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Abstract

The study of solutions to open string field theory remains very much a work in progress, even
for the bosonic string. In this dissertation I consider in detail two of these solutions involving
marginal deformations of the original boundary conformal field theory. The first is a previously
unknown solution in which two D-branes are translated before tachyon condensation occurs.
This solution is studied in the level truncation scheme, in a sector which is larger than the
universal subspace, but still less than the whole string Fock space due to several symmetries
of the theory which take on a different content in the presence of two D-branes. This solution
brings us a step closer to a full understanding of the relationship between the magnitude of
a marginal deformation in BCFT and the strength of the corresponding marginal operator in
OSFT. The other solution I study was first written down formally by Kiermaier and Okawa, and
involves the renormalization of an exactly marginal operator. I consider the same solution with
a more general renormalization scheme and find a set of sufficient restrictions for the solution’s
validity. While this proceeds much as in the original work on this solution, I find some freedom
in the solution as well as additional algebraic structure for renormalization schemes. I also
present a collection of procedures written in Maple which define and manipulate wedge states
with insertions, as well as computing correlation functions for such states provided that all
inserted operators are sufficiently simple. Using this code I am able to calculate the tachyon
profile of this solution for the time-symmetric rolling tachyon at 6th order in A and describe its
properties in comparison to previously known rolling tachyon profiles. I find the same unwanted
oscillations that were seen in previous work on the time-asymmetric rolling tachyon.
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Glossary

Acronyms

bee:

BCFT:

BRST:

A “boundary condition changing” operator implements a change in conformal bound-
ary conditions. A pair of bcc operators is commonly used to change the boundary
condition on a finite segment of the boundary.

Boundary Conformal Field Theory is a CFT on a surface with a boundary. The
boundary conditions imposed there must also be conformal.

Named for Becchi, Rouet, Stora, and Tyutin, the BRST operator, @ g, is used to define
the physical states of string theory.

CFT: Conformal Field Theory.
OPE: The Operator Product Expansion. A pair of operators can be expanded as ¢;(0)¢;(z) =
Dk ij (2)¢1(0) provided there are no other operators closer to the pair than each other.
OSFT: Open String Field Theory.
SFT: String Field Theory. Since we will be focused on open strings this will be used inter-
changeably with OSFT.
Notation
Normal ordering as defined in Polchinski’s book [6]. This sorts raising and lower-
ing operators, or equivalently removes singular parts of expressions with operator
insertions.
o og Normal ordering using a specified subtraction, g. Occasionally g will be omitted,
in which case the subtraction is (51_152)2. Defined in section
[z,y], {z,y} The commutator and anti-commutator.
[, Renormalization of operators by a generic renormalization scheme assumed to
satisfy certain assumptions.
. ]a Renormalization of operators by a “big G” scheme which regulates distances be-

tween operators and then subtracts counterterms which depend on the regulator.
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Notation

an, bn, cp

()

n

Renormalization of operators by a “little g” scheme which subtracts off regulator-
independent functions which are to be integrated over the same (possibly regu-
lated) domain as the operators they renormalize.

Function composition operator.
Hermitian conjugation, also sometimes referred to as h.c..

This conjugation is used to define the reality condition for a string field ¥ = W#,
which ensures that the action will be real-valued. It is defined by A* = bpz~! Af.
Unlike bpz and hermitian conjugation, this conjugation does not exchange bra
and ket states.

While this is treated like an inner product for string field theory, it is really a
symplectic bilinear form. It is used in the action to get a real number from a
pair of string fields.

This is the CFT expectation value defined on the Riemann surface S. Often the
surface S will be W,,, the wedge state of circumference n + 1.

The star-product of string field theory glues two worldsheets together, allowing
for string interactions.

Floor operator. The notation |n/2| will often appear in the limit of sums, when
the sum is over the number of pairs of operators to contract.

The fundamental scale of the theory is determined by this constant with di-
mension length squared. The target space length scale is va/. We will use the
convention o/ = 1 except where it is helpful to include it explicitly.

Raising and lowering operators for the matter and ghost sectors of the theory.
ay, are matter operators, b, are anti-ghost operators, and c¢,, are ghost operators.
The operator «q is neither a creation or annihilation operator, as the vacuum is
an eigenvector.

Coefficients of the rolling tachyon profile. The tachyon profile of the rolling
: : _ o [n/2] yn 3(4) _ 9
tachyon is defined by the series T'(t) =23 .7, > ;75" A"Bn cosh ((n — 2j)1).

The bpz operator is defined by bpz(z) = —%, and has the effect of exchanging
the “in” and “out” states of a string.

The ghost operator, which is commonly inserted on the boundary of a worldsheet.
The ¢, operators are its modes.

The physical distance separating two D-branes in chapter d= o defines
simple units for this distance.

The region (a, b) minus any places where two or more of the coordinates (z,y, . ..)
are within € of each other. This regulates the region (a,b) so that divergences
due to operator collisions do not occur.



Notation

Hermitian conjugation, also referred to with .

Virasoro raising and lowering operators. These are modes of the energy-momentum
tensor in some sector, which is normally indicated by a superscript.

Commonly used to parameterize the strength of a marginal deformation. Specif-
ically, in chapters [4 and [f] the marginal deformation V' will always appear in the
combination AV

The twist operator which reverses the orientation of the string, c — 7 — 0.

The BRST operator Qp = 5= § (dz ji + dZ jg), where jp = cIT™+:bcdc: +30%¢

21
and T™ is the matter part of the energy tensor.

Commonly used to refer to a marginal operator which is inserted on the boundary
of a worldsheet. Throughout most of chapters 4] and [5] this will have the self-OPE
V(OV(t) ~ %

The marginal operator V (t) integrated between a and b:
Viab)" = f d" T, V().

The coefficient of the marginal term representing translation for the solution of
chapter |3| on separated D-branes.
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Chapter 1

Introduction

The most basic objects in string theory are strings. These can be closed strings (loops) or open
strings (with ends), but in either case the worldsheet interpretation of string theory forms a
conformal field theory, or CFT. These are two dimensional CFT’s, as they describe dynamics
within the two dimensions of a string: length and time. In the case of closed strings, the CF'T
can be taken on the plane R2, but for open strings the endpoints create a boundary for the space.
The boundary conditions placed on the string at its endpoints must be conformal, resulting in
a boundary conformal field theory, or BCFT. While for some time these boundary conditions
were viewed as nothing more than that, in [7] it was recognized that they could also be thought
of in terms of D-branes. D-branes are objects which the ends of strings are “attached” to, and
they can have varying size, shape, dimension, energy, and even other properties such as charge.
In this picture, the tachyon in the spectrum of the bosonic open string can be explained as
corresponding to the instability of the D-brane it is attached to. This is where open string field
theory is useful: while a given string theory only studies the strings allowed by a given D-brane
configuration, a single string field theory can describe many different D-brane configurations.

Classical solutions of open string field theory, or OSFT, describe the different conformal
boundary conditions available for a given conformal field theory. Since in the language of
string theory these boundary conditions are the D-brane configurations, finding these classical
solutions is an important tool for understanding D-branes. If we have such a solution we know
that an associated D-brane configuration is allowed, and we can easily find its energy. In
principle the structure of OSFT can also tell us about the configuration’s stability and any
moduli. Time-dependent solutions can even teach us about D-brane dynamics. Unfortunately,
the known solutions to OSF'T only begin to scratch the surface of the entire space of D-brane
configurations. While recent developments describe a procedure for constructing a solution
from a desired boundary condition, the solutions which have been explicitly written down and
studied are a very small subset of all allowed D-brane configurations.

In the first part of this dissertation, we find a new solution using the level truncation
approximation scheme. One solution which is well known describes the decay of an existing
space-filling D-brane. When N of these D-branes are present, the solution for D-brane decay
gains an SU(NN) symmetry, so linear combinations of the D-branes can decay. The solution
representing D-brane decay also exists when the initial D-brane is not space-filling, and in this
case we can still gain an SU(N) symmetry by duplicating the initial D-brane. In the case
of D-branes with non-zero codimension, however, we can break this symmetry by placing the
D-branes at different spatial locations. A non-trivial linear combination of D-branes cannot
decay if the D-branes are not in the same place, because the result — half a D-brane in one
place, and half somewhere else — would not be a valid D-brane configuration. We will examine
the set of solutions to the approximate theory in the case where the initial configuration is two
D-branes separated by a known distance which will parameterize our set of solutions.
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Another solution of OSFT which should exist describes marginal deformations of the initial
BCFT. While such solutions have been constructed analytically in a number of cases, they do not
exist as solutions in the level truncated approximate theory. The truncation raises the marginal
direction in the string field space, and only points which are local extrema will be solutions
to the approximate theory. In practice this means that only the trivial solution survives from
the marginal set. One such marginal deformation is the massless string mode perpendicular
to a D-brane which is not space-filling. This marginal deformation causes translation of the
D-brane, and it is the one we study in the first part of this document.

We have seen that when two D-branes are initially separated either one can decay, but linear
combinations can only decay when they are coincident. In this case, the enhanced symmetry at
the point where the two D-branes coincide allows for the solution with a marginal deformation
and a decay to survive level truncation. Although level truncation breaks a continuous set
of solutions to a few discrete ones, by searching for an SU(2) of solutions to the full theory
we know that the level truncated action should have some extrema on that set, and solutions
will survive. We find such a solution and study its properties, parameterized by the initial
separation of the D-branes.

We take the first step towards a map between the OSFT marginal parameter and the
physical impact of the marginal deformation without performing CFT calculations. Previous
maps have involved calculating a quantity in OSF'T for a marginal solution and comparing the
same quantity to a marginally deformed CFT, but we attempt to do this directly. We have
taken the first steps but require a better understanding of the field redefinition which takes place
when OSFT is reexpanded about one of its solutions. Even without the full mapping between
the OSFT marginal vev and the physical translation, however, we do find evidence that there
is a maximum physical translation that can be achieved through marginal solutions. While it
has long been known that there is a maximum value of the marginal vev in level truncated
OSFT, this maximum physical effect is unexpected and casts doubt on earlier explanations
of the maximum vev, in which the value of the marginal parameter was bounded but the
corresponding deformation of the BCFT was not.

In the second part of this dissertation we examine a previously known formal solution for
a class of marginal deformations. These marginal deformations are the more difficult case, in
which the OPE of two copies of the associated operator is singular: V(0)V(¢) ~ 7 + O(1).
The specific marginal deformation we are interested in is the so-called “rolling tachyon”, which
localizes a D-brane in the time direction. There are two different versions of the rolling tachyon.
The simpler version has regular self~-OPE and is not our focus. That rolling tachyon solution
represents an unstable D-brane which exists in the infinite past and then decays at a finite
time. Our focus will be on the time-symmetric rolling tachyon which exists only for an interval
of time, decaying in the past and future. The marginal operator associated with such a decay
isV(t) = V2 cosh (%)

First we examine the mathematical framework necessary for that solution in detail. We
search for the most general renormalization scheme we can apply to properly cancel the singu-
larities arising from the OPE and satisfy the assumptions necessary for a formal solution. We
consider two different approaches to constructing general renormalization schemes, which we
call the “big G” and “little g” schemes. We rigorously prove that the trivially exponentiated
version of the little g scheme gives a two parameter family of finite operators satisfying all
of the necessary assumptions. The big G scheme fails to give finite operators when naively
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exponentiated, but it offers an attractive framework for the construction of the most general
renormalization scheme allowed at any finite order. We also briefly examine the renormalization
scheme originally proposed for this solution and show that it is nearly identical to our little g
scheme. It is clear that there are at least two free parameters in the renormalization, and likely
infinitely many, so we ask what this implies for uniqueness of the solution. The free parameters
we have identified correspond to rescalings of the renormalized operators. Because of the way
the renormalized operators appear in the solution, such a rescaling changes the solution and we
expect that it corresponds to gauge transformations, but this is not proven.

Returning our focus from general marginal deformations with singular self-OPE to the case
of the rolling tachyon, I have written a computer program to explicitly construct this solution
at any order in the marginal deformation parameter A. The program also computes arbitrary
tachyon correlation functions in the conformal frame we are using. As a result, in addition to
the formal solution the program can also produce the tachyon profile in the form of unevaluated
integrals. At moderate order in A these integrals require numerical evaluation using 3rd party
integration routines. In addition to the tachyon profile of the solution, the program can also
compute the equation of motion and take its correlation function with any other string field
built from insertions of tachyon modes. Testing that such quantities vanish gives us evidence
that the formal solution does satisfy the equation of motion when explicitly constructed and
renormalized. The Maple procedures are designed to be flexible enough to manipulate many
wedge states, and can be used to find correlation functions for other wedge states involving
only the ¢ ghosts and simple marginal operators. Adding more operators, however, should be
fairly straightforward provided the correlators with each other and with the operators already
considered can be written down in a closed form.

Examining the tachyon profile, we find that for small A the solution looks very much like two
copies of the simple exponential rolling tachyon. In particular, the coefficients which control the
behaviour for small A show the same asymptotic behaviour as the exponential rolling tachyon
solutions. When A is increased, however, the rest of the coefficients must be included and the
free parameters in the renormalization scheme come into play. The tachyon profile is not a
gauge independent quantity so the fact that it depends on the parameters tells us very little,
aside from the fact that the solution really is affected by those rescalings. Whether they are
genuine gauge transformations is not known. It is known that the period of the tachyon field’s
oscillations is gauge dependent, so it is interesting that that period changes quite suddenly
as A is increased to the point where all of the coefficients are important. This suggests that
a change in marginal parameter A for the time-symmetric rolling tachyon has a similar effect
to a change of gauge in the time-asymmetric case. Finally, the presence of an approximately
constant period for small X tells us that the coefficients responsible for that part of the tachyon
profile are a convergent series for any appropriate . Including additional coefficients is most
naturally done by considering “rows” with constant momentum deficit. While there is not a
great deal of data, it suggests that each row converges, but there is no suggestion yet that
the sum of rows is a convergent series. In the small A limit, we show that only one row of
coefficients contributes to the tachyon profile, so there is no sum of rows. If this sum does not
converge for large A it raises the interesting possibility that marginal deformations really do
have a maximum strength, as has been found in level truncation studies including our work on
separated D-branes.

This document is structured as follows. Chapter [2] discusses some of the work that has
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previously been done in string field theory, and describes the approaches that we will use.
Chapter [3| finds the level truncated solution representing a combination of translation and
decay for separated D-branes, and discusses the properties of that solution and difficulties
involved in writing down a precise correspondence between the marginal parameter X, and the
translation distance d. The work on formal solutions for marginal deformations with singular
self-OPE is split over chapters [ and Chapter [4] expands on the work of Kiermaier and
Okawa by describing in detail the construction and properties of a renormalization scheme
compatible with a solution of OSF'T, and chapter [5| deals with the numerical calculations using
the renormalization scheme we find. Appendix [A] contains the level truncated action used
for separated D-branes in chapter [3] Appendix [B] details the actual Maple program used to
construct the rolling tachyon solution and its tachyon profile, and gives sample C++ code for
numerically evaluating the resulting integrals.



Chapter 2

Background

An obvious question in the study of boundary conformal field theories is exactly which boundary
conditions preserve the conformal symmetry. We refer to the collection of all CFT’s with all
such boundary conditions for each as the BCFT landscape. We will only be interested in two-
dimensional BCFT’s, since these are equivalent to string theories. In this context the boundary
conditions are identified with the D-brane configuration on which the open strings are allowed to
propagate. A background independent study of the BCFT landscape is therefore an important
tool in the study of D-branes and their dynamics.

The landscape of boundary conformal field theories contains all possible D-brane configu-
rations of string theory, so we use string field theory to study it. Open string field theory is an
interacting theory of off-shell open strings, with closed strings appearing only in loop diagrams.
It can be formulated using any BCF'T as a starting point, and classical solutions of the equa-
tion of motion describe new BCF'Ts which the theory can in principle be re-expanded about.
The energy of a solution is the energy of the new D-brane configuration relative to the initial
one, and the cohomology of the modified BRST operator for a solution describes the physical
excitations of strings allowed on the configuration. While it is not at all clear that all BCFTs
should exist as possible solutions, every D-brane configuration for the starting string theory
should. In this context, OSFT is background independent. It may also be that there are exotic
solutions corresponding to D-branes for string theories with different field content, for example
finding an open superstring theory beginning with only bosonic strings. Such solutions, if they
exist, have not yet been found. The most well known solutions represent either the decay of a
D-brane or a marginal deformation of the boundary conditions. We will focus primarily on the
latter.

2.1 String Theory

We begin by describing the first quantized bosonic string theory. Once we have done that we
can construct OSFT by replacing each string mode with a classical field. Quantizing those
fields will result in a quantum string field theory, but that subject is well beyond the scope of
this dissertation.

A common parameterization of the open string has endpoints at Rw = 0, 7 and time running
in the imaginary direction, where w is the worldsheet coordinate. A more useful parameteri-
zation is z = e~" which has the string endpoints on the real axis, with time running radially
outward from the origin. The field content of bosonic string theory is a matter field for each
dimension of the target space and two anticommuting Fadeev-Popov ghost fields which are in-
troduced in gauge-fixing to the conformal gauge. All of these fields live in the two-dimensional
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space of the worldsheet. The action is

S_

2ma!/

_ 1 _
/sz OXHOX, + — /d% boc . (2.1)
7T

Our convention will be to set the constant o/ = 1, and we will only write it where it is useful for
explicitly dimensionful quantities. If we take Neumann boundary conditions at the endpoints
of the string (3z = 0), the solution to this system has the following mode expansion

/ H
XH(z,2) = zf — id/p" In(22) + 04/ % Z an (z"+z7") (2.2)
n
n#0

and
b(z) = anz_"_2, c(z) = Z cnz "L (2.3)

The modes o, with n > 1, b_,, with n > 2, and c¢_, with n > —1 are raising operators,
while ) is a constant proportional to p*. All of the other modes are lowering operators, and

annihilate the vacuum. The commutation relations are

[O‘Mma O‘Z,] = m6m+n,077u7y 5 {bmycn} = 5m+n,0 5 {bma bn} = {Cmycn} =0. (24)

In addition, the holomorphic energy-momentum tensor 7'(z) has a Laurent expansion in terms
of the Virasoro operators
o0
Ly,

T()= Y, iz (2.5)

m=—o0
where the Virasoro operators L,, obey the Virasoro algebra

[Lir;r(ztalv LELOtal} = (m - n)Lg”)LBf}@ + %(mii - m)5m+n,0 . (26)
The central charge of the theory is set to ¢ = 0 by choosing the matter content appropriately.
Specifically, for the bosonic string we can accomplish this by insisting on having D = 26 for our
target space. The anti-holomorphic part of the energy-momentum tensor has its own Virasoro
modes with an identical algebra, but since we are working with open strings, our Riemann
surface will always have a boundary and the boundary conditions mean that 7'(z) and its anti-
holomorphic partner T(?) are not independent quantities. In terms of the fundamental matter
oscillators, the matter Virasoro modes are

L = Em:[) a*maﬂ"“ m = 27
! { 3 D=0 Otp—mQum, M #0 @7

and the Virasoro operators in the ghost sector are

o0

L%g) f— Z (27’L — m) : bmcn—m : _577,,0 ) (28)

m=—0oQ

where : : represents the standard normal ordering.
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The vacuum state |0;0) with zero momentum is SL(2,R) invariant, meaning in the state
operator correspondence it is mapped to the identity operator in the upper half plane. This
vacuum is related to those in the notation of Polchinski [6] by

c1 |0; kHY = |kM), @), (2.9)

where |k#),  is the matter vacuum with momentum k* and |]) is one of the two ghost vacua.

The number of states in this theory is too large as we have not yet done anything to remove
null states and those with negative norm. This is done by identifying physical states as the
cohomology of the BRST operator. The BRST operator has the form

QB = zn:an_n + ; m 5 n SCmCnb_m—_n:—Cg . (2.10)
Physical states are those satisfying Qp |¢) = 0, but the nilpotency of Qp means that states
of the form Qp |x) are null (orthogonal to all physical states including itself) as well as being
physical. The null states are identified with zero and removed from the spectrum. The lightest
physical state is the tachyon c; |0; k) with mass given by m? = —i, and the first excited state
o c1|0;k¥) is massless. An infinite tower of more massive states is created by acting on the
tachyonic state with matter oscillators o, and certain combinations of the ghost oscillators
b_, and c_,,.

The state-operator correspondence allows us to view this theory in a different way. Instead
of operators such as ab,, ¢, by, and L, acting on states such as the vacuum |0; k*), we can
view it as the local operators X*(z,Z), c(z), b(z), and the energy-momentum tensor 7'(z)
inserted in a Riemann surface. The canonical choice of Riemann surface is the infinite strip
with 0 < Rw < 7 for an open string, as the string’s spatial coordinate is defined to run from
0 to m while the worldsheet time coordinate is clearly unbounded. This is a conformal field
theory, however, and as such we have the conformal transformations available to us. Local
conformal transformations are the holomorphic coordinate transformations z’ = f(z). The
conformal transformation z = e~* maps the infinite strip to the upper half plane Sz > 0,
which is in many cases the simplest Riemann surface to consider for open strings. Slices of
constant worldsheet time are mapped to semicircular curves of constant radius, with the time
increasing radially outward. The string endpoints lie on the boundary Sz = 0, and the infinite
past is mapped to the point z = 0. When changing conformal frames any correlation functions
in the new frame are given by

) o) = T1 () () o tanz - )

Y 5 — 5!
z _Zi z _Zi

The exponents h; and h; here are called the conformal weights of the operators ¢; and define
how the operators transform under conformal mappings. The conformal weights can also be
defined in terms of an operator’s scaling dimension and spin [6][8]. An n-point function will be
computed by inserting operators at n distinct locations on the Riemann surface. Incoming or
outgoing open string states correspond to operators inserted on the boundary, and closed string
states correspond to operators inserted in the bulk. For the open strings we will be studying, we
must specify the locations of exactly three operator insertions in order to fix the three moduli
of the disc.



2.2. String Field Theory

2.2 String Field Theory

While there were several attempts to formulate an off-shell theory of strings, it was Witten’s
model [9] that succeeded in providing the foundations of OSFT. His theory is based on a Zs
graded algebra satisfying several axioms.

deg(a * b) = deg(a) + deg(b), Q(a*b) = (Q(a))*b+ (=1)%a*Q(b), Q*=0 (2.12)

The nilpotent derivation @) turns out to be the BRST operator. The resulting theory is based
on a J-function interaction of half-strings. It has a non-commutative star product that glues
the right half (o > ) of one string to the left half (¢ < ) of the other, effectively joining two
open-string worldsheets together. The *-product provides the interactions, but we still need a
map from the space of string fields to the complex numbers in order to construct an action.
The integration operation is introduced for this purpose. It glues the two halves of a string to
each other, also using a J-function glue. Although actual calculations are not performed this
way, for the matter sector these operations are defined in [10] as

[ [ 1 axto) [ 600 - X -nwixr@), (215)
0<o<n 0<r<T

(@) [24(r)] € [ [ av*(F)dx"(x - 7)x

0<7<T

(2.13b)
II s[xX*(r) =Y — )] [XH(r)] @ [Y*(7)],
§<r<m
where
ZM(r) = XP(r) for 0 < 7 < g and  ZM(r) = Y*(r) for g <r<m. (2.13¢)
Given this, the action is
1 g
S:—Q/W*Q\If—?)/\ll*‘ll*\ll, (2.14)

where ¢ is a coupling constant and @ is the BRST operator. The first term is a kinetic term
which reproduces the free string theory spectrum due to its use of the same BRST operator,
while the second term introduces cubic interactions. Since a single string field is made up of
all possible string modes at all different momenta, the interaction mixes all of these infinitely
many fields. This action is valid even for string fields which are not on the mass shell.
Because the action is cubic, it does have the problem that the action is unbounded both
above and below. Quantum mechanically it is not a sound theory to study, but the classical
theory still has perfectly valid solutions at the action’s critical points. Superstring field theory
does not have this problem, so quantum superstring field theory should be a well defined thing
to study, but at present classical solutions are not fully understood. The cubic bosonic theory is
therefore a useful thing to study since many solutions have a similar structure, but are simpler in
the bosonic case. It is suggested in [11] that it may be possible to add higher order terms to the
action, but such terms would also appear as a violation of the associativity of the star-product.

8



2.2. String Field Theory

The ghost number of a string field can be defined as the number of ¢ ghosts minus the
number of b antighosts acting on the vacuum. With this convention, the [ operation vanishes
unless the ghost number of its argument is 3. For string fields of definite ghost number, this
means that the action is only non-zero for ghost number one. All physical string fields such
as the tachyon and massless vector have ghost number 1, while some toy models involve string
fields of ghost number 0 for simplicity. The action has a large gauge symmetry

SU=QA+TxA—AxT (2.15)

where A is any string field of ghost number 0. Since the BRST operator () increases a string
field’s ghost number by 1, and ghost number is also additive under the *-product, the ghost
number is preserved under such transformations provided that the string field ¥ has ghost
number 1 and the gauge field A has ghost number 0.

The simplest way to think of the string field is as a sum over all possible open string states.

U= / P pII D2 é1,.0xp) alfbsex 05p) (2.16)

w1, J K

Here the upper case indices I, J, K represent multiple oscillator indices for products of operators,
so that a random example of a term in the sum would be

B(—2,-1),(~2),(0,1)(P) @253 b_acoer |05 p)

Each state in the open string Fock space comes with a spacetime field as its coefficient, but in
most practical situations we are only interested in translationally invariant solutions. In this
case the coefficient fields ¢(p) are only non-zero for p = 0 and can be treated as simple constant
coefficients. The action then has the form of a cubic polynomial in the infinitely many
coeflicients.

Let us now turn to some common notation and computational tools used when the string
field is expressed in the open string Fock space. The integration operator and triple star product
used in the cubic term of the action are written as

/A*B:<A,B>, (A, B+C) = (A,B,C). (2.17)

Absorbing a factor of the coupling constant into the string field, ® = gV, the action becomes

1

1 /1

5 <\11,\11,\1:>) . (2.18)

The *-product of two string fields is not at all simple to write down in the basis (2.16)). For-
tunately, Gross and Jevicky [12] found a state in the product of three SFT Hilbert spaces such
that

D W)y = (@ (¥, [V3). (2.19)

Specifically, the cubic term in the action is easily written in terms of this 3-vertex.

(W, 0, W) = (V3] [0), [W), [)5 (2.20)
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Switching from ket states to bra states is done using bpz conjugation: (¥| = bpz |¥). In the
Fock space basis this is similar to hermitian conjugation with additional sign factors. It is
described in more detail in section and the bpz conjugates of simple states are given in
equation . The action’s kinetic term is most easily calculated directly in terms of oscillators.

(VQ[w) (2.21)

The calculation of both terms in the action is explained in detail in section (3.1

Using the state-operator correspondence, we can also represent the string field without
referring to oscillator modes. In this form, a string field can be defined by its inner product
with an arbitrary test state. Any open string state can be expressed as an operator inserted at
the origin in the upper half plane. For example, we might define a string field A by

(9, A) = (f100(0)f2004(0))4 (2.22)

where f; and fo are conformal maps from the upper half disc to disjoint regions making up
the Riemann surface S, and O 4 is the operator corresponding to the state |A). We will often
relax the assumption made here that the string field is expressed as a single operator inserted
at the origin of the upper half plane, and permit any number of operators inserted anywhere
in the portion of S associated with the image of the upper half disc under the function fs, or
equivalently, the portion of S which is the image of |z| > 1 under f;. The region fi(|z| < 1) is
sometimes referred to as the conformal patch and is reserved for the test state representing the
asymptotic future. We often think of the string field A as being the Riemann surface S with
operator insertions, but to be precise we should remember that it is really still a Fock space state
defined by its correlation function with an arbitrary test state |¢). Since the CFT correlation
function must saturate the ghosts in order to produce non-zero results, a physical string field
A requires a test state ¢ with ghost number 2. The test operator producing information about
the tachyon component of a string field is cOc.

Since OSFT can be formulated for any open string boundary conditions and solutions rep-
resent D-brane configurations, there must be a new formulation of OSFT for every solution.
Taking the original OSF'T action and expanding it about the string field ¥ gives an action with
the same form except that the BRST operator is modified as

Qud = Qop+Tx¢p— (—1)N g s . (2.23)

Qo is the BRST operator for the initial reference BCFT (corresponding to the solution ¥ = 0)
and ¢ is any string field. The sign factor in the last term uses the standard notation that when
a string field appears in the exponent of —1 it is taken to mean the ghost number of that string
field. This way the new terms in combine to make a commutator for physical string
fields, but in general can be either a commutator or an anti-commutator. This is a significant
amount of background independence, as only the field content is still defined in terms of the first
reference BCF'T. Schnabl has referred to this as being “half-way” to background independence
[13].

A surge of interest in OSFT began in 1999 when Sen predicted an explanation for the
tachyon in the spectrum of the bosonic open string and suggested that his conjectures could be
best tested in string field theory [14]. He suggested that any D-brane system with a tachyon
in its spectrum can decay to the vacuum with no D-branes. He claimed that at this point in

10
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the space of string fields, the negative value of the tachyon potential exactly cancels the initial
tension of the D-branes, indicating the true vacuum with 0 energy. He also provided some
evidence that there would be no dynamical degrees of freedom at that vacuum. This was a
necessary result in order to explain the absence of the brane-antibrane system’s U(1) gauge
field from the true vacuum. The existence of solutions to OSFT representing certain other
D-brane configurations was also considered, with the discussion focusing on the fact that these
configurations should also be unstable to decaying to the same tachyon vacuum. In time, these
conjectures were rewritten and presented in their best known form [10].

1. The tachyon potential has a locally stable minimum, whose energy density £, measured
with respect to that of the unstable critical point, is equal to minus the tension of the
D25-brane:

£ = —T25.

2. Lower dimension D-branes are solitonic solutions of the string theory on the background
of a D25-brane.

3. The locally stable vacuum of the system is the closed string vacuum. In this vacuum the
D25-brane is absent and no conventional open string excitations exist.

These conjectures imply that the open string with purely Neumann boundary conditions actu-
ally lives on a space-filling D25-brane. The tachyon in the string spectrum is associated with
the instability of this D-brane.

2.2.1 Level Truncation

Early attempts to find the tachyon vacuum solution of OSFT used the oscillator basis for the
string field. The first challenge in solving the equations of motion in this approach is the infinite
number of fields. A suitable approximation scheme is needed to reduce the problem to a finite
number of variables. The level truncation scheme sorts the states in the string field
according to their Ly eigenvalue [15]. It was initially used only for translationally independent
solutions so that the level essentially counted the indices on all of the oscillators acting on the
vacuum, but the method was later extended to include the whole Ly eigenvalue so that solutions
with p # 0 could be considered [16]. The difference between a term'’s eigenvalue and that of the
zero momentum tachyon is called the level, and only terms in the string field with level up to a
fixed value are included. With a string field truncated to level L, it is sometimes helpful to also
truncate the action (which has level 3L) to a lower level M. Of course M must still be at least
2L in order to include the kinetic term for each field. Solutions to a level truncated system are
approximate solutions to the full OSFT equations of motion, with the approximation typically
improving as L is increased.

A number of solutions are known in level truncated OSFT, but the first is the solution
representing the tachyon vacuum. Sen and Zwiebach first found this solution for low levels [17],
and that was followed by calculations at higher levels [I8]. The string field Sen and Zwiebach
used at level 2 had the form of with constant coefficients:

1

T)=1tc1|0) +uc_1|0)+wv
|> 1|> 1|> \/ﬁ

L_ser |0) . (2.24)
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Figure 2.1: The potential at level 0 as a function of the tachyon zero mode t.

This makes several simplifying assumptions about which fields to include. First is the obvious

choice of a spatially uniform solution, so that the infinite tower of momentum modes for each

string field can be dropped, keeping only the 0 momentum states based on |0) def |0;0). Next

they imposed Siegel gauge, which is by |T) = 0. This gauge choice is imposed level by level, and
it can be shown that this gauge choice is valid locally at |T') = 0 for every level except level
1, where the necessary gauge transformations become singular. If any level 1 terms are to be
dropped from the string field, we must find a different justification. Fortunately, in this case
the twist symmetry of the theory allows us to consider only terms with even level. The twist
symmetry reverses the parameterization of the worldsheet space coordinate ¢ — m — . Of the
zero-momentum fields with Neumann boundary conditions that we are considering, all of the
odd level fields change sign under this symmetry while the even level ones do not. The action
is invariant under twist, so any twist-odd fields can only appear in pairs, and their equations of
motion will never be sourced by twist-even fields. It is consistent to set all twist-odd fields to
0, reducing the space of solutions which will be found, but in no way invalidating the solutions
which remain. Since the tachyon vacuum solution is in the twist-even subspace, imposing this
symmetry on the string field will greatly simplify calculations.

The energy of any solution will depend on the entire string field, but it is often useful to
consider it as a function of only the tachyon vev t in tc; |0). This is achieved by using the
equations of motion to eliminate all of the fields except for the tachyon. This is not a unique
procedure since there are many different solutions, but for any given solution we can see a profile
which will have critical points at values of ¢ which correspond to solutions on the branch under
consideration. Often the energy is rescaled to units where the tension of the initial D-brane is
1, and this is typically referred to as f(t). The simplest (level 0) tachyon potential V' (¢) has the
form of a cubic polynomial shown in figure 2.1l For the tachyon vacuum solution this profile
remains qualitatively the same when higher level fields are included. The trivial solution is at

12
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t = 0 and the tachyon vacuum solution appears at ¢ ~ 0.456 in this approximation. We also
notice that the potential is unbounded below for negative values of t. The physical interpretation
of this region is unknown, but there are no classical solutions in that region, corresponding to
no D-brane configurations. The energy of the tachyon vacuum solution was found to converge
quite quickly to the correct value of negative the D-brane tension. At level 0 it reaches ~ 68%
of this energy, while by level 4 it is already ~ 95%. It does pass the predicted asymptotic
value of the energy at level 14, but extrapolations show it turning around and approaching
the correct energy from the other side [I8]. The spectrum of physical open strings about the
tachyon vacuum is expected to be empty, but verifying this with an approximate solution is a
difficult task. The modified BRST operator for the theory expanded about a solution obviously
has to depend on that solution, as seen in . By using an approximate solution we will
get an operator that is not the correct BRST operator. Additionally, by truncating the string
field, we have broken gauge invariance, so QQ¢ will not be nilpotent. Such an approximate
BRST operator will not have the correct cohomology. Attempts were made, however, such as
by Giusto and Imbimbo [19][20], to show that the tachyon vacuum has no physical excitations.
There the “modified kinetic operator” Ly = {Quw, by} is examined, with Qg the BRST operator
for the theory expanded about the tachyon vacuum solution. At each ghost number n they
search for momenta where det f/én) = 0. Their assumption is that closely grouped zeros are the
result of a single degenerate zero being broken up by the level truncation approximation, and
they consider such a group as a single zero for the purposes of finding the cohomology of the
BRST operator Qg. They found that the cohomology is indeed empty at ghost number one, up
to the limits imposed by level truncation. At other ghost numbers, however, the cohomology
they found was non-trivial. Since physical states all have ghost number 1, it is not at all clear
what these states represent.

While the vacuum solution confirms two of Sen’s conjectures, there is still the matter of
lower dimensional D-branes appearing as solitons. In the framework of OSEF'T, lower dimension
D-branes are solutions. The so-called “lump solutions” were studied by Moeller, Sen and
Zwiebach [16] for codimension 1. They are approximately zero where the D-brane is localized,
and take values approaching the tachyon vacuum far from the lump. This requires infinitely
many momentum modes, and is studied with a compactified direction so that the spectrum is
discrete and can be level truncated to a finite number of modes at any given level. The string

field analogous to (2.24) now has the form
n —n
0;—> 0: — V) . (2.25
R )) - @

The vacuum state !0; %> is the n-th momentum mode in the compact direction. In the non-
compact directions the solution remains translationally invariant, so the momentum only has
one non-zero component. Here L:X are the Virasoro operators in the “lump” direction in
which the D-brane is to be localized, while L!, are the matter Virasoro operators in all of
the other directions. In principle the sum in runs to oo, but in the level truncated
calculation performed, it is noted that the level (L eigenvalue) receives a contribution }%22 from
the momentum, so that at any fixed level the number of modes to consider is finite. In fact,
the number of modes to consider decreases for terms which have a higher level at p = 0. By

examining the solution for a D-(p — 1) brane at different levels and radii, they found that the

’T> - 5 Z (tncl + UpCc—1 + 'UnclLi(g + 'LUnLI_Q + ZnCILi(lLi(l) <
n=0
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solution appears to converge quite quickly to a lump which is independent of the compactified
radius, so long as that radius is large enough that the lowest non-zero momentum tachyon has
a negative “kinetic” energy (the quadratic term in the action). For smaller radii they did not
find any solutions. While such solutions may well exist, this is an example of the phenomenon
that string field theory has a great deal of trouble finding solutions with higher energy than the
initial CFT ground state.

The third class of known solutions is those representing a marginal deformation of the initial
BCFT. In level truncated SF'T these solutions are found by turning on a marginal conformal
primary operator by hand and allowing it to excite other fields through the interaction term.
Without including all of the infinitely many interactions, the resulting collection of fields will
not have the same energy as the exact string field, though it should be closer for higher levels.
Since level truncation breaks the marginality of such operators at the non-linear level, the result
is not actually a solution at all. For example, a flat one-parameter family of solutions in the
full theory is broken to a collection of string fields with nearly-flat potential, and the equations
of motion drive solutions back to the extremum of the family. Sen and Zwiebach [2I] studied
such solutions with a Wilson line marginal deformation by ignoring the equation of motion for
the marginal field and imposing the rest. This way a single marginal parameter results in a
one-parameter family of string fields containing a single solution: the string field 0 at vanishing
marginal parameter. Since the action is close to flat, this family does represent string fields
which are almost solutions, and as the level of truncation was increased the action becomes
flatter.

Perhaps unexpectedly, Sen and Zwiebach found that these marginal string fields only re-
main real for a finite range of the marginal parameter. In addition to becoming flatter when
the level was increased, the action evaluated at the “solutions” of [21I] remained real for pro-
gressively larger ranges of the marginal parameter. The expectation from BCFT, however, is
that marginal deformations by a Wilson line should exist for any vev of the Wilson line. Sev-
eral possibilities have been suggested. Since level truncation does give increasing values of the
maximum marginal parameter with increased level, it is possible that the maximum increases
without bound at infinite level. The values of the maximum at finite level, however, do not
increase very fast and lead us to be skeptical of this possibility. In [21] it was suggested that
the finite marginal parameter in SF'T might correspond to an infinite marginal vev in the CFT.
An elaboration of this idea [22] claims that the map from the SFT parameter to the CFT one
is double valued. In a toy model, once the SFT parameter reaches its maximum it begins to
decrease on a different solution branch while the CFT parameter continues to increase. In
chapter [3| we will find evidence that the maximum SFT parameter does correspond to a finite
CFT parameter, and we will not see another solution branch corresponding to any higher value
of the CF'T marginal parameter at the level which we do our calculations. Which explanation
is correct, if any, presently remains unknown.

More recently, a level truncated solution with positive energy was found [23] by constructing
a string field theory from the BCFT of the Ising model. This model simplified calculations by
reducing the number of conformal primaries, and that work was able to find solutions repre-
senting all expected boundary conditions. What is unexpected is that the solution representing
the higher energy D-brane was found using the lower energy D-brane as the starting BCFT.
Interestingly, that solution was complex until level 14 fields were considered, at which point it
suddenly became real and remained that way at higher levels. While it may be unlikely, this
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does present us with another possible explanation for the lack of marginal solutions beyond a
critical value of the deformation strength. They could be there as complex solutions waiting
for high level calculations to reveal them.

The issue of matching a marginal SFT parameter to the corresponding CF'T parameter
was also examined in [24] for a different marginal deformation. While this is not directly
applicable, it is a good representative of the type of comparison that is typically attempted. A
physical quantity, in this case the energy momentum tensor, is calculated on both sides and the
correspondence is found by setting the two to be equal. We will take an alternative approach
to relating the marginal parameter to its physical effect. Rather than studying level truncated
string fields which are close to being solutions of the equations of motion, we will examine ones
which are solutions to all of the level truncated equations of motion, but involve a D-brane
decay in addition to the marginal deformation. This is possible because we use a pair of D-
branes. When two D-branes are coincident there is a continuous family of allowed decays, since
the action gains an SU(2) symmetry. Separating the D-branes breaks the symmetry, and in
principle a marginal deformation to restore the coincidence of the D-branes will also restore
the symmetry. In practice, however, level truncation prevents us from completely restoring the
symmetry (see section. This is why we want to have a continuous set of solutions. Despite
the hypothetical set of exact solutions being raised to have different values of the action, there
must still be some critical points in the set where the action has a maximum or a minimum, and
these will appear as solutions even in the level truncated model. We will try to then compare
the marginal parameter of the surviving solutions to the physical displacement which we can
adjust as a parameter of the theory. We will not claim a definitive correspondence, as there is a
contribution from the decay part of the solution, but the problem is reduced to understanding
this contribution.

2.2.2 Analytic Solutions

Going beyond level truncation, there are known analytical solutions to SF'T. These are often
defined using the test state method for representing the string field, as in . Alternatively,
they are sometimes expressed as operators acting on known string fields such as the x-product
identity. This form of solution will simplify the theory provided the Riemann surface is chosen
so that the star product is easy to implement. The simplest choice is to take the conformal
map z o arctan of the upper half plane. This gives a semi-infinite cylinder called a wedge
state, with the boundary remaining on the real axis. This conformal frame is shown in figure
A wedge state can be easily broken into any number of disjoint parts by changing the
scaling of the conformal map so that the |z| < 1 portion of the upper half plane gets mapped
to a vertical strip of any desired width, and then translating those strips along the real axis.
What is important about this frame is that the star product acts by cutting open two cylinders
and glueing them together to make a new cylinder with (typically) larger circumference. In the
process, a part of each string field’s conformal patch is removed, so that only one conformal
patch, or “future” worth of Riemann surface remains. A wedge state with circumference n + 1
is denoted W, and the star product acts on such states as Wy, * W,, = Wy,1,,. The wedge state
W with circumference 1, for example, is an identity string field, since it glues in to any string
field exactly the width that is removed. Wedge states with insertions consist of such cylinders
with operators inserted outside the conformal patch, often on the boundary.
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Figure 2.2: The Riemann surfaces used in the two common conformal frames of the upper half
plane (a) and the wedge (b). In each frame the infinite past is located at 0 and the 7 = 0
line on the open string worldsheet is drawn separating two shades of grey. The two conformal
frames are related by z = tan~! ¢. The coordinate ¢ here is z in , since z is conventionally
used for the final coordinate being considered.

The first analytical solution to SFT was found by Schnabl [25], and was constructed using
wedge states with insertions. The solution contains two pieces.

U= ]\;gnoo (sz - Z 8n1/)n> (2'26)

n=0

where the string field v, is a Riemann surface with insertions which are defined for this con-
formal frame using straightforward notation. The ¢ ghost field in the conformal frame of the
wedge is ¢, and the zero modes of the b ghost and virasoro operators in this conformal frame
are By and Ly respectively.

b = %e_g(ﬁﬁd)) KBO n BS) G <_%n) é (%n) + g (5 (—%n) +é (%n))] 0)  (2.27)

The vacuum here is the Riemann surface for the conformal transformation z = arctan&: the
wedge state of circumference m with no insertions. Curiously, the first term does not contribute
to any of the coefficients in the standard level truncated basis. In that basis it appears to be 0,
but it is required in order for the string field to be a solution.

Remarkably, this term is responsible for all of the physical content of the solution, as ex-
plained by Erler and Maccaferri [26]. Given any two solutions ¥ and ® of OSFT, they suggested
a method for splitting ¥ into two parts:

U = @1(6) + ¢12(6> . (2.28)

This requires a “left gauge transformation” (Q 4+ ®)U = UV which can always be constructed
as
U=Qb+®b+b¥ , (2.29)
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for any string field b with ghost number —1. The first part

By (e) (Q+®) (U +e) (2.30)

T U+e
is a gauge transformation of ® with finite gauge parameter U + €. The second term

biale) = G (V= @) (2.31)

is simply the remainder in . In the limit as € — 0, two things can happen. If the string
field U is invertible then it defines a gauge transformation relating ¥ and ®, and the remainder
term 112(€) goes to zero. If the two are not gauge equivalent then the operator in the remainder
is called the “boundary condition changing projector” and is denoted X = lim¢,0 7=- As far
as [ am aware, there is no proof that the gauge parameter defined by will give a vanishing
boundary condition changing projector if two solutions are gauge equivalent, but since @1 (e)
is a valid gauge transformation for all finite € if two solutions differ then X will capture the
physical distinction between the two.

In the case of Schnabl’s solution for the tachyon vacuum , the “phantom” term
limy_ o0 ¥y plays a role which is very similar to the boundary condition changing projec-
tor. The way the solution is written, the second term is not a solution by itself, so it cannot
have the form of ¢y in (2.28). It was shown in [26] that the phantom term in Schnabl’s solution
is X°°W rather than X°° (¥ — ®). The splitting of the solution is still into a part with all of
the physical content and a part which is gauge equivalent to the perturbative vacuum. What
is unusual in the case of Schnabl’s solution is that the phantom term is 0 when expanded in
the level truncation basis . While this seems to suggest that the phantom term is 0 and
that Schnabl’s solution is gauge equivalent to the perturbative vacuum, this is not the case,
and limy_o ¥n contains important non-perturbative information about the solution.

The resolution to the seemingly vanishing phantom term most likely lies in the fact pointed
out by Ellwood [27] that the vector space of the string field does not have a norm. The operation
(A, B) in OSFT is sometimes referred to as an inner product, but it is correctly identified as a
symplectic bilinear form [I1]. This is because the operation (A, B) lacks the positivity condition
of an inner product, that (z,z) > 0 with the bound saturated only for = 0. For the bilinear
form itself this is trivial since two copies of a physical string field will not saturate the ghosts
and we will always find 0. Even if we were to consider non-physical ghost numbers, by definition
the bilinear form has the property that (z,y) = — (y, x), so any string field at all will have zero
norm if we tried to use this as the inner product. A more reasonable choice to define a norm
would be the kinetic term of the action (x, Qz), but for terms in the string field such as c_; |0)
we find a kinetic term which is negative. The possibility (x, cox) has similar problems. Without
a norm on the vector space, we cannot say if two string fields are equal or close to one another.
In many cases the coefficients in the level truncation basis provide a good indication of a string
field, but there is no guarantee that they give an accurate representation, especially since we
can never calculate all of the infinitely many coefficients appearing in that basis.

Schnabl’s analytic solution was initially shown to have energy of —1 in units of the D-brane
tension, cancelling the energy of the D-brane that the starting CFT lived on, but the other
two Sen conjectures were not immediately verified. The third conjecture, that the cohomology
at the tachyon vacuum is empty so that there are no physical open string degrees of freedom

17



2.2. String Field Theory

without a D-brane, was verified by Schnabl and Ellwood [28]. This is done by first proving the
lemma that @ has no cohomology if and only if there exists a string field A such that QA =1
with I the identity string field. The task of proving that Q¢ has vanishing cohomology becomes
a matter of finding such a string field A satisfying Qg A = I. This was accomplished with the
string field A = %BOI.

Once the first solution was written down, a few variants on it appeared. One in particular
generalized the same approach as in [25] for conformal frames which are “special projectors” [29].
A projector of the star product is a string field P such that P+ P = P. As the circumference of
a wedge state with no insertions is taken to infinity we can see that it becomes a projector, since
the star product with itself gives another cylinder with twice the already infinite circumference.
This limit is known as the “sliver” frame. Wedge states can be constructed by acting on the
identity string field with exponentials of the Virasoro zero-mode together with its hermitian
conjugate, Lg + E(T]. The sliver state is called a “special projector” because the commutator
of Ly with its bpz conjugate bpz Ly satisfies [Lo,bpz Lo] = s(Lo+ bpz Ly) as well as some
regularity conditions. Using instead the zero-modes from the conformal frame of a different
special projector yields alternative sets of states with algebraic properties similar to the wedge
states, and Schnabl’s solution will still exist with all operators from the sliver frame replaced
by their counterparts in the new frame, because all of the necessary algebraic structure is
reproduced in the new frame.

A simpler form of the solution was found several years later [30]. This uses the so-called
K Bc subalgebra generated by the three string fields K, B, and ¢ which are defined by acting
on the identity wedge state with simple operators.

K=T(L+ Loell). B=2(+bel), = te(n)r) (2.32)

The subscript 7, indicates the part of the operator acting on the left half of the string. This
can be obtained by integrating the charges over the right half of the unit circle, from —i to 7.
These string fields satisfy

[K,B]=0, {B,c}=1, B*>=¢=0, (2.33)
QBK = 0, QBB = K, QBC =cKec. (234)
Further details of the K Be subalgebra can be found in a number of places, for example [31] or

[32]. Two different solutions, both gauge equivalent to each other and to the original tachyon
vacuum solution, can be written down.

1
\If—c(1+K)Bcl+K (2.35)
1 1
U= ¢(1+K)Bec (2.36)

v+ K V1+ K

Both forms satisfy the equations of motion, and the second form satisfies the reality condition
on the string field which guarantees that the action will be real valued.

Since the tachyon vacuum, another class of analytic solution has been found, corresponding
to marginal deformations. These solutions are generally written as a taylor series in the marginal
parameter A, but the string field can be written down explicitly at each order. If the marginal
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Figure 2.3: The A" term for the marginal solution of [5] for a marginal operator V (¢) with regular

self-OPE. The ghost part drawn has fewer insertions than in (2.37)) because the anticommutator
{B,c} =1 can be used to simplify it.

deformation is regular, that is if its OPE with itself is regular, then solutions are quite well
known [33][5][34]. These solutions take the form of wedge states with insertions of the marginal
operator along the boundary, along with a few ghost insertions. The positions of the marginal
insertions are mostly integrated over regions which depend on the specific solution, since the
three moduli of the disc tell us that only one marginal operator should be inserted at a fixed
location, as the other two moduli are fixed by the ghost number 2 test state in . The
solution of [5] is given as ¥ = 3% A"¥(™) where

1 1 n—1 7
<¢,w>>_/ dtl.../ dtn_1 <fo¢(0)cV(1)H BV (1+) ;) > . (2.37)
0 0 i=1 j=1 W
1+Z;L;11tj

This solution can be seen in figure The operator B = [ %b(z) here does not have a fixed
insertion location, as it only matters which ghost operators it is between.

One example of a marginal deformation with regular self-OPE is the exponential or time-
asymmetric rolling tachyon. Solutions involving this deformation represent placing a D-brane
in the infinite past and letting it decay at a finite time. This is intended to show the dynamics
of D-brane decay. The tachyon profile T'(¢) is the coefficient field of the tachyon in the level
truncation expansion, and for uniform decay it is only a function of time. The tachyon profile
was calculated for two analytical solutions in [5] and [34], as well as for level truncation in
[35]. In each case the tachyon profile shows oscillations with exponentially growing amplitude
beginning when the D-brane decays and continuing without bound. This is in contrast to the
expectation that the late time limit of the tachyon profile should be the tachyon vev of the
tachyon vacuum solution. A few possible explanations have been suggested. In [35] it was
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argued that a time-dependent field redefinition could be used to make the time dependence of
rolling tachyon solution a simple exponential, matching the BCFT result for the corresponding
marginal operator. In [27] this idea was reinterpreted as meaning that a time-dependent gauge
transformation of the rolling tachyon solution could be used to give a solution with the expected
time dependence. That same work claimed that the late time limit of the rolling tachyon solution
is in fact Schnabl’s solution, despite the numerical evidence of the tachyon profile.

If the marginal deformation has a singular self-OPE, then a detailed renormalization scheme
is required in order to prevent divergences from the places where integrated insertions collide
with fixed insertions or with each other. Such a renormalization scheme is constructed in [36].
This will be covered in detail and expanded on in chapter[d, An alternate approach was laid out
in [37], in which solutions are considered which are formally gauge equivalent to the perturbative
vacuum, but with a gauge parameter outside the Hilbert space. In [38], the regular-OPE solution
of [34] was extended to operators with singular OPE. This approach used integrals away from
the boundary of the worldsheet to find finite solutions which are equivalent to several previously
found solutions in different limits. Recently, another new approach was suggested in which a
Wilson line in the time direction is used to cancel the divergence of singular operators in the
matter direction [39]. This approach does not apply to the case of the rolling tachyon because
it requires that the time direction is left unused and free to soften the divergences. It also uses
boundary condition changing operators, rather than the bare marginal operators which the
solution of [36] was constructed from. However, given a boundary condition changing operator
which is trivial in the time direction, this approach apparently produces solutions for any new
boundary condition, not only marginally deformed ones. We will not be investigating solutions
of this type. We will further investigate the singular marginal deformations by finding explicit
numerical results for the tachyon profile in the renormalized approach. This will involve careful
examination of the renormalization scheme used, and a re-evaluation of the freedom involved
in doing so. We find that the renormalization must be chosen very carefully to guarantee that
the sufficient conditions for a solution are met, but that at least two free parameters remain.
The renormalization scheme cannot be further restricted by structural properties of the string
field, or by numerical evidence, and we believe the remaining freedom may represent residual
gauge transformations of the solution.

Simply constructing string fields which satisfy the equations of motion does not mean very
much if nothing is known about what the solutions represent, so gauge invariant quantities are
of particular interest. The simplest gauge invariant quantity is the energy of a solution, which
is easily calculated. For a second test, however, the most clearcut quantity to consider is the
boundary state. This is a state in the closed string Fock space which describes the D-brane in
the sense that all amplitudes for closed strings interacting with the D-brane are given by overlaps
with the boundary state. The task of calculating the boundary state was first accomplished in
[40], and more recently a different approach was taken in [4I]. The first method of computing
the boundary state gives an exact closed string state as the result of inserting multiple copies of
the OSFT solution around the boundary of a disc. In practice this is transformed to the sliver
frame so that glueing in multiple copies of the solution is only a matter of considering larger
cylinders with more insertions on the boundary. The second method writes the boundary state
in a basis of Ishibashi states. For each bulk conformal primary operator V,, the associated
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Ishibashi state is the closed string state ||V,)) satisfying
(Ln - I_/—n) ||Va>> =0. (238)

In this basis it is shown that the coefficient of each basis state can be simply calculated from
the string field in terms of BCFT amplitudes. Using this approach, the overlap of the boundary
state | By) corresponding to a string field solution ¥ with any closed string insertion V, is given
by

<Vd‘ Ca |B\p> = —4m <I| Vcl(i) |\I/ - \IJT\/> . (239)

This method has the advantage that it can be applied to level truncated solutions as well as
analytic solutions. The disadvantage is that there are in principle infinitely many Ishibashi
coefficients to compute in order to find the whole boundary state. In practice there may be
only a finite number which are non-zero or are of interest, so the approach is still effective.
While the first approach, [40], was used to calculate the boundary state for Schnabl’s tachyon
vacuum solution and a few regular marginal deformation solutions, the other approach, [41],
has been applied to many recent solutions. Originally, it was applied to an analytical tachyon
vacuum solution and the numerical lump solution of [16]. After that, it was used to suggest
that for level truncated marginal solutions with a periodic marginal direction the marginal
parameter covers one fundamental domain [42]. Another level truncated solution representing
change of boundary conditions for the Ising model also included a discussion of boundary states
[23]. The recent analytical solutions of [38] B9] also include calculations of the boundary state
for marginal deformation and tachyon vacuum solutions respectively. I am not familiar with
any cases where the boundary state calculated from an OSFT solution does not agree with
the predictions of BCFT, so it appears to be a remarkably robust tool for the study of the
physical interpretation and properties of solutions to string field theory. In the case of this
work the boundary state could be helpful for identifying the physical meaning of new solutions
and determining which related solutions are gauge-equivalent, but calculation of the boundary
state for the solutions we study here will be left for future work.
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Chapter 3

Separated D-branes

Although string field theory is in principle a background independent theory, it still requires
an initial choice of BCF'T to determine its field content. In the majority of studies, the initial
BCFT is chosen to be a single D-brane, often a space-filling one so that the full rotational
symmetry is preserved. In the event that multiple D-branes are considered, the initial BCFT
is almost always just the product of the single D-brane theory with a suitable gauge group,
so that the theory describes a collection of identical D-branes. In this chapter we consider a
situation where the starting locations of the D-branes are different so that the initial BCFT is
more complicated, since the off-diagonal sector consists of strings that are stretched between
the two D-branes and have a different spectrum than the diagonal sector.

One of the outstanding problems in OSFT is regarding solutions for marginal deformations.
As a simple example, consider a single D-brane which is not space-filling. One marginal de-
formation is the translation of this D-brane, and we would expect that we could position this
D-brane anywhere leading to an unbounded deformation. In string field theory, such configu-
rations would correspond to a continuous set of solutions with a marginal parameter. In level
truncation studies, however, this marginal parameter always has an upper bound which does
not appear to grow fast enough as the level is increased, leading to speculation that only a finite
range of marginal deformations are allowed. While several attempts have been made to explain
this [21][22][24], here we will use the separated D-brane system to gain a new perspective on
the problem by using the initial separation as a reference distance.

We will see that we are genuinely unable to find solutions corresponding to large D-brane
translations, and that this seems unlikely to change with the inclusion of more terms in the
string field. We will also use this reference distance to move one step closer to an alternative
calculation of the relationship between the marginal parameter in OSFT and the marginal
deformation of the BCF'T. Previous methods have all compared quantities calculated in string
field theory to those calculated in the BCFT, but we are able to rephrase the problem entirely
in terms of OSFT calculations. The solution described here is the first step in this comparison,
and I will leave the analysis of necessary field redefinitions about a marginal solution to future
work.

The work presented in this chapter has been published in the Journal of High Energy Physics
[1] and presented at the conference String Field Theory and Related Aspects V, which took
place in 2012.

3.1 Preliminaries

Following a procedure similar to that of [I7], we begin by defining the states in the expansion
of the string field
|CI)> = (tijcl + 0101 + hijC() + .. ) |Z]> . (3.1)
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We are considering N parallel D-branes, so the state |ij) is the unexcited string beginning on
brane 7 and ending on j. The sum over brane indices is implied. The matter oscillator a_q
belongs to the CFT transverse to the branes. In principle we should have xua’i 1, but we assume
that all of the oscillators parallel to the brane are unexcited as we will discuss later. Of course
there is an infinite set of higher level states such as a_g |ij), but to begin we will truncate the
expansion here, at level (1,3). This means that the string field is truncated at level 1 and the
action is truncated at level 3. Level is determined by the Ly eigenvalue, counting from the
tachyon at level 0.

The embedding function for the coordinates tangent to the branes are the standard string
expansion with Neumann boundary conditions in ([2.2]). The transverse embedding functions
have Dirichlet boundary conditions and are

. d* — d" P o ol /1 1
B G ] i . n
Xp=d; +1 o ln§+u/—2 E — <n—§n> (3.2)
n#0

and we find the positions of the branes are d;. For the special case of codimension one branes
this is only the mode expansion for X2, so we can drop the target space index. The zero-modes
are

~ ~

d; —d;
V2a!m

Ignoring momentum parallel to the branes, the matter virasoro zero-mode is

a2 |ij) = - lif) < (d; — dj) |ig) - (3.3)

.. 1 .. 1 ..\ def 1 ..
Lo |if) = Fataouid) = 5 (dj — di)? i) = 5 di; |ij) (3.4)

By definition d;; = 0, and for two branes we can always set d; = 0 and d» def d.

We will only need to focus on terms in the string field with zero-momentum. For these
modes, the potential of the string field is proportional to the action (2.18). If we divide out the
mass of the D-brane, essentially a choice of units, the potential is

v =2 (5@l Qulo) + 5 (@.0.3)) (35)

Technically, since we are working in a non-compact space, the D-brane mass is infinite, but
we can still think of this as the limit of the potential as the spacetime volume goes to infinity.
Alternatively, we could calculate the potential energy density and work in units where the
D-brane energy density is 1, and we would find the same form.

3.1.1 Symmetries and the String Field

The string field is constructed by acting on the vacuum c¢; |ij) with both matter and ghost
creation operators. We can group these operators into CFTX, CFT’, and CFTY representing
the X?° matter sector, the X*#2 sector, and the ghost sector respectively. For our purposes
we only need the subspace with ghost number one. Of course there are as many ways to act
on a state with the composite operators L)_(n, L', and (Ly)—p as with the simple oscillators
Q—p, b_y, and c_,, while preserving ghost number, so the Virasoro basis is equally valid as long
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as all states are linearly independent. As discussed in [16][8], this is the case provided there
are no null states. When we find a null state we must replace it, and its descendants, with the
conformal family descended from another primary state.

At level 1 we find that L’ ;¢ |ij) is a null state, so we must instead include the primary
states o ¢y |i7). While L¥|¢; |ij) is not technically a null state for a stretched string vacuum,
LX,c1 |ii) is, and in any case it is a simple rescaling of a?c; |i5) so we will use that state in both
cases to avoid having to consider different states in the different sectors. There are no other
null states at the levels we will consider. The states o/, with u # 25 can be dropped due to
rotational invariance. All matter oscillators in the brane-parallel directions must come in pairs
with their spacetime indices contracted. Any term with an odd number of matter oscillators
in these directions can be ruled out, which means we can drop the extra conformal primary
o’ yc110) and its descendants in these directions.

The String Field Theory action is invariant under the twist operator 2 as discussed in
[10]. Twist is defined by reversing the parameterization of the worldsheet space coordinate,
o — 7 — o. Typically Q acts on individual states as (—1)0*! with every odd-level state
also being twist odd. Since the action is twist-even we can never have a single twist-odd state
appearing coupled to twist-even states, so those states’ equations of motion are trivially satisfied
by setting all twist-odd states to zero. This is the justification used to drop the odd-level states
from the string field in analyses of D-brane decay. With Dirichlet boundary conditions, however,
the twist eigenvalue of the operator X* also changes sign so that every matter oscillator ay,
contributes an extra sign to the twist eigenvalue. In addition we have the added complication
that the vacuum for stretched strings is not a twist eigenvalue. For a single D-brane the vacuum
|0) is twist-odd, but with multiple branes Q(|ij)) = — |ji), so we can construct twist-even and
twist-odd vacua as ] .

[i7)e = 5(1i7) = 150), g}, = 5(lig) + 1j3))- (3.6)
Instead of simply acting on the twist-odd vacuum with a twist-odd collection of operators,
we must now also consider the possibility of acting on the twist-even vacuum with twist-even
operators.

We can drop any terms from the string field that are odd under (—1)L0+”a Qyac Where n, is
the number of a2’ matter oscillators with dirichlet boundary conditions. While any operator
content can create a twist-even state by applying it to the correct choice of vacuum, this will
restrict each state to have either a symmetric or anti-symmetric coefficient matrix.

The string field can now be written down, and at level 3 it is

|®) = (tijer + hijeo + ugje—1 + vig L yer + wi; L¥ye1 + 045(b_ac_1c1 — 2c_2)
+ 6ij(b_oc_1c1 + 2c-2) + pi; L _sc1 + g Lsc1 + .. ) lig)
+ (zijer + fisLer + rijemt + si L ger + yij L¥5e1 + 2 L5 LY e +..) o Jig) . (3.7)

In order to be twist-even the fields ¢, =, u, v, w, r, s, y, and z are symmetric matrices, while h,
f, 0,0, p, and ¢ are anti-symmetric.

When dealing with the twist-even subspace on a single D-brane the coefficient of each state
is a single real number (or real-valued function). Little discussion is given to this point, as real
numbers seem a natural choice. Now that the coefficients are matrix-valued we must decide how
to correctly generalize this. In [II] it was shown that in order to guarantee the reality of the
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action we must impose the condition that the string field be invariant under the composition
of hermitian conjugation and inverse bpz conjugation.

|®) = bpz ! oh.c. |®) = |®) (3.8)

As in [36], we denote this combined conjugation by ( ). For a generic single state constructed
from the ghost number one vacuum by applying operators a_,, and L_,,, we know that hermitian
conjugation simply switches the order of operators and the sign of each index. Bpz conjugation
has a similar effect, but introduces a sign factor.

bpz_1 (0] =10}, bpz_1 L,=(-1)"L_,, bpz_1 On = (—1)”+h¢>,n (3.9)

for any primary field ¢ with conformal dimension h. For composite operators, we multiply their
bpz conjugates in the reverse order, but with an additional sign factor when there are multiple
ghosts. This additional factor depends on the number of fermionic operators as (—1)"f (ny=1)/2,
Since we are looking at ghost number one, this is equivalent to including an extra (—1) with
every b ghost. When we work out the action of bpz~! oh.c. on any term, we can find the same
sign as the twist eigenvalue, ignoring the possibility of the twist-even vacuum. If the twist-even
vacuum is used then the sign factor from this conjugation is opposite the twist eigenvalue. We
can now say that for any state built on the twist-odd vacuum

aij |¢345) = (aij |;4))" = bpz~ " (al; (¢515]) = al; Qs |@345) (3.10)

will guarantee the reality of the action, where €y represents the twist eigenvalue of the state
|¢;ij). This gives the result
Ai5 = Qd,azj. (3.11)

For states built on the twist-even vacuum we similarly find
al-j = —Q¢a;rj. (3.12)

Since all the states we are considering are twist-even, these conditions reduce to requiring the
coefficient matrices, which are already either symmetric or anti-symmetric, to be real-valued.
If we were to examine states with odd twist eigenvalues then we would need to assign them
imaginary coefficient matrices. However, since those terms must always appear quadratically
in the action, making their coefficient matrices real would introduce a factor of —1 multiplying
all such terms, and the action would remain real.

The term h;jco |ij) is a special case. Level truncation calculations are typically done in
Siegel gauge, which is defined by setting by |®) = 0. This removes a number of terms including
hij, but the standard proof that Siegel gauge states are complete and distinct fails for level 1
states because the eigenvalue of Lj is 0. Since Siegel gauge can be imposed level by level, this is
not a problem for studies of tachyon condensation, where level 1 states are dropped completely.
While the standard proof fails this does not mean that Siegel gauge is necessarily invalid. In
any case, the matrix h;; has already been reduced to a real anti-symmetric matrix by the reality
condition and twist symmetry. With the diagonal part of the matrix removed we can once again
impose Siegel gauge on the off-diagonal parts as long as the initial D-brane separation is non-
zero. Separating the D-branes gives Lg a non-zero contribution and rescues the proof of Siegel
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gauge’s validity. Even if we take d = 0 we can still use the exchange symmetry described next
to ensure that h;; is consistently 0, but if we were to study solutions involving the twist-odd
sector then we should include h and Siegel gauge would be violated at level 1.

Once we restrict our attention to the case of two D-branes we will find another simple
symmetry related to exchanging the two D-branes. Consider any single cubic term in the
action and define the function f by

f(dij, djg, dg;) Aij BjgChi o AijBjChi (i A, iBr, 1Ci) (3.13)

Because all brane indices are summed, terms will appear in pairs like
f(0,d12,d21)A11B12C21 + f(0,da1,d12)A22B21Ch2. (3.14)

It is straightforward to see that for operators A, B, and C with a definite number of matter
oscillators in the dirichlet direction, the function f will transform under d — —d in the same
way as the product of the three operators does under X2 — —X?25 picking up a factor of
(—=1)™. Now (3.14]) will take the form

£(0,d12,d21)A11 B12C21 + f(0, —d12, —d21) A20B21C12
= f(0,d12,d21) (A11B12C21 + (—1)"*A32B21C12) (3.15)

This part of the action is invariant under taking X% — —X?5 and swapping the D-brane
indices. Terms in the action which take place entirely on a single D-brane trivially satisfy the
same symmetry, as does the quadratic part of the action. We can then consistently restrict
ourselves to string fields which are even under this operation. There are solutions which are
not, such as the solution where one D-brane decays and the other does not, but it happens that
the solution we are interested in is exchange-even so we can focus on that part of the string
field. Choosing a parameterization of the matrices

_(As— Ay asHag
Ay = (as g A, Aa> (3.16)

we see that if the operator A has an even number of dirichlet matter oscillators then we can
consistently set A, = o, = 0. If, on the other hand, n, is odd then we can set A; = a; = 0.
Because we will begin our solution by exciting only twist-even and exchange-even fields at level
0 we can restrict all higher levels to the same subspace. The most dramatic consequence of
this is to completely drop the fields h, o, 0, p, and ¢ because they have an even n, but are
already restricted to have real anti-symmetric matrices through the twist symmetry and reality
condition.

Alternate basis

We have chosen to write the string field up to level 3 as the two primary fields ¢; |ij) and
a_1c1 |ig) and their virasoro descendants, but we could have chosen an alternate form. It can
be useful to see the string field written in terms of the basic matter and ghost oscillators. In
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this basis we have

25 ~ ia o
|®) = (tijcl + hijeo + wijag’cr +ugico1 + Vi1 - a1c1 + Wi o 101 + fz] 201

+0i(b—ac_1c1 — 2¢_2) + 045(b_oc_1¢1 + 2¢_2) + pijo_1 - a—ac1 + Gy a® o

25 25 25

+rijo 510 1+ 801 - o 10425101—1—,%] oot + Zja 301—1—...) lij) . (3.17)

The terms were defined this way so that the new coefficients denoted with tildes have the same
properties under twist and exchange symmetries as their partners in . The fields and
their coefficients are related to the ones in (3.7). Defining states such as t;;cy |ij) = t |t) for
notational convenience, we can state the relationships between the states themselves as

8, o) =2 |@) +aolf). 1) = |F)+ a0 )

[\)

(3.18)
) = 1@) + a0 |2), !y>=§!§>+\5>+aolé>, |2) = 2|2) 4+ 300 @) + oo [7) -

With this transformation known, it is simple to go from solutions in one basis to another using
the relationships between the coefficients. Let ¢ |¢r) be an arbitrary state and its coefficient

(with brane indices suppressed), then for every change of states |¢;) = Crs ’qz; J> the coefficients

are related by <5J = ¢;Cry.

This change of variables becomes singular at specific separations. While we can still formally
work in the virasoro basis, we must bear in mind that it is only complete almost everywhere.
Off-diagonal components of the fields w and f are linearly dependent when the matter zero-
mode has eigenvalue oy = f’ and the fields ¢, y, and z contain a linearly dependent part at

both oy = 7 and ap = /2.

3.1.2 The Potential

With the initial brane configuration and string field defined, we can work out the string field
theory potential. The solutions we are looking for will be the critical points. For calculations,
the potential of (3.5) can be written using the 3-string vertex defined by

(Uy, Wy, U3) = (W[ Wy + U3) = (V| )m§1)> ’\IJ§2)> ]q;g3>> . (3.19)
This vertex can be written as
3NVB
(Val = =55 D il (k] (ki B e eflefPefe= (3.200)
i

[I]

=y Z ( NS al) + )X,’;fnb,(f)> , (3.20b)

r,s m,n=0

Where the coefficients N, and X% are known. The first few coeflicients are given by table
and it will be useful to define N]5 = N> + N, . The creation and annihilation operators
here have an extra upper index indicating which oscillator vacuum they act on. The Neumann

coefficients N, 2 were derived in [12] with a minor correction to the matter coefficients appearing
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m n| NI NEHD NG T o | xor xp0FD P
0 0 |In4v3/9 0 0 0 0| 0 0 0

0 1 0 —2v/3/9 2v/3/9 0 1 0 0 0

1 0 0 2v/3/9 —2v/3/9 1 0| 0 44/3/9 —4+/3/9
0 2| -2/27 1/27 1/27 0 2| 0 0 0

1 1| —5/27 16/27 16/27 1 1] 11/27 8/27 8/27
2 0| —2/27 1/27 1/27 2 0|16/27 —8/27 —8/27
0 3 0 22/3/729  —22/3/729 || 0 3| 0 0 0

1 2 0 32v/3/243  —32/3/243 || 1 2| 0 40v/3/243  —40v/3/243
2 1 0 —321/3/243  32V/3/243 || 2 1 0  —80v3/243 80v3/243
3 0 0 —22v/3/729  22¢/3/729 || 3 0| 0 = —68V3/243 68v/3/243

Table 3.1: The first few Neumann coefficients appearing in ([3.20b).

n [43]. The conventions introduced in (3.20b)) are the same ones appearing in [44], though I
have included the zero-modes which did not appear there. The ghost coefficients X5 = 0 for
m = 0 are included here only for clarity, as those terms are typically omitted from the definition

of E.

In order to calculate the cubic terms in (3.5 we use the Baker-Haussdorf formula

XY = (Y+[X,Y]+;[X, [X,Y]]+...> eX

(3.21)

which allows us to commute the exponential e= past each of the operators in our string field
and get a new set of operators in its place. The triple product can then be computed using
straight-forward commutator algebra. A number of useful commutation relations are given in

B-22).
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=.49] = Zkac (3.221)

=69) = ng;jbs) (3.22))
n=0
=)0 = 3 @k m) Xl ) = S (R X b (3.22k)
m,n=0 m,n=0

EE@Y]=- X G+nxmxEdsn., .
Lm0 (3.221)

— 3 @+ )X XTS5,

%,7,m,n=0

[E, [E {5 L(_q,)fﬂ] — [E [E [E (Lg)(_q,im —0 (3.22m)

The operator L") refers to the matter part of the Virasoro operator on the r-th string vacuum,
and the ghost part of the Virasoro operator is (Lg)(r). The results shown include the entire

matter Virasoro operators Lg) = (L' )EZ") + (LX )5{"), so for commutators involving only a part

of that, the spacetime indices behave as expected. For example, [a,(n) 25 , (L )(S) = 0 and
g, (LX)(_qH = Y n=0 o N { ()25 aﬁg)_’?f}. It is useful to note that since the right hand

side of [E, [E, L(_q,)cﬂ is summed over non-negative integers we can use the fact that mnd,,1,—2 =
O0m—10p_1 to simplify the case where k = 2. As an example, we can now show that

= m ~ =
A (m; + ZNg{n(ayWaﬁglm +alDhal)) ¢ 8N’"q NizalDnal: g) = (3.23)
Once = is all the way to the right, all of its operators except for the zero-modes will annihilate
the vacuum. Using the zero-mode Neumann coefficients we find

TN (2)y2 (3)y2
= 4\ 2((eg )+ (ag”) +(ag 7))
:0<1>0<2>0(3>:< > 0D 0@ ()3 3.4
=100 10 0 = (2 0)210) jo) (3:29)

Throughout this we have assumed the rule (3.22b)) despite the fact that for r # s the

operators act in different sectors. It could be argued that since c%) acts only on the r-sector, it
is bosonic in the s-sector and the commutator should be zero rather than the anti-commutator.
This, however, would only amount to some extra sign factors, which can be checked against
known results found by other methods. The use of anti-commutators with our form of the 3-
vertex gives a result for the coefficient of u® which matches the coefficient in [I7], which appears
to have been calculated directly from the disc amplitude. We chose the u? term to consider
because if we were to change the sign on X7 with r # s we would not get the same result.

If one of the three fields is different than the others then there are three ways to order them.
Since the triple product (A, B,C) is invariant under cyclic permutations of fields with ghost
number one, though, we only need to calculate it in one order and then multiply the end result
by 3. If all three are different then there are six ways to order the fields. Again we can use
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cyclicity of the triple product to reduce the problem to two distinct orders, and then multiply
each by 3. The twist operator will tell us how the two distinct orderings are related to each
other. We know from [10] that

(A, B) = (Q(A), Q(B)) (3.252)
QA * B) = Q(B) * Q(A) (3.25b)

for string fields with ghost number one. From this we can easily see that the reverse ordering
is

(C,B,A) = (QA),QB),Q2C)). (3.26)

For the twist-even fields we are considering this results in 6 times the coefficient for one ordering
of the fields. In more generality, we can still use this result as long as we remember to include
the necessary signs and exchange the D-brane indices as €2 acts on each string field.

