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ABSTRACT: We introduce a quantum information analysis of vibrational wave functions
to understand complex vibrational spectra of molecules with strong anharmonic couplings
and vibrational resonances. For this purpose, we define one- and two-modal entropies to
guide the identification of strongly coupled vibrational modes and to characterize
correlations within modal basis sets. We evaluate these descriptors for multiconfigurational
vibrational wave functions which we calculate with the n-mode vibrational density matrix
renormalization group algorithm. Based on the quantum information measures, we present a
vibrational entanglement analysis of the vibrational ground and excited states of CO2, which
display strong anharmonic effects due to the symmetry-induced and accidental (near-)
degeneracies. We investigate the entanglement signature of the Fermi resonance and discuss
the maximally entangled state arising from the two degenerate bending modes.

The calculation of anharmonic vibrational spectra remains
a major challenge in computational molecular spectros-

copy.1,2 For molecules with strong anharmonic couplings, a
description of the nuclear motion beyond the harmonic
approximation or a mean-field treatment is essential for the
accurate prediction and interpretation of their spectra.
Multiconfigurational vibrational methods are required to
accurately treat correlated nuclear degrees of freedom
described by complex potential energy surfaces (PESs). The
resulting anharmonic wave functions can, however, no longer
be as straightforwardly interpreted as those within the
harmonic approximation. For this reason, an assignment of
the vibrational eigenstates is commonly performed, based
either on harmonic reference states or, less frequently, on
mean-field wave functions obtained from vibrational self-
consistent field (VSCF) calculations. However, in the case of
strong anharmonicity, such an assignment of states fails to
adequately characterize highly correlated vibrational states,
such as resonant ones. These multiconfigurational vibrational
wave functions can feature a high degree of entanglement
between different vibrational modes and among different basis
states of a given mode. Therefore, we propose vibrational
quantum information measures for disentangling the entangle-
ment structure of anharmonic wave functions in this Letter.
We generalize the quantum information-based quantities
introduced to electronic structure theory in refs 3−5 to
vibrational wave functions. These information entropy
measures can be applied for a diagnostic analysis of
anharmonic molecular vibrations, as they provide both
qualitative and quantitative insights to assess vibrational
entanglement.

To reduce artifacts in the vibrational entanglement analysis,
such as from an a priori restriction of the multiconfigurational
wave function to a predefined excitation rank or due to the
referencing to some zeroth-order wave function, we calculate
the anharmonic vibrational wave functions with the vibrational
density matrix renormalization group algorithm (vDMRG),6,7

because vDMRG does not impose a fixed predefined
truncation of the chosen Hilbert space and allows for a
systematic convergence toward the full vibrational config-
uration interaction (VCI) limit. As such, it is an ideal method
for obtaining accurate anharmonic wave functions with a
balanced description of correlation effects while enabling the
treatment of dozens of coupled vibrational modes by virtue of
its favorable scaling with system size. In the following, we
define and calculate vibrational entanglement descriptors based
on the flexible n-mode formulation of the vDMRG algorithm.8

Notwithstanding that, we emphasize that these descriptors can
be applied to any kind of correlated second-quantized
vibrational wave function regardless of the method chosen
for solving the vibrational structure problem. Our vibrational
entanglement analysis can be performed in general modal basis
sets, irrespective of the PES parametrization scheme or the
choice of vibrational coordinates.
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n-mode vDMRG is a full-VCI-type method, which can be
applied in conjunction with general single-particle basis sets
while offering full flexibility with respect to both the functional
form of the PES and its expansion coordinates. In a vDMRG
calculation, the multiconfigurational many-body wave function
is encoded as a matrix product state (MPS) as

= ···

= ··· ···

= ··· ···

C

M M M

M M

L

a a

m

a a a a L

L

, ...,
,..., 1

,..., ...
1 1 1

,...,
1

L

L

L L

L
L

L

L

1

1

1 1 1

1
1

1 2
2

1

1

1

(1)

where L is the overall number of single-particle basis states σl
mapped onto the DMRG lattice and ··· L1 represents the
corresponding many-body basis state. The Ma di‑1adi

