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Abstract. The action-angle formulation for the spherical part of the conformal mechanics
describing a massive relativistic particle moving near the horizon of an extremal rotating black
hole in arbitrary dimension is presented for the special case that all rotation parameters are
equal.

An extremal rotating black hole in arbitrary dimension exhibits the conformal symmetry
SO(2,1) in the near horizon limit (see, e.g., [1] and references therein). Because to each Killing
vector of a background geometry there corresponds the first integral of the geodesic equations,
a model of a massive relativistic particle propagating near the horizon of an extremal rotating
black hole is automatically conformal invariant. Conformal mechanics originating from the near
horizon extremal black hole geometry has been extensively investigated in the past [2]-[16] with
a particular emphasis on its dynamics, a relation to nonrelativistic conformal mechanics, and the
construction of supersymmetric extensions. Quite recently, based on an earlier work [17], such a
conformal mechanics has been used to build new superintegrable models [18, 19]. In particular,
in Ref. [19] a maximally superintegrable spherical mechanics associated with the black hole in
d = 2n + 1 dimensions has been constructed. It was also demonstrated that its counterpart
related to the black hole in d = 2(n + 1) dimensions lacks for only one integral of motion to be
maximally superintegrable.

The goal of this note is to extend the analysis in [19] and to construct the action-angle
variables. There are several reasons for this study. The action—angle formulation of an integrable
system gives a comprehensive geometric description of its dynamics and provides a useful means
for developing the perturbation theory [20]. The use of the action-angle variables suggests a
criterion of the (non)equivalence of two integrable systems. The variables provide a systematic
way to reveal hidden symmetries and to construct new non—trivial examples of maximally
superintegrable models (see, e.g., [21]). Worth mentioning also is that the formulation in terms
of the action-angle variables is a base for the (semiclassical) quantization, which implies imposing
on the action variables the Bohr—Sommerfeld quantization conditions.

Because only integrable systems with a compact phase space admit the action—angle
formulation, the full conformal mechanics associated with the near horizon geometry of an
extremal rotating black hole is not amenable to such a description. However, one can separate the
radial (noncompact) motion from the angular variables dynamics, which is compact and can be
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considered on its own. Note that it is in this way that the action—angle variables were constructed
recently for the Calogero model [22] and for some variants of the conformal mechanics related
to the near horizon extremal black holes [14, 15, 16]. The present work extends the list of such
examples and also illuminates the origin of the superintegrability of the models constructed
recently in [19]. Below we first discuss the model originating from a black hole geometry in
d = 2n + 1 dimensions and then turn to the case of d = 2(n + 1).

The Hamiltonian of a spherical mechanics related to the extremal rotating black hole in
d =2n + 1 is a kind of matryoshka doll [19]

IO = anla (1)

where Fj,_1 is derived from the recurrence relation

2
: F;_
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Fy=p: + :
¢ = Do, cos?6;  sin’6;

Here (6;,pp,), with i = 1,...,n — 1, constitute the canonical pairs, g; are coupling constants,
and Fy = ¢g?. As is obvious from (1) and (2), the functionally independent integrals of
motion in involution F; ensure the integrability of (1). Let us demonstrate the maximal
superintegrability (and in fact exact solvability) of this system by constructing the action—angle
variables. Following the standard procedure [20], one has to write down the generating function

S6%(F i, 0:) Z/Pe Fr,.... Far, 0,0 (3)
where pg, (F1,. .., F,_1,0;) are to be expressed from (2). For the action variables one gets (for
the details of evaluation of the integrals see, e.g., Ref. [21] )
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with ¢ =1,...,n — 1. Inverting these expression, one finds

i+1
F; = (221k+i:’9k> (5)
k=1
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sin?6;, cos?b;

while the angle variables read

odd 8S n—1 ) n—1
PO = 3= Z arcsin Xy + 4 Z arctan Yy, (6)
v k=i k=i+1

where we denoted
(Fk + Fi_1 — g,%_H) — 2F), sin® 0,
\/(_Fk + Fp1 — QI%H)Q - 4Fk91€+1
v — (F;,C + F_q — g,%H) \/Fk sin® 0y, cos? 0, — Fy,_1 cos2 0, — g,%H sin? 0y, -
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Thus, being rewritten in the action—angle variables, the Hamiltonian has the following form:

n—1 n
Ty = (2 S L+ gk|>
k=1 k=1

Up to the shift of the action variables, it coincides with the Hamiltonian of a free particle moving
on the (n — 1)-dimensional sphere [21]. So the two systems differ only by the range of Y, I;
([0,00) and [>-3_; |gk|, 00), respectively). The former model thus possesses SO(n) symmetry
and is obviously maximally superintegrable.