In order to check the vertex, we can use it to compute several couplings that are already
known. Since most work neglects the zero-modes we have to use [16], which contains a detailed
action for states with non-zero momentum. Because they use states which are eigenvalues of |p|
rather than the signed momentum, we must take care to include all the necessary combinatorics.
We should then be able to match their couplings. As an example, we will examine their coupling
for tgtl’UlE We begin by using our 3-vertex to find the cubic term for two copies of the field

t and one field that we call w. We then choose a(()l) = 0 and a(()z) = —a(()?’) = g to match
the zero-modes to the momenta |p| = %. To avoid complications due to conventions, we use

the value of ag for which the Ly eigenvalue matches the contribution of the momentum to
the level in that work. There are two ways to pick which state has positive momentum; we
could have swapped oz(()2) and a(()g)’ so we pick up a combinatoric factor of 2, but each of the
cosines appearing with ¢; and v; has a factor of % when expressed in terms of the necessary
exponentials, contributing an additional i. The three fields in question are all distinct, so there
is a factor of 6 for the number of ways to order them. The cubic term in the action has a factor

of % in front which we must also remember to include. We then find exactly the same result as

in [16]:
3v3 15V3) [ 4 \=
C8R? 128 (3\/3) '

The couplings for tgtiv1, titovy, tovivi, t1vgv1, and tywovy have all been checked this way.
Finally, we need to be concerned with the boundary conditions. The Neumann coefficients,
N5 and X]° were derived for Neumann boundary conditions, and since we are starting with D-
branes that have codimension 1, we will also need to consider the vertex for Dirichlet boundary
conditions. Fortunately, T-duality guarantees that the vertex is identical. With Neumann
boundary conditions, the radius of a compact direction only appears through the allowed values

of ag. We can contract the radius to 0 while holding ag = —d constant by giving the gauge field

the value Ags.090 = % = \/_T%’ Aos.ij = 0 otherwise, equivalent to 0y = %l. When we then

T-dualize to get a non-compact Dirichlet theory we will have the same value of oy we wanted,
and the same mass spectrum. Because the 3-vertex can be defined by the 3-point function
in and the amplitude is the same with Neumann or Dirichlet boundary conditions by
T-duality, the 3-vertex will have the same form and the same coefficients in either case.

! While several of the states we will use are also in [I6], only ¢ and u will be labeled the same.

30



3.2. Solutions

The quadratic term in (3.5]) is much easier to compute. The only sums in this term appear
due to the BRST operator

m-—n
Qp=cpL_, + 5 CmCnb_m—n : —Co. (3.27)

The other thing we need in order to calculate (®| Qp |®) is the bra state. Conjugation is done
using the bpz conjugate which we already defined in .

The quadratic terms are verified similarly to the cubic ones. For the coeflicient of viv; we
have a factor of § 2 from the two cosines and the number of ways to make the momentum vanish.

f

Letting ag = and including the 1 from the action we find that the coefficient is

in perfect agreement again. The coefficients of tgtg, t1t1, tote, ugug, ULUL, Voo, V1V1, WoWQ,
wiwi, and v127 have all been checked. The coefficient for z1z; requires an additional detail.
While v121 can be easily matched by multiplying an extra «g into the quadratic term to match
the normalization difference between our f and their z, when we calculate quadratic terms with
z on the left we must remember to multiply our coefficient of f by bpz(ag) = —ap. With this
additional overall sign, we agree with [16].

The potential of can be evaluated, and at level (1, 3) it is

1 AV Ajj
Y = 27['2 |:2 <( 1+ 9 )t”tﬂ + 9 LUU%]Z thjhji>

33f 3 - 3 1
26 (tijtjktki + §N6%a6tijtjkxkz 2(N + 2N0 NOl aoao)tijxjkmki
+7(N12N3r T+N23N1r T—I—N NQT 7”+ erN N )
7 Wi V100 114V10 40 10 %0 01O ) Tif T ki
4 5 (A4 +2k+Ak:)
i)

Here the states have already been removed by taking the inner product with the vertex, so the
ag should be taken to mean the eigenvalue of ag against the r-th vacuum in the 3-string state

16

8 ~
—|-ftz‘jhjkhki + 9N6§a6hijhjk$ki> ( (3.28)

9

lij)|jk) |ki). For example, a(()Q) = dj — dj. A full listing of the higher level couplings used in
this work is given in appendix [A]

3.2 Solutions

Now once again restricting our attention to N = 2 branes, we can use the twist and exchange
symmetries to simplify the potential. First we will define the coefficient matrices such as #;;
appearing in the string field expansion (3.1J).

t. i TS _Ta Telgt = TS 7_ :1: I — s _‘ a Xelaz = - a 0
Y e 0 T 4+ T, T T,) Y xe 0 X+ X, 0 X,
(3.29)
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T, = % and T, = @ are the symmetric and anti-symmetric parts of the diagonal.
A complete list of terms which are even under both twist and exchange symmetries is now
relatively short at this level.

b = T, T ([~ Xa O - (Us v
i=\r 1) T\ o x,) T v w,
_ (Vs v (W w _ (0 ¢
vZ] - <V ‘/8> b wl] - < w Ws) 9 ij - (_d) 0> (330)

_(—Ra O _(=Sa O (Y. O _(—Za O
Tij = 0 R, )’ Sij = 0 S, )’ Yis = 0 Y, )’ Zij = 0 Z,

3.2.1 Level 0 Calculation

As a first approximation, we will include only the lowest level states in the string field expansion.
Setting x;; and all higher level terms to zero and keeping only ¢;; we can write down the
truncated potential.

d? 273

2
4 d
V=2 | -T2 -T2+ (~1+ 5)72 + 5 <T§ + 37,12 +3 (3\/§> TST2> (3.31)

This polynomial has 5 critical points. The trivial point 75 = T, = 7 = 0 corresponds to
the perturbative vacuum where neither D-brane has decayed. There are three other diagonal
solutions with T; = +7, = % and T, = 0,Ts = Ty, where Ty is the tachyon value decaying a
single D-brane at level 0. These represent solutions where one or both D-branes have decayed
separately. These four solutions are all expected, since the presence of another brane does not
affect a brane’s ability to decay. This is the diagonal subset of the solutions found in [2§].

There is a fifth solution, shown in figure in which there is an off-diagonal tachyon 7 # 0.
In the zero separation limit, it is the solution where a symmetric linear combination of the two
branes has decayed; an SU(2) rotation of the solution where one of the branes decays. As the
D-brane separation is increased the solution goes to zero at d = v/2. This solution is only valid
for d < /2, as for larger separations it becomes complex and violates the condition that the
matrix ¢;; must be hermitian. We can explore the physical interpretation of this solution at
higher levels.

3.2.2 Level 1 Calculation

Now that we have an approximation to the tachyon sector of the solutions we are looking for,
we can begin including more terms in the string field . The transverse scalars x;; will be
of key interest, which is why we have explicitly included them in section With the explicit
parameterization of the matrices ¢;; and x;; given in as well as the Neumann coefficients
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3.2. Solutions

(a)

Figure 3.1: The level 0 solution for separated D-branes which decays a non-trivial linear com-
bination of two D-branes. The energy is shown in (a) and the non-zero components T (solid
line) and 7 (dashed line) of ¢;; are in (b).

N5 . we can rewrite the full level 1 potential of (3.28) as

mn?

2 2 2 d2 2 d2 2 2
V=27 —Ts—Ta—l—(—l—l-?)T —1—5)( + 2y

2 1
- 73*2/§T3 48 ﬁTsTQ + MT (X2 + X2) +3V3T, X X,
4 \" (81
() (BBt Taxr - Dagyry - 230,
3vV3 32 8 -8

d? d3
+3v3(1 — ) Xsmx + ﬁu + —)Tsx* + = Xax* — 2an72>] (3.32)

4) 2

Here we find the first example of an unexpected quadratic term. The tachyon’s mass is
2.

clearly —1 with an additional % if it’s stretched, and the level 1 vector has a mass of 0 + d%]
which makes perfect sense. The ghost term ~ corresponding to the off-diagonal part of h;;,
however, has mass 2 and does not change at all when stretched. We will see at level 2 that the
second ghost term, c_; |0), is actually tachyonic, despite being at level 2. It even becomes more
tachyonic as the string is stretched. Fortunately, this is a ghost mode, so in all likelihood it is
one of the non-normalizable modes that are not present in the cohomology.

As discussed in section we do not need to consider the entire set of 6 fields. Using
the twist and exchange symmetries, only T, 7, and X, are excited with the off-diagonal level
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0.0 0.0 ‘ ‘ ‘
. 0.5 1 5
d
70.2,
-0.41 -0.14
_0.6,
0 0.5 1 15
d -0.24

()

Figure 3.2: The level 1 solution for separated D-branes which decays a non-trivial linear com-
bination of two D-branes. The energy (a) with the level 0 energy dotted for comparison, the
tachyon matrix (b) Ts (solid) and 7 (dashed), and the transverse scalar X, (c).

0 solution as our starting point, so we can remove all of the other variables, and get a model
for the effective potential of this solution.

e 2 4 \" (81
Y =212 —T3+(5—1) %+ 73\2[T3+3\2fTX2 (3\/§> <83\2fo + 8an72>]

This system is now simple enough that it can be solved exactly. Apart from the obvious cases
where either nothing happens or both branes decay, one solution is found. The physical branches
of this solution are shown in figure

Since the field responsible for transverse fluctuations of a brane is a_1, the X, field gives a
constant positive shift to the position of brane 2, and a negative shift to brane 1, representing
the first term in their separation. The negative value of X, on this solution means that the
two branes have moved closer together. The correct sign can be easily verified by noting that
an increase to the value of X, in contributes a positive 72 term. An increased effective
tachyon mass corresponds to increasing the brane separation felt by the tachyon.

There is every reason to expect that there are analytical solutions to string field theory
consisting of a marginal deformation followed by a Schnabl type decay. In fact an analytic
solution of this form was found for a single D-brane shortly after this work was published [45].
Since we know from [28] that any appropriate linear combination of two branes can decay as
long as they are coincident, any such linear combination of separated branes should be able to
decay as long as they first move to become coincident. We believe that the solution we have
found is one of these. That only one specific linear combination of the branes has been found
to decay like this is no surprise, since the SU(2) symmetry of two D-branes was broken by
separating them. In principle we expect this symmetry to be restored after the translation, but
since level-truncated solutions are approximate the symmetry has not been restored here.

In the limit as d — 0 we see that X, goes to 0 as well, since the branes do not need to
move when they are already coincident. In fact, for small d the solution behaves as X, =
—%d + 0 (d3), which is linear in the physical starting separation of the branes. To see if
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the magnitude is reasonable, we can find the value of X, for which the SU(2) symmetry
of the tachyon is restored. We accomplish this by equating the eigenvalues of the Hessian
matrix for the three tachyon fields and solving. What we find is that y = 0 and, remarkably,
X, = —%d + O(d®). Because of the severe level truncation approximation, we only expect this
to hold for small separations. z;; is the leading term contributing to a translation, as shown in
[21]. Infinitely many other fields will contribute at higher orders in separation, and indeed the
O(d?) terms in the two calculations of X, above do not even have the same sign.

At d > /2 this off-diagonal solution becomes double-valued, and the two branches meet and
cease to exist for d > 1.61. It is easy to see that d = v/2 is the point where the stretched tachyon
becomes massless. While there is no proof that the level truncation scheme is a consistent
approximation, we can understand that the more massive modes tend to be less important
contributions to a solution. This was refined in [I6] where they pointed out that the level-
truncation scheme should use the entire Ly eigenvalue, including the zero-modes. What this
means for us is that for d > v/2 we should be including the diagonal fields before off-diagonal
fields from one level previous. While at level 1 this would not make a difference to our solution
since x is already 0, we should bear in mind that our solutions are not necessarily valid for
large d. For larger distances we should still be able to translate D-branes, but we don’t know
if such solutions can be found from a level-truncated system.

We should note that the reality condition on the string field is a sufficient condition to
guarantee the reality of the action, but not a necessary condition. In fact, when the level 0
solution becomes complex the potential remains real for all separations. At level 1, however,
the potential has an imaginary part that grows polynomially for separations above the critical
distance dpax &~ 1.61. As a result we will consider the reality condition on the string field rather
than the reality of the action when discussing the range of separations for which our solution
remains valid.

Direction of translation by T-dual method

I have claimed that the negative sign of z;; indicates that the branes move towards each other
because of the effect it has on the mass of the stretched tachyon. We can also check that
the negative sign of X, opposes the initial separation by considering the T-dual picture. The
position d; is dual to —27ra/ AL where AL is the gauge flux on the i-th D-brane. The action
with this charge is

/ dzdz0X,0X" +i / Ay dX*, (3.34)
M

o 2ma! OM

A shift in the position of a D-brane by € is a shift A% — Al — 57, and under this perturbation
the action changes as

-S _ -8 ie 25 2
e =e 0 <1 + Sra Jons 0X“°dz+ O(e )) (3.35)

On the other hand, the state z;;a?%c; |ij) corresponds to inserting the operators

\/ Ziz;;0X%(0)c(0) at the origin on the upper half plane. For any operator we can write
A) = / DXie=5X 4(0) (3.36)
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so we can see that for a translation of a single D-brane, we get

2
za®ep |0) = izy/ = / DX;eSXilgx?(0). (3.37)

Splitting the solution into a classical piece X and a perturbation X’ so that DX; = DX’,

(3.37)) becomes
= ix\/%e_s[xcl] (ang’(o) / DX'e~ X' 4 / DX’e—S[X’laX’25(0)) (3.38)
[0
2 :
= ix,/ge—s[xcllaxfﬁ(o) / DX'e SIX] (3.39)

= izy/ 33}(315(0) / DX;eSIXil (3.40)

where the second term in vanished because the integrand is odd. The sign of the operator
insertion associated with a positive constant times the state o c; |0) is clearly the same as the
sign associated with the operator insertions from a gauge field which induces a positive shift in
D-brane position in the T-dual picture. This is confirmation that when we find a solution with
X, < 0 the D-branes have moved towards each other.

3.2.3 Level 3

We will now include all of the fields listed in . The full potential used can be found in
appendix [A] and must then be simplified by dropping all fields which are not even under both
twist and exchange symmetries. Beyond level 1 we can only get numerical solutions for the
critical points of the potential, but we can do this for any initial separation d. We have plotted
each field in figures 3.5

The t;; and z;; fields look similar to what we found at level 1. In fact, as seen in figure @,
the X, field has very nearly the same slope at d = 0 as it did before. The additional terms all
go to 0 at d = /2 just as the string field has at all lower levels. This appears to be related to
the fact that d = v/2 is a special point where the tachyon is exactly massless, and that is not
affected by level. The maximum separation before solutions become complex is now d ~ 1.92,
which is another increase beyond previous levels, but not a very large change. In physical units,
this separation is d~ 8.55Vc.

3.2.4 Discussion

The level 3 slope of X, at small separations is now X, ~ —0.1745d, which is slightly steeper
than the —0.1481 that we found at level 1. It is tempting to relate this to the marginal vev
required to translate a D-brane a distance %. The translation induced by small values of the

marginal field would then be
za_ 1 |0) = d~ 2866z, d~12.73Vd'z, (3.41)

but this is not the whole story. We will consider a hypothetical exact solution ¥ corresponding
to the combination of translation and off-diagonal decay that we are studying. The solution
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-0.5+
~0.5-

0 0.5 1 1.5

Figure 3.3: The potential of the off-diagonal solution at (a) level 3 and (b) levels 0 through 3
with the second branch omitted.

_|_|Q
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-0.20+

-0.254

(b)

Figure 3.4: The tachyon and marginal fields of the off-diagonal solution plotted at level 3 over
the allowed range of separations, d. In (a) we see the tachyons Ty (solid) and 7 (dashed), while
in (b) we have the field X,.
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Figure 3.5: The remaining components of the off-diagonal solution at level (3,9) plotted over
the allowed range of separations, d. When two fields are plotted together, the solid line is the
and v, (b) Vs and v, (c) W

diagonal component, while the dashed line is off-diagonal. (a) U
and @, (d) ¢, (e) Rq, (f) Sa, (g) Y,, and (h) Z, as defined in

3.30). The matrices w;; and

fij were replaced by their alternate forms defined in (3.18) to avoid singularities. All other
component fields are 0 at level 3.
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-0.010+
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Figure 3.6: The slope of the field X, for small separations. Level 3 is the solid line, with lower

levels having shallower slopes.
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should then be split into a part ¥ which is a solution for the translation leaving the D-branes
coincident, and a part U’ which represents the decay, but is not a solution about the perturbative
vacuum by itself. Each component of the string field can then be split in the same way, so that
we will write the marginal component of the string field as X, = X, + X/.. We will label all
other fields as ¢ = ¢y + ¢ with I an index. Since W is a solution to the full OSFT, we can
expand the theory about that point and must find the same action we would expect for two
coincident D-branes, up to a field redefinition. We will write this field redefinition as

X, = exx X, + Z ex1d, (3.42)
1

ér = cix X+ csd}, (3.43)
7

where X, is the marginal field belonging to the new theory expanded about W. The action will
have the form of the action on coincident D-branes, but in terms of the redefined fields:

Sa(Xa + X0, b1 + ¢1) = Sa—o(Xa, 1) - (3.44)

Since this off-diagonal decay of the coincident D-branes is an SU(2) rotation of a single brane
decay, it will not involve the marginal field, so X, = 0.

It is clear that the action Sy has terms like X, X/ ¢ arising, for example, from the TsX,X,
term in the action of . Since for small separations we know X, o d, the action has terms
like dX¢}. We then infer that for small separations

CX)(—>1, CX[Nd—>O (345)
CIxX — O, Crj — 5]] . (3.46)

The redefined marginal field X, = 0 together with our ansatz for the field redefinition then
gives us that for small separations

X(;%—ZCX](]S/I%—ZCX](;;] . (3.47)
1 1

But for D-brane decay many of the fields qz~51 such as the tachyon are non-zero, so X o d.
Unless there is a cancellation, which we have no reason to expect, this correction to X, is the
same order of magnitude as X, itself. What we have accomplished is to remove any BCFT
calculations from the question of relating the two parameters. Using this method, the problem
has been reduced to one entirely within OSFT, to find the precise field redefinition. Finding
the redefinition, however, is beyond the scope of this work.

We have interpreted the solution as an off-diagonal D-brane decay after a translation makes
the two branes coincident, so we expect that as the level of approximation increases the inter-
pretation should be approximately valid for a larger range of separation d. From figure [3.3D]
we can see that as each even level lowers the energy exactly as happens with a single D-brane
decay, both odd levels flatten out the preceding level somewhat. While it is surprising that
the level 1 curve is so flat, we can understand that it is flatter than the higher level curves
shown. In [21]], they studied the behaviour of the potential near the single D-brane vacuum as
a marginal parameter was turned on, and they found that the leading quadratic term did not
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decrease monotonically as the level was increased. Instead the largest single increase in that
quadratic term came from level 1 to level 2, which may explain why we saw a similar increase
in our solution.

For d = 0 we see that the entire string field takes the value % (11) ®. It remains the same
symmetric SU(2) rotation of the string field ®y which describes the decay of a single D-brane.
All of the fields which are descended from the primary state a?%c; [0) go to 0 as d — 0, since no
translation is needed when the D-branes are initially coincident. We might also think that the
two tachyon curves in figure [3.4ashould remain together longer as the level increases, but this is
not true. The approximate string field responsible for translating a D-brane without any decay
does include a tachyonic component. For our situation where we move both D-branes equally
in opposite directions, exciting X,, the tachyon in question is T and the off-diagonal term is
not excited at all. This explains the separation between the two curves in each of the plots
for the tachyon t;;, as well as u;j, v;j, and w;; as the separation is increased and a translation
becomes necessary.

There is one new feature at level 3 which did not appear at level 1. The change of variables
described in is singular at d = \/ii’ and so we find a pole in the fields w and ¢ at that

point. In the alternate basis, however, the fields @ and ¢ defined in remain finite as d
approaches the singularity. We do not see any singularity in the level 3 fields 7, si;, ¥:j, and z;;
because their off-diagonal components are protected by exchange symmetry, and the diagonal
parts have ag = 0 so that the transformation has no singularities there.

While the correspondence between the marginal parameter and the physical translation
remains unknown, the physical translation of the solution is known exactly in this case. That
the maximum translation remains finite is troubling. There is no reason why the translation of a
D-brane should be limited, but this and all previous marginal solutions have found a maximum
value of the deformation parameter. In previous cases there was still the possibility that the
physical translation was unbounded, either by a singular correspondence between the marginal
parameter and its physical effect, or through a second branch of the solution with decreasing
marginal parameter but increasing effect as was found in a toy model [22]. In our case, however,
we know exactly what the physical translation distance is, and we already see a second branch
which does not have a larger displacement. It seems unlikely that either of these hypotheses
could apply based on our solution. If D-brane translations are to be unbounded then we must
hope that the small increases in the maximum with each level do not shrink too quickly and
form a divergent series. One last possibility comes from recent work [23] where a level truncated
solution underwent a sudden change from complex to real at level 14. Perhaps certain levels
could have similar behaviour in our system and cause the solution to exist for a much larger
range of D-brane separations. It is not known how this problem is resolved.

We have not done anything with the second branch of the solution, which begins at d = /2.
The relatively flat energy of this branch suggests that it represents a truly marginal deformation,
and if it is a pure translation then we could use the slope of that branch to directly determine
a relationship. Unfortunately we do not know the physical interpretation of this branch, so we
cannot be sure that it is only a translation, or if it is how far the D-branes move.

It is worth mentioning that the boundary state was calculated for a level-truncated marginal
solution in [42], and that method should be applicable here too. We know that the first branch of
our solution represents a single D24-brane at the origin, so we would expect that the boundary
state constructed by the method of [41] should reflect this. It would be interesting to see if the
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Level | X, x0 as  t/v2 V52
1 [-0.1798 -0.1557 0.2963 0.296  0.286
2 | -0.2464 -0.2431 0.3214 0.321  0.309
3 | -02579 -0.2579 0.3301 0.330  0.316

Table 3.2: Values of maximum marginal parameters taken from four different cases and various
levels. X, is taken from this work, as from [2I], and ¢; from [24]. For the situations where
it was considered, we have also included the value of the marginal parameter which has the

greatest physical effect, X(SO) and tgo). The values from [24] are estimated from plots.

boundary state for the second branch corresponds to two D-branes at the origin, as we would
expect from the energy of the solution and the sign of X,. We also do not know precisely
what happens near the maximum separation, but as we expect higher level terms to play a
larger role for such separations a boundary state based on an approximate solution is not likely
to give accurate results. While a calculation of the boundary state would not give results
independent of CFT (the boundary state must be compared to known CFT results), it is a
powerful gauge-independent tool for determining physical properties of a SF'T solution.

3.2.5 Comparison to Previous Solutions

We can also examine the extremum of the X, field at the three levels where it was computed.
At levels 1 and 2 we can see that the largest X, is actually reached before the two branches
meet. At level 3 we see what appears to be a cusp, though it may actually be the beginnings
of a loop, based on one data point for the branch starting at d = v/2 having an X, value which
is slightly below the value at the other branch at that point. The extremum values themselves
are comparable to the maximum value of the marginal parameter found in [21] before their two
branches also meet and become complex. The difference between our methods is that they are
turning on a gauge field by itself, T-dual to translating a single D-brane without any decay,
while in our system the translation will combine with the off-diagonal decay which allows us to
get a true level truncated solution without dropping one equation of motion. While our values
of X, are smaller than their @, they are on the same order of magnitude, and are growing faster
as the level increases, going from 60% at level 1 to nearly 78% at level 3. Numerical values are
listed in table 3.2l

Another marginal deformation that has been studied numerically is the lump solution at
marginal radius [24]. Sen examined a very similar question to ours, attempting to match the
strength of the marginal parameter to the physical effect of that parameter on the CFT. In that
work, the energy-momentum tensor was used to link the two. Despite the fact that the marginal
deformation studied was different, the two should be dual to each other with the rescaling

A=t & V2a, (3.48)

where a; is defined in [2]] and is equivalent to our x on a single D-brane, and the parameters
on the left hand side of the duality are defined in [24]. In this way we were able to extend table
to include the value of the marginal parameter with the greatest physical effect. The rate of
growth with level is similar in both cases, and since the ¢; marginal deformation is understood
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to be periodic with period 1, this suggests that our marginal deformation remains valid only
for a finite range of the marginal parameter even at arbitrarily high level. We also notice that
the value of the marginal parameter corresponding to the peak physical effect on the CFT side
is quite close to the maximum value of the parameter in all cases. In [24] it was speculated that
as the level increased the greatest effect tgo) might coincide with the maximum of the parameter
t1, which is actually occurring at a much lower level in our solution than in that work. However,
there is some suggestion that in our case the two points may begin moving apart again.

We can also use this relationship between the two marginal deformations to estimate a
value for the slope . For this we will assume the exact result proposed in [24], that as
the truncation level becomes large the lump marginal deformation causes the dimension of the
initial D-brane to reduce by one at precisely t; = % From [46] we see that this marginal
deformation is also dual to turning on a periodic gauge field on a circle of radius 1, and that
the value of the marginal parameter which reduces the D-brane dimension is exactly half the
period. This corresponds to a translation half way around the circumference of the circle, a
distance w. We also assume that the translation is a linear function of the marginal parameter.
It is this assumption of linearity that we cannot justify, and which means our comparison will

be rough at best. With all of this in mind, we can now say that

. 1 1
d=mT+—t =-S5 q. = —— 3.49

™ 1 2 Qs 2\/5 ( )
asa_1 |0) = d = 2v/27a, ~ 8.89as. (3.50)

This slope is the same order of magnitude as the one we found from our off-diagonal solution
combining a translation and a decay. In fact as we increased the level we saw our slope heading
in that direction, though we certainly do not expect perfect agreement at infinite level because
we had to assume a linear relationship between translation and marginal parameter in order
to extrapolate this slope from only two known positions on the circle, and because we have
seen that the presence of a D-brane decay will alter the slope of the marginal parameter in the
combined solution studied here.

3.2.6 Restoration of SU(2) Symmetry

Here we will attempt an alternate method of relating the marginal parameter to the physical
displacement of the D-branes. Without a D-brane decay, the marginal parameter is directly
related to the displacement, so we can consider other properties of the theory besides off-
diagonal decays which are special for coincident D-branes. An obvious choice is to look for the
SU(2) symmetry of the theory, which is only present for coincident branes.

We consider the SU(2) symmetry of a system of D-branes to be restored if the effective
quadratic terms of the potential for our fields can be written as C[qbi]jgbjli with some mass Cf.
Taking the tachyon as an example, the mass would be —72 and the quadratic term in the action
would be —7r2tijtji. This means that the eigenvalues of the second derivative matrix over the
coordinates Ts, T,, and 7 must all be equal. Allowing for field redefinitions, we search for the
more general condition that the second derivative eigenvalues come in degenerate sets of 3.
We hope that near such a degenerate point the masses of the fields would also show the same
splitting for stretched strings as we find with initially separated D-branes.
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In [2I] Sen and Zwiebach found marginal “solutions” by dropping the one equation of
motion for the field that we call . This gave them a one parameter family of string fields
which represent the marginal deformation of a D-brane. Due to level truncation, their string
field was not exactly marginal, but was a good approximation for small values of the parameter.
Taking the same approach, we can adjust the parameter to try to restore the SU(2) symmetry
which was broken by beginning with separated D-branes. With only one parameter we find it
impossible to restore the degeneracy for more than one cluster of fields.

We will plot the eigenvalues of the second derivative matrix expanded about such string
fields which are approximately marginal and approximately solutions to the level truncated
theory. In this case we have two parameters to adjust. We want to pick some value of the
initial separation and see if there is some value of the marginal parameter which restores the
degeneracy of the eigenvalue triplets. Focusing on the sextuplet of figure formed by the
mixing of the tachyon and the level 2 ghost u;;, which have the same mass on coincident D-
branes, we see three eigenvalues which are mostly unaffected by the marginal parameter, as
well as three eigenvalues which clearly are affected. The parabola opening upwards makes good
physical sense, as it has a minimum at X, ~ —0.022, which we can interpret as the symmetry-
restored point where the D-branes are once again coincident. As the marginal parameter moves
away from this point the stretched string becomes heavier. This point would correspond to
Xq =~ —0.44d which is significantly steeper than the relationship at level 1, X((ll) = —%d.
Since this is only the minimum of one eigenvalue it does not necessarily represent a restored
SU(2) symmetry. The stretched u ghost does become lighter as the D-branes separate, so a
downward-opening parabola is not unexpected, but this is a double eigenvalue with its maximum
at X, = 0, which does not agree with either our expectation that a non-zero marginal parameter
is required to restore the symmetry and coincidence of the D-branes, or our expectation that
only the stretched © mode should become more tachyonic as the D-branes are separated.

We can also examine the other sets of eigenvalues which we hope to be degenerate. For
these fields the masses on a single D-brane tend not to be degenerate, so when we consider
two D-branes we need to look at sets of three eigenvalues unlike the tachyon case where the
u;j field’s degeneracy with t;; meant that we had to consider a set of six eigenvalues. What
happens in most cases is that two of the eigenvalues, corresponding to the diagonal fields, will
be degenerate and relatively flat, while the off-diagonal eigenvalue is quadratic in the marginal
parameter. We would hope to see an extremum that coincides with the diagonal values, all
located near the same value of the marginal parameter. Instead we see extrema beyond the
diagonal, so that the two sets of eigenvalues cross twice as in figure and while most of the
extrema are located at X, = 0, some are not. Some sets of fields have no flat eigenvalue, either
similar to figure [3.7a] without the constant modes, or having two parabolas opening in the same
direction.

This suggests that the level-truncated approach of [2I] does not give accurate results even
for small separations. Note that while we focus on the matrix of second derivatives, in level
truncation, the first derivatives of the potential do not all vanish, since the equation of motion for
X, is not satisfied. This effect decreases with increased truncation level. The computation used
twist-even fields only. The approximate solution is also exchange-even, and we included all twist-
even (both exchange-even and exchange-odd) fields in the computation of the second derivative
matrix. Unfortunately, the features we were looking for do not seem to be unambiguously
visible at level (3,9). Apparently, the cubic couplings to higher level fields with non-zero vev
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Figure 3.7: Masses of several particles in an effective theory expanded about a marginal string
field. Several eigenvalues of a¢(i)6¢)(]’)v are plotted over the marginal parameter X, and with an
initial separation of d = 0.05. The six eigenvalues in (a) have eigenvectors consisting primarily
of the components of ¢;; and u;;, while the three in (b) are primarily associated with s;;. Single
eigenvalues are dashed lines, while degenerate pairs are solid.

contribute nontrivially to the masses of the lower modes when the D-branes are translated. It
would be interesting to see whether this can be improved at higher levels.
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Chapter 4

Renormalized Marginal Operators

In this chapter we will study the solution of [36] which represents a marginal deformation of
the conformal boundary condition in the initial BCFT. What sets this solution apart from
earlier marginal solutions in OSFT is that it still holds when the marginal operator V' which
generates the deformation has a singular self-OPE, V(0)V (¢) ~ t% This is done by using a
renormalization scheme for integrated operators, which must satisfy six assumptions in order for
the solution to satisfy the equation of motion. When this particular solution was first presented
in [36], a model renormalization scheme was included to demonstrate the process. Our purpose
is to examine the space of possible renormalization schemes compatible with the conditions
required for a real SFT solution.

Recently, an alternative method was given for constructing finite solutions to OSFT from
operators with singular OPE [39]. This solution, however, does not apply to our main focus, the
rolling tachyon, because it requires that the boundary condition changing operator o acts as the
identity in the time direction. For the rolling tachyon, the time direction is the only matter field
which is affected by the boundary condition changing operator. Even in cases where the time
direction is untouched, the solution of [39] may not always be useful. It is based on the boundary
condition changing operator relating the desired solution to some known reference solution, and
this may not always be available. It may still be possible to use without knowing what that
boundary condition changing operator is, as long as some of their properties and three-point
functions are known, but the method we will study does not require the bcc operators at all.

The simplest renormalization scheme replaces every pair of marginal operators which can
collide with a counterterm which properly cancels the divergence, and then sums over all possible
pairwise replacements. The OPE completely determines the singular part of the counterterm,
but we can also ask whether the counterterm should have a finite part and if so what it should be.
For a pairwise counterterm, the six assumptions will restrict the finite part to an arbitrary linear
function of the length of boundary over which the operators are integrated. Considering more
general schemes, we allow for higher order counterterms beyond simple pairwise subtractions.
At each order in the marginal operator we will find new counterterms which can be added. The
singular part of each counterterm is once again determined by the OPE and the counterterms
at lower order, but the finite parts will each have some amount of freedom. This gives us an
infinite dimensional space of renormalization schemes which satisfy four of the six assumptions.
If we restrict this space to renormalization schemes which are linear, it may be a useful starting
point for future studies of renormalized marginal boundary operators.

The two assumptions which are not immediately satisfied by the space we have outlined
are also the most physically meaningful. The BRST conditions and represent
the conformality of the new boundary conditions corresponding to the OSFT solution. If they
do not hold then deforming the initial BCFT with a marginal operator renormalized in this
way will no longer give conformal boundary conditions. Unfortunately, the sheer size of the
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space of renormalization schemes makes a thorough examination of which schemes preserve
conformality of the boundary beyond our reach. Instead we consider the “little g” scheme
which closely resembles the model used in [36]. This choice is made because the integrands
which appear in the little g scheme are more clearly finite than what we see in more general
approaches. As a result, we will actually prove that the BRST conditions hold for this scheme
at all orders in the marginal parameter.

This examination of the space of renormalization schemes is really just a starting point,
as there are many unanswered questions which remain. Most obviously, is it possible to prove
finiteness and the BRST conditions for some larger subset of general renormalization schemes.
There is no reason to expect that only one renormalization scheme will satisfy the BRST
conditions, so there is a question of uniqueness. If we have two equally valid renormalization
schemes which are supposed to represent the same marginal boundary deformation, are they
related to each other by a nontrivial rescaling of the marginal parameter, or do they somehow
represent different deformations? Since the little g scheme is actually a two-parameter family
of valid renormalization schemes, we have infinitely many such schemes. We expect that they
are related by gauge transformations, but this will not be proven.

Another unanswered question pertains to the conformal properties of boundary condition
changing operators. For many boundary conditions, the boundary condition changing operator
is a conformal primary operator, and so it must behave in a given way when acted upon by
the BRST operator, but when we explicitly construct this for the little g scheme, there is an
extra term which behaves differently. It may be that this gives an additional constraint on
the counterterm, requiring such extra terms to vanish. Since solutions to OSFT correspond to
BCFT’s, however, we would expect such a constraint to appear without needing to consider
the BCF'T side, for example as a violation of the equation of motion, but we have not seen
any evidence that the OSFT solution fails with the counterterm considered. Perhaps such
renormalization schemes correspond to non-primary boundary condition changing operators.

This chapter is structured as follows. In section[4.I]we begin by briefly reviewing the solution
of [36]. We then construct the most general renormalization scheme for two marginal operators
in section 4.2l Because the problem is simpler at this order, we will thoroughly examine the
properties of this scheme. Moving to higher orders in section [£.3] we use a third order example
to see how the addition of extra counterterms is allowed at each order. We then have to restrict
ourselves to the little g scheme in order to get useful results which hold at all orders. In section
we describe a simple method for defining general linear renormalization schemes, and then
give some evidence that the little g scheme can be described this way. Finally, in section [£.4]
we will describe a few unanswered questions regarding the structure of general renormalization
schemes.

A version of the work presented in this chapter has been published in the Journal of High
Energy Physics [2].

4.1 Setup

Many analytical solutions to string field theory are constructed as wedge states with inser-
tions, as in (2.22). For the case of solutions representing marginal deformations of the starting
boundary CFT, the operators inserted on the boundary are generally the marginal operator
in question as well as some ghosts. While several such marginal solutions have been studied,
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[5][33][34], they have been limited to marginal deformations with regular self-OPE. The case
of singular self-OPE was examined in [36] in a more formal setting. Here we will review the
solution of [36]. More recently, an alternative solution has been proposed [38]. In that solution
the singular OPE of the marginal operators is handled by performing extra integrals into the
bulk of the worldsheet to soften the divergences until a finite result is achieved. The solution of
[37] also deals with singular marginal deformations, but its focus was on the photon marginal
deformation. It is likely that the same approach could be used for the rolling tachyon, but we
will not be examining this more closely. It has also been suggested [32] that that solution is
most likely equivalent to the one we study.

A few pieces of notation must be taken care of. The marginal operator is V (¢), and is taken

to have sell-OPE .
V(t)V(0) ~ 2 +0(1) (4.1)

with no % term. In CFT a deformed boundary condition on the interval (a,b) is achieved by
inserting an exponential of the marginal operator integrated between a and b, defined in terms
of a Taylor series in the deformation parameter A:

DS (42)

where

V(a,b)" = < / ’ dtV(t))n _ /(mb)n &tV (L) V(L) (4.3)

Since V () has a singular self-OPE, the above expressions need to be regulated. We will denote
the regulated (or renormalized) operators by enclosing them with [ ],. The string field is
defined in terms of its inner product with an arbitrary test state ¢. Such a definition would
typically appear as

(@, A) = (fop(0).. )y, - (4.4)

In this example the ellipsis represents the operator content to be inserted in order to define the
string field A, and W), is the wedge state (of circumference n + 1) on which the inner product
is to be taken. This example simplifies the typical case in which a string field theory solution is
the superposition of such states defined on wedges with many different circumferences. For our
purposes the function f will always be f(§) = %arctang which maps the upper half plane to
the wedge state Wi. fo@(0) is the conformal transformation of the operator ¢(t) corresponding
to the state ¢, inserted at 0.

The formal solution of [36] depends on six assumptions which must be satisfied by the renor-
malization procedure. If these conditions are satisfied, the formal solution constructed in [36]
will satisfy the SFT equations of motion and be real; however, different renormalization schemes
can possibly lead to different SFT solutions. These conditions are basically physical conditions
which ensure that when [e’\V(“’b)]r is inserted on the boundary, the effect is a conformal change

47



4.1. Setup

of boundary conditions on the interval (a,b), and nothing else. The conditions are

On [eAV(a,b)]
Qs [0s(@)eV D] = —[OL(@e “Dog(®)] . (4.5b)
[. etV } = [ V(@) AV(be) } , (4.5¢)

s 7

[ o)

- [eW(avb)oR(b)L - [OL(a)e’\V(a’b)] : (4.5a)

T

[. L eMViab)heVied) } [e)QV(C’d) . } , b<c, (4.5d)

T T

[ekv(a’b)] and [OL (a)eAV(“’b)} do not depend on the circumference of the wedge , (4.5e)

[e)\f}dtv(t)} _ [6,\ N dtv(a+b—t)} _ (4.5f)

T

r

The first two conditions ensure that the resulting boundary condition is conformal. The
first condition defines two local (unintegrated) operators Oy, and Og, which play an important
role in the solution. The first condition, requires the existence and finiteness of the
renormalized operators [OL(a)e)‘V(“’b)]T and [e)‘v(“’b)OR(b)]T, implying that the OPE of the
marginal operator V' with O r is not so singular that it cannot be renormalized within the
scheme we choose. The second of these two assumptions, expresses the fact that Qp
is anti-commuting. The third condition, ensures that changing the boundary condition
on the interval (a,b) and (b, c) using the same deformation parameter should be the same as
changing the boundary condition on the interval (a,c). In other words, renormalization should
not spoil factorization of exponentials. This condition was called the “replacement condition”
in [36] to differentiate it from the factorization condition (4.5d)). We will continue to use this
term. The factorization condition guarantees that the insertion [e*V(*)], does not modify
the boundary conditions away from the interval (a,b). In particular, it requires that when
products of operators that are inserted away from each other are renormalized, it is sufficient
to renormalize each term separately. In other words, the renormalized operator factorizes for
operators with disjoint support. Next, is a kind of locality condition: the assumption that
the subtractions involved in renormalizing operators depend only on the operators in question,
and not on the size of the wedge state on which they are inserted. Finally, in order to obtain a
real solution it is important not to violate the reflection symmetry of the operators, . In
addition to these explicitly stated conditions, a very natural condition of translation invariance
was also implied in [36]. Counterterms may depend on the operator being renormalized as well
as its properties such as the size and shape of the region the operator is integrated over, but
should not depend on the location of the operator.

At this point, it is relevant to ask what classes of operators we need to provide a renormal-
ization scheme for. Clearly, we need to be able to renormalize exponentials and their products.
This is done order by order, so operators such as V'(a, b)™ must be renormalizable. Further, the
action of the BRST operator Qp on V(a,b) (QpV(t) = %(cV(t))) immediately implies that
Op(a) = AeV(a) +O(A?) and Og(b) = AcV (b) + O(A\?). Thus, we must be able to at least write
down such operators as [V(a)e’w(“’b)]r. In fact, we will see that this is sufficient: we need to
renormalize products of exponentials of integrated operators with possible insertions of a single
unintegrated V' on either the left, or the right, or both. These operators also arise naturally

when derivatives are taken, for example: % [e)‘v(avb)h.
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e)\V(a,b)]

Once we have decided on the renormalization scheme for [ ,» derivative operators

such as Qp [e)‘v(a’b)]r and % [e)‘v(a’b)]r will be fixed. The choice of renormalization scheme
for such operators as [V(a)e/\v(a’b)]r can influence the explicit form of operators Og 1, and the

existence of natural properties such as

), 2= o] w0

6)\V(a,b)] 0 [eAV(a,b)]

but it does not change Qp [ . Or 7o . themselves. In other words, our choice
of renormalization scheme for operators with unintegrated insertions will not affect the SFT
solution. However, it does affect the linearity of the renormalization scheme (for example,
property ) The implications of both this and the replacement condition for linearity will be
discussed in section[£.2.3] and a general procedure for constructing a fully linear renormalization
scheme order by order will be discussed in section 4.3.8

With these assumptions on the renormalization scheme, a solution for regular marginal

operators can be generalized to operators with singular self~OPE. The solution is

1 1 1
ZWALW+WQB\FU, (4.7)

where the wedge states U and Ay, need to be defined.

v

U=1+> 20™, Ap=3" anal (4.82)
n=1 n=1
where 1 is the #-product identity and the wedge states in the A-expansion are given by
UMY = v (1, , 4.8b
(.09} = (o0 [rm] ), s

<¢>, A(L")> - Zn: <f o [O‘L”(l)v("*l)(l, n)mwﬂ , (4.8¢)

(6.49) = 3 (£06 Vo1, m)0R ()] )

v (4.8d)

We should notice that with this definition U") = 0. The operator O(Ll} r is the [-th coefficient
when Op, /g is expanded in powers of A. In practice, we will show that

1 1
Or(t) = AeV (t) — 5AQac(z&) +A2Cc(t), Ogr(t) = AV (L) + §>\28c(t) +M2Cic(t)  (4.9)
so only O(Ll) and O(LQ) are non-zero. This is explained in section and generalizes the
argument of [36] which found the same form but with C7 = 0. Since everything has been

defined in terms of series in A, we define powers of string fields using the appropriate power
series, with the star product implied whenever string fields are multiplied. For example

Ul=1- i AU ™ 4 <§: )\"U(”)> x (i /\”U(”)> _—— (4.10)
n=1 n=1 n=1

=1 - UM 4 A2 (U<1) < UM U(2>) _— (4.11)
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The solution W is a gauge transformation of the simpler solution
U, =AU, (4.12)

which is a solution that does not satisfy the reality condition already mentioned in chapter
guaranteeing reality of the string field theory action: ¥ = bpzoh.c.¥ = ¥, ¥, will not be the
focus of our study, but it is much simpler to show that this form is a solution to the equation
of motion.

Using (4.8b)), (4.5a)), and (4.8c) it is straightforward to show that QpU = Ar — Ar. We can

then compute

Q¥ =Qp(ALxU™") (4.13a)
= (QpAL) * U '+ A« U L« (QpU)«U! (4.13b)
= (QBAL+ AL x U s AR)« U™ — Wy U, (4.13c)

so the problem of showing that the equation of motion is satisfied is reduced to the problem of
showing that QgAr + Ap * U1 x Agp = 0. This is accomplished by using to write QpAyp,
in terms of operators inserted on a wedge state, then showing the structural equivalence of the
two terms by applying (4.5c) and (4.5d). This is the topic of appendix A of [36], and we will
not repeat the details here.

While the purpose of this chapter is to give a detailed construction of renormalized operators
suitable for use in the solution , we will also study the general structure of allowed oper-
ators along the way. The operators we use will generalize the example renormalization scheme
provided by Kiermaier and Okawa in [36]. The formal approach they used for describing the
singularity structure of well regulated operator collisions (for example in equation (4.35)) can
be used to explicitly define a general renormalization scheme for quadratic operators, as we will
demonstrate in section 4.2l When renormalizing products of more than two operators, however,
this approach breaks down and we must resort to a less general approach in order to prove the
assumptions . This is the primary concern of section

4.2 Quadratic Operators

The renormalization of operators discussed above is necessary whenever two operators with
singular OPE become arbitrarily close to one another. As we mentioned previously, the OPE
is assumed to be V(0)V(t) ~ #%, but the finite part of the OPE can contain operators other
than the identity. In order for a relatively simple renormalization scheme to be possible, we
require that any divergences which appear when a marginal operator V approaches this OPE
are not too bad. More precisely, we require the finiteness condition which is equation (4.10) of
[36]. This condition can be restated as requiring that

o VO o 1 s1ds 1 o o '
° IZIV(tZ) o T &P < 2 /d s> (51 —52)2 0V (s1) 6V(32)> IZIV(tZ) (4.14)

remains finite even when more than two of the coordinates ¢; collide simultaneously. This is a
condition on the marginal operator V and will not hold for all marginal operators.
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4.2. Quadratic Operators

Since the solution is given order by order in A, the renormalized exponentiated inte-
grated operators such as [e’\v(a’b)]r should be interpreted as a series, and the renormalization
of powers of integrated operators is what we will need to define, rather than the exponentials.
To start with, we will see what counterterms are compatible with renormalizing two operators.
Even at this order the structure of renormalized operators differs from the regular case in a
number of ways.

We have seen that there are two ways for operators to collide in this solution: they can both
be integrated with overlapping regions, or one can be fixed at the end of an integration region.
The latter case is simpler so we will start there. Setting any other operator insertions aside,
the singularity we are studying appears in

b Y s
/ dt (V(@)V (1), =~ — ot <n+ (b a)> +0(e), (4.15)

+e €

where n + 1 is the circumference of the wedge state’s boundary. The renormalized operator
[V (a)V(a,b)], can now be written as

b
V(a)V(a,b)]s = lim [/ dt V(a)V(t) — G’gb] , (4.16)

e—0 +e

where the counterterm GaLb is implicitly a function of €. The subscript G on the renormalization
bracket indicates this approach to subtracting off counterterms which are given as functions G
of epsilon. Requiring finiteness means that the singular part must be the integral of the OPE,
but the finite part is not constrained by this, so

1
GL == -+ O(€%) . (4.17)
This cancels the divergence in (4.15)). Similarly, we have
GE == + O(€%) . (4.18)

Next we will define the renormalization of the doubly integrated operator

/b edtl/H dts (V (£)V (82)) _b= 1+1n T ) +0(e). (4.19)

b
(n+1)sin (nﬂ

For this operator we have the form

[V(a,b)*], = 2lim [/b edtl /tl+€dt2V t1)V(te) — Gy } , (4.20)

where the counterterm is .
—a
G = —— +Ine+O() . (4.21)
€
The factor of 2 in (4.20)) is due to the fact that the operators have been written in a specific order.
Instead of including integrals with to < t1, we used the indistinguishability of the operators and
doubled the result.
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4.2. Quadratic Operators

Although it never appears in the solution of the form (4.7)), we will need an additional
renormalized operator in order to prove the assumptions. When two integrated operators
collide only at a shared edge, we get the operator

b c
[V (a,b)V(b,c)] = lim / dty / dtaV(t)V (ta) — GE | . (4.22)
=01 Jq bV (t1+¢€)

Here the notation bV (t; + €) represents the minimum of b and ¢; + €. In this case the only
divergence is logarithmic, and we get

GE = —Ine+O() . (4.23)

abc

4.2.1 The “Little ¢” Scheme

While the renormalization scheme we have just described is extremely useful at this order, when
more than two operators need to be renormalized, it is often useful to take a different approach.
While the “little ¢g” scheme is not as useful at quadratic order, it is perfectly valid, so we will
introduce it here.

The critical problem which the “big G” scheme, [...], has is that the operators are inte-
grated and the counterterm is not. At higher orders this will mean that a renormalized operator
is the sum of terms with different numbers of integrals over different regions, which makes some
proofs intractable, and causes many other issues including for the finiteness of the scheme. Even
setting aside the analytical proofs, when performing numerical calculations the renormalization
scheme described so far is extremely cumbersome. The integrals over various regulated regions
must be evaluated repeatedly as the regulator € approaches 0. Since each integral can generally
not be performed analytically and requires a numerical algorithm, this would be an extremely
time consuming process. In addition, since the limit only exists once all of the counterterms
are included, each integral itself will diverge as ¢ — 0, and the results will most likely not be
trustworthy due to large roundoff errors.

The solution is to combine the counterterms into the integrand. We want functions g” (t1, t2),
g*(a,t), and g¥(t1,t) which once integrated over the correct e-regulated regions will give the
counterterms Gan, GE | and Gﬂc respectively. This can be accomplished by

ab’
Dity) = — 42 (I4llb—a)+...) (4.242)
gab 1’ 2) — (tl—t2)2 (b-a)Q 9 .
1 1
L = 4.24
gab(tlatQ) (tl _ t2)2 + (b _ a)Q + b—a'’ ( b)

Gape(t1,ta) = @ _1t2)2 T b)1<b_ 3 (1 +In <(C_Cb)_(l;_a)> +.. ) , (4.24c)

where the ellipsis in each right hand side is the finite part of the corresponding counterterm
G. These functions have no more dependence on ¢; it has been shifted to the region over
which they are integrated. Additionally, we did not have to choose the functions we did. Any
function with the same integral over the appropriate regulated regions will produce an equivalent
renormalization scheme. In particular the constant terms appearing in each of these functions
could have been any function of ¢; and to with the same integral, but we have chosen constant
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4.2. Quadratic Operators

values purely for simplicity. This will be examined in more detail in section [£:3.3] The left
counterterm gfb(tl, t9) is nearly always used with one insertion at a since that is the endpoint
of the interval. In this case we should feel free to use the shorthand

def
9ar(t) = gi(at) . (4.25)

Now if we define the renormalization by

b—e b
Ve, =21im [ dn / dts (V(0)V (t2) — g5 (11, 12)) (4.26a)
=0 Jq t1+e
b
V(@)V(a.b)], =lim | di (V(@)V(t) = gi3(8)) (4.26b)
b c
V(a,b)V(b,c)], =1lim | dt / dts (V(t1)V (t2) — g5, (t1,12)) (4.26¢)
e~V Ja bV (t1+e€)

then this renormalization scheme is identical to the “big G” scheme when renormalizing these
quadratic operators. The finiteness of these integrals stems from the fact that the integrands
are now completely finite. Whenever two operators approach each other, the counterterm has
a singular term which cancels the divergence and gives a finite quantity. This is apparent from
the finiteness condition (4.14]) which we impose on the marginal operator V.

4.2.2 Small Integrated Operators

Here we will take a moment to briefly discuss one unusual feature of our renormalization scheme,
demonstrating that it may not be viable for all wedge states. It naively seems reasonable to
expect that a fully renormalized integrated operator over a set of measure 0 would be 0 itself.
Specifically, we will look at the equation

lim [V (a,b)?] =0 (4.27)

b—a r

and see if it can be satisfied.
The OPE for exponential operators on the boundary gives us the form we will be considering.

V(t)::V(ta): =

The operator (4.27) is then

%g% [V(a,b)?], = lim lim [/: dty /tb dty <(tlltg)2 +0 ((t - t2)°)>

b—a e—0 1te
b—a

€

ol -w)) (4.29)

(4.29a)

—lne—l—...]

b—e b
=—1+4 lim |:— ln(b — a) —|—/ dtl/ dty O ((tl — tQ)O) + .. :| (4.29b)
b—a a t1+e

=—1-limIn(b—a) . (4.29¢)

b—a
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4.2. Quadratic Operators

We see that the operator has a finite piece which could be cancelled by making a specific choice
of the finite piece of Gﬁ, similar to [36]. But there is also a divergent part which cannot be
cancelled without the finite piece having In(b— a) and this would conflict with the assumptions
. Integrating over a smaller region has caused this operator to diverge, and we cannot
consistently set it to 0 despite our intuition. We will also see the necessity of this divergence
when we compute the derivative of a renormalized operator in section The logarithmic
divergence of [V (a — A, a)?], provides the counterterm that makes V(a)V (a,b) finite. The
structure of the renormalization scheme satisfying the replacement condition forces us to
accept a divergence for some integrated operators in order for others to remain finite.

What this has shown us is that some operators must be handled with care despite being
renormalized, if we wish to see finite results. Fortunately, the solution is built entirely
out of operators with integer domains, so it is safe from this kind of divergence. This does
remain a concern for the possible future construction of renormalized solutions on wedge states
of continuous circumference, as in [34].

4.2.3 Linearity

The replacement condition 1) as stated is trivially satisfied because e*V (#:6) = eAV(@:b) AV (bic)
holds for the bare operators. The implied condition, however, is for us to take the assumption
at each order in A and bring the combinatoric sum outside of the renormalization.

o ", = . 7)\n a,b) o)V
- [V(a7 C) ]r - Z]'(Tl—j)' [V( 7b> V(bv ) ]7« (4'30)

<
|
o

Repeated application of this means that operators of the form
V(al)V"I (al,bl) .. V"k(ak,bk)V(bk) (4.31)

satisfy linearity provided a; < b1 < as < ... < by so that the intervals are of finite length and
do not overlap. The replacement condition also does not provide linearity if the fixed operators
V(a1) and V(by) are not inserted at the same place in each term of the sum. A stronger
condition is needed if we want full linearity, including the ability to perform derivatives and
integrals either before or after renormalization with equal resultsﬂ We will return to this once
we have examined the consequences of the replacement condition alone.

Beginning with we will examine its consequences. The singular parts of GaLb, Gﬂ and
GaEbc are already known, so we will focus primarily on the finite parts. Imposing the obvious
requirement of translation invariance we will take the ansatz

1
GE = -+ ck.,, (4.32a)
p_b-a D
Gab = c + hl € + Cb—a 5 (432b)
GE = —Ine+ CcEfb,bfa , (4.32c¢)

2Integration only commutes with renormalization if both sides are well defined and finite. For an example
where this does not work see the discussion of (4.73).
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4.2. Quadratic Operators

where the functions C%/P/E have no more e-dependence. This means that our renormalization
scheme is

b
V(a)V(a,b)]; = lim [ / dt V(a)V(t) - % - c,f_a] , (4.33a)

e—0 te

b—e
[V(a, b)Q] = 211111 |:/ dtq /t . dtsy V(tl)V(tQ) - bT —Ine— Cb a:| , (433b)

V(a,b)V(b,c)lm = hm [/ dtl/ dty V(t1)V(t2) +1ne — Cchb a] . (4.33¢)
b\/ t1+€
We now take (4.5¢) and (4.5d) and explore some restrictions which we can impose on the
counterterms. The first quantity we see is
[V(a,0)], = [V(a,b)], + [V(b,0)],, (4.34)

which is trivial as there is no renormalization involved. If we insert a fixed operator at a,
however, we find our first condition.

V(a)V(a,0)lg = [V(a)V(a,b)]g + [V(a)lg [V(b, 0l (4.35a)
/ S vV - Lok, = / D v - Lo,
ate € ate € (4.35b)
+ /b AtV (a)V (1)
cl_=ct ¥t (4.35¢)

The finite part of the counterterm for collision of an integrated operator with a fixed operator
is in fact constant, and does not depend on the size of the integration region. In addition to
linearity, this result involved the assumption that there are no counterterms for the renormal-
ization of operators which do not meet. If we had allowed a finite part in the renormalization
of [V(a)V (b, c)]. even though it is not necessary, we could not say anything about the constant
CL. Fortunately, neglecting counterterms for any two operators which do not collide is clearly
equivalent to the assumption , so this is not only permitted, but required.

This property is more general than just the case [V (a)V(a,b)],. If we insert an arbitrary
local operator Q4 to the left of an integrated operator we get the same result.

[OA(G) / dt@s(t)]T = [OA(CL) / b dtoB(t)LvL [OA(CL) / CdtOB(t)L (4.36a)
_ [OA( )/bdtoB( )L+OA( )[/ A0 1 )} (4.36b)

a) / dtOg(t) — GUAB) = 0 4(a) / dtOp(t /dt(’)B (4.36¢)
GAB) = glaB) & g(ab (4.36d)

Using only the linearity of the renormalization and a generalization of assumption (4.5d) to
the operators being considered, we have shown that the counterterm for one fixed and one
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4.2. Quadratic Operators

integrated operator must always be independent of the limits of integration. Using exactly
the same reasoning as the above two arguments, we apply linearity and factorization to the
renormalized operator

[V(a, )V (b,d)], = [V(a,b)V(b,c)], + V(a,b)V(c,d) . (4.37)

This tells us that the counterterm for integrated operators colliding at an edge is also indepen-
dent of the integration ranges:
Clyya=0C"F. (4.38)

We will rarely discuss the right handed counterterm G because it is normally identical
to G¥. The same argument applies that we used for C*, and we know that C’ﬁ o= CFisa
constant. Strictly speaking, the condition does not imply any relationship between C*
and CT, but stronger linearity conditions such as do. Even without the strong linearity
condition, a natural extension of the reflection condition would imply equality of the two

constants. If we require that [f; dtoV (t1)V (t2)V (t3)|t,=a,ts=p| 1s invariant under the reflection
T
operation t; — b+ a — t;, then we get

V(a)V(a+e,b—e)V (D) —GEV (a)—GEV () = V(a)V (ate, b—e)V (b)) —GEV (5) —GFV (a) (4.39)

and immediately have GF = G which implies C® = CF. This equation is not required,
however. In fact, because the solution is built out of the wedge state U and Ay, g (which can
be obtained by acting on U with @ p), it cannot have any dependence on the constants CL/R
which don’t appear in U. We will see an explicit C* dependence later on, but this is only
introduced to cancel the implicit dependence from the renormalization of the operators in Aj,.
Since C* and Cg play no part in the solution, we should not expect any constraints on them.
The constraints imposed by come about because that condition gives the renormalization
scheme a linear structure that goes beyond what is necessary for a solution.
Next we will examine the replacement condition for two integrated operators:

[V(a, C)Z]r = [V(a, b)z]r + [V (b, C)Q]T +2[V(a,b)V(b,c)], . (4.40)

Our restriction on Clﬂ ., can now be calculated.

V(@ b)V (bl = = [V(a,e)?], % Vab)?],, - % V.02, (4.41a)

1
T2

b c
/ dtl/ dty (V(t1)V (t2)) + Ine — CF
a bv (t1+€)

c—e c b—e
= </ dtl/ dtg—/ dtl/ dtg—/ dtl/ dt2> (t1)V (t2))
a t1+e t1+e t1+e

_cmatbzeRamh @b Lol 1P, (441b)
€

cb —cP,—cP. —ctF=o0 (4.41c)

a
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4.2. Quadratic Operators

In order to satisfy this, the finite renormalization terms must be CP(At) = Cy + C1At, and
CE = —Cy. Together with C* and C* this leaves us with four free parameters which are not
fixed. In chapter [5| we will reduce the number by one by fixing C* = C and consider the
three remaining parameters to be free when we numerically check the validity of the solution
and examine the tachyon profile.

A stronger linearity condition

This is all that the weak version of linearity can tell us about the counterterms. Strong linearity,
however, gives us one additional restriction. We would naturally expect that the derivative of
a renormalized operator might behave in the same way as an unrenormalized operator. By this
I mean that we could choose to require that

8. [V(a,b)?], = —2[V(a)V (a,b)], (4.42)

and consequently the related condition

/ab dt[V()V(t,c)], = [/b dt V(H)V(t, c)] : (4.43)

a

This will also be relevant when we examine the boundary condition changing operator in section
The integral condition is simpler to study, so we write

{ /ab dty /: dts V(t1)V (ta)L _ /ab dty { /: dts V(tl)V(tz)L (4.44a)

b c 1
= lim dtl < dtz V(tl)V(tg) - = — CL> (4.44b)

e—0 a tite

€
b—e b b c
~ Jim / it [ dts+ / it / dts | V(1)V ()
e—0 a t1+e a bV (t1+e)

h—
boa —(b—a)CL> |

€

(4.44c)
But we can also split the integral before renormalizing it, and write
b c 1
[ / it / dts V(tl)V(tg)} _ [QV(Q, b)2 + V(a, )V (b, ) (4.44d)
a t1 G

e—0

b c
+/ dtq / dth(tﬂV(fg) +Ine— CE .
a bV(t1+e€)

G
) b—e b b—a D
= lim dtl dth(fl)V(tg) - —Ilne— Cb—a
a t1+e€ €

(4.44¢)

The singularities and e-regulated operators cancel — as they must for a consistent theory — and
we find
cP =-CcF+(b-a)Ct. (4.45)
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4.2. Quadratic Operators

This has the same effect as the replacement condition but with an added constraint on C:
cR=co+0C,, CE=-c,, cCct=c0. (4.46)

Because a similar calculation gives C' = Cj, the strong linearity condition also enforces the
extra reflection condition C® = C'* which is convenient.

While the derivative must give the same condition, we will need the result later, so we derive
it here. Consider the expression J, [V(a, b)Q]T using the definition of a derivative.

[V(a,b)’la [V(a— A b)a

0o [V(a,b)?], = Jim (4.47a)
L V(e—A, a)2]G +2[V(a—A,a)V(a,b)]c
=— ilglo A (4.47b)

We saw in section [£.2.2] that when the renormalized product of two marginal operators is
integrated over a small region the result diverges as

1
lim = [V(a,b)?],=-1-Co— (b—a)Cy — limIn(b—a) . (4.48)
b—a b—a
We have included the C; term which vanishes because the overall % will allow us to keep it.
The next corrections, however, are O((b — a)?) and can be safely dropped. We will use this
result to get

00 [V(a,0)%], = 2 lim tig — V(@ = &)V (@D)) ZInet A+ 1+ A

4.4
A—0e—0 A (4.49)

Here we make the observation that

(Ve —A,a)V(a,b)), +Ine—InA -1

_ /0 i (/l:+ dt Via— 2)V (1) - 1) + /f i </b dt Via— 2)V(t) - i) C(450)

The first term is small:

/OE dz </i+ dt Via— 2)V(t) — 1) =e </Ci dt V(a)V (t) — 1) +0(2) . (451)

Without the factor of € in front, the ¢ — 0 limit would give the renormalized operator
[V(a)V(a,b)],, so this quantity must go to zero in that limit despite the 1 term. Since the
e-dependence came from the renormalized operators inside the A — 0 limit, the e¢ limit must
be taken first, so this operator vanishes despite the % factor appearing in (4.49). The other
term is

/GA dz </abdt Via—2)V(t) — i) _ /OA dz </ab dt Via—2)V(t) — i) +0(e)  (4.52a)

= Alim (/: dt Via—2)V(t) — i) + O(e) + O(A?) (4.52b)
= A[V(a)V(a,b)]s+ACE. (4.52¢)
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4.2. Quadratic Operators

So by applying (4.50)), we get that

0o [V(a,b)?], = ~2 Jim <i (A[V(a)V(a,b)ls + ACE - C) + O(Az))> (4.53a)
= —-2[V(a)V(a,b)]g+2(C1 —CY) . (4.53b)

Of course from (4.47a)), if we are to require linearity to the extent that the limit A — 0
commutes with renormalization along with the sum of two terms, then we would have

a2 - Via— 2
da [V(a,b)?] = [iiino Via,b) X( 2,5) } (4.54a)
= [0,V (a, b)z}r (4.54Db)
= —2[V(a)V(a,b)], (4.54¢)

So we once again see that strong linearity requires C = ;.

We have found a condition on the counterterms that gives linearity for any operators we
have considered so far at quadratic order, but we would still like to prove that the full linearity
condition holds for all operators, given the condition C = C}. To prove linearity, we can con-
struct a linear operator which acts on the singular operators to produce the renormalized ones.
This will be done as the composition of two linear operators: one to produce the counterterms,
and the other to properly regulate the integrals with e separations. The two linear operators
will not commute with each other, so we must apply the one to produce counterterms first.
The operator

0 o

oV (z) oV (y)
+ ;iiglo/dwdy (8'(x—y+A)—d(z—y—A)GE

L= /dl‘dy 6(z —y)GE

s s (4.55)

oV (x) 6V (y)

replaces a pair of operators which can collide with the appropriate counterterm. We will refer
to the first term as Ly and the second as Ls. Taking the § function to be the limit of symmetric
peaks at zero so that fooo d(z)dx = %, the following are straightforward to show.

L1 (V(a)V(a,b)) =2 / b dz GLo(x —a) = G (4.56a)
Ly (V(a)V(a,b)) = /b dr GF (§'(x —a+A) =& (z—a—A)) =0 (4.56b)
b c
L (V(a,b)V(b,c)) = Q/a dx/b dy 6(z —y)GL =0 (4.56¢)
b c
Ly (V(a,b)V(b,c)) = / d:z:/b dy (§'(x—y+A)—d(z—y—A)GE=G* (4.56d)
Ly (V(a,b)?) =2 /b dx G* =2(b — a)G* (4.56¢)

b b
Ly (V(a, b)?) = / da:/ dy (0'(x —y+A) =8z —y—AN)) GE = —2GF (4.56f)
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4.2. Quadratic Operators

From the definitions of the counterterms, we know that G = —GF + (b—a)GL, so the operator
L correctly produces the counterterms for each operator being considered. In the event that
the two operators never meet, the § functions will ensure that no counterterms are added, and
the factorization property will hold. To add in the appropriate counterterms for any
operator consisting of two (or less) marginal operators, we apply 1 — L. This proves that the
inclusion of these counterterms is a linear operation.

The full renormalization procedure must e-regulate the operator insertions as well as in-
cluding the counterterms. We will define this order by order for all orders, so that we can use
the notation throughout the rest of this chapter. We apply different linear operators depending
on the number of V' operators that are inserted. Let A be the most general operator with
n insertions of V, A = [, V(t1)...V(t,) where M is some measure on R". For example,
V(a)V (a,b)? is associated with a uniform measure on {a} x (a,b) x (a,b) (where {a} is a point
and (a,b) is an interval). When adding two such operators, we simply add the corresponding
measures. The map A — (A). acts on the measure M(A) associated with A by setting it
to zero for any point (¢1,...,t,) such that |t; — ;| < € and leaving it unchanged otherwise.
Denote this map by U, so that U. (M(A)) = M ((A)e). Since the action of the map U, on

any given point within a measure depends only on the coordinates of that point, we have that
U(M(A) + M(A)) = U(M(A)) + U(M(A)). A — (A). is a linear map for any operator,
which together with the existence of the linear operator L shows that renormalization defined
by

[Al» = (1 = L)A) (4.57)

€

is a linear map.
Now let us consider the operator [V(a, b)Q} o again. We already know from the definition
that this is (V(a,b)?), — 2GL but we can also write it as

ab?

b t b
2 = S S S 004
[V(a,b)]G_[/a dt(/adJr/td)V(t)V()G (4.58)
If we are to assume full linearity then we get
b
= / dt ([V(a,t)V ()]s + V)V (t,b)]s) (4.58b)
= lim "t (V(a, )V (1) + (V(H)V (t,b), — G — GF) (4.58¢)
= lim [(V(a,b)?), = (b—a) (G +G")] . (4.58d)

e—0

This has only produced part of the necessary counterterm, as Ine and C are both absent from
GL/R_ This suggests that a fully linear renormalization scheme is impossible, but the existence
of the linear operators L and U, tells us otherwise. The answer is that when L acts on the
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operators there is an extra term.

LV (t)V(t,b) = /b dx <2GL5(:1: —t)+ lim GF (§'(x—t+A) - (z—t— A))> V)V (t,b)

A—0t
(4.59a)
— (GL +G*¥ Jim, (6(b—t+A)—6(b—t— A))> V(t)V (t,b) (4.59b)
= (GL - GF Ali_)rr(}+ S(b—t— A)> V(t)V(t,b) (4.59¢)

The last term vanishes when ¢ is fixed (as in V' (a)V (a, b)), but not when ¢ is allowed to approach
b continuously. Infinite sums and infinitesimal regions are some of the differences between the
replacement condition and the stronger linearity we have been discussing, and this is an example
of that. To get a fully linear renormalization scheme the left counterterm should really be

GaLb:%—i—Cﬁ—i-(lnE-i-Co) lim 6(b—a—A). (4.60)

A—0t

4.2.4 Assumptions (4.5d)), (4.5€)), and (4.51)

We did not discuss the factorization condition in much detail in the last section, but we
did effectively prove that it holds for the renormalization scheme discussed. The ¢ functions
appearing in every term of the operator L in mean that there are no counterterms for
operators which do not meet at a point.

The assumption is trivial in our construction, since at no point in the renormalization
of the integrated operators have we considered the wedge state on which they are embedded.
By constructing the counterterms using the local OPE rather than the two-point functions, we
have avoided any difficulties that this assumption may have caused.

For the sixth assumption we will ask ourselves the same question we asked about linearity:
what does this condition really mean and what do we really require? The construction of the
simple solution does not require a reflection condition at all. It is only when we wish
to impose the reality condition that we need the renormalized operators to preserve the bare
operators’ twist symmetry in a particular way. Looking at page 29 of [36], we see that the
precise condition required is

vt=vu, Al =4p AL=4p. (4.61)

As before, the operator ¥ represents the composition of inverse bpz conjugation and hermitian
conjugation, which has the effect of reversing the orientation of all operators inserted in the
worldsheet.

For the string field U this is quite simple, as only the fully integrated operator [V (a,b)"],
appears. By the definition, , the counterterms are constant in terms of the integration
variables. We must also consider the region of integration used for (V' (a,b)"),, to ensure that it
is invariant under the reflection. This amounts to the understanding that we can parameterize
the region in a number of equivalent ways. For example,

n

b—(n—1)e b b to—e n
/ dty .. / dthV(ti) = / dty, .. / diy HV(ti) . (4.62)
a t a+(n—1)e a i=1

n—1+¢€ i=1
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The two regions are identical, as are many other similar parameterizations. If we perform the
change of variables t; — a + b — t;,_;11 on the right hand side we get

b—(n—1)e b n
/ dtl.../ dty [[Via+b—t:), (4.63)
a t

n—1+e€ i=1

which is precisely the effect of acting on the original integrated operator. In the last step
we changed the order in which the operators are written in order to make our equation look like
that of , but since thy are bosonic operators we are free to do so. That the counterterms
are also invariant under taking t; — a+b—t; and then being rearranged is trivial since they are
not functions of the coordinates t; at all. The reparameterization of the integrals in was
the important step, but it is an identity for the subsets of R™ in question, and would actually
hold for any integrand.

When we consider the other condition, AiL = Ap, we must now consider what happens when
fixed operators are inserted at the endpoints. With the argument that U is symmetric in mind,
the only thing left to show is that the operators inserted at the endpoints, O, /p are mapped
to each other by twist. This is guaranteed by the BRST operator having the property

QU = —(-1)YQpU* (4.64)
which since U is even means that Arp — Ay, is odd under this conjugation. Now
A Al = Ap— A (4.65a)
naturally leads us to the conclusion
AL =g, AL =4p. (4.65b)

This can also be viewed as a statement about the transformation property of O g, but that
approach would require consideration of each term separately.

4.2.5 Assumptions (4.5a) and (4.5Db))

These two assumptions are easily proven at second order in A. Here we will review the proof
of each at the lowest nontrivial order and discuss problems which can occur at higher orders as
they arise. We will also see what happens when we attempt an alternate form of the proof, and
resolve the apparent inconsistencies that arise. Throughout this section we will omit writing
the limit € — 0, and it should be inferred.

Recall that the first assumption is

On [ew(a,b)]

At second order this statement reads as

_ {e’\v(a’b)OR(b)] - [OL(a)eW@vb)] . [E54)

r T r

2
%QB [V(a, b)2]G = Z (21, ([V(a’ 5)2%05;)(5)}

—n)!

- [O(Lm(a)V(a,b)(?—”)}G) (4.66)
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where O /p =3, )\"O(LT;)R is a local operator to be determined. Since the counterterm is not
an operator, it vanishes when acted on by @@ p. The behaviour of the primitive operators when
acted on by the BRST charge is not difficult to determine by integrating the BRST current on
a contour about the operator in question. The results we will need are

QeV(t) =0(cV(t),  Qp(cV(t) =0,
Qpc(t) = coc(t) , Qpoc(t) = cd*c(t) .

Using the first of these and the definition of the renormalization scheme, we can start working
out the left hand side of (4.66) explicitly.

(4.67)

525 [V(@0?) ;= 5@ (ViabP), (1.68)
b—e b
:QB/ dtl/t+ dtaV (t1)V (t2) (4.68b)
b—e b
_ / it /t eV ()Y (1) + V(1) DeV (1) (4.68¢)

The next step is to integrate by parts:

1 ) b—e b
5QB V(a,b)%], = /a dt V(t) (cV(b) —cV (t +¢)) +/a dt (cV(t—e€) —cV(a))V(t)

+e
(4.692)

=V(a,b—¢€)cV(b) —cV(a)V(a+¢€,b)+ /b dt (cV(t—e)V(t) =V (t —e)cV(t))

a+te

(4.69b)
b

=V(a,b—¢€)cV(b) —cV(a)V(a+¢€,b) + / dt V(t —e)V(t) (et —e) —c(t)) . (4.69¢c)

a+e
In the remaining integral we notice that the ghost factor is O(e) and will suppress an finite
contributions from the matter part. Now when we rewrite the matter factor using the OPE;,

we only need to keep the relatively simple divergent term.

b _ ’ 1 —€edc i 2¢ a
/m dt V(t— )V (t) (c(t — €) — c(t)) = /W dt — < de(t) + 50 (t)) (4.70a)
= _% (c(b) — c(a+e€)) + % (Oc(b) — Oc(a)) (4.70b)
- _% (c(b) — c(a)) + eai(“) + % (9c(b) — dc(a)) (4.70¢)

%QB [V(a,0)?], =V(a,b—e)cV(b) — C(f) - %ac(b) —cV(a)V(a+eb) + C(f) + %80(60

(4.71a)

= [V(a,B)eV (D] + CTelb) + 50e(b) — [V (@)V (a,b)] — Cela) + 3 de(a)
(4.71b)
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This has the form of (4.66]) where

ORr(b) = AV (b) + )\2280(19) +A2CEc(b) , Op(a) = AV (a) — fac(a) +22CE¢c(a) . (4.72)

The operators O r have an explicit dependence on CL/E_ but this only serves to cancel
the dependence of the renormalization scheme so that the full operators [e/\v(‘“’) Or(b)] o and
[OL(a)e)‘V(“’b)]G are independent of C*/%. This has to be the case because in the left hand
side of neither of Qp or [e’\V(a’b)] ¢ has or introduces any dependence on those parame-
ters. It is because of this cancellation that the reflection condition does not impose any
restrictions on CL/ R,

There is another approach which looks very simple but has a subtle difficulty. This approach
involves a less well-regulated expression which produces a part of the correct result without any
counterterms or higher order pieces of Or,/g. To demonstrate, we will again consider the second
order calculation. We proceed as before to

b
%QB [V(a,b)?]; = / dt (V(a,t — e)d(cV () + d(cV )V (t + €, b)) (4.73a)

= / b dt (V(a,0)d(cV (t))), - (4.73b)

Now the e-bracket is a linear operator so we would normally expect it to commute with the
integral, and we would get

b
%QB V(a, b)Z]G = <V(a, b)/a dt 8(0V(t))> (4.73c)

€

= (V(a,b)(cV (b) — ¢V (a))), - (4.73d)

This has the correct first term, but no counterterms or dc terms. Where has this approach
failed? While the linearity of the e-bracket implies that we should be able to bring the integral
over t inside, in practice this does not work. We have assumed that by thinking of the integral
as the limit of Riemann sums, the linearity of the e-bracket justifies bringing the integral inside,
but this is not always the case. An integral such as f—?’f is not finite itself and integrating by
parts ignores the singularity by using a principal value prescription in order to avoid getting
an undefined result. More accurately, this means introducing a small regulator to protect the
singularity. When the e-bracket is taken first, there is no singularity in the integrand because €
serves the role of regulator. When the integral is performed first, we must have two regulators,
and the direction of the limit in this two-dimensional plane has changed. It is this direction of
the limit which prevents principal value integrals from commuting with the e-bracket.