σi are rank-three
tensors with the index σi labeling the basis state of lattice site i,
where for a given value of σi, Mσi is matrix of at most size m ×
m. The upper limit for the matrix dimension m is commonly
referred to as the bond dimension, and it is the key parameter
of any DMRG calculation, as it controls the compression
degree of the MPS wave function. Although an exact
reconstruction of the full-VCI wave function requires the
bond dimension m to grow exponentially with the basis size L
of the system,9 we showed in previous work that for vDMRG
calculations, converged energies can be obtained already with
rather small values of m, i.e., m ≤ 100,6−8,10 hence effectively
reducing the exponential scaling of the MPS with system size
to a polynomial one.
In our original formulation of vDMRG,6,10 the vibrational

wave function was restricted to vibrational Hamiltonians
expressed in a harmonic oscillator basis, with the PES being
represented as Taylor series around a reference geometry.
While this canonical vDMRG algorithm is an efficient method
to characterize weakly anharmonic vibrational systems, it is not
well-suited to treating strong anharmonic effects due to its
inherently limited description of the vibrational degrees of
freedom, in terms of both the basis functions and the PES
parametrization. These drawbacks can be overcome by
employing a more general second quantization framework
which is adaptable to strongly anharmonic systems by adopting
a more flexible representation of the PES. The PES can be
expressed as a general many-body expansion in which terms
are grouped based on the number of degrees of freedom on
which they depend. If the PES is expanded in terms of
Cartesian normal mode coordinates Q = (Q1, ..., QM), the so-
called n-mode expansion11−13 is obtained
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where the terms in n depend on exactly n of the M normal
modes, while all other coordinates remain fixed at their
reference values. The one-body term [ ] Q( )i

i1 represents the
anharmonic variation of the PES upon change of the i-th
coordinate. Similarly, the two-body term [ ] Q Q( , )i j2

ij

contains the variation of the potential arising from simulta-
neously changing two coordinates i and j. The one-mode
contributions [ ]i

1 and [ ]j
1 are removed from [ ]ij

2 to ensure
that the latter quantity includes only the pure coupling
between the modes. The n-mode expansion becomes exact if
carried out up to the M-th order. It has been shown, however,
that even for strongly anharmonic systems an accurate
representation of the PES can be obtained by truncating the
expansion in eq 2 already at low orders.11,14−16 Furthermore,
the PES expansion given in eq 2 enables one to encode the
potential terms in second quantization with general single-
mode basis sets,17 allowing for basis functions which are more
suited to encode anharmonicity than harmonic oscillator
functions, such as the anharmonic mean-field eigenfunctions of
a VSCF calculation.18−20

We denote a general single-mode basis function (commonly
referred to as a modal) for mode i by φi

ki, where ki ∈ {1, ..., Ni}
with Ni being the overall dimension of the basis set of a given
mode. A basis state for the full M-body vibrational wave
function expansion can then be constructed from a product of
modals as

=
=

Q( )k k
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The many-body basis function ψk d1,···, kdM
can be represented as

an occupation number vector (ONV) with

= n n n n n nn , ..., , ..., , ..., , ..., , ...,N
i i

N
M M

N
1
1

1
1 1i M1 (4)

where ni
ki denotes the occupation of the ki-th modal φi

ki

associated with the i-th mode. The multiconfigurational wave
function can then be efficiently encoded in n-mode
vDMRG by mapping each modal basis function to a site on the
DMRG lattice. Hence, the n-mode MPS contains a tensor for
each basis function included in the expansion, as is graphically
illustrated in Figure 1 on the example of CO2.