The action—angle formulation allows one to immediately construct functionally independent
hidden constants of the motion. Because the evolution of the angle variables is governed by the
equation (cf. [21, 23])

2

(9)

dd

) n—1 n
C=2(2) L+ > ol | (10)
dt k=1 k=1

the expressions cos(®; — ®; + const) determine (globally defined) constants of the motion n — 2
of which are functionally independent

V1= X2(1=Y3,) - 2XiYin
Gi = cos (®; — Djy1) = . , (11)
(2 7 7 1—|—Y;%rl

with ¢ = 1,...,n — 2. Hence, the system (1) with (n — 1) configuration space degrees of
freedom possesses 2n — 3 functionally independent constants of the motion and, as thus, is
maximally superintegrable. That it is exactly solvable follows from the fact that the Hamiltonian
is expressed via the action variables in terms of elementary functions only.

Now let us turn to the case of d = 2(n+1). The Hamiltonian of a spherical mechanics related
to the extremal rotating black hole in d = 2(n + 1) dimensions reads [19]

To = 2npg +vsin?6, + < - 2271 —2n+ 1) F, 1, (12)
" sin“ 6,
where F,,_; is given in (2). As we have seen above, Fj,_; is the Hamiltonian of a particle
moving on S"~!. This sector provides 2(n — 1) — 1 functionally independent integrals of motion.
Because (12) involves one more canonical pair (6, pg, ) and only one extra integral of motion (the
Hamiltonian (12) itself), the full theory lacks for only one integral of motion to be maximally
superintegrable.

Let us construct the action-angle variables for this system. One starts with the generating
function

Sgren = Z/p@i(z-()vFla oy B, 0;)d0; = /pen (Zo, Fr—1,0n)d0y + S§™, (13)
i=1

where S§9 is defined in (3) and pj, is to be derived from (12). The action variables Iy, ... I, 1
coincide with those in (4), while I,, reads

—a"v 1 1 a’
I, = TR 1,-2,2,a", — 14
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where 7 is the Appell’s first hypergeometric series! and

Iy 2n-—1 Zo 2n-—1 2 Ty F,-
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! Here and in what follows we use the notations in [24, 25].
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Inverting these expressions, one gets the Hamiltonian in terms of the action variables

n—1 n 2
Zo =Ty (Inaanl% Fno1= <2ZIk+Z |gk‘> : (16)
k=1 k=1

Obviously, this cannot be done in terms of elementary functions. We thus conclude that the
system under consideration is integrable but not exactly solvable.
The angle variable conjugated to I,, reads

07y 1 / at a”
Ppeven — F 3 — 11— — , 17
n ajn vV 8vnaT aresin at — cos? Hn at ( )

while the remaining angle variables are defined by the following expressions (i =1,...,n — 1):

1 at a”
even __ godd o : -
OV = P ATl|1 a+’arC81n”a+—cos20n’1 e +
o at a”
+ B f arcsin m, 1 — aj y (18)

where ®%% are given in (6), F(¢|m) is the elliptic integral of the first kind, II(n;¢|m) is the
elliptic integral of the third kind, and

SnkF,_1 1 V2F, 1 ( 0Zy )
A=/ . B=A+ Yon—1). 19
v Vat(at —1) Vnvat \OF, 1 (19)

Since the Hamiltonian of our system is of the form (16), the ratio of the effective frequencies
w1 = 0Z/0I, and we = OZ/0F,—1 is not a rational number but a function of the action
variables (for a similar situation see [21, 23]). Hence, although (wa®,, — w1®;) commutes with
the Hamiltonian Zy, it is not a periodic function. All hidden symmetries of our model are
thus exhausted by (11). The system with n configuration space degrees of freedom thus has
n+ (n — 2) = 2n — 2 constants of the motion and lacks for only one constant of the motion to
be maximally superintegrable.