Taking the form of Op,/r found from the calculation above, the final assumption to prove

at quadratic order, , is
Qp ([CV(G)V(G, D) — %86(@) + CLc(a)> — V(@) (b) - (4.74)

This is relatively straightforward to show. We begin by expanding the left hand side, and then
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apply (4.67).

s ([cwa)wa, Dl -

cdc(a)

2
b
—Qp (cV(a) / AtV (t) — c(a)GL, — %80(@) + C'Lc(a)>
= —cV(a) (cV(b) —cV(a+e€)) — — Clede(a) - %c@%(a) + CLede(a)

(4.75)

As we did for the first BRST condition, we write V(a)V(a +€) = 6% + O(€") and we now also
write c(a)c(a + €) = ecdc(a) + €2cd?c. Several terms cancel and we end up with

Qp ([cV(a)V(a, b)lg — %Gc(a) + C’Lc(a)> = —cV(a)cV(b) (4.76)

Thus, the second BRST condition is satisfied at this order.

4.3 Renormalizing Higher Order Operators

When only two operators needed to be renormalized, the big G and little g schemes provided
identical results. At higher orders, however, the two approaches naturally extend in different
ways. We will carefully examine and compare these two schemes at third and fourth order, and
find that the big G scheme is incorrect at higher orders. Focusing on the little g scheme, we
will prove that it satisfies all of the assumptions at any order. This proceeds similarly to
[36], but I will include all of the technical details necessary for more rigorous proofs.

While we do not know whether the BRST conditions can be proven for other renormalization
schemes, it seems likely that there is still some freedom to choose differing schemes. We will
briefly consider this question beginning with full linearity as a starting point. Considering
linearity first gives a relatively straightforward path to writing down a general renormalization
scheme order by order which is compatible with all of the assumptions except for the BRST
conditions. Those two assumptions, however, look extremely difficult with this approach, so we
will not pursue it any farther here.

4.3.1 Third Order Operators

Before we plunge into a computation at all orders, we will consider an extension of the big G
scheme to third order, i.e. the renormalization of a product of three Vs.

At this order, we define a regularized operator involving a single cubic integrated operator
by following the same regularization pattern as we did for the quadratic operator:

31 _ 1 3y _ pr(3)D
[V(a,b)*]; = lim [(V(a, b)%). — 665 V()| (4.77)
where 5
G((j))’D _2-a +Ine+ C’IS?’D . (4.78)
6 b
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The extra superscript () indicates that these are the counterterms at third order. We also
define a regularized operator involving two integrated operators:

[V(a,)?V (b, )] = lim [(V(a, b2V (b,c)), — 2G5

e—0 abe

E
BV(b,0) - 2650 V(e b)] , (479)
and three operators:

[V (@.b)V (5, )V (e, ) = lim [(V(@, )V (b,)V (e, d)), — Goi ™V (a,b) - Gobf Ve, )|

e—0

(4.80)
where
GOF — et cDF (4.81a)
GPE =P ey O0F (4.81D)
G((;Zle —Ine+ C(iidEE . (4.81c)

Notice that we have four new and potentially different finite constants. Using translation
invariance together with the factorization and replacement conditions in a way similar to that
presented in the quadratic case, we can show that

Cirt = G (4.82a)
cBEE _ _c, (4.82b)
cOP = (- aycy + (4.82¢)
COPE _ (h—a)Cy + Cp (4.82d)

where the constants Cy and ' are necessarily the same as the ones used at quadratic order
but Cé?’) is a new independent constant. One can check, by examining all combinations, that
the replacement condition at third order is satisfied for any value of this constant.

We also need to define renormalized operators involving fixed insertions at the endpoints.
Using factorization and replacement conditions, these can be constrained to

[V(@)V (a,b)) = lim [(V(a)V(a, b)), — 2V (a)GEPE 2y (0, )G L} (4.83a)
[V (@)V(a,0)V (b)]g = lim | (V(@)V (a,0)V (). - V(a)GSZ)’RL ()G (4.83D)
)

[V (@)V(a,0)V (5,0 = lim |(V(@V (@, () — V(@GR ~ Vb6,

abc

’LE} . (4.83¢)

C
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where
G®DL _ b‘Ta tlne+ COPE 4 (b—a)Ch (4.84a)
AL _ % Lok (4.84b)
GOWRE % +CR (4.84c)
GOLR _ % ol (4.84d)
GSZ)C Bl — _ne—Gy, (4.84e)
GOLE E Lok (4.84f)

There are two new constants: Cég)’DL and its partner, Cég)’DR, along with Cé?’) from (4.82]).
Just like CT and CE, however, the constants Co(g)’DL and CSS)’DR cannot change the SFT

solution and can only affect the form of the BRST insertions O7, and Og. Only CO(S) and the
quadratic order constants Cy and C; have a physical effect on the solution.

It is clear that if we were to continue our order-by-order approach to renormalization, we
would find new free parameters. However, at quartic and higher orders, this approach in un-
wieldy: it is hard to write down the most general renormalized operator that is demonstratively
finite. To study renormalization to all orders, we will no longer try to study the space of all
renormalizations and instead focus on a particular renormalization scheme. The scheme we
chose will have Cy and C as free parameters, however we will not add new constants at every
order. We will return to the question of classifying all renormalization schemes in sections

and {411

4.3.2 Extension to All Orders

The big G scheme with strong linearity was defined in (4.57), and we would naturally want to
extend this by exponentiating it. We would define the scheme by

(4.85)

The simplest exponentiation using the same L as in (4.55) would correspond at third order to

Cé?’) = CO(B)’DL = CSS) = Cy and CL = CF = ) as before. In practice this would mean
(/2]
n—2k
[V(a,b)"]; = lim Z T (¢5)" (V(a.b) ) . (4.86)

The little g scheme, on the other hand, does not have as simple an exponential form, but the
idea is the same. Since we were not focused on the little g scheme at quadratic order, we should
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restate the exact form of the counterterms we use:
1 n 2
(t1 —t2)?  (b—a)?
1 N 1 N ct
(t1 —t2)2  (b—a)? b—a’
1 1 (c—0)(b—a)
E
Gabe(ti,t2) = — <1 + In < +Co) . (4.87¢)
’ )2 (c=Db)(b—a)

(t17t22 c—a

gl (t1,ty) = (14+1In(b—a) + Co+ (b—a)Cy) , (4.87a)

gap(tr,t2) = (4.87b)

We require that for every pair of marginal operators which can meet, we subtract off a coun-
terterm defined with the appropriate range. For example,

Ln/2)
(V@b =lim | d"t D > 2,%, Hgab o(i+k) H Vit
€ oc€Sn k=0 j=2k+1
(4.88)
We define T®°(¢1,...,t,) to be the region (a,b)” minus the places where any two coordinates

are within € of each other. This is the same region used in the definition of (V'(a,b)"). but now
the counterterms are included in the integral. We will often suppress the coordinate list of T'??
when it is unambiguously implied by the coordinates being integrated over. From this form of
[V(a,b)"], there are two directions we can go. Since the region we integrate over is symmetric
we can remove the sum over the symmetric group to get the slightly more compact form

k
n : n n'
[(V(a,b))"], =lim [ d" 2,%, ,Hgab ti, tivk) H Vit (4.89)

e—0 Fa,b
€ 0<k<? j=2k+1

An alternative viewpoint is to write the integrand of (4.88) as a “normal ordered” operator
which subtracts a counterterm for every pair of operators:

:1;[ V(t:) :g e exp <—; /d31ds2 g(s1, 82)5‘/(281)5‘/((5@> 1:[ V(ti) (4.90)

The subscript g on the normal ordering is our notation to indicate what counterterms to sub-
tract. When we normal order more complicated products including things like fixed marginal
operators at an endpoint, the normal ordering g . ..g, should be interpreted as meaning to sub-
tract whichever g counterterm, g2, ¢%“/%, or ¢¥ is appropriate to the region the operators will
eventually be integrated over. So, for example, in the context of

o

b o
[V(a)V(a,b)?], = / dtvdts V()V(H)V(t2) (4.91a)

°g

[¢] [¢]

our notation indicates
o og

o o

JV@VE)V(t2) | = V(@QV(0)V(t2) = V(@)gar(tr, t2) = gap(t1)V (t2) = gai(t2)V (1) - (4.91b)
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It is useful to notice that all of the little g counterterms have the same divergent part,
m. This is the same function used in the finiteness condition 1D SO we can represent
the little ¢ normal ordering as

o

° ° ° . o 5
] 1:[ V(ti) o o exp (/ dridrs (finite terms) SV () 5V(T1)> 1:[ V(ti) ) (4.92)

o]
(s1—s2)?

which is clearly still finite as long as holds. This demonstrates how using one counterterm
or another, or even different counterterms within a single normal ordered operator as is the case
when both ¢P and ¢’ are needed, will always result in a finite operator as long as all of the
counterterms have the same singular term ﬁ Since the normal ordering gives finite
operators for any choice of coordinates, we can now remove the holes in the integral and write

ESS) s
b On o
V(a,b)" —/ at v . 4.93
Vol = [ e Ve, (4.93)

It is possible to write the renormalization scheme in an exponential form as well:

[e/\V(a,b)} — i % ’ dnto ﬁ V(tz) ° (494&)
9 =0 Ja °i=1 v
=Y / bdntgew 2 - (4.94b)
n=0"a

The notation in the second line is similar to that commonly used, for example, for the Chern-
Simons action on a D-brane: under an n-dimensional integral, we include all the terms from
the Taylor expansion of the integrand that have the right number of variables to saturate the
integral. It is easy to see that this is the same definition as that in equation .

As long as the integrand is fully normal ordered, the limit ¢ — 0 can be used to simplify
the integration region to (a,b)™ and the little g scheme seems to exponentiate quite cleanly.
Once we start separating terms and examining the structure in detail, however, the regulated
region T?’b(tl, ..., tp) is highly nontrivial instead of being the product of lower dimensional
regions. One drawback of this is that linearity is not so clear for this scheme. By subtracting
off counterterms which depend on the region of integration in a non-trivial way, and specifying
that we only subtract off counterterms if the operators can meet, we make it unfeasible to write
down a linear operator like L for this scheme. We might ask whether the two schemes are still
identical, as they were at quadratic order, but it can be shown that they are not. The critical
difference between the big G and little g schemes is illustrated by considering

(2GD) /F Lt Hlv (t;) (4.952)
€ j=
7 k
= dtl .. .dti d81 ...dSQk- V(t) gg)(SQ'_l,SQ')
/F?’b(th St ) XT 8P (s1,82) X ... X TP (595, 1,501,) 31;[1 ’ 31;[1 ’ ’

(4.95b)
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% k
7é Fa,b dtl e dti d81 e dSQk l_Il V(tj) l_Il gﬂ(SQj_l, 82]') . (4.95C)
€ J= J=

If n = 2k + i then the first line is a term in [V (a, b)"], and the third line is the corresponding
term in [V(a,b)"],. We might try to argue that since the integrand has no singularity where
one of the s; approaches a t; or an s; belonging to another counterterm, the difference vanishes
as € — 0 and the difference between the integration regions shrinks. The flaw in this reasoning
is that when, for example, s; is within 2¢ of some ¢, then the integrand does become large for
|s2 — t| < €, which is one of the small regions of difference between the two integrals. As a
concrete example, it can be shown that for any finite function f,

b b
lim </ dt/ dsidso —/ dt d81d82) f)g(s1,82) = (6+21In 2)/ dt f(t) . (4.96)
a re? re? a

e—0

This leads to a more severe issue. By comparing the big G and little g schemes at fourth
order, we can show that they are not both finite. From the form (4.89)) we know that

4
1 47 _ 13 4 1 1 D 1 D D
57 V(@0 =lim | d% <24 il;[lv(tz‘) = 3V (@)V(t2)gab(ts,ta) + Sab(t1,t2)gap(t3,84) | -

e—0 ng 8
(4.97a)
For the last two terms we can add and subtract the same thing integrated over the factorized
regions used by the big G scheme:

oz (V(@b)), - 268 (V(ab?), + 1 (@)’

24
1
+ - (/ d2t/ d23—/ d%d%) V(t)V (t2)gh (51, 52)
4 ng ng l“gb

1
—= (/ dgt/ d?s —/ d2td23) gﬁ,(tl,tg)gg,(sl,s’g)] (4.97b)
8 Fg‘b ng ng

= lim
e—0

1
+ L im < [ s | thd%) (V()V (t2) — g5 (01, 12) g5 (o1, 52)
4 ng ng ng
1
+ = lim </ d2t/ d’s —/ d2td23> gD (t1,t2) 90 (s1,50) . (4.97c)
8 e—=0 rab rab rab

We know that the two schemes are not the same beyond second order, so the appearance of
terms representing the difference is expected. The term with the integral of (V(¢1)V (t2) —
gh (t1,t2))gh (51, 82) is the equivalent of at fourth order. It is the integral over a small
region of a divergent quantity giving a finite result, times the integral of the finite function
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V(t1)V (t2) — g5 (t1,t2). The last term, however, integrates two divergent quantities over this
region, and is itself infinite.

4 b—
(/ d2t/ d?s — / d2td23> gD (t1,t2)g5 (s1,80) = 4 (3 +4In2 + gln3> ( “)+0(1n €)
ng ng I‘gb €

(4.98)
This proves that the two schemes are not only different, but cannot both be finite at fourth
order. We have already shown that the little g scheme is finite by demonstrating that the
integrand is finite. This confirms that the big G scheme must not properly renormalize all
operators, so the trivial exponentiation of the quadratic renormalization scheme is not correct.
To see exactly where the big G scheme has failed, consider the operator V(a,b)”. Each
term with k counterterms in the corresponding renormalized operator [V (a, b)"] represents the
collision of 2k marginal operators, and subtracts k£ powers of the divergence for two colliding
operators. If each pair of operators which are colliding were integrated over the full range
(a,b)? the counterterm would be correct, but the small differences due to avoiding the other
operators will give rise to subleading divergences. For k = 1 the worst divergence is O(e~!) so
the subleading terms are finite, but for & > 2 these subleading divergences need to be cancelled.
This is what the big G scheme fails to do. By integrating counterterms over the same regions as
the colliding operators, the little g scheme naturally produces the correct subleading divergences
at each k without having to explicitly write them down, or even know what they are.

4.3.3 Alternative Little ¢ Schemes

Now we will consider a renormalization scheme with a different counterterm, g2 (t1,t2) =
gan(tl,tQ) + Agp(t1,t2). The difference Ay is assumed to be a finite function of ¢; and ts.
If the divergent parts of ¢ and ¢ do not agree then g will not properly renormalize simple
quadratic operators unless the extra divergences in g integrate to a finite contribution, but we
will not consider this case.

The new renormalized operator is

[V(a,0)"]; ge n i
n!gdf/dtz 3 zkkln—% 1:[ to(2io1), H Vlte) (4.99)

0ESK 0<k<H j=2k+1

[y S

0ESn 0<k<H

i . (4.99b)
k
X Z (m>HA£)(ta(2l—l)7tU(2l)) H gcg)(ta(%—l)a 2z) H V 0’(]
= = i=m+1 j=2k+1
n s (_1)m
:/ d't Z Z H o] Aan(%(21—1)7750(21))
o€, 0<m< L I=1 '
(4.99¢)

-1 k—m n
X Z ok— m(k( 737/ TL—2]€ H gab o(2i—1)» 0'(21 H V<ta

m<k<%g i=m+1 j=2k+1
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’ (-1
:/a d’t § 2mm' HA th 1,t21)

0<m< =1

»

Z Z 2h—m (f — Tzz I(n — 2k)! H gab o(2i—1) H 40 U(J

oESH— mm<k<" i=m—+1 j=2k+1
(4.994)
(_ b
- o] H / dtg_ydty AL (tar-1, 1) / At . .. dty
O_mgg a
o (4.99¢)
) m
Z Z 9k— mk m n—2k: H gab o(2i—1)> H V O'(j
oES,— mm<k<" i=m+1 J=2k+1
1 I m
= . m|<_2/ d25A57(51,52)>
0<mgg ) a
_1)k:
dn th (
(76; 0<k§: 28(k)!(n — 2m — 2k)! (4.99F)
n—2m
><l_Igab o(2i— 1)7 27, H V O’(]
i=1 j=2k+1
1 1 ’ 2 D " n—=2m
- i —2m) \ "2/, ¢ sAgy(s1,52) | [V(a,0)" "]y . (4.99¢)
0<m<% ' a

While the exponential form would automatically make the combinatorial factors ‘work out’,
using this form makes it easier to ensure that the integrand stays finite at every step, a cru-
cial part of the proof. This result implies, in particular, that if ff d?sAD (s1,s2) = 0, then
the operator renormalized using gﬂ is the same as that renormalized using gﬁ,. However, if
ff d?sAD (s1,s2) # 0, then the new operator is different, but the difference exponentiates as

[GAV(a,b)} _ 6_%)‘2 f;’ dZSAan(Sl,SQ) [eAV(a,b)} ) (4100)
g g

Extending this idea to include a fixed operator at the endpoint is not too difficult. It is
best done as a two step process, where only one counterterm is altered in each step. We define

gfb(sl, S9) = gfb(sl, s9) + AaLb(sl, s2). After a small calculation, we find the expected result

[V(a)ekv(a’b)} = e~ 3N Jo P AT (s1,50) [< )\/ ds AL (a, s > e’\V(a’b)] . (4.101)
g

g

We will not have any need for an alternative edge counterterm gﬂc, so it is not included here.

4.3.4 Assumptions (4.5c), (4.5d), (4.5€), and (4.5f)

We have mentioned that linearity is more difficult to show for the little g scheme than for
the trivial (but divergent) exponentiation of the big G scheme. While an argument for the
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likelihood of strong linearity will be given in section [.3.8] it remains beyond proof for now. We
can, however, prove that weak linearity holds at all orders.

Using the finiteness of the “normal ordered” operators, we extend the definition of the little
g scheme to multiple integrated operators:

[ﬁ eAiV(ai,aiH)] Z Z H /az+1 o ﬁ e)\,.VaZ,M+1 o
i=1 g k=0  kp=0i= %i=1 o9
(4.102a)
. -1
= i .. i ﬁ/“2+1 dFit (ﬁe 2>\$gai:ai+1 pl_[ e_%)\iAi+1glLEi,ai+1vai+2 ﬁ eAiVai,aiH)
k1=0  k,=04=1"% i=1 i=1 i=1
(4.102b)

Here the operators Vg, 4,,, are interpreted as vanishing outside of their natural domain (a;, a;41).
. . . D E .
The normal ordering here will insert both g, .., and g, 4., a,,, counterterms depending on the
operators being replaced, and those functions should also be defined to vanish outside of their
natural domains. Instead of taking the operators and functions to vanish when appropriate, we
could have said that when we taylor expand the exponentials each operator can only be located
at one of the coordinates integrated between the correct endpoints. These two approaches are
obviously equivalent. The factor of % appearing with gaEZ_M+ | aiso 18 due to the fact that we must
consider ¢ in the region (a;+1, a;t+2) X (a4, a;+1) in addition to the region (a;, a;+1) X (@j+1, a;t2)
which was used to relate gfi it1,aipe 0O GF just as the % appearing with g£ Ja;, must also make
up for the fact that we consider to < 1.
For our study of the replacement condition we will only need to use two integrated operators,

and the ellipses representing operators inserted at the endpoints are not important for the proof.

We will focus on
@V(mb)@V(be) ZZ / dit / 2o (4.103)

=0 j=0

Now we will define an alternative little g scheme, as in the previous section. We choose

gg)(tl,tg) s a<t1,t2<b
Pt t) = gP(ti,ta), b<tita<c (4.104)
gﬁc(tl,tg), a<ti<b<ty<c ora<ta<b<ti<c.
This is chosen so that the statement [e’\v(“’b)e)‘v(b’c)]g = [ekv(“’c)]g is trivial. The replacement
condition holds as long as g and g are equivalent renormalization schemes, and from the previous
section, we know that two little g schemes are equivalent as long as the difference AL, = g2 — gD
vanishes when integrated. Since this is only two-dimensional integration, up to corrections which
vanish as € — 0, we have

1

3 / d*t (Ge(t1,ta) — gan(tr, 1)) = G + G+ GF = GL. . (4.105)

The divergent parts have to and do cancel, because both the g and § schemes use the same
divergent part of the counterterms. This is why we are justified in freely swapping the domain of
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integration between (a,c)? used in and the I'¢* shown here. We included the divergent
part of the counterterms simply to demonstrate that this is the same condition we found at
quadratic order. As a result the replacement condition holds for the little g scheme at
all orders with the same conditions that we found at quadratic order.

The factorization property is imposed by the fact that we defined the little g scheme
to include counterterms only for pairs of operators which are integrated over domains which
intersect at at least one point. By defining it this way, factorization is trivial. The locality and
reflection properties and can be shown using exactly the same arguments as we
used at quadratic order. The g counterterms are still independent of any global properties of
the Riemann surface in which they are inserted, and while not completely independent of the
insertion coordinates, they depend only on (¢t — t1)2. The fact that this dependence is even
and translationally invariant means that reflection will still go through without any problems.

4.3.5 Comparison to Kiermaier and Okawa

The renormalization scheme used by Kiermaier and Okawa [36] is nearly equivalent to the little
g scheme. We will construct an alternative little g scheme which is equal to ours up to O(e)
corrections, and which is also equal to the renormalization scheme of [36] for all operators which
appear explicitly in the solution W.

The renormalization of the operator [V(a, b)Q]r is performed using pair-wise subtractions,
as we did, but consists of two stages. The first stage gives a finite operator which does not obey
all of the assumptions . This operator is denoted by normal ordering.

SV (t)V(ta) og = V(t1)V(t2) — Gm(t1,t2) (4.106)
where )
Gm(tr,t2) = (V(t)V(t2))w, = (m 4 1)?sin? (ﬂ(fjﬁl)) (4.107)

is the two-point function in the matter BCFT. The two point function depends on the global
properties of the Riemann surface, and in this case is defined to use the semi-infinite cylinder
Wi, which has circumference m + 1. The wedge index m is only given a fixed value once the
full wedge state has been built and the correlation function is taken — it is not a fixed value for
the renormalization of a given wedge state. This presents the first obvious problem for such a
renormalization scheme: the counterterms are not local and violate (4.5¢]). This will be solved
by the second step in the renormalization process, but first we must define the normal ordering
of integrated operators.

Unlike the normal ordering we have defined, when acting on integrated operators they define
this operation to include an e-regularization as well. In practice we can define this by applying
the e-regularization and a limit in all cases, and similarly to equation (4.9) of [36] deﬁnelﬂ

21:[V(t,-)gg “ iy exp <—;/dt1dt2 gm(tl,tz)(w‘sm)w‘ztz)> (va) (4.108)

3This is only valid for integrated operators and fixed operators with finite separation. In the case of 3 V' (¢)™ o

as in equation (4.10) of [36], this definition fails, but we will not need to consider this case.
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Applying this to operators which actually appear in the solution, we have

b—e b
Vb=l [ dn [ e (VE)Vit) - Gultr 1)
€ a t1+e

. - (4.109a)
+ lim dtl/ dts (V(£1)V (t2) — Gm(t1, £2))
=0 Jate a
and
b
V@V =lm [ d V@V~ Gnla.) (4.109b)
=0 Jate

The renormalization of higher powers of operators as defined by (4.108)) looks exactly as ex-
pected, subtracting off the two-point function for every pair of operators.

D . -
g(‘/(a7 b))n gg — lim abdnt Z %Hgm(tiati—&—k) H V(tj) (4110)
=1

¢ 0<k<2 j=2k+1

Now that we have defined the normal ordering which gives a finite version of each inte-
grated operator in question, we need to repair the locality condition . Kiermaier and
Okawa accomplished this by adding back in the finite part of the two-point function for each
counterterm. This is designed to cancel the m-dependence of the propagator. The finite pieces
which are used are

7[.2

(m + 1)2sin? (W(nfi;f))

(V(a,b)?), =In =InGn(a,b), (4.111a)

(V(a)V(a,b)), = —mLHcot (W) . (4.111b)
At quadratic order, the finished renormalized operators are
[(V(a,0))?] 5 =5(V(a,0)* o6+ (V(a,0)*), (4.112a)
[V(a)V(a,b)]g =5 V(a)V(a,b)og+(V(a)V(a,b)), . (4.112Db)
More useful for our purposes is the extension of this to all orders.

|:€)\V(a,b)i| . _ 6%/\2<V(’b)2>r o AV (a,b) °

[V(a)emavb)]g = eV VW) 2 (V(a) + A (V(a)V (a,b)),) XV @D o (4.113b)

At first glance, this may look quite different from the little g scheme, but by noticing the re-
sult of section we can combine the finite term (V (a, b)2>r, which acts like [ d2sAD (s1, s2),
with the counterterm containing the divergence G,, to get an alternate form of this renormal-
ization scheme which involves only one step. We need to decide what function we should use to
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get (V(a, b)2>r once we integrate it. Fortunately, we notice that in [36] this function is defined
by equation (4.38):

b—e

(V(a,0)?) < 2lim </ dtl/ dty Gm(ty,t2) — lne) . (4.114)
e—0 tite

Half of the needed function is already supplied by G,,. The rest can be easily found by inte-

grating our function 957 with the appropriate choice of constants, Cy = —1 and Cy = 0. The

little g scheme which is equivalent to the renormalization scheme of [36] uses the counterterm

Gb(t1, ) = Gt t2) — (Qm(tl,tg) - gﬁ(tl,tz)\cozfl,clzo) (4.115a)
= ga(tit2)| o100 - (4.115b)

Of course for the renormalization scheme of [36] to be completely equivalent to this ¢
scheme, they must be equivalent for more operators than just [eAV(a’b)]g. The calculation for

[V(a)e)‘v(a’b)]g goes through exactly like the doubly integrated case and gives

gu(a,t) = gip(a, )] cu_y - (4.116)

Together with the always-similar right handed operator, this shows equivalence for all operators
which appear explicitly in the solution. The remaining operator we are interested in is actually
treated slightly differently in [36]. The e-bracket used in [36] for the edge collision operator
[V (a,b)V (b, c)]g is not the linear one we have been using. Instead they used

(V(a,b)V (b, ¢))KC = /b_gdtl / cédtQV(tl)V(tg). (4.117)

The difference between this and our e-bracket is illustrated in figure The finite term
associated with this operator is

b—35 c
(V(a, D)V (b)), % lim ( / dt, dtgg(tl,t2)+lne> , (4.118)
a b

e—0 +§
which makes the total counterterm subtracted for that operator equivalent to
B E
gabc(tlﬂtQ) — gabc(t].’tQ)’CO:il . (4.119)

The choice of Cy exactly replaces the missing contribution from integrating ﬁ over the
subregion where one of the coordinates is within § of b.

Whether or not this renormalization scheme satisfies replacement or even linearity at higher
orders is not a simple question. The e-bracket is not linear because it sets the measure to zero
for coordinates like (HT“, b) when the operator being renormalized is V' (a,b)V (b, ¢) but leaves
the measure intact at the same location for V' (a,b)V (b). This lack of linearity for this operator
suggests that the renormalization scheme built on it should fail to be linear as well, and with
the replacement condition being closely related to linearity it must be re-evaluated as well. If

we were to treat this as a big G scheme, subtracting off fixed counterterms from integrated
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Figure 4.1: Comparison of the two choices of integration region used for the renormalization of
the integrated operators (V(a,b)?)_and (V(b,c)?)._ (diagonal hatching), and (V(a,b)V (b, c)),
(cross-hatched): (a) using our prescription for the renormalizations. (b) using the prescription
of [36]. The difference is the grey strips, which are not covered using the latter choice. The
dashed line indicates the singularity due to colliding operators.

operators, then in addition to finiteness failing as we know it must, the replacement condition
would fail as well. The non-linear e-bracket would cause operators to exponentiate differently
from counterterms and the form of Cfb would have to be different at each order to make up for it.
On the other hand, as long as we insist on using a little g scheme to define the renormalization,
the fully symmetrized form of the renormalized integrand remains finite as the limit € — 0 is
taken, so this combination of operators and counterterms does not care about alterations of
the region of integration which are O(e). This means that the renormalization scheme of [36]
most likely satisfies replacement, and perhaps even strong linearity (when C* = CF = C1) as
a result of this insensitivity to holes. We will not dwell on proving this, however, as we have
already proven the replacement condition for our little g scheme with the linear e-bracket.

Because our scheme is so similar to the Kiermaier and Okawa scheme, it is not surprising
that in the next sections when we prove the BRST assumptions and we will
take an approach very similar to the one they used. None of the steps they used to prove
those two conditions are wrong, but a few will need more justification than was originally
given. Specifically, the first BRST condition requires the lemma , and the second BRST
condition requires that we take great care to ensure that integrands are finite whenever small
changes are made to the integration region. We must also be clear about why the first BRST
condition can be safely applied without corrections even when multiplied by divergent factors
or other operators close to the integration region. These technical details, while they do not
change the structure of how we approach the proof, are certainly not trivial and will each be
explained as they are encountered.
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4.3.6 Proof of the First BRST Condition (4.5al)

Because the little g scheme is very similar to the example renormalization scheme from Kier-
maier and Okawa in [36], we will follow the proof of (4.5a)) there quite closely. The renormalized
operator we start with this time is, as in (4.89)),

in/2)
1 (-1
(V) /F dty ... dt, Z S |Hgab biotiok) H V(). (4.120)

j=2k+1
As in section we will omit the limit ¢ — 0 throughout this and the next section (where
we prove the second BRST condition). Because the counterterm gg) appears very frequently,
as long as there is no ambiguity we will also drop the indices and simply refer to it as g for this
section and the next only.
We wish to show that
2

%QB V(a,0)"], = (1), ([V(a, b)"*log)(b)}g - [O(Ll)(a)V(a, b)“lm L (4.121)
l

n—1)!
=1

To begin with we use the well known action of the BRST operator on the marginal deformation
(14.67]).

(/2] k k n
—Qs[V(ab)",=Qs | > Qkk;(n_gk);/ra,bd t <H9<ti7tz’+k)) I v
k=0 ¢ i=1 j=2k+1
(4.122a)
%5 1)k k
- Z 2kk!(n—2k—1)!/1—\a,bd t(Hg(fi,ti+k)> H V(t;) | O, (cV(tn)) (4.122b)
k=0 € i=1 §=2k+1
2 g K
= Z Qkk. n— 2] / d"t O, (n—%)l—[ 9(ti; titk) H V(t;)e(tn) (4.122¢)
i=1 j=2k+1

In the last line we have simply noticed that a term with k& = n/2 vanishes, so we can include it
in the sum if n is even. We can now add and subtract the following quantity:

Ln/2] (—1)k n—2k n—k
Z m /Fa,b d"t 8tn 2k H V(t]) ' H g(tutzﬂ—k)c(tn) (4123&)
k=1 € 7=1 i=n—2k+1
[n/2]-1
_ Z ( 1)k:+1
2o PRI (k + 1)l(n — 2k — 2)]
- (4.123b)
n—2k—2 n—k—1
X /a L4t O, | 2(k+1) H V) JI ot ticrs)e(tn)
¢ i=n—2k—1

Ln/ZJfl (_l)k

== L 2kk!(n—2k—2)!/abdntat" Hgt“mk H V(tj)g(tn-1,tn)c(tn)

k=0 j=2k+1

(4.123c¢)
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In the first two lines, (4.123a)) and (4.123b)), the V (¢;) insertions are listed before the g(t;,t;yx)
factors, but since the integration region is symmetric we can relabel any index except for t,.
As long as the number of factors of each type is the same and the combinatorics match up, the
expressions are equal. In this instance, we can go from (4.123b)) to (4.123c]) by relabelling the

indices as in table Now we take (4.122c|) and we add (4.123a)) and subtract (4.123c). This

1% | g
(31 to th—ok—2 Tn_ok—1 thk—2 Tn—k-1 Tn—k th-1 tn
1 1 ... 1 1 .. 1 ! 1ol !
tokt1  tok4o tn—2 ty 122 1 tpy1 tor,  ty

Table 4.1: How to relabel the integration variables in going from (]4.123bD to 44.1230[).

gives us

[n/2] k

1 (1)

el n" = d"t

n'QB [V(CL, ) ]g kZ 2kk'(n_2k)| /];?’b atn
k n n—2k n—k

(n—2k) [Tottitisr) T[] Vet +2k [T V() T 9t tiva)e(tn)
i=1 j=2k+1 j=1 i=n—2k+1
[n/2]-1 (—1)k k n—2
+ Z 2kk'(n _ Qk _ 2)| /Fawb d t 8tn Hg(tz’ t1+k) . H V(t])g(tn*:btn)c(tn)
k=0 € i=1 j=2k+1
(4.124)
We will consider the two integrals separately, defining A and B for convenience.
[n/2] k
def (—1)
d"t —_
A F?'b ;) Zkk:'(n — 2]{3)'
k n—2k n—k
O, | (n—28) [T ot tizn) H V(tj)elta) +2k [T V() [ 9t tivw)e(tn)
i=1 j=2k+1 j=1 i=n—2k+1
(4.125a)
ot [n/2]-1 (—1)k k n—2
BE > 2k (n — 2k — 2)! /F“’bd £ O Hg(ti’ti+’“) . LI vitgten-s.t
k=0 € i=1 j=2k+1
(4.125Db)

By splitting the expression into A and B, we have given a precise implementation of the idea
[V(a,b)"], + [V(a, b)”_l]r V(a,b) — (n—1) [V(a, b)”_2]r Gahb . (4.126)

We have taken a quantity with n — 1 renormalized insertions and one insertion not renormalized
(inserted at t,,), and broken it into A with n renormalized operators, and B with n — 2 of them
and an extra counterterm. Put another way, the BRST operator acts like a derivative hitting
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only the marginal operators and not the counterterms. By using we can write this as a
derivative hitting the entire expression regardless of whether the coordinate has an operator or
a counterterm, plus a term where the derivative only hits the counterterm. It is this trick that
allows us to proceed.

While this has given us a longer expression, it is advantageous because we can make the
integrand of A finite and do the integral over ¢,,. If we symmetrize all of the dummy coordinates
other than ¢,,, we get an integrand

[n/2] )k k
B, T oy 2,%, Hg(t (i) to(itk)) H V(t
oc€Sn k=0 =1 j=2k+1
— (n_ll) ( tn) °£[1V ) (4.127)

which is manifestly finite. In this form, it is safe to change the integration region to (a,b)™ and
perform the trivial integral over ¢, using the fundamental theorem of calculus. We can then
change the region of integration to I ?+€’b_e(t ., tp—1) and use the still-symmetric region of

integration to reorder the coordinate labels again and get the simpler expression

Y
n 1
A /(L+€b€ tzzkk'n_2k
k
(n—2k) [T g(ti, tisr) H V(t;)(cV (D) — ¢V (a))
i=1 j=2k+1
n—2k n—k—1
+2k [T v T 9 tive) (95 (En—k.b)e(b) — g5 (tnr, a)c(a)) | . (4.128)
j=1 i=2—2k+1

This has localized t, at the boundary, turning [V(a, b)n—1 ff dtnﬁtch(tn)} into something

similar to [V (a,b)""!(cV(b) — ¢V (a))],. The reason that the derivative does not do exactly
this is that when t,, appears in a counterterm it gives c(a)gl) (a,t;), whereas in order to get
the correctly renormalized operator with a fixed insertion we need c(a)gk; (a,t;). Correcting for
this, we can write that

1

A= oy V@b eV (6) = V@),
b b
+m_12)![v<a,b)n—2}g<c<b> / dt(g43(t,b) — 923 (t,b)) — c(a) / dt<g£b<a7t>—g£<avt>>) :

(4.129)

While it is not normally correct to write a fully renormalized operator times a counterterm,
as in the second line here, in this case it is allowed because the counterterms’ divergent parts
cancel so that everything is finite and independent of €. The limit does not prevent us from
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treating the two factors independently. From the definitions in (4.87)) we know that

1 ct 2
gby(z,y) — gh(x,y) = G T ha T oy (b — @)+ Cot (b —a)Ch) (41300)
1 ct D
“—aZ " bh—q e (4.130D)

where f5 def ﬁ(l +In(b — a) + Cy + (b — a)C}) is the constant part of g2). Then

1 e
A= = 1)1 [V(a, b) 1(cV(b) — cV(a))]g
T . a1 [V a0, <(bi:() +e(B)C — e(a)CF = (e(b) — e(a)) (b - a) ;z) .

(4.131)

Returning now to the other integral, B in , we notice that the integrand diverges
whenever t,_1 and t, approach each other, but not when these two variables approach any of
the others. This alone is not enough to factorize the region of integration, but with
in mind we notice that the rest of the integrand (including the sum and combinatoric factors)
is what we would see for [V(a, b)"‘Q]g, so there are no divergences due to ¢; approaching any
point for i < n — 1. We can show, as a lemma, that

/ngb dnt/g,b d*s f(t) 0s, (95, (s1,82)c(s2)) = /

d"t d*s f(t) s, (gg)(81782)c(82)) (4.132)
reb

for any function f(f) which is finite on (a,b)". The difference of the two regions can be written
in terms of three other regions.

</ \ d"t/ , d?s —/ \ d"t d2s> F(£) 05, (92 (51, 52)c(s52))
re re re
= Z/ bd2s (/ \ d"t +/ \ d”t) f(t) 05, (ggj(sl,sQ)c(sQ))
i1 e Teon|t;—s1|<e re’nit;—sa|<e

B Z/ bd28/ b d"t f(f) 882 (95(31,82)0(82)) (4.133)
i—1 /T &bt —sq|<en|ti—sa|<e

The first and second lines of the right hand side both vanish independently, so we will compute
them separately, starting with the first line.

Because the function f is finite and is integrated over a region with area of order €, we
notice that each of those integrals over ¢ is € times a finite function of one of the two remaining
coordinates. Specifically, by defining

l — -
F(s) = ez/ra’bmt._ ; d"t f(t), (4.134)
i=1"1e iS¢
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4.3. Renormalizing Higher Order Operators

the first line of (4.133) is
e/a \ d?*s 0, (gfb(sl, sa)c(s2)) (F(s1) + F(s2)) - (4.135a)

We will not need to know the precise form of F(s) so long as it and its derivative are finite.
With the full expression having an e factor out front from the small area of the t; integral, we
know that the finite part of gﬂ will not play any role, and we only need to consider the singular
term. Integrating by parts, we have

) /b—e i (c(b)F(s) +e(O)FD)  c(s+e)F(s) —c(s+e)F(s+ 6)>

(b—s)? €2
(e FE) tels = OFls =9 ca)F(s) + ela)F (o)
“/W( & T (s-ap )

b—e F/
(/ dSl/ d82 —|—/ dsl/ d52> 82 (82) . (4.135b)
s14€ 32 - 31)

The integrals with = )2 and (Sja)Q can be done explicitly by taylor expanding F'(s) about the

appropriate endpoint. The integrals with 6% can be put over a common region by shifting the
coordinate s in one of them. For the double integrals, we will taylor expand the numerator
about s; in order to perform the s integral.

2eF(b) — 2¢F(a) + / ’ ds(c(s—e)—c(s))iF(s_eHF(s))

a-+e
b—e b b s1—€ F F
—€ </ d81/ dss +/ d81/ d82> ( ¢ (81)2 + 8(6 )(81) + .. ) (4.135C)
a s1+e€ ate a (52 - 51) S92 — 81

Evaluating this further, we get

b b—e cF'(s) cF'(s)
cF(b) — 2¢F(a) — s Oc(s)F(s) —e
e 2/‘1 d ' / /<b N <CF,bS>CF,(S)> (4.135d)
) a+te s—a
= 2cF(b) — 2c¢F(a) — /a ds Oc(s 2/ ds cF'(s) + O(elne) (4.135¢)
— 2P (b) — 26F () — / ds O (cF(s)) + O(eIne) (4.135f)

which goes to zero in the € — 0 limit.
Turning now to the last line in (4.133]), where ¢; is close to both s; and so, we define

81, 82 Z/ dnt f(f), Fg(sl, 82) = FQ(Sl, SQ)C(SQ) . (4.136)
At —s1 | <en|ti—sa|<e
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4.3. Renormalizing Higher Order Operators

Both of these functions are finite for the same reasons as F'(s) above: they are finite operators
integrated over a region with area proportional to €, and then divided by €. The term we wish
to evaluate is

b S1—€ b—2¢ s1+2¢ a+2e¢ s1—¢€ b—e b
€ </ dsi / dso + / dsq / dso + / dsq / dso + / dsq / d82>
a+2e s1—2¢ a S1+te ate a b—2¢ S1+€

F5(s1,52)0s, (95(31,32)0(32)) . (4.137a)

As with the other term, we will integrate this by parts.

b J o o b—2e¢
e/ s <F3(s,§ €  Fi(s;s 26)) —i—e/ s <F3(s,s+26) B F3(S,S-|—€)>
a € a

o 4¢2 4e2 €2

el (P ) L (655 )

b s1—¢€ b—2e¢ S1+2¢ a+2e¢ S1—
—e(/ dsl/ d82+/ dsl/ +/ dsl/ d82+/ dsl/ d52>
a+2e¢ s1—2¢ a S1+e€ a+e a b S1+e€

652(F2(31732)) (32)
(2 —s1)?

(4.137D)

For the terms with a %2 we will gather like denominators, shifting the integration variable when
necessary to match intervals. For the other single integrals, the functions F3(s,a) and Fs(s,b)
can be taylor expanded about the endpoints a and b and only the first term will contribute, with
the rest of the taylor series giving at most terms of order O(elne). For the double integrals, we
will also taylor expand Os, Fa(s1, s2)c(s2) in so about s = s; and again only the first term will
contribute. In addition, the last two double integrals will not contribute at all because the s;
integrals there provide extra suppression.

b _ _ _ b _e) — —
/ dSFg(s 2¢,5) — F3(s, s 2e)+/ dng(s,s €) — F3(s — ¢, )

+2¢ de +e €

b—e a+2e ds

+ Fy(b,b) / + Fy(a, a) /

b—2e (b—9)? a+e (s—a)?

S1—€ b—2¢ s1+2¢ F
( / ds1 / dsy + / dsi / d32> O 2(51’31))26(81) (4.137¢)
a+2e s1—2€ s1+e€ (81 - 32)

Here 05 F5 is the derivative with respect to the second parameter, and 9; will be with respect
to the first. Now we taylor expand the numerators on the first line and evaluate an integral for
everything else.

b _ b b—2e
;/ ds (On — 02) Fi(s,s) + F3(6,5) 5 Faa) _ (/ ds+/ ds) 82F2(82’S)C(8)
a a+2e a

(4.137d)

In order to remove the middle term, we would like to change (91 — d2) to — (01 + 92) = —0s in
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4.3. Renormalizing Higher Order Operators

the first term, which we can do by adding an extra 0, piece.

I F ~F b b
—2/ ds OsF3(s,s) + 3(5,%) 5 3(a,0) +/ ds 81F3(5,s)—/ ds OaF5(s,s)c(s) (4.137e)

b
_ / ds (D1 Fa(s, s) — DaFo(s, s)) c(s) (4.137F)

Now we look back at the definition of F5(s1,s2) and see that it is a symmetric function of its
two parameters, so that the two derivatives are equal when acting on the line s; = s3. We thus
have zero for all of .

We can now finally evaluate 3. This lemma tells us that the domain of integration is
equivalent to F?’b(th costn_g) X F?’b(tn_l,tn) and we evaluate the integrals with respect to
tn—1 and t,. The expression in question was

I_’VL/QJ—I (_1)k k
B= D 2k !(n — 2k — 2)! /pa,bd £ | Lot tiss) H V(tj)9(tn-1,tn)c(tn)
k=0 ¢ =1 ikt
(4.138a)
= d" 2t ti,t; Vit
Z Qkk'(n—Zk—2) /1—:ab Hg ’ +k H ])
=0 j=2k+1 (4.138)

</b edtl /tl+edt2+/ ditq /t1 6dtQ> O, (g(t1,t2)c(t2))

V(@0 ], (=0 elh) it il
-2 b)z) (/ dt(<t£bz)a>2_ (t; ))+/b+< = )_(t‘(‘i)z) (4.138¢)

(
b
+/ dt (c(b) — c(t +¢€) + c(t — €) — c(a)) 5;)
V a,b ]g <c(b) —c(a) = c(a) —c(b) /b_6 c(t) —c(t+¢€)
+ dt———=

= +
- 2>' ‘ b ¢ (4.138d)
+<dm—cw»w—a>£>
B [V(a.0)" 2], /eb) —c(a)  cla)—cb) cb—e) deb) cla) = Ocla)
(n—2)] e R RS ah i R
T (e(b) — e(a)) b a>£)
V(a,b)"2 ola) — ¢ c cla
_ | En )2)! I < (b)a(b) +82(b) i 8; ) 4 (e(b) — e(a))(b — a) ;g) . (4.138f)
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Putting the pieces back together, we get

(n—1)! g
V(a,b)"2 c(b) — cla
V(a,b)" 2 cla) — ¢ c c(a
. En _)2)! l (A9 =20 4 250 2  olt) a0 - i)
(4.139a)
a n—lC a n—2
. [V( ’b> V(b)]g + [V( ’b) ]g (86(17) +CRC(b)>
CESY (=2 \ "2 (4.139D)
[eV (a)V (a, b)"il]g dc(a) ol [V(a, b)niﬂg
T o) +< 2 C(a))(n—%!‘
If we take and multiply it by A” and then sum over n, we arrive at the precise form
we wanted.
Qi [VED] = | AVE@DORb)| — [On (@) @] (4.140)
where

Or(a) = AeV (a) + \?Cle(a) — )\;ac(a), Or(b) = AV (b) + N2CTc(b) + A228c(b) . (4.141)

The first BRST condition is satisfied for the little g scheme without any higher order corrections
to OL/R'

4.3.7 Proof of the Second BRST Condition (4.5b))

To prove the second BRST condition, we want to evaluate

2 [V @V (0,071 = et [Via by

g (4.142)
We have left off the CF term in O, because we know that the constants C and CF are pure
gauge in that they never appear in the solution. We are free to make the choice to set them all
to zero, which we will do throughout this section in order to simplify the calculation.

Let’s take a moment to discuss some notation we will be using to simplify this section. We
have previously defined the little g scheme by

b o n o
\% a,b " :/ d*t \%4 t; y 4.143
Viatr), = [ TV (4.143)
but for a given interval (a,b) we could have chosen to write it as
b [¢] n [¢]
V(a,b)",n = / I OHV(ti)Ong . (4.144)
a i=1 a
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This notation will allow us to use a counterterm g(ﬁ whose parameters do not match the region
of integration of V' exactly. For example

n —
[Vi(a+eb)",n _/ HV a (4.145)
Further, since the counterterms ¢” and ¢~/ will need to be modified independently, we will
use a notation [ - | , r/r to list the appropriate counterterms and, when necessary, their
parameters. el

Using the first BRST condition, is it straightforward to show that the second term in (4.142))

is

Qp 1 1 cd?c(a)

- 2)@3@(@) [V(a,0)"?], = NCEDI [V(a,b)"],
e Vo] ot O [y,

In order to compute the other term, however, we will need to know how the first BRST condition
works for alternative little g schemes. Recalling the general rules for alternative schemes, (4.100))
and (4.101)), we write

QB |:e)\V(a,b):| = ——f d2?s AD 51752)QB |:€)\V(a’b):| (41473)
g g
_ =2 [P @25 AD (s1,0) [ [ AV(ab) B AV (a,b)
= s AD (51,52 ([e a OR(b)] JD.gR [OL(a)e a }ngL) (4.147Db)
_ | AV (a,b) o AV (a,b)
- [e OR(b)LDgR [OL(a)e LD,QL . (4.147¢)

Since Or,/r are defined for the standard little g scheme, they have the simple form of (4.141]).
4.101):

To shift the counterterms from g_; LIR ¢ gL/ — L/ By AR/ we must use equation (4.101

to g,p
= [emavb) (OR(b) + A2 / dt AR (1, b))}
a gP,gF

- KOL(a) +)\2/ dt AL (a, t)) eW(a,b)]
“ gP.g"
— [GAV(a,b)OR(b)} = [OL(a)e/\V(a,b)} )
9 g

+ )2 /a bdt (AR (t,) — AL (a,1)) {eww,b)}

The BRST condition has the same form and the same operators Op, /g provided that the left and

right differences AaLb/ R are equal, or at least have the same integral. The specific alternative
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scheme we are interested in is the one where the counterterms are too big for the region of
integration by a small constant amount, €. Since we are taking CL/E — 0 in this section, in
this case AZ (t1,t2) = AL (t1,t2) > so the first BRST condition goes through
without any additional terms.

With the preliminaries out of the way, the main part of the proof of consists of
calculating the first term in .

11
— (b—a+te)? (b—a)

QB

QB b o n—1 o
o V@V b, = / "'t eV(a) [[V(t) (4.1484)

—1)! °
9 (n 1) P} g

At this point, we introduce a small parameter ¢ which is implicitly taken to zero. Since the
integrand is finite, we can modify the integration region. We make an e-sized modification to
the integration region at a to examine the divergence there and write

o

Qp b o1 o on—1
— (n—l)'/ a1y (cV(a) H Vi(t) —(n— De(a)gk (a,th) ) H V(t;) D) ,

+ °© i=1 °9ab i=2 °Y9ab

(4.148D)

where the counterterms used in the normal ordering no longer match the integration region
due to the € regulator. The lack of holes for the bulk of the integrated operators means we
can rewrite those as renormalized integrated operators, where the implicit regulator should be
taken to zero before e. Also using the fact that Q@p(cV) = 0, we find

c a cla b
- —(nV_<1>)!QB [Via+ed) ™, + (n(_)g)l /W dt gy (a,t) Qv [V(a+€,0)" %]
cocla b
B UL@_(Q;I /+ dt glfb(a?t) [V(a te b)n_Q]gab )
(4.148c)
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The BRST operator can now act on these renormalized operators using (4.147e)) since the
e-regulator is holding the unintegrated insertion ‘away’, resulting in

—— A (Var ety e o), - [Vt oVia+eb?,)
cV(a) .- 1 1
T n—3) [V(a+eb)" ] . <2ac(b) + 28(:(@))
a) b n—3 n—3
—3) /He dt gl (a,t) [V(a+ €b) cV(b)]gab — [eV(a+€e)V(a+eb) ]gab>
azg' / dt gl (a,t) [V(a+eb)" o (;6c(b) + ;ac(a)>
cac(a)

L n—2
(n—2)! /a—l—e At gaifa.1) [V(a+e.b) ]gab :
(4.148)

Rearranging and recombining some of the integrands into finite combinations, and in one place
using the fact that f Lodt gh(t) = et + O(e), we get

1 b o n—2 o
el — A%t Via) || V(t:)eV (b
o L @[V
1 b g0 |
- d"7°t cV V(t; —0c(b
oy A <a>H ( >%2 0
1 b 5
S N S de( Vit
(n—3)' /a+e c C H ogab
+1/b d" 2t eV(a)®eV(a + HV Cac(“)oﬁwt-)o
(n_2)' a+e a 6 P Ogab € Qi:1 ! OGab
[¢] 7’L—2 (o]
—(n—2)c(a)ghy(a,tr) Via+e) [[Vts) ) .
o i=2 ©Gab
(4.148e)

Now that we have some finite integrands, we can once again heal the hole at the left endpoint.

— —(n_12)! [V (a)V(a, b)nicv(b)]g T i 5 eV (@)V (a, b)n,3]g %36([))
c@c(a) CaQC(a) (4148f)
= Sy V@V, 4 5 V™,
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In the last term of (4.148¢|) we have used the expansion

°cV(a)eV(a+ €)V(a+ e b)" 2 oguy = O(€) (4.149a)
o n—s<2 o + [} n—z o
=cV(a)gcV(a+e)V(a+eb) 2 o0t _c(a)cﬁ;ze) cV(a+eb) 2 b
) (4.149D)
— (n—2)c(a) / dt ggb(a, t)yocV(a+€,b)V(a+e, b)”_3 ggab
a+te
0
— V(a)ScV(a+e)V(a+eb)" 22, —= ‘;(“) SV(a+eb) 22,
1
— §ca%(a) SVia+eb)" %2, (4.149c¢)

b
~ (n—2)c(a) / dt g5 (a,8) % eV (a + €, b)V(a+ e, b)"3°

©Gab
+e

cd?c(a) o

to replace the parentheses in (4.148e) with TOHZ-:_IQ V(ti)ggab. This requires defining
oV(a)V(a+e)...q,,, which should technically not have any counterterm for the two fixed
operators since they do not meet, but it is clear that including a ﬁ counterterm for those

two operators gives a normal ordered operator which is finite as ¢ — 0. It is also clear that
which finite part we choose for that counterterm is irrelevant since the ghost factor will suppress
it anyways.

It is also worth mentioning that we can use explicit third order calculations to show that any
of these steps is correct at the order where the number of operators is manageable. Specifically,

I have checked that at third order (4.148c)) and (4.148d|) both match the expected result

1 1 1 1
5@3 [V (a)V (a, b)Q]g = —[cV(a)V(a,b)cV ()], — QCV(a)ac(b) + 50820(a)V(a, b) — ECGCV(Q) .
(4.150)
Finally we add the two pieces (4.1481f) and (4.146|) together to see

oy Y OVedr ], -

dc(a) [V (a, b)”_2] (4.151a)

9
=— 0 _1 %) [cV(a)V(a, b)n_2CV(b)]g - (n—3)!
coc(a) e co?c(a)

" 2(n—3)! V@V (a7, 2(n — 2)!

1 1

c*c(a) 1
9 (n—3)!2

— = [V(a,b)" %] +
[V(a)V(a, b)"_?’] + L 1Bc(a) [V(a, b)”‘ﬂg %80(1))

L oe(v)

[cV(a)V(a, b)"_3]g 5

[V(a, b)”_g] g

oc(a) [V(a, b)"_3cV(b)]g
cdc(a)
2(n —3)!

2(n —2)!
9 (n—4)!2
(4.151b)
1 e 1
= gy V@V O], — 5
11 - 11 o
+ mgac(a) [V(a,0)" eV ()], + 5 0c(a) [V(a,b)" ] S0e(b) -

9 (n—4)!2
(4.151c)

[V (a)V (a,)"7], 50e(®)
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Multiplying by A" and summing this over n gives
)\2
QB I:()\CV(G) — 280(a)> e)‘V(a’b)}
g
)\2 )\2
=— [(x\cV(a) - 280(a)) V(@b (x\cV(b) + 260(()))] . (4.152)
g

This proves that the assumption (4.5b|) holds for the little g scheme at all orders.

4.3.8 Linear Renormalization

For quadratic operators we were able to define a fully linear renormalization scheme by making
a specific choice for the constants CF = Cf = . Since C* and C do not affect the solution
in any way, this was like a gauge choice. Unfortunately, we saw that this big G' scheme was
insufficient to get finiteness at fourth order and higher. The method we used to construct a
linear renormalization scheme is not particularly well suited to products of many operators, but
we can still sketch how it works and show that at least for third order the little g scheme with
the same choice of constants C* = C* = €} can be defined in terms of linear operators.

We begin with a straightforward and general extension of the quadratic result to higher
orders, and define a renormalization scheme by

O(t1,- ., t)], E lim (e L7 (O(t1, .. ., 1))

e—0

(4.153)

€

We know from section that the simplest (but not finite) big G scheme can be found by
choosing

0 o

oV (x) oV (y)
+ ;iiglo/da:dy (8'(x—y+A)—d(z—y—A)GE

Lg = /dxdy §(z —y)G*

5 6
EEGTR (4.154)

Since we have already thoroughly examined the allowed renormalization schemes at quadratic
order, we know that the action of L, on any two marginal operators V (¢1)V (t2) must match
Lg. An appropriate choice of ansatz is then

I - Z/dnx L (. 2
n=2

=

V(@) (4.155)
i=1 ¢

with

1
Lh(x,y) = LS (x,y) = GEo(x —y) + 3 iiglo G¥ ((z—y+A)=d(z—y—A)) . (4.156)

The higher order counterterms L] with n > 2 are not determined, giving us a huge space of
possible counterterms to consider. This is not unexpected, and is how this approach generates

new constants such as the C(()g) and C5PPL that we saw in section Obviously the space
of all functions £, is much larger than the free parameters which are allowed at each order, but
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this can be reduced somewhat by the assumptions . The assumptions give restrictions on
the functions, but at arbitrary order the space will remain too large for us to fully examine.

The first restriction we can find, which follows trivially from the factorization condition
, is the need for §-functions to put all of the operators being replaced at a single point.
A coefficient, £, which does not include some sort of d-function would be non-zero even for
operators which never meet, and violate the factorization condition.

Since operators are renormalized pairwise, we expect only counterterms in which the number
of surviving operators is the same as the number we started with mod 2. At third order, the
obvious candidates are

Lh(z,y,2) = APV (2)8(z — y)d(x — 2) + BOV(2)8(x — y)d(y — 2) . (4.157)

Other permutations of the coordinates are redundant because the integrals in Sym-
metrize the result. At this point we might ask why we are not considering slightly more general
counterterms, such as the second line in , which contains derivatives of the § function.
We know from the explicit third order calculations of section that the only free param-
eters we expect at third order are C’ég), C’ég)’DL, and C(()g)’DR, and just as linearity enforced

CF = CF at quadratic order, we expect C’ég)’DL = C’és)’DR, so there should not be more than
the two counterterms we already have in A®) and B®). A simple example of a counterterm we
have not included is £5 = V(z)d(z — y) (6'(y — 2+ A) — ¢'(y — z — A)) which when applied to
the operator V(a,b)® adds a fixed marginal operator at each endpoint, V(a) + V(b). This is
unwanted because it will not satisfy the BRST conditions.

Using the calculations of section and comparing those results to the generic third order
renormalization scheme of section we can show that the cubic linear operator of

gives rise to
¥ =Cy+ A® 4+ B®  cBPL — PR _ oy 4G) 4 gB(?’) . (4.158)

What we have discussed so far at third order is only a shift in the finite part of the big G
scheme’s counterterms at third order. We saw from that there are subleading divergences
at fourth order which are not cancelled by the quadratic counterterms of the big G scheme. As
a result, we will require an additional counterterm at fourth order. While explicitly performing
fourth order calculations can be quite difficult, the form of the difference between the big G
and little g schemes suggests that we need a counterterm like

1
Ly(x1, 2, 23,24) ~ Eé(xl — x9)0(xe — x3)0(x3 — x4) + O(lne) . (4.159)

With this approach, we could in principle write down the most general finite scheme at quartic
order that satisfies conditions and . Then, we would need to check that the BRST
conditions do not impose any extra restriction on the free parameters. This would allow us to
discover whether there are any free parameters at quartic order that affect the SFT solution in
a nontrivial way, without analyzing all possible restrictions due to the replacement condition
at this order. It is, of course, extremely likely that such free parameters do exist.
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Linearity of the little g scheme

The little g scheme was not defined as in , so we would like to show that it is in that space
of linear renormalization schemes. Although we do not have a proof that this is the case, we will
find the exact form of L up to third order. Because we have exhaustively studied renormalization
schemes at quadratic order, we know that linearity is only possible when C* = Cf = Cy, and
we must impose this condition on the constants of the little g scheme as well. Taking
as our starting point, we define a new third order renormalization scheme using

LY(x,y,2) = APV (2)d(z — y)d(x — 2) + BOV(2)d(z — y)d(y — 2) . (4.160)

We then find constants A®) and B®) such that [.. J; = [.. ], at third order. We do this by
evaluating the distinct operators [V (a, b)?’]r, [V(a)V(a, b)Q]r, and [V (a,b)V (b, c)ﬂr using both
renormalization schemes. For the first of these operators, it is obvious that

- 5 5 b
dedydz LI b3 =6(AG) + BB / dt V(t 4.161
[ dwtvaz £3(ev.2) s s s Ve = 0 (49 +89) [ave . aaey
and then
3 _
[V(a,b) ]g =
b b
lim | (V(a,b)?) —3 / dt/ d*s V(t)gﬂ(sl,82)+2(A(3)+B(3))/ dt V()
€—0 € a I‘S’b(sl,sz) a

(4.162)

By comparing this to , we must choose A®) + BG) = —3 —In2 in order to get the little
g scheme. A full derivation of , as well as similar formulae for other regions, is not very
instructive. The important step is simply to write down an explicit form of the region to
integrate over, corresponding to the difference of the two integrals on the left hand side. The
most common case is that of , so here we will include that region:

b
</ dt/ ) d81d82 — / . dtd81d82> f(t, S1, Sg)
a p re
b—e t+e S1—€ b—2¢ t+e b b—2¢ t t+e
= [/ dt/ d81/ d82+/ dt/ d81/ dsg —/ dt/ d81/ dso
a—+2e t—e a a+e t—e s1+e€ a+2e t—e s1+e€
a+2e t—e t+e b—e b S1—¢€
+/ dt/ d81/ d82+/ dt/ dsl/ d82
a+te a s1+€ b—2e t+e t—e
a+e t+e b b b s1—¢€
+/ dt/ dsl/ dss +/ dt/ dSl/ dsy + 51 < 82:| f(t,Sl,SQ) . (4163)
a a S1+¢€ b—e t—e a

This holds for any function f(¢,s1,s2), but we often have a symmetric function of s; and ss,
in which case we can trade the exchanged indices s; <+ so for an overall factor of 2. is
derived by explicitly performing all of the integrals over s; and s in this formula, and then
series expanding in e.
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4.3. Renormalizing Higher Order Operators

For the second operator we wish to check, [V (a)V (a, b)Q]g, it is important that we distin-
guish the two terms in (4.160]) because

b
/ dedz V(2)8(z — a)d(x — 2) — %vm) , (4.164)
/b dxdz V(z)é(x —a)d(a — z) = %V(a) : (4.164b)

With this in mind, the extra counterterms for this operator are given by

/dmdydz Eg(x,y, Z)5V5(a:) 6V6(y) 5‘/5(2) (V(a)V(a,b)?)

= A®) (2 /ab dydz V(a)é(a —y)d(a — z) + 4/; dzdz V(z)0(x — a)d(z — z)>

b b
+ B® (2/ dydz V(a)é(a —y)d(y — z) + 4/ dzxdz V(z)é(x — a)d(a — Z)>
(4.165a)

= <2A<3> + ZB<3>> Vi(a) . (4.165b)

This represents the difference between the § scheme and the big G scheme. We compare this
to the little g scheme by explicitly finding the difference between the g and G schemes for this
operator. It is

b b
. B L
lgr(l) [2 </I‘S+€’b dtds /a dt /a+e ds) g (a, s)V (t)
+ (/ d?s —/ d25> gﬁ(sl,sz)V(a)
rateb rab

This tells us that 24®) 4 %B(3) —= —2(3 4 In2), which together with A®) + BG) = —(3 +1n?2)
means that in order for the § and g schemes to match we must choose

—2(3+1In2)V(a) . (4.166)

A® = —3+In2), B®=0. (4.167)

The final condition to check, that [V(a b)V (b, c) ]~ matches the corresponding operator
from the little g scheme, proceeds similarly. This time tﬁe delta functions are on regions which
can only touch at a point, so the correction to the pairwise renormalization is

) ) )
oV (x) oV (y) oV (z)

For the schemes to be equivalent we need to show that the corresponding little g calculation is

i — D
lgr(l) [(/ dt /Fbc 51752 S / /bv(t+€) 81 82) S) V(t)gbc(sl7 82)
+2 / dsl/ dt/ dso —/ dsl/ dsodt | V(t)gE (s1,s2)| =0 . (4.169)
b\/ 81+5 a bV (s1+e), C(t 2)
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4.4. Discussion

For the first term, we can see that the region in the si, sy plane can be non-zero only when
b— e <t <b. This further suppresses what would otherwise be a finite correction, and we find
zero. The second term requires some calculation to verify, but the largest surviving correction
there is O(elne).

At third order we needed only the one term

L(z,y,2) = -3+ n2)V(z)d(z — y)d(z — 2) (4.170)

to correct the big G scheme and make it equivalent to the little g scheme. In the notation of
section the little g scheme has

Cy” = CgPt = 0P = Gy~ (3+1n2) . (4.171)

At higher orders we know that the big G scheme is not finite so there will be additional
counterterms carrying the subleading divergences, and we expect additional finite contributions
at each order. At any given order, however, there are many possible counterterms to add, so I
expect that there will always be enough degrees of freedom to represent the little g scheme as
a linear operator. We will leave any attempts to prove this for future work.

4.4 Discussion

There are a number of open questions regarding the choice of renormalization schemes and their
properties. Here we briefly look at what we know and do not know about them.

4.4.1 Uniqueness

The little g scheme alone has two free parameters which alter the way operators are renor-
malized. The space of allowed linear renormalization schemes, while still not fully understood,
looks much larger, and the space of renormalization schemes satisfying the replacement con-
dition instead of full linearity is larger still. In contrast, the solutions built from these
renormalized operators represent BCFT’s in which the conformal boundary condition has been
deformed in the same way. The BCFT is parameterized by only one parameter, A, so we are
left to wonder what the other renormalization parameters do.

We have already noticed that some of the extra parameters do not appear in the solution.
This is the case for C* and C®, as well as Cés)’DL, Cég)’DR and any other left- or right-
constants. The solution is built from the wedge states U and Ay, which only contain the fully
integrated operator [V'(a,b)"], and the operator [Or(a)V (a,b)"], which is derived from the
BRST transformation of the fully integrated one. Only constants which appear in the fully
integrated operator will be in the solution. Constants such as C* which naively appear in
Or, must cancel against the same constant in [cV (a)V (a,b)"],. This does not deal with the

constants appearing in the fully integrated operator, however. By third order we already have
Cy, C1, and C’és) which must be understood. Using the little g scheme as an example, we will

start with a renormalization scheme that chooses Cp = C1 = 0 and call it [...], . Then the
result (4.100)) tells us that these parameters are simply a rescaling of the renormalized operator
[eAV(a,b)} — N (Co+(b—a)C1) [eAV(a,b)} . (4.172)

g 90
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4.4. Discussion

To see whether this rescaling changes the solution, consider the definition of the wedge
state U which the solution is primarily constructed from. While it may appear that Cy gives a
simple rescaling of U, the interval on which V is integrated is different at each order: b—a = n—1.
Including a A-dependent rescaling factor, the width of the integration interval will no longer
match the number of marginal insertions, and the final expression for U will be changed. We
leave the question of whether SF'T solutions given by different values of C1 and Cj are related
by a gauge transformations to future work, and offer only one more observation: introducing a
nonzero C is the same as replacing V' (t) with V(¢) — AC;. It is worth mentioning that the C
dependence of the derivative in (4.53b)) can be found from this rescaling. Clearly

B, (e—x2(co+(b—a)cl) [eAV(a,b)}

> _ e—)\2(Co+(b—a)C'1)aa [e)\\/(a,b)} 1220 [e)\V(a,b)} (4.173)

g0 g0 g

produces the C; term in (4.53b)), but the C' dependence must still be found separately in order
to make the result independent of that constant.
Leaving now the confines of the renormalization scheme defined in section [4.3] we can ask

whether changing C(()?’) changes the SFT solution. It is easy to see that generalizing the rescaling
in equation (4.172)) to include higher order terms, as in
[e’\v(“’b)} = e (CVHCIN )= (€N ) (-a) [e*vw,w} , (4.174)
g g0

does not result in a change of C(()g) from the value it has in the scheme of section C'(()B) =
—(3 4+ 1In2) + Cy. There is, however, another simple change in the renormalization schemes

which does affect C’ég): a renormalization of the perturbation parameter A. Specifically, we can

take .
[e)\V(a,b)} _ [e(A+6AC(()3))\3+...)V(a,b)} 7 (4.175)

g g
where AC(SS) = C'(()S) + (34 1In2) — Cy. The conclusion is then that changing C’ég) away from
—(34 In2) 4+ Cp does affect the SFT solution, but in a benign and easy to understand way:
by reparameterizing the deformation flow. This observation also explains why there is no

(3)

independent parameter C,™.

4.4.2 Boundary Condition Changing Operators

We might assume (as has been the focus of recent work [39]) that the point where the boundary
condition is changed behaves as if a boundary condition changing operator o was inserted there.
Specifically, a BCFT with or,(a)og(b) inserted on the boundary has a new boundary condition
between a and b and the original boundary condition elsewhere. In our case this is implemented
using

op(a)or(b) = [e’\v(“’b)] (4.176)

T
without having to know an explicit form of the local operators oy /g. As a result we know that

Qp (o1(a)or(b)) = [ew(“’b)OR(b)} . [OL(a)e/\V(“’b) , (4.177)

7 T
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4.4. Discussion

but for any conformal primary operator ¢y with conformal weight h, we would expect that [47]

QBon(t) = c(t)Odn(t) + h (9c(t))dn(t) - (4.178)
These two results suggest that

[oL(a)eW@vb)} —c(a)d, {eAV(a’b)] — h(N)dc(a) [ema:b)] . (4.179)

T T

We saw in (4.53b)) how the derivative acts on quadratic operators, so expanding (4.179)) at order
A2 we see

T

[V (a)V(a,b)], %80(&) + Cle(a)

2
1 _
= [V(a)V(a,b)], — (C1 — CF)e(a) = Y o= l)'h(l)f)c(a) [V(a, b)2 l} . (4.180)
l:O . T
where h() are the taylor coefficients of the conformal weight h()). This equation is only satisfied
if h(\) = ’\22 and C; = 0. C7 was a free parameter in the construction of a SFT solution,

and can still take any value, but this suggests that the boundary condition changing operator
corresponding to the new boundary condition is only primary if the operators are renormalized
with C7 = 0.

As usual, at higher orders there is still more to consider, but in this case there may not be
any further restrictions. At third order, using the ansatzes of section [£:3.1] it is straightforward
to show that

9 [V(a,b)?], = =3 [V(a)V(a,b)?], + 6V (a,b) (C1 — C*) + 6V (a) (055” ~ o}ﬁ*DL) . (4.181)

The first BRST condition, (4.5a]), can also be worked out at third order while including the

extra constants C(gg), CSS)’DL, and Cég)’DR. This results in slightly altered operators at the
endpoints.

Or(a) = AV (a) — %)\260((1) +A2CLe(a) + A3 (053%” - c§3>) Via)+ 00 (4.182a)
Or(b) = AV (b) + %Vac(b) + A2 e(b) 4+ AP (053%“ - cé”) V(b) +O0(\Y)  (4.182b)

This has the same extra terms as the derivative, so the condition C7 = 0 is still enough to give
a primary boundary condition changing operator with conformal weight h(\) = )‘72

In many works, when arbitrary boundary condition changing operators are considered, it is
assumed for simplicity that they are primary. Here we see a case where the boundary conditions
related to generic renormalization require non-primary bcc operators. It is surprising that a
change to the renormalization scheme, which we expect to correspond to a gauge transformation
or reparameterization of A, can have such an impact on the associated bcc operator. We saw
in section that the C1 dependence of the derivative comes from rescaling the exponential
operator. In this context it is natural that C(()g) should not affect the primarity of the bcc
operator since that rescaling is simply a reparameterization of A\, while the other constants are

a more complicated rescaling. This represents a possible topic of further investigation.
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4.4. Discussion

We know that the BRST operator is similar to a derivative and a ¢ ghost when acting on
the marginal operator V' (a, b), so it should not be surprising that the additional terms at higher
orders are the same as those appearing in the derivative. If this relationship holds at all orders it
could greatly simplify the calculation of Op g at arbitrary order, but any proof of such a claim
would likely entail the calculation of corrections to Oy g for arbitrary counterterms anyways.
Alternatively, similarities between Qg and the derivative might lead to a better understanding
of how to prove the BRST conditions. This remains an open question.
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Chapter 5

Rolling Tachyon

Now that we have examined the algebraic structure of renormalized integrated marginal oper-
ators, we will apply this knowledge to a specific case: the rolling tachyon. This is particularly
instructive due to the existence of previously studied and related solutions with regular self-
OPE. We can use our renormalization scheme to examine how the presence of renormalized
operators affects the solution.

We will begin this chapter by summarizing our results and their relation to the literature.
This is followed by the details of the tachyon profile and a discussion of the results. We then
proceed to discuss how the calculations were performed. This begins in sections [5.3.145.3.6
with an explanation of the computer program written to construct the solution algebraically.
In section we discuss how numerical integration was performed, and how floating point
roundoff errors due to the counterterms were handled. In this section we also examine the
equation of motion and the action in order to check the validity of our results and see how
accurate the numerical process is and whether the results converge as the precision of the
numerical process is increased.

Most of this chapter has been posted on the arXiv [3] and has recently been accepted for
publication by the Journal of High Energy Physics.

5.1 Rolling Tachyon Introduction and Conclusions

As we have seen, in a boundary CFT the boundary condition can be deformed on any section
of the boundary by exponentiating a marginal operator integrated along it, as in

e}\fdtV(t) ) (51)

The marginal parameter A controls the strength of the deformation. In Open String Field
Theory, allowed D-brane configurations are in one to one correspondence with classical solutions.
The rolling tachyon is the time-dependent solution which corresponds to a decaying D-brane.
There are two rolling tachyon solutions obtained by different marginal deformations of the D-
brane CFT. The simpler case, the exponential rolling tachyon, involves the marginal operator
V) = eX"(® and represents a D-brane which exists in the infinite past and then decays at
a finite time. This case has been studied using level truncation methods [35, 48] as well as
analytically [5, B3, B4], and is relatively simple because the OPE of the marginal operator
with itself is finite. The more difficult case uses the time-symmetric marginal operator V' =
V2 cosh(X?), which has the singular self-OPE V (0)V (z) ~ # This rolling tachyon corresponds
to placing a D-brane at t = 0 and letting it decay at both ¢ = —oo and ¢t = +o00. Notice that
this t is time and not the worldsheet boundary coordinate frequently referred to in chapter

In SFT, the tachyon profile is the tachyon component of the string field as a function of
time. Higher level modes are, of course, part of the solution ¥, but are not calculated. In the
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5.1. Rolling Tachyon Introduction and Conclusions

symmetric case, the tachyon profile has the form

oo n/2]
T(t) =2 > A"BY) cosh((n — 2))t) , (5.2)
n=1 j5=0

where ﬁr(f ) are coefficients which can be calculated numerically and |n/2] is the greatest integer
less than or equal to n/2, so that n — 25 > 0. In this notation the deformation strength A is
taken to be negative for physical solutions [5]. In the exponential case, A controls the time at
which the D-brane decays, while for the time-symmetric case it determines the lifetime of the
D-brane, with longer lifetimes corresponding to A closer to zero.

In BCFT studies of D-brane decay such as [49,[50] it was noticed that the point Apcpr = ﬁ
should exhibit some kind of special behaviour with this normalization for V. The recent work
of [51] tells us that the parameter A here is equivalent to the BCFT parameter for small A
(up to the sign, which is a matter of convention), but that the precise relationship for stronger
deformations is in fact gauge-dependent. They also found that Agpr in string field theory has a
maximum which occurs close to, but not in general at, the critical value of the BCFT parameter.
This does not represent any limitation on Agcrr, as the relationship is not one-to-one, and it
does not necessarily limit our A parameter either, as the relationship between it and Agp of
[51] will also have higher order corrections. In any event, since the solution we study is written
as a taylor series about A = 0, we should not expect such features at large A to be evident.

In the regular OPE case, instead of the double sum and time-symmetric cosh functions,
energy(c?nservation tells us that there is only a single sum of exponentials involving coefficients
with Bno :

Treg(t) = > A"BVe™ . (5.3)
n=1

While the T(Lj ) are in general gauge-dependent, for one choice of gauge it was proven that the
sum in the regular OPE case converges for all A, with the asymptotic behaviour ,Béo) ~ e~
[34]. Numerical data suggests that this is true in other gauges as well, as shown in figure
5.3bl The trouble with this is that the tachyon profile itself exhibits wild oscillations which
grow exponentially in magnitude, while the vacuum without any D-branes is a well defined
and finite point in string field space. How these two very different looking string fields are
reconciled has been the source of much speculation (see, for example, [27]). Both that work
and the calculation of the boundary state in |40l [41] indicate that these wild oscillations are not
physical. The boundary state appears to asymptotically approach the tachyon vacuum despite
the component fields taking values which are very different. This may imply that there is a
time-dependent gauge transformation relating the rolling tachyon solution to one where the
string field smoothly interpolates the perturbative and tachyon vacuum states. It has also been
suggested that the energy of the D-brane should be radiated away in the form of closed strings,
and the wild oscillations come from attempting to describe closed string physics using only open
strings. Our results confirm that the tachyon profile has the same growing oscillatory behaviour
in the time-symmetric case, and do not appear to exclude any of the current hypotheses.
When studying the marginal operator V = v/2cosh(X?) leading to the time-symmetric
rolling tachyon, we must be careful to avoid singularities arising from the operator’s OPE.
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5.1. Rolling Tachyon Introduction and Conclusions

Analytic solutions for marginal deformations require the insertion of many copies of the marginal
operator with separations that are integrated over, and there will be divergences when two
operators approach each other. Fortunately there are several solutions which are intended to
handle this issue [36] [37, 38, [39]. The most recent work, by Erler and Maccaferri, does not apply
to solutions which have a non-trivial time direction, so we cannot use it for the rolling tachyon.
Fuchs, Kroyter and Potting’s solution was designed with the photon marginal deformation in
mind, but it is possible that it could describe the rolling tachyon as well. The solution of [3§] is
a generalization of [34] to operators with singular OPE, and it could be applied to the rolling
tachyon. In fact it has been suggested that this solution could give the tachyon profile in the
form , which would help settle the convergence issue.

