COMPOSITE PARTICLE COLLISIONS IN THE NON-

RELATIVISTIC THREE-BODY THEORY+

By

Werner SANDHAS

Physikalisches Institut, Universitdt
Bonn, BRD

1. INTRODUCTION

The composite particle collision problem is evidently
of great importance in many fields of quantum physics.
In the last eight years or so this problem has been stud-
ied with increasing interest, in particular for the case
of three nonrelativistic elementary particles, i.e., for
the scattering of an elementary particle by a two-parti-
cle bound~-state (for instance, a nucleon by a deuteron).

Most of the recent investigations have been initiated
by the mathematical work of Faddeev [1], [2] on the one
hand, and by the practical success of three-body calcu-
lations in the separable potential model on the other
hand. (Such calculations were performed, in particular,
by Mitra [3] and by the group: Aaron, Amado and Yam [5],
[4] . It was Lovelace [6],[7] who first applied the se-
parable potential model to the Faddeev equations. There-
by many aspects of the problem became rather transparent.

From a general point of view the three-body problem re-
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presents a first non-trivial (but still sufficiently
simple) example of strong interaction dynamics. For, in-
coming and outgoing particles of complex structure can be
studied which during the collision time may be rearranged
to various other bound-states and resonances. A detailed
study of the problem should, therefore, lead to an impro-
vement of nuclear reaction theories, but it might also
serve as a guide to a deeper understanding of some typi-
cal structures of elementary particle physics. In fact,

a great part of the present interest in this field is
induced by this hope. But let me say that in the latter
respect the results are not very convincing up to now.

2. THE SINGLE-CHANNEL CASE

Before going to the three-body theory we have to recall
some aspects of the single-channel problem. Here one
studies the collision of two elementary particles with
relative momenta E and 5' (before and after the colli-

sion):

ol
ol

(1)

N

Fig. 1

What we need for the description of such a process is, of
course, the scattering amplitude T(E',E; E), which is gi-
ven by the integral equation

1
T(p',B;E) =.V(p',p) - [a%k V(p',K) ——T(K,D;E)

(2.1)

known as the Lippmann-Schwinger (L-S) equation for the
T-matrix. (The "=-io" in the denominator of the free
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Green function indicates how we have to integrate around
the pole at k?/2u = E.) In operator form this equation
simply reads (see also Fig. 2) :

T(E) =V -V GO(E+io) T(E) (2.2)
with

<p'|T(E) |P> = T(®',p; E) (2.3)

and with the "free Green function"

Ly 1
G (E + i0) = At To (2.4)
Gy - I - TG
e N
Fig. 2

The solution of the above L-S equation leads to the
cross section

do

o = (2m* w2|T(B',B; E)|% . (2.5)

Due to energy conservation we have the ("on shell") con-
dition

12
5:‘ = p2/2y = E . (2.6)

This means, that for the calculation of do/dqQ we only
need the scattering amplitude "on-the-energy-shell",
while the L~S equation yields an "off-shell" extension
of this physical amplitude (this follows easily from the
fact that in the L-S equation (2.1) we have to integra-
te over all values of E, without any restriction of the
form k2=p2=2uE). In other words, from the above equations
(2.1) or (2.2) we find the full operator T, not only the
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special matrix elements which alone determine do/dQ.
Indeed the L-S equation allows to calculate T(E) from
the potential V, but conversely the potential V is given
by the same equation if T(E) is known (we have only to
interchange in (2.2) the role of T and V). Consequently
the off-shell amplitude contains the full information on
the potential.

Note that we have not discussed more conventional me-
thods for the determination of the scattering amplitude
as, for instance, the solution of the Schrddinger equa-
tion with the correct asymptotic condition (plane wave
plus outgoing spherical wave). Such elementary techni-
ques are too restricted for our general program.

3. THE THREE-BODY PROBLEM

In the three-body case we now proceed in complete
analogy to the two-particle problem. We again introduce
transition amplitudes. Let us consider, for instance,
the following process

a \l’pn

o=

am B

<Ol

Fig. 3

Here, evidently, the transition amplitude Tsn,am(gé’é?
has to be labelled by
(i) an index a(B) which indicates the unbound parti-
cle (o« = 1,2,3) in the initial (final) state,
(ii) an index m(n) which collectively denotes all the
quantum numbers of the two-particle bound-state,
(iii) the relative momentum Ea(sé) of the colliding
(composite) particles. (Translation invariance
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allows us to drop the total momentum).

