13 along the BH radius r in
Rastall gravity under the effects of Rastall parameter ζ, the quintessential parameter q, chargeQ, and string
parameter a.

• Significantly, we obtained the outcomeswithin the context of the quintessence field and charged strings of
cloud. The computed findingswe present are authentic and grounded in theoretical prognostications, thus
holding the potential for facilitating forthcoming investigations.
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