Our focus, however, will be on the work of Kiermaier and Okawa. They proposed the general
construction dependent on the existence of a suitable renormalization scheme [36], which we
investigated and refined in chapter [} We found a general renormalization scheme satisfying
the necessary conditions and showed that it has at least two free parameters, suggesting that
the tachyon profile could have free parameters as well. Here we will perform the first explicit
numerical calculations for the time-symmetric rolling tachyon solution, and we will show that
the tachyon profile is a finite function which does in fact depend on the free parameters.

When we implement the solution ¥ of [36] with our renormalization scheme we can find
the tachyon profile for the symmetric rolling tachyon. This involves algebraically constructing
the wedge states with insertions corresponding to the solution, taking expectation values, and
then performing the required integrals numerically. Here this is done up to 6th order in A. It
will have the form , where now the function is symmetric in ¢ and all the BT(Lj ) are non-
zero. The marginal operator v/2 cosh(X?) contains the operators etX” with both signs, and
the coefficients ﬂ,(lj ) correspond to terms with n — j factors of one of the two operators and j
factors of the other. Since renormalization has the effect of adding counterterms for collisions
of operators with opposite sign, the j = 0 coefficients involve no counterterms and behave very
similarly to exponential solutions. These show the same 67(10) ~ e asymptotic behaviour,
implying that the sum >, )\”@(LO) cosh(nt) converges absolutely for all A\. For |\| < 1, as is
the case when the D-brane survives for a long time, the j > 0 coefficients are suppressed due
to extra factors of A\. This results in a decay process which looks very much like the regular
case, as the decay is well separated from the “anti-decay” by the D-brane’s lifetime. Once this
lifetime is long enough, further shrinking A even has the same effect on the decay time as it
would with the exponential rolling tachyon, simply shifting the time of the decay.

For the @(lj ) coefficients with j > 0, each coefficient is calculated using a number of coun-
terterms determined by j. The counterterms in turn are functions of the two parameters of the
renormalization scheme, Cy and Ci. The bulk coefficients are therefore polynomial functions
of Cp and (7. Because these coefficients are not constants, patterns such as the asymptotic
behaviour for j = 0 could depend on the choice of Cy and C;. Considering only the j = 1
coefficients, with Cy = C; = 0 they are quite a good fit to /;’,(3) ~ e 1(=2% Tp fact there is
no choice of those constants for which the exponential quadratic behaviour 57(11) ~ e~ M (n=2)?
fits as closely. This suggests that the sum » 7 o /\”ﬁ,(ll) cosh((n — 2)t) also converges, but there
may still be some choices of Cy and Cy for which this is not the case, or for which the radius
of convergence in A is finite. For example, choosing the constants so that 57(}) are a best fit
to the exponential cubic behaviour results in ﬁ,(f) which are increasing, at least for the three

100



5.2. The Tachyon Profile

coefficients we can calculate with j = 2.

So how does the inclusion of all the ,Bg ) coefficients affect the shape of the tachyon profile?
We show that for |\| < 1 these coefficients are negligible, but as the D-brane lifetime is decreased
there comes a point where more coefficients must be considered. Some terms cease to dominate
for any range of time, and the number of oscillations actually decreases. The missing oscillation
means that the effective “period” is significantly decreased. What this means physically is not
clear, since the period is a gauge dependent quantity related to the coefficient «y in the exponent
of the asymptotic behaviour. The tachyon profile for small A is very similar to that of [5], while
for larger A it has some features similar to the tachyon profile of [34], so perhaps the solution
is interpolating between regular-OPE solutions in different gauges as the marginal deformation
strength is changed. Understanding this phenomenon is left for future work.

While here we will only calculate the tachyon profile, it would be interesting in the future to
study the boundary state using the approach of [41]. Previous work on the boundary state for
time-asymmetric rolling tachyon solutions suggests that it is the same as predicted by BCFT,
and our results suggest that we can expect that that would hold true for the time-symmetric
rolling tachyon at weak deformation parameter as well. For larger A, however, it would be
very interesting to see if the renormalization parameters really are gauge, or if they affect the
boundary state. In particular, C; controls whether the boundary condition changing operator
is a conformal primary, and it is not at all clear what physical effect that will have.

5.2 The Tachyon Profile

The solution of [36] presents a promising framework for construction of a time-symmetric rolling
tachyon solution, but it was not applied to any specific marginal deformation. Taking that
approach and inserting the marginal deformation V' = v/2 cosh(X?) we are able to numerically
compute the tachyon profile up to 6th order in the deformation parameter A. Since the tachyon
profile has previously been calculated for several exponential rolling tachyon solutions, we can
compare our results in order to determine what qualitative differences appear in the time-
symmetric case. It is also useful to have explicit numerical evidence that the renormalization
scheme we found in chapter [4] is effective and the solution remains finite despite the singular
OPE that the marginal operator has with itself.

The solution takes the form of a wedge state with insertions on the boundary. While
one insertion will always be at a fixed location, the rest are integrated. The renormalization
procedure replaces pairs of operators with appropriate counterterms under the integral. Each
operator V contains two terms carrying +1 unit of “momentum” in the time direction, but the
counterterms are functions and carry no momentum. In the coefficient 67(3 ) clearly contains
the part of the tachyon profile with n factors of A and k = n — 25 units of this momentum, so it
follows that the coefficients ,87(10) contain no counterterms. This is as it should be since operators
eX’ with the same sign have a regular OPE; the singular OPE of the cosh(X?) marginal
operator comes entirely from the collision of exponentials with opposite sign. The index j,
which counts the momentum deficit, also has the effect of counting the maximum number of
counterterm factors. For the coefficients Bflj ), table shows their values as calculated by
the Cuhre algorithm, and with the exception of two terms we will use those coefficients. For
technical reasons explained in section the two terms marked with asterisks will use values
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5.2. The Tachyon Profile

found by the Suave algorithm instead, and those are shown in table [5.2] Occasionally we will
want to think of the tachyon profile in terms of these timelike momentum modes, and write

Z 2 cosh(kt) Z A”ﬁﬁ%k) : (5.4)

n=k

This form is equivalent to as long as we define ﬂn) to vanish for non-integer j, as well as
forn=j=0.

The tachyon profile for several different solutions with regular OPE has been calculated
before. It has the simpler form of T'(t) = > 77, MNB,v/2" e where the coefficients S, def B
are only non-zero for maximal momenta. In table we compare the coefficients for those
solutions to the ones we have found. We have changed the normalization of their coefficients
by 2% for better comparison with our coefficients, due to the relative normalizations of the
marginal operators eX’ and v/2 cosh(X?). Our coefficients show very similar falloff to [5] as n
is increased, though we do not expect exact agreement between any of the sets of coefficients
because the tachyon profile is a gauge dependent quantity. We believe that each of these lists
is related to the others by such gauge transformations, but constructing them is beyond the
scope of this work.

Asin [5], we take X to be negative in order to study physical solutions. With this assumption,
the tachyon profile can be rewritten as

oo |n 2J
Z >< n(in [A+t)—24t +€n(ln|A|—t)+2jt) : (5.5)

n=1

~

<.
Il
o

where in practice the sum over n only runs up to some cutoff N where the coefficients can be
computed. When only the j = 0 coefficients and the first term in parentheses are considered,
as in the regular OPE case, we can clearly see that a change of In |A| will only shift the time
of the D-brane decay. For the singular case, however, the tachyon profile will have a different
shape depending on the strength of the marginal deformation, controlled by In|\|. The renor-

malization scheme also contains the constants Cy and C7, which will appear nontrivially in 3y ()
with 57 > 0.

5.2.1 Small )\

We begin our analysis with the case |A\| < 1, where only the coefficients Bno need to be

considered. Following the notation of [5], [34], we will refer to these coefficients as 3, of Bn .

We will focus on , which receives significant contributions from the first term in parentheses
when ¢ > 0 and from the second term when ¢ < 0. Knowing that 7'(¢) is an even function,
we will assume ¢t > 0 and not need to consider the second term. Since we are considering
—1 < X <0, each term in the sum of will be suppressed by the exponential until ¢ is large
compared to —In|\|. For a large fixed ¢, terms with j > 0 will be small relative to others, so
only the j = 0 coeflicients need to be considered. Since this is the case, the tachyon profile does
not depend on the renormalization constants Cy and C; at all. This had to be the case since
there is no renormalization when all of the marginal operators have momentum in the same
direction. We can then unambiguously plot the tachyon profile for small |\|. In figure we
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5 1| (-0.01221+£1.2-107%) +(04£2-107°)CF — (5.86 4+ 0.34) - 1073C; — (1.27 £ 0.61) - 10~4Cy

(1.598 4 0.007) - 1010

6 3| (-034£04)"+(04£3-1073)CF — (2.572+£0.026)C; + (0.3 4+ 1.2) - 1073C*Cy — (23.9401 £ 0.0013)C?

+(1.5£3.1) - 1071CLC? + (0.0955 4 0.0030)Co + (0 £5 - 1073)CECy — (0.135 £ 0.015)CoCy

—(1.243.9) - 107 MCLCyCy + (5.8 £1.5) - 1075C3

6 2| (0.4991 + 0.0050) + (0.4 £ 1.3) - 107°CF + (1.912 £ 0.019)Cy + (0.8 £4.1) - 1073CECy + (1.715 + 0.024)C?

+(1.879 £ 0.025) - 1072Co + (0 £ 2 - 1073)CLCy + (4.77 £ 0.38) - 1072CoCy — (2.37 £0.09) - 10~ 7C2

6 (—2.686 £ 0.027) - 107° — (1.6 £ 5.9) - 1078C* — (9.1 £ 2.2) - 1075C; — (7.3 4+ 0.7) - 1077Cy

6 0| (2.1840.04) 10715~

N IO GURNJURE NOR NI
— O = O = O

W

ot

—_

Table 5.1: Deterministic results for the non-zero coefficients ﬁg ) of the tachyon profile for the cosh rolling tachyon with singular
self-OPE. Results are calculated with the Cuhre and QAG algorithms. The constant C'” is part of the renormalization scheme,
but it can not influence the solution, so we safely set it to zero in our analysis. C* was included in these numerical results only
to demonstrate that it does not contribute to the solution at all.

* These two coefficients found using the Cuhre algorithm appear to be unreliable, so the corresponding Suave results in table
will be used for analysis instead.
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n_j

10 %

2 1| —(1.2985+0.0003) — (4.134 £ 0.007) - 10~6C~

2 0| (7.61+0.07)-1072

3 1| —(1.30140.005) — (0.001 £ 0.010)C* — (0.707107... £ 7-1071¥)C4

3 0 (8.99+0.09) 1074

4 2| (0.65940.007) + (0.2 £ 2.6) - 1073C* + (3.288 £ 0.003)C; + (0 £ 1-1071)C1CF + (0.5 + 3.4) - 1073Cy
+(0£5-107%)CoCE

4 1| —(0.44940.004) — (0.1 4 1.4)-1073C* — (0.235 £ 0.002)C; + (1.39 £ 0.07) - 107*Cy

4 0| (1.16340.002) - 1076

5 2| (0.7224£0.012) + (1.3 £1.3) - 10730 + (4.38 £ 0.04)Cy + (0.014 £ 0.034)C1C* + (3.53553 ... £ 3 - 1078)C?
+(0.1£6.5)-1073Cy — (0.3 £1.3) - 1072C,C*

5 1| —(1.214£0.01)-1072+ (224 1.1) - 107°C* — (5.81 £ 0.06) - 1073Cy — (1.17 £ 0.01) - 10~4Cy

5 0| (1.27+0.01)-10710

6 3| —(0.30740.004) — (1.6 £2.9) - 1073C* — (2.55 4+ 0.05)Cy + (0.5 £ 3.6) - 107201 C* — (23.943 £ 0.008)C?
+(0£1-1071C2CY 4 (9.54+0.5) - 1072Cy — (8.0 £ 6.6) - 1073CoC* — (0.12 4 0.02)CoCy
+(0£1-1071)CoC1LCE + (5.0 £4.4) - 1075C2

6 2| (0.49740.005) — (2.1 £1.1) - 1074CF + (1.92 £ 0.02)Cy — (1.7 £ 2.6) - 10730, C* + (1.718 + 0.013)C?
+(1.774 £ 0.014) - 1072Cp — (1.2 £ 2.3) - 1073CoC* + (4.71 £ 0.05) - 1072C,Cy — (1.156 4 0.016) - 1074C2

6 1| —(254+0.02)-107° —(3.54+0.3)-1078C* — (1.222 £ 0.012) - 107°C} — (7.618 = 0.014) - 10~7Cy

6 0] (23+0.3)-1071

Table 5.2: Suave results for the non-zero coefficients ,Bg ) of the tachyon profile for the cosh rolling tachyon with singular self-OPE.

These Monte Carlo results are shown for comparison with the deterministic results of table
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5.2. The Tachyon Profile

5] | B | [35] | U here
Bn
T T T T
V2 V2 V2 V2
0.0760295 0.290 0.0760297 | 0.0760297

7.59312-1074 0.0506 7.732-107% | 9.149-1074
6.54812- 1077 | 4.18-1073 | 9.8145-10"7 | 1.173-1076
4.93424 -10~1 | 1.54-107* | 8.734-107!1 | 1.275-10710
3.50136- 10716 | 2.45.1076 | 7.903-10713 | 2.26-10"1°
2.41180-10722 | 1.64-1078

N = NG, BTN JUR NC R I

Table 5.3: Comparison of rolling tachyon profile for three previously calculated solutions with
regular self-OPE. Calculated from the solutions of [5], [34], and [35]. The n = k coefficients for
our calculations based on [36] are included for comparison.

see In |T'(t)| for In |\| = —4. Each “peak” represents the range of ¢ for which 7(¢) is dominated
by a specific exponential in the sum. For different values of |A| the shape of the oscillating part
of the tachyon profile remains unchanged, and the whole half-plot shifts horizontally, with the
size of the plateau in the middle changing as expected.

The size of the plateau which describes the time when the D-brane exists can be estimated
by the time of the first zero of the tachyon profile. This time is plotted in figure and
is linear for the region where |[A\| < 1 is valid. The slope is —1 as it had to be from
when ¢ is significantly larger than 0. We can also examine the “period” of the oscillations.
The oscillations result from each exponential overtaking the one before, so we can calculate an
estimate of their spacing by setting adjacent terms to be equal.

ﬁnen(ln\AIthn) — 5n+1e(n+1)(ln|/\\+tn) (5.6a)
fy = —In|A|+In < bn ) (5.6b)
ﬁn—l—l
(Bn)? >
At, =In| ——— 5.6¢
<Bn1ﬁn+1 ( )
While there is no reason to expect this a priori, let us suppose that At is a constant. In this
case we have 5 5
n+1 —At n
=e¢ ' 5.7a
ﬁn Bn—l ( )

which is a recursion relation with the solution
n2
By o ple” TAL (5.7b)

; ()
The factor p” can always be removed by taking Bq(f ) % and simultaneously A — Ap,
which does not alter the tachyon profile. In one particular solution for the rolling tachyon with
regular OPE, Kiermaier, Okawa, and Soler [34] found that their solution’s coefficients had the

asymptotic behaviour
By ~ e—'yn2+o(nlnn) ’ (5.8)

and in [33] it was shown that a solution equivalent to the one in [5] has coefficients which closely
fit b, ~ e~ without significant corrections. We have just shown that this same recurring
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Figure 5.1: The tachyon profile T'(¢) with only the 7 = 0 coefficients considered. This is plotted
for In |A| = —4, where the approximation is valid. a) Black is for positive values of T'(t) and red
is for negative values. b) The tachyon profile with all Suave coefficients from table is also
shown in orange and grey, and where the Cuhre-only results deviate is indicated with a blue
line. We can see that the Suave results are qualitatively equivalent to the ones we use.

pattern can be derived from the assumption of exponentially growing oscillations with constant
period. In figure we see the best fit lines for our j = 0 coeflicients, as well as those of several
other known solutions, to the form 5, ~ e~ ", This was only predicted to be a fit for one
solution at large n, but we see good agreement in all cases, even with n never rising past 6 or 7
for any of the solutions considered. In figure the fit is to the deterministic results of table
for n < 5 and the Suave result for n = 6, but the Suave results with smaller n are shown
as the red points for reference. It is curious that the coefficients fall so close to the e~ lines
without any correction, even such as choosing p # 1 in . While this trend was derived in
our case from a constant period of oscillation, if it holds at higher n it guarantees that the edge
coeflicients are a convergent series. The fact that all of the solutions appear to behave similarly
suggests that they are also all convergent.

5.2.2 Large \

Once we loosen the |A| < 1 restriction, we must consider all of the coefficients ng ) and search
for patterns there. Due to the small number of coefficients, and particularly the small number
of rows with constant j, it is not possible to get a good understanding of any patterns or
asymptotics for these coefficients, but we can speculate as to possible trends. The first thing
we notice from table is that the sign of the coefficients appears to alternate as (—1)%. This
is not strictly true even for the coefficients we have calculated, however, as choosing non-zero
Cy and especially C; will alter many of the coefficients and can affect their sign. With only a
small number of the coefficients known, we do not know whether the large n asymptotics are
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5.2. The Tachyon Profile

Figure 5.2: The time of the first zero of the rolling tachyon profile as a function of In |A|.
An approximation to the asymptotic behaviour is shown as a dashed line. a) Only the 57(10)
coefficients are considered, so the plot is not valid for large |A|. b) The whole tachyon profile is

considered with coefficients from the fit of figure

fixed or can be changed by a choice of the two free parameters. We can, however, attempt to
force a few patterns and see which appear more naturally.

As a first choice we pick Cy = C7 = 0 and notice that the j = 1 coefficients appear to be a
good fit to 57(11) ~ e 1R with k = n— 24, which is shown in figure While this can be made
to fit even better by a choice of renormalization constants, this would lead to some of 6722) being
less than zero or to that row having increasing magnitudes. On the other hand, if we attempt
to pick renormalization constants which are a fit to B,(LI) ~ e”le, as shown in figure we do
not find as good a fit. The same is true of 57(11) ~ eNnn’ using n instead of k in the exponent. It
appears that the j = 1 coefficients have a tendency towards the cubic exponential decay, while
for j = 2 we lack enough points to reach any conclusions. The red points in figure [5.4] again
represent the Suave coefficients, and we see that B,(LQ) have significantly different values once
the renormalization constants are changed, but a look at table suggests that this is mainly
due to large errors in the Suave coefficients, so it is unlikely that the deterministic plots would
change significantly if more sample points were used.

While five points is not a lot of data, the B,(Ll) coefficients suggest that each row with constant
j may eventually be a convergent series for at least some choice of renormalization constants.
Showing that the full tachyon profile converges when these rows are added together, however,
remains impossible until much higher order calculations can be performed. In particular, the
large dependence of coefficients such as ﬁég) on (] is troubling since it suggests that if that con-

(%5%)

stant is of order 1 then the sequence Sy with constant k& could have increasing magnitudes.
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Figure 5.3: The falloff of the 5 = 0 coefficients of the rolling tachyon profile shown as —In 5,20)
versus n2. A linear graph indicates that 3, o e holds, with v given by the slope. The best
linear fit is also shown. a) The solution shown here, with slope 0.9599. Red points are Suave
values. b) Our solution as well as the other three presented in table Square points are for
[5], crosses are for [34], and circles for [35].

Thinking of (5.4) as
T(t) =2 B (N cosh(kt) , (5.9)
k=0

the effective coefficients Bég)(/\) would then be defined by series which do not converge for
non-zero renormalization constants. Looking at table even with vanishing renormalization
constants, the magnitudes of the terms (3} y do not drop off very fast. We know that for small
A the series is convergent, but this suggests that the radius of convergence in A may be finite.
This could support either the claim of [22] [51] that there is a second branch with decreasing
marginal parameter, or our result from chapter [3 that the marginal deformation simply has an
unexpectedly finite maximum. Either case would be worth further investigation.

Now that we have seen what the bulk coefficients look like, we can begin examining the
tachyon profile for larger values of |A|. Of course as we do this we must be aware that we
are missing all coefficients Bflj ) with n > 7, and as we increase the strength of the marginal
deformation those coefficients will begin to play a larger role, but we can still get a qualitative
idea of the impact of the bulk coefficients on the tachyon profile. Since none of the optimized
fits in figure were significantly better than simply setting the renormalization constants to
zero, we will choose that from now on. Other reasonable choices will not give results that are
qualitatively different. For large negative A we see a tachyon profile in figure with fewer
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Figure 5.4: Several attempts to determine a trend for the 7 > 0 coefficients in the rolling
tachyon profile. In | 57(3 )| is plotted vs. functions of k = n — 2j with several different choices for
Cy and (. Black points are Cuhre values while red points are from the Suave algorithm. In
a) we set Cyp = C1 = 0 and plot j = 1 coefficients on the left and j = 2 on the right. The j =1
coefficients with Cy and C} optimized for the best linear fit appear in b), and ¢) attempts the
same linear fit assuming a k2 horizontal axis rather than k3. d) attempts a linear fit to both
the j = 1 and j = 2 sets of coefficients assuming a k2 horizontal axis, with j = 1 coefficients on
the left and j = 2 on the right.
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oscillations than we had with just the edge coefficients from figure As |A| decreases, the
additional oscillation appears at In |[A\| & —1.948. Once In |\| < —2.5 the profile has stabilized
and the plateau continues growing as |\| shrinks, just as we know it should from our discussion of
the tachyon profile for small |\|. The disappearance of this oscillation for large |A| is because the
j > 0 coefficients cannot be neglected in this region, and they change the effective coefficients
in .

The behaviour we see for these large values of |A| is not unprecedented; in [34] the tachyon
profile had coefficients (seen in table which did not decrease as quickly as other time-
asymmetric solutions. Taking the asymptotic ansatz 5 ~ e and decreasing v beyond a
critical value causes some oscillations to vanish, which is what happens in [34] where some of
the exponentials did not dominate for any range of time. As A is increased for our solution,
the effective coefficients in change in a way that causes an oscillation to disappear. If we
keep increasing A\ beyond this point, some of the coefficients will even change sign, but once the
tachyon profile has stabilized with the missing oscillation it does not change significantly. For
A this large, however, we should not trust our results since coefficients with higher n will have
larger contributions.

Aside from the obvious, that the singular OPE case is a symmetric function where the
D-brane exists for a limited time while with regular OPE it exists until it decays at a finite
time, the qualitative difference between the tachyon profiles seems to be that the period and
number of oscillations can change this way. Because the strong deformation tachyon profile
we have found is similar to the profile of [34], it suggests that changing the strength of the
marginal deformation in the time-symmetric case is much like changing gauge in the time-
asymmetric case. If the late time behaviour is equivalent to the tachyon vacuum under a time-
dependent gauge transformation, as has been hypothesized [35], then in this case the gauge
transformation should depend on both time and the marginal parameter in a non-trivial way.
That our solution appears qualitatively like time-asymmetric ones for both weak and strong
deformation parameter suggests that such gauge transformations remain a valid explanation
of the oscillations in the time-symmetric case, although we are not aware of any examples of
gauges where coefficients have negative sign, so there may be a limit to the range of A where
this approach is valid.

5.3 Technical Details

It takes a surprising amount of Maple and C++ code to fully construct the solution ¥ for a
marginal deformation with singular self~-OPE and then evaluate the integrals corresponding to
its tachyon profile. This section describes what steps are necessary and why, as well as some
of the limitations that remain. Despite the limitations, this ends up being general enough
to calculate more than just the tachyon profile of the solution, so the action and equation of
motion are also considered. This section gives a rough description of the program used, with
a focus on what it is and is not able to do. To see precisely how these steps are accomplished,
appendix [B| contains the full commented code used. We then study a few tests of the validity
of the program by using it to calculate known quantities.

110



5.3. Technical Details

50-
401
401
30-
30-
In(|7()])
In(|7(0)]) 20
20-
101
10
0 1
0 ‘ 2.5 15 75 10 125 15
25] 5 75 10 125 15 ;
t
(a) (b)
401
401
30-
30-
(7 (1)) m(7(1)]) 20
20-
101
10
0 :
0 : ‘ : : : :
25 Ys '75 10 125 15 — 5 ‘r L7;5 10125 15
t
(c) (d)
Figure 5.5: The tachyon profile of the time-symmetric rolling tachyon solution. We plot the
log of the tachyon profile at a) In|A\|] = —0.5, b) In|A] = —1.92, ¢) In|A\] = —1.98, and d)
In |\| = —2.5. Positive values represented by black, negative values by red. The renormalization

constants Cy and C7 are both set to zero.
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5.3.1 Conventions

The first step in writing a program to perform calculations on wedge states with operator
insertions is to decide how the mathematical objects will be represented. Maple has datatypes
for mathematical expressions, but in our case we need more. A wedge state is a semi-infinite
cylinder with a given circumference, and operators are inserted at varying locations which
for our purposes will always be on the boundary. We define the wedge datatype as a three-
part list containing the width of the wedge, a set of variables with their (possibly integrated)
positions in the wedge, and finally the list of operators to insert, along with any constants.
When we add wedges, we do not want a wedge with circumference equal to the sum of the two
wedges’ circumferences any more than we would want one with the arithmetic sum of two sets
attempting to describe the insertion locations. In order to avoid this, all wedge sums should be
written using the inert operator &+ to avoid Maple’s default behaviour of adding lists element
by element. &+ is treated as a binary operator and can be used infix, but has no evaluation
rules and will be left alone by Maple’s simplification routines.

When we eventually perform calculations, we will have to truncate to a finite number of
marginal operator insertions, or equivalently a finite order in the marginal parameter . As
the order increases, the number of terms will increase very quickly, and if we are not careful
the execution time for simple operations such as the star product will become a problem. To
help with this, we will define an alternative form of the wedge state datatype. This is called
wpoly and has the same first two items as the wedge type, but the third term representing the
operators to insert is replaced with a list representing the taylor series of those operators in
A. When only a given order in A is desired, parts of this list which give results at too high an
order can be skipped. We then define a few more labels for determining the type of an object
for conditional processing: wsing evaluates to either of wedge or wpoly, wsum is a sum of wsing
types added using &+, and wtype evaluates to either of wsing or wsum and so covers all wedge
state types.

Multiplication in Maple is naturally commutative, so keeping track of ghosts requires some
extra thought. I have chosen to represent the ghost operators using the functions c(t) and
dc (t) which are undefined and will never be evaluated. For most situations the order of ghost
insertions is defined by their ordering along the boundary. c(1)*c(2) means ¢(1)¢(2), and
so does c(2)*c (1), while to get ¢(2)c(1) we would need to write —c(1)*c(2). A problem
arises, however, when two ghosts are coincident, as in cde(t). In this case I chose to break the
tie lexicographically using the name of the insertion location. This means that cdc(0) must
be represented by something like c(t[1])*dc(t[2]) where the insertions will only be set to
0 once the expectation value has been taken and there are no more ghost operators in the
expression. Because of this, two ghosts should never be inserted using the same coordinate,
and care must be taken when creating wedge states to guarantee that the sign is correct for the
ghost insertions given.

5.3.2 Basic Functions

With our datatypes defined, we can now move on to begin writing routines to manipulate them.
The most obvious operation we will perform on wedge states is the star product, which we will
do with a function called star. This takes two or more wedge states or sums of wedge states
and multiplies them from left to right. The danger in this is apparent when we consider an
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example like A x A, where both copies of the wedge state A would have their insertions at the
same locations. In addition to shifting all insertions in the second wedge state to the right by
the circumference of the first wedge state, we must ensure that the name of the coordinate used
to label those locations is unique. For this, I wrote a subroutine called newvar, which renames
variables to prevent conflicts. The star function must be careful to call this on the coordinates
in the second wedge state in lexicographic order so that the ordering is preserved and the ghost
factors will not inadvertently change sign. Our star product can take an additional named
parameter, LAMBDA_MAX, which will truncate the resulting string field to the given power of A.
This is especially efficient when all wedge states to be multiplied are given in the wpoly form.

At times it can also be very useful to be able to simplify expressions involving inert sums of
wedge states. For example, in a long sum many terms can become zero when acted on by the
BRST operator or truncated to a given order of A, so the function plus0 will identify vanishing
wedge states and remove them. This function will also flatten sums, effectively removing extra
parentheses in what is an associative operation. When the operator content of a wedge state
can be expanded, there is wexpand to do this and make each term its own wedge state, and the
function wcombine attempts to perform the inverse operation. As with addition, multiplication
of a wedge state by a scalar should not be done with the standard Maple multiplication operator
because that would multiply each item of the list that represents the wedge state. Instead, there
is ctimesw to multiply the operator content of a wedge state by any expression and leave the
rest of the wedge unchanged. Finally, when we want to examine only one component of the
taylor series in A, there is pickoff to return the taylor coefficient wedge state of its input at a
given order. Of course pickoff is extremely simple for wpoly types.

All of the basic operations we have seen in this section apply equally to all wedge datatypes.
There are alternative cases for the wedge and wpoly types, and they properly distribute over
the inert addition &+.

5.3.3 Known Wedge States

We now turn our attention away from the basic operations defined on wedge states, and towards
the computation of the specific solution found in [36] and reviewed in chapter The first wedge
states which are defined are zero and the star product identity, each coming in both wedge and
wpoly versions. The solution is built from the string fields Ay, and U, as well as the powers U3z
and U~ 2. Each of these string fields is in turn defined as a sum of wedge states with insertions.

So far we have talked about manipulating wedge states with insertions, but we have not
discussed what those insertions are. The renormalized integrated operators we found in chap-
ter [4] are complicated constructions which will each need to be created before they can be
used in numerical calculations. The operators we will need are [V (a,b)"],, [V (a)V(a,0)" "] ,
[V(a,b)" 'V (b)] . and [V(a)V(a,b)" 2V (b)] .- Because the action of the BRST operator on all
but the last of these is well understood from the assumptions and , expanding them
in terms of bare marginal operators and counterterms too early would be a mistake. Instead
we will make use of inert functions, as we did with addition, and name these renormalized
operators V_ren, V.L_ren, V.R ren, and V_LR_ren respectively. Each of these should be given
five parameters, representing the total number of marginal insertions, n, the left and right end-
points, a and b, a list of the variable names where the marginal operators are to be inserted, and
a name used for the total circumference of the wedge state the operator is inserted on. The last
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parameter is never used when the operators are defined by our little g renormalization scheme,
but the sample scheme of [36] which is discussed in section requires it, so we will include
that parameter for backward compatibility. Once all operations which are simpler on the to-
tal renormalized operators have been performed, the inert functions representing them can be
replaced with active ones that use bare insertions of the marginal operator and counterterms.
The active functions are named V_r, V_.Left, V_Right, and V_LR.

The active functions representing renormalized operators insert counterterms using the lit-
tle g scheme, which depend on the insertion coordinates. They are inserted for every pair of
coordinates, as in g [[V (¢;) ¢, with the fully symmetrized integrand being finite at all coordi-
nates, as described in of section The counterterms to be inserted are the functions
G_r, G_Left, and G_Right. The capitalization of the counterterms in the code goes back to the
use of the two-point function in [36], but the functions they represent are the correct little g
scheme terms. Finiteness of the integrand is important for numerical calculations. If we were to
try something like a big GG scheme where the integrals of the marginal operators are regulated
by € and the counterterms are explicit functions of €, actual integration would be extremely
difficult. First we would have to implement the regulated integration regions, which are not
simple at all, and then we would have to perform the integrals many times so that the limit in
e could be taken numerically. This is not practical, so instead we guarantee that the integrands
are always finite and then integrate over unregulated regions once. The minor disadvantage of
this approach is that we cannot integrate terms in the result separately, since they may have
cancelling singularities. The more serious related problem occurs when the divergent terms
being added to give a finite integrand have differing rounding errors. This will be considered
in more detail in section

Once renormalized integrated operators are defined, we can begin using them to make
string fields. The string field U is given order by order as a wedge state with n fully integrated
operators inserted between 1 and n. The Oth order of U is defined to be the star product identity,
and this means that functions of U can be defined in terms of Taylor series of the function about
1. The first order term in U vanishes because it consists of a single (non-renormalized) operator
integrated over a vanishing region. The function Utail returns the string field U — 1 for use
in these Taylor expansions. Specifically, we need Uinv, Usqrt, and Uinvsqrt, which return the
string fields U1, U %, and U™ 2 in the wpoly type. Finally, we also define the functions A_L
and A_R to give the corresponding string fields in wpoly form. It is worth mentioning that
since the wedge states used for both U and Aj, r have different circumferences at each order
in A, each order must be its own wedge state and the lists representing the Taylor series of the
operator insertions will each have only one non-zero element.

The solutions Psi_L_real, Psi_R_real, Psi_L, and Psi_R all have simple definitions in terms
of the string fields defined so far. As in [36], they are

U= \%AL\% + \/%QB\WU, (5.10a)
_ \%AR\% + ﬁQB\/lU , (5.10D)

v, = AL% , (5.10¢)
Uy = %AR . (5.10d)
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The real solutions ¥ in the first two lines are equal, while ¥ and Wg are related to ¥ by
gauge transformations. Having several forms of the solution is useful for debugging, since we
can compare calculations. The number of terms in each of these forms of the solution grows
very rapidly as the order in A is increased, but it is still possible to do 6th order calculations in
a very reasonable amount of time.

The last string field we will need is the conformal patch. When we define string fields in
terms of wedge states with insertions, what we are really saying is that the string field ® is
such that its overlap with an arbitrary test state is the same as the expectation value of the
operator corresponding to the test state ¢ inserted on the corresponding wedge state. See also
the discussion of . The test state we will be using is quite simple, having ghost number
two and no matter content except for an amount of momentum in the time direction. The
operator corresponding to this test state is, up to the conformal factor going from the upper
half plane to Schnabl frame,

$(0) = 9c(0)c(0)eH"©) (5.11)

We implement this by defining a wedge state with width 0 and the appropriate operator content,
so that when it is multiplied by a wedge state the result has all of the operators needed for the
expectation value in question, all inserted in the correct positions. The zero width is so that
this conformal patch does not alter the circumference of the resulting wedge state.

5.3.4 The BRST Operator

In the construction of the solution ¥, the BRST operator is not terribly complicated. This is
because it only acts on U*3 which has ghost number zero and no fixed operators. In this case
only an implementation of the first BRST condition is needed. Acting separately on each
term in a sum of wedge states, Q_B goes through any product of renormalized operators and
replaces each one with the sum of terms representing the right hand side of

1 1 1

@8 V(@b)]y = gy V(@)™ eV ()], = o=y [eV(@)V (a0
+ (n_lw (o}?(b) - of’(a)) [V(a,b)"?], (5.12a)
where . .
O (b) = 0e(b) + CPe(b) . OF(a) = —de(a) + CPela) . (5.12b)

As we have already mentioned, in this chapter we assume that C* = C, but do not neglect
that constant.

While this is all we need in order to construct the solution, if we wish to test the equation
of motion we will need to implement the second BRST condition . This raises a number
of additional issues for a clear definition of Q5. One obvious difficulty is in the fact that Qp is
a graded derivation satisfying Qp(A * B) = (QpA) * B+ (—1)4A % (QpB). For wedge states
with insertions of operators such as [cV (a)V (a,b)"], [V (c,d)"?], we want to have Qp act on
the first renormalized operator as a whole without picking up a sign change from acting on
operators to the right of a ghost until it gets to the second renormalized operator. This is an
issue whenever the fixed operator does not appear in the last renormalized group. To do this,
for the purposes of determining sign we view integrated operators as being inserted at their left
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endpoint, and ghosts as being inserted slightly to the right of where they actually are. Then
by considering the action of Qg on all operators from left to right and changing sign whenever
we pass a ghost, the signs will be correct.

The other problem with applying the BRST operator to operators of ghost number one
comes from the fact that we are treating the matter and ghost parts separately, whereas in
section [£.3.6] we had to consider them together so that the ghosts could properly soften some of
the divergences. What we will do is assume that Qp only acts on renormalized operators with
one fixed insertion in the form [c¢V (a)V (a,b)" "] ~or the right handed version; there is always
a ¢ ghost included with the fixed insertion. We then take the result

o ([cV(a)V("_l)(a, D) -5 [ac( V=2(a,0)]

= [CV( )v<n—3>ac(b)}

> = — [cV(a)V(”_Q)(a,b)CV(b)]

+ 3 [9et@V e (@, b)ev (v)]

g g

+ 1 [pelav eI o) - (5.13)

g 9 g

and rearrange it to get

Qs [V(@V©V(ab)| L= [V@VA(abve) ob) - |[V@v" b o
c(la)O(LQ) @ [V @bV o)] o) 0(1@0(2) (@) [V a,b)] 0 )
_ C(]-CL)OEQ) (a) [V(”*B) (a, b)V(b)]r C(b) c(]é) 0(2 ( ) [V(n 4) (CL, b)]r O(R?) (b)
~ 0P (a) [v (n— } 7(a))? [v<n—4> (a, b)L . (5.14)

The notation used here is [V("(a, b)), & 1 V(a,b)"],, which is standard in [36] and is con-
venient for writing renormalized operators which have an exponential form. The right handed
version of this is

Qz [V (a,b)v ()]

= —c(a) [V(a)V(”_Q)(a, b)V(b)} —0P(a) [VW—?)(Q, b)V(b)}

g g g

_ {V(H) (@ b)} 02 (5)0) () — {me?»)(a,b)v(b)] 02 b) . (5.15)

Obviously these cannot be used if they are not multiplied by ¢(a). We have also assumed that
@ p does not act on the ghosts. In reality this is not true, but as long as ghosts appear only in
the specific combinations of O /r produced by we can pretend that () only acts on the
matter sector and combine the ghost part into those results. That is the approach taken here,
and while it is definitely a hack from the point of view of all allowed renormalized operators, it
is enough to produce correct results for the string fields we are interested in, namely those used
in the solution ¥, as well as the equation of motion and the action evaluated on the solution
v,

The BRST code which replaces one operator with another is quite dense so I will explain
one term in detail. The term —ﬁO(LQ)(a) [V(”_3) (a,b)V (b)] ¢(b) coming from the third and
fifth terms in will be our example.
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grandterm[i] :=grassign*subsop (1=op(l,grand[i]) -2,4=[op(3..0p (1,
grand[i]) -1,0p(4,grand[i])) ,op(4,grand[i]) [2]],V_R_ren (op(
grand[i]))):

outw:=outw &+ [expr[1],remove (has,remainv,op(4,grand[i]) [op(1,
grand[i])]) union map((x->1lhs(x)=op(2,rhs(x))) ,removev)

, ‘%(-2,0L2(op(4,grand[i]) [1]) ,c(op(4,grand[i]) [2]) ,op(remove(
has,grandterm,c(op(4,grand[i]) [1]1))))]:

The first line alters the call to the inert function representing a renormalized integrated operator.
The maple function subsop performs substitutions which replace the operands of its argument.
In this case the first operand of V_L_ren is reduced by 2 since there are two fewer insertions of
the marginal operator, and the fourth operand is changed from [ty,...,t,] to [ts, ..., th—1,12].
The operator itself is then changed from V_L_ren to V_R_ren without any further changes to its
arguments. In the second line we see the construction of the wedge state to be added to the
output. In the coordinate selection part, the integrated ¢ coordinate is replaced with to = b
by removing it and then taking the union with the removed coordinate evaluated at its right
endpoint. Finally, the product ‘*‘(...) gives the operators inserted along the boundary. The
initial 2 comes from the sum of the third and fifth terms in , and then the ghost operators

O(LQ) and c are inserted at the left and right hand endpoints respectively. The remainder of the
operators are inserted at the end, with the exception of c(t[1]), which is removed from the
product.

5.3.5 Expectation Values

The string fields we are interested in are defined by having the same overlap with an arbitrary
test state as a given collection of wedge states with insertions. We have now described everything
needed to produce those wedge states with insertions, and include an insertion for a useful class
of test states. This leaves us with the question of how to find those CFT expectation values.
This will be done in two steps, with the algebraic work to produce integrands done in Maple,
and the numerical integration done in C+—+.

The algebraic portion of the correlation functions is found with the function corr. The first
step is to replace all of the inert renormalized operators with active ones and then wexpand the
result so that each wedge state contains a single product of operators and functions. Next we
go through the operator content and collect each type of operator. Obviously, it is not possible
to handle every operator which exists in the CFT, but the only ones we need for our purposes
are e*X"®) ¢(t), and dc(t). If we want to see how other marginal deformations compare, the
deformation X has the same self-OPE as the rolling tachyon /2 cosh X, so we also allow this
operator in addition to the previous three. In the matter sector this is implemented by going
to the upper half plane where we have

<H eiki'X(ti) H aij,uj (Sj>> _ (}élino < (H elkzX(tz)> H geaX”j (s5) e ¢ Zj:l XM (U)>
] j =1

i=1 j=1 7j=1
m
65- / ] el
. k. — ] -2 0,
— lim H 85 H(tz N ti/)Qa ki-k;r H(tz o Sj) 2ia’ ak; H (Sj . Sj’) a'atduy (516)
a—0 - « S
Jj=1 i<i! .7 J<y’
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The ghost sector is easily represented in Schnabl frame, where we can use the result from
equation (D.11) of [25],

(c(x)e(y)e(2))yw,_, = sin(z — y) sin(z — 2) sin(y — 2) . (5.17)

The matter sector result is only valid when )" ; k; = 0 so that momentum is conserved, and
the ghost factor will be zero unless the ghost number is three. Both of these restrictions are
checked for, and zero is returned if either one is not satisfied.

So far, the correlators have been done on the operator content without using the second
element of the wedge datatype which says where the insertions really are. Now the list of
coordinates is separated into those which are integrated and those which are fixed. For each
integrated coordinate, the expectation value is wrapped in Maple’s inert integration function,
Int, so that excessive execution time is not wasted trying to evaluate the integrals at this stage.
For each fixed insertion, an attempt is made to substitute the insertion location for the variable
name. This may fail if, for example, diametrically opposed insertions on the wedge state cause
a divergence which is cancelled by the conformal factors. If direct substitution fails, a limit is
used instead, and if that still cannot be evaluated for whatever reason an inert limit function
is used. Fortunately, the solution is well enough behaved that the inert limit should never be
needed.

5.3.6 Handling and Exporting Integrands

As a result of the corr function, we now have a long sum of integrals, many of them multi-
integrals. Each integral represents one product of matter exponential and ghost operators
appearing in the quantity being evaluated. As we have mentioned, these integrals are unreg-
ulated because we are using the little g scheme which has finite integrands. At this point,
however, many of the integrands are still divergent because a single product of (unrenormal-
ized) operators is naturally divergent in this setup. Only when all of the terms associated with
a renormalized operator are added together do we have a finite integrand. Since the integrals
are unregulated we have to add the integrands before we can integrate. Some numerical inte-
gration routines require that the region of integration is the unit hypercube, (0,1)". Of course
it is a simple matter to rescale functions at the time of integration, but by making the change
of variables at this point, the process of adding integrands is simplified. Instead of searching
through all of the terms to identify which ones have matching integration domains, the function
to_cube rescales every integrand to be integrated from O to 1, and then simply adds all terms
which are integrated over the same dimension. This gives sums with even more terms than we
needed for finiteness, and would only be an issue if we were interested in finding the values of
specific terms separately.

In order to perform the integrals using C+-+ routines, we need to output the integrands
that we have produced so far to a file. A single file containing a hundred integrands as C++
functions would require a great deal of work to incorporate into a working program, so we
include code to keep track of what should be done to each of those functions, and even what
output to print with descriptions of each term. The function tacconst is set up to do all of this.
First it constructs the solution at a given order in A, and optionally the action and equation
of motion. Next it finds the tachyon profile of the solution, and if the equation of motion was
computed the overlap of that with several ghost number one test states, as unevaluated integrals.
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Now each of those quantities is still a function of the renormalization constants Cy, C7, and
CL, but because of the structure of the renormalization scheme, they are actually polynomial
functions, so by differentiating we can separate the integrals into Taylor coefficients. Now by
treating each of these Taylor coefficients as a separate integral to be computed, the integrands
are entirely floating point functions which can be evaluated and integrated numerically. A line
is then written to a file to call a C++ function called CubeInt on each of these integrands,
since that is what we will call the function to integrate over the unit hypercube. After that,
printf statements are written to the file which will output a few characters describing what
quantity is being given, followed by the reconstructed Taylor series for that quantity with the
Taylor coefficient integrals replaced by their floating point results. Finally, each of the integrand
functions is written to the file. This is done at the end because they can often make up many
megabytes of text, and it is easier to separate them into a header file if they are all together.

5.3.7 Numerical Integration

The integration is handled by off-the-shelf C++ routines. The CUBA library appears to be
a good choice in most cases [52}@ It is a collection of four algorithms for multi-dimensional
numerical integration, three of which use pseudo-random sampling while the fourth is a deter-
ministic algorithm. Since we are working at sixth order in A and the solution has ghost number
one (corresponding to the number of fixed moduli), there are never more than five integrated
coordinates in a given integral. While Monte Carlo algorithms do scale better as the dimension
rises, in five or less dimensions it appears that the deterministic algorithm, Cuhre, is slightly
more efficient. As we will see, Cuhre is also more reliable in most cases. Unfortunately, it
only integrates functions of more than one variable, so in the one-dimensional case we use the
QAG routine from the GNU scientific libraryﬂ Each of the routines in the CUBA and GNU li-
braries provides its own error estimate, and the CUBA library routines also provide a chi-square
estimate of the probability that the error is sufficient.

A single quantity to be calculated numerically, such as an individual term in the tachyon
profile of table or in one of the consistency checks of tables and generally consists
of a small number of integrals. Each integral contains all of the terms in the solution which are
integrated over a given number of coordinates, or equivalently all of the terms with the same
number of integrated operators. Most quantities are the sum of two integrals, but a few are
only a single integral, and quantities in the action can consist of more than two.

Convergence

In order to get as much data as possible, the collection of integrals we look at here will include all
of the ones used in calculating the tachyon profile as well as the action and several components
of the equation of motion. The action and equation of motion will be discussed as checks of
consistence later in this section.

It is difficult to study convergence of the one-dimensional integrals due to the fact that the
QAG algorithm does not report the number of samples used. We can, however, take several full
sets of data for these integrals and compare the different calculations of the same integrals. We

“The CUBA library is distributed from http://www.feynarts.de/cuba/.
®The GNU scientific library is found at https://www.gnu.org/software/gsl/.
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find that they all agree with each other well within the error estimates. The only troubling
one-dimensional case is that of a constant integrand. This can be seen in the kinetic energy of
the solution at fourth order in A, which is the particularly simple quantity fol dt % - % The
integration algorithm performs operations on the constant causing tiny roundoff errors which,
when the constant value is subtracted, causes the result to differ from zero. This would not
be a problem except that error analysis in numerical integration is based on variation of the
integrand, and as such gives an estimated error which is extremely small. While in principle
error estimates should account for the roundoffs inherent in their algorithm, in practice this does
not seem to be the case. The error estimate becomes small enough that the reported result can
actually be incorrect, and even unstable with respect to changing the desired accuracy. Most
integrands worth using a numerical algorithm to integrate undoubtedly vary enough that this
is not normally an issue. This is the only instance of such a problem that we encounter, but
since the integral is trivial we do not need to rely on numerical integration for its value.

We now turn our attention to the Cuhre algorithm, so we will only be considering integrals
over two or more dimensions. The first question we will ask here is whether the error bars
reported by the integration algorithms are sufficient. Because we do not know the correct results
for most of the integrals, we evaluate each integral with at least three different choices for the
sample size, N. Making the assumption that the calculation with the largest N is “correct”, we
can compare the difference between each computed integral and the most accurate one to the
error estimate reported by that integral. This is shown in figure where blue points have
sufficient error bars and green points are within twice the error bars. The few red points are the
outliers which differ from their largest N partners by more than twice their error estimates. In
a moment we will compare every computed integral with other calculations of the same integral,
so the red points here will also have greater than 20 difference in that comparison. Many of
these points come from the same integrals, so there are actually not very many integrals which
will need to be examined in detail. Our choice to prefer the Cuhre algorithm over the adaptive
Monte Carlo algorithm Suave is justified by figure [5.6b] where we see that the Suave algorithm
is as likely as not to underestimate the error. In its defence, Suave frequently reports a 100%
x? estimate that the reported error is insufficient, but this is not particularly helpful in finding
accurate values.

The Suave algorithm can still be useful for comparison, however. Its error bars are not
helpful, but if the same quantity computed in Cuhre and Suave differs by more than a few
percent it is worth closer examination. This is how the two terms marked with asterisks in
table were identified. The integrals responsible for the troublesome behaviour of these two
quantities are plotted in figures and There were some other terms which were flagged
by this test, but they converged reasonably well once the sample size was increased sufficiently.

With many integrals each calculated for several different values of N, we have a sizeable
collection of data to examine. Among the 848 Cuhre integrals, there is only one instance of
the error estimate increasing as the sample size was increased, so we can safely say that the

reported error bars decrease monotonically as N — co. We can then examine the quantity
|z —a;]

A /Ax?—&-Ax?
within o of each other, while 94% are within 20. Those which disagree by more than 20 can
be studied individually, since they correspond to only 15 different integrals. Of those, four only
disagree due to a single computation each with very low N (about 500 samples) that has a 50%

for every pair of calculations of the same integral. We find that 88% of pairs are
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Figure 5.6: Plots showing the reliability of error estimates. The vertical axis is the difference of
two calculations relative to the more precise of the two, and the horizontal axis is the relative
error reported by the numerical integration. The Cuhre algorithm results are shown in a) and
Suave results are in b). Points with differences greater than twice the reported errors are red,
those with differences between one and two times the error are green, and those with error
estimates large enough to cover their difference from the “best” value are blue.

x? chance of being incorrect. One of the remaining 11 integrals is also the one responsible for
the tachyon profile coefficient 5é0), so adding in the integral responsible for the other flagged
term in table we have 12 integrals to examine. These are plotted with various values of N
in figures |5.7] and The values and their error bars are shown in blue, and when appropriate
to the scale of the plot the corresponding Suave results are also shown in green.

The first two plots represent the parts of the tachyon profile for which we used the Suave
results. In figure[5.7a]the problem is not that the results are inconsistent, but that the errors are
so large that the results are meaningless. It looks likely that as N is increased the results will
continue to converge to something quite close to the Suave result. For the other integral, figure
shows that as N is made extremely large we finally find something like the much more
consistent Suave results. The slope, however, does not yet appear to be significantly slowing
down, so we cannot be sure that it is convergent. The rest of the plots in figures [5.7¢ show
the other integrals that contribute to the tachyon profile and have more than a 20 variation
between points. They all show signs that once N is sufficiently large they converge quite well.
Only for smaller NV do the error estimates appear to be insufficient.

Moving on to integrals which contribute to consistency checks, in figure we see that the
majority are fine. Only does not appear to converge. As with the examples shown in figure
this may well be linear until some critical N where it begins to converge. In addition, while
only the quantities composed of small sums of these integrals are supposed to vanish, in many
cases each of the integrals will vanish independently. These seven examples all become closer
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Figure 5.7: Several integrals from the tachyon profile calculated with different values of N. The
error bars are those reported by the Cuhre algorithm. When the Suave algorithm gives results
which fit on the same scale they are included as the green data.
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Figure 5.8: Several integrals from the consistency checks calculated with different value of V.
The error bars are those reported by the Cuhre algorithm. When the Suave algorithm gives
results which fit on the same scale they are included as the green data.
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to vanishing as N is increased, and only [5.81 is not getting very close to zero. Convergence of
these results does not appear to be very much of an issue, and I expect that if we continued to
increase N by another factor of ten they would all continue to approach zero.

Roundoff errors

Each integrand may contain a number of terms which are divergent either on the boundary
of the region, t; € {a,b}, or on a diagonal, t; = t;. While the renormalization is designed
specifically so that these divergences will cancel, individual terms evaluated near these regions
can be very large. Because we are limited to the double precision floating point datatype, each
term has a relative precision of approximately 1076, Any time an individual term is more
than 10'6 times the theoretical value of the integrand evaluated at the same point, the machine
uncertainty coming from that term can dominate the result. We would hope that since this only
happens for a small subset of the points sampled the effect will be negligible as the number
of points increases, but this is not the case. If we take a random sample of N points, as is
done for Monte Carlo integration, we would expect the closest point to a given boundary (or
other codimension 1 subspace) to be ~ % away. Individual terms, however, often have a t%
divergence from the OPE of the marginal operator, which would lead to ~ N? divergence for
the closest point. This grows faster than the denominator, IV, so the roundoff error in the
resulting integral should increase linearly with the number of points. The deterministic case is
actually worse because some points are intentionally chosen near or even right on the boundary.
To combat this, whenever a sample point is close to a boundary or a diagonal, we can replace
it with a nearby point giving a decent approximation to the integrand. The integrand function
is effectively replaced by one where the value is held constant on small strips. While this
means that a perfect integration with no uncertainty would give an incorrect result, the errors
introduced this way are less problematic than the roundoff errors when we sample many points
without any regulation.

When we discussed the differences between the big G and little g renormalization schemes,
I mentioned that the lack of a regulator was an advantage of the little g scheme. Here we have
introduced another regulator, so we naturally ask why this is not a problem. The regulator in
the big G scheme was required by the theory in that scheme, and we wanted the limit as it
approached zero. This regulator is to prevent roundoff error, which is the unavoidable result
of using a floating point datatype. Since we are regulating the integration region anyway, we
might ask why (aside from issues regarding finiteness at higher orders) we did not use the
big G scheme. By using the little g scheme, the integrand is independent of the regulator,
which simplifies the integration process. There is not a different integrand for each value of the
regulator, and instead of a limit, we only use a small value of the regulator, namely 3-10~%, for
which the integrands always evaluate with negligible errors. The choice of regulator for these
roundoff errors is arbitrary, but we can estimate the error we have introduced by using the
same regulator to replace the value of the integrand with zero near boundaries and diagonals.
Fortunately, the differences are minor compared with the statistical errors which are accounted
for by the algorithms’ reported uncertainties.

124



5.3. Technical Details

Consistency checks

Since the programs to construct wedge states with insertions and produce and evaluate integrals
corresponding to the tachyon profile are quite complicated, it is worth using them to evaluate
some known quantities. We will see that the numerical integration process gives results which
are consistent with expectations the majority of the time, despite the presence of counterterms
and the uncertain nature of numerical integration. An obvious choice for a quantity which we
know is the equation of motion, which should vanish. The equation of motion, however, has
ghost number two, which means that its expectation value by itself will trivially vanish because
the ghosts are not saturated. In order to test that QpW+ W * ¥ vanishes we test that its overlaps
with various other string fields all vanish. Because the equation of motion is stronger than just
requiring that the equation of motion annihilates all states and actually tells us that it should
vanish exactly, as long as the string field is constructed properly these correlation functions
should work out to zero whether they themselves were computed correctly or not. In order
to test that a non-trivial result also gives the correct answer, we look to the action. Because
this is an exactly marginal solution, we expect the energy to vanish, and because the energy is
proportional to the action, the action should vanish as well. The action has ghost number three
and does not need any additional test states inserted. That this also vanishes is our first strong
test that non-trivial expectation values are computed successfully. A summary of these test
calculations and their results using the deterministic algorithms is found in tables[5.6|and [5.7] at
the end of this section, and all of them are expected to vanish. The majority of the results are
consistent with zero, but a few exceptions require detailed examination. These six examples are
in table[5.4] which restates their values using the deterministic algorithms and then includes the
corresponding results with Monte Carlo calculations and with deterministic calculations using
a vanishing integrand near borders and diagonals where cancelling singularities may occur.

The values in tables and all use a border with width € = 3-10™*. When the integrand
is sampled within € of a boundary or a diagonal, the closest point on the edge of this strip is
used instead. In the last column of table when the integrand was sampled at points within
these strips, zero was returned instead. The difference between these results gives an estimate
of how important the regulated region is to the final result of the integral, and we can see that
in most cases it is small compared to the error estimates.

Looking at table the first two quantities, (ceX(O),EOM(3)> and (¥ EOM®), have
very similar behaviours because the second integrand is v/2 times the first. They are one
dimensional integrals, so we can do them analytically and find that the results are exactly
zero. The integrands for these two are increasing as they approach each of the boundaries,
which would suggest that the discrepancy comes from the regulated region, but the results
with 0 inserted near the boundaries are identical. In fact, the QAG algorithm always seems
to give identical results with either choice of regulation near the boundaries, suggesting that
that it does not pick points too close to the limits of integration. If we redo these integrals
requesting much higher accuracy, however, we find results which are less precise but consistent
with zero. Perhaps requesting a higher accuracy causes the algorithm to notice the cusp where
the regulated strips at the boundary are, and that increases the error estimate. The kinetic
energy at fourth order is a peculiar case of rounding errors, and it was already discussed in
the context of convergence. None of the integration algorithms is correct all of the time, and
we should not expect them to be, but QAG is problematic because it gives less control over the
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5.3. Technical Details

Quantity Cuhre/QAG Suave Cuhre/QAG with O
(ceX” EOM®) | (=6.14£0.6)-10"11 | (4.1+£04) 1074 | (=6.1+0.6) 10"
(@M BOM®)) (-8.54+0.8)-107" | (6.1+0.7)-107* | (-8.540.8)-10"
(U, Qpw)® (=8.7+1.2)-107"0 | (=1.5+£1.3)-1072 | (-8.74+1.2)-1071°
527 (ce®X” EOM®)) | (6.2+2.1)-107% | (=0.3+£1.1)-107% | (-0.4+1.3)-107*
o (¢, EOM©)) (—2.240.5)-107% | (8.7+£7.8)-107* | (0.1+2.1)-102
5= (U EOM®)) | (=3.0£0.2)-107% | (=5.14£0.7)-107* | (08+1.7)-107°

Table 5.4: Numerical results for consistency checks which require further analysis. Among the
results which are expected to vanish, these six have deterministic results which do not. They
are given using the standard deterministic algorithms Cuhre and QAG, using the adaptive Monte
Carlo algorithm Suave, and using the deterministic algorithms with the integrand replaced with
0 on the regulated strips near potential singularities instead of using the value of the integrand
at a safe nearby point.

sample size and does not report the total number of points it uses. We cannot show these
results with different sample sizes, as we do for other quantities of interest. Because these are
one-dimensional integrals, however, we can expect that the majority of them will be computed
very accurately.

For the other three quantities, the integrals are multidimensional so we can evaluate them
using the Cuhre algorithm with several different sample sizes and see if they become closer
to zero. This is shown in table (.5l The first two of these both have error estimates that
decrease as the sample size is increased, and values that decrease even faster. For the first,
we see agreement once the sample size is large enough, and for the second we can suspect
that the result will continue to tend towards zero. The most important integrals in these two
quantities were shown in figures and respectively, where we can see the convergence
to 0 as N is increased. In the case of the final quantity, however, the result clearly does not
vanish. If we change the thickness of the regulating border, however, it causes a significant
fluctuation, and for extremely thin borders both the result and the uncertainty become much
larger. This suggests that it is a genuine case of the border region having a significant impact.
Unfortunately, the only way to resolve this issue would be to use higher precision floating point
datatypes.
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5.3. Technical Details

Algorithm Quantity Result Dimensions and Sample Sizes
(6.2+2.1)-107° 16055 32131
-5
5 3x0 5) (3.7+1. 6) 10 18005 54229
Cubre | or{ee™ L EOMY) 1 ot 13).105 | 2| 25545 76581
(024 1.7)-1076 81055 243205
(—2.240.5)- 1074 32131 64107
5
r ©) (=7.14+2.6)-10 54229 162027
Cubre acy (¢ EOMTD) (—4.0+1.7)-10-5 | 3| 76581 229347
(=9.1+£5.2)-10°6 243205 729045
(—2.96 £0.19) - 1078 32131
-8
9 100) @n | (—2.99+0.13) - 10 54229
Cunre | 5o (VL EOMED 1 5094 0.11)-10-8 | 3| 76581
(—3.01 £0.06) - 1078 243205

Table 5.5: Three of the consistency checks in table are shown with different sample sizes.
The first two are computed as the sum of two integrals with different dimensions, while the
third is a single integral. We expect to see results which tend towards zero as the sample size

is increased.
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5.3. Technical Details

0

0

—(6.1+£0.6) - 10711

0+1.1-10716

—(0.64+1.9)-1075 — (0.8 £ 1.3) - 10-6C*

(1.74£2.5) - 1076 4+ (9.2+£9.7) - 10~ 7C*

(2.84+8.7)-1071

(1.84+£2.5)-107° — (1.3 £ 1.8) - 107°CF — (0.2 £ 3.2) - 1074(CL)? + (2.1 £ 2.0) -
107°Cy + (0.6 £2.3) - 107°C

(0.242.3)-107° 4 (6.242.1)- 107°C* — (0.3+2.7) - 107°C; — (0.7£6.6) - 107°Cy
(0.2+3.8) 101

—(0.842.0)-1072 4+ (0.7£1.9) - 107*CF — (1.6 £ 5.4) - 107°(CF)? — (1.8 £ 2.3) -
1074C; + (0.2 £ 7.1) - 1073CFCy — (2.2 4 0.5) - 1074Cy + (1.9 £ 6.5) - 107°CoCE
—(0.1£1.3)-1073 4+ (0.7£3.7) - 107*C* + (0.2 £ 1.9) - 1073(CF)? + (0.1 £ 2.1) -
1073C; + (04 1.5-1072)CFCy + (0.9 + 5.1) - 1074Cy — (0.1 £2.9) - 1073CECy
04+1.1-1075+ (1.4 £1.0) - 107C* — (0.2 £5.9) - 1075C; + (0.4 £ 8.9) - 10~ 7C)
—(0.6+£1.3)- 10714

o O O O O

—(8.540.8) - 10711

0

—(0.541.3)-107° — (0.1 £3.4) - 107°C* — (3.0 £ 0.2) - 1078C,

0

0

—(0.3+£2.4)-1073 4+ (2.3 £5.2) - 107°CE — (0.2 £ 1.8) - 107°(CTL)?
0

(24+3.9)-107° — (1.9 £2.5) - 107°CF — (0.3 £ 4.5) - 107*(C*)? + (3.0 £ 2.8) -
107501 + (08 + 32) . 107500

0

0

Table 5.6: Deterministic tests of the equation of motion for the rolling tachyon. Superscripts
represent the order in A of each quantity. Cuhre/QAG results shown.
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5.3. Technical Details

(¥,Qe¥)@ [0

(U, 0« 0)2 | 0

<lea QB\IJ>(3) 0

(U, T« )3 | 0

(U,Qpu)™ | —(8.74+1.2)-1071° 4 (0+4.2-10"4)CF

(U, T 0@ | 0

(2,Qp)® | 0

(U, T« W)®) | 0

(T, QpW)® | (0.02+0.30) + (0£3.5-1072)CF + (04 0.11)(C*)? + (0.5 £9.6) - 10713 (CL)3 + (0 +
6.7-1073)Cy — (0.1 £2.3)- 107 1B3CEC; + (04£1.1-1072)Cy + (0.1 £1.5) - 10~ 14 CL ¢y

(U, T W) | 0

Table 5.7: Deterministic evaluation of the action for the rolling tachyon. Kinetic and cubic terms
are found separately as a consistency check. Superscripts represent the order in A\. Cuhre/QAG

results shown.
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Chapter 6

Summary

This thesis consisted of three main projects. All three involved solutions to string field theory
with marginal deformations of the initial D-brane configuration, and two also had connections
to the tachyon condensation that represents D-brane decay. We saw both the level truncation
and analytical approaches to string field theory. While there are still unanswered questions,
progress has been made on each of these topics.

In chapter [3| we saw a new solution to level truncated string field theory. Building on known
solutions involving tachyon condensation and marginal deformations, this solution combined
those two phenomenon. The result is a solution where a pair of separated D-branes move to
become coincident and then a linear combination of the two decays. A combination of tachyon
decay after a marginal deformation has since been studied analytically in [45], finding that the
energy is independent of the marginal deformation without examining any limitations on the
presumably unbounded analytical marginal deformation, but at the time the system examined
here had only been seen in the context of separated brane-antibrane decay [53]. That system
lacked the enhanced symmetry when the D-branes are coincident, but otherwise had very similar
results.

We saw that the part of the string field primarily responsible for D-brane translation is
approximately a linear function of the separation as long as that separation is small. Unfor-
tunately, we are also able to show that a field redefinition mixes the terms, so that this linear
relationship is not by itself the correspondence between the marginal parameter and its physical
effect. We also saw that both the parameter and the physical deformation have finite maximum
values. This is in conflict with the natural expectation that translation of a D-brane should
be unbounded, but in agreement with all previous level-truncated results on marginal deforma-
tions. In fact, we found evidence that contradicts early explanations for this maximum which
involved either a singular correspondence or a second branch of the solution, since in our case
it is the physical translation distance that is known and bounded.

In chapter {4 we focused on the work of Kiermaier and Okawa [36]. For a class of marginal
deformations with the OPE V(0)V(¢) ~ t% they showed that it is possible to define a solution
using renormalized marginal operators. That work also provides an example of a renormaliza-
tion scheme which is compatible with the sufficient conditions for their solution. Here I have
carefully studied those conditions and proven that they are all satisfied for a slightly more gen-
eral family of renormalization schemes with two parameters. This also filled some gaps in the
original proofs. Considering the most general case, we saw that there are likely to be infinitely
many free parameters, but for our proofs we only included two. We hope that this freedom is
connected to gauge transformations, but that remains unproven. After studying two different
approaches to renormalizing the marginal operators, we saw that they are not equivalent be-
yond quadratic order, and that the more natural approach at quadratic order needs subleading
corrections in order to remain finite beyond cubic order.
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Chapter 6. Summary

One well known example of a marginal deformation is the rolling tachyon. Physically it
corresponds to the time-dependent process of D-brane decay. The time-asymmetric rolling
tachyon has been studied extensively, and no further calculations were necessary here. The
time-symmetric case, however, was not previously studied due to the fact that it has a singular
self-OPE of precisely the form that Kiermaier and Okawa’s solution was intended to renormalize.
In practice, the solution is difficult to construct, but we found in chapter [5| that it can be done
up to 6th order in A by combining symbolic algebra and numerical integration programs. Such
a calculation to explicitly construct component fields of a renormalized marginal solution had
not previously been attempted. In this way we found that the tachyon profile for small A is
qualitatively no different from what we would find if we took the tachyon profile of the time-
asymmetric case and symmetrized it. Unlike that simple case, however, when we increased
A we found that the shape of the profile can change in ways that appear similar to gauge
transformations.

We found that the two free parameters we allowed in the renormalization scheme play no
part for small A, but that they do affect the tachyon profile for larger A. The part of the tachyon
profile responsible for the small A behaviour is also quite clearly a convergent series for all times,
but it is not at all clear that the rest of the tachyon profile still converges when A is increased.
This is especially true since the renormalization parameters could in principle take any value.
Whether the tachyon profile is finite for all A and what consequences this has for the topic of
maximum marginal deformations remains an open question.
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Appendix A

Action For Separated D-branes

This appendix contains the details necessary to easily reproduce the action used in chapter
A version of this apears on the arXiv as [4]. That work was intended as supplementary material
to [I], and is not intended for publication in a peer reviewed journal.

A.1 Level (3,9) Potential

In level-truncated studies of string field theory, the string field is expanded in a basis of con-
formal primaries and their descendants and then truncated at some eigenvalue of the virasoro
zero-mode operator. In this note we present the potential, proportional to the action, for all
terms in the string field up to level 3. Our intended theory is a collection of D-24 branes whose
transverse directions are all aligned, but which are not necessarily coincident. The choice of
D24-branes means that there should be one direction which is singled out, and this is the main
assumption we have made on our string field. Any system of bosonic D-branes with a rotational
symmetry in 25 of the 26 dimensions should be described at level 3 by this potential. The string
field we use will then be equivalent to studied in chapter

‘(I)> = Z (tdcl + hgco + uge—1 + UdL/,261 + de%5261 + Od(b_26_161 — 26_2)
d
+ 6d(b_26_101 -+ 26_2) +de/,301 + qu%53C1 + .. ) |0; d>

+ Z (zac1 + fal®c1 + rac_1 + sqL_gc1 + yal*5er + 2 L* L% cq + .. ) a5 |0;d) . (A1)
d

where LX = L2 are the virasoro operators in the transverse direction, and L/, contain the sum
over the other 25 directions of matter oscillators. The ghost CFT is handled explicitly in terms
of b, and ¢, operators.

Unlike in , in this case the vacuum states and the coefficients are not labeled with
D-brane indices. They are labeled only by d, the eigenvalue of a2®. The vacuum is defined by
ad®10;d) = d|0;d), and ozg#% |0;d) = 0. This does not uniquely determine the vacuum state,
as there are many different ways to achieve a given zero-mode, but once a physical situation is
chosen the appropriate values can be inserted for d. In our case this meant replacing the sum
over d with a sum over brane indices and the eigenvalue with the separation. Since the action
is more general than the case we have considered the coefficients given here are in as general
a form as possible. While the case of non-zero aq eigenvalues in the rotationally symmetric
directions has not been considered, the twist-odd states have been. The action in this appendix
does contain all of the necessary couplings to include twist-odd states in the string field.

With the string field defined, we can move on to writing down the action. The quadratic
term is a function of the zero-mode eigenvalue d, assuming that the vacuum states have been
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A.1. Level (3,9) Potential

put into a basis which is orthogonal. For every set of three fields there is a cubic term which is a
function of the three zero-modes of the strings. For the study of separated D-branes or non-zero
momentum states these zero-modes must sum to 0, but we will leave them unconstrained. The
action can be written as

S =3 DX Aol 6" = 5 Bl i) (5

Im d ly;m,n d1,da,d3

) (m) (n
RO

(A.2)
where [, m, and n run over the set of all fields we are considering. The cubic interaction term
is normally written with a factor of %, but I will define the coefficients By, to include it. This
action is equivalent to the potential of after rescaling to the appropriate units V = —27285.
The purpose of this appendix is then to explicitly list the coefficient functions A;,, and By,
for the first few levels. The quadratic coefficients Aj,,(d) are presented in table and the
cubic coefficients By, (di, da, d3) are in table

For our special case of separated D-branes, where the vacuum states are represented by
Chan-Paton factors, the cubic terms use di = d; — dj, do = dj — dj, d3 = dj, — d;, and the field

associated with such a state has the appropriate indices such as ¢fit1) = t;;. For example, the
potential for only the fields ¢;; and x;; would contain the terms

) 3 (d3+d3+d3)

S = —% (Agetijtji + Azowijrji)—(Buetijtintis + 3Buatijtjn®ri + 3BiaatijTiknTri + BraaijTjk®ri)

(A.3)
where the separation parameters of the coefficients were omitted for brevity. The other orderings
of fields, such as Byuitijxjity;, are equivalent to the ones shown once the D-brane indices are
summed over, which is why the factors of 3 appear.

There are in principle as many as six orderings for the cubic interaction of each set of three
fields, but we have shown in section [3.1.2| using the twist operator that we only need to calculate
one of them. Similarly we know from the properties of the inner product and the hermicity of
Qp that Ay, = £A,,;. Specifically, we know that

A ()T = Au(d)g§M Tl (A.da)
Bimn(di,da, d3) = B (da, ds, di) = Bpim(ds, di, da) , (A.4b)
Biyn(di, da, d3) = =20, Qp By (—ds, —da, —dy) , (A.4c)

where (); is the twist eigenvalue of the operator associated with the state ‘¢(l)>. Since the
quadratic reordering rule involves the behaviour of the coefficient field under hermitian con-
jugation and not just the masses Aj,,, table includes both orderings for the few non-zero
off-diagonal quadratic terms.

The separation parameters di, do, and ds in are the eigenvalues of the operators
0%5 acting on the vacua of the three string fields, so this allows our coefficients By, to be
useful in describing other situations, such as lump solutions. The same coefficients can be used
with a different choice of parameters. This is also true of the quadratic terms A;,,. The first
terms A, (0) and By, (0,0,0) were given in [21I] and an action including terms with non-zero
momentum was given in [16], so for comparison a brief dictionary of fields is given in table
The couplings A;,, and By, found here can then be used to reproduce the action in either of

those works up to level (3,9). An example of such a calculation was given in section
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A.1. Level (3,9) Potential

Here |t h f

0 p q

r

S

Y

z

NA NA NA

S

r

f

Y

v ovow
Il |t as NA uw w v NA
6] |t NA NA v w o 2*

NA NA NA NA NA NA NA

Table A.1: A comparison of our field definitions to those used in two other works on level

truncated solutions.

*There is a d-dependent difference in normalization for this field.