It can be shown [8] that this amplitude is given again

as a matrix element of a transition operator U8a=

>, > _ >, >
Ton,amPgrPq) = Pgl<¥pn|Usq|Von”IPy> (31

This representation shows some general aspects of our

problem:
(i) To get the various amplitudes TBn om Ve need several
’
operators UB . For example
a
) I |
((LD elastic scattering
m ~ m
1 1
Z'U;j "inelastic" scattering
m ~ n
1 . n
j(lkji rearrangement process

Fig. 4

Moreover an operator Uou can also be introduced which
leads to the break-up amplitude:

a

(71)______ break-up process.
m\ﬁ

(ii) UBa is, of course, an operator in the three-par-
ticle space - in accordance with the fact that we
study a three-(elementary) particle problem [9].
What we really need for the calculation of the
cross sections are, however, the U sandwiched bet-

Ba
ween the two-particle bound states,
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<anIUBa|wam> (3.2)

i.e., effective two-particle operators which still act
on the relative momenta of the colliding two particles.
In more intuitive approaches one actually starts from
equations for such "two-particle" amplitudes with effec-
tive potentials introduced phenomenologically. An exact
theory has to be based, of course, on equations for the

original three-particle operators U . Such equations

turn out to be rather complicated (gZe to the multipli-
city of variables). But we will show that it is possible
to reduce the original three-particle equations to ef-
fective two~-particle ones, which are as simple as in the
intuitive approach but with "potentials" being now de-

fined precisely by the original interactions.

4. DIFFICULTIES WITH THREE-BODY EQUATIONS

As discussed above we have now to write down integral

equations for the operators U o In analogy to the two-

B
particle case we find (for 8 = a)

U =V -VGU . (4.1)

aa a a a aa

Vu is the interaction of particle a with the two parti-
cles in the bound system, i.e., the sum of potentials de-
picted in Fig. 5:

a a a a
- T T
Vo = *
i p——— Sm—
Fig. S

Let us first consider the iteration of the two- and
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three-particle equations. From (2.2) it follows
T =V -~ VGOV + VGOVGOV =~ eee (4.2)

i.e., the Born series which in diagrams looks like:

g:i - - + -
—_—

Fig. 6

Correspondingly we have in the three-particle case the

following picture :
a a a

() . e I

e

N S S G CITL..

Fig. 7

We see, that the latter expansion contains partial series
which coincide with the above two-particle Born series,
apart from a third noninteracting particle: see, e.g.,
the terms 1, 3 and 7 in this expansion. Now it is well
known that the Born series diverges for energies, which
are in the neighbourhood of bound-states or resonances.
Correspondingly the subsystem series of the three-particle
problem will in general diverge since our interactions
are strong enough to lead to two-particle bound states
or resonances [10]. Consequently, if we work with a pure
Born approximation of (4.1) we ignore the dominant struc-
tures of the subsystems.

In the two-particle case this difficulty is at once
removed by application of the Fredholm theory (or of nu-
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merical treatments) which works even if iterative methods
fail. This, however, remains not valid for the above
three-particle equations. More precisely, the kernel VaGu
does not fulfill the Fredholm condition. For, due to its
disconnected parts, corresponding to one noninteracting
particle in the three-body system (compare Fig. 5), it
contains momentum conservation é-functions which prevent
the kernel from being of the Hilbert-Schmidt type.

This observation led Faddeev to look for equations
which cure the latter shortcoming. Equations of this type
will be studied in the following. But before ending the
present discussion let us given a final comment. It is
often claimed that we are forced to work with Faddeev's
equations, since the above ones were not unique. This
false statement originated by carrying over to the ope-
rator equations an argument due to Faddeev which only

holds for the L-S equations for the scattering states.

5. FADDEEV EQUATIONS

To overcome the difficulties mentioned, Faddeev pro-—

posed a system of integral equations [2] of the form [11]

- (11— -1 _
Ugo = (1 GBG)GO YiB TYGOUYa . (5.1)

Let us summarize some typical properties of these equa-
tions.
(i) They represent a system of equations by which all

the transition operators U are treated simultane-

Ba
ously.