Based on the general many-body basis introduced in eq 3,
we now extend the definition of quantum information
measures originally introduced in the context of electronic
DMRG3−5 to vibrational wave functions (cf. also refs 21−23
for a discussion of electron correlation and orbital entangle-
ment). Specifically, we define the vibrational analogues to the
single- and two-orbital reduced density matrices (RDMs), the
corresponding von Neumann entropies, and the orbital-pair
mutual information. Toward this end, we partition the VCI

Figure 1. Illustration of the n-mode MPS of CO2. In the
diagrammatic tensor network notation, each filled circle denotes an
MPS tensor with the adjoining lines representing the respective
indices. For each of the four vibrational modes of CO2, the three
lowest-energy VSCF eigenfunctions are included in the modal basis
set.

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Letter

https://doi.org/10.1021/acs.jpclett.4c01298
J. Phys. Chem. Lett. 2024, 15, 6958−6965

6959

https://pubs.acs.org/doi/10.1021/acs.jpclett.4c01298?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c01298?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c01298?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.4c01298?fig=fig1&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://doi.org/10.1021/acs.jpclett.4c01298?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


expansion in n-mode second quantization into a system
consisting of the ki-th modal of the i-th mode and an
environment containing all remaining basis functions. In terms
of this partition, the VCI expansion can be rewritten as

= |
=

rC
r
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k

0

1

ki
ki

ki
ki

i
i

(5)

where we collected all the modals different from the ki-th one
in a single ONV r ki . The one-modal RDM can then be
obtained by tracing out all possible states of r ki , i.e.

= Trrk
(1)
i

ki (6)

where Trr ki is the trace operator over the r ki basis. The one-
modal RDM can be understood as an operator acting on the
occupation-number basis of the φi

ki modal. Its matrix
representation in the σkdi

∈ {0 , 1 } basis reads
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where we introduced the number operator n̂i
ki = bkdi

†bk di
based on

the creation and annihilation operators for modal φi
ki. For a

single ONV, the diagonal elements of the one-modal RDM ρk di

(1)

will be either 0 and 1, if the ki-th modal is occupied, or 1 and 0,
if it is not contributing to the many-body state. For a general
VCI wave function, the diagonal elements are between 0 and 1,
and the deviation from the two extremal values increases with
the degree of correlation of modal φi

ki with all other ones. This
modal entanglement can be quantified with the von Neumann
entropy, which we can introduce with respect to a specific basis
function φi

ki as
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=

s Tr( ln )
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where the sum runs over the eigenvalues ωα,k di

(1) of the RDM of
the ki-th basis function. Based on the one-modal RDM given in
eq 7, the single-modal von Neumann entropy can be
conveniently calculated as

=s n n n n1 ln 1 lnk i
k

i
k

i
k

i
k(1)

i
i i i i

(9)

which allows for straightforward evaluation by measuring the
expectation value of the occupation n̂i

ki of modal φi
ki in the

multiconfigurational many-body wave function. The single-
modal von Neumann entropy provides a measure for the
extent to which the state of the system, which here
corresponds to the ki-th modal, is affected by the state of the
environment rki as it quantifies the interaction of a particular
modal with the modal “bath” in terms of the exchange of
information. At the same time, the single-modal entropy
quantifies how much modal φi

ki contributes to the deviation of
the many-body wave function from a pure product state (i.e., a
state where only one of the possible states σk di

∈ {0 , 1 } of
that modal is populated). For a pure product state, we have sk di

(1)

= 0, whereas for a maximally entangled modal we obtain skdi

(1) =

ln 2 for =ni
k 1

2
i . We note here that in the quantum

computing community the von Neumann entropy is often
defined as S = −Tr(ρlog2 ρ),24 hence based on a base-2
logarithm, with a maximum value of 1 for a maximally mixed
single-qubit state. However, the two definitions merely differ
by a constant multiplicative factor and in terms of the resulting
units (the entropy S with the base-2 logarithm is commonly
measured in “bits” or “shannons”, whereas the natural
logarithm is given in “nats”25).
To quantify the entanglement between two specific modals,

we begin by introducing the two-modal reduced density
matrix. We now consider a pair of modals {φi

ki, φj
lj} as the

system, where the modals can be basis functions of the same
mode (i = j) or belong to different modes (i ≠ j). The two-
modal RDM ρkdi,ldj