Im | Apn(d)

tt | 1/2d° -1

zx | 1/2d°

hh | =2

wvu | —1—1/2d

) % + 24—5 d?

ww | 1/4(4d* +1)(d* 4 2)
wf | 3/2d(d*+2)

fw | =3/2d(d* +2)

fI| —(@+2)(d+1)
oo | 8+2d°

66 | —8—2d?

pp | —100 — 25d?

qq | —1/2(3d*+2)(4+d?)
qy | —5/2d(4+d%)

yq | 5/2d(4+ d?)

qz | —6d(4+d?)

zq | 6d(4+d?)

rr | —2-1/2d?

s s %CF + 25

yy | /44 +d*)(4d* +9)
yz | 3/2(3d* +2)(4+d?)
zy | 3/2(3d* +2)(4+d?)
zz | 3(4+d*)(d®>+2)(d*>+1)

Table A.2: The quadratic coefficients for the fields in the action up to level 3. Off-diagonal

terms which are not shown are all 0.
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A.1. Level (3,9) Potential

Imn | Bimn(di,d2,ds)

ttt | ZV3

ttax E% d1 — .3% dz

tth |0

ttu | V3

ttv | —1 V3

ttw | 155 V3(4di® —8d1d2+4d22+4d3d1+4d3d2—8d32—5)

ttf 6%1\[( d2+4d3d1 —8d3d2d1+4d3d22—9d3+2d1)

tto | 0O

tté |0

ttp | O

tt q %(Cﬁ dz)(2d1—15d3+2d2)

ttr %(h é d2

s | —q5dit g5 do

tty | 15 (di —do)(4di® +4dsdy —8dida — 37 — 8ds® + 4do® + 4 ddy)

ttz | g5(di—do)(4 d3’di® — 8dsdady + 6 dsdy — 22 — 27d3> + 4ds”da” + 6 dsdz)

txx | —1/16v/3(—4 — didz + di® — dady + dadz)

txh |0

txu 7% di + % ds

txv }gg dl — %g d3

tzw | —1/48 d1 —1/6d2—1/16 d3d2d1 —1/24d33 +1/48 d3%do + 1/48 d3da® + 1/24 d1?da + 1/16 d32dy +
13972 d1 + d‘; — 1/48 d1d2

taf —1/24d3d1 - 1/12 d32d2d1 — 1/24dsdyd2® — 1/48didy + 1/24d3%d2” — 2 dsdy + 1/24d3”dy® —
1/48di* — 2 ds® + 23 dsdy + 1/12dsdadi® + 1/3

txo | O

txo | O

txp | O

taq | —gg V3(—17dsdi>+15dsdady — 15 ds’da+28 d3+2d1® +15ds>d1 +2 dsda® —2 dida”> +24 d2 —40 i)

tar | —25V3(—4—didz + di® — dady + dada)

txs % 3(—4—d1d2+d12—d3d1 —‘rdgdz)

txy _ﬁ V3(—4d1d2®+84—8ds?da+8d33d1 +133 didz +8 ds*dady +12d1%do® — 12 d5*d1? — 12 dadi® +
ddy*do® + 4di* 4+ 4dsde® +32d3? — 85d1% — 48 dx? +12dsd2di® — 43 dsdy + 11 dzda — 16 dzdida?)

txz | —g5 V3(—4ds’di® + 24 +12ds’dads? — 27 dsdy + 27 ds’dy + 22 dida + 123ds”dady — 81ds*dy® —
42 d32d22 — 4d32d23d1 + 108 d32 — 22 d12 — 12 d33d22d1 + 4d33d23 — 98 dsdy + 50dsds + 4d32d14 +
6 dadi® — 6 dsdide® — 12d32d2di® + 12 d12d22d3?)

thh | 1/4V3

thu | 1/6

thv |0

thw |0

thf|o

tho | —2/9v3

tho | =3

thp | 0

thqg | O

thr | 1/27/3(d1 — d2)

ths |0

thy | O

thz |0

tuu 51796 3

tuv | 023

t uw 3456 (4d1 —8d1d2+4d22+4d3d1 +4d3d2—8d32—5)

tuf 1%;8 (2d2+4d3d12—8d3d2d1 +4d3d22—9d3+2d1)

Table A.3: The cubic couplings for all of the fields in the action up to level 3.
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A.1. Level (3,9) Potential

Imn | Bimn(di,d2,ds)

tuo %

tuo | O

tup O

tuq 2592 (dl dz)(2d1 - 15d3+2d2)

tur | o di — 869 d2

tus | S 4R 0

tuy | o5 (di —d2)(4di® + 4ddsdy — 8dida — 37 — 8ds” + 4dy” + 4 dsda)

tuz | ga5 (di —d2)(4ds’di® — 8ds’dady + 6dady — 22 — 27ds” + 4 ds’da” + 6 dsdy)

tvw % 3

tvw —% 3(4d12—8d1d2+4d22+4d3d1 +4d3d2—8d32—5)

tof | —322V3(2d2 +4dsdi® — 8dsdady + 4dsda”® — 9ds +2dy)

tvo | 0

tvo | 0

tvp 400

tvaq —?11%(6[1 d2)(2d1—15d3+2d2)

tvr —% di + % do

tvs % di — % do

tvy | —ioes (di — d2)(4di® + 4dsdy — 8dida — 37 — 8ds® + 4dy” + 4 dsda)

tvz 51184 (dl dg)(4 d32d1 — 8d32d2d1 +6dsdy — 22 — 27d3 + 4d32d2 + 6d3d2)

tww | oz V3(80d1da®+537—16 d33d2+80 d33d17236 d1d2—80 d32d2d1748 di?dy®—48 dfdl —16 dadi®+
96 d32d2 +16 d1 —16 d3d2 +532 d3 —296 d1 +532 d2 +112 d3d2d1 —32 d2 —32 d3 —236dsdi —
3368 d3da — 16 dzd1® — 80 dzd1d2?)

twf | g5 V3(—32ds’dadr — 48dsdz2’di”® + 80dsda®dy — 16dsdadi® + 80ds’dadi® — 64dsdids® —
260 dzdady + 572 dsdo® — 284 d3dy — 16 d2® — 328 dzdi® — 266 dy — 1546 d2 + 8d1® + 16 ds®da? +
16 d33d12+336 d32d1 -8 d1d22+16 d12d2+16 d32d23 —-32 d32d13 —-32 d3d24+16 d3d14—36 d33+813 d3)

two | 0

two | 0

twp O

twgq 648 dady? 85654 di®+ 2750992 d2 16 ds®+ 135 432 ds’d>+ 1555 1296 dsd1d>” + 5611894 d3d1 ?3}1 d3d2+ 81 d32d1 -
%36 dadi® — 2 3 didy + 1296 ds?dy® — é d3®dy — 216 di?ds? + 648 dsdadi® — = d3*dady + 3@ do* +
64118 di* — 48 d1d2 ~ d3d2 le?

twr 648 ddi” + W di® — 432 did2® + 435 432 d3dady — 510874 di — 1296 dsd>+ g5 648 d2® + 165 162 ds + 7356 1296 ds*dy —
56489 dy — 11 d3 dy?

tws ;L0632608 dl + 103658 égi ds— 864 7 dadadi— 2102952 ds*dy+ 2152952 ds?da+ 2152952 dsda®+ 1122956 dsdi®+ zlzfzsi didy®—
% — 1396 d2

twy —ﬁ d3 d2d1 d3d2 d1 +fd3d23d1+ dzdad:® _8 d3 d2d1 + == 11 d3 §§3§ dsdadi +
fllzzgie d3gl2 + 2092 d32d2 - 2?8 d22 + 3593 d3d1 + 120339638 di — 10532618 d2— T32 dr + 648 d33d2 + 648 d3 ;dl, +
2502 ds”dy + 55 d1d2 w6 di"ds — ﬁ ds?do® — mds di® + @dsdz — 648 dddl g d1 dz —
648 d1d2 - @ d14d2 @ d22d1 - @ ds*dy + 324 d34d2 d3 + 34234 ds + 324 do® + d1

twz 432 ds® d2d1—* dsda?dy? —m dsdo? d1+216 dsdady?® +432 d3 d2d1 +2 d32d1d2 162 ds ditds—
324 d32d1d2 er d34d22d1+ 394 d33d2d1 + 57 d52d23d1 - d32d22d1 Jr@ ds®dy® — 324 da3d2 —
324 ds Sdyt — 8 d3d2d1 bl dgdat L dytd, 21 dgdy® — 22 dsPdy — o5 do® —

d3d1 + o di— 2935 dg— dl 413 ? d 3d _|_ %3 d Sd +3407d 2d1+ 11 d1d2 247 d32d23_

2592 2592 2592 648 144 5184 216 1206
s ds’di® 4 o5 dada® + g d5d1 — 1/48ds*dy + 1/48 ds*dy — 1/6ds® +5/9ds + 557 dsda’dy —
138 d3dadi® — 1/36 dsdy”dy”

t f f 1728 \/?;( 768 + 320 d32d2d1 — 32 d32d2d1 — 32 d3d22d1 + 16 d3d23d1 — 18 d2 + 64 d12d22d3 —
32d3%da?dy 4+ 16 d3®dad1® +16 dsdady* — 32 d32d23d1—360d3d2d1 +1109 d3dz +4 d1% 4320 d3d1d2 -
36 ds®ds — 270 d1de — 18ds® — 270 d3dy + 8d3?d1? — 36 dszd2® — 240ds%ds? + 8di%de? 4 8 dadi?
8d3d13 + 16 d33d23)

tfo | O

tfo |0

tfp | O

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

tfaq dé + 2/3d2 *3 Tds + 216 dsds? dl + s d3d2d1 + 2162 d3gl§1 dy — 324 dszdz - 32%176112612 +
216 d3 do” — 216 d3"dady — 648 dsdad® — E ds”dr — W d3 d2_ 2592 dsd>® — 1296 dsdr® + g 648 drd>®+
ﬁdl + @d14d2 - 112699 di’ds + = d32d2d1 —|— 144 do® — d3 d1d2
it 2 2 473

tfr 648 dady® — 648 di*dy” ~ 648 ds*dy” + 288 do® + 555 324 dsdrdy? + 1296 di®— 324 dydads® — g7 — 2593 d1d2 +
432 S dads + 648 L d3?dady + 12 ﬁ dsdy

tfs _%906 dady® — 152952 di? — & do? éig d3d1d2 - % dzdy — 864 7 dsda + ﬁgi dids + 1122956 ds”d>”
ﬁd2d2+125ddd 7125d2dd+
1296 12 2 648 3d2d1 1206 3 @201 162 ) 9 5 95 751 4o

tfy 1306 ds*dady — 155 o7 ds*dadi+ 145 63, dsdida* — 108 d3 dod;? + 25 dada d? —@ d3d2 di? ~5i s d2” —
324 d12d22d3 - d33d2 di+ 557 324 ds®dady” — 324 dsdady* + 334 ds*dy® d1 1996 d3d2d1 + ;‘;33 dsdg
% d? Jr324 d2d1 Jri ds"ds 1122956 dids 377 dzdids®— 324 ds’dy+ 17 1244 d2 Jr64118 d* Jrﬁ d223d1 -
3ﬁd?,zdfl - s d14d2 — s di’dy” — f8d3 d2 + 2?22 d1d2 + o ds 208 dadr — 515 ds di® +
203 gadad — 12 d3?dy? +%31d2d —&dd 54 dzd,® ——dsd?’
1296 4302 1296 43 ©2 648 2 32421 324312 324322‘ 4929

tfz %dgi’dml — 1/24ds"dady — 22 ds’dodi® — 1 dsdo®di® + 2 ds’d’di® — 2 ds'da’ds

d33d24d1 + —d34d23d1 + 1/27ds%d2?d,® — 1/27d33d23d12 + 145 ds'dadi® + ﬁd32d2d15 -

162 d32d24d1 — o ds’dadyt — L dsdi*dy® — 3L do? + & d12d22d3 19 d3®dydy + 108 S d33dadi? +
a5 dadady ™ — é}lg Py, — 10 Lo dadad” + 1299 dsdy — 2 di® + 1/24 d342d2 + o5 d3d41d2 -
1/48dsdy + & dsdy* — §d33d2 + 1296 didy + 1/3ds* — %dgd1 - jng di® — 105 ds*dy* +
£é§18 dsds® — % ds*da® + 3214 di?dy? — 324 dady® + 2}6 dsd,® } ds®ds® + 3é4 ds’dy* + 3;4 ds®dy®

too | 555 V3
729

too | 0

top | O

tog | 0

tor | —22+/3(d1 — da)

tos | 0

toy | 0

toz |0

t60 | 253

top | O

tog | 0O

tor |0

tos | 0

toy | 0

toz |0

tpp —% 3

tpg | O

tpr | O

tpS —%\/ﬁ((ﬁ—dg)

tpy | O

tpz | 0

tqq | —1ress f(so did2® + 4096 — 30 dsdz + 30 ds®dy — 504 didy — 225 ds®dady — 4di°dy” — 4ds*dy® —
30 d2dy® + 229 d32d2 +4di* — 30dsda2® + 1368 d3® — 912d1? + 1368 do® + 285 dsdad1® — 504 dsdy —
8532 dads — 30 dad® — 225 dzd1d2?)

tqr | —1is; V3(28d2+15dsdadi +2di® —15dsde” +24 ds— 17 dy *d2 +2 ds®d2 — 2 ds®dy —40 d1 415 d1 d2”)

tqs % 3(28d2+15d3d2d1 —|—2d13—15d3d22+24d3—17d12d2+2d32d2—2d32d1—40d1+15d1d22)

tqy | —gg055 V3(—2139dsdady +3579 dsda®—120 ds®dady —554 di® — 1707 dyd2®+1898 ds*dy — 1610 ds*da+

1925 d12dy — 144 d3?d1da? + 240 dsd2®dr + 128 ds®de® —8 dsdh2 — 1536 dsd1 2 — 52 ds?da® — 24 ds2dq® —
188 d12d2> +336 da® +840 d1 — 19020 da 4220 ds2dad1 2 4+ 60 dide? +204 do?d1 > +16 d3*d1 — 16 d3*da —
60 dsda® + 8 dzdi* — 84d1*dy — 188 d3da®dr? + 10760 ds + 8 di® — 192 ds®)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Il mn

Bimn(di,da,ds)

tqz

trr
trs
try

tss
tsy

tsz

tyy

tyz

tzz

TTT
)
TTU
TTU
T TW

_ﬁ \/g(—1842 dsdadr — 90dsdadr® — 84ds2di*ds + 60ds2dida® — 24 ds*da?dr + 60ds3dads® —
188 d3%d23d1? + 204ds?d2?dqy® + 180ds3da®dr + 24dstdadi® — 180ds3de?dqh? + 4434 dsde? —
981 ds3dad; — 44 d13 — 330 d1da? + 6452 ds?dy — 5840 ds?dy + 374 d12da — 1557 dsdida? — 8dstdy® +
90 dsd23d1 + 705 ds®da? + 276 ds3d1? — 2736 dsdy 2 + 246 ds?ds® — 534 ds2d,® — 2832d, — 15528 ds +
1845 ds?dadq? + 54 ds*dr — 54dsds + 12dsdi? — 12dsd2?d1? — 60ds®de® + 8ds*da® + 8ds2dqi® +
15216 d3 — 648 d3®)

—% 3(—4 —dids + d12 — dsdy + d3d2)

213337258 3(—4 — dids + di? — dsdy + dads)

— 5355 V3(—4did2® +84—8ds®dy+8 ds®d1 +133 dida+8 ds*dadh +12 dr *do® —12dsdr® — 12 dadi® +
4d3 d22 + 4d14 + 4d3d23 + 32 d32 — 85 d12 — 48 d22 +12 d3d2d12 — 43 dsd; + 11dsds — 16 d3d1d22)
- 11161 1 \/g(—ﬁl d3®dy® +24 +12d33dedi® — 27 d3®de 4+ 27 d33dy +22 dido + 123 d3?dady — 81 d3?di? —
42ds?ds? — 4ds?ds®dy + 108d3? — 22d1?2 — 12d53da?dy + 4ds3da® — 98 dsdy + 50dsds + 4ds?d:* +
6d3d13 — 6d3d1d22 —12 d32d2d13 +12 d12d22d32)

— 195457552 3(—4 — dids + d12 — dsdy + d3d2)

a2 /3(—4dida® +84—8ds’da+8ds’dy + 133 drdy +8ds’dady + 12 dr°dp” — 12ds”dr® — 12 dady® +
4ddz?de® +4di* + 4dade® +32d3? — 85d1? — 48 de? + 12dadedi® — 43 dady + 11 dsda — 16 d3d1d2?)
% 3(—4 d33d13 +244+12 d33d2d12 — 27 d33d2 + 27 d33d1 +22d1do + 123 d32d2d1 — 81 d32d12 —
42 d32d22 — 4d32d23d1 + 108 d32 — 22 d12 —12 d33d22d1 =+ 4d33d23 — 98 dsdy + 50dsds + 4d32d14 =+
6d3d13 — 6d3d1d22 —12 d32d2d13 + 12 d12d22d32)

— Joess V3(—38628 + 3944 d3*dady — 5688 dsdadi”® + 128 ds*dady + 160dsdadi® + 128dsdidy® —
160 d3da?dy® — 64 dsda®d1? — 5808 da® +368 d12da?ds? — 160 d3?dadi® — 160 ds>da?d1 — 160 ds?da®dy —
64 ds3dad12 432633 d3da+96 ds®de®+7993 d12— 1876 d1d2>® +636 dad1® +1728 d12d2? 43944 dsdr do? —
1876 d3d1 + 340 dsda® + 340 ds3da — 6313 d1da + 384 do* + 16 d1© + 384 ds* — 5808 d3? — 32d3%d,* —
6313 dsdy + 1728 ds2d1? — 32d1*d2? — 32dsd1® + 32ds°dy — 112d1%da* — 16 ds?da* — 32d5%ds —
32dad1®—3752ds2d2?—872d1* —16 ds*da? 4636 dsd1 2 +128 ds3d1 2 +32 d1d2® —32 dada® — 112 ds*d 2+
128 do®d:®)

— oatas V3(—31224 + 3817 ds’dady — 4872dsdadr” + 1584 ds*dady + 24 dsdadi® + 48 dsdidy* —
72dsd2?d1® — 24 dsdo®dr? — 192 do? + 128 d3?d2d1® + 192 ds*de?di? + 96 ds®datdy — 96 d3*dadr —
112d33d22di® — 48dsda®di? — 160dsdadi® — 32ds?dad® — 112d3%d2*di? — 48ds’de?di +
144 d33d2d14 + 32 d32d25d1 — 32 d32d14d22 + 1728 d12d22d32 + 636 d32d2d13 + 156 d33d22d1 —
1796 ds?do®di — 2520 dsdadq? + 48 d3®dadi? + 38950 dsds + 668 dsde® + 1102d12 — 176 d1da® +
264 d12d2% 4+ 5518 dsd1da? — 9551 ds3dy — 400 dsds® + 5087 d3®ds — 16 d3®d1® — 6478 d1da + 1296 ds™* —
17340 ds?® — 904 d3?d1* + 1130 dsdy + 10749 ds2dy 2 + 24 dsd1® + 108 d3®d1 + 336 ds2da* — 108 ds®da —
10246 d3?ds? — 88 d1* — 660 ds*da? — 1398 dsdi1® + 1696 d3®d1® 4+ 16 d3®da® — 48 ds3dq® — 32 ds3ds® +
16d3*da* 4 48 d3*dr* + 16 d3?d,® — 924 d3*dy?)

— 165z V3(—30864 + 18186 ds*dady — 8208 dsdadi® + 144 ds®dp’dy* + 48 ds®dydy® — 16 ds?da dy® —
144 d3*do3di® 4+ 16ds3%d2%d,® — 48ds53da?dh® + 48ds*da?di* — 16ds°de?di® + 48d33ds’di? —
48 ds*da®dy + 144d3*de*di® — 48ds?de®di® + 48ds?datdit — 48dsSdatdy — 144ds®de*di® —
24 d3d24d13 +24 d3d22d15 +162 d34d2d1 +36 d3d2d14 +162 d3d1d24 — 1338 d3d22d13 +564 d3d23d12 —
648 do? + 1656 d32do>dr® — 852d3*de?di? + 1404 ds3da*dy + 1404 ds*de®di + 1656 d3®de?di® —
2052 ds3da3d1? — 24dstdedyi® + 24ds%dadi® — 852ds2da*di? + 108ds5°da%dy + 108ds2da’dy —
936 ds2dy*da? + 13485 d12d2?ds? — 1338 ds2dad1® — 10745 ds>da?dy — 10745 ds?da>dy + 564 ds3dadi ® +
54916 dsds +6925 d33ds® 4484 d12 —594 d1da® — 132 dad1® 41014 d1 2d2? + 18186 dsd1 da? —594 ds>dq —
1350 dsda® + 16 d3°da® — 1350 d3®ds — 8980 d1ds — 648 d3? — 88 d32d1* — 8980 dsdy + 1014 ds?dq % —
88 d11da2+1134 ds?da*—33084 d32da?+1134 d3?da®—132 d3d13+88 ds®d1® —108 d3®da®—108 d3da® —
528 dz*da* + 88 d2*d,®)

—1/24 (dg — d3)(d1 — dB)(dl - d2)

0

_% 3(—4 + dids + d3® — dsdi — dsd)
% 3(74+d1d2 +d32 — dsds 7d3d2)
_seﬁ 3(4d1d23 108+ 12ds3dy + 12ds3dy — 37 dyds — 24 ds2dady — 8 dy 2do? + 4 dody® — 4 dads® +

155 d32 + 16 d12 + 16 d22 =+ 8d3d2d12 — 8d34 — 75dsdy — 75 dsds — 4d3d13 —+ 8d3d1d22)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

l mn Blmn(dl, d2, d3)

zxf 432 3(4 ds3di? — 40ds + 14 dsd 2 — 45dsdady — 4ds?ds® — 8dsdady + 14 dsds? + 4dsdadi® —
28 ds — 4ds*di® +2di%de + 11 d3?de + 11 da>dy + 4 dade®dy + 4 d3?did2? + 4 ds®dadi® — 8 dade®dy® —
40dy + 2d1d22 + 4d33d22 — 9d33)

zxo | 0

zxo | 0

zxp | 0

T q 648 (di —d2)(2d1%da — 2d3d1® +1Td3?dy — 19dadad; — 32d1 +2dide? —2dade® +96ds — 15d3® +
17d3 da — 32d2)

rxrr 648 (dz—d3)(d1 )(d1 —dz)
125

xS 1296 (d2 dg)(dl d3)(d1 — dg)

T2y | —1a5g (di — d2)(ddadi® — 4dsdr® — 8d1*do® + 8dsdadi® + 32d1” + 4 didy® + 12ds’dy — 27 dsdy —
101 d1de — 24 d3*dody + 8 dadide® — 320 + 91d3® — 8ds* — 4dade® + 32d2? + 12d33d2 — 27 d3dz)

rTT 2 e (di — d2) (4 ds’dads® — 4 ds’di® +26 ds®dr® + 4 ds"di® + 6 dsdady® + 4 ds®dads® — 8 di*da’ds” +
4d3?de®dy — T4 dsdy —8 ds*dody — 103 d3*dady —22 d1d2+33 d3®dy +6 dadide® +4 d3®de?dy +33 d3®da+
4ddz*de? — T4 dsds — 214 ds? + 64 4 26 d3?do? — 27 ds* — 4d33d2?)

xhh | 1/6d2 —1/6d3

zhu | 1/27/3(ds — d3)

zhv |0

zhw | 0

zh 0

T h i —Ld+2d

o7 42 7T 57 03

x h 0 % dz — % d3

zhp | 0

rzhqg | 0

zhr | &didy— & do® — & dsdy + & dada + &

zhs | 0

zhy | 0

zhz |0

Tuu % do — 819 ds

1375 d 1375 d

Ty K N 5184, ’ 2 11 11 2

Tuw | —g55ds d2 + 1296 di”ds + 1555 d>? 63 1 — 1296 d3“dy — 648 did2? 432 dsdzdy — 1296 dsdi®
407

cuf @ddz P 5184 d3 +d7 d311 Py i v irs ~
648 30201 1296 2" + 324 3 241 + 432 3d1 + 1296 1d2 + 648 dsds® 324 dsdads” — 2592 d3d2
648 5 ds’di® — 648 s ds”d2? + 288 ds® — ﬁ

TUuo 729 3(d2 — d3)

zuo | 0

zup | O

Tuq | i V3(17dsde® — 15 ds’da — 2 do® — 15 dsdady + 15 ds®dy — 2 dsdy® — 24 dy +40 do — 28 ds + 2 d1 *d)

Tur | e V3(4+ didy — do” — dady + dada)

TUS 13337258 (4 +didy — d2 — dsdy + d3d2)

TuY | 53555 V3(12dids® — 84 —8ds’dy + 8ds’dy — 133 didy — 8ds®dady — 12d1%do® — 4d32d1 +4dad;®
12 d32d2 — 32 d3 + 48 d1 + 85 dz + 16 d3d2d1 —4 dz —11dsd1 +43dsds — 4d3d1 —12 dgdldz )

TUz | Tasg V3(—4ds®di® — 24+ 12d5’dadi® — 27 ds da + 27 ds®dy — 22didy — 123 ds’dady + 42d3°ds* +
81 d32d22 +12 d32d23d1 —6 d3d23 — 108 d32 +22 d22 +6 d3d2d12 —12 d33d22d1 +4 d33d23 —4 d32d24 —
50 dsdy + 98 dzda + 4 ds*dadi® — 12 d1%d2?ds?)
9475 9475

TV | 51me d2 — FpEe ]

rTvw ?35 dl + 120832658 dz + 170337§8 ds — 355 dsdady + 5555 dsdy + 53 da®da + 3355 dada® + 1555 dida® —
232t o, 1O
3591225 ! 22_ 1122596 3 1225592 _ 625 5375 125 g27 2 125 125 g 2 _

zovf 2592 do d3 + 518 dsd1ds 561 dad1 + 5755 dadz + 1555 d3”da 5593 d1d2 + 7555 ds d»?
11229“)6 dsdadi® — % ds?dady + % — % dsdo®

zvo | 0

zvo | 0

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

zvp | 599 V3(de — ds)
Tvq *2538 3(17d3d22*15 ds’de —2do® — 15 dadady +15 d3>dy —2 dsdy® — 24 dy +40 dz — 28 d3+2d12d2)
ror | —d37 \/§(4 +dide — do? — dady + dsds)

23328
TV S 195457552 3(4 + didy — d22 — dsdy + d3d2)
zvy | -2 V3(12dids® — 84 —8ds’dy +8ds®dy — 133 didz — 8 d3?dady — 12 dr?do? — 4 d3*dr? + 4 dody® +
12d3*do?® — 32d3” + 48 d1? + 85 d2® + 16 dzdadi® — 4 do* — 11 dady + 43 dzde — 4 d3di® — 12 dzd1d2?)
rvz | =2 V/3(—4ds®di® — 24+ 12d5°dadi® — 27 d5Pdo + 27 dsPdy — 22d1dz — 123 ds?dady + 42 ds*di® +
81 d32d22 +12 d32d23d1 —6 d3d23 — 108 d32 +22 d22 +6 d3d2d12 —12 d33d22d1 +4 d33d23 —4 d32d24 —
50 d3d1 + 98 dsda> + 4d32d2d13 —12 d12d22d32)
Tww | oaes (d2— dg)( 32d2*+80d1da>—16 d3da®—80 dsd1da? —48 d12d2?+96 d3?d2?+1044 do? —16 dad, 2 +
112 dsdadi? — 2088 dsdy — 16 ds®da — 1260 dydz — 80 ds?dady + 1044 ds? + 80 ds®dy + 16 di* — 2695 —
48 ds%dq,? + 216 d1 —32d3* — 16 dsdy® — 1260 dad;)
zwf 1321996 dsdidy” + 515 dsdadi® + 1128916 ds%dady — 1/27011 + & di?da?ds® — 324 d3’dadi® — 292 ds® +

162 d33ds? d1—1/36 ds d23d1_ a7 d3 d2d1 + 1= 162 ds* d2d1+ 521 dadadi* + 22 324 d3d1d2 — 24 dadz?dy®—

108 d3gl23d1 648 %36[1 - 2558912 ‘52 - 324 do* 27 (132; d3 2d2 +gas 48 ds*dy? ;r 13?2 +267758 dady” — é}gi dadz +
324 di%d>? 11—9@ ds dl + @ d3”ds + ﬁ%ds do* — 648 didz + @d32d1 + 506 dsda® — 864 didz +
144 ds* + 561 dadi — 324 ds"dy” — 324 ds’di* — 162 dsda” — 324 ds"d

zwo | 0

zwo | 0

zwp | 0

Twq | g3a55 V3(120dsPdady + 32dsdadi® + 123dsdady + 204dsde®dy — 84 dadads® + 120dsdady® —
376 ds2d1d2? + 970d2® — 160d:3 + 180d3%d2® + 3195ds2da — 3029 dsds? + 1400d; — 4040dy —
128 d33d1? — 971ds2dy + 954 dsdi? — 1056 d1da? — 138 d1%da + 76 ds?d1® — 24 d1%d2® — 8dida* +
8di dy 4+ 8d2?d1® 4+ 60ds*dy — 144 dada® — 8 dsdi® +8ds®da® +16 do® — 1780 ds + 112 d3® — 60 d3do)
Twr | gz V3(—12dide® +108 + 4 ds®dy — 4 ds®dy + 75 dvdy — 8ds®dady +8ds’dy? + 4 dady® — 12dsdy® —
16 d32 — 16 dl2 — 155 d22 — 8d3d2d12 + 8d24 + 37dsdy + 75dsds — 4d3d13 + 24 d3d1d22)
TW S —% \/5(—12 d1d23 =+ 108+4d33d2 —4d33d1 +75d1d2 —8 d32d2d1 +8 d32d12 +4d2d13 —12 d3d23 —
16ds” — 16d1> — 155d2” — 8 dsdadi® + 8 da* + 37 dsdy + T5dsds — 4 dzdi® + 24 dsd1d2?)
TWY | q5us5 V3(3876 — 5244dsdidy® + 920dsdadi® + 2832ds’dady + 64ds'dadi + 160d:i°dyds® —
272 d33d22d1+112 d33d2d12+16d3d2d14+176 d3d1d24+112 d32d23d1—176 d32d2d13—|—160d3d22d13—
320dsd23d1? + 32d2® — 24dsdi® — 104 dadi® + 3580 dsda® — 7159 dvds — 44dsds — 980ds3dy +
2067 dsdi — 1684 do* — 928 d12 — 4455 dsdy — 2576 d3? + 812 ds2d12 +128 d3* — 32 d1 4 da? + 16 ds*da? —
16 dsd1®+32ds®d14+128 d12de* —112ds?da* — 32 ds®da+16 dod1® — 112 d1d2® +16 ds2d1* —80 ds*di 2 +
112d33d2® + 3392 d1ds2® + 64 di* — 1980 ds?de? — 16 dsds® + 48 ds3dr® — 1668 d12d2? — 32d23d1 2 +
3959d22)
Twz | g3 V3(—648 — 3696 dsdida’ — 238dsdadi® — 1849ds’dady — 32ds’da’di® + 96ds*dp’di? +
192d33dotdr — 32d3*do3dr + 144d53do%di® — 272d53de3di? — 96ds*dadi® + 16ds2dadi® +
128 d3%dotdi? — 48ds®da?dy — 112d5%d2’dy — 32ds%di*de? + 48ds’dadi? + 600ds*dady —
1572 d1%d22ds? — 2940d53do%dy + 1116 ds3dadi? + 24dsdadi — 24dsdida® + 3344 ds2dy3d; —
136 d32dodi®+24 d3da?d1® — 72 dsd2®d12 —392 dsd1® —88 dad1 2 +3174 dsds® — 1906 di da — 2593 ds 3 do —
623 ds3dy + 3386 dsdy — 176 do* + 608 d12 — 5834 dsda + 252 d3? + 238 ds2d1 2 + 432 d3* — 168 ds*da? +
108 d3®d1 —1676 ds?da* —108 d3®da +40 ds?d1* — 432 d3?d1? +1520 d33d2® +264 d1 do® 4+ 5547 ds®de? —
16d35d1 +16 d3®d2® —16 d3®d1® —48 d3®do® +32 dz*di* +32 d3*do2® +48 d3d2® 4304 d33di ® — 4270 d2?)
T ff | 3055 (d2 — ds)(608 + 192dsdidy® — 232dsdadi” + 192ds’dady + 64d17d2?ds” — 32ds’da’dy +
16 d33d2d12+16d3d2d14—32 d32d23d1—32d32d2d13—32 d3d22d13+16 d3d23d12+8 d3d13+8d2d13—
36 dada®—334 d1do—36 d3®da—334 dsdy — 188 d1 2 +565 dada — 18 ds2+8 ds2d1 2 +8 d1 2da? +16 ds3do® —
112 d3%de? — 18 d2?)

rfo |0
xfo |0
zfp |0

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

T fq | 1ie V3(—2048—279 d3dida”+936 dsdadi®—1091 ds®dadi +60 ds*dad1 +68 di° da” ds”+60 ds® do” dy —
128 d3®dodi? — 8 dsdadr® + 16 dsdide® — 136 ds2dady + 76 ds?dads® — 76 dsda?dr® + 68 dsd23dq? —
4 dsd®—156 dod1®—413 dsd2®+744 d1d2+82 ds3da+30 ds3d1 +248 dsd1 +18 do? +16 dy 2 —3124 dsda+
1256 d3?+26 d32d12—178 d12d2?—60 ds*da? —8 d3?do*+68 d3>da® +252 d1do>+ 777 ds?da® +8 di 4 da? —
8di2dx" + 536 d2?)

x f r 1116164 \/5(28 da +4d22d13 — 2d3d12 +45 dsdady —4d32d23 +9 d23 —4d12d23 — 4d33d2d1 —11 d3d22 —
4 d3d2d13 +40ds —14 d12d2 —14 d32d2 -2 d32d1 +38 d3d23d1 —4 d32d1d22 +8 d32d2d12 —4 d3d22d12 =+
40d; — 11 dyda® + 4d33dy?)

T fs | —geae V3(28d2+4da’dr® —2dsdi® +45 dsdady — 4 ds®d2® +9 d2® — 4 di *d2® — 4 d3®dady — 11 dada® —
4 d3d2d13 +40ds — 14 d12d2 —14 d32d2 —2 d32d1 +8 d3d23d1 —4 d32d1d22 +8 d32d2d12 —4 d3d22d12 +
40dy — 11dyda? + 4ds®ds?)

Tfy | g5 V3(48dsda®di® + 32dsdidy® — 16dsdadi® + 16dsdi'dy + 48ds*didy* + 32dsde’dy*
32 d34d22d1 +48 d33d2d13+96 d32d23d12 —-96 d3d24d12 —144 d32d22d13 —144 d33d23d1 —80 d34d2d12+
32ds%dadr + 96 ds3de?d1? — 320ds® — 364 dsds?dq? + 844 ds?dady? + 220ds2dido? — 36 dsdo3dy +
32 dsdadi®—1044 ds®dady +399 dsdadr —3258 ds?da+36 do® — 1277 do®+224 d12 4935 dsdo? — 4424 dq +
6068 da + 8 ds3d1? — 592 da2d13 + 586 dsdy? + 856 d12de® — 2154 d1%dy + 1322ds2dy + 3543 dida? +
652 ds3da? — 16 ds?dq® — 372d1de* — 48 do3d1* + 48 dx*dq® + 16ds*dy + 112ds*ds + 48 ds*ds® +
248 dada* —16 d3?d2® — 32 d3°da? — 8 dzdi* — 16 d12d2” + 16 d1°da? — 664 d3>da® — 1864 d3 + 72 d1*d»)

xf z 11664 \[(48 d32d14d2 324d32d1d2 +24d3d22d14+468 d34d22d1 + 352 d33d2d13 +840d32d23d12 —
24 dsda*d1? — 600 ds2d2?d1® — 508 ds®da®dy — 408 ds*dadi? 4+ 108 ds®dady — 24 ds®da?di? — 1080 ds® —
446 dsd2?d1? — 932d3%dadi? + 3469ds2dida? + 580dsde®di — 380dsdadi® — 1799dsdadr +
1242 d3dod1 +16 d32d22d15 +16 d34d24d1 +32 d33d25d1 +32 d34d2d14 —16 d32d25d12 —80 d34d22d13 +
48 ds?dad13 —16 d33dad1® —48 d3?ds>d1*—80 ds3datd124+48 ds*da®d12 +48 ds3do®dr 2 +16 ds®da?dr * +
48 ds®da?d1? — 16 ds®dads® — 48 d3®d2®dy + 3568 ds?da — 198 do® + 2362 d3da? —8 dsdi* + 16 ds°da* —
8dstdi3 +188dsda® —752d1 — 2728 dg + 522 ds3d12 — 88 do?d1® + 92 dsd1? + 88 d12de® + 564 d1%ds —
1756 ds?di — 270 d1da? + 221 d3®de? — 16 d3*do® + 212ds2dq1® + 54 ds*dy + 378 dz*ds — 52d3*d2® +
54 dsdo® 4 36 d3*da® — 108 d3°da? — 1933 d3%ds® — 3312d3)

Too 2713867 2 2713867 ds

xoo | 0

zop | 0

rzoq | 0

ror _% + 2187 d2® + 2187 dsdy — 2187 dsda — 2187 dida

xros 0

zoy | O

X oz 0

r00 2187 dy — 2187 ds

zop | 0

zoq | 0

xor | O

] 0

zoy | O

x o0z 0

Tpp 122188070 do + 122188070 ds

Tpq

zpr | 0O

wps | gigr do” — 51 + 358 dsdy — 352 dsda — 352 dada

zpy | O

zpz | 0O

Tqq | —Trgs (d2—ds)(—30dsda® + 30 d1d2 —4d12d2 +229d32d2 +1312dy* — 225 dsd1da” ~ 7488 dadz —
30ds3°ds — 1152 d1d2 + 285 d3d2d1 —30 d2d1 — 225 d3 dody +4d1 + 1312 d3 — 4d32d1 — 416d -+
30 d3 dy — 4096 — 1152 dsdy — 30dsd:?)

rqr 17496 (d1 dg)(2d12d2—2d3d12+32d1+19d3d2d1—17d1d22—2d32d1—96d2+2d32d2+15d23+

32d3 — 17 dsd2?)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

xrqs 331;32 (d1 d3)(2d12d272d3d12+32d1+19d3d2d1717d1d2272d3zd1796d2+2d32d2+15d25+

32 ds — 17 dsds? )

rqy d3d1d2 + 129 d3d2d1 — 111361694 d32d2d1 — 141138 d12d22d3 — 14"8 d33d22d1 + 2 16 d33d2d1 -
8748 d3d2d1 + 7o d32d23d1 + Tiss %458 d32d2d1 A 2916 d3d22d13 2187 d3°dp — 2187 da* 37 4374 d24d2d1

513 197 1337 29 18

93742 d3§1d2 729 T 11696 dsdi” + 174962d2d _34%6643 3d2” — 2187 gld? 1%96 ds”d> 3_7021187 g3d1 +
? di” — 243 d3a{2 + 2187 ds® — 187 d3 di? 34992 d gQ 972 d3 2d2 - 2187 d3 + 3499% ds?d>® —
7259 dit+ 52916 dl do? j%is ds* d2 + 3 43 1 d5d1 + 3187 87 d3 d1+% di?dy* — m gl?) da* 1374 dady” —
2294176 ;ilg; :’12 7 dd3 di 2916 dzda” — 4374 dy'di® — md3 di® — md2 di® + 1/16 didz® +
5832 1 2 .

Tqz dgdldz + ;}dedzdl - %d:gzdzdl - 1458 d32d23d1 - mdg‘*d *di? — %dg“dz“dl +
1458 dztda3dy + 243 ds3da?dy® — @ ds3da3d, % + 4;74 dzdad;® — 2187 dz?dady® + 4374 d3?do*dy? —
72 ds®dy*dy — 1458 ds’dady” — T4y ds*d>"dy + 1458 d32d14d2 + 729 ds’d>dr® + 1458 dsdy®dr” —
;}3;2 di’ds 2d3 + 28 ds’do’dy + o7 d33d2d1 — i dsdady® + %dfdzsdl + 22 ds’dadi® +

2 5 409 S 512 79 3

937220d3d2 di® — 324 %3 d2 — 5832 d3 d2d1 972 d3d1d2 T 729 T 4374 dsdi® g'g 43751 dady _18@ d23d22 +
2187 d1d32 + 4374 ds”dy — 21872 d3d1 + 243 Cil - 2187 - dada — d32 + 739 ds d21 N mdl 4d? -
85 5083 5
17496 dg d% 81 d3 Jr87 8 ds do? Jrg ds do? +301 d3 di— 87483d3 da* 7@d34 dit +145558 ds™di”—
s7as A3”d1” — mdi‘l di” + mdi’: d2 + mds d1 + 1458d3 d2® — md:s do* + 2916dldz +
ﬂd Sd 4 1864 d
4374 3 01T 3187 “2

xrr 7@(6[2 7d3)(d1 7d3)(d1 7d2)

xrrs 314397952 (dg — dg)(dl — d3)(d1 — d2)

Ty —3)41% (d1 — dz)(4 d2d13 — 4d3d13 — 8d12d22 —+ 8d3d2d12 + 32 d12 + 4d1d23 + 12 d33d1 — 27dsdy —

101 d1d2 — 24d3%dody + 8 dsdide® — 320 4+ 91ds? — 8ds* — 4 dzda® + 32do? + 12d3°ds — 27 d3d2)
17496 (di —d2) (4 d32d2d1 —4d3®di®+26ds’dr® +4ds*di? 46 dadadi® +4 ds’dadi® — 8 dy*dy”ds”® +

4ds d23d1—74 d3d1—8d3 dad1—103 d32d2d1—22 d1d2+33 d33d1 +6 dsdids —|—4d33d22d1 +33 d3 da+

4dy*ds?® — TAddzds — 214 d3” 4 64 + 26 d3’de® — 27 d3* — 4d33d2)

xS s — 9;37258 (dz d3)(d1 — d3)(d1 — dz)

TSy 6&19384 (d1 d2)(4d2d13 — 4d3d13 — 8d12d22 + 8d3d2d12 + 32 d12 —+ 4d1d23 + 12 d33d1 — 27dsd1 —

101 didz — 24 d3dady + 8dadida® — 320 + 91d3? — 8ds* — 4dzdoe® + 32d2? + 12d3*da — 27 d3do)

T sz | g (di —da)(4dds’dadi® —4ds®di® + 26 ds*di® + 4 ds’di® + 6 dsdady® + 4 ds®dads® — 8di*da’ds” +

4 d32d23d1 —T4dsd; —8 d3 dad1—103 d32d2d1 —22d1d2+33 d33d1 +6 d3d1d2 +4 d33d22d1 +33 d3 da—+

4dy*ds?® — T4 dzds — 214 d3” 4 64 + 26 d32de? — 27 d3* — 4d33d2)

TYY | —goesg (d2 — ds)(24000 + 808 dsdida® — 1400 dsdads® + 808 ds*dady + 160 dsdady* + 128 dsdida* —

160 dsda?dr® — 64dsda®di? + 368d1%da%ds® — 160ds3da?dy — 64ds3dadi® — 160ds’de3dy —

160 ds2dadi 3 +128 ds*dady +3072 d12da? +9543 d1da + 788 ds®da +9543 dady —5639 d1 2 +10809 dsdy —

8032 d52+3072d3%d12—32d1*d2? =32 dsd1°+32ds®dy —112d12da* — 16 d32da* —32 ds®de — 32 dadi ° +

32d1d2® —32ds%di* — 32dsds® + 128 d23d1® + 96 ds3da® + 256 ds* — 2088 ds?da? 4 256 do* — 296 dy* +

16d1® — 964 dadi® — 964 dsd1® — 2068 d1da® — 16 ds*da? — 112ds*dq 2 + 128 ds53dq® — 2068 ds>dy +

788 dsde® — 8032 d2?)

Ty z 2187 d32d22d1 +41 d3d23d1 +1/6 d3

rrz

22453 d3d22d1 2187 d3d2d1 29 d3d1d2 1458 d3d2d15+

729 dz*da*dy — 21487 ds3da®dy — 2187 ds?d2%dy + 2 d34d2d1 21 d3 d2dq % + ﬁd 4da2%dy®
729 d36d22d1 - 2187 ds*da"dr® + 2187 ds’dad;” + 2137 d32d23d1 - 2137 ds’dy"dy? 1294474 dsdz’dy +
o dydady® 2187 ds*dy*ds — 1311 ds*dadi® + 8570498 ds’didy* — 1458 dado’di*t — 50 dada’dy —
f1364654 d32d1d2 7 5. dstdy’dy® — % ds®dadi® — KG ds®dz3d, + 1458 dada*di” + 222 ds’do’dy® +
d33da3dy — md34d2d1 + 729 d33d23d1 — d32d2d1 — 2187 ds3da?dy* + 2}; ds®da?dy? +

7
29? ds®dady — d3 dady® — 59 L5 ds’do’dy + Totg 1 d3 d22d1 + % ds®dady® — 212 do® + 35352 d34d2
112 d 3 1825 d3 d 3 1559 d d 2 _ 1801 d d2 20 dl 4 08 729 d1+ 100 d27 12199 d dQ + 2 d3 +

gsg 7E§32 372 75161664 2 58817470, 75 | om0 2 729 L7496 4 s
72% d3+3 38 d3 dl + 17196 d3”dy — 17496 d3di”+ 5555 5832, d1d2 + 17496 17496 dl do— 3 832 5 ds”di’ — 1458 dl d2”+
4 5231 7 4 82 259 73 8 4 89 374
2&;7 didy” + 4374 d21 dy — 2199 d3”dy + 2187 d3 di® — 8748 d3 d2 +52187 d3 1d2 6_ 1374 d3 desl +
2187 dadz" — 2187 d3?da® — 33z ds”do? +4374 dsd” Jr1458 d3 dy° 72916 d3 di* Jr324 ds dl 751 d3”da+

18
729 ds°di* — m ds'ds® + 21%87 ds®dx® + 2187 d3°ds” — m dsdi® + 2187 ds®dr® — 2187 d3 dl

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

lmn Blmn(dl, da, ds)

€22 | —1rigg (d2 — d3) (6528 + 9714 dzdidz” + 3744 dsdadi” + 9714 dy”dady — 540 dadadh ™ + 162 dadida™ —
858 dsda’dr® + 852dsd2’dy® + 8877 d1do>ds* — 7001 ds’dx’dy + 852d3°dads® — T001d3*dody —
858 ds?dad:® + 144d3do®di* + 48d3°dodi? — 16dsd2"dy® — 144 ds*d2®dy® _
48 dz do?di® 4 48dztdo*di* — 16d3°do?di® + 48dsde’di® — 48dz*dx’dy + 144d3*de*dy?
48d32do3dr® + 48dsdotdit — 48d3°dotdy — 144 d33da dy® + 1272d3%d23dh % — 660 dstde?dy? —
24 dsdodr® 4 1020 ds®da"dy + 1020 d3*do3dy + 1272d33dodi® — 2184 dsdadr? — 24 d3*dadyi® +
24d3”dadi® — 660ds’da*d1® + 108ds°de’di + 24dsda’di® + 108ds’de’dr — T44ds®di*d2?
162 ds*dody — 108 d3®ds® — 336 d3*do* — 42 d12do? — 11428 dids — 1998 d3®dy — 11428 dydy — 1244 dy > +
868 dzdy + 1728 ds? — 42d32d1? — 88d1%da? 4 702d3%dy* — 88d32dy* + 88dad1® — 108 ds®do®
3949 d3®do® — 13032 d3>do> + 828 dad: ® + 828 dady® — 594 d1d2® + 702 d3* do® + 88 d3®dy® + 16 d3®do® —
594 d33dy — 1998 d3d2® + 1728 da?)

hhh | 0

hhu 1/4 f

hhwv 6 5.3

hhw %f( —8d1d2+4d22+4d3d1+4d3d2—8d32—5)

hhf | 155 V3(2 d2+4d3d1 — 8dsdady + 4dsda® — 9ds + 2d)

hho | 0

hhé | 0

hhp O

hhq | o5 (di —d2)(2d1 — 15d3 + 2d2)

hhr | 1/6d, —1/6ds

hhs égidlﬁ-;&)dg

hhy 324 (di — d2)(4dr® + 4dsdy — 8didy — 37 — 8ds> + 4 do” + 4 dsdy)

hhz | g5 (d—d2)(4ds®ds® —8ds®dady + 6dsdy — 22 — 27d3* + 4 ds’d2” + 6 dsdlo)

huw | 0

huwv f%

huw dl— d1d2+81d2+1d3d1+ dsds — sd2—3%

huf 811 it 5 d2 —1/18ds + & dsdi® — 5% 2 sdady + 2 dyds”

huo 729 \/5

huo | 223

hup O

huq | =55 V3(di —d2)(2d1 — 15d3 + 2 d2)

hur | 0

hus 1142558 V3(d1 — do)

huy | s V3(di — d2)(4di? + 4dsdy — 8drdy — 37 — 8ds” + 4da” + 4 dada)

huz | =5 v/3(di — d2)(4ds2dr? — 8d32dady + 6dsdy — 22 — 27 ds? + 4 d32d2” + 6 dsdz)

hvwv | 0

hvw | 0

hvof |0

hvo % V3

hvo | —2254/3

hvp | O

hvg | 0

hvr 114—5 \/§(d1 ds)

hvs | 0

hvy | 0

hvz | 0

hww | 0

hwf | 0

hwo 7241173\/3(4d1d2*5+4d3d278d22*8d3d1+4d12+4d32)

hwo | 25 V3(4ddida — 5+ 4dsdy — 8d2” — 8dsdy +4di* + 4ds?)

hwp | 0

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Imn | Bimn(di,d2,ds)

hwg | 0

hwr —TISSQ\/E(—s dzdi? +4d:® —12d1d2* + 12 dsdady — 37 di — 4 dydo + 8 d2® 4 32 ds + 4 d3*dy — 59 do —
4dzds®)

hws | 0

hwy | 0

hwz | 0

hff |0

hfo | —32V3(—8dsdady 4+ 4ds’da + 4di’dy — 9da + 2ds + 2d1)

hfo | =25 V3(—8dsdadi +4ds’dy +4di%d2 — 9da +2ds + 2ds)

hfp | O

hfq | O

hfr | —= 3(4d2d1 +2d12 +9do? +8dsdide? +2dsdy +30dsda — 43 dide — 4 ds?de? —32 — 4 dy%do? —
8d3d2d1 +4d3 d2d1)

hfs |0

hfy |0

hfz |0

hoo | 0

hoo 251—1827

hop | O

hoq f%(dl d129)6(2d1 —15d3 + 2d2)

hor di + d

hos % 83— w0y

hovy 25 (d1 — d2)(4dr”® + 4 dsdy — 8didy — 37 — 8ds® + 4do” + 4 dsda)

hoz | —=55 (di — d2)(4ds’dr? — 8ds’dady + 6 dsdy — 22 — 27ds” + 4 ds*d2” + 6 dada)

hoo | 0

hop | O

hoq | g5 (di —da2)(2dy — 15ds + 2 da)

hor 2314847 di — 2314847 da

hos 208 d1+2187d2

hoy 2148 ( )(4d1 +4dsdi — 8dids — 37 — 8d3 +4d2 +4d3d2)

hoz 21887 ( dg)(4 d32d1 — 8d32d2d1 +6dsdy — 22 — 27d3 —+ 4d32d2 + 6d3d2)

hpp | O

hpgq | O

hpr | 0

hps | O

hpy | O

hpz | 0O

hqq 0

hqr 2137 332‘12 729 dsd>®+ 735 729 drdy® + 71209 dsdadi + 5757 2187 d2+ 5757 2187 di®— 21g7 di?da+ % ds — %87 ds*dy —

1

hqs 8187

hqy | O

hgz | 0

hrr | 0

hrs % d123— %%5% dgd% + % dsds — 2187 d1d2 2510807 \ N

hry 729 d2‘2i1 2"’ 2157 di” + 729, d»? N 2187 ds* — gg + 2187 d3 da + 2187 d3d1d2 2187 d23d1 21831 dei"’
ﬁfd:s d1 ~any dids— 2187 ds*d2? *Wd di— mdl do? *m dadadi® — 2187 d3"dadi — 577 di” +
3157 1d2” — 5757 d3d2

hrz %d32d2 d1 + 729 d3 d2d13 + 2187 d1 — *dg 728 d12d22d3 — 187 d33d2 — md33d2d1

d3§d2 + 729 d3gld22 + 2119867 d3d1 2187 d3d22+ d1 - ﬁ d3d1 L 2187 didz + 729 8 dy?ds? —
L 81 ds”di + 729 d3”do”d1 + 2187 ds’dy® — 725 43 d2d1 729 - 2187 ds*dy
s s

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

hsy
hsz
hyy
hyz
hzz
UuU ﬁ\/ﬁ

wuv 2375 /3

T 31104
uwuw L \/3(4d1? — 8dids + 4d2 + 4dsdy + 4dzde — 8d3® — )

OO O oo

31101
uu f | o5 V3(2da + 4dsdi”® — 8dsdady + 4dsdy® — 9ds + 2d)
uuo | 0

uuwo | 0

vup |0

uUUq %(d1—d2)(2d1—15d3+2d2)

wur | szgdi— 2; d2

uwus 426367556 di + 4637556 d2

uUuUY 46606 (d1 dz)(4d1 +4dsdi — 8d1da —37—8d32+4d22+4d3d2)

uuz | gare (di — d2)(4ds®di? — 8ds®dady + 6 dsdy — 22 — 27ds” + 4 ds?da® + 6 dsdo)
104225

uvv 62208

wvw | =305 \/3(4dy® — 8dids + 4ds® + 4dsdy + 4dsds — 8ds> — 5)

uv f | — 1337152 3(2dy + 4dsdi? — 8 dsdady + Adsda® — 9ds + 2dy)

UV o 1288
2187

uvo |0

wop %8’(1;375

uv g | —aeee5 (d1 — d2)(2dh —15d; + 2d2)

uvr 2375 2375 d2
104gggﬁd 104%%0 d

uvs 93312 %1 7 793312 ) , ,

uvY 2%3726 (dl dz)(4d1 +4dsdy — 8dids — 37 —8d3* +4ds +4d3d2)

w2 | —gggs (d = do)(4da”ci® = 8ds’dads + 6dsdy — 22— 275" + 4dy”de” + 6 dady)

www | T5ee31 f(so dids® + 537 — 16 d3do + 80 d3*dy — 236 dido — 80 d3>dady — 48 d1%do? — 48 d3%dy? —
16 dad1® +96 d3?da? +16d:* —16d3d2 —|—532d3 —296 d12+532d22 4112 dsdady 2 —32dy* —32d3 —
236 dsd1 — 3368 dsda — 16 d3dq® — 80 dsdqds? )

uwf 9313112 \/g(—260d3d2d1 — 32d33d2d1 — 48d3d22d12 + 80d3d23d1 — 16d3d2d13 + 80d32d2d12 —

64 ds?d1da®+8 di % —284 d32d2—36 d33+572 dsda? —328 dsd1%2—266 d1 — 1546 do+16 d3>d2® —16 do® +
813 ds + 16 d3>d1? + 336 d3 dy — 8d1d2 +16 d12d2 +16 d32d2 —32 d32d1 —32d3d2* + 16 d3d1?)

40 80 2
uwo | —ggr dide + 57 d2” — 2187 di? — 2187 ds® + 2187 d3dy — 2187 dads + 2187
uw o
Uwp 0
605 2, 7799 5 2 3 539 6809 31801
uwq 496 d22d12 23338 d +§99342‘§§ - 43 4 d314—3|'— 116 7 d3°d2+ 35505 3d3d1d2 + 139968 d3d1 | 130968 d3da+
2%§7 d32d1 T 34992 d3d1 T 3187 d1d2 +76 ‘1131 do? 1166422d3 di — 5832 di”d2? 17496 dsdad? —
3888 d3 d22d1 + 8748 do* + 17496 dl 2187 - 17496 drdo? 7;32187 d3d219 9 1121
vwr 1191664 d3 d21"9‘ 3888 d3d29d1 23888 didy” — 5832 dsd;® — 6656 41 — Tio64 d3d2” + 5832 d® — 6656 d2 +
Mg 5d1 N %%15285(13 + 11136954 ds d11375 1375 7 2 1375 5 2 1375 1375
uws 379936 5 "‘2 279913?§7g2 58 d3 — 23308 3d2d1 — G5a57 da”di + 5ag57 d3”d2 + Gog5; dsdz” + 34992 dsdi® +
23ﬁ§ 162 69984, _ 1 23 992 d2 ) ) ) 11 248
uwy 699844d3d2d11;|— 233 8 d d2 2916 d3 d1221_ 5832 32 ds*dy’ + 21873 di*dy® — 17496 d21d2 8748 da gll -
M ds d1+ 8748 d3 d2 + 17505 17496 dada" + 11355 17496, ds d1d2 - m ds”dady — 1458 d3do?di® + 525 4374 dzda”d1 +
dsdad ds?dady? 4631 ] ddy? did dsdi? 2167cl2d—25“d —
2187321_848321+3492 342 12+6998431 9984 3 o1 11664 1
d‘ 11d d dd + 6323d—717%1d+ d 4 d d +649 d2d+
7477736 2 8748 1 42— 17496 361 279936 17279936 “27 8748 “2 17496 1 2187 3 T 69984 U3 2
g7ag 43 + 17496 ds®ds® + 17496 ds®ds”

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

uwz 101;9}154 dgdzdl 324791972 ds*dy” — g7 ds*di” — N 206 d34d1 + 1206 d34d2 t 29162d3d2 + 5()87%1%82:1321116122 -
11664 d3”dzdy — 1944 dsd2*dr* — md3d2 dy + 5832 dsdzdy® 11664 ds’dady® 69984 dsdz?
5§%2 dids® — 64949787 dsdi® — @ ds d14d2 - 8 d32d1d2 + 251)} d3 do’dy + 874 ds’dady®
2187 ds?dr’dy? :1&%4 d32d22d1 + 874 ds’dr’dy — 291)1 d34d2d1 - W ds’d2?dy” + 1337947678 d32d1 -

3 121 11 1661 32285 11 4741”'3 2 3

11744396 dé 8748 d2 + 5832 5832 d3d1 +3 984 d1 _1 9984 d2 — 763 d3 139 68 d3 d2 +2243 ds + 888 ‘23 d2? +
ﬁd3 di? + 8748 ds*dr” — % ds”d>" — 8748 ds*d>® — 4374 ds®di” + 4374 ds®d>” + 8748 d3*dy®

uff ﬁ:‘%\/g( 768+ 320 dsd1da? — 360 dsdadr? + 64 d12d22ds? — 32 ds3da?dr +16 ds>dadr® + 16 dsdadi * —
32 ds%de®d1 —32 d3>dadi® —32 dade>di ®+16 dade®d1 2 +1109 d3d2—18 d3® —270 dyde+4 d1 2 —270 dady +
16 d33d23 + 8d32d12 — 240 d32d22 + 8d12d22 — 36 d3d23 + 8d3d13 — 18 d22 + 8d2d13 + 320 d32d2d1 —
36 d3 d2)2 2 160

u; ? 2187 d3"dz — 2187 ds — 2187 didz + 2187 dzdzdy — 2187 di + 243 do

u fo

ufp |0

ufq %218867 Cél +2 d2 — ool d3+ 500> 5832 d3d22d1 + 6791,954 d3d22d1 + 4%%703361223611 %E‘}ﬁ ds’dy® — 87% di*ds® +
o;%,?d d? — 0832 d3 d2d1 1749 d3d2‘fé5g_ 11664 d3 dl 34902 d3 d2 | 69984 d3d2 T 34992 dsds®
17496 dyds? 17496 di? 8748 di”dy — 34992 dl d2 + 2187 ds*d2dr” + m d2 - 2916 d3 dld?

ufr @ dody® — 889 ds dz2 - @ di?da? — 72%;8 d1d2 + 353 3888 d3dz + =555 5832 d3“dad1 + 5575 2916 dadida? — % +
19 152 — 22 dadadi? + dsd; + dp?
i"9123752 2916 313275:l 1166%373 ; 2 il 61%751 1375 6875 59125

ufs 34992 dady £998 dl 155 %dQ 17496 dsd1do? 69984 d3dy 23328 dzdz + 139968 didz +
31439785 ds’do? + 411372 + 31437952 di”ds” + 117347956 dzds d ? - 314397952 ds*dad,

ufy 1741196 dsd1d>? 4:13;4 d3 d2d1+43 1 dsdida* — 34992 d3d2d1 1247;8 8;411 dr?d?ds? _Tm ds®da?dy+
8748 d3®dadi?® — 87 5 dsdadi* + ﬁds do®di — 2916 da?dodr® + m d3d22d1 8;18 d3d23d12 +
15719 37213 3519 9559 3 2 869 2
s 992 o1sr T, songs " o 1~ ggpes o~ gy 2 ppg ds 7 sjq00 dd2 N
17496 }1 3 + 31%992 3d2” + 8748 % 1 46656 2 8748 1 3 34992111 2 4 2941067 162
%dg g; di 8748 d; ‘312 - 8748dd3 d2* + mdel + md2 di? a6 M1 — F7is dadi®
34992 @3 4201 3 2+3882

u f 2 117046976 d3d1d22 _ % _ % d34d2d1 3446902 d3d2d1 + 4’77 dIQd 2d 2 110 d33d 2d1 + 22?715 d33d2d1
3o1g dadadi® — 15 93 ds*ds’dy — 25 ds®dady® — 2;1 dydd>dy? + d32d23d1 - 1—d34d *di” +
21%7 ds’dy*dy + 1458 ds*dz’dy + 71219 ds’dy®dy® — 7d Sy’ dy? + 4374 d34d2d1 + 4374 ds*dadr” —
ﬁd32d24d12 - 2187 d3 dady” — d32d14d2 + 3832 dsdz + g 81 d3 + 34992 didz — 17551)6 d’* —
6985 121 7 3 781 29293 ; 2 121
17496 d3d1 + 21872d3 d2® — 11664 d5 dl - 9984 d3 d J; mdl di + 1296 d3d22 j 52%21 dsdi® —
388 gd2 +8748 ds d1 +8748 ds’dy? —md3 do* _1296 d3 d1+648 ds*d2? +1944 ds”d2” — g dadi®+
677 7 d32d2d _ 432 d33d2

uoo 149360843 3

uUo0 o0

uUop O

uoq 69683 \[(dl d2)(2 di1 — 15d3 + 2d2)

uor

uos | — 2956003 (d1 d2)

uUoyY 9603\[( )(4d1 +4dsd; — 8didy — 37 — 8d3 +4d2 +4d3d2)

U0z 94 3 \[( dz)(4d32d1 — 8d32d2d1 +6dsd; — 22 — 27d3 + 4d32d2 —+ 6d3d2)

w66 16 V3

uop |0

uoq | 0

uor | 0

uos | 0

uoy | 0

uoz | 0

upp | —igges V3

upq | 0

upr | 0

ups | — 189860803 \/g(dl —da)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

lmn Blmn(dl, d2, d3)

upy | 0

upz | 0

Uqq | —30 V3(30dida® + 4096 — 30 ds’da + 30ds®dy — 504 dydy — 225 dsdady — 4di*do® — 4ds’dy® —
30 dadr® + 229d3%do? + 4 di* — 30 dsda® + 1368 ds? — 912d:12 + 1368 do? + 285 dsdadr? — 504 dsdq —
8532 dzds — 30 dad® — 225 dzd1d2?)

uqr —% \/5(28 do+15dsdadi +2 d13 —15 d3d22+24 dz—17 d12d2 +2 d32d2 -2 d32d1 —40d1+15 d1d22)

Uqs | georo/3(28da+15dsdady +2di® —15dsda® +24 ds — 17 dr*da +2 ds’da — 2 ds*dy — 40 dy + 15 d1 d»?)

Uqy | —gasss V3(—120ds’dady —188 dgda?dy* +240 dda®dy +220 ds®dady * — 144 ds®dy da® — 2139 dsdady —
554d1° + 336 do® — 1610 ds%ds — 16 ds*ds + 8dy® + 1925 d1%dy + 840dy — 19020 dy + 128 d3®dy? —
8d33d12 — 1536d3d12 — 52 d32d23 — 24d32d13 — 188d12d23 + 60d1d24 — 84d14d2 + 204d22d13 +
16d3*dy — 60 dzda” + 8dsdi® — 192d3> + 10760 d3 + 3579 d3d2? + 1898 ds*dy — 1707 d1ds?)

Uqz | —3r5es V3(—981dsdady —12 dsdy®dy® +90 dada®dy +1845 ds® dady® — 1557 ds®dyda® — 1842 dadady —
90 d3d2d13 —84 d32d14d2 +60 d32d1d24 —24 d34d22d1 +60 d33d2d13 —188 d32d23d12 +204 d32d22d13 +
180 d33d23d1 + 24 ds*dadi? — 180 ds3da?d1? — 44 dy 3 — 5840 ds?da — 54 d3*da + 374 d1?dy — 2832dy —
15528 da + 705 da®da? + 276 ds3d1? — 2736 dad1? + 246 ds?de® — 534 ds?di® + 54 ds*dy + 12dsdi? —
8ds*di® —60ds>do* + 8 ds*dz® 48 d3?d:i® — 648 d3® + 15216 ds + 4434 d3d2® + 6452 d3*dy — 330 d1d2?)

urrTr —ﬁ \/g(—4—d1d2+d12—d3d1 —‘rdgdz)

urs | geetos \/3(—4 — didy + di® — dsdy + dada)

Ury | —5oeess V3(—4didsa®+84—8ds’da+8ds®di+133 dyda+8 ds’dadi+12dr*do® —12 ds’dr > —12 dady ® +
4d3 d22 + 4d14 + 4d3d23 + 32 d32 — 85 d12 — 48 d22 +12 d3d2d12 — 43 dsd; + 11dsds — 16 d3d1d22)

urz —ﬁ \/g(—4 d33d13 +24+12 d33d2d12 —27 d33d2 + 27 d33d1 +22d1do +123 d32d2d1 —81 d32d12 —
42ds?ds? — 4ds?ds®dr + 108d3? — 22d1?2 — 12d53da?dy + 4ds3da® — 98 dsdy + 50dsds + 4ds?d:* +
6d3d13 — 6d3d1d22 — 12 d32d2d13 + 12 d12d22d32)

U S s _411(1)3332 3(—4 — dids + dl2 — dsdy + d3d2)

usy % \/5(—4 d1d23—|—84—8 d33d2 +8 d33d1 —|—133 d1d2 —|—8 d32d2d1 —|—12 d12d22 —12 d32d12 —12 d2d13—|—
ddz*da® + 4di* + 4dsde® +32d3? — 85d1% — 48 d2? + 12 dsd2di® — 43 dsdy + 11 dzda — 16 dzdida?)

u sz 6%;;? \/3(—4 d33d13 +24+12 d33d2d12 — 27 d33d2 + 27 d33d1 +22d1ds + 123 d32d2d1 — 81 d32d12 —
42 ds d22 — 4d32d23d1 + 108 d32 — 22 d12 —12 d33d22d1 —+ 4d33d23 — 98 dsdy + 50dsds + 4d32d14 =+
6d3d13 — 6d3d1d22 — 12 d32d2d13 + 12 d12d22d32)

UYY | —1geees V3(—38628 — 32ds’d1* + 3944 dsdida® + 368 di’d2?ds® — 160 ds’dadi® — 160 dsdydy —
160 d32d23d1 —64 d33d2d12 +128 d34d2d1 +160 d3d2d14 +128 d3d1d24 — 160 d3d22d13 —64 d3d23d12 —
5688 dsdadi? + 96 ds®d2® + 32633 dsdy — 5808 ds? — 6313 d1da + 7993 d1?2 — 6313 dsdy + 1728 ds2d,? —
3752 ds2da? + 384 ds* + 1728 d12d2? + 340 dsda® + 384 da* — 16 ds*da? + 636 dsd1® — 1876 d1d2® —
5808 dz? — 32 d1*d2? — 32dsdi® +32ds®dy — 112 d1%de* — 16 ds?da* —32ds®dy — 32 dadi® + 32 dids® —
32dsde® —112ds*d12 +128 d2®d1® 4+ 128 ds®dy® — 1876 ds®dy + 636 dod:1® + 3944 ds?dady + 340 ds®dy —
872d1* 4 16 d,°)

WYz | —garess V3(—31224 — 904 ds®dy* + 5518 dgdida® + 1728 di *da’ds® + 636 ds’dadr® + 156 ds’da’dy —

1796 d3?d2>d1 — 2520d53dadi? + 128 ds2de3di® + 192ds*da?dqi? + 96ds3datdy — 96ds*doa®dr —
112d33d22di® — 48dsda®di? — 160dsdadi® — 32dsdad:® — 112d3%da*di? — 48ds’de?di +
144 d33d2d14 + 32 d32d25d1 — 32 d32d14d22 + 48 d35d2d12 + 1584 d34d2d1 +24 d3d2d14 +48 d3d1d24 —
72 dsda?d1® —24 dsd2®d1? — 4872 dsdadi 2 +668 ds®da®+38950 dsda — 17340 ds2 — 6478 d1da+1102 d1 2+
1130 d3dy +10749 d32d1% — 10246 d3?d2® 41296 ds* — 16 d3®d1 2 +264 d12d2? — 400 dsd2® — 660 d3*do? —
1398 dsdy® — 176 d1da® — 192d2? + 24 dsd,® + 108ds’dy + 336 ds?de? — 108 ds®da — 924 ds*dy? +
16 d3®ds® — 48 d33d1® — 32 d33ds® + 48 ds*dr* +16 d32d1® + 1696 d3®d1® — 9551 dsdy + 3817 ds?dady +
5087 ds®dy — 88 d1* + 16 d3*do*)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).

151



A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

Uz 2z | —57mass V3(—30864 + 24 dsda’dr® — 88 ds”dy” + 18186 dsdida” + 13485 d1°da ds” — 1338 d3”dady® —
10745 dsde?dy — 10745 ds?da3dy + 564 ds3dadi? + 144 ds3da®dr® + 48 ds®dadh? — 16 ds?de’dq® —
144d34d23d13 + 16d32d22d16 — 48d33d22d15 + 48d34d22d14 — 16d35d22d13 + 48d33d25d12
48 ds*dx®dy + 1656 ds?da>dq® — 852 ds*da?d1? + 1404 ds3do*dr + 1404 ds*do>dy + 1656 dsda?dqi® —
2052 d33da3d1? — 24ds*dedi® + 24ds5%dadi® — 852ds2da*di? + 108ds5°da%dy + 108ds2de’dy —
936d32d14d22 + 144d34d24d12 — 48d32d23d15 + 48d32d24d14 — 48d35d24d1 — 144d33d24d13 —
24 dsdo*d1® +162 ds*dadi + 36 dsdadi* +162 dsdida* — 1338 dsdo?dy® 4+ 564 dsda®d1? — 8208 dsdadi ® +
6925 ds>da® + 54916 dsda — 648 d3? — 8980 d1da + 484 d12 — 8980 dsdy + 1014 d3%d12 — 33084 ds2da? +
1014 d12ds? — 1350 dsda® + 1134 d3*d2? — 132 dsd1® — 594 d1do® — 648 do® — 88 d1%da? + 1134 d3%da? +
88 dp3d1® —108 ds®da® —108 d33d2® +88 ds®d1® — 594 ds3dy — 132 dady1® + 18186 ds?dadi — 1350 ds>da +
16 d3°d2® — 528 dz*d2?)
vvwv - 21139872745 \/g
VoUW 1231?6 3(4d12—8d1d2—|—4d22+4d3d1 —|—4d3d2—8d32—5)
v f | o V/3(2da + 4dsdi® — 8dsdady + 4dsds® — 9ds + 2dy)

0

VU O
vvo | 0
vop | 0
VU Qq 9947152 (d1 — dz)(z dy — 15d3 + 2d2)
vVUT 182225 _ 104225 d2
93312 93312
VU S _ 219775 + 22109773765 d

voy lgi;gffs(dl —do)(4di? +4dsdy — 8dide — 37 — 8ds® + 4do? + 4 dsds)

VU Z 993427152 (d1 — dz)(4 d32d12 — 8d32d2d1 +6dsdi — 22 — 27 d32 + 4d32d22 + 6d3d2)

Vww | —goee V3(80dida® + 537 — 16 ds®da + 80 ds’dy — 236 didz — 80 ds’dady — 48 di?da® — 48 ds*dy” —
16 dod1® 496 d32do® + 16 di* — 16 d3d2® +532 d3® — 296 d1% + 532 da® + 112 d3d2di? — 32 da* — 32 d3* —
236 d3di — 3368 dzdz — 16 dzd1® — 80 dzdid2?)

vw f _18162524 \/g(—32 ds®dady — 48 dsda?di? — 260dsdady + 80dsd2dr — 16 dsdadi® + 80ds?dadi? —
64ds°dide? — 16 da® — 36 d3® + 572 dzd2? — 328 d3di® — 8 did2® + 16 di%da + 16 d3?d2® — 32 d3%dy® —
32dada® +16 dadr* —284 d3?de +16 d3®de® +16 d3®d1? +336 d3?dy +8 di® — 266 d1 — 1546 d2 +813 d3)
vwo | 0

vwo | 0
800 7. 2 , 1600 7 2 800 7 2 , 1600 800 800 1000
vwp | 3187 di” + 2187 do” — 2187 d3” + 2187 dd; — 218 dads — 2187 didy + 2187
vw _1%5 dd3+ 6875d2_88625d2+ 875d _ _625 d3d _ 612 ddd2_77375dd +
q 34992 “291 16656 1 139968 “2 g7ag 3 23328 3 12 69984 “3%1¢2 279936 (391
361375dd7125d2d2+2375dd3+2875dd71625d2d2+ 625d3d+125d2d27
27ggss 12 U atapfa G T Goosy G301 T gy G0a T qeget o G2 ) agaas 08 1 E pider @2
34992 dadadi” + 7776 d3”dzdy — 17496 d2" — 34992 di” + 34992 didz” + 2187 d3ds” — 2187
vwr 50875 g | 81195 ;' 1375 5. 1875 g.g " 1375 ;.2 "\ CA8T5 g 2, 0 1375 g g 27 1375 gog02
279936 “1 T 279936 %2 ™ 8748 23328 30201 7 ggga 3 @1 7T Gogga U3 U2 Ggggg “3¢2 34992 “3¢1
1875 "y 1,2 — 1375 g 3771875 g
2332 1
VW S _3§5(8)575d _5565)(?285d +94759d9+9475 dadod +%d 2d _ 9475 d2d _ 9475 dd2_ 9475 dd?_
186624 “1 186624 27T 5832 Y3 15552 342417 46656 “3 U1 1ee56 43 U2 16656 392 T 23328 U3U1
94751 .2 4 9475 g 3 0475
15592 %’, . 466585 ! #3338 2129875 125 3 125 3 125 2 2
VWY | geas dadadi + 5536 dad2”di” 4 f3gges dadadi — ghg dady”di — gy dadadi” + grge datdadi” —
1375d2dd2+ 3625d3+ 125d _52625dd2_ 625 dd2_250dd2_625d2d+
34992 43 “102 15552 42 2187 43 69984 3d2 139968 31 729 @192 16656 “1 U2
12 d2d3+ 125d2d3_ 125dd4+ de4_77 d2d_125d3d2_ 625d3d2_
5832 43 (2 11664 43 _¢1 34992 “3¢2 34992 “3¢%1 139968 3 ¢2 ™ 349927 U3 U2 34992 “3 1
24625 d 2d _ 125 d 2d 3+ 875 d d4+ 125 d 4d + 125 d 2d 3+ 125 d4d _ 125 d4d +
139968 43 ¢l — a7y d1 U2 34992 @192 17496 91 42 17495 2 41 17496 43 A1 = 77496 43 2
8757y 3 200135 5 4 815125 "7 125 5 7125 g 5 5375 g
23328 1 559872 1 T 559872 “2 T Tra06 “2 34992 91 17496 43
175d3dd 125dd d2 815ddd 125dd3d 125ddd3 875d2dd2
R | g 00l R0 hyases Copat T piger Sa0% T T qigsE v T mgE 320 T
Ti661 d3°did2” + 555 d2” + 8748 d3"di"dy + 17555 d3”dids” — 5832 d3”do”d1 — ogg d3”dadi” —
21125 d32d23d12 + 812458 d32d22d1 _ 1?356 d33d23d1 + 182352 d34d2d1 + 1192454 d33d22d12 + ;gi d33 _
348575 2 5087 2 1375 % 50875 d2d §832 4375 da2d:3 195 1. do4 12577 g4
139968 dsds” + 139968 d3di” — 11664 dids” + o984 @3702" + {749s 437 A1" — 5555 432 — Tyggq 43d1 +
53875 7 2 1635 7 3 5 2 1625 7 33 2 125875 7 2 135 744 125 .44 1875 73 _
379036 3" 2 — 77mg da”d2”™ — s55 ds™di™ — 555056 da™di + 5555 datdi — 5555 ds”da + gg5 di
125 453 18875 366575 125 4 125 3 125773 ;4 125 7245
=2 ds3 d1° — di + ds + ds°d2” + d3"ds” + 5= d3°dy == d3“ds
17496 32 15 39968 1 139968 “2 17496 @3 42 17496 @3 42 g7ag U3 8748
17496 d3"di” — 486 d3

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

v f f —gég‘; 3(—768+64d12d22d32—32 d33d22d1—|—16 d33d2d12+16d3d2d14—32 d32d23d1—32 d32d2d13—
32d3dad1® + 16 dsd2®di? + 320 d3d1d2® — 360 dzdady® + 16 d3da® + 1109 dsda — 18 ds® — 270 d1d2 +
4 d12 —270dsd1+8 d32d12 —240 d32d22+8 d12d22 —36 d3d23+8 d3d13— 18 d22+8 d2d13+320 d32d2d1 —

36 d33d2)
vfo |0
vfo |0
VD | <y 28— S0 dy 3299 dydady — 3090 dy?ds — 1902 1%
1625 125 62 2 88525 125' 3 125 2 125 2
vfq dl_ d2+4374 d3_116 7 d3d2 di? 139968 d3dzdy — 8748 dsd> d1+1749 ds*d>? +17496 di?ds®~
3 625 3 2375 2 125 ;5 2 1375 1625
11664 d3 d2 + 11662 d3 dadi + 3499 dsdady” + 23328 ds?dy + 69984 d3 da+ 5: 139963 d3d2 + G984 d3d1 -
5875 d d 125 d 125 d d 21125d d 250 d 2d d 125 d d d d
32093 4102° — 35505 @17 — 7y @1 42 + Goggg @17 A2 — %18 3 t2d1 _7776 2 +583 3 102
1375 dod 3 1375 d 2 1375 d 2 1375 dadd 1375 d d d d 59125 dad
vfr Tpao02 (2910 T Goosa AL T 15553 €2 157517496 301 2137_ 6ogs4 @3 33308 ad2 T Tigges duda +
34992 d3 d2 + 7 34992 di”d2” + 749 dsdzdy? 4 s ds”dady
Uf s 9475 d d K:'7 d 9475 d 2 947? d d d _ %4%% + 9475 d d 4 47375 dd _ 407425 d d _
23328 291 46656 1 50368 2 11664, 30162 916 ' 46656 “3Y1 T 15552 3042 93312 “192
9475 d 2d 2 9475 d d 9475 d d d + 9475 da’dod
23328 43 523328, 1 a2 11664 43 3 201

2332
vy | d12d22d + 5 d e — d33d2d13+

d3d2d1 — g2 d32d23d1+ r125 ds*dads® —

125 2 3 103??“536 17496 12157496 3 3125 ° 38625

2916 dsdo*dy’ 17496 d3d2 di +3 2 dsdid>® + 5053 69984 d3dzdy® + 17496 ds’d>” + 3572 2 16 139968 d3d2
250 d 2 422875 dad 28625 d 108625 dad _125 d 2d _ 125 dadd 9875 d 2d
2187 937 — 279036 9192 T 139068 1 139968 4301 + 24992 3 d1 8748 3d1d2 69984 %3 U2
125 d d d 16375 d 2d% 5 d d 125 d 125 d d 15625 d d 93875 d 2
grag 3 (201 — 4992 2 3 2 - 7778 2 17496 “3¢1 189984 1d2” + gagpp d2” —
125 d 4d d- 3d + 4625 d d 26125 d- d dy + 625~ d- 3d + d 4d 125 d 2d 4 +
8748 2 17496 3 U1 T 77496 “291 69984 @3 €201 T Fgzgy U3 U2 5832 1 @2 17496 1 2
125 d d _ 125 d d 5 _ 125 d 3d 3 _ 125 d

17496 43_¢2 496 4201 5832 Y2 (1 34992 41

17
v f 2 gg d12d22d3 + gQ-J d33d22d1 _ 31§a d33d2d12 _ 125 d3d2d1 + 14125 d32d23d1 + 3125 d32d2d13

5832 34 5832
5182352 d3d23d1 - éiégfd didy® — 21931% d3?dy| 291% ds"do?dy? 4%3754 ds’da*dy — 2192156 ds'dr’dy —
114255 d33d22d + 125 d 3d 3d1 817245 d34d2d1 _ 172458 d32d2d1 + 8125 d32d24d1 + 4132754 d33d2d1 +
§d2d4d +5g§75ddd2—1375d3d3—1§7375dd 125d _2712odd + 137..)d +
%8%?5 d dq 625 88795 d 2d +332875 d 2d 4125 125 36219 dody+ 2125 125 d 4; 4 1639795 d ;d22 4992d d _
34992 +243+23328 1 139968, Tas. 1296 43 213;5 8748 542121574962 1 %gg2 é 2
11664 dady® z - 1 9 5 ds"d2? + 2503 437 d1 + 17596 d2d1” — Y5068 I3 d2d1 + 555 ds”d2 —
125 5 25 4 2 125 3
ggozg d2” — 17496 d3 di* — 17496 ds’dy?
VOO | —719683
voo |0
vop | O
voq | 0
2500
vor 15683 3(d1 — d2)
vos | 0
voy | 0O
voz |0
~ 2000
VOO | —19683
vop | O
voq | O
vor |0
vos | 0
voy | O
voz | 0
348800
vpp 19683 V.3

VP q | tedes V3(di —d2)(2dy — 15ds + 2dy)
vpT % 3(d1 — d2)

vp S
vpy | 1 V3(di — d2)(4di® + 4dsdy — 8 dida — 37 — 8ds® + 4 dx® + ddsdy)

VP 2z | 1oas3 V3(di — da)(4ds?di® — 8ds’dady + 6 dsdy — 22 — 27 ds® + 4ds*dy® + 6 dsda)

v qq | s V/3(30did2® + 4096 — 30ds’da + 30ds>dy — 504 dydz — 225 ds?dady — 4dide® — 4ds?di?
30dadi® + 229d5%da? + 4dy* — 30dsde® + 1368 ds? — 912dy% + 1368 do? + 285 dsdadi? — 504 dsdy —
8532 dsda — 30 dzdi® — 225 dsdyds?)

var | A58 \/3(28da+15dsdadi +2d1® —15dsd2® +24 ds — 17 di % da +2 ds?da — 2 ds*dy — 40 dy + 15 d1d»?)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

Vs | —pae V/3(28da+15dsdadr +2di® —15dsda” +24 ds— 17 dy > da+2 d3”da —2 ds®dy — 40 d1 +15 d1 do”)
Vqy | e V3(—2139dsdady + 3579dsdy” — 120ds®dady — 188dsda’di” + 240dsda’dy + 336da2” —
1610 d3%dy + 1898 d32d1 — 1707 d1de? — 554 d1® + 1925 d1 2dy + 128 d3®de? — 8 ds3d1? — 1536 dsdq? —
52ds%dy® — 24ds?d,® — 188d12de® + 60dida* — 84di*ds + 204d22dy® + 16ds*dy — 16ds*ds +
220 d3?dadi? + 840dy — 19020 da — 60 d3da” 4 8 dadi® — 144 ds?dy1do® + 8 dy® — 192 ds® + 10760 ds)
Vqz | gaes V/3(—1842dsdadr — 90dsdadi® — 84ds’ditdy + 60ds’didy” — 24dsda’dy + 60ds®dadi® —
188 d3%d23d1? + 204ds2da?dy® + 180ds3da®dr + 24ds'dadi® — 180ds3da?dy? + 4434 dsdy? —
981 d3®dad; — 12 dsda?d1? + 90 dsda®dy — 5840 ds?da + 6452 ds?dy — 330 dids? — 44 dy % + 374 dy2ds +
705 ds33da? 4276 ds>di 2 — 2736 dsd1 2 +246 d3?d2® — 534 ds?dy 2 + 54 ds*di — 54 ds*da + 1845 ds?dadi ® —
8ds*d1® —60ds3da? +8dsda®+8ds?d1® —2832d1 — 15528 da + 12 dsd1? — 1557 d3?d1da? — 648 ds® +
15216 d3)

vrr | oS V/3(—4 — dida + di® — dsdy + dada)

vrSs —}ﬁggﬁi 3(—4 —dids + d12 — dsdy + d3d2)

vy % \/3(—4 d1d23—|—84—8 d33d2 +8 d33d1 +133d1d2+8 d32d2d1 +12 d12d22 —12 d32d12 —12 d2d13+
ddy*do® + 4 di* 4+ 4dsde® +32d3? — 85d1% — 48 dx? +12dsd2di® — 43 dsdy + 11 dzda — 16 dzdida?)
vrz | et \/3(—4ds’di® + 24+ 12d3Pdadi® — 27 d3 da + 27 d3dy + 22 dida + 123 ds’dady — 81ds’dy® —
42 ds3 d22 — 4d32d23d1 + 108 d32 — 22 d12 —12 d33d22d1 + 4d33d23 — 98 dsdy + 50dsds + 4d32d14 +
6 dadi® — 6 dsdide® — 12d32d2di® + 12 d12d22d3?)

vss | 295 B4 qidy +dy? — dsdy + dsda)

93312

VY | —gaa2e /3(—4did2® +84—8ds’dy+8ds’dy +133 dida+8 ds®dady +12 di*dp” — 12 ds?di * — 12 dadi® +
4ds d22 + 4d14 + 4d3d23 + 32 d32 — 85 d12 — 48 d22 + 12 d3d2d12 — 43 dsd; + 11dsds — 16 d3d1d22)
Vs 2| — s /3(—4ds®dy® +24+12ds’dady > — 27 ds®da + 27 ds®dy + 22 dida + 123 ds’dady — 81 ds®da” —

42ds°ds? — 4ds?da®dy + 108d3? — 22d1?2 — 12ds3da?dy + 4ds3da® — 98 dsdy + 50dsda + 4ds?di* +
6d3d13 — 6d3d1d22 — 12 d32d2d13 + 12 d12d22d32)

VYY | e V/3(—38628 — 5688dsdadi® + 3944 dsdidy”® + 128 ds*dady + 160dsdadi® + 128 dsdida® —
160dsda?d1® — 64dsde®di? + 368d12d22ds? — 160ds?dedi® — 160d33de?di — 160ds%d23dy —
64 ds3dad1? + 340 dsde® + 32633 dsda — 5808 ds? — 6313 dids + 7993 d12 — 6313 dsdy — 5808 d2? +
1728 d3?d12 —3752 d5%d2?+384 do* +16 d1°+384 d3* —32 d3%d1* +636 dsd1 2 +128 d53d1® —32 d1*do? —
16 d3*da? —32dsd1® +32ds°dy — 112 d12d2o* — 16 ds?da® —32d3°de — 32 dod1® + 32 d1do® — 32 dsdo® —
112d3*d12 41728 d12d2? — 1876 d3®d1 — 1876 did2® 4+ 3944 ds?dody — 872 d1* +340 d33da +128 do3dy 3 +
96 d33d2® + 636 dod;®)

VY2 | e V3(—31224 — 4872dsdadi” + 5518dsdida® + 1584 ds'dady + 24 dsdedi® + 48dsdida” —
72d3d22d13 — 24d3d23d12 + 1728d12d22d32 + 636d32d2d13 + 156d33d22d1 — 1796d32d23d1 —
2520d33d2d12 —+ 128d32d23d13 =+ 192d34d22d12 + 96d33d24d1 — 96d34d23d1 — 112d33d22d13 —
48 d53da3d1? — 400 dsde® — 160 ds*dadi® — 32 ds?dads® — 112 ds?da*d1? — 48 d3®da?dy + 144 ds3dads * +
32ds2da®dy —32 ds%d14d2® +48 d3®dadi? +38950 dsds — 17340 d3? — 6478 d1da +1102 d1 2 +1130 dsdy —
192 do? + 10749 ds2d1 2 — 10246 d3?da? + 1296 ds* — 904 ds?di* — 16 ds®d1® + 16 ds®ds® — 48 ds3dy® —
32ds3d2® — 1398 dsd1® + 1696 d33d1® — 660 ds*da? + 24 dsd1® 4+ 108 d3®dy + 336 ds?da* — 108 d3°dy —
924 ds*dy? + 264 d12da? — 9551 ds>dy — 176 d1da® + 3817 ds2dady — 88 d1* + 5087 ds3da + 16 dsda* +
48 dz*di* + 16 d3%dr® + 668 d3d2?)

