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Abstract. Arguments are given that support the interpretation of the lattice QCD glueball and gluelump
spectra in terms of bound states of massless constituent gluons with helicity 1. In this scheme, we show
that the mass hierarchy of the currently known gluelumps and glueballs is mainly due to the number of
constituent gluons and can be understood within a simple flux tube model. It is also argued that the lattice
QCD 07~ glueball should be seen as a four-gluon bound state. We finally predict the mass of the 07~

state, not yet computed in lattice QCD.

PACS. 12.39.Mk Glueball and nonstandard multi-quark/gluon states

1 Introduction

QCD allows the existence of purely gluonic bound states,
called glueballs, whose structure and properties deserve
a lot of interest (see ref. [1] for a recent review). An im-
portant theoretical achievement in this field has been the
computation of the glueball spectrum in quenched lattice
QCD [2-5]. Those works reported the spectrum of the
pure gauge QCD without dynamical quarks. A plot of the
spectrum of ref. [4] is given in fig. 1, where the masses are
expressed in units of the lattice energy scale Yin order to
avoid larger error bars due to the determination of this en-
ergy scale. Apart from lattice QCD, the glueball spectrum
has also been computed by using effective approaches like
Coulomb gauge QCD [6] and potential models (see for
example refs. [7-11]). In potential models, glueballs are
assumed to be bound states of constituent gluons. Within
this framework, gluons are allowed to be massless or not,
with either helicity 1 or spin 1. The physical properties
of constituent gluons are actually still a matter of con-
troversy, and even the constituent gluon picture could be
questioned since potential models have serious difficulties
in reproducing all the currently known lattice QCD data.
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Fig. 1. Plot of the lattice QCD glueball spectrum (triangles).
Data are taken from ref. [4]. The four lowest-lying gluelumps
are also plotted (squares). Gluelump masses are taken from
ref. [14]. Masses are given in units of the lattice energy scale
ro -

It has been shown in ref. [12] that the lightest glueballs,
which have C' = 4, can be successfully modelled by a two-
gluon system in which the constituent gluons are massless
helicity-1 particles. The proper inclusion of the helicity
degrees of freedom dramatically improves the compatibil-
ity between lattice QCD and potential models [12]. This
picture is also supported by the Coulomb gauge study of
ref. [6].
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Motivated by these previous results, we propose in the
present paper an interpretation of the whole glueball spec-
trum from a helicity-1 constituent gluon point of view.
The relevance of this picture and its links to QCD are
discussed in sect. 2, while the general principles of our
classification scheme are exposed in sect. 3. Glueballs and
gluelumps are then analysed in sects. 4 and 5, respectively.
Gluelumps are actually bound states of the gluonic field
in a static colour octet source that have been studied first
in lattice QCD [13]. Only a relative mass spectrum was
computed in this last reference, while a determination of
the absolute mass spectrum has been given in ref. [14].
The lowest-lying gluelump states are also plotted in fig. 1.
What we argue is that the low-lying gluelumps can be
interpreted as bound states of a single constituent gluon
and a static colored source. In sect. 6, we interpret the
lattice data in terms of constituent gluons and show that
the results of previous sections are consistent with them.
A new prediction for the 0~ mass is also given in this sec-
tion. We then build a simple flux tube potential model for
the four-gluon candidate 07~ . By combining the flux tube
model and the helicity formalism, we finally compute in
sect. 7 the mass of the lowest-lying 0~ four-gluon state
and compare it with the lattice QCD data. Conclusions
are given in sect. 8. Appendix A gives some two-body he-
licity states not built in ref. [12], while appendix B recalls
the way of computing the C-parity of few-gluon glueballs.

2 Constituent gluons and QCD
2.1 Effective approaches

The basic assumption underlying our work is that a de-
scription of gluelumps and glueballs in terms of states
with a given number of constituent gluons is relevant, or
at least that it can be a satisfactory approximation of
what these gluonic hadrons exactly are. The idea that low-
energy QCD allows for an effective description of hadrons
as bound states of constituent particles is not new: the
classification of baryons and mesons with the quark hy-
pothesis is a first historical example of the viability of such
a picture. However, there should exist a way to connect
the constituent approaches to QCD. To our knowledge,
this longstanding problem is far from being completely
solved, but interesting results have been obtained within
different frameworks. We recall and comment about them
in the following.