(2) is then defined as

= Trk l r,
(2)
i j

ki lj,
(10)

where we have collected all residual modals in a single ONV
r .k l,i j The representation of ρk di,l dj

(2) in the standard ONV basis
{ }00 , 10 , 01 , 11 reads
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where the off-diagonal terms will vanish if the two modals
belong to different modes as particle number symmetry is
conserved. We can now define the two-modal entropy skdi,ldj

(2) as

=
=

s lnk l k l k l,
(2)

1

4

,
(2)

,
(2)

i j i j i j
(12)

where the sum runs over all eigenvalues ωα,k dildj

(2) of the two-modal
RDM. The two-modal entropy provides a measure for how
much the combined state of two modals is affected by the
environment and quantifies the information that the modal-
pair possesses about the remaining modal bath and vice versa. If
the state of the modal-pair is not correlated to the state of the
residual modals at all, the two-modal entropy is zero, whereas
its maximum value is bound by skdi,ldj

(2) ≤ skdi

(1) + sldj

(1) ≤ ln 4.
To obtain the pure two-body correlation between modals φi

ki

and φj
lj, we calculate their mutual modal information which we

define as

= +I s s s
1
2

( )(1 )k l k l k l k l,
(1) (1)

,
(2)

,i j i j i j i j (13)

Since the contribution of the two-modal entropy is subtracted
from the single-modal entropies, the mutual modal information
measures how strongly two modals are mutually correlated as
all correlation with the remaining modal bath is removed. Ik di,l dj

evaluates to zero for any uncorrelated pair of modals, whereas
its maximum value amounts to Ikdi,ldj

= ln 2 for a maximally
entangled pair of modals. The mutual information quantifies
the total information one system (here, modal φi

ki) has about
another (modal φj

lj) and vice versa, including all types of
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correlation, both classical and quantum. Note that alternative
definitions of mutual information are sometimes employed in
electronic structure theory and quantum information science,
which effectively, however, only differ by a constant prefactor.
Here we follow the convention that the quantum information
measure will result in larger positive values if the system of
interest is in a more strongly entangled state, whereas it will be
lower bound by zero if the system does not possess any
correlation at all.
The total quantum information encoded in the many-body

wave function can be quantified as

=I s
k

ktot
(1)

i

i
(14)

where the sum runs over all single-mode basis functions of all
modes. If Itot = 0, the vibrational wave function is in a pure
product state, whereas its multiconfigurational character
increases with larger values of Itot.
We emphasize that while our derivation of the modal

information entropies follows similar steps as for the definition
of the electronic one- and two-orbital entropies,3 we here
account for distinguishable bosons in lieu of indistinguishable
fermions. As a consequence, the form of the RDMs given in
eqs 7 and 11 is inherently different from that in the electronic
case. Furthermore, the vibrational entropies sk di

(1) and sk di,l dj

(2)

depend on both the mode and the basis function. We can,
therefore, distinguish between inter- and intramode vibrational
entanglement, which allows for a more differentiated look at
the interaction patterns encoded in complex vibrational wave
functions.
Although we focus on bipartite entanglement descriptors in

this work, the extension of our approach to multipartite
entanglement measures is possible in principle. However,
already for tripartite systems, the proper characterization of
entanglement has been subject to debate and many different
quantification measures have been proposed, among them the
so-called tangle,26 generalized Schmidt measures,27,28 measures
based on normal forms,29 and geometric measures.30,31 These
entanglement descriptors differ not only in their definition but
also in the resulting classification of entangled states,
depending on whether or not they are genuine multipartite
entanglement measures. In the context of von Neumann
entropy-based descriptors, the mutual information has been
generalized to multipartite systems as32