V22 | e /3(—30864 — 8208 dsdadi” + 144 d3’do’di ! + 48 ds®dx’di® — 16 ds*do’dr® — 144 ds*do’dy® +
16 d3®da?d1® — 48d3d2?di® + 48ds*da?di? — 16ds°da?di® + 48ds3da’di? — 48ds3*d.’dy +
144d34d24d12 — 48d32d23d15 + 48d32d24d14 — 48d35d24d1 — 144d33d24d13 — 24d3d24d13 =+
18186 dsd1d2?+24 dsds?d1® +162 ds*dadr +36 dsdadr* +162 dsdide* — 1338 dsda?d1® +564 dsdo®d1 % +
13485 d12ds?ds? — 1338 ds2dad1® — 10745 ds3da?dy — 10745 ds?da3dy +564 d3®dady 2+ 1656 ds?da3d,® —
852 ds*da?d1? + 1404 ds3da*dy + 1404 ds*da3dy + 1656 ds®da?d1® — 2952 ds®da®dy? — 1350 dsds® —
24 ds*dad1®+24 d3?dod,® —852 ds?da*d1 24108 ds®da?d1 +108 d3?d2®d1 —936 ds?d1 *da? 454916 dsds —
648 ds? — 8980 d1ds + 484 d1? — 8980 dsdy — 648 de? + 1014 ds?d1? — 33084 d3?dy? — 88ds?di* —
108 ds®d2® —108 d3®da® — 132 dsd1® +88 ds®d1® —88 d1*da?+1134 ds*da® +1134 ds2da* +1014 dy 2 do? —
594 ds3dy —594 d1d2®+18186 d32dadi — 1350 ds®da — 528 ds*da* +88 da3d1 2 4+ 16 d3® da® +6925 ds3do® —
132 dad:?)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

WWW | — g V/3(—24963 — 6384 dsdadi® — 6384 dsdidy” + 1152 ds dady + 1152 dsdady + 1152 dsdida” —
960 dsda2d1® — 960 dsda®d1? + 2688 d12da%ds? — 960ds?dadi® — 960ds3da?dr — 960ds2da®d; —
960 ds3dad1? + 15600 dsde® — 384 dsdi? — 27392 dsda + 44800ds? — 27392d1ds + 44800d:2% —
27392 dsd1 +44800 do? — 18432 d5%d12 — 18432 d5%d>? — 6384 d1* —6384 ds* —384 d3?d1*+15600 dsdq >+
128 d2® +128 ds+128 d1 6 +896 d3d1® — 192 dsd1® — 192 ds®dy — 384 d12da* — 192 d3®da — 192 dady® —
192 d1d2® —192 dsda® —384 d1 da? — 384 ds*da? — 384 ds?da* — 18432 d12d2? — 6384 do* +15600 ds>dy +
15600 d1d2® — 6384 d3?dady + 15600 d3*da + 896 do®d1® + 896 ds®da® + 15600 dad1?)

ww f | —1geeas V3(3032d2° + 144ds® — 832ds’dy’dy — 64ds*dadi® + 128ds’dady + 1280ds®da’ds” +
896 dsd2®d1® + 6896 ds®dody — 17728 dsda?dy? — 33776dsdedy — 192dsdids® — 192dsdedy® +
15536 dsda®d1 + 15536 dsdadi® + 960 ds?di*ds — 9984 ds?dadi® + 960 dsdide? — 384 dsdy?dy* —
64 ds*da?dy — 9984 ds?d1do? — 832 ds3dadr® — 640 ds?da®d1? — 384 dsda*d1? — 640 ds?da?d1® + 64 ds® —
616 ds® + 1576 d12da + 9952 ds?d1® — 160 d12de® + 96 d1da® + 96 ditda — 160 d22d1® — 176 ds*dy +
64 ds*d1® +192 ds3da* + 64 ds*de® + 192 ds®dy* — 6672 dsda* — 320 d3?dy® — 64 ds®da? — 6672 dsdy* —
320ds2d,® — 64ds5°d1? 4+ 128 dsd2® + 128 ds3d1® + 3032d:2 — 1842d; — 1842dy — 15868 d3?ds —
3312ds53d,2 — 15868 d3?d1 + 37160 dsd1 2+ 1576 d1da? — 3312 ds3da? + 37160 dsda? +64 d1° — 3871 ds +
9952 d32do® — 176 d3*ds)

wwo | 0

wwo | 0

wwp | 0

WWq | —grases (di — d2)(2008 d2® + 240 ds® 4 1744 dsdady + 1760 dsda>dr® — 79528 dsdady — 240 dsda®dy —

240 dsdady® — 1328 ds2dad1? — 1328 ds%d1da? + 64ds® — 15192d5> — 2008 d12ds + 1296 ds?d,® —
160d12d2® + 96 dido* + 96 ditds — 160 d2%di® — 272ds*dy — 640 dsds* — 640dsdi* + 2008 d,® —
15858 di — 15858 da + 21628 d3%dy — 688 d3®d12 +21628 ds?d; — 8444 dsd1? — 2008 dydy? — 688 ds3dy? —
8444 dzdo® + 64 d1® + 40215 ds + 1296 d3>de® — 272 d3*do)

wwr | —gmto (di — d2)(32d1* — 80dsdi® + 16 dadi® + 80 dsdadi® — 1044 dy> + 48dsdr”® — 96 d1°da” +
1260 dsdy — 112 ds2dady +16 d3®dy +2088 d1da +16 d1do® +80 dsdida? — 216 ds? +32 do* +48 d3?dy? —
80 dsda® — 1044 do? — 16 d3* + 2695 + 1260 d3dz + 16 d3>d2)

Ww s | ooy (di—dz)(32d1*—80 dsdi®+16 dady®*+80 dadadi®—1044 di > +48 ds>d1 > —96 d1 *da +1260 dsdy —
112d3%dody + 16 d33dq + 2088 d1da + 16 d1d2® + 80 dsd1d2? — 216 d3? + 32 da* + 48 d3?da? — 80 dsda® —
1044 do? — 16 dz* + 2695 + 1260 dzd2 + 16 d33d>)

WY |~z (di — d2)(—149379 — 20208 dsdadr® — 20208 dsdids® + 1152ds*dady + 1152dsdadi™ +
1152 dadida* — 960 dsda?di® — 960 dsd23di? + 2688 d12dy?ds? — 960 da2dadi® — 960 ds®da?dy —
960 ds2da3dy — 960 ds3dadi? 4+ 20208 dsda® — 384 ds*d1? — 80384 dsds + 44800 d3? — 158720 dy1ds +
97792 d12 — 80384 dsd; +97792 da? — 13824 ds2d; 2 — 13824 d32da? — 9456 d1* — 1776 ds* — 384 ds?d 1 * +
20208 d3d1°3+128 d2®+128 d3%+128 d1°+896 d33d1 2 —192 dsd1® —192 ds®dy —384 d1 2da* —192 d3° da —
192 dod1® — 192 d1da® — 192 dsde® — 384 d1%da? — 384 ds*da? — 384 ds?da® — 9216 d12da? — 9456 da* +
4848 d3®dy + 14064 dyda® + 19728 d3*dad; + 4848 d33dz 4 896 da®dy® 4 896 ds®d® + 14064 dad; ?)
WW2 | —grasee (di —d2) (23142 — 7784 dsdady® — 7784 dsd1da® + 13136 ds*dady +288 dsdady * +288 dsdydo* —
480 dsd2?d1® — 480dsdo3d? + 128 ds®dady + 896 ds?da®di® + 1280ds*da?di? + 960ds3datdy —
832ds*da3dr — 640d33dad:® — 640d33d23dr? — 832d3*dadi® — 192ds2dadr® — 384 ds?da*dr?
64 ds°da2dy 4+ 960ds3dadi® — 192d3%d2’dr — 384 ds?di da? — 64ds’dadi? — 9216 dqi2da%ds?
14224 ds?dady® — 15776 d3®do?dy + 14224 ds%do®dy — 15776 ds>dadi? + 7784 dsds® — 6160 d3*d:?
9758 dsda — 114605 d3? — 164720 d1da —9800 d12— 9758 dsdy —9800 da? +95904 ds2d1 2 +95904 ds2ds? —
704 dq* 4 12328 ds* 4+ 64 ds°d1® — 9616 ds?di* + 7784 dsdq® + 432 ds® + 15680 ds3dq1® + 192 dsd,® —
528 d3®dy — 528 ds®da +192 dsda® — 6160 ds*da? —9616 ds?da® +2112 d1%de? — 704 dp* — 78676 d3>dy —
352 d1d2®+16960 ds?dadi +64 ds®da®+128 d3?dy®—64 d3®dy? — 78676 ds3da—320 ds®d1® —320 ds®da® +
192d3*di* + 128 ds?d ® — 64 d3®di? + 192 ds*da® + 15680 ds®ds® — 352 d2d;®)

I+

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)
w V3(4352 + 29744 dzdadi® — 22276 dyd1d>” — 112d3 dody — 6960 dadodi® — 112d3dida” +
93312 374 4;3 3,273
9984 dzdo?d1® — 3056 dad2®di? — 704 ds*do®di® — 192d3da*dy — 192d3*d23dy — 704 ds®dady
768d33d23d12 + 64d34d2d13 — 320d32d2d15 + 128d35d22d1 + 192d33d2d14 + 128d32d25d1 +
896 d32dyda® —64 ds®dady® +128 dzdadi ® 464 dada®di® 4192 dsda®di* — 320 dad2?d1® — 64 dzd2®di? —
13248 d12d2?d3? + 9984 d3?dadi® + 3248 ds®dady + 3248 d3*do®dy — 3056 da®dadi® — 2456 dade® —
32d3*d1? + 14249 dsds — 9050d3? — 1862 dids + 20d1% — 1862dzd1 — 9050 da? + 1472d3%d;?
7304 d3%da® + 32 d1* + 72 d3* + 32 d3?dy* +2984 dzdy® — 64 d3®dy® + 64 dsdy® — 32 d12d2* + 144 d3®da +
64 dod® + 144 d3d2® + 32d1%d2? — 352ds*da?® — 352d32d2" + 1472d12%d2? + 72d2" + 1664 d3dy +
1664 dydo® —22276 d3®dod; —64 d3°da® —2456 d33da —64 d33d2® +128 dz*da* —64 do®d1 3 +496 ds3do® +
2984 dadq?)
wfo | 0
wfo |0
wip 0 5 623 3 221 ;3 827 2 8081
wfq 2916 d3°da® — 2332§2d2 1 74 d3d218gé + 1541 ds d2d1+ 17496 dsd d1363_ 15552 d3d2d1+2187 %3d1d2 +
sy dadads® AN dadach® — v dy’dy d — i dydods® — ol ds%ddy!
8748 dzdy d* 2916 d3 d2”dr — 34992 ds*d1dy? 8748 ds’dady® — MdJ d2’dy® + 8748 dsdy”"d1” +
145 72723 3 3 4 31 37272 1 275
5715 d3”d2 d1 4374 ds®d2*dy + 8748 ds d2d1 — 2916 ds® d2d1 - st d2 di” — @dB d2” +
1 5 9 ;3 4 187 3 119 7 2 473
1944 d2 _4 g3367+ 8748 d3 d2 + ’8322§3 d2+ 34992 di’ 4_ 17496 ds’da” + 55 21§7 d3 d2 - @ d35d22 -
@dggb T 439 dfzcéQ 722 3 h - 7293d2 ) ddd% B 41353251 12" 2113%d2d1 y %ﬂl 6212 .
mad’ + 1458 d3 + 53328 U3 d2 4374 ds*dy? + 777 ds”di + 69984 dsdi® + 34992 didy” + 27378 di”ds +
1714996 s’dr” — 2187 di”da® + 17496 didy* + 1458 d2’ds* — 4374 dotdi® — 134é6 di*da + 17496 d2?dy® —
5833255193;161(1 1991 dadyd2? ds*dad dadad;* dsdida? “dd2d
wfr 34092 930201 16734992 31222 87483 51"_ 74832312 4374 3idz” = prz dadz 41
4374 d3d2 dy + 374+2187 di?d2?d3? —? ds*dods® — %748 ds°d2"dy— 2187 dz“d2"dy— 74% ds d2d1 —
43 2 13193 6301578 5 2255 2
854% d3 d T 233281 d3d2 - 729 d T39968 d1d2 — 59984 di” — 53358 d3d1 - 130968 d2 + 817148 d34 d12 +
17496 32’ 2% — 1@ 12 _2 17496 dzdi” — ﬁdl 3d2 - %Wdel + Wdé d2? — 87{1§ ds giz -
szzlxs 333223 - 73 6dd1d C:lf + 3888 d2* + 17496 d3”dr + 5832 did2® + 5832 d3”dady — 17496 ds3”da +
7372.03" 42" + 35595 G201
wfs 23372 dadadi® — §§§§5 dadida? — 1i36 d3*dady — 496 dadadi* — 8172458 dadidz* + %d3d22d1 -
817248 dad2®di® — 5187 di?do?ds® + 22 d32d2d1 + 1$496 d33d22d1 + 4132754 ds?d2®dy + 1749 d33d2d1 +
1625 .73 _ 148757, 4 4 125 g § To149125 5 g " U72625 g 2 G875 7.4, 4 25625 g 2 4625 _
17496 4302 16656 4342 1458 3 279936 102 139968 1 16656 43¢1 279936 42 574%
125 d 2d 2 _ 3125 d 2d 125 dl 125 d3d1 125 dl d2 + 125 d2d _ ﬁdl d
e L0, gm0 O T T s e ) 8748 89592 5
1;396 d3”ds” + 17496 d3”ds” + 3499; d d2 ~ 7776 do* — 34932 d3”dy — 11664 dids® — 11664 d3”dady +
125 d3d 7&d3d 3 _ 34375d d
B o 2 8748209389 . 59984 25 ! 4 1253 157 2555 2
wfY | iige dad2di” — 69984 dzdid2” + 645 ds"d2d1 — 17496 ddady* + 75 dadidy” 17496 dada®dr® —
117t3996 dsd2®dy® — =25 d32d23d1 - W ds®da*dy + 729 ds*d2®dy + 73 ds®d2*dy® + 1458 ds®d2®dy” +
=g ds*dadi® + 729 s dods® + 2187 ds®dy?dy — 77 = ds’dadyt + 2187 d3’di*do® + 155 ds®dady
TISSde2d16 - %d3d24d1 + 2187 dsd2?dy* — d3d22d1 14%% dsds®dy® — 433173461 2da?d3? +
% ds?dady® + 17493 ds’da’ds + 17496 d32d23d1 5180332 ds’dady® — 69984 d3d2 - 13 ds'dy* — % -
16729 38765 27065 15385 5387 773 2 2165
139968 d3d2+486 d3 +4279g didz+ 35965 dl + 139968 d3d1+93312 d2 T 34992 d3 da +34992 d3 2d2 -
2187 d32d2d1 1458 ds"d dl + md do'dr® — 116643d1 + 2187 dsdids” + 729 %3 - 4%4 d32d2 +
8748 d30d1 34992 dsda’ + 1944 da® — 4374 dl + g5 8748 ds ?3}91 2%1 g3d1 10743744d32dl e d12 do” +
Ll e § gl g bl g s d )~ e o' de” g da '’ 4
69984 ds dp? — 11664 312 - 34992 ds”di — 69992854 didy® 729 ds d42d1 - 37 ds 3d2 - 34992 di’é d22 +
@dQ d13 + 4374 ds®dx® + 1458 dg do* 17496 ng di’ ‘124231? dotdi® + MdS do® + Wd3 do” —
gigz 1°de’® — gy diTda — gy di?da° + md2 d® — 5535 dads®

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

lmn Blmn(d1,d2,d3)
wfz 21373628 dsdadi” + ghag5 dadida® — 2005 ds'dadi — 7305 dsdadi” + 7pos dsdide” + seis dsda’dr” —
d3d23d1 + 883 d32d23d1 + 137 d33d24d1+ 110 d34d23d1+ 121 d33d le _ 1339d Sd 3d1
2316857 4 ga 2 g8 S %411?)7 3 4?53 275 PId8 o %
8748 ds d2d1 + 8748 d3 d2d1 + 2?16 ds’ds“dy — ﬁd do d1 — 2187 ds“d2°dy — 8748d dy d2
324 d35d2d1 + stgdzﬁch + 7is7 ds®dadi® + 21 = > ds®dadi*t — 157 d35d2d1 + mdssdz?’dl
dadad,® — d36d22d1 - 1458 d3d24d1 + md32d25d1 — md34d23d1 + 218 ds*d>?d,®
2127 ds3de?d,® + 2187 ds*de?di* + TS? ds®d2?dy? + 4é6 dsdo®dy* 2187 ds®de"di® + 1458 dsdo?d:® —
2187 ds?do®dy* — ﬁ ds*dody® — 2187 ds*d2dy + 729 ds*da*di® — W ds?da®dr® + W ds*da*dr*
o= ds’dotdy — 7= dsdytdy® — 145§ dada®dy” + 25583 dy 2 dy”ds” ;gfg d32d2d1 - ;gggg ds3de?dy —
364993912 ds 2d 3d + gigg; ds 3d d1 + d36d23d1 — ﬁg%dgdz + m — 55a d 4d1 — 3787 d32d2d1
2312893§l3 d22d1 - m d3ds — 5139 ggz 4888451 dids + éggg di? 314496952 d3d1 + 2§§28 d2? — 699896834 d3 jd +
13p968 ds Ci2 - 134251 ds 2d2d1 e ds*da*di® — ng 2ds d1 + 4374 di* + 1/257613 191 d32 do® +
2187 ds'di"t — 17496 d3 dl + 34992 d3d1 1 82748 ds®dy” 4 %458 dsda” 9 Z?48 d3”dy ;" 4374 d*d>"
§7d3°d32+21872 dads® +3 d3d72 - iég d1 d2 — 1;53 d3 d22 111211180 dz“d2 +%d1 d *ﬁdz +
é339958?1 d3 d3 - 879438 dids + 1935909658 ds 4d2d1 4374 dg d>® — 68984% da + 1458 ds’ds” + 8748 ds*do* +
5832 d3*ds”® — 2187 ds° dQ - 2137 d3*d2® + 4374 d3°di® — 4374 ds®d1” — 2187 d3?di® + 2187 d3°dz°
3%4 ds°da? + 1191494 dadi®
woo | —iootV3(5—4didy —4ds® +8di? — 4dy® — Adsdy + 8dsdy)
woo | 0
wop |0
woq | 0
wor % \/g(—4 d'g,dl2 —4d32d1 —8d3d22+12 dsdady —12 d12d2+4d32d2+4d23 —59dy —37d2+32ds+
8d;°)
wos | 0
woy | 0
woz |0
W60 | — o= V3(5—4didy —Ads® +8di? — 4 dy® — 4dsdy + 8dsdy)
wop | 0
woq | 0
wor | 0
wos | 0
woy | 0
woz | 0
wpp | 20 V/3(5—4didy —4ds® +8d1® — 4dy® — 4dsdy + 8dsdy)
wpq
wpr | 0
wp s | 19952 V3(—4dsdi® —4ds’dy —8dsdy”® +12dsdady —12d1 da + 4 ds®dy +4 do® — 59 dy — 37 da+32ds +
8d,%)
wpy | 0
wpz | 0
Wqq | gyomss V3(—45056 4 58801 dsdadi® — 40661 dsd1da® + 1260 ds*dady + 2552 dadady® + 1260 dsdida® —
3044 d3do?d1® — 632 dsda®di? + 5944 d12d2?d3® — 3044 d3*dodi® — 1816 d3®d2?dy — 1816 d3*da®dy —
632d33dad1? + 35674 dsd2® — 104d3*d1? — 91172d3d> + 44984d3? + 82216 d1dz + 20528 d;?
82216 dzdy +44984 do? +34764 d3*dy 2 — 60455 d3>de? — 1644 di* — 5024 d3* +72 d32d1* — 30230 dady 3 +
32d1% + 376 d33dy® — 256 dzdi® — 120ds®dy — 104di%de* + 120d3°ds — 256 dad1® — 120 dydo®
120 dado® +72 d1*da® —1156 d3*d2® — 1156 d3da* +34764 d1 >de® — 5024 do* +7126 d3d1 +7126 d1d2® —
40661 d3*dady + 35674 d3da + 376 do®d1® + 2072 d3d2® — 30230 d2d:®)
wqr | ges V3(123dsdady — 84ds*dady — 376 dsda®di? + 120dsdo’dr + 204 dsdadi® + 32d3?dadi® +

120 d32d1da? — 3029 dq2ds — 971 dsda? — 138 ds?dy — 1056 dsdq? + 954 ds?da — 128 d3ds® +112ds° +
8ds3d12 43195 d1d2? — 24 d3?d1® +8d12da® — 60 dido® — 144 d1*dy +180 do%d1® +8 d3*d1 460 dsda® —
8dzdi* +970d,® — 4040 d; — 1780 d2 — 160 ds® — 8d3*da + 76 d3®d2® + 16 d1® + 1400 d3)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

wq s — 12ég$12 \/5(123 dsdad, — 84 d33d2d1 — 376 d3d22d12 + 120 d3d23d1 + 204 d3d2d13 + 32 d32d2d12 =+
120 d3%d1da? — 3029 d12da — 971 dsda? — 138 d32dy — 1056 dsdr 2 + 954 ds?da — 128 d3?de® + 112 ds® +
8 d33d12 +3195 d1d22 —24 d32d13 +8 d12d23 —60 d1d24 —144 d14d2 +180 d22d13 +8 d34d1 +60 d3d24 —
8dzdi* +970d,® — 4040 d; — 1780 d2 — 160 ds® — 8d3*da + 76 d3®d2? 4 16 d1® + 1400 d3)
wqy | 1oz V3(111689 dsdadi —2000 ds®da’dy® +672 ds®dady +4624 ds® dadi® — 448 do® +5056 dsda®di® —
240d3d1d25 + 368d3d2d15 + 2256d32d14d2 + 2704d32d1d24 — 3024d3d22d14 — 896d34d22d1 —
2000 d33dadi® — 2432 ds’de3d1? — 2432 dsdody % + 27404 ds3dadi + 106348 dsda®d1? + 7960 dsdedy —
81468 dsdad:® + 54572 ds%dad1? — 114280 ds?dida? + 129817 dq2ds — 2713dsd2? + 5010ds%dy +
60576 dsd1?+64 d1” 41280 d3® + 17182 ds?da + 27708 d32d2® + 76128 da® 4+ 560 d33d1 2 — 98631 d1da? +
6784 ds?dy® — 36628 d12d2® + 20120 d1do* + 2860 d1*ds + 14392 do2d,® — 4440 ds*dy — 18968 dsda? —
3888 dsd1? — 53650 d1® — 272 d3?ds® — 640 d3®do? — 256 dsdq1® — 32 ds®d1 2 — 240 d1d2® + 512 dq12do® —
704 dadi® + 1936 d1°de? — 1936 d3®do®di + 129896 d; — 278012dy — 24224 ds® — 3368 ds*ds
6204 ds®da? — 64ds8dy + 64ds%ds + 240dsda® + 32d3di® — 656 ds*dadi? — 296 di° + 55592 ds
1984 do®dy* + 416 da*dr® 4 256 d3di® — 688 da®da® + 1296 d3d2?)
Wq 2 | gyomss V3(144870dsdady + 15160 ds®d2’dr® + 6108 ds’dady + 33972d3%d2’dr® + 1128 dsdp’dy® —
360 dsdidz® — 768 dsdadi® + 2596 dsdy*ds + 20600 ds?didse* + 216 dsda?di* — 19920 ds*de?dy —
18920 d3>dadr® — 38084 ds?da®d1? — 312 dsda*d1? + 1936 d32d2?d1® + 1504 ds*da*dy — 240 ds?d2%dq +
320ds*dadi? + 512d3%d2’di? + 128ds*de?di® + 96ds®da?di + 416 ds?datdq® + 880ds3dadi® —
1984 ds2dy®di* — 2224 ds®da*d1? — 1344 ds*da®di 2 + 4304 ds3do®dy® — 704 ds?dad1 ® — 3168 ds®da?dy* +
1008 d3°d22d1? — 400 ds®dadr® — 944 ds®da®dh — 96 d3®dadqi? + 81567 ds®dads + 112564 dsde?di? +
18738 dsda3dy — 95178 dsdady® + 133801 ds?dady? — 252969 ds?d1da? + 68686 d12ds + 15514 dsda? —
77820 d3%d1 + 128336 dsd1? + 4320 ds® — 106416 d3>da + 43006 ds2d2® + 57184 do® — 43244 d33d1? +
11886 d1d2? + 19618 ds2d1® — 176 d12d2® + 1320 d1do* + 3168 d1*ds — 3960 da2dq® + 4894 ds*dy
16392 dsdo® — 4756 dsdi? — 65372d13 — 88ds%da® — 4020d3°de? — 184d32di® — 2088 ds®dy?
5140 ds3d23d; + 189104 d; — 148040dy + 6168ds® — 28846 ds*dy + 22877 ds3d2? — 824 ds®di* —
216 ds5%dy + 216 ds%ds + 96 d3d1® + 5520 ds*dadi? — 352d1° + 32d5°dr* — 512d3*ds® + 304 ds°da* +
240 d33d2® — 32ds%da® — 96 ds*dy® — 32d3d1® + 32ds5%dy 3 + 64d3%di” — 29904 ds + 1680 ds*d,® —
9088 ds®da* + 12720 d3*d2?)
wrr | goaess V3(4dide® 4 108 — 4ds’dy + 4ds’dy + 75 didy — 8ds’dady — 12dady® + 8ds’da® + 8dy*
4dzde® — 16 d3® — 155d1% — 16 do? + 24 dadedi® + 75 dsdy + 37 dads — 12dsdy® — 8 dzdide?)
wTr s _% \/5(4 d1d23 + 108 — 4d33d2 + 4d33d1 +75d1ds — 8 d32d2d1 —12 d2d13 +8 d32d22 + 8d14 —
4ddzde® — 16 d3® — 155d1% — 16 do® + 24 dsdadi® + 75 dsdr + 37 dsds — 12dsd1® — 8 dzdida?)
WrY | ey V3(3876—5244 dsdad: ? +920 dsdida® +64 ds* dady +176 dsdady * +16 dsdida® —320 dsda*dr® +
160 d3d23d12+160 d12d22d32 +112 d32d2d13+112 d33d22d1 —176 d32d23d1 —272 d33d2d12 —24 d3d23+
16 d3*d1? + 2967 dsda — 2576 d3® — 7159dids + 3959 d1% — 4455dsdy — 928 da? — 1980d3%d1? +
812d52da? —1684d1* +128 ds* — 112 d52d1* + 3580 dsd1® +32d1% +112d53d1 2 — 16 d3d1® — 32 ds®dy —
32 d12d24 + 32 d35d2 — 112 d2d15 + 16d1d25 — 16 d3d25 + 128 d14d22 — 80d34d22 + 16d32d24 —
1668 d12ds? + 64 da* — 44ds3dy — 104 d1do® + 2832 ds2dady — 980 ds®dy — 32d23dy® + 48 ds®da® +
3392 dod;®)
Wr Z | gyee=s V3(—648—3696 dsdadi* —238 dsdida® 4600 ds*dady —24 dsdady* +24 dadida® — T2 dsd2?dr * +
24 d3d23d12 — 32 d32d23d13 + 96 d34d22d12 — 96 d34d23d1 — 272 d33d22d13 + 144 d33d23d12 —
32ds*dad1®—112 ds%dad1® —32 d3?da*dr 2 +48 ds®da?d1 +192 ds®dad1*+16 d3?d2®d1 +128 ds?di *da? —
48 ds5dadi? — 1572d1%d22%ds? + 3344 ds?dody® + 1116 ds3da?dy — 136 ds?de®dy — 2940 ds3dadi? —
392 d3ds®—168 ds*dy 243386 dsda+252 d3?—1906 dydy —4270 d1 2 —5834 d3dy +608 da? 45547 ds?dy 2+
238d52ds? — 176 di* + 432d3* — 1676 ds2dq* + 3174 dsd1® + 1520 d53dq® — 16 ds®de® — 48 ds3d,® —
16 d33da® + 32d3tde? + 32ds2di® + 48 dsd,® — 108 d3®dy + 108 ds®da — 432 ds*da? + 40ds2de? —
2593 d33dy — 88 d1d2> — 1849 ds*dady — 623 d33da + 16 d3°dy® + 304 d33d2® + 264 dady ?)
wss | 24 \/3(4dids® + 108 — 4dsds + 4dsPdy + T5dyds — 8ds>dady — 12dadi® + 8ds’ds> + 8dy* —
4dzde® — 16 d3® — 155d1% — 16 do? + 24 dadedi® + 75 dsdy + 37 dads — 12dsdi® — 8 dzdide?)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

wsy | —greosr V3(3876 — 524ddsdadi® + 920dsdida” + 64ds’dadi + 176dsdadi® + 16dsdida” —
320d3d22d13 =+ 160d3d23d12 + 160d12d22d32 + 112d32d2d13 + 112d33d22d1 — 176d32d23d1 —
272d33dad1? — 24 dsde® + 16 d3?d1? + 2967 dsds — 2576 ds? — 7159 d1ds + 3959 dy2 — 4455 dsdy —
928 d22 —1980 d3%d1 2 +812ds5%d2?—1684 d1*+128 d3* — 112 d5?d1*+3580 d3d1°+32 d16+112 d53d, 3 —
16 d3d1® —32ds°dy —32d1%da* +32ds®da — 112 dod1® + 16 d1d2® — 16 dsd2® + 128 d1*d2? — 80 ds*da? +
16 d3%da? — 1668 d12d2? + 64do* — 44ds®dy — 104 d1d2® + 2832 ds%dady — 980 ds3ds — 32de3d1® +
48 d33d2® + 3392 dady ®)

WSz | —pee V/3(—648 — 3696 dsdadi® — 238 dsdida”® — 32ds’da’di® + 96ds'da?dy? — 96dstdady
272 d33d22d13 + 144 d33d23d12 — 32 d34d2d13 — 112 d32d2d15 — 32 d32d24d12 + 48 d35d22d1
192 d33d2d14 +16 d32d25d1 + 128 d32d14d22 — 48 d35d2d12 + 600 d34d2d1 —24 d3d2d14 +24 d3d1d24 —
72dsd2?d1® + 24dsdo®di? — 1572d1%d22ds? + 3344 ds?dads® + 1116dsde?di — 136 ds3?d2>ds
2940 d33dadi? — 392 dsds® — 168 d3*d1? + 3386 dsds + 252 ds? — 1906 dids — 4270 d12 — 5834 dsd;
608 d2? + 5547 ds2d1? + 238 ds?da? — 176 di* + 432ds* — 1676 ds?d1* + 3174 dsd,® — 48 dsdy®
16 d3®ds® + 1520 ds3dq® + 16 d3®d1® + 48 dsd1® — 108 ds®dy + 108 ds®de — 432 ds*de? + 40 ds?do?
32ds2d1% — 2593 ds3dy — 88 dyde® — 1849 d3%dady + 32 ds*da* — 623 ds3da + 304 ds3da® — 16 ds>da®
264 dady®)

WYY | e V(195084 + 703936 dsdadi® — 244800dsdide® — 3648ds’da’di® — 1536ds*da’di® —
1472 ds*de®di — 3648 d3®d2?d1® + 5504 ds3da3d1 2 + 3392 ds*dadi® — 1920 ds?dadi® — 1536 ds2da*dq 2 +
1728 d5®d2?dy — 1280 ds3dady® + 1728 ds?da’dy + 5760 ds?dy*de? — 1536 ds®dadi?® — 5904 ds*dady —
88512 dsdadr® — 5904 dsdids®* 4+ 67056 dsda?dr® — 528 dsda®dqh? + 1664 dsdadi® — 128 ds®dadi +
3392 dsdo?di® — 1472 ds3da*dr — 1280 dsda®dr* — 1920 dsda?di® — 128 dsd1d2® — 1536 dsd2®di? —
65808 d12d2%ds? + 67056 ds2dadi® + 9504 ds3da?dy + 9504 ds?do®dy — 528 dsdadi? — 28096 dsda® —
6624 ds*dy? + 157821 dsda — 285952 ds? + 718979 d1ds — 860035 d1? + 718979 dsdy — 285952 dy? +
275712d3%d1? + 73472 d35%d2? — 192d3%de? + 231616 d1* — 192 ds2de® + 22464 ds* + 192d2°d1® +
1280 d1°d2® —1280 da*d1* — 1280 ds*d1* +320 d12d2® —320d1 " da+128 ds"da — 128 d37d1 —320 dsd, " —
192d22d1%—128 d1ds” +128 dsds” +320 ds®d12 —21744 ds?d,* — 455616 dsd1® —512 d2 8 +1280 d33d:° +
128 d1® — 512d5% — 13040 d1® — 384 d35dy® + 4336 d33d1® + 192 ds°di® + 31968 dsdi® + 5616 d3®dy —
6624 d12da* — 4080 ds®da + 31968 dad1® + 5616 d1da® — 4080 dsd® — 21744 dy*da? + 10992 ds*dy? +
10992 d32da* +275712 d12da? + 22464 do* —192 d32d1© — 74176 d3®dy — 74176 d1d2® — 244800 ds > dady +
896 d3*da* — 28096 d3dz + 4336 d2®d1® — 12800 d3®da® — 384 d33d2® — 455616 dody®)

WY 2 | gy V3(—176856 + 377992dsdadr® — 203946 dsdida” + 4496 d3’da’dy® — 37728 ds*d2?dy” —
12240 ds*do®dr + 53648 ds3da2di® — 2736d33d23d1? + 61760dsdadi® + 32192d5%dodi® —
7712d3%do*d1? + 17520ds5°da%dy — 80128ds53dadi? + 5872ds5%d2’dy — 21136ds5%dq%de? —
15456 ds®dad12 — 108136 d3*dadi — 15536 dsdadi® — 14728 dsd1da® +17888 dsda®d1® + 7664 dsdad1? +
96 dsdad1® —1968 d3®dadi +768 dsdadr® +3808 d3®da*dr — 768 dsda?d1® —192 dsd1 da® — 96 dsda®d1 2 +
96608 d12d22ds? — 278480 ds%dadi® — 46348 ds3da?di — 76208d3%d23dy + 407648 dsdadi? —
78760 dsdz® + 130748 ds*d1? — 192ds"di%ds — 320ds%dady™ + 1600ds3dadi® — 128ds%dy"dy +
320ds%dads® — 1280 ds3da3dr® + 896 ds®dadr® + 2240 ds°da®di? — 192 d5%da2dr? + 192 d52de"dq® —
2112 d3*do®d1® =192 d32d2%d1 6 —1408 ds3da?d1 > +3712 ds*do?dr* — 2112 ds®do?dq 2 — 1472 ds3da®dy 2+
320d3%d2%d1 % — 2304 ds*dadi® + 1088 ds*da®dy — 576 ds*da*d1? + 1280 ds?da®d1® — 1280 ds?da*dy* —
1088 ds’da*di + 2880ds3da*dr® + 192d37ds%dr — 64ds8de3dy + 168830dsds — 68364ds? +
385754 d1ds + 62150 d1? + 289906 d3di — 36256 da? — 690639 d32d1? — 99166 ds2ds? + 240 ds%de? +
2232 d1* — 320d3%d2% 4+ 96 ds* — 24144 ds*d1* + 432ds57ds — 432ds7dy + 192dsdy ™ + 1728 ds%d,? +
231800 d32d1* — 132150 dsd1® + 32208 d33d1® + 64 d3®da* + 128 d3®ds” — 320d3*de® — 64.d37ds® +
192 d3°ds® — 448 ds3dy " + 64 d3"d1® + 512ds*dq® — 128 d3bdi? — 128 ds®dy® — 1728 ds® — 704 d, ¢ —
5904 ds®d2® — 376436 ds®dy® + 3840 dsdi® + 1576 dsd1® — 1768 ds®dy — 352 d1%da* + 5992 ds®ds +
352 dads® + 704 d1ds® + 3136 dsda® + 2464 dq*da? — 25876 ds*da? + 26280 ds?ds? + 135720 d12ds? —
4864 da* — 13392 d52d,® + 446781 ds3dy + 32712 d1da® + 109357 ds2dady + 12352 ds*da* + 99 ds3dy —
2464 d23dy® + 128 d3?d1® + 15904 d33da® — 6800 d33d2® — 165800 dad;?)

—+

4+

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

Wz 2 | saoms V3(—149712 + 596880 dsdadi” — 628238 dsdida” — 346172 ds”dadr® + 128276 ds*do’dr” —
127212 ds*do3dy — 346172d33d22d1® + 446544d33do3dh? + 5744dstdadi® 4+ 1912d3%deodqi® +
128276 ds?da*d1? 4+ 9560d3°da?di — 6696 ds3dadi® + 9560d3%d2®di + 231632ds%ditde? —
5208 d3’dad1? — 4662 ds*dadr — 13740 dsdadq® — 4662 dsdida* + 88710 dsda?dq® — 71196 dsd23d1? +
288 d3dad:® — 648 d3®dady + 5744 dsda*dq® — 127212 ds3da*dr — 6696 dsda®dqr* + 1912 dsde?dq® —
648d3d1d26 — 5208d3d25d12 — 256d35d26d1 — 448d32d23d17 + 64d32d27d13 + 96d3d26d13 —
192d33ds"d1? + 192dsda"dv — 970623 d1%d2%ds? 4+ 88710ds2dedi® + 527771ds3dx?dh +
527771 ds%dod1 — 71196 d3®dadi? 4+ 39890 dsds® + 6768 ds*di? — 448 ds3da2dy™ + 192 ds%dady” —
96 ds3dad1® — 432d3%da"d1 + 96ds8dadi® — TT424ds3do3d1? + 96 ds®dadi® — 10896 ds®dady? +
1440ds%d22d1? + 3520ds%d2®d® + 57024 ds*do3di® — 13744d52d»2d:® + 32208ds3ds2%d,® —
23184 d3*d2?d1*+3520 d3°d2?d1® —10896 dsda®d12+1440 ds?d2%d1 2 — 288 ds*dad1 ® +7488 d3*do° di —
40752 ds dad1? + 32208ds2da3dy® — 23184ds?detdit 4+ T488ds datdy + 57024 ds3datdi® —
432d57dx%dr — 1248 ds8da3di — 64d37ds® + 256d33doCdi® — 128 ds?d2%di* + 512ds2da*dq®
128 d3%do2di* + 256 dsOda3dq® — 2112 d3*d2d1® — 9964 dsds — 127464 ds? + 561628 dqda + 8948 d4 2
561628 dsd; — 128 ds’da?di® — 288dsda?di® — 1248 ds3daSdy — 96 dsda®dr® + 1664 d1%ds>ds?
1664 ds°do*di® + 96 dsdqi*da® — 127464 do> + 512d3*de?d1® — 128 ds?d2"dqi® + 832ds5°dadq?
832ds3da’di* —1664 ds*da’dr® —2112 ds3da*d1® +1280 d12ds®d2® 43072 d1 4 ds*da* + 245838 ds2dy 2
128d32d18d22 + 192d3d17d22 — 9676d32d22 + 64d37d22d13 — 256d36d25d1 =+ 192d37d24d1
192d37d23d1? — 1080d3%ds? + 3872d1* — 1080d52d2® + 128 d55d.® — 16416 ds* — 352d2°dy°
1056 d1°d2® — 704 d22d1% + 2056 d32d1* — 201924 dsd1® + 1056 ds®di® — 64ds°da” — 288 dsSda?
432ds3dy” — 288 d3tda® + 432ds7de® — 208 ds®da® — 8416ds°de® — 32416 ds3di® — 352ds5°dy?
1056 d3dq® + 2376 ds°dy + 6768 d12do* + 10584 ds®ds — 1056 dad1® + 2376 d1d2® + 10584 dsds’®
2056 d1*da? — 32826 ds*da? — 32826 d32da? + 245838 d12d2? — 16416 da* — 704 ds2d1 6 + 59350 d3>dy
59350 d1ds® — 628238 ds%dad; + 21416ds*de® + 39890ds3ds — 32416 d23d1® — 7855 ds3dy?
8416 d3d>® — 201924 dod1®)

Frf | qomss V3(=1576ds*dr® — 1576 d1°dx® + 9094 di°dy — 1576 ds*d2® + 9094 dsdi® + 64ds°da’dy
192 d33d22d12 — 128 d3d14d24 + 64 d33d25d1 — 128 d34d2d14 — 36 d'g,3 — 128 d32d25d12 + 64 d3d25d13
128 d3*do2di® + 128 ds%do*di® + 64dsd2®di® + 64ds’dadr® + 128d5%dadi* + 128ds3da*dr?
4264 dsdo®d1 + 4264 dsdadi® + 288 ds%di*de — 968 ds?dadi? + 288ds?dida* + 288dsda?dy?
288d34d22d1 — 968d32d1d22 + 128 d34d23d12 — 688d33d2d13 + 192 d32d23d12 + 288d3d24d12
192d3%do2d1® — 688ds3dadr + 288 ds*dadi? — 384dsdo’di® + 128 ds®da?dr* — 128 ds®da?dr?
144 d3°dody + 64 ds®dadi® — 36 d1° — 128 d3*da*dr — 36 do® — 144 dsdadi® — T2 dsdi* + 4264 d3®dady
968 dsd2?d1? — 29493 dsdady — 144 dsd1de® — 72 dsda® — 128 ds2da?dy® — 688 dsda3dy® + 32 d3*dy®
32ds3d1* + 32ds3da? + 9094 d1do? + 32d3*di® — T2ds*ds + 9094 ds?dy — T2ds*dr + 9094 dsds?
1576 d3®d1? — 1576 d22d1® + 32do3d1* + 32d2*d1® — 72d14ds — 72d1da? — 1576 ds>da? — 4352d; —
4352 da + 9094 d3*ds — 4352 d3)

L+ + 1+ + 1 ++ 1+

|+ +++ +

—+

ffo|O

ffo|o

fip 0 ( , , :

FTa | soos (di — d2)(16ds?dr® — 1320d1d2® + 3910d1%ds + 16 ds’da® + 114 dsdi® — 1088 ds’da’dr” —

4860 ds® + 1948 dsdad1 + 1948 dsdad® + 32 d3?d1%dy — 7424 ds%dadi? + 32 ds?dida* — 64 dsda?dy* +
512d34d22d1 — 7424d32d1d22 — 3O4d33d2d13 + 640d32d23d12 — 64d3d24d12 + 64Od32d22d13 —
304 ds3do3dy + 512ds*dadi? — 240ds®dady — 36d1% — 36d2® + 6584 ds®dady + 7568 dsda?di? —
9555 dsdady —368 dsd2®d1®+3910 d1d2? —120 d3*da+1562 d3?d1 —120 ds*d1 +114 dsd2?—104 ds3d, 2 —
1320 d22d12+32da3d1* +32 do?d1 3 — 72 d1 da — T2 dida* —104 d33da® — 3648 d1 — 3648 da +1562 ds2da +
30048 ds)

F 7| goosg (di — d2)(608 + 16ds*dadr — 232ds°dady + 64d1°da’ds® — 32dsdy’dy — 32ds®dadi® +
16 d32d23d1 + 16d32d2d13 — 32 d3d22d13 — 32d3d23d12 + 192 d3d2d12 — 18 d12 — 188d32 — 18 d22 +
192 dsd1d2? 4+ 8 ds®ds — 36 dadi® — 334 dsdy + 8 ds?d1?2 + 8 ds>dy — 36 dida® + 565 dids — 112d1%do> +
16 d23d1® 4 8 d3?de? — 334 dsdo)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Imn | Bimn(di,d2,ds)

ffs | —12-(di — d2)(608 + 16d3 dadr — 232d57dady + 64d1°dx"ds” — 32ds°da"dy — 32ds°dady” +
16 d3 d23d1 + 16d32d2d13 — 32 d3d22d13 — 32d3d23d12 + 192 d3d2d12 — 18 d12 — 188d32 — 18 d22 +
192 d3d1d22 +38 d33d2 — 36 d2d13 —334dsdy +8 d32d12 + 8d33d1 — 36 d1d23 +565d1ds — 112 d12d22 +
16 do®di® + 8 d3?d2? — 334 d3ds)

Ffy | 5o9es (di — d2)(—40416 + 5424 ds*dady — 7344 ds’dady + 8128d17da’ds® — T424ds’do’dy —
7424 d33dadi? + 2544 ds?da3dy + 2544 ds?dadi® — 1200 dsda®d1® — 1200 dsda3dy? + 12804 dsdady? —
128 d3®dody — 768ds2d23di® — 896ds*da?di? + 192dsda*di® — 64dsde*dy — 192ds*dedi +
704 d53da%d,® + 704d33dedi? — 192ds*dadi® + 64d3%dadi® + 192dsde®di* + 320ds°da?dy —
128 d3d22d15—64 d33d2d14+64 d32d25d1 +320 d35d2d12—400 d3d2d14—400 d3d1d24—128 d3d25d12+
17178 d12 49260 d32 + 17178 do? 4+ 12804 d3d1d2? — 1920 dsds® — 3496 ds>da +64 ds>da® + 5528 dady > +
31686 dsd1 —2752 ds?d12 —3496 d3®d1 +5528 d1d2® — 71849 d1 da — 14344 d12d22— 2032 do3d 2 =72 di * +
32ds2d1* — 64ds5dy + 1504 ds* — 1920 dsdi® + 864 d1*da? — 64ds’dy — 2752 ds%d2? — 32ds*da? +
864 d12da* + 32ds2da* — 144 dodq® — 144 d1do® — 32ds*di? + 64dsdi® + 64d2°dr® + 64d1°do® —
128 do*d1* + 31686 dads — 72 do™)

Ffz | soneg (di—d2)(42432+128 ds*do®dr* +4440 d3* dody — 71247 ds®dady —4328 d1 *dads® —904 ds® do* dy —
904 ds3dads? + 9040 ds?de®dr + 9040 ds?dadqi® — 3256 dsdo?di® — 3256 dsdo®dr? + 5458 dsdads? +
128 d3’do2di® — 128d3ds’di? + 64ds*dedy® + 64ds*da®dy + 128 ds*da*di? + 64ds%d23d.® —
128d32d24d14 — 128 d35d24d1 + 128 d33d24d13 + 672 d32d24d12 + 672d32d14d22 + 64d36d23d1 =+
64 ds8dads® + 128d53da3dr* — 128d3°dadi* + 128ds°da®di? — 128ds8da?di? + 64ds?de’di® —
384 ds*da3d® — 128 ds3da?di® — 432ds8dady — 2256 d3?d2di® — 2240d3*do?di? + 96 dsda*di® —
160 d33do?dr — 592ds*da3dy + 1600 ds3da?d1® + 1600 ds®da®di? — 592 dstdadi® — 144 ds?dadi® +
96 dsd23d1* 4928 d3°dad1 — 160 d3®dadi* —144 d3?do®dr +928 ds®dad1? — 216 dsdadi* — 216 dsdr da* +
396 d124+32ds5d134+32d55da3+32 ds*d1 1 —67576 d32 432 ds*dat +396 da 245458 dsd1da? — 108 dsdo® +
27682 d33dy — 1800ds3da® + 792 dadi® — 4620 dsd: + 16354 ds?dy? + 27682ds3d1 + 792d1d2® —
8846 d1ds + 4512 d12de? — 352d23d1® — T2d3%d1* — 216 ds°ds + 5076 ds* — 108 dsd1® — 216 ds®dy +
16354 d3?de? — 2456 d3*da?® — 72 ds*do® — 2456 d3*di® — 1800 d3d1® — 4620 dads)

fOO 13223 3(4d32d1 —|—4d1d22 — 8dszdadi — 9d1 +2d> +2d3)

foo | O

fop | O

foq | O

f or —% \/§(4d32d12 — 2d3d2 =+ 4d12d22 — 30 d3d1 — 4d32d2d1 + 8d3d1d22 — 8d3d2d12 — 4d1d23 +
32 — 2do® + 43dids — 9dy?)

fos |0

foy | O

foz |0

50 | 1225 V3(4ds2dy +4dido® — 8dsdady — 9dy + 2dz + 2d3)

fop |0

foq |0

for |0

fos |0

foy |0

foz |0

fpp | - 169460803 3(4ds%dy + 4dide® — 8dadady — 9dy +2d2 + 2d3)

fpqg |0

fpr |0

fps

fry
fpz

— 800 /3(4d5%di? — 2dsds + 4di%ds? — 30dsdy — 4d32dady + 8dsdids® — 8dsdadi® — 4dids® +
32 — 2ds® + 43dyds — 9dy?)
0

0

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

faq | —s5ra3s V3(62804dsdadi + 120dsda’cdh”® + 1156 ds*de’dr + 58639 ds°dida” + 1172ds5dadi® +
1020 d3?d2®d1? — 1140 dsda*dqr? — 2312 ds2d2?dq® — 2072 ds3d23dy — 1140 ds*dadi? — 120 ds®dady +
1020 d3d22di? + 1172dsd23di® — 35944 ds3dady + 9787 dsdo?d1? — 120dsdide® — 32dsdadi® —
35944 dsds>di — 3325 dsdadr® + 16168 d3?da + 398 ds>da? — 3312 d1 2 + 120 d3?d1*da + 9787 ds2dads ® +
1156 d3?d1da*+112d5® —36 d1°+112 d23+36864 d1 —51200 d2+120 d12d2’ 416 d1 °d2? —62536 d32di —
62536 did2? — 60ds*ds — 51200ds — 7478 ds3dy? + 16168 dsda? + 35224 dsd1? + 35224 d1%ds +
398 d52da® +296 ds?d1® — 7478 d12do® + 5084 d1da — 120 do3d1* — 16 do*d1® + 278 d1tda +296 do?d1 > +
5084 d3*dy — 16 ds*d1® — 120ds®d1* — 60 dada® + 278 d3di* + 16 d3?d1® 4 120 d3°d:?)

f qr —ﬁ \/5(2048 — 18 d14 + 8d34d2d1 — 936 d32d2d1 — 68 d12d22d32 — 76 d33d22d1 + 76 d33d2d12 —
16 d3d2d14 — 60 d3d1d24 + 128 d32d23d1 — 68 d32d2d13 + 136 d3d22d13 — 60 d3d23d12 + 279 d3d2d12 =+
1091 d3d1d2®—536 d12+8ds2d1* +413 dod1® +4 d3®de — 744 dsdy +178 ds?d12 — 252 dsdq® — 82 d1d2® —
30 d3d23 +8 d14d22 +60 d12d24 -8 d34d12 +3124d1do =777 d12d22 —68 d23d13 —248 dsds — 1256 d22 +
156 d33dy — 16 d3® — 26 d3?d2?)

fas | sasV3(2048 — 18dr* + 8ds'dady — 936 ds’dady — 68 di°dx’ds® — T6ds®de>dr + 76 ds’dadi” —
16 dsdad1® — 60 dsdida® + 128 ds?da3dy — 68 ds?dady® + 136 dsda?dy® — 60 dsda®di? + 279 dsdadq? +
1091 dsd1d2® —536 d12+8 ds2d1* +413 dadi® +4 d3®do — 744 dsdy +178 d3?d1 2 — 252 dsd1 > — 82 dydo® —
30dsda® +8d1*da? +60d1%de* —8ds*d12 43124 dvds — 777 d12d2? — 68 dod1® — 248 dsdo — 1256 do? +
156 d3®dy — 16 d3? — 26 d3>d2?)

fay | —gaomss V3(—43008+ 11130 dy* + 3224 ds* dody — 43096 ds”dady + 44324 dy*dy” ds”® + 5164 ds®dy*dy —
18268 d3°dad1 2 +11704 dsdadi* + 19808 dsdrda* — 27308 d3?do>di — 3672 dsdadr® — 13812 dsdo?d:® —
19700 dsd23d1? + 97021 dsdadi? — 42975 dsdide?® — 64 dsdadi® — 64dsCdadi + 1632ds2d23dq® +
448 ds*da?dy? + 752 dsdatdy® + 688 dsdatdy — 1296 ds*da3dy — 2544 ds3da?dy® + 1632 dsde3di? +
944 ds*dadr® — 400d3%dodq® — 2256 ds?da*dr? — 1632dsd2>di* + 640ds°da?dy + 704 dsda?dq® +
192 d33dodi* +272 ds?de®di +720 ds?d1*da? — 608 ds®dad1? — 240 dsd1d2® +480 dsda®d1 2 — 4576 da* +
128 d3? — 22536 d12 — 72d1% — 704 ds?di* + 224 ds*da? — 752 doPdy® — 72705 dadi® — 4116 ds3ds —
92920 dsd; — 25050 d32d12 + 16812 dsdq® — 68086 d1do® + 5014 dsdo® — 12924 d14da? — 11584 d1 2do* +
4104 ds*dq? + 248252 d1da + 70253 d12da? + 21704 d23d1® — 86952 dsda + 13576 da? + 24948 ds3dy —
1592 dsdy® — 224 dsde® — 32 ds®da + 2308 dady1® + 568 d1da® — 120 dsda® + 152 d3®do® — 2024 ds3d, 3 —
32ds°d1% + 32ds3d1° — 336 d1°do® — 96 ds*di* + 816 do*di* + 32d3?d1® + 240 d12ds® + 32d22d1 % +
64 ds®di? — 1248 d3°dy + 8528 d3? 4 35298 d32d2?)

faz | =313 V3(—110592+396 di* 428744 ds* dod1 +68916 ds’dady +114695 d1*dy* ds® —32309 ds® dp* dy —
23833 d33dad1? + 1186 dsdadi* + 16572 dsdrda® — 34124 ds?de®dr — 61029 ds?dad:® — 2104 dsda?dq® —
21114 dsd23d1? + 136910 dsdad1® — 70810 dsd1da? — 64 ds3dadi® — 240ds3da%dy + 96 ds8dadi® —
1392 d33d23d14 + 304 d35d2d14 + 912 d35d23d12 — 96 d36d22d12 — 752 d32d25d13 + 784 d34d23d13 +
32ds2d2?dq% + 672d33d2%d1® + 304 ds*da?dqi? — 912d3°do%dr® + 240 ds3d2"dqh? + 240 ds%d.%di? —
336 ds*dadi® + 512d3*da’dr — 1296 ds*da*di? — 336 ds?d2®di® + 816 ds?da*di? — 304 ds®dads
216 d3%dady + 21480 ds2da>dy® + 18636 ds*da?dy? — 48 dsdady® + 9808 ds3datdy — 12440 ds*da3dy —
13860 d3>d2?d1® — 4984 d53da3d1? — 5308 dz*dad1® +2212 ds?dad:® — 11704 ds?da*d1? — 360 dsdo>d1 * +
3972 ds°da2dy + 48 dsd2?d1® + 10628 dsdadq® 4+ 208 ds?da®dy — 12124 ds?d1*ds? — 5844 ds®dadq? +
360 dsd2®d1? + 784ds3datdy® + 32d3%da3dy + 432d3? + 64656 d12 + 10798 d3%di? — 32ds5di*t +
534 ds*ds? — 8062 dadr® — 26896 ds>ds — 30352 dsdy — 97268 d3?dq? — 5416 dsd1® — 57844 d1ds2> +
996 dsd2® — 176 d1*d2? — 1320d12d2* — 6190ds*d1? + 116936 d1da — 5434 d12d2? + 1496 d23d,® —
117296 dsda — 2192d2? + 9520ds3d; — 108dsd1® — 4756 d3?da? — 108ds®da + 4334d33dy® +
13024 d33d1® + 1856 d3®dq® — 1472d53d:° — 784 ds*di* — 72dsd:® + 216d5%d1? — 4212d5°d; —
120d33de® — 104 ds*do® + 32d3*d1® + 79968 d3® + 68132 da>do? + 16 d3°d2?)

f rr _104117376 \/g(—4d33d12 —40d> + 4d22d13 + 11 d3dl2 — 45dsdady — 9d13 — 4d12d23 + 4d33d2d1 +
2dsds? — 8dsdadi® — 40ds + 4dsd:® + 11d1%ds + 2dsds + 14 ds2dy + 4dsdo3dy — 8ds?dids? +
4ds®dadi® + 4dzda?di® — 28 dy + 14 d1d2?)

frs | oo 3(—4ds’di® —40da+4 d2’dy® +11 dsdr® —45 dsdady —9 di® — 4 di *do® + 4 d3®dady +2 dada” —
8 d3d2d13 —40ds3 + 4d32d13 +11 d12d2 +2 d32d2 +14 d32d1 —+ 4d3d23d1 -8 d32d1d22 =+ 4d32d2d12 =+
4d3d22d12 —28d; + 14 d1d22)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Il mn

Bimn(di,da,ds)

fry

frz

fss

fsz

fyy

—ﬁ \/g(—48 dsdodr® + 16 dsdids® — 32dsdadr® — 48 ds2di%dy — 16 ds2dida® + 96 dsd22d1* +
80 ds*da?dy +144 d33dadi® +144 d3?dadi 2 — 32 dada*di? — 96 ds®do?d1® — 48 d3®da®dy — 32 d3*dady ? —
32 d35d2d1 —96 d33d22d12 —399dsdod; — 844 d32d1d22 + 1044 d33d2d1 + 364 d3d22d12 —32 d3d23d1 +
36 dadadi® — 1322 ds%dy + 1277 d1® — 220 ds?dadi? — 8 ds3da? + 16 d3?da® — T2d1do® — 48 do®di* +
48 do*d1 3 +372d1 do—112d3*dy — 48 d3*d1 ®+8 d3da* —248 d3dy* 416 d3?d1® +32 d3®d1? — 16 dy 2d2® +
16 d1%de? — 16 d3*da — 224 do® — 6068 dy + 4424 ds — 36 di° + 3258 d32dy + 2154 dida? + 320d3 +
1864 d3 — 652 d33d1? — 586 dzd2® — 935 dadi? — 3543 d12da + 664 d3?dy® + 592 d1%de® — 856 d2?d1 )
— 1ass V3(324 d3?d1*dy — 48 ds®dyda* + 24 dsdy” dy * +408 d3* do* dy + 508 ds® dada® +600 ds*do*dy * —
24 d3d24d12 — 840 d32d22d13 — 352 d33d23d1 — 468 d34d2d12 — 108 d35d2d1 + 24 d33d22d12 +
16 d32d22d15 —32 d34d24d1 +16 d33d25d1 —16 d34d2d14 —16 d32d25d12 —48 d34d22d13—|—48 d32d24d13 —
32d33dad:® —48 d3?da®d1* —16 d3®do*d1 2480 dz*d23d1 2 —48 d33da®di 2 +80 da®do?d1 * — 48 d3®do?dy >+
48 d35d2d13 +16 d35d23d1 —1242 d3dod1 +932 d32d1d22 +1799 d33d2d1 +446 d3d22d12 +380 d3d23d1 —
580 dzdady® +1756 d3?da +198 d1® — 3469 d3>dady > — 522 ds®da® — 212 ds®do® — 378 d3*dy +52 d3*dy ® —
54 dzdi* — 36 d3%d,® 4+ 108 d3®d1? — 54 ds*do — 16 d3®dr* + 8 dz*da® — 188 d33d1* + 2728 dy + 752 da +
8ds3da*+16 d3*d1® —3568 d3?dy —564 d1da> 41080 d3®+3312 d3 —221 d33d1 2 —92 dsda? — 2362 d3dy >+
270 d1%ds + 1933 d32d1® 4 88 di2d2> — 88 d2?d1®)

— et V3(—4ds’di? — 40dy + 4do?dr® + 11dsdy® — 45 dadads — 9di® — 4di’dy® + 4dsdady +
2dzdz?® — 8dzdadi® — 40dz + 4dz?d1® + 11dy%da + 2d3?da + 14 d3%dy + 4dzd2®dy — 8dz?dida? +
4d32d2d12 —+ 4d3d22d12 —28d; + 14 d1d22)

Tomat s V/3(—48ds dy*dy — 16 ds’d1da* 4+ 96 dsda®dr* + 80 ds*da®dy + 144 ds®dady ® + 144 ds*da®dy * —
32dzdatd1? — 96 d3?da?di® — 48 ds3de®dy — 32ds*dadi? — 32d3%dady — 96 d33de?di? — 224.d23 —
399 dsdady — 48 d3d23d13 + 16 d3d1d25 — 32 d3d2d15 — 844 d32d1d22 + 1044 d33d2d1 + 364 d3d22d12 —
32dsd2®dy + 36 dadadi® — 1322 ds%dy 4+ 1277 d1® — 220 d32dadi 2 — 8 ds3de? + 16 d3?da® — 112 ds*dy —
48 dz*dy® — 248 dsdy* + 16 d3?dy® + 32d3%d1? — 16 dz*da — 6068 dy + 4424 doy — 36 dy® — 16 d12da® +
16 d1°do® +3258 d3?dy +2154 d1da® +320 d3® +1864 d3 — 72 d1do* —48 do3dy * +48 do*dy 3 +372 d1 *da +
8dzda® — 652ds3d1? — 586 dsda® — 935 dzdy? — 3543 d12da + 664 d3?dy® + 592 dy%do® — 856 da?dy®)
621928559 \6(16 d32d22d15 —32 d34d24d1 + 16 d33d25d1 — 16 d34d2d14 — 16 d32d25d12 — 48 d34d22d13 +
48 d3?dp*dy® — 32 ds3dadi® — 48 ds?do3di — 16 ds3da?di 2 +324 dsdi do — 48 ds?dy do* +24 d3do?d1 * +
408 d3*dady + 508 ds®dadi® + 600ds?da®di? — 24dzde’di? — 840d32d2?di® — 352ds3da®dy —
468 dz*dodi? — 108ds%dady + 24d33da*di? + 80dsda®di? — 48ds3de3di® + 80ds3dp?di* —
48 d3®dy?di 2 +48 d35dadi 3 +16 d3®da3dy —1242 dadady +932 ds?dide® +1799 ds3dady +446 dsda?dy % +
380 dzd2>dy — 580 dadady® + 1756 d3>da + 198 d1® — 3469 d3dad1® + 8 ds®da® + 8 d3*d2® — 188 d3®dy* —
522 ds3de? — 212d32%do® — 378 dsdy + 52ds*d1® — 54 dzdi* — 36 d32di® + 108 ds®d1? — 54 ds*ds +
16d3"di® —16 d3°dy* +2728 dy + 752 d2 — 3568 d3*d1 — 564 d1do® + 1080 d3® + 3312 d3 — 221 d3*dy” —
92 dzdz? — 2362 dsd1® + 270 dy%do + 1933 d3?dy® + 88 dy1%de® — 88 do?d;?)