First, we turn our attention to large-N,. SU(N,)-gauge
theories, where N, is the number of colours. The 1/N,. ex-
pansion in QCD, valid in particular at low energy, has
revealed itself to be a powerful tool which has played an
important role in numerous theoretical aspects of QCD
(see e.g. ref. [15] for useful references). In the limit where
the number of colours becomes very large, it has been
shown that the description of baryons, made of N, va-
lence quarks, becomes simpler [16]. Model-independent
mass formulae can be obtained within this framework
and lead to a very accurate description of experimen-
tally known baryons, either light or heavy [15]; thus the
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large- N, limit appears to capture the essential features of
QCD, which is characterised by “only” N. = 3. More-
over, it has recently been shown that the mass formulae
obtained from a constituent-quark model are in remark-
able agreement with those arising from the large-N,. ex-
pansion in the light-baryon sector [17]. This comforts the
constituent-quark picture in the most difficult cases, when
light (even massless) quarks are present. Of importance for
our purpose is the recent observation that the number of
valence gluons is a good quantum number for glueballs
in the large-N. limit [18]. By analogy with the baryons,
this suggests that the Fock space expansion of glueballs at
N, = 3 is dominated by a particular component, charac-
terised by its number of constituent gluons. In this spirit,
the present work could be seen as an attempt to identify
these dominant components for each known glueball and
gluelump.

Second, we can get useful informations from Coulomb
gauge QCD [19]. In this approach, the QCD Hamilto-
nian is written with the gluonic field in the Coulomb
gauge. A key feature of this gauge is that the elimina-
tion of the nondynamical degrees of freedom creates an
instantaneous nonperturbative interaction. Properties of
low-energy hadronic states are eventually computed from
this Hamiltonian and the Fock space in which these states
are defined is developed on a quasiparticle basis, either
quarks or gluons. A general property of hadronic states
is then that their Fock space expansion converges quickly.
This leads to a connection with constituent models since,
again, it seems relevant to assume that a fixed given num-
ber of valence quarks or gluons can be associated with
a given hadron. The notion of an instantaneous confin-
ing potential also naturally emerges from Coulomb gauge
QCD. The connections between constituent-quark models
and Coulomb gauge QCD have been discussed in ref. [20]
while glueballs are studied in refs. [21]. It is worth men-
tioning that in these last works, the low-lying glueballs
are successfully described as two-transverse (helicity-1)
gluon bound states, with a negligible three-gluon compo-
nent. These conclusions are shared by the recent results
of ref. [12], where pure two-transverse-gluon bound states
have been shown to accurately reproduce the lattice QCD
and Coulomb gauge QCD data.

In Coulomb gauge QCD as in many potential mod-
els, the constituent particles have a particular status since
they are confined. In particular they gain a constituent
mass, different from their bare mass, because of the confin-
ing interaction. One can look in particular at the Coulomb
gauge study of ref. [22], where it is shown that constituent
gluons, although having a zero bare mass, gain a run-
ning constituent mass which is about 0.7 GeV at zero mo-
mentum. They become then distinguishable from the ex-
changed gluons, which mediate the interaction without
being themselves confined.

An effective QCD Hamiltonian for various hadronic
systems can also be derived from the field correlator
method [23]. In these models, the picture of constituent
particles (quarks or gluons) linked by colour flux tubes
emerges naturally. For instance, the constituent mass of
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the confined gluons is defined as (p?), that is their average
kinetic energy. Interestingly, this quantity is also typically
of about 0.7 GeV for the glueball ground state.

2.2 The correlator method

We have just shown that several effective models of low-
energy QCD agree with the constituent gluon picture for
glueballs. Even if the Fock space expansion of a glueball or
gluelump may be nontrivial, these models actually suggest
that one component with a given number of valence gluons
may be dominant. Now we make some comments on the
correlator method, that allows to compute glueball masses
in lattice QCD for example [24].

Let us first consider the initial state (at zero Euclid-
ian time) [¥(0)) = ®9(0)|0), where &(*)(0) is an oper-
ator creating a glueball or a gluelump out of the QCD
vacuum |0), and where R denotes the irrep correspond-
ing to particular J¢ quantum numbers. Although highly
nontrivial, the evolution of this state is computable, with
lattice methods in particular [24,25]. After a time 7 one
gets the state [¥(7)) = &) (7)|0), and the correlator
C(r) = (¥(7)|¥(0)) can be evaluated. As intuitively ex-
pected, lim, . C(7) x e ™7 mg being the mass of
the lightest state which can be created by the operator
@) Examples of such operators are given in table 1. A
rule giving the mass hierarchy of glueballs has been for-
mulated in ref. [26]: the higher the mass dimension of an
operator, the heavier the resulting hadron. For example,
the lowest 17~ gluelump operator has dimension 2, while
the first 07 and 17~ glueballs have dimension 4 and 6,
respectively. Figure 1 shows that the observed lattice QCD
mass hierarchy follows this dimension rule. There are two
ways of increasing the dimension of an operator: either by
increasing the order of the operator in the chromo-electric
or -magnetic fields E, and B,, respectively, or by adding
a covariant derivative D' (as in the 2=~ gluelump). Both
ways have a very natural explanation within a constituent
gluon picture. Indeed, a transverse-gluon creator is con-
tained in each F, or B, factor. Assuming thus that each
such factor generates a constituent gluon, we find that
gluelumps are made of a single constituent gluon, and that
they are logically lighter than glueballs, which are made
of at least two constituent gluons. Another illustration of
this interpretation is that a C-odd glueball can be created
with at least a cubic expression in the fields: as possi-
ble three-gluon states, they logically appear to be heavier
than two-gluon states. Within this picture, the addition of
totally symmetrized covariant derivatives does not affect
the number of constituent gluons, but adds momentum:
the covariant derivative rather generates excitations of the
considered few-gluon system [26].