=I s sN
k

k k k
N(1)
,...,

( )

i

i N1
(15)

where N is the number of subsystems considered. Calculating
this expression would, however, require the evaluation of

higher-order density matrices, which can be costly. Hence, for
our purpose of introducing a cost-effective vibrational
entanglement analysis, we solely rely on bipartite entanglement
descriptors, as these enable an intuitive characterization of
anharmonic vibrational wave functions at negligible computa-
tional cost by dissecting a complex many-body wave function
into single-modal contributions and pairwise correlations.
To demonstrate our vibrational modal-entanglement anal-

ysis, we study CO2 as a classical example exhibiting strong
anharmonic effects due to its Fermi resonance.33 CO2
possesses both symmetry-induced and accidental (near)
degeneracies, as the two bending modes ν2 and ν ̅2 are
degenerate, while their overtone features almost the same
harmonic energy as the fundamental transition of the
symmetric stretching mode ν1 so that these modes are strongly
coupled.34,35 We calculated the n-mode vibrational Hamil-
tonian of CO2 in second quantization with COLIBRI

36 by
applying the computational methodology introduced in ref 8.
For this, we constructed an accurate anharmonic PES with up
to 3-body coupling terms based on explicitly correlated
CCSD(T)-F12/RI electronic structure single points37 ob-
tained in the cc-pVTZ-F12 basis38 with the ORCA program39

through the interface available within COLIBRI. As a primitive
basis set, we chose an 11-point discrete variable representation
(DVR) basis40 along each normal coordinate by equidistantly
distributing the DVR points around the equilibrium geometry
up to the 5th harmonic inversion point of each mode. We then
transformed the second-quantized vibrational Hamiltonian
into a modal basis, where we selected the six lowest-energy
states of each mode as the single-particle basis set. Several
choices for the modal basis function type are available in our
computational framework, namely, harmonic oscillator eigen-
functions, (partially) random modal guesses, modals obtained
by diagonalizing the anharmonic one-body potential, and
modals calculated with our VSCF algorithm corresponding to
the mean-field solution of the anharmonic Hamiltonian. For
illustrative purposes, we compare two modal basis sets in this
Letter, namely, optimized VSCF modals and unoptimized,
noisy modals constructed from the diagonalization of the
anharmonic one-body potential with a 20% uniform noise
admixture. To obtain the correlated vibrational wave function
in a given modal basis, we optimized the vibrational MPS with
the n-mode vDMRG algorithm implemented in the QCMAQUIS

program.6,8,41 To ensure that the multiconfigurational wave
function was well converged to sub-cm−1 accuracy for the
vibrational energy, the bond dimension of the MPS was
dynamically adapted according to a truncation threshold of λcut
≤ 10−12, and the MPS was optimized until it fulfilled the
chosen energy convergence threshold of ΔE ≤ 10−10 cm−1

from one DMRG sweep to the next. The excited states were

Table 1. Vibrational Wavenumbers of the Fundamental Frequencies and the First Resonance Polyad of CO2 (cm−1)a

State Harmonic VSCF VCISDT vDMRG TBE Exptl

ν1 1353.3 1341.2 1285.1 1285.1 1288.9 1285.4
ν2 673.3 668.6 667.6 667.6 669.1 667.4
ν3 2394.2 2352.3 2347.0 2347.0 2349.2 2349.2
ν22 (l = 0) 1346.6 1341.3 1388.7 1388.7 1389.3 1388.2
ν2ν̅2 1346.6 1338.4 1336.6 1336.5