77125;7142 V3(—1536 d3%da?d1® — 896 dz'dody + 384 d33dady — 1664 d3 dadi? — 1536 d3?da’dy +
1536 d3*d2?d1® +1536 ds?da*d1® +896 ds3dadi® +1152 ds?do3di* + 1152 ds®da*d1 2+ 11952 ds?dy *do —
10992 ds*dydo* +11952 dada”d1 * —10992 dy*d2®d1 —23264 d3 > dodr *+2320 d3®d2 > d > +7264 dadz* di *+
8272d3%do2d1® + 11776 d3®do3dy + 7264 ds*dodi? + 4528 d3®dady + 2320d33d2?dr? — 6112d23 +
1152 ds*d23d1? — 3456 d3>d2di® + 1152 ds3da?di? — 1536 ds®da?di? + 640 ds®dady® + 384 ds®do3dy +
128d3?d2di® — 128d3"dadr + 256 d3®dadi® — 534533 dzdadi — 23264 dzdz’dr® + 4528 dzdids® —
3808 dsdadi® — 45760 ds%d1de? — 128 dsdady” — 128 dsdids” — 1664 dzdi*da® + 192 d32d25dy
640 dzdo’dr® + 192d3°d2?dy + 896 dzdo’dr® + 256 dad2®di® + 128 dzda’d® + 40088 d3’dady
39540 dzd2?d1? + 40088 dada®dy + 95264 dadadi® + 122642 d32ds — 56577 di® — 39540 d3?d2d,?
160 d3da* + 160 da*do® — 11472 d33d1* — 5288 d33da? — 5288 d3?da® — 28264 ds*dy + 18928 dsd:® +
9428 dzdi* +1344 d3*d1® — 9552 d3°d1 > — 1112 d3” do — 96 d3*da” — 96 d3°d” + 576 d1d2® +320 dady ° +
576 d3®dy — 64 d3°do — 64 dzds® 4 320 dzdr® — 128 di °dy”* — 128d2°dh® — 448 do®di® — 128 d3°dr © —
448 d3%d13 4+ 128 d12ds” + 64 d1"do® + 64 d3?dy " +128d3"d1? — 128 d3*dy® — 144dy " + 512d25dr* +
512d3°d1 " +205764 d1 — 286440 do +1792 d2° +4776 d1® — 9552 d1 *d2” + 1344 d1 °d2® +200174 d3dr +
200174 d1ds® + 1792ds® — 6112d3> — 286440d3 — 28264 dyda® — 11472do3dy* + 18928 do?d:® +
9428 dy*dy — 1112 dzda* + 89680 ds®d1 % 4 122642 dzda? 4 68963 dad1? + 68963 d1 2de — 93924 d32d1 3 +
89680 d1*dy” — 93924 do*d, %)

+ 1+

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

fyz | —gmomsg V3(—192ds°do’dy + 64ds’da’dy” + 32ds°dy” + 704ds’dy"dr® — 64.ds’dy® + 64.ds”dy” —
32ds*da® + 1024 d32de?dq1® — 12416 ds*da*dy + 7184 ds3da®dy — 3568 ds*dadr® — 9616 ds?d2’dq? —
400 ds*da?d1 3419120 ds?da?d1 2 —272 d33dad1® —10896 ds?da3di* —1360 ds3da dy 2423668 ds2d1 *da—
31632ds52d1ds* — 1056 dsdodi* + 44284ds3*ds.%dr + 28360ds3dedi® + 85608 ds?da’di? +
13016 dsda*d12—63748 ds?de?d1® —4960 ds>da3dqr — 27388 ds*dad1? +896 ds® dady —45816 ds3d22d, % —
6016 d2>+192 ds5d1°+19024 ds*da3d12—64 ds"d1* —192 d5°d1 6 — 18928 d33d23d1 3 +12880 ds3da?d1* —
10704 ds°d22d1? + 1136 ds’dadi® + 5552d3°da3dr + 64ds*di™ + 128 ds?dedq® — 432d3"dodr +
2496 d3®dadi? — 128 ds?da*di® — 512d3%dodi® + 768 ds®da?di* + 192ds°dads® + 512d52dx"dq* —
1024d34d25d12 =+ 128d32d27d12 =+ 64d37d23d1 + 256 d34d2d16 =+ 128d33d26d12 + 832 d33d23d15
768 ds*da3dr* + 192ds7d13ds — 1088 ds*da?dq® — 376734 dsdadr — 9240 dsdo®dr® — 3040 dsdqds®
4072 dsdodq® 4+ 87780 ds2d1d2? — 192ds"d22d1? + 960 ds°da*di? + 320ds*de®di — 128 ds3d>"dy
64d36d24d1 + 64d33d22d16 — 128d33d2d17 — 1536 d35d23d13 — 128 d32d23d16 + 7O4d33d25d13 —
448 d52d2%dq® + 384ds8da?dq® — 1472d53dx dqh* — 288 dsditde?® + 384 d3%do%di — 96 dsdads®
336 dsSda?dy + 96dsda®di® + 192dsd2®di? + 96dsda?di® — 198187 ds3dadi — 678 dsda?dr?
79524 dsda3dy + 47596 dsdadi® + 40628 ds%ds — 31422d13 — 71247 ds%dadi? — 1576ds3de? —
3056 ds*da® — 24968 ds3dq* +29618 d33da? — 3244 ds?do® — 73534 ds* dq 4+29360 ds*d1® +23158 dsdq* +
9368 d32d,® — 14144 d3°d1? + 53470 ds*ds + 1696 d32d2® — 3072 ds°d2? + 1944 ds®dy — 216 ds®dy —
216 d3di® + 560d33d1® — 2192d3%d1® — 144ds2dy” + 432d3"d1? — 2608 ds*di® + 3952d3°d1* +
160824 di — 230832 ds + 792 d1° — 704 d1%ds® — 352 d1°da? + 442192 d3?d; — 24316 d1da? + 6048 d3® —
234840 ds® — 103344 ds + 4512d1da* + 1056 do*d1® + 7504 ditds + 736 dsda® + 215465 ds3d,? +
98188 dzd2? — 29086 dzd1? + 154970 dy2dz — 174233 d3%dy® — 19448 d12d23 — 15632 d2?d13)

fzz | —5rm3s V3(—48ds°da’dy — 144 ds®do*dr " — 216 ds®do® + 5712 ds* do* di ® — 216 ds® d2® — 2808 ds°do* —
2808 d3*da® + 13672 ds?da?dq® — 4472 d3*do*d1 + 14944 d3do® di — 2000 ds*dodq* — 24680 ds?ds®di ? +
25032 d3tdo%di® 4+ 25032ds2datdi® — 3712dsdedi® — 10304 dsdedi* — 1960ds3da*di? +
23218 d3%d1*de — 37420dsd1da* + 23218dsdo?di* — 37420ds%d2%dr + 27896 dsdadi® +
152019 d52d23d1?2 — 2130dsda*di? — 228813 ds2da?dqh® — 191849d53da3dy — 2130ds*dadi® —
10260 ds®dady +152019 ds3da?d12 —20304 da® —1960 ds*da3d12 — 10272 dsded1® — 10304 d33do%d, —
24680 ds°ds?d1 2 + 4512 ds’dady® 4+ 14944 d5®da3dy — 216 ds?dadi ® + 648 ds®dady? — 2736 dsds*dy® —
96 ds8dad1® + 3984 ds®da?dr* + 3984 ds?do®dit — 1296 ds*da®dr? 4 432 ds2dy " dh? — 432ds7d23dy +
96 ds*dad1® 4+ 1776 ds3d25dy 2 + 2928 d33d2d1® — 1968 dsda3dy* — 2736 ds*da?d1® — 281716 dsdady +
27896 dsds>d1® — 10260 dsdrds® — 324 dsdadr® 4+ 549796 ds?dqde? + 432 ds do?d1 2 — 1296 ds®da*dq 2 +
192d3*d28di — 432ds3ds"d1 + 192ds8datdy + 368 ds3da2d,® — 2672d5°d23dh® + 368 ds2dadq b —
2672 d33d2®d1® —1904 d3?de®di® —1904 ds8da?d1® — 1968 ds3datdi* —2000 dsdi *da* +1296 ds?daSdy +
4512 dsds’d1® + 1296 ds®ds?dy — 3712 dsd23d % + 648 dsda%di? — 216 dsda?dq b — 15626 ds3dady —
170942 dsd2?d1? — 15626 dsd2®di — 6560 dsdadi® + 371384 ds?ds — 4356 d1° — 170942 ds?dad,? +
51062d33d24 + 192d33d25d15 + 64d34d22d17 + 192d36d22d15 =+ 64d37d25d1 =+ 192d36d25d12 +
64 ds?dodi” + 512d3*d2’dr? — 448 ds8do3dqht — 192d37do*dr? + 192d5°d2%dq? + 192 d3%d2%d,® —
64ds?da"dr* + 96dsda?di® + 512ds5°datdit + 51062d3tde® + 192d33de"di® + 192d3*d2%di® +
192d37d23d13 =+ 192d33d24d16 + 6184d33d14 — 96d3d26d14 — 64d37d22d14 — 448d33d26d14 +
64ds°ds"dy + 1776 d3%da3dr? — 254820 ds3ds? — 254820 ds?ds® + 192 ds*do3dr® — 192ds5*d>"dq? +
192d3°d23d1® + 192 ds8da*di® — 192 d52d2’dr® — 192d3°de2di® — 768 ds*dady® — 128 ds3d23d,™ —
128 d3®do8di — 768 ds®da®dr® + 15228 ds*dy — 4216 d3*d1® + 1188 dsdy* + 792 ds?d1® — 2376 ds®d1? +
2484 d3*da+5724 ds?ds® +5724 d3®da®—352 d1°do* —352 ds*d1°+352 do®d1 4352 d5°dq * +146448 d1 —
330144 d2 — 2376 d12d2® +792 d1°da? + 25312 ds2dy + 25312 d1da? — 20304 d3® +32 d3®d2® +32 ds8da® —
330144 ds + 15228 d1da* + 6184 do3dy* — 4216 da*dy® + 1188 d1%dy + 2484 dsda® — 5890 ds3di? +
371384 dsd2® + 199292 dzd1? + 199292 di2dy — 42782 d3%d1® — 5890 di2do® — 42782 dod1®)

000 0

—+

+ |

ooo | 0

oop | O

004 53329 (di —d2)(2d1 — 15d3 + 2d2)
cor 8608 8608 1

59049 %1 — 4
5994800 5994800

— 59049 91 + 5o040 92

008

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Imn | Bimn(di,d2,ds)

00y | 525 (di — d2)(Adr” + Adsdy — 8didz — 37 — 8ds” + 4da” + Adsda)

00z | =50 (di — d2)(4ds’dr® — 8ds’dady + 6 dady — 22 — 27ds” + 4 ds’da” + 6 dsdy)

00606 | 0

oop | O

ooq | O

oor | O

oos | O

ooy | O

ooz |0

opp | O

opq | O

opr | 0

ops | 0O

opy | O

opz | 0

oqq | O

oqr _13163;323 d23d2d1 "16%)’9200409 gll - 52920%109 d2 — 13@23 ds+ 5!;829 ds*dy — 5é829 ds?da+ 13223 dsdy® — 13233 didy® +
59049 di”dg — 59049 “1

0qs

oqy | O

oqz | 0O

orr |0

ors 55%080409 dsd1 — g0 dada + ;gggg = 50045 di? + 56040 142

ory | W g2g s 4,0, T b, g 0202 0 a2 2 gy g 2
13}223 dsdzdy” — 5;)829 drdy® — 15223 ds?dy* + 5&19329 di'+ 519208409 d3”+ 559302409 dld?jL% dsdz— 539400409 dy?—
530" g3, _ 160 g g8 _ 640 52 640" g g g 2
5904 %0 ’ 22 19853 23 p e i 23 5004 603 - 3 320 254 320 3,3 7840

orz _8(5)90493d1 _8390492d32d1 1;|t—30W ds d312;(; 19683 dach 43?)059049 ds gl210 + 25904%4:(1)3 d> 320 29049 d23d12_
Sooas 43" d2”d1 + 155g3 d3”d2di” — 15655 dadida” — 5555 ds”dadi” — 15555 ds”d2"d — fgggz ds”d2

oss |0

osy | 0

osz |0

oyy | O

oyz | 0

ozz |0

0006 | 0

oop | O

00q %(dl—dz)(2d1—15d3+2d2)

~ ~ 9 12992

THE e

66y | sos (di —d2)(4di® + 4dsdy — 8dida — 37 — 8ds? + 4d2” + 4 d3da)

002z % (d1 — d2)(4 d32d12 — 8d32d2d1 +6dsd, — 22 — 27 d32 =+ 4d32d22 =+ 6d3d2)

opp | O

opq | O

opr | 0O

ops | 0

opy | O

opz | 0O

oqq | O

oqr | 0

oqs | 0O

oqy | O

oqz | 0

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Imn | Bimn(di,d2,ds)

orr | 0

or s 0

ory | 0O

orz | 0

0SS 0

osy | 0

osz |0

oyy | O

oyz | 0

ozz |0

ppp | O

PpPQq —%(d1—d2)(2d1—15d3+2d2)

ppr o 15490084090 dl + 15490084090 d2

pps 65997864080 di — 659976090 ds

PPY | —oa00 (dy —dz)(4di? + 4dsds — 8didz — 37 — 8ds® + 4 d2? + 4 dsda)

PPz | —ioo0g (di — d2)(4ds’di® — 8ds’dady + 6 dgdy — 22 — 27 ds” + 4ds*da® + 6 dada)

pqgq |0

pqgr | 0

pqs 232828 dy . 2323;28 do o iﬁigg ds — 189060803 dzdadi + 539200409 ds?dy — 539200409 ds*d2 + 189060803 dad2® — 189060803 didz” —
53900409 1+ 59028 di”da

pqy | O

pqgz |0

prr | 0O

prs |~ d)? 11000 dods — 11998 duda + 13988 duda + 58

pry | 0O

prz |0

pss | 0O

o | R dady' 00 1% 30 00" S5 7 S 0 08 4B a1 50 o
19683 d3”di”+ 59049 d1d2+§3049 dz"dy +28849 dz”di+ 19683 di"da”+ 19683 dzdad:”+ 59049 dz"dadi +
539200409 dit — 53200409 did2® + 5390409 d3d23 + 3683

bz 764{29}0409 %32(12 2d1 1:300169460%3 d32d§g&03 . ggggg d11256840>0 % d3 2803;)0 169460803 dl 21?0202(1322 4»2 5694021290(?33(1233 +
L‘l’)gggg std2d12243026%785dd32 d216_00@ d3d16(i200 B 2904 d3d162(;0@ d%dZ 6_5680T9 dQS dl + 610@ d:;dl 4+
59049 102 — Tggg3 437 d2" + 57g7 d3”dy — 19683 d3”dz"dy — 59049 d3”di” + 19683 d3”dady + 59049 d3"di” +
19683

pyy | O

pyz |0

pzz |0

499 | o595 (d2—ds)(di—ds)(d1—d2) (60 dy® —398 dy*d2 — 398 dsd1” +3539 dadady — 18144 dy —398 ds”dy —
398 d1da? + 60 da® — 398 dzd2® + 60 d3> — 18144 d3 — 18144 dy — 398 d32d>)

qqr #;9% (di — d2)(30dad1® — 30 d3di® + 225 dzdadi? — 1312d1? — 229 di%do? + 4 d3?di® + 1152 dady +
30ds°dy + 7488 dida + 30 d1d2® — 285 ds?dady + 225 dsdida? + 416 ds? — 1312 da? 4 4096 — 30 dsda® —
4dz* + 4ds*de? + 1152 dzdz + 30 d3®dz)

qqs | —gis (di—d2)(30dadi® — 30 dsdi® 4+ 225 dsdady® — 1312d1” — 229 dy *d2® + 4 ds®dy > + 1152 dsdy +
30ds3d1 + 7488 dida + 30 d1d2® — 285 ds?dady + 225 dsdida? + 416 ds? — 1312 da? 4 4096 — 30 dsda® —
4dz* + 4ds?de? + 1152 dzdz + 30 d33dz)

qqY | smms (di—d2) (409642552 ds*dady + 1260 dsdady * +1260 dsdida* — 1816 dadadr® — 1816 dsdady * —

3044 ds3da?dy — 632ds2dadi® — 3044 ds®dadi? — 632ds52da3dy + 5944 d12da?ds? + 2072d23dy 3 —
54405 dsdad1? — 71968 ds? + 85425 ds?dadi — 4800da* — 4800d:1* + 376 ds3d1® + 10902 dsdi® —
104 d3%d1* + 376 d33d2® — 33024 dsd1 — 160768 dids — 33024 dsda + 30090 dodq® — 44327 d12d2? +
67616 do? + 32 d3® + 30090 d1d2® — 1156 d1*da? + 72 d3*d2? — 120 dsdy® — 256 d3®d1 — 1156 d1%da* —
104 ds2da*—256 ds®da+120 dod1® +120 d1da® —120 dsda® +72 ds*di? — 54405 dsdy da? +34796 ds?dy 2+
34796 ds*da® — 38358 ds®da + 2452 d3* + 10902 dads® + 67616 d1* — 38358 ds®dy)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)
qqz 472392 (d1 dz)(53248+12663 ds*dody +180 d3dad1* +180 dzdido® — 1194 dado?dy> — 1194 d3d2>d1 % —
17553 d33d2?dy +31560 d3?dady® — 17553 da®dadi + 31560 d3?d2>dy — 43917 dy >do*ds® + 32 d3®dady +
2072 d3?do®d1 3 +2312 d3*da®di 2 +1140 d33da*dy — 1172 d3* do®dy — 1020 d33da®di® — 1020 d33da3dy % —
1172 ds*dads® 4 120 d3?dadi® — 1156 d3®d2*d1? — 120ds®de>dy + 1140 d3®dady® + 120 d3%do2’dy —
1156 d3%d1*da® — 120d3°dad1? — 59382 dsdadi® — 167616 da® — 15106 ds®dedy + 10626 d3®dy® +
660 dsdi® — 4980 dsdy" + 10626 d3>dz® + 37248 d3dy — 33984 didy + 37248 d3dy — 660 dzdy”
5038 d1%ds® — 960 do? + 108 d3® — 16 d3%d2? + 120d3°d1® 4 120 d3°d2® — 120 d33d1° — 120 d33d2® +
16 ds3*da* +16ds*di* — 16 d3®di? — 660 dido® — 2232 d3* do? — 834 d3®dy — 4980 d3?d2* — 834 d3°ds —
2232d34d12—59382d3d1d22+124360d32d12+124360d32d22—126804d33d2+23416d34+660d3d23—
960 d1 — 126804 d3°d1)
qrr | 1o (d2 —ds)(2dide® —2dsd2® + 19 dadady +32dz — 17dr%d2 — 2ds®d2 + 15 d1® — 96 dy +2ds’dy +
32dz — 17dsd,?)
qrs | —goes (drdg)@ dida® —2dsdy”® + 19 dsdady +32dy — 17 dy*dy — 2 dsda +15d1® — 96 dy +2 ds*dy +
32ds — 17dsd
degdl) dsdadi? dsdida? 187 dady3dy o4 g4 209 g.30,%d, —
ary 118098 3 a2 1 + 26244 33 201" + 2361962 331 2 a7 8732, 302 01 5632590498361 78732 ?:14662 1
11465 9d3 ;bdl 39366 d33d2d1 14379 5 ds d2 d1+393662d1 d2 Cfl +1 683, 19683 d3cézd1 7%%%49 ds®+
314998 s ds d2d21t26244 ds dl + 1492%70351‘51 ";11§0983‘£i d12+ 39366 d34d2 +7s7324d2 2d1 +6561 gl3d1+
59049 dy d2+ 59049 d3dz— 4;32 d2d1 +9447r84 dgogf T 6561 dz + 19683, dz 236196 dlo dz 78732 dy?dy" +
78732 d2d1 Jr118098 d1d2 118098 dads” 74723 didy” + 118098 ds* d2 +590 d3”dr — 118098 ds? d2 -
11 d d d _ Q?lld d + 704 d d _ 2717 d3d + 176 d +
58?6? - 6519112123 21 - 3545992 sdido” 447843 3 o1 59049 43 “2 157464 43 U427 59049 43
d3d2 di” — del + ds d1
44713882 59049 8732 472322 3 187 20,3d,3 + 187 472
a7z | Ts7464 7464 dytdadi + 500 262 7 dadady* * 39366 d3d§d227 62 44 d3d23 d13 + 93618(53 d24 d 39366 ds g di’+
374 4;3
39%66 d32d2 d12 118098 d3 da d1+59049 ds d2 d13 6561 ds”da d 32936 d3"dzdy® ;7393662d3 4d2d1 -
39366 ds’dy"dy® — 19683 213 do” di51+ 96 5 ds d?%é +2 590 9 d361cé2 d13 - 21180221f£3 d12 d23 +
683 d3"d2d1 39366 dsda di® 752488 ds”da”d1— 57464 d3 d2d1 57 19683 ds d2d51 71180 ds”da d1+
3
1154796 d;dig;m—i_ 1563823 59049720533 d23 ¥ 3535%69d3 o 5993? s %2 . 590205?3 dé —3218%7%612611 +
19683 d3” + 236196, d3”dady + 412392 d3 dl "’2@ d32dl 236196 d32d1 + 336106 d33 d2” + 34519049 f3d1
sgpis 82+ ggois o~ i by’ | ot 402" e b2 s i’ g e’ +
81704182d3 di+ 131250%” do* 3_ 8748 d3 da— 52488, d3 di®+ 118069;053 Cél - 2134%196 dzdids” — 535756 ds dy*—
19683 43 d2® — 118098 d3 dz2 + 2187 ds* + 118098 d3da® — 5904, di” — 118098 ds® 13 )
qgss Gggggﬁ (d2 — d3)(2 d1d2 -2 d3d2 +19dsdod1 +32d2 —17d1°ds —2d3“de +15d1° — 96 dy +2d3“d1 +
32ds — 17dsd
2?25 d422l) 625 ddd4 2875 ddd 2125 dd3d _ 875d _,’_2375 d3d2d+
a3y 336196 3 201 7 5aass (80201 T AT2392, 30142 ;12%5746 302 13200059044751 15 23537? 1
19 83 ds®dady 77522 ds’dady® + 75735 d3”do”ds 77873% di*do?ds® ~ 1968 + 1683 d3d2d1 + 59040 ds®—
B0 2, 00— 0,0, oty s i) B a0y~ Bl 0, -
g3?§5 d d 11§ d d 125d d 4266% d 2d 2125 d _ 250 d + 5875 d 4d +
59049 ~— 5o049 4302 T 55 1 5 1889308 + Gsar @2 19683 %2 472392 “1
875 d2d47 625 dd5 dd dad +102625dd3 125 d4d2 125 d5d+
157464 41 02 = i57464 #201 236196 142 Jr2 6196 32 944784 236196, %3 92 T 1380098 Y3 Y1
125 274 125 5 125 5875 462625 7232 4000 .27 2
236196 d3”dy” + 118098 d3’dy + 13123, ds*dy 5)9984 gggld? L 1889568 d3 3d1 59049 d3”d2” +
33104897258 ds’dy — 51%000409 ds* — 924i672854 d3d2 + Sggig da 57464 dsdi” — 944784 d3”dy
qsz 72817235 d32d23d1 212%5 d 4d2 dl _ 74275 d3 d2 dl +2 2%(13?56 di’z:;g??)dl 4351141258 d34d2d1 _
372 125 3 2125 625
1§1§2859 d32, di di®+ 525 6561, d3 d25d12+ 78732 d62 d2d13 - 78732 d3 dgzd; - 52488 2d3d2d1 78732 d3dsld2 +
g o de' 4 g didady =g datdady o g dade - g dy dody
e dg d'de” 47;753 P dg d2di5937t 873 22d$d2 gzlooo+1otl)84976 ds "2 géooJr 3148%5;713 d22d1 N
fgoag 2 dec ™+ ggras doda’di oy du o ds = aqgt oty dadads — rog dv = Gaag datdad
51)447;451 ds’dy” 17495 dsdr® — 4?37 d3 di* — 427323392 d3 do” — 590 d3d1 + 59049 didy — 59049 d3ds +
6875 23375 7 24,2 | 500 d 1375 0078 125 g d 3875 14,2 125 "y 57 _
15 464 dadi® 472 + 5561 +236 106 @102° + 75508 03 K+ 78732 17496 43 A1
2 o1 11875 101375 635375 7 2 7 2 5750 7 2 7 2
2@244 ds*do* 13296 ds’dy + 194976 ds* d11375 472392 d3$5d2 ;‘ %723921%35 da 5+3196£§1£316%%Od2 +
1 5
29316317956 d33d2 + 118098 d3 dl - W d3 236196 d3ds” + 78732 d3”di” — 118098 d3”ds 59049 di? +
1625 d d 2125 d d
236196 @3 @1 — 336196 93 91

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

qYY | Tssozes (d2 — ds) (424251 dsdady — 800 dsdids” + 2528 dgdadi® — 10748 dsda”dy — 182520 dsdad:® —
2656 d32d1*ds + 135240 ds?dad1? — 176 ds2dyrde® — 2656 dsda?dr* — 176 ds*da?dy — 93944 ds?dqds® —
896 ds3dad1® — 3008 d32da3d1 % + 2272 dsda*d1? + 6160 ds2da?dy® + 2080 dsda3dy + 2272 ds*dadi® —
800 ds®dadr — 3008 ds3da2dr? — 896 dsda®dq® — 10748 dsdady + 135240 dsdo?di? — 54066 ds2ds +
43328 ds® — 54066 dsda? + 43328 da® — 25390 d1d2? — 25390 ds?dy — 173897 dsd1? — 173897 d12ds +
102295d:° — 160 ds*ds® — 24408 di° + 472ds*ds + 64dsdy + 64 dsdz® — 512dsdi® + 240d,7 —
15480 d32d1® — 15660 d12da® + 9512 dida* + 1984 do3d1* — 1936 da*dr® + 47572 d1*do — 15480 do2d1 2 +
9512 ds*dy —1936 ds*d13+1984 ds3d1 *4+472 dsda*+47572 dsd1* +96 ds?d2® —416 d3?d1°+704 ds®d1 % —
64 d1d2® + 704 d1%d2® — 512dad1® — 416 d1°d2® — 64ds®dy + 434912d; — 240224 dy — 160 ds3da* +
1064 d3%da® — 15660 d3®d1? + 96 d3®da® — 240224 d3 — 1536 d2® — 1536 d3® + 1064 d3>d2?)

Gy z | s dzdadi® 4+ 2= d3"di%do + 2 da?dady” — w2 d3Pdadi® 4+ 529 d3Sdady — - d3BdaSdy —

13122 19683 19683 19683 26244 19683

1 257 65 6 3 1 3;3;4, 17 5 4 1T 57372 23 67272
59049 d3”ds d1_59049 d3”dad; T 243 d3”dy”dy * 6561 d3”dady + 70633 d3”dy”dy + 19683 d3”dy"dy” —
121 27,573 29 4;3;73 32 27556 19 275 55 4;2;4
gonas @3 d2’di” + GEerdstdo®di” — gogs dstda di” 4 GEer dstda"di” — ggous datd2 dy
19 57273 ) 3;5;2 4 27672 94 4 5 61 4;5
Taoss 3 d2°d1” 4 qgagz ds”de’di” + gaogg datd2’di” — gggg dstdadi® 4 gpgg dstd2’di —
8?2 d4d4d2 26 d2d 3d5 %84 d2d4d4 2 d5d4d 4 d3d4d3
Sogao @3_d2 17 — o045 d37d27d1”  + gga45A37d2 A1 + 6561 3°G27d1 + ggo4g d37d2 d17 —
2 d7d 2d 35 de 3d3 979 d4d 2d2 1 dd4d 1283d3d4d 2327 d4d 3d
1255 ) 32 2 122187 2062 31 Jg78 N 3321 ! 243743 st 152; 78752 8 5 2 1712161580982 s 4 2 2 e
Tisoos 43 de di” + gerdstda’di” o5 dstdedi” — 9555 dztdadi” — dz“dx"d" —

19683 78732
394366 d3d23d14 + 3gé26d35d22d1 + 39166 dsda®di®  + 223624d33d2d14 + jgggs ds?d>"dy +

5
12179 d32d14d227 337 d30d2d12 82351 d3 d2d17109015 d32d2d17 33271 d12d22d32721187 d36d23d1+

236196 8748 T 944784 172392 314928
124823 ;3 2 14659 ; 3 2 1597 4 10971 4 5171 ;273 292651 7 2 3
3tigas U3 d2"d1 — 6 d3"d2d1” — 55g dadady” — 535005 dadide” — 56505 da™d2"di + Grimes ds”dady” —
9403 d d 2d 3 + %8%27 d d Sd 2 _ g d d d 6 + 408 d d d 2 _|_ 124471 d d d 2 + 16 d d 5d 2 _
78732 “3¢2 U1 157464 4302 ©1 19683 3011942 19683 “3¢2¢1 472392 34142 19683 4302 1
256 _ 380 d 4+ 3188 d 2 782 d- 4 6284 d 2 22 dad 5+ 1996 d 2 _ 103 d 6d 2 "2 d 4d 6+
2187~ 661 1 6561 43 6561 43 59049 42 59049 3d2 656] 1 39366 4302 59049 43 2

2 d 4 10 d2d6+ 32 d4+ 4 d d + 5321 d d3+ 25 d5d3+ 71 d3d5+
59049 3 a2 6561 43 (2 6561 2 59049 93 2 236196 3 o1 59049 43 “2 1372 43 1

375 575 5 3 47 4 7 67 4 i7 575 1 7
118098 d3”ds” — 19683 d3°ds” — 19683 ds3”dy + 59020 d3di’ + 83 ds’dy” — 19683 ds’dy T 4374 d3'dz+

196
371 3 49511 ;7 3 9668 760 101687832 ; 2 2593 3 2858 7 2 7 2
5raca 201" + 535766 d3”d2 — jaags dadi — d3dy — Frongs d3”di” — 55355 dadi” — foges da™d2” +

6561

24289 ;5 3 15575 3 19031 3 11 472 "5839 ;4,2 77655 5 31871 ;5

2ggio0 B 1 F ggron D02~ oggpgr dade  sopig A "~ g da 27 pasne dadi” ~ s 0 1

g, 2 b U i e o dad 4 sorg Tide 4 grases T tosmrg de -

Taraed 43" d2” — 3idgns da”d1” + so5i5 dida — 3o5ags di“d2” + 3755 d2 di” + 550545 d3 ' do” + 577 da'di —
5 d2d6+ 1 d4d4_1991d4d4+ d6_ 385dd2_ 2 d7d3

13122 43 d1 13122 43 2 59049 43 ¢1 729 Y3 78732 43 41 59049 43 1

422 | o359 (d2 — ds)(256876 dsdady — 324 dsd1d2® + 14940 dsdady® — 45138 dzdady — 212496 dsdady® —
27742d3%d1*de + 401154 d5%dads® + 59920ds%dide? — 27742dsd2?di* + 59920ds5%d2%dy —
666816 d32d1d2? + 2032d33daodi® — 198201ds2da3dy? + 3030dsda*di? + 208779ds%d2%d,® +
172487 ds®da®dy +3030 ds*dady 2 — 324 ds®dad; — 198201 ds®da?d1? 4+ 2032 dsda®dy® — 45138 ds®dady +
401154 dsd22d1? — 206600ds%ds + 15552ds® — 206600dsds? + 15552d2® + 184136d1d2? +
184136 d3?d1 +180124 dsd12 +180124 d12da +4380 d1 2 — 31958 d3* d2® — 96 ds8da3d1 2 — 96 d3da%d1 2 +
37884 ds*da3d1? 42352 ds®dy®dy® —62424 ds3do®dy 2 — 2544 ds*dp3di* +816 ds*da?d1® +360 ds2dady O+
31320 d53da2dr* + 4476 ds®de?d1? + 48 ds®dady® — 6948 d3°da®di — 1104 ds*d2®d1? — 752 ds3da?dq® —
216 d32d26d1 — 360 d34d2d14 + 4476 d32d25d12 + 1040 d35d23d13 + 48 d3d25d13 — 20076 d34d22d13 —
216 ds8da2dy — 752 ds2d23di® — 20076 ds?da*dyi® + 1040 ds®d2®dy® + 32ds2d28dy® + 32ds%da?d,® —
48 dsd2®d1® — 48 d3®dady® — 2544 dsda*di* + 31320 ds?do3dr* + 37884 ds3datd 2 + 816 ds?da*dr® +
360 d3d22d16 — 336 d35d22d14 — 336 d32d25d14 + 432 d35d25d1 — 15864 d32d22d15 + 240 d32d22d17 +
2736 ds*da*di® — 19872 ds*dady — 1104 ds®do*di? + 96 ds*d2®dy — 360 dsdi*da? — 6948 ds®da®dy +
96 dsSdady — 1188 ds*ds + 3090 ds?d:® — 17274 d12d2® + 1188 d1da* + 1496 do3dq* — 176 do*dq® —
56700 d1%ds + 3090 do%d1® + 1188dsdy — 176 ds*dr® + 1496 ds®di* — 1188 dsde® — 56700 dsdi* —
4860 ds?ds® — 1320 ds2d1® — 1320d1°da? + 165120 dy — 273024 da — 31958 ds®da* + 136140 ds?dy® —
17274 dsd1? — 4860 ds°da? — 273024 ds + 2424 ds*ds® + 2424 ds®da* + 216 d3®da® + 216 ds8de® —
32d3°de® — 32d3%ds® + 136140 d3®d2?)

rror —ﬁ (d2 — ds3)(d1 — ds)(d1 — d2)

rrs 332;38 (dz — d3)(d1 — d3)(d1 — d2)

rry _31411% (dl — d2)(4 d2d13 — 4d3d13 — 8d12d22 + 8d3d2d12 + 32 d12 + 4d1d23 +12 d33d1 — 27dsd; —
101 d1ds — 24 d3*dady + 8 dzdide® — 320 + 91d3> — 8ds* — 4dzda® + 32d2? + 12d33d> — 27 d3d2)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

rrz 546%( dg)(4 d3zd2d1 74d35d1 +26 dgzdl +4 d34d1 +6d5d2d1 +4 d35d2d1 -8 dlzdzzdg =+
4 d3 dy — T4 dsd1 —8 ds*dad1 —103 ds?dadr —22 d1da+33 d33dy +6 dsdrda?® +4 ds3da?dr +33 ds3da+
4d34d2 — Tddzdy — 214d3” + 64 + 26 d3?da® — 27d3* — 4 d33ds®)

rSsSsSs 103;?2 (dz d3)(d1 — d3)(d1 — dz)

rsy ﬁ%m (di — d2)(4dadi® — 4dsdy® — 8d1*da” + 8dsdadi® 4 32d1” + 4dide® + 12dsdy — 27 dsdy —
101 d1de — 24 d3*dody + 8 dzdide® — 320 + 91d3® — 8ds* — 4dzde® + 32d2? + 12d33d2 — 27 d3d2)
rsz | Bl (dy —d2)(4ds®dadi® —4ds®di® + 26 ds®di® + 4 ds di +6 dsdadi® + 4 dsdadi® — 8.di*da’ds” +
4ds?dy3d1—74 dsdr —8 ds*dads —103 d3?dadi —22 d1da+33 dsd1+6 dsdida® 44 ds®de?d1 +33 ds®da+
4d34d2 — Tddzdy — 214d3” + 64 + 26 d3?da? — 27d3* — 4 d33ds®)

TYY | —igeosgs (d2—ds)(24000—160 ds®dy*dy +128 ds*dady — 160 ds®d2dy + 368 d1*da”ds® — 64 ds®dady * —
160 d3%dodq® +808 dsdyd2? 4808 ds?dady — 1400 dsdadq 2 +160 dsdadi* +128 dsdida® — 160 dsde?d:® —
64 dsda®d1? —32ds?di* +128 do®d1® — 32 dsda® — 964 dad1® + 3072 dy2da? — 2068 d1da® 4+ 9543 dsdy +
9543 d1ds + 788 ds3da + 10809 dsda — 5639 dy 2 — 964 dsdy® + 256 do* — 296 di* + 16 d1 — 2068 ds®dy —
8032ds? + 256 d3* + 788 dsda® + 128 dsdi® + 3072d5%dq 2 — 112ds*di? — 8032d2? — 16d3*ds? —
2088 ds?da? + 96 ds®ds® — 32d1*de? — 32dsdi® + 32ds%dy — 112dy%2de* — 16 ds?de* — 32ds°dy —
32 del’ + 32 d1do° )

59049 ds?dz*di® + 13122 d3da®dy® + 162 5 ds’dady + 325765 dadydy 59049 dzdady — 19683 d3dids® —
39366 dadada® + 1946483 dsda"dy — 59049 d33d25d1 592049 d32d26d1 + 196 3 d34d2d1 + 29010 59049 dy®d>"dr? +

Yz

196483 d34d24d12 ; 1711 d§6d22d1 - 9 d32d 1d® 2+4 59 10 ds° d2d12 + 5922 d32d223d1 _
2 271 18 242 3421 3999

590149 3 dg dy 524§g6il3d24d1+17496 dic7l$d51 +259049 ds“dy d2—314 2 ¢ ds 2dZdl +20 196 %3 d1d32 -
g Gade' i’ = mp da'deldy = i datdidy o g de ey - gy dadady)
13122 ds’dy’dr® + 39366 dada*di® + 33610 d3 d2 d1 + 9049 ds3°d2°dy — 20217, ds3*dadi® +
19683 ds’dz*dy? d32d2d1 121 d33da di + i dsPda?dy +71807031 ds®dad; — 6561 ds®dady® —

59049

573 1%6 372 99 6 134?39 2 19811 220 352

19683 d§ dz d1+3 366, ds®dy*dy* ;'_1%683 ds dei T 4T2302 d3dz _3472392 d3"dz— 196 3218d1 _591014530d2 +
9

2 8174§l’3 7359 49 61833267[1 +3590 9 dggfl;l - 9683 d311d1 +559029 dg46%21 19683 dfos% Jr19683 d10+83196832d27

314928 d3”ds” 41 d3”dy +472392 d3”d1+155g3 d3 dl _472 95 d3di” + 57567 did2* +4 5303 17 d2+

20075d2d3_ 414’; d2d _ 121 de _,’_121 dd 4 % d4d 557 d4d+57g d4d+

157464 43 “2 157464 43 ¢1 39366 “1 ©2 59049 192 118 98 U1 ©27 9qa7gq U3 C17T gag7gq @3 €2

902 d 4d137 2849 d33d2 + 913 d34d2 d33d1 + 4079 d3d2 _ 143 d32d2 13552d35d2 +

59049 3 4 236196 75 B2 T Rg0a9 O3 1180986 590 5y 59049 2 oo e
d3di” + 35565 d3”d1” — 755 ds di? +874 ds”di — 8748 ds d2+59049 ds”do® ~ 19683 43" + 19683 93

1180
rzz 47§§92 (dz ds)(6528+144d3 d23d1 +48ds d23d1 —16 d32d25d1 144d34d23d1 +16 d32d22d 6_
48 ds da?d,® + 48ds*da?di* — 16ds°da?dh® + 48ds3da’di? — 48ds*da’dy + 144 ds*ds*ds?

48 d32d23d15 + 48 d32d24d14 — 48d35d24d1 — 144 d33d24d13 =+ 1272d32d23d13 — 660d34d22d12

24 dsda*d1® + 1020ds3dady + 1020ds*do®dy + 1272d33d2?dy® — 2184 ds3da3di? — 24 ds*dadi® +
24 ds?dadi® — 660ds2datdi? + 108d3°da?dr + 24dsdedi® + 108ds2da®dy — 744dsditde? —
7001 d33d22d1 + 162 d34d2d1 — 7001 d32d23d1 + 8877d12d22d32 + 852 d33d2d12 — 858d32d2d13 +
9714 dsd1do? + 9714 ds%dady + 3744 dsdadi? — 540dsdadi* + 162dsdide* — 858dsdp?di® +
852 dsds®d1? — 88 ds?di* + 88 da3d1® — 108 ds®da® + 828 dadi® — 42 d12d2? — 594 d1do® — 11428 dsdy —
11428 d1da — 1998 d33ds + 868 dsda — 1244 d12 + 828 dsd1® — 594 ds>dy + 1728 d3? — 1998 dsds® —
108 ds®ds® +88ds3d1® — 42 ds?d1 2 + 1728 da? + 702 ds*d2? — 13032 ds?da? + 3949 ds®dy® + 16 ds®dy® —
336 d3*da? — 88 d1*da? + 702 d3%d2?)

S S S ?iggg% (dz d3)(d1 — d3)(d1 — dz)

ssy m(dl d2)(4d2d13—4d3d13—8d12d22+8d3d2d12+32d12—|—4d1d23+12d33d1 —27dsdy —
101 didz — 24 d3?dady + 8dadida® — 320 + 91d3? — 8ds* — 4dzdo® + 32d2? + 12d3*da — 27 d3d>)

S8z 624226 (dl dz)(4 d32d2d1 —4d33d1 +26 d32d1 +4d34d1 +6d3d2d1 +4 d33d2d1 —8d12d22d3 +

4ds d23d1—74d3d1—8d3 d2d1—103d32d2d1—22d1d2+33d33d1+6d3d1d2 +4d33d22d1+33d3 da+
4dd3*de? — T4ddsdy — 214 ds> + 64 4 26 d3%do”® — 27 d3* — 4 d3°d?)

SYY | zrouss (dz — d3)(24000 + 256 dy* —160d3’da?dy + 128 ds*dady — 160 ds*d2’dy + 368 di*da?ds® —
64 ds®dadi? — 160 ds2dadi® + 808 dsdids? + 808 ds?dady — 1400 dsdadi? — 296 di* + 160 dsdadi* +
128 dzdida* — 160dsd2?di® — 64dsde®di? — 32ds%di* + 128d23dq % — 112ds*di? — 964 dadq®
3072 dy12d2? — 2068 d1da® + 9543 dsdy + 9543 dida + 788 ds3da + 10809 dsds + 256 d3* — 5639 d,2 —
964 d3d;®—2068 ds®d1 —8032 ds?+788 dsd2®+16 d1 ®+128 ds3d1 2 +3072 d32d12—8032 dp2 — 16 ds*dy? —
2088 d32d2?+96 d33da® —32 dsd1® +32 ds’dr — 112 d12de* — 32 d3®da — 32 dod1® + 32 d1d2® — 32 dsds® —
32d,%d2? — 16 d3?da*)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

5y z 125 d3d2d15 250 d34d24d1+ 250 d3dd25d1+ 125 d3zd2bd17 125 d34d2d147 875 d3zd25d127

- 118098

751;%2 d 4d 2d 3 19683 125 d 6d 253049 500 d 2290443 3 125 1928 d d 5 125 d 2d 3d 4
30366 @3 _d27a1” + 366 03_02°01 + gog49 d37d2 417 — qygoeg U3 G201 — 5o049 A37d27d1
858 d 3d 4d 2 308% d d Sd 2125 d d d 3 1375 d 2d 4d 38875 d 2d d 2 63625 d 2d d 4
59Q4a9 “3 “2 dl +104%7 302" 01— 35505 4302017 — 5504 437 A1 A2+ Goggsg (37 02017 — g7a555 d3"d1d2 +
%85 dad 2d 4 8875 d 4d 2d 543125 d 2d d 2 625 datd 3d 2 2312 d 3d d 3
7araz 302701+ qpragz @3 2701+ Gooers d3”d102” + gg3ee A3 271"+ gosgs dstda2diT
5375 d 2d 3d 2 125 dad 4d 2 2%875 d 2d 2d 3 625 d 3d 3d 2875 d 4d d 2
26244 43 G2 ¢1 = 78732 302 417 — groggy @37d27d1" = 5o555 d37A2 A1+ gogge d3 d2d1” —
825 d3d 3d3 125 dedG 13%5 dBd 2d4 25 d5d 2d2 11§75d5dd
39366 37027017 + 95595 @3 d2d1° + ygags @37 @2° A1 — 355 037 d27d1T — qggy 37 d2d1
125 d 5d d 3 125 da’d Sd 12125 d 3d d 2 125 d Gd d 125 d 2d 2d 5 125 dad 3d 3_
13422 33 . 2+0(§"093663 ° 31225 1T 3223 5200 ' 39366 5’25 28 04922?1252 21 263 61253 23 12
31 d3”d2di + 29015 do” — 15555 dada™d1” + 55045 dadadi + 35555 dadide” + 57a0 d3”da — 550055 da™di” +
735125 d d 2 _ 1236925 d d 2 69125 d 2d + 47?25 d 2d 3_|_ ?575 d 2d 3_ 15?5 d d 4 1%’?5 d 4d =+
944784 “3%1 314928 Y142 944784 1 627 374928 43 A1 78732 Y1 02 118098 142 236196 Y1 U2
653875 g 4g 5125 .49 3782375 g 35 477 10375 gAdgis o auies g 354 3835 5 g4
1889568 43 1 59049 43 “1 172392 43 42 118098 43 2 236196 *3 U1 118098 4342
1625 d 2d 5 625 d 5d 2 625 d d 4 125 d 2d 5 625 d 5d 2 125 d 6d
15008 @3 @2 T 36347 437027 — 555796 4301 — 7giaz d3Tdi + 157464 3717 — qrigsds d1 +
1%5 de_ 125 de 4+ 125 d4d _ 125 de 6 125 dﬁd 3+ 25 d4d 5_ 12 d3d 6+
17496 43 927 39366 “3 U1 39366 U3 U2 " Fongg U3 U2 118098 @3 @2 T 39366 43 A1 118098 43 1
135 4.6 371250 43 7000 ;3 65875 ;44 4250 g 6250 ;7425 4.5 4 1594875 5.2 L
118098 3 d1 19683 91 19683 43 1889568 3 42 7 79683 ¥1 T 10683 “2 T 2187 43 94a78a 4342
194875 7.3 2 _ 945125 5 2y * 228125 do? — 33500 g

629856 944784 683

$22 | girag (d2—ds)(6528—744 d32d1341d22—7001 d33d292d1+162 dz*dad; —7001 ds?do®dy +8877 d1 2 d2?d3> +
852ds3dadr? — 858ds2dadi® + 9714 dsdida? + 9714 ds?dadyn + 3744 dsdodqi? + 144dsdodi* +
48ds5da3di? — 16dsda’di® — 144ds*de®di® + 16d3%d2?di® — 48ds3da?di® + 48ds*dx%d* —
16 d35d22d13 + 48 d33d25d12 — 48 d34d25d1 + 144 d34d24d12 — 48 d32d23d15 + 48 d32d24d14 —
48 dsPdotdy — 144d53da*dr® + 1272d5%d23d,® — 660ds*da2dr? — 24 dsdo*di® + 1020dsde*dr +
1020 ds*do®dy + 1272ds3da2dq® — 2184 ds3dadh? — 24 ds*dadi® + 24 ds?dadi® — 660 ds2da*dr? +
108 d35d22d1 +24 d3d22d15—|—108 d32d25d1—540 d3d2d14—|—162 d3d1d24—858 d3d22d13—|—852 d3d23d12—
108 ds®ds® — 88 ds2d1* + 88 da3d1® — 108 ds®dy® — 336 ds*da* + 16 ds®do® + 828 dod1® — 42 d1%dy? —
594 dqde® — 11428 dsdy — 11428 d1da — 1998 d33da + 868 dsde — 1244 d12% + 828 dsd,® — 594 dsdy +
1728 d3? — 1998 dsds® + 88 ds®dy® — 42 ds2d1? + 1728 do? 4+ 702 d3*dz? — 13032 ds?da? 4 3949 ds3dy® —
88 dy*do? + 702 d3%do")

YYY | sam3s (d2 — ds)(di — ds)(di — d2)(665213 — 960ds®d2’dy + 1152ds*dadr — 960dsd2dy +
2688 d12d2%d3%—960 dsdad12—960 ds?dadi®—7920 dsd1da®—7920 ds?dady —7920 dsdad1®>—7920 ds*+
1152 dsdads® + 1152 dsd1da* — 960 dsd2?d1® — 960 dsda®d1? — 7920 d1* — 384 d32d1* + 896 da3dq® —
192 d3da® + 128 d2® + 7920 dod1® + 7920 d1do® — 70144 dsdy — 70144 dydo + 7920 d3®ds — 70144 dsds —
7920 da* + 53504 d12 + 7920 dsdi® + 128 ds® + 7920dsdy + 128 d1® + 53504 ds? + 7920 dsd2® +
896 ds>dq® + 53504 da? — 384 ds*da? + 896 ds>da® — 192 dsd1® — 192 ds®dy — 384 d12da* — 192 d3°dy —
192 dod:® — 192 d1d2® — 384 ds*di® — 384 di*do? — 384 d3?da?)

YY 2 | tsseses (d1—d2)(146496 + 128 d1ds®da + 192 dsdadi® — 128 d3”d1 > do + 128 ds®dady " — 256 ds®dad: ® +
11552 ds8dady — 256 ds®da®di + 128 ds?da"dr — 896 dsldady® — 1152d33da3dr* + 1664 ds®dadqi® —
1152 d3®d2d12 41536 d3®da?di? — 384 d3?do®d1® 43456 ds?ded1® — 192 d3?d2?d1 %+ 1536 d3®do?d.® —
1536 ds*d2?di* — 1152 ds®d2?dy® + 1536 ds®da®di? — 192 ds?d2%dy? — 640 ds*dady® — 640 ds*de®dy —
1536 ds*da*d1? — 384 ds?da3dr® + 896 d3?dotdi* + 1664 ds®da*dy — 1152 ds3da*dq® — 128 ds"do2dy +
960 ds2da>d1 3 +23184 d3*da?d1? — 480 dsdad1 3 +6752 ds3da*d1 +15840 ds*do3dy — 18192 ds3da?dy® —
18192 ds®dy®dy 2415840 ds*dad1® —8560 ds?dad ® +8272 ds?da*d1? —480 dsdo®d1* — 21744 ds®do?dy +
288 d3d22d1® + 6752 ds>dodq* — 8560 ds?da®dy + 8272 ds%d1*da? — 21744 ds®dadi? — 896 ds®dody +
192 dsd1d2®+288 dsda®di? —128 d3®ds ™ +448 ds*d2®— 143132 d53d2?d1 +128 d3 " do® +51984 ds*dady +
55872 ds%d23d1 + 83280d12da2ds® — 143132ds3dadi® + 55872ds%dadi® + 77786 dsdide® +
318879 ds2dady + 77786 dsdadi? — 103469 ds* —4096 dsSda? +128 dsOda* — 192 ds?d2® +20304 ds®dy® —
960d37d2 — 512 d35d25 — 128 d33d17 + 448 d34d16 + 128d36d14 + 4232d3d2d14 + 4232d3d1d24 —
328 dsda?d1® — 328 dsda®d1? + 7680 d1* + 128 ds7d1® — 4096 ds®di? — 192ds?d,® — 26832ds*d,* —
960 ds”dy — 26832 d3*da* — 170864 d12d2? +20304 d3®d1® +11344 d3®d1° +11344 d3®ds® — 512 ds®d,® —
64 ds8d12+432ds® — 64 ds®de® +6872ds?d1* +2112 do3d1® — 3904 dada® — 14408 dad:® — 14408 d1d2> —
967174 dsdy + 519398 d1da — 12081 ds3do — 967174 dsda + 7680 do* + 30912d12 + 112136 dsd1® +
1576 d3® — 12081 d3dy + 1063270 d3? + 112136 dsda® — 181098 d32d2? — 139704 d33d1® + 30912 do? —
181098 d32d12+227316 ds*da? — 139704 d3>da® —3904 d3d1® — 75644 d3®d1 —352 d1 2da* — 75644 ds®dy —
704 dodi® — 704 dydo® + 227316 d3*d1? — 352d1%d2? + 6872 d3%da?)

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).

170



A.1. Level (3,9) Potential

Ilmn Blmn(dl, d2, d3)

Y22z | gress (d2—ds)(—109440 — 4320 dsdad:® +192 ds”dodr " — 96 ds”dadi® — 648 d3®dady + 288 ds’d2 dy —
432d52dy"dy + 96 ds®dadi® — 62064 dsdedit + 96 ds®dadi? — 9360 ds°dadi? + 672d3%de2di? +
3776 ds2d2"d® + 43968 dstda3di® — 11696 ds?do?di® + 26832d53da2d® — 19344 ds*dy?di* +
3776 ds®da?d1® — 9360 d33da’d1? + 672 ds?de®d1? — 288 ds*dads® + 3648 ds*do®dy — 26928 ds*da*dr? +
26832d3%d23d1® — 19344ds2da*dh* + 3648d3’detdi + 43968d33detdi® — 432ds7dp?dy —
202940 d3?do3di® + 82772d3 d2%d1? + 1904dsde?di® — 74028 ds3da?dr — 74028 dstde3dy —
202940 d33do2d1® + 250704d33d23di? + 1904ds*dadi® + 8824ds%dadi® + 82772ds%de*di? —
4008 dsd2>d1*+12056 ds®da?dy +8824 dsda?d1® —4008 dsdady* +12056 d3?d2®d1 4123536 ds?d1*de® —
6360 ds°dadi® + 288d3%da®di — 648dsdida® — 6360dsd2’di? + 432ds53da” — 1056dsda® +
9739 ds3da2dq + 432 d37ds® + 55434 ds*dady + 9739 ds2da>dq — 229887 d12ds2ds? — 19356 dsdadr? +
9894 ds?dadi® + 4954 dsdida? + 4954 ds?dadr — 197760 dsdadi? + 1280 d12dsds® — 25920ds* +
3072 dy ds dat 4+ 256 ds3dabdi® — 128 ds?doldi?t + 512ds%datdi® — 128 dsSda?dy* + 648 dsbda? +
256 ds3®da3dr® — 2112d5*da3dq® — 128 ds®da?di® — 288 dsda*d:® — 448 d3®do2d:” — 256 ds®doCdy —
448 d32dy3dy " +64 ds?da " d12+96 d3d2%d1 2 —1056 dsOdat —192 dsda " d1 2+ 648 d3?d2® +192 ds*dady —
96 d3d23d16 + 1664d16d33d23 — 1664d35d24d13 + 96 d3d14d25 + 512 d34d22d16 — 128d32d25d15 +
832d5°da3di* + 832d33da’dr* — 1664 ds*da®dq® — 2112 ds3do*dr® + 128 ds?d18da? + 192 dsdy " ds?
64ds"do2dy® — 256d3%da®dr 4+ 192ds37datdr — 192ds57do3dh? — 15712d55de® 4+ 1840ds°ds’®
87828 dsdadi® + 55434 dsdida® + 9894 dsda?di® — 19356 dsdo®di® — 9952d1? — 704 ds%d.°
25064 d3*ds* + 476142d12%d2? — 352d5°di® + 1056d53di° — 15712d53d.® — 13048 ds%d,?
20216 d23d1® + 13176 dsd2® — 64 ds®ds” — 64ds"d2® — 161796 dad1® — 26954 d1da® — 488884 dsdy
488884 d1 dy — 216406 d3>da + 1286260 dsda — 25920 do? + 330292 d12 — 161796 dzd1® — 26954 ds3d; —
9792 d3? — 216406 dsds® — 2728 d32ds? — 29216 ds>dq® — 9792 do? + 476142 d3%d1 2 — 94074 d3*do? +
236977 d33de® — 352d25d13 + 1056 d1°d2® — 704 d22d1 + 128 ds8da® + 6624 dsdi® + 2376 ds®dy +
10992 dy2do* + 13176 d3®da + 6624 dad1® + 2376 d1d2® + 10992 d3*d1? — 13048 dy*do? — 94074 d3da*)
zZzZz 7@ (dg — d3)(d1 — dz)(dl — d3)(7404632 + 576 d33d23d14 =+ 96d35d2d14 -+ 864d35d23d12 —
432 ds%da?dy? + 864 d32d2’dr® + 576 d3td2d1® — 432 ds?d2?dq 8 + 864 ds3da?dy® — 2064 d3*da?d.* +
864d35d22d13 + 864d33d25d12 — 432 d32d26d12 + 96d34d2d15 + 96d34d25d1 — 2064d34d24d12 =+
864 d32do3d,® — 2064 ds?da*di* + 96 ds®da*dy + 576 ds®da*d1® — 7560 ds?da3dy® + 22344 ds*dy?d,? —
6568 dsda?d1® — 6568 ds>da*dy — 6568 ds*da3dy — 7560 ds3da?d1® — 7560 ds®da3d1? — 6568 d3*dady® —
648 d3?dad1® + 22344 ds?da*d1? — 6568 dsda®di* — 648 ds®da?dy — 648 dsda?di® — 6568 dsdadi* —
648 ds2d>”dy + 22344 d3%d1*ds? — 648 d3®dad1? — 648 dsda®dq? + 80130 ds3da2dy + 14580 ds*dady +
80130 ds2d23dr — 300231 d12d22ds? + 80130ds3dadi? + 80130ds%dadi® — 351344 dsdide?® —
351344 ds2dady — 351344 dsdadi® — 128 dy2ds®ds® — 384 dy*ds*da? — 128 ds3da®dy® + 64 ds?do.%d i +
64 ds?dod1® + 64ds8da?dit — 128d38dadi® + 128d3*dodi® — 128 ds®ds?di® + 96 dsda*di® —
352 d34d14—352 d24d14—128 d16d33d23+128d35d24d13+96 d3d14d25+64d34d22d16—128 d32d25d15+
128 ds®da®di* + 128 ds3do®di* + 128 ds*de®dy® + 128 ds®da*dy® + 14580 dsdadi® + 14580 dsdyda® +
80130 dsd22d1® + 80130dsd2d1? + 64ds*de®di? — 352ds*da* — 97630d1%d2? + 64d3%da*di? +
2376 d32d1* + 10464 do3d1® — 22356 dad:1® — 22356 d1da> + 592176 dsd1 + 592176 d1da — 22356 dsds +
592176 dsds + 33588 d12 — 22356 dsd1® — 22356 ds3dy + 33588 ds? — 22356 dsd2® — 97630 d3?d2? +
10464 d3>d1® + 33588 d2? — 97630 d32d12 + 2376 ds*da? + 10464 d3>ds® + 2376 d12do* + 2376 ds*di? +
2376 d1*do? + 2376 d3?d2?)

|+ 4+ +

Table A.3: The cubic couplings for all of the fields in the action up to level 3 (continued).
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Appendix B

Rolling Tachyon Code

In section I described what was necessary in order to programmatically construct the
marginal solution of [36] and then compute some simple quantities based on that solution.
This appendix contains the code that was used to actually perform these tasks.

B.1 Maple Code

The Maple portion of the program does all of the algebraic work necessary to build the solution
and compute expectation values. This is not designed to do the significant amount of numerical
work in actually evaluating the quantities found here; that is done in C++.

For those not familiar with the Maple language, it is the built-in language of the com-
puter algebra system Maple. As such it has built-in functions for many common tasks such as
summing terms, finding taylor coefficients, or integrating functions. Most of these should be
relatively straightforward, but I will try to explain a few of the less intuitive commands.

Functions are defined using the arrow operator, so f(z) = 2z?
f:=x->x"2;. While standard operators such as addition, multiplication, and the exponenti-
ation just used are often written infix, they are interpreted as functions so 1+2+3 is the same
thing as ‘+¢(1,2,3), at least for associative operators. A comma separated list is known as
a sequence and can be generated with the seq function, so that the previous example is also
equivalent to ‘+‘(seq(n,n=1..3)). The function op is quite powerful and nuanced and since
I will use it quite often it deserves some explanation. The command op(i,expr) returns the
i-th operand of the expression in its second argument. This is useful for parsing the arguments
of an unevaluated function, and can even return the function itself as the Oth operand. op also
works with constructs which are not really functions, such as lists and sets. If i is omitted, op
returns a sequence of all operands (except the Oth), and if a range is specified instead then that
subsequence of operands is returned. Negative indices are interpreted as counting backwards
from the last operand (or element in a list).

Due to the program being written before we finalized our conventions for renormalization
schemes, there are a few notational differences. The renormalization constants Cy and C; are
referred to in the code as RC2 and RCk respectively. The constant C* not appearing in the
solution is RCL. Despite the fact that the counterterms are defined using the little g scheme,

as in sections 4.2.1| and [4.3.2] the notation uses capital G. In describing functions such as V_r
I have occasionally used the useful shorthand notation [V(”)(a, b)]r L [V (a,b)"], which is

n! r

standard in [36]. We should now be ready to see the Maple portion of the program. Comments
are prefixed with # and will appear in green.

would be written as
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13

B.1. Maple Code

Program B.1: These Maple procedures define wedge states with insertions and the operations
used on them. Correlation functions of wedge states with known insertions can also be calculated
and simplified. A description of this program appears in section

# -*-mapl-*- (nowrap)
restart:

#a wedge is [width, {variable=range or point}, V(1)*V(t1)*...] leave out integrals, as those will
be implied by specifying ranges for variables

‘type/wedge ¢ :=[algebraic,set(name={nonnegint..posint,algebraicl}),
algebraic]:

#a wpoly is the same as a wedge, but with the operator content replaced by a list representing taylor
coefficients in A

‘type/wpoly ‘:=[algebraic,set(name={nonnegint..posint,algebraicl}),list(
algebraic)]:

‘type/wsing ¢ :={wedge ,wpoly}: #one wedge state
‘type/wsum ¢ :=specfunc ({wsing ,wsum}, ‘&+ ) : F#a sum of wedge states
‘type/wtype ‘ :={wsing,wsum}:

#some constants
wld:=[0,{},1]:
wzero:=[0,{},0]:
wpId:=[0,{},[1]]:
wpzero:=[0,{},[0]]:

#define the marginal operator, assumed to have Z% self-OPE
#V_bare:=t->dX(t)/sqrt (alphaprime) : #use this version for the translation operator
V_bare:=t->(E(1,t)+E(-1,t))/sqrt (2): #use this version of the rolling tachyon

#convert a wpoly to a wedge
##A the wedge state (or sum) to convert
to_wedge:=proc(A::wtype) ::wtype:
if type(A,wsum) then
return map(to_wedge ,A);
elif type(A,wedge) then
return A;
else
return [A[1],A[2],add(lambda”(n-1)*A[3][n],n=1..nops(A[3]))]:
fi:
end proc:

#convert a wedge to a wpoly, truncating to O(\")
##A the wedge state (or sum) to convert
#4#n the truncation order
to_wpoly:=proc(A::wtype,n::nonnegint) ::wtype:
if type(A,wsum) then
return map(to_wpoly,A,n);
elif type(A,wpoly) then #might want to truncate to n here, currently left as is
return A;
else
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60

68

B.1. Maple Code

return [A[1],A[2],[seq(coeftayl (A[3],lambda=0,k),k=0..n)]]:
fi:
end proc:

#the star product, takes arbitrarily many operands which should be of type wtype
#+#the name parameter LAMBDA_MAX truncates the result to O(AMBPAMAX) t6 avoid excess computation
star:=proc (A,B,{LAMBDA_MAX::nonnegative:=infinity})
local ret, i, C, vars, bdom, bins, bsrt, cins, nm, lm, subslist:
if type(A,wsum) then
ret:=map(star ,A,B,’:-LAMBDA_MAX >=LAMBDA_MAX);
elif type(B,wsum) then
ret:=map2(star ,A,B,’:-LAMBDA_MAX >=LAMBDA_MAX);
elif type(A,wpoly) and type(B,wpoly) then
if A[3]=[seq(0,n=1..nops(A[3]))] or B[3]=[seq(0,n=1..nops(B[3]))]
then
return wpzero;
fi:
vars :=map (lhs ,A[2]):
bdom:={}:
bins:=B[3]:
subslist:=[]:
bsrt:=sort([op(B[2])],((a,b)->lexorder (1hs (a),lhs(b)))): Fensure
lexicographical ordering of coordinates is preserved
for i from 1 to nops(bsrt) do
nm:=newvar (vars,lhs (bsrt [i])) : #ensure variable names are unique
bdom:=bdom union {nm=map ((x->x+A[1]),rhs(bsrt[i]))}: H#shift
insertion locations in B
subslist:=[op(subslist),lhs(bsrt[i])=nm]: #add to the list of variables
to rename
vars:=vars union {nm}:
od:
bins:=eval (bins, subslist): #perform the change of variables in the operators
Im:=min (LAMBDA_MAX ,nops (A[3]) +nops(B[3])-2):
cins:=[seq(add(piecewise (k>=nops (A[3]) ,0,A[3][k+1]) *piecewise(n-k
>=nops (bins) ,0,bins [n-k+1]) ,k=0..n) ,n=0..1m)]: Fmultiply

operators
C:=[A[1]+B[1],A[2] union bdom,cins]:
ret:=C;

elif type(A,wedge) and type(B,wedge) then
if A[3]=0 or B[3]=0 then
return wzero;

fi:

vars:=map (lhs,A[2]):
bdom:={}:
bins:=B[3]:

subslist:=[]:

bsrt:=sort ([op(B[2])],((a,b)->lexorder (1hs(a),lhs(b)))): Fensure
lexicographical ordering of coordinates is preserved

for i from 1 to nops(bsrt) do
nm:=newvar (vars,lhs (bsrt [i])) : #ensure variable names are unique
bdom:=bdom union {nm=map ((x->x+A[1]),rhs(bsrt[i]))}: Fshift
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90

96

B.1. Maple Code

insertion locations in B
subslist:=[op(subslist),lhs(bsrt[i])=nm]: #add to the list of variables
to rename
vars:=vars union {nm}:
od:
cins:=A[3]*eval(bins,subslist): #perform changes of variables and multiply the
operators for both wedge states
if LAMBDA_MAX < infinity then #for efficiency, truncate to fixed power of A
cins:=convert (taylor (cins,lambda,trunc (LAMBDA_MAX)+1) ,polynom)

fi:
C:=[A[1]1+B[1],A[2] union bdom,cins]:
ret:=C;

elif type(A,wsing) and type(B,wsing) then
ret:=star (to_wedge (A) ,to_wedge(B),’:-LAMBDA_MAX ’=LAMBDA_MAX) ;
else
ret:=A &x B;
fi:
if _nrest=0 then #if there are no more operands
return ret;
else
#AxBxCxD = ((Ax B)xC)* D etc.
return star(ret,_rest,’:-LAMBDA_MAX ’=LAMBDA_MAX) ;
fi:
end proc:

#adjust variable names to avoid conflict when using star
##used is a set of names already taken
##o0ldvar should be an indexed symbol which will have its index adjusted for uniqueness
newvar :=proc (used::set (name) ,oldvar::name)
local i:
if type(oldvar,indexed) and nops(oldvar)=1 then
i:=op(oldvar):
while op(0,oldvar)[i] in used do
i:=1i+1:
od:
return op(0,oldvar) [i];
elif type(oldvar,symbol) then
print ("support for renaming simple symbols has been removed",
oldvar) ;
return oldvar;
ir=1:
while oldvar||i in used do
i:=1i+1:
od:
#return oldvar||i;
else
print ("variable of unknown type, not handled",oldvar);
return oldvar;
fi:
end proc:
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144

146
147
148
149

150

B.1. Maple Code

#multiply a wedge B by a scalar a
ctimesw:=proc(a::algebraic,B)

local acol,

ins, i, j, d:

if type(B,wedge) then
return [B[1],B[2],a*B[3]];

elif type(B,wpoly) and type(a,polynom(anything,lambda)) then #wpoly

types cannot be multiplied by non-polynomial A
acol:=collect(a,lambda):
ins:=[seq(0,n=1..nops(B[3])+degree(acol,lambda))]:
if type(acol, ‘+‘) then

acol:=[op(acol)]:

else

acol:=[acol]:

fi:

for i from 1 to nops(acol) do
d:=degree(acol[i],lambda):

for j

from 1 to nops(B[3]) do

ins[j+d]:=ins[j+d]+B[3][jl*acol[i]/lambda~d:

od:
od:

return [B[1],B[2],ins];
elif type(B,wsum) then
return map2(ctimesw,a,B);

else

print ("Warning: ctimesw called with wrong type.",a,B);

return a*B;

fi:
end proc:

#takes a wsum and removes wedge states with 0 amplitude
#this also flattens sums by removing parentheses: (A+ B)+C — A+ B+ C
plusO:=proc (expr)
local newexpr, term, 1i:
if type(expr,wsum) then
newexpr:=[]:
for i from 1 to nops(expr) do
term:=plusO (op(i,expr)):
if type(term,wsum) then #A+ (B+C)=A+B+C

if

fi:

nops(term) <> 1 or op(l,term) <> wzero then
newexpr :=[op(newexpr) ,op(term)]:

elif type(term,wedge) then

if

fi:

term[3]<>0 then
newexpr :=[op(newexpr) ,term]:

elif type(term,wpoly) then

if

fi:
else

term[3]<>[seq(0,n=1..nops(term[3]))] then
newexpr :=[op(newexpr) ,term]:
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newexpr :=[op(newexpr) ,term]:
fi:
od:
if nops(newexpr) = 0 then
newexpr :=[wzero]:
fi:
return &+(op(newexpr));
else
return expr;
fi:
end proc:

#act on the operator content of a wedge (or wpoly) with expand
#return a separate wedge (wpoly) for each term in the result
#+#expr is the wedge, wpoly, or wsum to expand
wexpand :=proc (expr)
local ins, outw, i:
if type(expr,wsum) then
return map (wexpand, expr);
elif type (expr,wedge) then
ins:=expand (expr [3]):
if type(imns, ‘+‘) then
ins:=&+(op(ins)):
return map ((x->[expr[1],expr[2],x]),ins);
else
return [expr[1],expr[2],ins];

fi:
elif type (expr,wpoly) then
outw:=[]:

for i from 1 to nops(expr[3]) do

ins :=expand (expr [3] [i]):

if type(ins, ‘+¢) then
ins:=[op(ins)]:

else
ins:=[ins]:

fi:

if ins<>[0] then

outw:=[op(outw) ,seq([expr[1],expr[2],[seq(0,k=1..i-1),ins[j

111,j=1..nops(ins))]:
fi:
od:
if nops(outw)=0 then
return wpzero;
elif nops(outw)=1 then
return op(outw);
else
return ‘&+‘(op(outw));
fi:
else
print ("Warning: wexpand on unhandled type.");
return expr;
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B.1. Maple Code

fi:
end proc:

#merges wedges with the same circumference and operator insertion locations

#operator content is added for matching wedges in a wsum

##texpr should be a sum of wedges. wpolys may work (untested), but mixing the two will likely fail

wcombine :=proc (expr)
local i, j, tosort, sorted, res, term:
if type(expr,wsum) then
tosort:=plusO(varsort (expr)):
if type(tosort ,wsum) then
tosort:=[op(tosort)]:
sorted:={}:
res:=wzero:
for i from 1 to nops(tosort) do
if not i in sorted then
term:=tosort [i]:
sorted:=sorted union {i}:

for j from i+l to nops(tosort) do

if not j in sorted then

if tosort[i][1]l=tosort[j]l[1] and tosort[i] [2]=

tosort[j][2] then

term:=subsop (3=term[3]+tosort[j][3],term):
sorted:=sorted union {j}:

fi:
fi:
od:
res:=res&+term:
fi:
od:
return plusO(res);
else
return tosort;
fi:
else
return expr;
fi:
end proc:

#renames the dummy variables appearing in the second element of wedges
#variable names are sorted so that if ¢ < j then t[i] is to the left of t[j]
#variables which are at fixed location (unintegrated) but do not appear anywhere in the operator

content are removed
varsort :=proc (expr)

local i, j, splitdom, found, orderproc,
inw:

if type(expr,wsum) then
return map(varsort,expr);

elif type(expr,wsing) then
remlist:={3}:
for i from 1 to nops(expr([2]) do

sublist,

varoot ,

remlist,
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if type(rhs (op(i,expr[2])) ,numeric) and not has(expr[3],lhs(op
(i,expr[2]))) then
remlist:=remlist union {op(i,expr[2])}:
fi:
od:
inw:=subsop (2=expr [2] minus remlist,expr):
splitdom:={}:
#the local function orderproc contains rules for breaking ties
#our convention is to preserve order of indices when two insertions are coincident
#orderproc currently assumes that all insertions are at (or integrated between) integer
locations
orderproc:=(x,y)->piecewise (type (rhs(x),range) ,op(l,rhs(x))+1/2,
rhs(x))
+piecewise (type(lhs(x),indexed) ,op(1,1hs(x))/1000,0) <
+piecewise (type(rhs(y) ,range) ,op(l,rhs(y))+1/2,rhs(y))
+piecewise (type(lhs(y),indexed) ,op(1,1lhs(y))/1000,0):
for i from 1 to nops(inw[2]) do
found:=false:
for j from 1 to nops(splitdom) while not found do
if op(0,lhs(op(i,inw[2])))=0p(0,1lhs(op(j,splitdom) [1]))
then
found:=true:
splitdom:=subsop (j=[op(op(j,splitdom)),op(i,inw[2])],
splitdom):
fi:
od:
if not found then
splitdom:=splitdom union {[op(i,inw[2])]}:
fi:
od:
splitdom:=map (sort,splitdom,orderproc):
sublist:=[]:
for i from 1 to nops(splitdom) do
varoot :=op(0,lhs (op(i,splitdom) [1])):
for j from 1 to nops(op(i,splitdom)) do
sublist:=[op(sublist),lhs(op(i,splitdom) [jl)=varoot[j]l]:
od:
od:
return eval(inw,sublist);
else
print("calling varsort on non-wedge");
return expr;
fi:
end proc:

#find the wedge state taylor coefficient of \"
##A the wedge state or sum
##1ambda should normally be lambda’ for our purposes (must be for wpoly types)
#+4#n the truncation order
pickoff :=proc(A,lambda::name,n::nonnegint)
local ims:
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if type(A,function) and op(0,A)=‘&+‘ then
return plusO(map(pickoff ,A,lambda,n));
elif type(A,wpoly) then
if lambda<>’lambda’ then
print("don’t use pickoff on polynomial wedges without lambda")
fi:
if n+1>nops(A[3]) then
return [A[1],A[2],0];
else
return [A[1],A[2],A[3]1[n+11];
fi:
elif type(A,wedge) then
ins:=coeftayl(A[3],lambda=0,n):
return [A[1],A[2],ins];
else #unhandled type
return PICKOFF (A, lambda,n);
fi:
end proc:

#star product removing a unit width from the left edge to make the first argument act as a bra state
starip:=proc ()

local interws:

interws:=star ([-1,{},1],args):

return interws;
end proc:

#the integrated b ghosts, B, can be inserted anywhere and will only change the wedge state if they
cross a ¢ ghost
#move all B insertions to the right end of the wedge
#b ghosts are not needed for the solution of [36]
#this function is a schematic for how b ghost functionality could be added, but it is not presently used
sortB:=proc (expr)
local grand, dom, i, j, m, n, opins, orderproc;
if not hasfun(expr,B) then
return expr;
fi:
if type(expr,wsum) then
return map(sortB,expr);
elif type(expr,wsing) then
grand :=expr [3]:
dom:=expr [2]:
if type(grand, ‘+‘) then
return sortB(plusO(wexpand(expr)));
elif type(grand, ‘*x¢) then
opins:=[]:
for i from 1 to nops(grand) do
if type(op(i,grand),function) and op(0,op(i,grand)) in {B,c
,dc} then
opins:=[op(opins) ,[op(0,0p(i,grand)),op(l,op(i,grand)),’
unknown ’]]:
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for j from 1 to nops(dom) do
if lhs(op(j,dom))=opins[-1]1[2] then
opins [-1][3]:=rhs (op(j,dom)):
break:

od:
fi:
od:

orderproc:=(x,y)->x[3]+piecewise (has(x[1],dc) ,1/100,0) < y[3]+

piecewise (has(y[1],dc) ,1/100,0):
opins:=sort (opins,orderproc):
for i from 1 to nops(opins) do
if opins[i][1]=B then
break;
fi:
od:
if i = nops(opins) then
return expr;
elif opins[i+1][1] = B then
return wzero;
elif opins[i+1][1] in {c,dc} then
for m from 1 to nops(grand) do
if op(m,grand)=B(opins[i][2]) then
break;
fi:
od:
for n from 1 to nops(grand) do
if op(n,grand)=opins[i+1][1] (opins[i+1][2]) then
break;

od:
for j from 1 to nops(dom) do
if 1lhs(op(j,dom))=opins[i][2] then
break;
fi:
od:
return sortB(ctimesw(-1,[expr[1],subsop(j=(opins[i][2]=
opins[i+1] [3]+piecewise (has (opins[i+1][1],dc)
,1/50,1/200)) ,dom) ,grand])) &+
sortB([expr [1] ,dom,subsop(m=1,n=1,grand)]);
fi:
fi:
fi:
end proc:

#define the renormalization used for V (a, b)?