(ii) Eq. (5.1) contains in its kernel the two-particle
scattering amplitudes TY instead of the potentials.
Since we are now in a three-body problem we only

have to label it by an index vy, in order to indi-
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cate the two-particle system where it acts. This is
demonstrated in Fig. 8.

—

A )

Fig. 8

It has to be stressed, however, that TY is not the two-
particle amplitude on-the-energy-shell but the full two-
particle operator (the off-shell amplitude!) studied in
Section 2. Recalling the discussion given there we see
that the complete information on the potential is con-
tained and needed in the Faddeev equations ~ as in other
three-particle equations. It will be shown that it is of
great technical importance, that equations of the symme-
tric form (5.1) can be written down, which only implicit-
ly (via TY) contain the potentials. But we have to note
that this property does not imply that Faddeev's theory
makes the knowledge of the potentials avoidable. Moreover,
since the three-body problem requires the full knowledge
of the potentials, it consequently allows to test var-
ious assumptions on it, which can not be decided solely
by the two-particle data.

(iii) Further properties of the Faddeev equations become
transparent by iterating them. For Ull’ e.g. we arrive at

U11 = T2 + T3 - T2G0T3 - T3GOT2 + ...y
(5.2}

that is, at a series shown in the following figure:
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Fig. 9

Comparison with the expansion of (4.1), depicted in

Fig. 7, shows that in the Faddeev equations the original
subsystem series are summed [12] into the T, - This mean
that bound-states or resonances in the subsystems lead n
longer to divergent series. We, therefore, expect better
convergence of the expansion (5.2).

In this connection it is interesting to note that (5.
represents Watson's multiple scattering series [13],
proposed already in 1953. In particular it is closely re
lated to Glauber's theory [14] which works so well in
elementary particle - nucleus collision processes.

(iv) Despite of the fact that the divergence of the sub-
system series is cured by the Faddeev equations, it is
not true that the multiple scattering expansion is al-
ways converdent. In the neighbourhood of three-particle
bound-states and resonances this series diverges, too.
But now a second advantage of these equations turns up.
Fig. 9 clearly shows that beginning with the second or-
der of iteration the Faddeev equations only yield con-
nected terms. This means that standard methods, as the
Fredholm theory and, therefore, conventional numerical
treatments, can be applied to them [2]. In other words,
we are now in the same position as in single-channel
scattering theory, where the Fredholm theory works even
if perturbation theory fails. It was exactly this pro-
perty which led to the statement that by Faddeev's theo-
ry the three-particle problem was completely solved.
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Of course, such a statement is true. In practice,how-
ever, the equations (5.1) are too complicated. This is
due to the fact that they are still two-dimensional af-
ter angular momentum decomposition. I.e., the typical
difficylty of multiparticle problems, namely the high
multiplicity of variables is not cured in Faddeev's theo-
ry. Thus, the formal advantage of this method is practi-
cally compensated by its difficult structure in detail.

6. SUBSYSTEM PROPERTIES AND REDUCTION OF THE
THREE-PARTICLE PROBLEM

In this situation we ask: what is the real advantage
of the Faddeev equations, if we intend to develop a
practical composite particle theory? In fact, it turns
out that neither its iteration properties nor the con-
nectedness of the squared kernel are decisive. But, as
already discussed, it is of considerable importance
that instead of the potentials the two-particle scatter-
ing amplitudes TY occur. This allows to incorporate the
dominant subsystem structures (bound-states and resonan-
ces) explicitly.

In the non-relativistic case we know (and in the re-
lativistic case we have some opinions) how TY behaves
near a bound-state energy E = E . Here we have a pole

Yr
of the form

1
yr> E r-E<wyr|

GOTY(E)GO A= |y -

== v b @ ] (6.1)

Yr

Approximating in the Faddeev equations the TY by a sum of

bound-state (or resonance) poles,
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-1
BY)Go GoTyGo UYa , (6.2)
Y N o’
-%Ier>tYr<erl

— - - - l ’ - -
Ugy = ~(1=6, )G~ + Y =(1-8

and sandwiching the whole equation between the bound-sta-
tes <an| and [y > we get

- - - _l -
<anIUBa|wam> = - ésa)<w6n|Go H'cnm> (6.3)

v >t <y [y

>'
Yr yr yrlUya am

We thus arrived at an equation for the effective two-par-
ticle operators T
(6.3) reads

gn, am’ introduced in Section 3. In fact,
’