1339.6 1335.1
ν22 (l = 2) 1346.6 1341.3 1338.9 1336.6

aBold font highlights the wavenumbers of the Fermi doublet. l denotes the vibrational angular momentum of the ν22 states. For comparison, the
theoretical best estimates (TBE) calculated by ref 34 and the experimental values from ref 42 are listed. The states ν2ν2̅ and ν22 (l = 2) have not been
distinguished by Hirata and coworkers, whereas we calculated and characterized both states.
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calculated through a constrained optimization of the MPS
tensors orthogonal to all lower-lying states. Once the MPS
wave function optimization was converged, we measured the
modal entropies by applying the corresponding operators in
matrix form to the MPS. The energies of the fundamental
vibrations of CO2 and the ν2 overtones as calculated in a VSCF
modal basis are given in Table 1.
For the vibrational entanglement analysis, we visualize the

single-modal entropy and the mutual modal information in
entanglement diagrams, similar to what has been done first for
electronic structure problems.43−45 For this purpose, we
arrange the modals in a circular fashion with the modals
belonging to the same mode being grouped together. The
single-modal entropy and the mutual modal information are
then represented as points and connecting lines, respectively,
with their sizes and line strengths representing their numerical
values. Entanglement diagrams of the zero-point vibrational
ground state calculated in two different modal basis sets are
shown in Figure 2. In these diagrams, the modals are arranged
in correspondence to the MPS lattice ordering in Figure 1,
except that we now include 6 basis functions per mode.

The vibrational entanglement analysis of the ground state
wave function in the optimized VSCF modal basis contains
very few correlation features. VSCF modals can encode the
single-mode anharmonicity of the PES entirely such that the
resulting product state would be exact in the absence of mode-
coupling terms. They also absorb the mean-field coupling
between the different modes through the VSCF procedure. As
such, the vibrational ground state wave function can be well
represented with an almost pure product state, which can be
seen from the very small single-modal entropies and the
absence of any strong correlation, as indicated by the lack of
modal pairs with a large mutual modal information.
In the unoptimized noisy modal basis, however, distinct

vibrational entanglement patterns can be observed. The
modals possess a significant entropy, with higher values
measured for the lower-energy modals than for the highly
excited ones (as expected since low-energy basis functions
usually contribute more to the ground state wave function than
high-energy ones). Strong correlation patterns occur within the
modal basis sets of all four modes. While the mutual modal
information of modal pairs belonging to the same vibrational
mode is considerably large, the intermode correlation is almost

negligible. This is to be expected, as the noise in the modal
basis increases intramode entanglement, while it does not
change the strength of the anharmonic couplings between the
different modes. Since both states are obtained for the same
vibrational Hamiltonian, just expressed in different modal
bases, the coupling between modes remains the same. Hence,
while noisy modal bases result in higher (artificial) intramode
correlation, they do not introduce additional intermode
correlation. The intermode couplings, however, depend
crucially on the expansion coordinates of the PES, meaning
that a poor choice of coordinates can result in an artificially
strongly coupled anharmonic Hamiltonian. For rather rigid
molecules with a well-defined equilibrium structure, such as
CO2, Cartesian normal modes are a natural choice for the PES
expansion coordinates, but for more floppy molecules or
weakly bound molecular clusters, other choices such as internal
coordinates46 or local modes47 might be more suitable. The
vibrational entanglement analysis can be exploited to monitor
the extrinsic correlation that arises from the use of different
vibrational coordinates and modal basis sets through the inter-
and intramode correlation patterns. The ideal coordinate
system minimizes intermode coupling strengths, while the
optimal modal basis set minimizes the intramode correlation.
The total correlation can be conveniently quantified through
the total quantum information contained in the system, for
instance, by measuring Itot for the vibrational ground state wave
function.
While the vibrational ground state in an optimized VSCF

modal basis is nearly uncorrelated, the entanglement analysis
of the excited states corresponding to the Fermi resonance
shows striking entanglement patterns, as can be seen in the
upper part of Figure 3, with the Fermi doublet displaying very
similar entanglement signatures. In these resonant states, six
modals have a significant entropy, namely, the ground state

Figure 2. Modal entanglement diagrams showing the single-modal
von Neumann entropies (purple circles) and the mutual modal
information (connecting lines) for the vibrational ground state of CO2
in an optimized VSCF modal basis (left) and an unoptimized, noisy
modal basis (right). Each quarter of the circle is assigned to a
vibrational mode, with the modes ordered with increasing energy as
ν2, ν ̅2, ν1, and ν3 from the lighter to the darker shaded segments,
respectively. In each segment, the modal energy increases clockwise.