#gD (t1,t2) is Gr(t1,t2,wdth,a,b)

#4t1,£2 the variables which will be integrated

##wdth an inert placeholder for the wedge width

#++a.b the endpoints of the integration

#not all of these parameters will be needed depending on the renormalizing function
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#renormalization function from (4.22) and (4.39) of [36], normally overwritten

G_r:=(t1,t2,wdth,a,b)->-Pi~2/(wdth+1) "2/sin(Pi*(t2-t1)/(wdth+1)) "2+1ln
Pi~2/(wdth+1) "2/sin(Pi*(b-a)/(wdth+1))"2)/(b-a) "2:

#my version satisfying assumptions

G_r:=(t1,t2,wdth,a,b)->-1/(t2-t1) "2-2%(1+1n(b-a)+RC2+RCk*(b-a))/(b-a)
~2:

#RC2:=0: RCk:=0: #if we wish to choose the simplest values we can uncomment this line

#the operator [V (") (a,b)], is first represented by the inert function V_ren(n,a,b,vars,wdth)

#this is later replaced by V_r(n,a,b,vars,wdth) which evaluates to the appropriate operators and
renormalizing subtractions

#V_ren should not be evaluated too soon, as Q_B will not act correctly on V_r

##n the number of integrated operators to use
#+a,b the limits of integration
##tvars a list of symbols (normally indexed) to use as the locations of the insertions
##wdth an inert name representing the width of the final wedge
#note that n should match nops(vars)
V_r:=proc(n::nonnegint,a,b,vars::1ist(name),wdth)
local pairs, removals, usedvars, keeppair, i, j, k, res, term:
if nops(vars) <> n then

(

print ("Warning: in V_r n is barely used, make sure number of vars

is correct instead",n,vars);
fi:
if n = 0 then
return 1;
elif n < O then
return O;
fi:
pairs:=combinat [choose] (vars,2):
removals:=combinat [choose] (pairs):
pairs:=[]:
for i from 1 to nops(removals) do
usedvars:={}: keeppair:=true:
for j from 1 to nops(removals[i]) while keeppair do
for k from 1 to nops(removals[i][j]) do
if removals[i][j][k] in usedvars then
keeppair:=false:
else
usedvars:=usedvars union {removals[i][j][k]}:
fi:
od:
od:
if keeppair then
pairs:=[op(pairs) ,removals[i]]:

fi:

od:

res:=0:

for i from 1 to nops(pairs) do
term:=1/n!: usedvars:={}:
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for j from 1 to nops(pairs[i]) do
term:=term*G_r(pairs[i][j][1],pairs[i]1[j]1[2],wdth,a,b):
usedvars :=usedvars union {pairs([i][j][1],pairs[i]J[j][2]}:

od:
for j from 1 to nops(vars) do
if not vars[j] in usedvars then
term:=term*V_bare(vars[j]):
usedvars:=usedvars union {vars([j]l}:
fi:
od:
res:=res+term:
od:
return res;
end proc:

#yfb@)isG,Left(t,Wdth,a,b)

#renormalization function from (4.22) and (4.31) of [36], normally overwritten

G_Left:=(t,wdth,a,b)->-Pi"2/(wdth+1) "2/sin(Pi*(t-a)/(wdth+1)) " 2-Pi/(
wdth+1) *xcot (Pix(b-a)/(wdth+1))/(b-a):

#my version satisfying assumptions

G_Left:=(t,wdth,a,b)->-1/(t-a)"2-1/(b-a) " "2-RCL/(b-a):

#RCL:=0: #simplest value chosen, commented out

#V (a)V =V (a,b)], is represented by the inert function V_L_ren(n,a,b,vars,wdth)
#4it is evaluated by the function V_Left(n,a,b,vars,wdth)
#the first variable, vars[1], is the insertion held fixed
#n should match nops(vars)
V_Left:=proc(n::nonnegint,a,b,vars::1list (name) ,wdth)
local pairs, removals, usedvars, keeppair, i, j, k, res, term:
if nops(vars) <> n then
print ("Warning: in V_Left n is barely used, make sure number of
vars is correct instead",n,vars);
fi:
if n < 1 then
return O;
fi:
pairs:=combinat [choose] (vars,2):
removals:=combinat [choose] (pairs):
pairs:=[]:
for i from 1 to nops(removals) do
usedvars:={}: keeppair:=true:
for j from 1 to nops(removals[i]) while keeppair do
for k from 1 to nops(removals[i][j]) do
if removals[i][j][k] in usedvars then
keeppair:=false:
else
usedvars:=usedvars union {removals[i][j][k]}:
fi:
od:
od:
if keeppair then
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pairs:=[op(pairs) ,removals[i]]:

fi:

od:

res :=0:

for i from 1 to nops(pairs) do
term:=1/(n-1)!: usedvars:={}:

for j from 1 to nops(pairs[i]) do
if pairs[i][j][1] = vars[1] then
term:=term*xG_Left (pairs[i]l[j][2],wdth,a,b):
elif pairs([i][j]([2] = vars[1] then
term:=term*G_Left (pairs[i][j][1] ,wdth,a,b):
else
term:=term*G_r(pairs[i][j][1],pairs[i]l[j][2],wdth,a,b):
fi:
usedvars :=usedvars union {pairs([i][j][1],pairs[i]J[j]l[2]}:
od:
for j from 1 to nops(vars) do
if not vars[j] in usedvars then
term:=term*V_bare(vars[j]):
usedvars :=usedvars union {vars[jl}:
fi:
od:
res:=res+term:
od:
return res;
end proc:

#these are equivalent to the left-handed versions above, but with the rightmost insertion held fixed
G_Right:=(t,wdth,a,b)->-Pi~2/(wdth+1) "2/sin(Pi*x(b-t)/(wdth+1))~"2-Pi/(
wdth+1) *xcot (Pi*x(b-a)/(wdth+1))/(b-2a): #(4.22) and
(4.37)
G_Right:=(t,wdth,a,b)->-1/(t-b)~"2-1/(b-a) "2-RCR/(b-a):
RCR:=RCL: #seems like a very safe assumption
# V(=1 (a,b)V (b)], is V.Right(n,a,b,vars,wdth), inert form is V.R_ren
#last variable, vars [n], is held fixed
V_Right:=proc(n::nonnegint,a,b,vars::list(name),wdth)
local pairs, removals, usedvars, keeppair, i, j, k, res, term:
if nops(vars) <> n then
print ("Warning: in V_Right n is barely used, make sure number of
vars is correct instead",n,vars);
fi:
if n < 1 then
return O;
fi:
pairs:=combinat [choose] (vars ,2):
removals:=combinat [choose] (pairs):
pairs:=[]:
for i from 1 to nops(removals) do
usedvars :={}: keeppair:=true:
for j from 1 to nops(removals[i]) while keeppair do
for k from 1 to nops(removals[i]l[j]) do
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if removals[i][j]l[k] in usedvars then
keeppair:=false:
else
usedvars:=usedvars union {removals[i][j][k]}:
fi:
od:
od:
if keeppair then
pairs:=[op(pairs) ,removals[i]]:
fi:
od:
res:=0:
for i from 1 to nops(pairs) do
term:=1/(n-1)!: usedvars:={}:
for j from 1 to nops(pairs[i]) do
if pairs[i][j][1] = vars[n] then
term:=term*G_Right (pairs[i][j][2] ,wdth,a,b):
elif pairs[i]l[j][2] = vars([n] then
term:=term*G_Right (pairs[i][j][1] ,wdth,a,b):
else
term:=term*G_r (pairs[i][j]1[1],pairs[i][j][2] ,wdth,a,b):
fi:
usedvars:=usedvars union {pairs[i][j][1],pairs[i]l[j][2]1}:
od:
for j from 1 to nops(vars) do
if not vars[j] in usedvars then
term:=term*V_bare(vars[j]):
usedvars:=usedvars union {vars[jl}:
fi:
od:
res:=res+term:
od:
return res;
end proc:

HV @)V =2 (a, )V (b)),
#the first and last elements of vars are held fixed at the left and right respectively
V_LR:=proc(n::nonnegint ,a,b,vars::1list(name) ,wdth)
local pairs, removals, usedvars, keeppair, i, j, k, res, term:
if nops(vars) <> n then
print ("Warning: in V_LR n is barely used, make sure number of
vars is correct instead",n,vars);
fi:
if n < 2 then
return O;
fi:
pairs:=combinat [choose] (vars,2):
removals:=combinat [choose] (pairs):
pairs:=[]:
for i from 1 to nops(removals) do
usedvars:={}: keeppair:=true:
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for j from 1 to nops(removals[i]) while keeppair do
for k from 1 to nops(removals[i]l[j]) do
if removals[i]J[j][k] in usedvars then
keeppair:=false:
else
usedvars :=usedvars union {removals[i][j][k]}:
fi:
od:
od:
if keeppair then
pairs:=[op(pairs) ,removals[i]]:
fi:
od:
res:=0:
for i from 1 to nops(pairs) do
term:=1/(n-2)!: usedvars:={}:
for j from 1 to nops(pairs[i]) do
if {pairs[il[jI1[1],pairs[il[j]l[2]1}={vars[1],vars[n]} then
term:=0:
elif pairs[i][jl1[1] = vars[1] then
term:=term*G_Left (pairs[i][j][2] ,wdth,a,b):
elif pairs[i][j][2] = vars[1] then
term:=term*G_Left (pairs[i][j][1] ,wdth,a,b):
elif pairs[il[jI[1] = vars([n] then
term:=term*G_Right (pairs[i][j][2] ,wdth,a,b):
elif pairs[i][jl1[2] = vars[n] then
term:=term*G_Right (pairs[i][j][1] ,wdth,a,b):
else
term:=term*G_r(pairs[i][j][1],pairs[i][j][2],wdth,a,b):
fi:
usedvars:=usedvars union {pairs([i][j][1],pairs[i]J[j]l[2]}:
od:
for j from 1 to nops(vars) do
if not vars[j] in usedvars then
term:=term*V_bare(vars[j]):
usedvars :=usedvars union {vars[jl}:
fi:
od:
res:=res+term:
od:
return res;
end proc:

#ind the wedge state U™ defined in (2.47) of [36]
#this is only the state U™ it is 0-th order in A by definition
Ucoeff :=proc(n::nonnegint)

local i, vars, ins:

global wedgewidth:

if n=0 then

return wld;
elif n=1 then
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return wzero;

else
vars:=[]:
for i from 1 to n do

vars:=[op(vars) ,t[il=1..n]:

od:
ins:=V_ren(n,a[1],b[1] ,map(lhs,vars) ,wedgewidth):
return [n,{al1]l=1,b[1]l=n,0p(vars)},[ins]];

fi:

end proc:

#allof U =3 A"UM
#“option system, remember” allows Maple to store the result for faster reexecution
#4£cutoff is the order in A to stop the taylor series
U:=proc(cutoff) option system, remember:

return &+(seq(ctimesw(lambda"n,Ucoeff(n)),n=0..cutoff));
end proc:

#like U above but excluding the term U(©)
#since U = 1 + x, we expand f(U) about U = 1 using this
Utail:=proc(cutoff) option system, remember:

return &+(seq(ctimesw(lambda"n,Ucoeff(n)),n=1..cutoff));
end proc:

#% defined by its taylor series for small lambda, see [36] equation (2.58)
Uinv:=proc(cutoff) option system, remember:
return plusO (&+(wpId,seq(star(wpId,seq(ctimesw(-1,Utail(cutoff)),i
=1..n),LAMBDA_MAX=cutoff),n=1..cutoff)));
end proc:

#\/U defined by its taylor series for small lambda, see [36] equation (2.58)
Usqrt:=proc(cutoff) option system, remember:
return plusO (&+(wpId,seq(ctimesw(coeftayl(sqrt(1+x),x=0,n),star (wpld
,seq(Utail (cutoff),i=1..n) ,LAMBDA_MAX=cutoff)) ,n=1..cutoff)));
end proc:

#\%U defined by its taylor series for small lambda, see [36] equation (2.58)

Uinvsqrt:=proc(cutoff) option system, remember:
return plusO (&+(wpId,seq(ctimesw(coeftayl (1/sqrt(1+x),x=0,n),star(
wpld,seq(Utail (cutoff),i=1..n),LAMBDA_MAX=cutoff)),n=1..cutoff)))

3

end proc:

#the wedge state Ay, defined in (3.22) and (4.57) of [30]
#4£cutoff is the order in A to stop the taylor series
A_L:=proc(cutoff)

local n, vars, ret:

global wedgewidth:

ret:=wpzero:

for n from 1 to cutoff do
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vars:=[t[1]=1,seq(t[i]l=1..n,i=2..n)]:
ret:=ret &+ [n,{al1]=1,b[1]=n,op(vars)},[seq(0,i=1..n),c(t[1])*
V_L_ren(n,al1],b[1] ,map(lhs,vars),wedgewidth)]]:
if n>1 then
vars:=[t[1]=1,seq(t[i]=1..n,i=2..n-1)]:
ret:=ret &+ [n,{al1]=1,b[1]=n,op(vars)},[seq(0,i=1..n),(RCL*c(
t[1]1) -(1/2)*dc(t[1]))*V_ren(n-2,a[1],b[1] ,map(lhs,vars[2..n
-1]) ,wedgewidth)1]:
fi:
od:
return ret;
end proc:

#the wedge state Ar defined in (3.22) and (4.57) of [30]
A_R:=proc(cutoff)
local n, vars, ret:
global wedgewidth:
ret:=wpzero:
for n from 1 to cutoff do
vars:=[seq(t[i]=1..n,i=1..n-1),t[n]=n]:
ret:=ret &+ [n,{al1]=1,b[1]=n,op(vars)},[seq(0,i=1..n),c(t[n])=*
V_R_ren(n,al[1],b[1] ,map(lhs,vars),wedgewidth)]]:
if n>1 then
vars:=[seq(t[i]l=1..n,i=1..n-2) ,t[n-1]=n]:
ret:=ret &+ [n,{al1]=1,b[1]=n,op(vars)},[seq(0,i=1..n),(RCL*c(
t[n-1]1)+(1/2)*dc(t[n-1]1))*V_ren(n-2,a[1] ,b[1] ,map(lhs,vars
[1..n-2]) ,wedgewidth)]]:
fi:
od:
return ret;
end proc:

#a simple tachyonic conformal patch, or future
#used to find the inner product of a wedge with the state generated by the operator e*¥
#ghost number here is 2 in order to saturate ghosts with a string field of ghost number 1
confpatch:=proc(k::integer)
return [0,{tL[0]=0,tL[1]1=0},[(2/Pi)~(k~2-1)*dc(tL[0])*c(tL[1])*E(-k,
tL[11)1]1;

end proc:

#the "left” solution defined in [36] equation (3.45)
#4#n is the order in A at which the solution should be calculated
#+#if keep is specified then the solution is calculated for all orders in A up to and including n
##if keep is not specified (the default) then only the n-th order is calculated
Psi_L:=proc(n,{keep::boolean:=false})
local PSI:
PSI:=star(A_L(n),Uinv(n),LAMBDA_MAX=n):
if not keep then
return pickoff (PSI,lambda,n);
else
return plusO(PSI);
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fi:
end proc:

#the "right” solution defined in [36] equation (3.48)
Psi_R:=proc(n,{keep::boolean:=falsel})
local PSI:
PSI:=star(Uinv(n),A_R(n),LAMBDA_MAX=n):
if not keep then
return pickoff (PSI,lambda,n);
else
return plusO(PSI);
fi:
end proc:

#the solution satisfying the reality condition
#as defined on line 1 of [36] equation (3.51)
Psi_L_real:=proc(n,{keep::boolean:=false}) option system, remember:
local PSI:
PSI:=star (Uinvsqrt(n) ,A_L(n),Uinvsqrt(n) ,LAMBDA_MAX=n) &+ star(
Uinvsqrt(n) ,Q_B(Usqrt(n)),LAMBDA_MAX=n):
if not keep then
return pickoff (PSI,lambda,n);
else
return plusO(PSI);
fi:
end proc:

#same as above, but this time as defined on line 2 of [36] equation (3.51)
Psi_R_real:=proc(n,{keep::boolean:=false}) option system, remember:
local PSI:
PSI:=star (Uinvsqrt(n) ,A_R(n) ,Uinvsqrt(n) ,LAMBDA_MAX=n) &+ star(Usqrt
(n) ,Q_B(Uinvsqrt(n)) ,LAMBDA_MAX=n):
if not keep then
return pickoff (PSI,lambda,n);
else
return plusO(PSI);
fi:
end proc:

#the BRST operator, acts on wedge states or their sums
#this is described in section
Q_B:=proc(inexpr)
local expr, i, j, k, grandlist, grand, dom, remainv, removev,
grandterm, outw, orderproc, grassign, OL2, OR2:
expr:=wexpand (inexpr) :
if type(expr,wsum) then
return map (Q_B,expr);
elif type (expr,wpoly) then Fwpoly not handled separately, convert to wedge
return to_wpoly(Q_B(to_wedge (expr)) ,nops (expr[3])-1);
elif type (expr,wedge) then
OL2:=t->RCL*c(t)-dc(t)/2:

189



806

816

817

818

836

838
839

840

B.1. Maple Code

OR2:=t->RCL*c(t)+dc(t)/2:
expr:=varsort (expr):
grand :=expr [3]:
dom:=expr [2]:
outw:=wzero:
if type(grand, ‘*‘) then
grand:=[op(grand)]:
#sort operators according to position on the boundary
#ghosts shifted right slightly to prevent early sign factors
#ghost shift must be smaller than minimum separation between operators from different
wedges, assumes a non-zero minimum
#this is a bit of a hack
orderproc:=(x,y)->piecewise(type(x,function) ,min(op(eval (map (
lhs,dom) intersect indets (x) ,map((z->piecewise (type(rhs(z),
range) ,lhs(z)=(op(1,rhs(z))+op(2,rhs(z)))/2,2)) ,dom))))+
piecewise (evalb(op(0,x) in {c,dc}) ,1/100,0),0)
< piecewise (type(y,function) ,min(op(eval (map(lhs,dom)
intersect indets(y) ,map((z->piecewise(type(rhs(z),range)
,1hs(z)=(op(1l,rhs(z))+op(2,rhs(z2)))/2,2z)) ,dom))) )+
piecewise (evalb(op(0,y) in {c,dc}) ,1/100,0) ,0):
grand:=sort (grand,orderproc) :
grassign:=1:
for i from 1 to nops(grand) do #find the integrated wedge insertion to
replace with a fixed insertion
if type(grand[i],function) and op(0,grand[i])=V_ren and op
(1,grand[i]) >0 then
grandterm:=grand:
remainv:=dom: removev:={}:
#we could always choose t[1] as the insertion to fix, but for clarity we will use
t[n] when it is fixed at the right
for j from 1 to nops(dom) do
if lhs(op(j,dom))=op(4,grand[i]) [op(1l,grand[i])] then
remainv:=remainv minus {op(j,dom)}:
removev:=removev union {op(j,dom)?}:
fi:
od:
grandterm[i] :=grassign*c(op(4,grand[i]) [op(1l,grand[i])])
*V_R_ren(op(grand[i])) : #the subsop puts the first variable name
last (on the right)
outw:=outw &+ [expr[1],remainv union map((x->1lhs(x)=op
(2,rhs(x))) ,removev), ‘x‘(op(grandterm))]:
if op(1,grand[i])>1 then #repeat the process with ¢V endpoint
replaced by dc
for j from 1 to nops(remainv) do
if lhs(op(j,remainv))=op(4,grand[i]) [1] then
removev:=removev union {op(j,remainv)}:
fi:
od:
remainv:=remainv minus removev:
grandterm[i] :=grassign*0R2(op(4,grand[i]) [op(1,grandl[
i])]) *subsop (1=op(1,grand[i]) -2,4=[op(2..0p (1,
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grand[i]) -1,0op(4,grand[i]))],V_ren(op(grand[i]))):
outw:=outw &+ [expr[1l],remainv union map((x->lhs(x)=
op(2,rhs(x))) ,removev), ‘*‘(op(grandterm))]:
fi:
remainv:=dom: removev:={}:
for j from 1 to nops(dom) do
if 1lhs(op(j,dom))=op(4,grand[i]) [1] then
remainv:=remainv minus {op(j,dom)}:
removev:=removev union {op(j,dom)3’}:
fi:
od:
grandterm[i] :=grassign*c(op(4,grand[i]) [1])*V_L_ren (op(
grand[i])):
outw:=outw &+ [expr[1],remainv union map ((x->1hs(x)=op
(1,rhs(x))) ,removev), ‘*‘(-1,op(grandterm))]:
if op(l,grand[i])>1 then #repeat the process with ¢V endpoints
replaced by dc
for j from 1 to nops(remainv) do
if lhs(op(j,remainv))=op(4,grand[i]) [2] then
removev:=removev union {op(j,remainv)}:
fi:
od:
remainv:=remainv minus removev:
grandterm[i] :=grassign*0L2(op(4,grand[i]) [1]) *subsop
(1=op(1l,grand[i]) -2,4=[op(3..0p(1,grand[i]) ,op (4,
grand[1]))],V_ren(op(grand[il))):
outw:=outw &+ [expr[l1],remainv union map((x->lhs(x)=
op(l,rhs(x))) ,removev), ‘*‘(-1,op(grandterm))]:
fi:

elif type(grand[i],function) and op(0,grand[i])=V_L_ren and

op(1,grand[i])>1 then
grandterm:=grand:
remainv:=dom: removev:={}:
for j from 1 to nops(dom) do #find the integrated wedge insertion to
replace with a fixed insertion
if 1lhs(op(j,dom))=op(4,grand[i]) [2] then #first insertion
already fixed, use [2] instead
remainv:=remainv minus {op(j,dom)}:
removev:=removev union {op(j,dom)?}:
fi:
od:
#term 1 in @
grandterm[i] :=grassign*subsop (4=[op(4,grand[i]) [1],0p
(3..0p(1,grand[i]l) ,op(4,grand[il)) ,op(4,grand[i])
[2]] ,V_LR_ren(op(grand[il))):
outw:=outw &+ [expr[1],remainv union map ((x->1hs(x)=op
(2,rhs(x))) ,removev), ‘*‘(-1,c(op(4,grand[i]) [2]) ,0p(
grandterm))]:
if op(1l,grand[i]) >= 3 then #a cV at one end and a Jc at the other
#terms 3 and 5 in (|5.14))
grandterm[i] :=grassign*subsop(l=op(1,grand[i]) -2,4=[
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op(3..0p(1,grand[i]) -1,0p(4,grand[i])) ,op(4,grandl[
i]1) [2]]1,V_R_ren(op(grand[i]))):

outw:=outw &+ [expr[1],remove (has,remainv,op(4,grandl[
i]) [op(1l,grand[i])]) union map((x->1lhs(x)=op(2,rhs
(x))) ,removev) , ‘*x‘(-2,0L2(op(4,grand[i]) [1]) ,c(op
(4,grand[i]) [2]) ,op(remove (has,grandterm,c (op (4,
grand[i]) [11))))1:

#term 2 in @
grandterm[i] :=grassign*subsop(l=op(1l,grand[i]) -2,4=[
op(4,grand[i]) [1] ,0p(3..0p(1,grand[i])-1,0p (4,

grand[i]))],V_L_ren(op(grand[i]))):

outw:=outw &+ [expr[1],remove(has,remainv,op(4,grandl[

i]) [op(1,grand[i])]) union map ((x->1lhs(x)=op(2,rhs

(x))) ,removev), ‘*°(-1,0R2(op(4,grand[i]) [2]) ,0p(

grandterm))]:

if op(1l,grand[i]) >= 4 then #dc at both ends

#terms 4 and 6 in

grandterm[i] :=grassign*subsop (1=op(1,grand[i])
-4 ,4=[op(3..0p(1,grand[i])-2,0p(4,grand[i]))],
V_ren(op(grand[i]))):

outw:=outw &+ [expr[1],remove(has,remainv,{op (4,
grand[i]) [op(1,grand[i])],op(4,grand[i]) [op (1,
grand[i]) -1]}) union map ((x->1lhs(x)=op(2,rhs(x)
)) ,removev), ‘*x¢(-2,0L2(op(4,grand[i]) [1]) ,0R2(
op(4,grand[i]) [2]) ,op(remove (has, grandterm,c(op
(4,grand[i]1) [11))))1]:

#term 8 in

outw:=outw &+ [expr[1],remove(has,remainv,{op (4,
grand[i]) [op(1,grand[i])],op(4,grand[i]) [op (1,
grand[i]) -1]1}) union map ((x->1lhs(x)=op(1l,rhs(x)
)) ,removev), ‘*‘(1,0L2(op(4,grand[i]) [1]) ,0L2(op
(4,grand[i]) [2]) ,op(remove (has,grandterm,c (op
(4,grand[i1) [11))))1:

fi:

#term 7 in @
grandterm[i] :=grassign*subsop(l=op(1l,grand[i]) -2,4=[
op(4,grand[i]) [2] ,0p(3..0p(1,grand[i])-1,0p (4,

grand[1i]))],V_L_ren(op(grand[i]))):

outw:=outw &+ [expr[1],remove(has,remainv,op(4,grandl[
i]) [op(1,grand[i])]) union map ((x->lhs(x)=op(l,rhs
(x))) ,removev), ‘*°(1,0L2(op(4,grand[i]) [1]) ,c(op
(4,grand[i]) [2]) ,op(remove (has,grandterm,c (op (4,
grand[i]1) [11))))1:

elif type(grand[il],function) and op(0,grand[i])=V_R_ren and
op(1,grand[i])>1 then #this section behaves very similarly to
V_L_ren
grandterm:=grand:
remainv:=dom: removev:={}:
for j from 1 to nops(dom) do

if lhs(op(j,dom))=op(4,grand[i]) [1] then
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remainv:=remainv minus {op(j,dom)}:
removev:=removev union {op(j,dom)?}:
fi:
od:
#term 1 in @
grandterm[i] :=grassign*V_LR_ren(op(grand[il])):
outw:=outw &+ [expr[1],remainv union map((x->1lhs(x)=op
(1,rhs(x))) ,removev), ‘*x‘(-1,c(op(4,grand[i]) [1]),0p(
grandterm))]:
if op(1,grand[i]) >= 3 then
#term 2 in @
grandterm[i] :=grassign*subsop (1=op(1l,grand[i]) -2,4=[
op(2..0p(1,grand[i]) -2,0p(4,grand[i])) ,op(4,grandl[
i]) [op(1l,grand[i])]],V_R_ren(op(grand[i]))):
outw:=outw &+ [expr[1],remove(has,remainv,op(4,grandl[
i]) [op(1,grand[i]) -1]) union map ((x->1hs(x)=op (1,
rhs(x))) ,removev), ‘*‘(-1,0L2(op(4,grand[i]) [1]) ,0p
(grandterm))]:
if op(1l,grand[i]) >= 4 then
#term 3 in @
grandterm[i] :=grassign*subsop (l=op(1,grand[i])
-4 ,4=[op(2..0p(1,grand[i])-3,0p(4,grand[il))],
V_ren(op(grand[il))):
outw:=outw &+ [expr[1],remove (has,remainv,{op(4,
grand[i]) [op(1,grand[i]) -1],o0p(4,grand[i]) [op
(1,grand[i]) -2]}) union map ((x->1hs(x)=op(2,rhs
(x))) ,removev) , ‘*‘(-1,0R2(op(4,grand[i]) [1]),
OR2 (op(4,grand[i]) [op(1,grand[i])]) ,op(remove (
has,grandterm,c(op(4,grand[i]) [op(1l,grand[i])])
)1

fi:

#term 4 in @

grandterm[i] :=grassign*subsop (1=op(1l,grand[i]) -2,4=[
op(2..0p(1,grand[i]) -2,0p(4,grand[i])) ,op(4,grandl[
i]) [op(1,grand[i])]],V_R_ren(op(grand[i]))):

outw:=outw &+ [expr[1],remove(has,remainv,op(4,grandl[
i]) [op(1,grand[i]) -1]) union map ((x->1hs(x)=o0p(2,
rhs(x))) ,removev) , ‘*‘(-1,c(op(4,grand[i]) [1]) ,0R2(
op(4,grand[i]) [op(1,grand[i])]) ,op(remove (has,
grandterm,c(op(4,grand[i]) [op(1,grand[i])]1))))1]:

fi:

elif type(grand[i],function) and op(0,grand[i]) in {c,dc}
then
#introduce a sign factor for Qp(A * B)
grassign:=-grassign:

elif type(grand[i],function) and not type(grand[i],trig)
then

userinfo(1,Q_B,"Warning: Q may be called on an unhandled
function. Assume ",Q(grand([i])=0);

od:
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return outw;
elif type(grand, ‘+¢) then
userinfo(1,Q_B,"Warning, ‘+‘ integrand shouldn’t happen at
this point.");
return wexpand (expr);
elif type(grand,numeric) then
return wzero;
else
userinfo(1,Q_B,"Warning, operator insertions not handled by
Q_B:",grand) ;
return Q(expr);
fi:
else
print ("Warning, Q_B only acts on wedges:",expr);
return Q(inexpr);
fi:
end proc:

corr:=proc (expr ,{ww:=wedgewidth},{domout:=falsel})
local i, j, k, grand, uhp, Ematter, otherfacts, Cghosts, Cdiff, conf
, Xmatter , Xpairs, Xdoubles, Corder,
used, keep, Xcorr, netE, netC, pow, var, Mcorr, Gcorr, dom,
fixedpts, outgrand, dfcts, indfcts, tempgrand, wdth:
if type (expr ,wsum) then #Aif domout then change + to &+, not yet implemented
return ‘+‘(op(map(corr,plusO(wexpand(eval (expr,[V_ren=V_r,V_L_ren
=V_Left ,V_R_ren=V_Right ,V_LL_ren=V_LL,V_RR_ren=V_RR,V_LR_ren=
V_LR1))),’:-ww’=ww,’:-domout >=domout)));
elif type (expr,wpoly) then
return corr(to_wedge (expr),’:-ww’=ww,’:-domout ’=domout) ;
elif type (expr,wedge) then
#finally substitute in the operators’ renormalizations
grand:=eval (expr [3],[V_ren=V_r,V_L_ren=V_Left,V_R_ren=V_Right,
V_LL_ren=V_LL,V_RR_ren=V_RR,V_LR_ren=V_LR]):
wdth:=expr [1]:
uhp :=unapply (tan(Pi*x/(wdth+1))/2,x): #transform coordinates to UHP
Ematter:=[]: Cghosts:=[]: Cdiff:=[]: Xmatter:=[]: otherfacts:=1:
netE:=0: netC:=0:
conf :=1:
if type(grand, ‘+¢) or type(expand(grand), ‘+‘) then
return corr (plusO(wexpand(eval (expr,[V_ren=V_r,V_L_ren=V_Left,
V_R_ren=V_Right ,V_LL_ren=V_LL,V_RR_ren=V_RR,V_LR_ren=V_LR])
)),’:-ww’=ww,’:-domout >=domout) ;
elif type(grand, ‘*‘) then Fwe have a single product of operators, so we can
compute this term
for i from 1 to nops(grand) do
if type(op(i,grand),function) and op(0,op(i,grand)) = E
then #epow*X(var)
pow:=op(1l,op(i,grand)):
var :=op(2,o0p(i,grand)):
netE:=netE+pow:
#transform to UHP with weight pow?
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conf:=conf*x(Pi/2/(wdth+1)) " (pow~2) *sec(Pi*var/(wdth+1))
“(2*%pow~2):

Ematter :=[op(Ematter) , [pow,var]]:

elif type(op(i,grand),function) and op(0,op(i,grand))
then F#c(var)
netC:=netC+1:
var :=op(op(i,grand)):
#transform to schnabl frame with weight -1
conf :=conf*(wdth+1) /Pi:
Cghosts:=[op(Cghosts) ,var]:

elif type(op(i,grand),function) and op(0,op(i,grand))
then #dJc(var)
netC:=netC+1:
#no conformal factor, weight 0
Cghosts:=[op(Cghosts) ,op(op(i,grand))]:
Cdiff:=[op(Cdiff) ,op(op(i,grand))]:

elif type(op(i,grand),function) and op(0,op(i,grand))
then #0X(var)
var:=op(op(i,grand)):
#transform to UHP with weight 1
conf :=conf*(Pi/2/(wdth+1))*sec(Pi*var/(wdth+1)) " 2:
Xmatter :=[op (Xmatter) ,var]:

#additional operators to be handled can go here

elif type(op(i,grand),function) and op(0,op(i,grand))
then
print ("Warning: b-ghosts not handled yet, this will be

wrong.");

else #functions and numerical factors, not operators

otherfacts:=otherfacts*op(i,grand):

]
(@]

dc

dX

b

fi:
od:
#must conserve momentum and saturate ghosts
if netE <> 0 or netC <> 3 then

Mcorr :=0:

return O;

else

Mcorr:=1:

Corder :=proc(a,b)::boolean:
local sep:
sep:=eval(b-a,expr[2]):
if sep>0 then return true;
elif sep<0 then return false;
else return lexorder (a,b);
fi:

end proc:

#put the ghost insertions in order so the sign is consistent

Cghosts:=sort (Cghosts ,Corder):

for i from 1 to nops(Cghosts) do
Cdiff :=eval (Cdiff ,Cghosts[i]=1i);

od:
fi:
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1010 #construct matter correlator on UHP, this part only handles exponentials, equation
(6.2.35) of [6]
1011 for i from 1 to nops(Ematter) do

1012 for j from i+1 to nops(Ematter) do

1013 Mcorr:=Mcorr*(uhp (Ematter [1] [2]) -uhp (Ematter [j]1[2])) "~ (2%
Ematter [i] [1]*Ematter [j]1[1]):

1014 od:

1015 od:

1016 #0X part of matter correlator

1017 #first make a list of pairs of X operators to contract with each other

1018 Xpairs:=combinat [choose] (Xmatter ,2):

1019 Xdoubles :=combinat [choose] (Xpairs):

1020 Xpairs:=[]:

1021 for i from 1 to nops(Xdoubles) do

1022 used:={}: keep:=true:

1023 for j from 1 to nops(Xdoubles[i]) while keep do

1024 for k from 1 to nops(Xdoubles[i]l[j]) while keep do

1025 if Xdoubles[i][j]l[k] in used then

1026 keep:=false:

1027 else

1028 used:=used union {Xdoubles[i][j][k]}:

1029 fi:

1030 od:

1031 od:

1032 if keep then

1033 Xpairs:=[op(Xpairs) ,Xdoubles[i]]:

1034 fi:

1035 od:

1036 Xcorr:=[]:

1037 for i from 1 to nops(Xpairs) do

1038 Xcorr:=[op(Xcorr) ,1]:

1039 #purely 0X part of mater correlator

1040 for j from 1 to nops(Xpairs[i]) do

1041 Xcorr[i]:=Xcorr[il#*2*alphaprime/(uhp(Xpairs[il[j][1])-
uhp (Xpairs [i]1[j]1[2]1))"2:

1042 od:

1043 H#cross terms for X and 90X

1044 for j from 1 to nops(Xmatter) do

1045 keep:=true:

1046 for k from 1 to nops(Xpairs[i]) while keep do

1047 if Xmatter[jl=Xpairs[i][k][1] or ZXmatter[j]l=Xpairs[i
1[k1[2] then

1048 keep:=false:

1049 fi:

1050 od: k:="k’:

1051 if keep then

1052 Xcorr[i] :=Xcorr[i]l*add (2*xEmatter [k] [1]*sqrt (
alphaprime)/(uhp(Xmatter [j])-uhp (Ematter [k][2])) ,k
=1..nops (Ematter)):

1053 fi:

1054 od:
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od:
Xcorr:=‘+‘(op(Xcorr)):
#construct the ghost correlator in Schnabl frame, no b ghosts
#use equation (D.11) of [25]
Gecorr:=D[op(Cdiff)] ((x,y,z)->sin(x-y)*sin(x-z)*sin(y-2z)) (op(
map ((x->Pi*x/(wdth+1)),Cghosts))):

outgrand:=otherfacts*conf*Mcorr*Xcorr*xGcorr:
outgrand:=eval (outgrand ,ww=wdth) :

elif type(grand,numeric) then #wedge contains no operators
outgrand:=grand:

else

print ("some other kind of integrand... not handled",op(0,grand

) ,grand) ;
outgrand:=grand:
fi:
#determine which variables are fixed and which are integrated
dom:=[]: fixedpts:=[]:
for i from 1 to nops(expr[2]) do
if type(op(i,expr[2]) ,name=range) then
dom:=[op(dom) ,op(i,expr[2])]:
else
fixedpts:=[op(fixedpts) ,op(i,expr[2])]:
fi:
od:
fixedpts:=eval (fixedpts ,ww=wdth): #in case insertion locations are given in
terms of the wedge circumference
dom:=eval (dom,ww=wdth) :
if nops(dom) > O then #there are integrated insertions
try
#always use inert integrals, since they usually can’t be done exactly
return Int(eval (outgrand,fixedpts) ,dom);
catch: #Af fixed insertions alone give rise to singularities
#fix the insertions one at a time to single out the problem ones
for i from 1 to nops(fixedpts) do
try
outgrand:=eval (outgrand ,fixedpts[i]):
catch:
if type(outgrand, ‘*¢) then
##separate out the factors that depend on the variable
dfcts:=1: indfcts:=1:
for j from 1 to nops(outgrand) do
if depends(op(j,outgrand),lhs(fixedpts[i]))

then
dfcts:=dfcts*op(j,outgrand) :
else
indfcts:=indfcts*op(j,outgrand):
fi:
od:
else

indfcts:=1:
dfcts:=outgrand:
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fi:
#indfcts:=simplify(indfcts,trig): #not worth the execution time
#dfcts:=simplify(dfcts,trig):
#try a limit, if that still fails use Limit instead
userinfo (2, corr,"switching from eval to limit",dfcts,
fixedpts[il);
tempgrand:=indfcts*limit (dfcts,fixedpts[i]):
if has(tempgrand ,{undefined,infinity}) then
outgrand:=indfcts*Limit (dfcts,fixedpts[i]):
else
outgrand:=tempgrand:

else

fi:
userinfo (2, corr,"done limit");
end try:
od:
return Int (outgrand,dom) ;
end try:
else #same as above but without any integrals required
try
return eval (outgrand,fixedpts);
catch:
for i from 1 to nops(fixedpts) do
try
outgrand:=eval (outgrand ,fixedpts[i]):
catch:
#4f no integration then this is usually a simple function, so don’t bother
separating the factors
userinfo (2, corr,"switching from eval to limit",
outgrand , fixedpts[i]);
tempgrand:=1limit (outgrand ,fixedpts[i]):
if has(tempgrand ,{undefined,infinity}) then
outgrand:=Limit (outgrand ,fixedpts[i]):
else
outgrand:=tempgrand:
fi:
userinfo (2, corr,"done limit");
end try:
od:
return outgrand;
end try:
fi:
print ("some other kind of expr... not handled",op(0,expr),expr);

return expr;

end proc:

#rescale variables to put all integrals over the unit hypercube
#also combines integrals with the same dimension so that singularities can cancel between terms
to_cube:=proc(expr)

local i, j, k, grand, dom, newdom, ab, nm, csum, othterms, lims,
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limnm, limvars, newlim, limterms, nonlimterms:
if type(expr,constant) then

return expr;
elif type(expr, ‘+‘) then

grand:=[]: dom:=[]: othterms:=0:

csum:=map (to_cube, [op(expr)]) : First rescale each integral separately

#now join integrals with same dimension

for i from 1 to nops(csum) do

if type(csum[i],function) and op(0,csum[i])=Int then
if op(2,csum[i]) in dom then
for j from 1 to nops(dom) do
if dom[jl=op(2,csum[i]) then

grand:=subsop(j=grand[jl+op(1l,csum[i]) ,grand):

fi:
od:
else
grand:=[op(grand) ,op(1l,csum[i])]:
dom:=[op(dom) ,op(2,csum[i])]:
fi:
else
othterms:=othterms+csum[i]:
fi:
od:
#now similarly merge any inert limits in the integrand
#for our purposes this shouldn’t be needed
for i from 1 to nops(grand) do
lims:=selectfun(grand[i],Limit):
limvars:={}:
for j from 1 to nops(lims) do
if type(op(2,0p(j,lims)),equation) then
limvars:=limvars union {op(2,0p(j,lims))}:
else
limvars:=limvars union {op(op(2,o0p(j,lims)))}:
fi:
grand[i] :=subs(op(j,lims)=op(l,0p(j,lims)),grand[i]):
od:
for j from 1 to nops(limvars) do
if type(grand[i], ‘+¢) then
limterms :=0:
nonlimterms :=0:
for k from 1 to nops(grand[i]) do
if has(op(k,grand[i]),lhs(op(j,limvars))) then
limterms:=limterms+op(k,grand[i]):
else
nonlimterms:=nonlimterms+op(k,grand[i]):
fi:
od:

grand[i] :=nonlimterms+limit (limterms ,op(j,limvars)):

else
grand[i] :=1imit (grand [i],op(j,limvars)):
fi:
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od:

od:

return ‘+‘(seq(Int(grand([x],dom[x],param3),x=1..nops(dom)),
othterms) ;

elif type(expr, ‘*‘) then #typically a constant times an integral

if type(op(l,expr),function) or nops(expr) > 2 then
print ("warning, could be mixing up integrals... but probably
not:",expr);
fi:
csum:=map (to_cube, [op(expr)]):
othterms:=1: grand:=[]: dom:=[]:
for i from 1 to nops(csum) do
if type(op(i,csum),constant) then
othterms:=othterms*op(i,csum):
elif type(op(i,csum),function) and op(0,op(i,csum))=Int then
grand:=[op(grand) ,op(1,op(i,csum))]:
dom:=[op(dom) ,op(2,0p(i,csum))]:
else
print ("Warning: ‘*‘ has a non-constant, non-Int factor.");
othterms:=othterms*op(i,csum):
fi:
od:
if nops(grand)=0 then
return othterms;
else
grand [1] :=grand [1]*othterms:
return ‘x‘(seq(Int(grand[x],dom[x],param3),x=1..nops(grand)));
fi:

elif type(expr,function) and op(0,expr)=Int then #rescale a single integral to

the unit hypercube
grand:=op (1, expr):
dom:=op (2, expr):
newdom:=[]:
for i from 1 to nops(dom) do
ab:=[op(1,rhs(dom[i])) ,op(2,rhs(dom[i]))]:
nm:=newvar (map (lhs ,{op(newdom)}) ,s[1]):
grand:=subs (lhs(dom[i])=ab[1]+(ab[2]-ab[1]) *nm, grand*(ab[2] -ab
[11)):
newdom:=[op(newdom) ,nm=0..1]:
od:
if hasfun(grand,{limit,Limit}) then #shift any remaining limits to 0
lims:=selectfun(grand ,{limit,Limit}):
limvars:={}:
for i from 1 to nops(lims) do
nm,ab:=1hs(op(2,0p(i,lims))) ,rhs(op(2,0p(i,lims))):
limnm:=newvar (limvars union map(lhs,{op(newdom)}),s[1]):
limvars:=limvars union {limnm}:
newlim:=subs (nm=limnm-ab,op(l,op(i,lims))):
grand :=subs (op(i,lims)=Limit (newlim,limnm=0) ,grand):
od:
fi:
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if type(grand,numeric) then

return grand;
else
return Int(grand,newdom,param3); #param3 is any extra parameters for
numerical evaluation, normally set to NULL
fi:
else
print ("Warning: not handled by to_cube");
return expr;
fi:
end proc:

#create a function or sum of functions representing the integrals
#these functions are suitable for exporting to C
to_funcs:=proc (expr)

local i, grand, dom:

global Fnms:

if type(expr,constant) then

if expr=0 then
return O0;

fi:

i:=1:

while type(‘F‘||i,procedure) do #skip to an unused name
i:=1i+1:

od:

‘F|li:=unapply (subs (Pi=PI,expr) ,x):
Foms :=[op(Fnms) ,evaln(‘F‘|[i)]:
return (‘Fl]i);
elif type(expr, ‘+‘) or type(expr, ‘*¢) then
return map(to_funcs,expr);
elif type(expr,function) and op(0,expr)=Int then
grand:=op (1, expr):
#grand:=simplify(grand) : #this could help with rounding errors, but at a large
performance cost
grand :=subs (Pi=PI,grand):
if grand=0 then
return O;

fi:

dom:=op (2, expr):

i:=1:

while type(‘F‘||i,procedure) do #skip to an unused name
i:=1i+1:

od:

‘F‘|li:=unapply(grand,op(map(lhs,dom))):

Foms :=[op(Fnms) ,evaln(‘F‘|[i)]:

#the C++ syntax to integrate over the unit hypercube will be

CubeInt (dimension,function,result,standard deviation,chi_squared);

return CubeInt (nops(dom) ,(‘F‘||i),res[i],sigli]l,chil[i]);
else #if unsure what type, just treat it similarly to a constant

i:=1:

while type(‘F‘||i,procedure) do
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i:=1i+1:
od:
‘Fl|li:=unapply(subs(Pi=PI,expr) ,x):
Fnms :=[op(Fnms) ,evaln(‘F‘||1)]:
return (‘Fl]i);
fi:
end proc:

#converts the inert integrals to a form which can be evaluated symbolically
#tuseful for low dimension only
#resulting integrals can be evaluated with the value command
vints:=proc (expr)
local i, dom, grand:
if type(expr, ‘+¢) or type(expr, ‘*‘) then
return map(vints,expr);

elif type(expr,function) and op(0,expr)=Int and type(op(2,expr),list

) then
dom:=op (2, expr):
grand:=op (1, expr):
for i from 1 to nops(dom) do
grand:=Int (grand,dom[i]):
od:
return grand;
else
return expr;
fi:
end proc:

#take the derivative of an inert integral which should not have the differentiation variable as an
integration variable
#this is for constructing taylor series with respect to the renormalization constants
#the builtin function diff is supposed to handle this, but can fail for the special inert
multidimensional integration syntax
#4#x can be a list, in which case a derivative is taken with respect to each element
diffint:=proc(f,x)
if type(x,list) then
if x=[] then
return f£f;
else
return diffint(diffint(f,x[1]),x[2..-1]1);
fi:
else
if type(f,‘+¢) or type(f,wsum) then
return map(diffint,f,x);

elif type(f,function) and op(0,f)=‘Int‘ and not x in op(2,f) then

return Int(diff (op(1,f),x),0p(2..-1,£));
elif type(f,‘*‘) then

return add(subsop(i=diffint (op(i,f),x),f),i=1..nops(£f)):
else

return diff (f,x);
fi:
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fi:
end proc:

#the main function to construct the solution at order A" and find tachyon modes
#this is done for Nmin < n < Nmax
#finds a taylor series in the renormalization constants RCk, RC2, and RCL
##out is the filename the C++ output is written to
##eom and action, if set, will also produce the necesary integrands to test the equation of motion and
the action
tacconst :=proc (Nmax ,{out:=terminal},{Nmin:=2},{eom:=false},{action:=
falsel})
local n, k, i, j, m, nkpart, csum, rsget, sgget, RCstrget, oR2, oRk,
oRL, outf, eomnkpart, ceomsum, eomnPsilkpart, ceomPsilsum,
eomnPsirkpart, ceomPsirsum, kineticparts, cubicparts, ckineticsum
, ccubicsum;
global Fnms, RC2, RCk, RCL:
Fonms:=[]:
oR2:=RC2: oRk:=RCk: oRL:=RCL:
RC2:="RC2’: RCk:=’RCk’: RCL:=’RCL’:
#unctions to get the variables holding the result and standard deviation for an integral
rsget:=(fn)->piecewise (type (fn, ‘+°) ,map(rsget ,fn),type(fn,function)
and op(0,fn)=Cubelnt,subsop(l=op(l,op(3,fn))-1,0p(3,fn)) ,evalf (fn
)
sgget:=(fn)->piecewise(type(fn, ‘+¢) ,map(sgget ,fn),type(fn,function)
and op(0,fn)=Cubelnt,subsop(l=op(l,op(4,fn))-1,0p(4,fn)) ,evalf (0)
)
#unction to get a string for C0* x C'17 x CL™
RCstrget:=(i,j,m)->cat (" (hhG+/-%%G)" ,piecewise(i=0,"","CO~"|[1i),
piecewise(j=0,"","C1°"||j),piecewise(m=0,"","CL""||m));
#construct the solution
for n from Nmin to Nmax do
print ("Building " ,Psi[n]);
(psilln):=Psi_L_real(n):
save psilln, "reCpsi"|lnl||".txt"; #save the solution to a file for reference
if eom then
print ("Building " ,EO0M[n]);
#construct the equation of motion with ghost number 2
(eom||n):=&+‘(seq(star(Psi_L_real(l),Psi_L_real(n-1)),1=0..n)
,Q_B(Psi_L_real(n))):
#find the tachyon component with k units of momentum
for k from n mod 2 to n by 2 do
print ("Building functions for ",EOM[n],exp(k*X));
eomnkpart [n,k]:=corr(star ([0,{tL[0]=0},[(2/Pi) " (k"2-1)*c(tL
[01)*E(-k,tL[0]1)1],(CeomlIn))):
for i from 0 to floor(n/2) do
for j from 0 to floor(n/2)-i do
for m from 0 to floor(n/2)-i-j do #taylor expand in
renormalization constants
ceomsum[n,k,i,j,m]:=to_funcs(to_cube(eval(diffint (
eomnkpart [n,k], [RC2$i ,RCk$j ,RCL$m]) , [RC2=0,RCk
=0,RCL=0]))):
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od:

od:
od:
od:

#find the overlap of the equation of motion with the solution for two gauge choices
for k from 1 to Nmax-n+l do

od:

print ("Building functions for " ,EOM[n],Psi_L[k]);
eomnPsilkpart [n,k]:=corr(starip(Psi_L (k) ,(eom||In))):
for i from 0 to floor ((n+k)/2) do
for j from O to floor ((mn+k)/2)-i do
for m from 0 to floor ((m+k)/2)-i-j do
ceomPsilsum[n,k,i,j,m]:=to_funcs (to_cube(eval(
diffint (eomnPsilLkpart[n,k],[RC2$i,RCk$j,RCL$m])
, [RC2=0,RCk=0,RCL=0]))):
od:
od:
od:
print ("Building functions for " ,EOM[n],Psilk]);
eomnPsirkpart[n,k]:=corr(starip(Psi_L_real (k) ,(eom]||n))):
for i from 0 to floor ((n+k)/2) do
for j from O to floor ((mn+k)/2)-i do
for m from 0 to floor ((m+k)/2)-i-j do
ceomPsirsum[n,k,i,j,m]:=to_funcs (to_cube(eval(
diffint (eomnPsirkpart[n,k],[RC2%i,RCk$j,RCLSm])
, [RC2=0,RCk=0,RCL=0]))):
od:
od:
od:

action then

#ind the kinetic and cubic terms of the action separately

print ("Building ",kinetic[n]);
(kineticact||n):=‘&+‘(seq(starip(Psi_L_real(l),Q_B(Psi_L_real(

n-1))),1=0..n));

print ("Building ",cubic[n]);
(cubicact||n) :=pickoff (starip(Psi_L_real(n-2),Psi_L_real(n-2),

Psi_L_real(n-2) ,LAMBDA_MAX=n),lambda,n):

print ("Building functions for ",kinetic[n]);
kineticparts[n]:=corr(kineticact||n): #the kinetic term’s expectation

value

for i from 0 to floor(m/2) do

od:

for j from 0 to floor(n/2)-i do
for m from 0 to floor(mn/2)-i-j do
ckineticsum[n,i,j,m]:=to_funcs(to_cube(eval(diffint(
kineticparts[n],[RC2$i,RCk$j,RCL$m]) ,[RC2=0,RCk=0,
RCL=0]))):
od:
od:

print ("Building functions for ",cubic[n]);
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cubicparts[n]:=corr(cubicact||n): #the cubic term’s expectation value
for i from 0 to floor(n/2) do
for j from O to floor(n/2)-i do
for m from 0 to floor(n/2)-i-j do
ccubicsum[n,i,j,m]:=to_funcs(to_cube(eval(diffint (
cubicparts [n], [RC2$i,RCk$j,RCL$m]) ,[RC2=0,RCk=0,
RCL=0]))):
od:
od:
od:
fi:
od:
for n from Nmin to Nmax do
for k from n mod 2 to n by 2 do
#find the tachyon profile itself
print ("Building functions for "||betaln,k]);
nkpart [n,k]:=corr(star (confpatch(k),(psilln))):
for i from 0 to floor(n/2) do
for j from O to floor(n/2)-i do
for m from 0 to floor(n/2)-i-j do
csum[n,k,i,j,m]:=to_funcs(to_cube(eval (diffint (nkpart
[n,k],[RC2%i,RCk$j,RCL$m]) ,[RC2=0,RCk=0,RCL=01))):
od:
od:
od:
od:
od:
if out <> terminal then
print ("Writing C code to file.");
fi:
#write lines of C++ code to compute each of the necessary integrals
#each line has all integrals which should be added together as a single number
#resultname is only for clarity, as the true output is stored in the arrays res and sig
for n from Nmin to Nmax do
if eom then
for k from n mod 2 to n by 2 do
for i from 0 to floor(n/2) do
for j from O to floor(n/2)-i do
for m from 0 to floor(n/2)-i-j do
if ceomsum[n,k,i,j,m] <> O then
CodeGeneration[C] (ceomsum[n,k,i,j,m],resultname
=eomtac ,output=out) ;
fi:
od:
od:
od:
od:
for k from 1 to Nmax-n+1 do
for i from 0 to floor ((n+k)/2) do
for j from O to floor ((n+k)/2)-i do
for m from 0 to floor ((m+k)/2)-i-j do
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od:
od:
od:
fi:

od:

if action then
for i from 0 to floor(mn/2) do
for j from 0 to floor(n/2)-i do
for m from 0 to floor(mn/2)-i-j do
ckineticsum[n,i,j,m] <> O then
CodeGeneration[C] (ckineticsum([n,i,j,m], resultname=

od:
od:
od:
fi:

if

fi:

if

fi:

if

fi:

if

ceomPsilsum[n,k,i,j,m] <> O then
CodeGeneration[C](ceomPsilLsum[n,k,i,j,m],
resultname=eomPsiL,output=out);

ceomPsirsum[n,k,i,j,m] <> O then

CodeGeneration[C] (ceomPsirsum[n,k,i,j,m],
resultname=eomPsir ,output=out);

kineticaction ,output=out) ;

ccubicsum[n,i,j,m] <> O then

CodeGeneration[C] (ccubicsum[n,i,j,m], resultname=

cubicaction ,output=out) ;

for k from n mod 2 to n by 2 do
for i from 0 to floor(m/2) do
for j from 0 to floor(n/2)-i do
for m from 0 to floor(m/2)-i-j do
if csum[n,k,i,j,m] <> O then

od:
od:
od:
od:
od:

fi:

CodeGeneration[C] (csum[n,k,i,j,m],resultname=

tacprofile ,output=out) ;

if out <> terminal then #CodeGeneration won’t share its file handle, have to close and

reopen
fclose (out):

outf :=fopen (out , APPEND) :

else
outf :=out:
fi:

#write C++ code to output a summary of all results

if eom then
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for n from Nmin to Nmax do
for k from n mod 2 to n by 2 do
fprintf (outf,cat("printf(""e~",k," EOM(",n,") = ",op
(2..-1,[seq(seq(seq(op([" + ",RCstrget(i,j,m)]),m=0..
floor(n/2)-i-j),j=0..floor(n/2)-1i),i=0..floor(n/2))1),"

\\nll nn

,seq(seq(seq(cat(",",convert(rsget(ceomsum[n,k,i,j,m]),
string),",",convert(sgget(ceomsum[n,k,i,j,m]),string)) ,m
=0..floor(n/2)-i-j),j=0..floor(n/2)-1),i=0..floor(n/2)),
n ) ; \ Illl) ) ;

od:
od:
for n from Nmin to Nmax do
for k from 1 to Nmax-n+1l do
fprintf (outf,cat ("printf (""Psi L[",k,"JEOM(",n,") = ",o0p
(2..-1,[seq(seq(seq(op([" + ",RCstrget(i,j,m)]) ,m=0..
floor ((n+k)/2)-i-j),j=0..floor ((n+k)/2)-1i),i=0..floor ((n
+k)/2))1),"\\n"""
,seq(seq(seq(cat(",",convert(rsget(ceomPsilsum[n,k,i,j,m]),
string),",",convert (sgget(ceomPsilLsum[n,k,i,j,m]),string
)),m=0..floor ((n+k)/2)-i-j),j=0..floor ((n+k)/2)-1i),i=0..
floor ((n+k)/2)),");\n"));

fprintf (outf ,cat ("printf(""Psi_reall",k,"JEOM(",n,") = ",o0p
(2..-1,[seq(seq(seq(op([" + ",RCstrget(i,j,m)]),m=0..
floor ((n+k)/2)-i-j),j=0..floor ((n+k)/2)-1),i=0..floor ((n

+k)/2))1),"\\n"""
,seq(seq(seq(cat(",",convert(rsget(ceomPsirsum[n,k,i,j,m]),
string),",",convert (sgget (ceomPsirsum[n,k,i,j,m]),string
)),m=0..floor ((n+k)/2)-i-j),j=0..floor ((n+k)/2)-1i),i=0..
floor ((n+k)/2)),");\n"));
od:
od:
fi:
if action then
for n from Nmin to Nmax do
fprintf (outf,cat ("printf (""kinetic(",n,") = ",op(2..-1,[seq(
seq(seq(op([" + ",RCstrget(i,j,m)]) ,m=0..floor(n/2)-i-3j),j
=0..floor(n/2)-i),i=0..floor(n/2))]1),"\\o"""
,seq(seq(seq(cat(",",convert(rsget (ckineticsum([n,i,j,m]),
string),",",convert (sgget (ckineticsum[n,i,j,m]),string)) ,m
=0..floor(n/2)-i-j),j=0..floor(n/2)-1),i=0..floor(n/2)),")
;\n"))
fprintf (outf,cat ("printf (""cubic(",n,") = ",op(2..-1,[seq(seq(
seq(op([" + ",RCstrget(i,j,m)]),m=0..floor(n/2)-i-j),j=0..
floor(n/2)-1i),i=0..floor(n/2))]1),"\\n"""
,seq(seq(seq(cat(",",convert(rsget(ccubicsum[n,i,j,m]),string)
,",",convert (sgget (ccubicsum[n,i,j,m]),string)) ,m=0..floor(
n/2)-i-j),j=0..floor(n/2)-i),i=0..floor(n/2)),");\n"));
od:
fi:
for n from Nmin to Nmax do
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for k from n mod 2 to n by 2 do
fprintf (outf ,cat ("printf(""betal",n,",",k,"] = ",op(2..-1,[seq
(seq(seq(op([" + ",RCstrget(i,j,m)]),m=0..floor(n/2)-1i-3),]
=0..floor(n/2)-1i),i=0..floor(n/2))1),"\\n"""
,seq(seq(seq(cat(",",convert(rsget(csum[n,k,i,j,m]),string),",
",convert(sgget(csum[n,k,i,j,m]),string)) ,m=0..floor(n/2)-1i
-j),j=0..floor(n/2)-i),i=0..floor(n/2)),");\n"));
od:
od:
if out <> terminal then #give CodeGeneration back its file handle
fclose (out):
fi:
#write out all of the integrands to the file
map (CodeGeneration [C] ,Fnms,digits=round(evalhf (16)) ,output=out,
deducetypes=false);
RC2:=0R2: RCk:=oRk: RCL:=oRL:
print ("Done.");
end proc:

#interface(prettyprint=0):
#tacconst (6,out="all-RC.mapleout.txt",eom,action);

B.2 Sample C++ Program

Once the contents of section [B.I have been loaded into Maple, the simplest quantity to calculate
with it is the solution satisfying the reality condition at order A2. To do this we run the command
tacconst (2,out="tacRC-brief.txt"); which will produce two files as output. The first is
reCpsi2.txt meaning the solution ¥ satisfying the reality condition, with the renormalization
constants C, at order A\?. The wedge states are stored as plain text and can be read back into
Maple for future use to avoid extra calculations. The second file, tacRC-brief.txt, was named
in the command and contains the correlation functions to be integrated along with commands
to do so. The first few lines of the file should be copied and pasted into the C++ file being used.
Constant functions which are not integrated will need to have parentheses added manually in
order to comply with C syntax, so F2 below will become F2(). In addition, in order to provide
clearer output I have added an additional parameter to the CubeInt function which repeats the
function number. This can be seen near the end of program There is one more notational
difference here. In the output, the coefficients are listed as 8% instead of the ,(lj ) notation we
used in chapter |5} This makes it more convenient to write T'(t) = > o0 | Y7 A"pFel but
less obvious which coefficients naturally form the “rows” we studied. The two are simply related

by 5 = =% and 5% = Bf.

Program B.2: Sample C++ command lines as output by Maple

tacprofile = CubeInt(l, F1, res([0], sigl[0], chi[0]) + F2;

tacprofile CubeInt (1, F3, res[2], sigl[2], chi[2]) + F4;

tacprofile CubeInt (1, F5, res[4], sigl4], chil[4]);

printf ("betal[2,0] = (%G+/-%G) + (%G+/-%G)CL"1 + (%G+/-%G)C1~1 + (%G+/-%
G)CO~1\n",res [0]+F2,sig[0] ,res[2]+F4,sig[2],0.,0.,0.,0.);
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printf ("betal[2,2] = (%G+/-%G) + (%G+/-%G)CL"1 + (%G+/-%G)C1~1 + (UG+/-%
G)CO~1\n",res [4] ,sig[4],0.,0.,0.,0.,0.,0.);

The rest of the file tacRC-brief.txt contains the function definitions that will be integrated.
For the case of ¥(?) in our example, this is fairly short.

Program B.3: Sample C++ functions before they are edited in preparation for use. These
are to be integrated in order to find the tachyon profile of ¥(2). The constant functions have

parameter x because Maple does not consider functions without parameters to be functions at
all.

#include <math.h>

double F1 (double s_1)
{
return(-0.27e2 / 0.16e2 / PI * pow(s_1 - 0.1lel, -0.2el) - 0.27e2 /

0.16e2 / PI * pow(s_1, -0.2el) - 0.27e2 / 0.8el / PI + 0.3el /
0.16e2 * PI * pow(0.lel / cos(PI * (0.1el + s_1) / 0.3el), 0.2el)
* pow(sqrt(0.3el) / 0.2el - tan(PI * (0.1lel + s_1) / 0.3el) / 0.2
el, -0.2el) + 0.3el / 0.16e2 * PI * pow(0.lel / cos(PI * (0.lel +
s_1) / 0.3el), 0.2e1) * pow(tan(PI * (0.1lel + s_1) / 0.3el) / 0.2
el + sqrt(0.3el) / 0.2el, -0.2el));

}

#include <math.h>

double F2 (double x)

{

return(-0.3el / 0.8el * sqrt(0.3el));
}
double F3 (double s_1)
{

return(-0.27e2 / 0.8el / PI);
}
double F4 (double x)
{

return(0.27e2 / 0.8el1 / PI);
}

#include <math.h>

double F5 (double s_1)
{
return(0.8el / 0.243e3 * PI * pow(0.lel / cos(PI * (0.1lel + s_1) /
0.3el), 0.2e1) * pow(tan(PI * (0.1el + s_1) / 0.3el), -0.4el) x*
pow(sqrt (0.3el) / 0.2el - tan(PI * (0.l1lel + s_1) / 0.3el) / 0.2el,
0.2el) + 0.8el / 0.243e3 * PI * pow(0.lel / cos(PI * (0.1el + s_1
) / 0.3el), 0.2el) * pow(tan(PI * (0.1el + s_1) / 0.3el), -0.4el)
* pow(tan(PI * (0.1el + s_1) / 0.3el) / 0.2el + sqrt(0.3el) / 0.2
el, 0.2el1));
}

As shown here, this is not really usable so a series of simple replacements must be performed.
The include statements which Maple insists on putting before each integrand need to be
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removed, and numerical integration routines typically expect their integrands to take a single
array rather than individual components of a coordinate. For a few short functions like these it
is simplest to do this by hand, but when the functions become much longer at higher orders the
Unix command sed is useful for quickly performing several find and replace operations. When
we are done, the example above should look like program [B.4

Program B.4: Sample C++ header file with function definitions to be integrated by C+-+ in
order to find the tachyon profile of U2,

double F1 (double s[]) { double s_1 = s[0];
return(-0.27e2 / 0.16e2 / PI * pow(s_1 - 0.lel, -0.2el) - 0.27e2 /

0.16e2 / PI * pow(s_1, -0.2el) - 0.27e2 / 0.8el / PI + 0.3el /
0.16e2 * PI * pow(0.lel / cos(PI * (0.1el + s_1) / 0.3el), 0.2el)
* pow(sqrt(0.3el) / 0.2el - tan(PI * (0.1el + s_1) / 0.3el) / 0.2
el, -0.2el) + 0.3el / 0.16e2 * PI * pow(0.lel / cos(PI * (0.1lel +
s_1) / 0.3e1), 0.2el) * pow(tan(PI * (0.1lel + s_1) / 0.3el) / 0.2
el + sqrt(0.3el) / 0.2el, -0.2el1));

}

double F2 () {
return(-0.3el / 0.8el * sqrt(0.3el));
}
double F3 (double s[]) { double s_1
return(-0.27e2 / 0.8el / PI);

s[0];

}
double F4 () {

return(0.27e2 / 0.8el1 / PI);
}

double F5 (double s[]) { double s_1 = s[0];

return(0.8el / 0.243e3 * PI x pow(0.lel / cos(PI * (0.1lel + s_1) /
0.3el), 0.2e1) * pow(tan(PI * (0.1el + s_1) / 0.3el), -0.4el) x*
pow(sqrt (0.3el) / 0.2el - tan(PI * (0.l1lel + s_1) / 0.3el) / 0.2el,
0.2el) + 0.8el / 0.243e3 * PI * pow(0.lel / cos(PI * (0.1el + s_1
) / 0.3el), 0.2el) * pow(tan(PI * (0.1el + s_1) / 0.3el), -0.4el)
* pow(tan(PI * (0.1el + s_1) / 0.3el) / 0.2el + sqrt(0.3el) / 0.2
el, 0.2el1));

This header file, which we will call tacRC-brief .h, can be included in a main C++ program
to provide the integrands. The file can contain many more integrands, describing the solution
at higher orders in A, and only the portion produced by Maple and described in program (B.2
will need to be changed. To see how quickly the size of the integrand functions increases, in
program m we look at a function representing ﬂéo). This is the third order analogue of F5 in
the above code fragment, and it is already much larger. By 6th order, individual integrands
can involve several megabytes of text.
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Program B.5: The C++ function to be integrated in order to find the Béo) component of the
tachyon profile.

1 double F160 (double s[]) { double s_1 = s[0]; double s_2 = s[1];

2 return(-PI * PI * sqrt(0.2el) * pow(0.lel / cos(PI * (0.2el + s_1) /
0.4el1), 0.2e1) * pow(0.1lel / cos(PI * (0.2el + s_2) / 0.4el1), 0.2
el) * pow(tan(PI * (0.2el + s_1) / 0.4el), -0.6el) * pow(tan(PI =*
(0.2e1 + s_2) / 0.4el), -0.6el) * pow(0.lel / 0.2el - tan(PI x*
(0.2e1 + s_1) / 0.4el) / 0.2el, 0.2el) * pow(0.lel / 0.2el - tan(
PI * (0.2el + s_2) / 0.4el) / 0.2el, 0.2el) * pow(tan(PI * (0.2el
+ s_1) / 0.4e1) / 0.2el - tan(PI * (0.2el + s_2) / 0.4el1) / 0.2e1l,

0.2el1) / 0.1024e4 + PI * PI * sqrt(0.2el) * pow(0.lel / cos(PI
(0.1e1 + 0.2el *x s_1) / 0.4el), 0.2el) * pow(0.1lel / cos(PI * (0.1
el + 0.2el * s_2) / 0.4el), 0.2el) * pow(tan(PI * (0.l1lel + 0.2el =
s_1) / 0.4el1), -0.6el) * pow(tan(PI * (0.1lel + 0.2el * s_2) / 0.4
el), -0.6el) * pow(tan(PI * (0.1el + 0.2el * s_1) / 0.4el) / 0.2el
- tan(PI * (0.1el + 0.2el * s_2) / 0.4el) / 0.2el, 0.2el) * pow(
tan(PI * (0.1el + 0.2el * s_1) / 0.4el) / 0.2el + 0.1el / 0.2el,
0.2el) * pow(tan(PI * (0.1lel + 0.2el * s_2) / 0.4el) / 0.2el + 0.1
el / 0.2el, 0.2el) / 0.256e3 + PI * PI * sqrt(0.2el) * pow(O.lel /
cos(PI * (0.1el + 0.2el * s_1) / 0.4el), 0.2el) * pow(0.1lel / cos
(PI * (0.1el + 0.2el * s_2) / 0.4el), 0.2el) * pow(tan(PI * (0.1lel
+ 0.2el * s_1) / 0.4el), -0.6el) * pow(tan(PI * (0.1lel + 0.2el x*
s_2) / 0.4el1), -0.6el) * pow(0.1lel / 0.2el - tan(PI * (0.1lel + 0.2
el *x s_1) / 0.4el) / 0.2el, 0.2el) *x pow(0.lel / 0.2el - tan(PI x*
(0.1e1 + 0.2el * s_2) / 0.4el) / 0.2el, 0.2el1) * pow(tan(PI * (0.1
el + 0.2el * s_1) / 0.4el1) / 0.2el - tan(PI * (0.lel + 0.2el * s_2
) / 0.4el) / 0.2el, 0.2el) / 0.256e3 - PI * PI * sqrt(0.2el) * pow
(0.1e1 / cos(PI * (s_1 + O0.1el) / 0O0.4el), 0.2e1) * pow(0.lel / cos
(PI * (s_2 + 0.1el1) / 0.4el), 0.2el) * pow(tan(PI * (s_1 + 0O0.1lel)
/ 0.4el), -0.6el) *x pow(tan(PI * (s_2 + 0.lel) / 0.4el), -0.6el) x*
pow(tan(PI * (s_1 + O0.1lel) / 0.4el) / 0.2el - tan(PI * (s_2 + 0.1
el) / 0.4el) / 0.2el, 0.2el) * pow(tan(PI * (s_1 + 0.1el) / 0.4el)
/ 0.2el + 0.1el / 0.2e1l, 0.2el1) * pow(tan(PI * (s_2 + 0.1lel) /
0.4el) / 0.2el1 + 0.1el / 0.2el, 0.2el) / 0.1024e4);

Returning to the second order example, we now look at the body of the C++ program
to perform the numerical integration. The three functions worth noting are safety_shifter,
CubelInt, and of course main. The main function simply contains the statements to evaluate
each integral, store the results, and then print them in a formatted list. It evaluates the integrals
by repeatedly calling the CubeInt function. It sets all of the various parameters of integration,
such as the maximum number of samples to use, and then calls library routines to perform the
integrals. In between the library routines and the integrands is the safety_shifter function,
which prevents the integrands from being evaluated at points where some of the terms might be
divergent. The reason for this regularization is discussed in section[5.3.7} Compiling this sample
program requires linking the GSL and CUBA libraries with the -1gsl and -1lcuba command
line options. If the libraries are not part of the standard search path then the locations of them
and their header files must also be specified with the -L and -I options respectively.
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Program B.6: Sample C++ program for the numerical evaluation of integrals representing the
tachyon profile at order A\2.

#include
#include
#include
#include
#include
#include
#include

#define
#include

<stdlib.h>

<stdio.h>

<time.h>

<cmath>

"cuba.h"
<gsl/gsl_integration.h>
<gsl/gsl_errno.h>

PI 3.1415926535897932385
"tacRC-brief.h"

//we introduce a small regulator (eps) to keep test points away from the boundary of the integration
region and diagonals

//this process reduces roundoff errors from adding divergent terms
int safety_shifter (const int *ndim,

const int *ncomp, double ff[], void* fnName) {
double feval, startstack, eps = 0.0003;
double x[*ndim];
double (*fxn) (double[]) = (double (%) (double[]))fnName;
int i, j, k, samepoints, adjusted = 1, nAdjusted = O0;

for
whil

(i=0; i<*ndim; i++) {x[i] =
e (adjusted) {
adjusted = O;

const double xxI[],

xx[i];}

/ /check for coordinates on the boundary

samepoints = O0;
for (i=0; i<*ndim; i++) {
if (x[i]l < .99%eps) A
samepoints += 1;

}
}
if (samepoints > 0) {
k = 0;
for (i=0; i<*ndim; i++) {
if (x[i] < .99%eps) {
k+=1;
x[i] = epsx*k;
adjusted = 1;
}
}
}
samepoints = O0;
for (i=0; i<*ndim; i++) {
if (x[i] > 1 - .99%eps) {
samepoints += 1;
}
}
if (samepoints > 0) {
k = 0;
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18 for (i=0; i<*ndim; i++) {

19 if (x[i] > 1 - .99xeps) {
50 k+=1;

51 x[i] = 1 - epsx*k;

52 adjusted = 1;

53 }

5 }

55 3

56 for (i=0; i<*ndim; i++) {

57 / /check for coordinates which have hit x[i]

58 samepoints = O0;

59 for (j=i+1; j<*ndim; j++) {

60 if (fabs(x[il-x[jl) < (.99 * eps * (samepoints+1))) {
61 samepoints +=1;

62 }

63 }

64 if (samepoints > 0) {

65 startstack = x[i] - eps*(samepoints/2.);
66 x[i] = startstack;

67 adjusted = 1;

68 k = 1;

69 for (j=i+1l; j<*ndim; j++) {

70 if (fabs(x[il-x[j]) < (.99 * eps * (samepoints))) {
71 x[j] = startstack + kx*eps;
72 k++;

73 }

74 }

75 }

76 }

77 if (ladjusted) {

78 break;

79 }

80 nAdjusted += 1;

81 if (nAdjusted > 15) {

82 break;

83 }

84 }

85 feval = fxn(x);

86 ff [O] = feval;

87 return O;

ss  }

90 double gslevaluator (double x, void* fnName) {
91 double s[1];

92 double r[1];

93 const int one = 1;

94 s[0] = x;

95 safety_shifter (&one,s,&one,r,fnName) ;

96 return r[0];
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100 void gsl_error_printer (const char * reason, const char * file, int
line, int gsl_errmno) {
101 printf ("GSL ERROR: ERROR NO ", gsl_errno, file, line, reason);

103 fflush (stdout);

105 return;

106}

10s double CubelInt(int dim, double fxn(double[]), int fNum, double &res,
double &sdev, double &chi) {

109 double integral[dim], error[dim], prob[dim];

110 int nregions, neval, fail;

111 int ncomp = 1; //dimension of evaluated £ (1 because f is a scalar function)

112 int nvec = 1; //number of inputs function can take at once

113 double epsrel = 1E-2; //relative error goal is 1%

114 double epsabs = 0.; //absolute error goal

115 int flags = 0; //flags: verbose=0, combine all passes

116 int seed = time(NULL); //random seed

117 int MCminevals = 0, MCmaxevals = 50000*pow(2,dim); //minimum and
maximum number of function calls for monte carlo algorithms

118 int CUminevals = 0, CUmaxevals = 4000*pow(2,dim); //minimum and
maximum number of function calls for Cuhre

119 int key = 0; //cubature rule for Cuhre, use default

120 int nstart = 1000, nincrease = 500, nbatch = 1000, gridno = 0; //
some Vegas-specific arguments, defaults
used

121 int nnew = 1000, flatness = 25; //some Suave-specific arguments, defaults used

122 char *statefile = NULL; //file to save intermediate calculations

123 gsl_integration_workspace *gslw; //“workspace” for QAG

124 gsl_function gslF; //“function” for QAG to call

125 int QAGkey = 3; //integration rule for QAG, 3 is 31 point Gauss-Kronrod

126 res = 0; sdev = 0; chi = 0;

128 if (0) { //setto 1l to try Vegas

129 printf ("VEGAS algorithm used in J%d dimensions to evaluate F/d\n

" . dim, fNum) ;

130 Vegas (dim, //number of dimensions

131 ncomp ,

132 safety_shifter , //function for Vegas to call

133 (void*) fxmn, //function for safety_shifter to call

134 nvec, epsrel, epsabs, flags, seed, MCminevals, MCmaxevals
, nstart, nincrease, nbatch, gridno, statefile,

135 &neval, //OUTPUT number of function calls that were actually used

136 &fail, //OUTPUT 0 if target accuracy was reached

137 integral, //OUTPUT result of the integral

138 error, //OUTPUT error estimate for integral

139 prob); //OUTPUT probability that error is inaccurate

140 res = integral [0];

141 sdev = error [0];
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}

chi = prob[0];

printf ("VEGAS used %d function calls with fail=)d\n",neval,fail
)

printf ("VEGAS returned (%G +/- %G) with p=%.3f\n", res, sdev,
chi);

printf ("\n");

if (0) { //set to1 to try Suave

}

printf ("SUAVE algorithm used in %d dimensions to evaluate FJd\n
", dim, fNum) ;
Suave (dim, //number of dimensions
ncomp ,
safety_shifter, //function for Suave to call
(void#*) fxn, //function for safety_shifter to call
nvec, epsrel, epsabs, flags, seed, MCminevals, MCmaxevals
, nnew, flatness, statefile,
&nregions, //OUTPUT number of subregions used
&neval, //OUTPUT number of function calls that were actually used
&fail, //OUTPUT 0 if target accuracy was reached
integral, //OUTPUT result of the integral
error, //OUTPUT error estimate for integral
prob); //OUTPUT probability that error is inaccurate
res = integral [0];
sdev = error[0];
chi = prob[0];
printf ("SUAVE used %d function calls in %d regions with fail=Yd
\n" ,neval ,nregions ,fail);
printf ("SUAVE returned (%G +/- %G) with p=%.3f\n", res, sdev,
chi) ;
printf ("\n");

if (dim > 1 && 1) { //setto 1 to try Cuhre

printf ("CUHRE algorithm used in J%d dimensions to evaluate F/d\n
",dim, fNum) ;
Cuhre (dim, //number of dimensions
ncomp ,
safety_shifter, //function for Cuhre to call
(void*) fxn, //function for safety_shifter to call
nvec, epsrel, epsabs, flags, CUminevals, CUmaxevals, key,
statefile,
&nregions, //OUTPUT number of subregions used
&neval, //OUTPUT number of function calls that were actually used
&fail, //OUTPUT 0 if target accuracy was reached
integral, //OUTPUT result of the integral
error, //OUTPUT error estimate for integral
prob); //OUTPUT probability that error is inaccurate
if (std::isfinite(integral[0])) {
res = integral[0];
sdev = error [0];
chi = prob[0];
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int

printf ("CUHRE used %d function calls in %d regions with fail=%d
\n" ,neval ,nregions ,fail);

if (fail > -1) {
printf ("CUHRE returned (%G +/- %G) with p=%.3f\n", integral

[0], error[0], prob[0]);

}

if (!std::isfinite(integral [0])) {
printf ("CUHRE is being ignored\n");

}
printf ("\n");
}
if (dim == 1 && 1) { //set to 1 to try QAG
printf ("QAG algorithm used in %d dimension to evaluate F%d\n",
dim, fNum) ;
gslw = gsl_integration_workspace_alloc(CUmaxevals); //this should
limit the runtime of QAG
gslF.function = &gslevaluator;
gslF.params = (voidx) fxn;
gsl_integration_qag (&gslF, //function to call
0, 1, //limits of integration
1E-6, //epsabs replaced because QAG doesn’t like failure
epsrel,
CUmaxevals, QAGkey, gslw,
&integral [0], //OUTPUT result of the integral
&error [0]); //OUTPUT error estimate for integral
res = integral [0];
sdev = error[0];
chi = 0; //hopefully QAG is “never wrong”
printf ("QAG used 77 function calls in %d regions\n",0,(int) (
gslw->size)) ;
gsl_integration_workspace_free (gslw);
printf ("QAG returned (%G +/- %G)\n", res, sdev);
printf ("\n");
}

return res;

main () {

int n;

double res[242], sigl242], chi[242];

double tacprofile, eomtac, eomPsil, eomPsir, kineticaction,

cubicaction;

gsl_set_error_handler (&gsl_error_printer);

tacprofile = CubeInt(1l, F1, 1, res[0], sigl[0], chi[0]) + F2Q);

tacprofile

CubeInt (1, F3, 3, res([2], sigl2], chi[2]) + F4(Q);

tacprofile = CubeInt(l, F5, 5, res([4], sigl4], chil[4]);
printf ("betal[2,0] = (%G+/-%G) + (%hG+/-%G)CL"1 + (%4G+/-%G)C1~1 + (%G

+/-%G)CO0~1\n" ,res [0]+F2() ,sig[0] ,res [2]+F4 () ,sig[2],0.,0.,0.,0.)

’
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printf ("betal[2,2] = (%G+/-%G) + (%G+/-%G)CL"1 + (%G+/-%G)C1~1 + (%G
+/-%G)C0~1\n" ,res [4] ,sig[4],0.,0.,0.,0.,0.,0.);

printf ("\n----------"-"-"-"-"-"-"-"-"-""-"""""———— \n") ;
return O;
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