Acknowledgments

This work was supported by the RFBR grant 13-02-90602-Arm, MSE Program ”Nauka” under
the grant 1.604.2011 (A.G.), the Armenian State Committee of Science under the grant 13RF-
018 (A.N.,A.S.), by the ANSEF Grant hepth-3267 (A.S.) and Volkswagenstiftung under the
contracts 86 260 (A.S.) and 1/84 496 (A.N.).

References

[1] Lu H, Mei J and Pope C N 2009 JHEP 0904 054, arXiv:0811.2225.

[2] Claus P, Derix M, Kallosh R, Kumar J, Townsend P K and Van Proeyen A 1998 Phys. Rev. Lett. 81 4553,
hep-th/9804177.

[3] De Azcérraga J A, Izquierdo J M, Pérez Bueno J C and Townsend P K 1999 Phys. Rev. D 59 084015,
hep-th/9810230.

[4] Cacciatori S, Klemm D and Zanon D 2000 Class. Qauntum Grav. 17 1731, hep-th/9910065.

[5] Clement G and Gal'tsov D 2001 Nucl. Phys. B 619 741, hep-th/0105237.

[6] Bellucci S, Galajinsky A, Ivanov E and Krivonos S 2003 Phys. Lett. B 555 99, hep-th/0212204.

[7] Leiva C and Plyushchay M 2003 Annals Phys. 307 372, hep-th/0301244.



XXIst International Conference on Integrable Systems and Quantum Symmetries (ISQS21) IOP Publishing

Journal of Physics: Conference Series 474 (2013) 012019 doi:10.1088/1742-6596/474/1/012019

Ivanov E, Krivonos S and Niederle J 2004 Nucl. Phys. B 677 485, hep-th/0210196.

Anabalon A, Gomis J and Kamimura K, Zanelli J 2006 JHEP 0610 068, hep-th/0607124.

Galajinsky A 2008 Phys. Rev. D 78 044014, arXiv:0806.1629.

Galajinsky A 2010 JHEP 1011 126, arXiv:1009.2341.

Galajinsky A and Orekhov K 2011 Nucl. Phys. B 850 339, arXiv:1103.1047.

Bellucci S and Krivonos S 2011 JHEP 1110 014, arXiv:1106.4453.

Galajinsky A and Nersessian A 2011 JHEP 1111 135, arXiv:1108.3394.

Bellucci S, Nersessian A and Yeghikyan V 2012 Mod. Phys. Lett. A 27 1250191, arXiv:1112.4713.

Saghatelian A 2012 Class. Quant. Grav. 29 245018, arXiv:1205.6270.

Hakobyan T, Krivonos S, Lechtenfeld O and Nersessian A 2010 Phys. Lett. A 374 801, arXiv:0908.3290

Galajinsky A 2013 Phys. Rev. D 87 024023, arXiv:1209.5034.

Galajinsky A, Nersessian A and Saghatelian A 2013 JHEP 1306 002, arXiv:1303.4901.

Arnold V 1 1973 Mathematical methods in classical mechanics, Nauka Publ., Moscow.

Hakobyan T, Lechtenfeld O, Nersessian A, Saghatelian A and Yeghikyan V 2012 Phys. Lett. A 376 679,
arXiv:1108.5189.

Lechtenfeld O, Nersessian A and Yeghikyan V 2010 Phys. Lett. A 374 4647, arXiv:1005.0464.

Gonera C 2012 Phys. Lett. A 376 2341, arXiv:1010.2915.

Dwight H B 1961 Tables of integrals and other mathematical data., 4th edition, The Macmillan Company,
N.Y.,

Prudnikov A P, Brychkov Yu A and Mar’ichev O I 1981 Integrals and series (in Russian), Nauka Publ.,
Moscow.