TBn,am = VBn’am_YXrVBnertYrTYr,am ’ (6.4)
14
or in matrix notation
T=V-VG T . (6.5)

This means that, at least in the pole approximation, we
found an effective two-particle Lippmann-Schwinger type
equation (compare (2.2)). According to (6.3) and (6.4) the
"potential" is given by

-1
Van,am _(l-ésa)<¢8ano |¢am>

-1 -1
Bnl o GoGo I

—(1—6Ba)<¢ wam> =

—(1—68a)<8n|Go|am> . (6.6)

This expression represents an exchange potential of the
form

Acta Physica Austriaca. Suppl. VI
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Vﬁn,am =

Fig. 10

The whole equation (6.4) has, therefore, the structure

(compare also Fig. 2) :

By explicit incorporation of the dominant subsystem pro-
perties we succeeded in deriving effective two-particle
equations which are practical as well as physically in-
terpretable (compare the discussion in Section 3). We
should stress once more that the possibility of incor-
porating directly the two-particle structures, and the
resulting reduction to effective two-particle equations,
is rather typical for Faddeev's theory and, in our opi-
nion, its essential advantage. It was Lovelace [6] , who
first emphasized this point and already arrived at equa-
tions of the form (6.4).

7. GENERALIZATION

In the preceding section we have shown, how the three-
particle problem reduces to an effective two-particle
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theory in the pole approximation of the subsystem opera-
tors. This result is not only important for practical ap-
plications (after angular momentum decomposition we have
one~dimensional equations, as in the genuine two-body
case), it is also rather tempting from the physical point
of view. For, as discussed in Section 3, such a structure
is expected, a priori, in our problem where, in fact, two
(composite) particles collide. We therefore expect, and we
will show in the following, that our reduction procedure
can also be performed without any approximation. For this

purpose let us spit 'I'Y according to

o =] p POl L | (7.1)
Y Y
r
Here Tgoie is given by (6.1):
14

..1_
v > tyr(E)<er|Go = (7.2)

pole _ _ ~1
T (E) = - G_~| e

Y/ X o

]

- |yr> tyr(E)<Yr| .

We assume that in the sum Z Tpole
Y, X Y,Ir

les (and, more generally, all resonance poles) are con-

all bound-state po-

tained [15]. In other words,T; is assumed to represent
a "small" non-polar rest term. By a generalization [16]
of the techniques used in Section 6 we derive again an
equation of the form (6.4):

TBn,am = Ven,am - yir VBn,yr tyr Tyr,am - (7.3)
’
Here, TBn em is given as in (6.4) or (6.3), representing
]
exactly the effective two-particle amplitude:
TBn,am = <ll}Brlll']Bath)am> ° (7.4)

According to (3.1) this is sufficient for the calculation

of the considered processes. The only difference between

30
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the present result and the approximate one of Section 6
is, that the "potentials" have now a more general form.
They are given (similar to the amplitudes (7.4)) by

= <anIUéalw > . (7.5)

\'
Bn,am am

Uéa obeys the same Faddeev-type equation (5.1) as Usa,
but with the small rest terms T; instead of the full
amplitudes Ty. We, therefore, expect that a determination
of Uéu by iteration is justified. I.e., the Watson series
with TY replaced by T; should well converge.

In lowest order we reproduce the result of the prece-
ding section. The first order approximation in T; is shown,

for B # o, in Fig. 12.

« n o n
- 2 P
m 8 m B

Fig. 12

For B = a no contribution exists in the pure pole appro-
ximation (compare Eq. (6.6)), i.e., only exchange dia-
grams occur for T' = O. But now we have the first order

diagrams (compare Fig. 9):

1 1 1 1
\annr = % :f ' %i i?
m n m a

Fig. 13

Before ending this section we should note, that the equa-
tions (5.1) are not the original ones of Faddeev. Having
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their typical structure (connectedness, appearance of the
TY instead of the potentials) they are written down for

the operators Usa which are more closely related to physi-
cally observable quantities than the operators introduced
by Faddeev. In fact, these equations have been introduced
by Alt, Grassberger and myself [11] in order to derive the

exact effective two-particle theory given here [17].