Figure 3. Modal entanglement diagrams of the vibrational states
around the Fermi resonance of CO2 in a VSCF modal basis. In the
upper half, the Fermi doublet with states ν1 (left) and ν22 with l = 0
(right) is displayed, where l denotes the vibrational angular
momentum quantum number of the ν22 overtone states. In the
lower half, two additional near-degenerate states are shown, namely,
the state ν2ν2̅ (left) and the state ν22 with l = 2 (right).
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modals of the two bending vibrations ν2 and ν2̅, and the
corresponding overtones, as well as the ground state modal and
the fundamental excitation of the symmetric stretching mode
ν1. These modals are strongly correlated, as indicated by their
considerable pairwise mutual modal information, with the
largest entanglement occurring between the modals belonging
to the same vibrational mode. The total quantum information
contained in these states is substantial, even though they are
represented in an anharmonic, mean-field optimal modal basis.
Hence, these vibrational wave functions are strongly multi-
configurational, with the large single-modal entropies dis-
tinctively characterizing the multiconfigurational state of the
Fermi doublet. By analyzing the CI coefficients of the wave
functions with the stochastic reconstruction of the complete
active space (SRCAS) algorithm8,48 that reconstructs these
coefficients from the vibrational MPS, we obtained Ψνd1

vDMRG =
0.73Ψν d1

VSCF − 0.48(Ψνd2
2
VSCF + Ψν ̅ d22

VSCF) and Ψνd2
2,l = 0
vDMRG = 0.68Ψνd1

VSCF +
0.52(Ψνd2

2
VSCF + Ψν ̅d22

VSCF).
In addition to the Fermi doublet, we show two further nearly

degenerate excited states in Figure 3. While these states are
within the energy interval of the Fermi resonance, their wave
functions transform according to different irreducible repre-
sentations. These differences in symmetry can be easily
observed in the vibrational entanglement analysis through
their distinct entanglement signatures. Whereas for the state
ν2ν ̅2 there is very little correlation, the state ν22 with l = 2
exhibits strong entanglement between the ground state modals
and the second overtones of the two degenerate bending
modes. In fact, the symmetry-induced degeneracy of these two
vibrational modes results in a nearly maximally entangled state,
where all four involved modals have a von Neumann entropy
of sk di

(1) ≈ ln 2. The entanglement is evenly distributed, as the
mutual modal information between all strongly correlated
modal pairs is almost equal, with Ik l,

ln 2
4i j
. If one only

considers the two involved modes ν2 and ν ̅2, and regards the
two significant modals of each mode as the two possible states
of this mode, then one can draw a close analogy of this
vibrational state to a Bell state. The state of the vibrational
r e s o n a n c e c a n b e r e d u c e d t o =

| | | |( 2 0 0 2 )1
2 2 2 2 2

if one drops all modals
except the ground and overtone ones of the two bending
modes. This corresponds exactly to the Bell state |Ψ−⟩, which
is a maximally entangled two-qubit state. Due to the principle
of monogamy of entanglement,49 the involved modals can thus
not be significantly entangled with any other modals in this
state. In fact, the mutual information on bending modes ν2 and
ν2̅ amounts to the maximum value Iνd2,ν ̅d2 = ln 2.
Distinct vibrational entanglement signatures of the reso-