8. BREAK-UP PROCESSES

The techniques which we have discussed for the case of
two (composite) particles in the initial and in the final
state, are also applicable to processes with three elemen-
tary particles in the final state (break-up). In low or-
der of iteration in T; we find expressions of a struc-

ture as shown in the following diagrams:

a r
U“ = E _ﬁ—-ﬁ
v,r m Y
a
B S
(
m

Yéax

Fig. 14

We see that the result is not an integral equation. In
fact, once we have calculated the occurring "two-par-

ticle" amplitudes T (beyond the three-particle

Yr,cm
threshold!) by means of the integral equations (6.4) or
(7.3), all expressions shown in Fig. 14 are calculable.

The first term which corresponds to the pure pole
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approximation represents, of course, the isobar model
(final state interaction). This term was already derived
by Lovelace [6].

The second diagram has the form of the impulse appro-
ximation (spectator model). Of course, the isobar term
is only large, if the relative energy of two of the pro-
duced particles is near to the energy of the intermedi-
ate bound-states or resonances |er>. Going away from the
corresponding pole the spectator term becomes more and
more important. I.e., its incorporation by means of the
above exact theory is certainly not only a correction.
Thus, we are in the position to test the applicability
of the mentioned models in certain energy regions. More-
over, those regions can be studied where both mechanisms

contribute.

9. ADDITIONAL COMMENTS

Some remarks on the above treatment might be helpful:
a) What we have used for our derivation is only the spe-
cial way in which the Faddeev equations allow to consi-
der the subsystem properties, but not any connectedness
behaviour (Fredholm condition) of the Faddeev kernel.
This observation is contrary to claims, often made with
respect to the approximate treatment of Section 6.
b) The result (7.3) with the potentials (7.5) is exact.
It is also practical, at least for the short range po-
tentials of strong interaction theories, because in such
cases we have only few bound-states or resonances. That
is, few pole terms are sufficient to arrive at a small
rest T; .
¢) Up to now, we nearly exclusively argued by means of
physical intuition. However, the statements of b) can be
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formulated also in a more mathematical language: for
short-range potentials it turns out that the Schmidt norm
of T G , read as an operator of the two-particle space,
existso[18], [19]. Then, from functional analysis we know

that this operator can be well approximated by a finite
pole

Y
T;Go becomes indeed sufficiently small to allow iteration

number of separable terms of the form T Go' I.e.,
[20]. We stress once more, that it is not any Hilbert-
Schmidt (Fredholm) property of the whole (squared) Fad-
deev kernel which has been used. In this connection it
should be noted that the subsystem operators VYGO' oc~
curringin the three-particle L-S equation, are also of
the Hilbert-Schmidt type, (if they are read in the two-
particle space). This gives a first hint, that the above
general method is not so intimately related to Faddeev's
theory (compare in this respect the final discussion in
Section 10 )., We do not intend to go into further mathe-
matical details. But we should be aware that the real ap-
plication of the described methods requires some experi-
ence in functional analysis techniques. In particular,
splittings of the form (7.1) with more refined expres-
sions for T$°1e than the one given in (7.2) can there-
by be found.

d) Since (7. 5) is an exact expression for the effective

potential V we are not necessarily forced to de-

termine it g;';zrturbation theory. A variational method
has been applied by Carew and Rosenberg [21] to these
expressions which seems to be promising. Generalizing

and simplifying their proposal it can be shown that the
"potentials" are given by low-order iterative expressions
and additional variational terms, all of simple structure.
(This will be studied in detail in a publication which is
under preparation),

e) It was the essential point of the method described
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in Section 7, that the original multiparticle equations
are reduced to two-particle ones. This goal is also
achieved in Feshbach's projection operator formalism [22].
It is interesting that his method, as applied to the
(in-) elastic case, turns out to be a special case of the
above theory [23]. In fact, the projection on to certain
channel eigenfunctions corresponds to explicitly intro-
ducing bound-state poles in TY' However, the generaliza-
tion to rearrangement and break-up channels, which is
rather cumbersome in Feshbach's theory, requires no ad-
ditional effort in our Faddeev-induced result which in-
corporates all channels simultaneously. Furthermore,

this is accomplished in a symmetrical way, i.e., the in-
clusion of the Pauli principle - a complicated problem in
Feshbach's theory - is achieved at once.

f) Finally we note that the validity of such an impor-
tant model as the distorted wave Born approximation can
be studied quite well in the above exact "two-particle"
theory [24].

10. SEPARABLE POTENTIALS

We should say some words about the separable potential
model. Instead of our original interaction V,which we as-
sume (at the moment) to lead only to one two-body bound-
state |y>, we consider the separable potential [25] (as
in Section 2 we drop the index y denoting the respective
two-particle subsystem):

S Viyp><y |V

Ve o= AU x> » <x| = (10.1)

D T =

By the replacement V - Vs, we amive at an explicitly
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solvable model. This is most easily seen in diagrams. In-
stead of the original expansion

Fig. 15

we have now
® - _DrC - Dh@Dr@C - _Dr@IDrIDC=

Fig. 16

Fig. 16 represents a geometrical series of chain dia-
grams [26] (note that (D = <x|Go|x> is not an operator!)
which can be summed into

Ts=j);:tﬁ-q: =

_ 1
=V|y <VIVI>+<y VG _V[v>

vl v . (10.2)

We see that the result is again of a separable form. The
most interesting point, however, is that the explicit ex-
pression (10.2) has the same pole structure (correspond-
ing to the bound-state |y>) as the original amplitude T.
Inserting T° in the Faddeev equations, effective two-par-
ticle equations are derived by the same method as demon-
strated in Section 6 for the pure pole approximation.
Such equations have been found already by Mitra [3],
[27] without any reference to Faddeev's theory. But as
emphasized by Lovelace [6], Faddeev's theory shows rather
suggestively why the separable potential model is a good

approximation. For, replacing V by v® we do not change
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the dominant subsystem pole structure of the problem and
this should be essential for a good approximation.

Generalizing this approximate method we can again de-
rive exact "two-particle" equations, if we work with the
splitting [28]

v=vS4+w (10.3)

The effective potentials are determined by series which
only contain the "small” nonseparable rest terms V' (com-
pare the analogous results of Section 7).

As in the pure separable model the derivation can also
be performed without reference to Faddeev's theory [29].
This shows transparently that a reduction procedure as
described in Section 7 is quite independent of the special
version of the original three-body equations. Since, fur-
thermore, the results are exact in any case we are not
even forced to use Faddeev's equations for plausibility
arguments, as done by Lovelace and as discussed above.
Moreover, by the non-Faddeev approach we find at once
a particularly simple form of the "potentials". For B#a,
e.g., we have [29]

1

! > . (10.4)

VBn,am =" <XBnI Xum

A
HO+ZVY E-io

11. NUMERICAL RESULTS

Many calculations of the three-nucleon problem have
been performed in the separable model with various de-
grees of sophistication in the choice of the separable
potentials (the parameters are adjusted to yield the
deuteron binding energy and the low energy scattering
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data of the two-nucleon system). The results obtained
are in good agreement with experiment [30],[31]. This is
consistent with the main conclusion of the preceding sec-
tions, namely that it is sufficient for a good descrip-
tion of the three-particle problem if the dominant sub-
system properties, i.e., the essential structures of

the internal dynamics, are suitably taken into account-
that is just what separable potentials allow to do.

In detail, however,deviations are expected and, in
fact, appear. In order to get some feeling for the effect
of the non-separable rest parts V;=VY—V$ (see Equ.(10.3))
we have studied a model problem of three identical spin-
less particles interacting via Yukawa potentials (with
coupling constant = g).

$ b ctgs,

05 1 g=21373

Fig., 17
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The dashed line in Fig. 17 shows p.ctg6o (Go=s-wave
phase shift) calculated in zeroth order (separable po-
tential approximation) of our general iteration scheme
described in Sections 7 and 10. The first order result
in V! is indicated by the solid line. Since it can be
shown that the latter curve gives a rigorous upper bound
for the exact values, we conclude that the first order
correction represents a considerable step in the right
direction [32]. Further improvement is expected by ad-
ding the variational terms mentioned in Section 9 4).
Hereby the discrepancy between our results and nearly
exact ones of Ball and Wong [33] (the lowest curve in
Fig. 17 ¢ ---—..—..—-- ) should still diminish. This would
provide us with a practical tool for calculating in a suf-
ficiently accurate way the effective potentials (and con-
sequently the whole collision problem) in more realistic
cases, too. Such methods are, of course, of decisive im-
portance if we want to get any answer on the detailed
form of the two-nucleon interaction.