nances can not only be observed for the ν1 and ν22 states but
also for higher excited states in the resonance polyad of CO2,
as can be seen in Figure 4. The entanglement diagrams of the
next-higher Fermi doublet display similarly characteristic
correlation patterns as previously observed in Figure 3, with
the main difference being that for one of the bending modes
now the first and third excited modals are involved as expected
due to the additional vibrational quantum in the bending
mode. The symmetric stretching mode is more strongly
correlated with the higher excited bending mode in both
resonant states, as indicated by the larger mutual modal
information. The entanglement diagrams of the ν23 overtones

display a very similar correlation pattern as previously observed
for the ν22(l = 2) state. Also here, the additional vibrational
quantum in one of the bending modes can be seen directly in
the modal entropies, as now the first and third excited modals
are significantly correlated.
In this work, we introduced modal entropy descriptors that

provide both qualitative and quantitative insights into
correlated wave functions to assess vibrational entanglement
and correlation effects. Degeneracies, whether symmetry-
induced or accidental, result in distinct entanglement
signatures that enable an intuitive visual assessment of the
wave function characteristics. The modal entropy descriptors
allow for a closer look at the multiconfigurational character of a
given vibrational state and provide additional insights into the
interactions encoded in a specific vibrational Hamiltonian.
They could, in principle, also be exploited for the construction
of suitable entanglement witnesses to experimentally verify
whether a given vibrational state is entangled or not. For an
experimental measurement, however, entanglement witnesses
such as those based on the quantum Fisher information are
likely to be more suitable candidates, as this quantity can be
evaluated also for mixed quantum states and measured through
spectroscopic observables.50

Although we performed the vibrational entanglement
analysis on MPS wave functions calculated with the vDMRG
algorithm in the present work, the modal entropy descriptors
introduced in this Letter are completely general and can be
easily transferred to other types of second-quantized multi-
configurational vibrational methods such as those based on
vibrational configuration interaction or vibrational coupled
cluster.51 As a consequence, the vibrational entanglement
analysis can be applied to compare the results of different
vibrational structure methods, PES parametrizations, vibra-
tional coordinates, and modal basis sets. The quantum
information descriptors can, for instance, be utilized to
monitor the introduction of artificial inter- and intramode
correlations caused by a poor choice of the expansion

Figure 4. Modal entanglement diagrams of the vibrational states in
the second resonance polyad of CO2 in an excited-state VSCF modal
basis of the ν22ν ̅2 mean-field eigenstate. In the upper half, the Fermi
doublet with an additional vibrational quantum in the bending mode
is shown. In the lower half, the ν23 overtones are shown.
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coordinates and the modal basis, respectively. The modal
entropy descriptors can also be exploited to lower the
computational costs of multiconfigurational anharmonic
calculations or to further enhance their accuracy, e.g. by
utilizing them (1) to determine the subset of strongly
correlated vibrational modes that require treatment beyond
the harmonic approximation or mean-field approach, (2) to
select which modal basis functions to include in a multi-
configurational calculation (for instance, in the spirit of the
AUTOCAS algorithm52 for the automated selection of the active
space orbitals in multiconfigurational electronic structure
calculations), (3) to directly optimize the modal basis set
with approaches inspired by orbital optimization schemes such
as the QICAS method,53 (4) to optimize the ordering of both
the modes and the modals on the DMRG lattice as is
commonly done in electronic structure DMRG calcula-
tions,3,44,54 and (5) to establish a hierarchy of strongly
correlated modes to guide the construction of tree tensor
network states.55 We also note that, while we have applied the
entanglement analysis to vibrational eigenstates in the present
work, the modal entropy descriptors could also be
straightforwardly exploited in time-dependent nuclear quan-
tum dynamics simulations, for instance, to gain further insights
into vibrational energy redistribution phenomena or to
optimize the mode combination and layering scheme of the
commonly employed multilayer multiconfigurational time-
dependent Hartree ansatz.56,57
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