Coulomb effects can be taken into account correctly
in our formalism. We only have to incorporate the Cou-
lomb potentials in the nonseparable rest terms V;. This
permits, e.g., to calculate the corresponding corrections
in the proton-deuteron process compared with the neutron-
deuteron case. Particularly simple expressions are ob-
tained for separable nuclear potentials. Then, besides
Coulomb corrected proton-proton form factors and propaga-
tors tyr’ we have effective potentials which are given,
without any approximation, by expressions of the form
shown in Figs. 12 and 13: T; is now the pure Coulomb T-
matrix (compare Section 5 of the reference given in [11]
and the discussion in [34]).

This method has been used by Alessandrini and colla-
borators [34] to calculate the difference, AE, of the
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binding energies of triton and He3 due to Coulomb effects.
Two choices of the separable nucleon-nucleon potential led
to AE = 0.65 and 0.81 MeV, while the experimental value is
AEexp = 0.764 MeV. In view of a possibly existing charge
asymmetry (which could not be excluded by variational
treatments [35] an extension of the calculations to more
realistic nuclear interactions would be of fundamental

importance.

12. THE N-BODY CASE

The n-body collision problem has been treated by se-
veral authors in analogy to Faddeev's approach. That is,
equations with connected kernels were derived which are,
therefore, solvable by standard methods - at least in
principle [36]. However these derivations consist in
purely algebraic transformations of the full n-particle
operators. This means that they lead to equations of
high dimension which are far beyond any practical appli-
cability (recall that already in the three-body case a
direct solution of the Faddeev equations is nearly impos-
sible due to their high dimension).

On the other hand manageable effective two-particle
equations can be derived also in the general case [37,
[29] if, step by step, the essential subsystem struc-
tures are taken into account [38]by the methods described
in Sections 6 to 10. In fact, the same treatment by which
the three-body problem was reduced to an effective two-
particle one (namely the explicit incorporation of the
two-body poles) allowes to reduce the four-body problem to
a formal three-particle theory (we already know how to
handle this!). By extracting again the "two-particle"
subsystem poles, which now, in fact,correspond to three-
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body bound-states and resonances of the original problem,
we end up with a system of effective two-particle equa-
tions of the form shown in Fig. 18 [39].

" U
0 - O

Fig. 18

These equations allow to calculate, among others, the
differential cross section for the process deuteron +
+ deuteron - proton + triton [40]. The results obtained

for the energy E = 13.8 MeV are compared with experi-

Lab
mental values in Fig. 19.

We note, that in the calculation no open parameters
exist which could be varied in order to reproduce the
experimental data. Only the low energy parameters of the
two-body interactions are taken from experiment, as dis-
cussed in Section 11 in connection with the three-body
problem. The occurring transition potentials, shown in
Fig. 18, have been determined carefully while, as a first
crude attempt, we only used a K-matrix Born approximation
of our final "two-particle" equation instead of solving
the coupled integral equations. This is, probably, res-
ponsible for most of the deviations seen in Fig. 19. We
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d+d->p+ T
ELab = 13.8 MeV

e experiment (Brolley
et al)

—— theory

]
170 160 150 140 130

Fig. 19

stress, however, that the final equations, being one di-
mensional as in the genuine two-particle case, are amen-
able to modern computer possibilities. Thus, more compu-
tational effort along these lines seems to be suggested

by the above results.
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13. CONCLUSIONS

We have described a method which reduces the three-
body collision problem (and even the n-bodycase) to two-par-
ticle equations with effective potentials. That is, exact
equations are obtained of the form as expected, a priori,
by physical intuition. From the general point of view this
treatment shows how perturbation theory can be applied to
strong interaction multiparticle problems, namely, by an
iterative determination of the effective potentials. As
in any perturbation theory we are, thereby, in the posi-
tion to separate main effects from higher order correc-
tions. Dominant structures and, therefore, the basic me-
chanisms of the processes can be studied in such an ap-
proach.

As the starting point we used Faddeev's equations.
While they were not necessary for our derivations they
made many arguments very suggestive. We have already men-
tioned, that one could also try to solve these equations
directly, at least as soon as sufficiently fast computers
become available. However, by putting such complicated
(high dimensional) relations into a computer - which at
the end (hopefully) yields the right numbers - we would
learn less about the internal dynamics of multiparticle
systems than in the approach discussed here.
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