Even if |¥(0)) can be seen as a state with a given
number of constituent gluons, because it is created by op-
erators such as those of table 1, the final physical state
|¥ (1 — o00)) could have a far more complicated Fock space
expansion due to the complex QCD interactions that come
into play. But, as mentioned above, this does not seem to
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Table 1. Examples of operators creating glueballs and
gluelumps with a given J¥C. The () denote a complete sym-
metrization. The repeated colour indices a, b, ¢ are intended
to be summed and the superscripts ¢, j are space indices.

Gluelumps [14]

Jre Operator
1t Bl
1=~ B!
27 DBy
Glueballs [26]
Jre Operator
ot E2+ B?
0t E,. B,
o+t E.E} + B,B] — 16" (EZ + B?)
1t dave(Eq - Ey)Be
1-- dave(E, - Ep)E.
2+ dave[Eq(By x Ec)’ + (i < j)]

be the case. At this stage a connection with potential mod-
els can be made: they all rely on the assumption that it
is possible to find an appropriate effective potential sat-
isfactorily reproducing the properties of physical hadrons
(= |¥(T — o0))) seen as systems of constituent particles
(= |¥(0))) interacting via this effective potential. To con-
clude, it is worth mentioning the results of ref. [27], where
it has been shown that the lattice QCD 01+ glueball wave
function is compatible with the wave function of a flux
tube Hamiltonian of the form 2/p? + ar — x/r in the
0™+ channel. We recover the idea that the scalar glueball
can be seen as a dominantly two-gluon state, where the
two constituent gluons (= 2+/p2) interact via the effective
potential ar — k/r.

3 General principles

Following the above discussion, it seems very reasonable
to build our study from this assumption: glueballs and
gluelumps can be seen, at least in first approximation, as
bound states of constituent gluons, these being massless
particles with helicity 1. The quantum states describing
bound states of few-gluon systems can be efficiently formu-
lated within the helicity formalism, introduced in ref. [28].
Hereafter, we recall the main points of this formalism. Let
us denote |[¢(p,\)) the quantum state of a particle with
momentum p and helicity A. If this particle is massive of
spin s, then A\ can take the 2s + 1 allowed values for a
spin projection along a given axis. But, if the particle is
massless, only A\ = +s is allowed. The question is now:
how to write a two-particle helicity state in the rest frame
of the system such that both particles are coupled to a
given value of the total spin J with a projection J, = M
and with a given parity? The general answer is given in
ref. [28], from which it can be deduced that the helicity
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states
‘)\1; )‘Qa JP7 M7 €> =
1
NG {91‘\]4)\17,\2 [[¥(p, A1) @ [1(=p, A2))]

+e 25, [V, —A1)) @ [P(—p, —X2))]} (1)
with

2 1 1/2 27 U
QX = [ T+ } /O d¢/0 d6 sin

47
<Dy (6,0, —¢) R(¢,0,—¢) X(¢,0), (2)

have the desired features, with R(a,[,7) the rotation
operator of Euler angles {«, (3,7} and D;{/[,/\(a,ﬁ,’y)
the Wigner D-matrices. Let us remark that [\, \g;
JP M, e) = €| — A1, —Aa; JP, M, €); both states are equiv-
alent up to an irrelevant e factor.

The parity of the state (1) is given by [28]

P = emm(—l)JﬁSl*S2 , (3)

7; and s; being the intrinsic parity and spin of particle 7,
respectively. The parameter e, which can be equal to 41,
fixes the final value of the parity. It is worth mentioning
that, following the usual rules of spin coupling,

J > A1 = Aol (4)

Another important point to notice is that when both par-
ticles have a spin degree of freedom, the helicity basis,
spanned by the helicity states (1), is equivalent to an usual
|25F1L ;) basis [29]. When at least one of the particles is
massless, both basis are no longer equivalent but the he-
licity states can still be expressed as particular linear com-
binations of [>*+1L ;) states [28]. In order for our discus-
sion to be complete, we have to mention that, in the case
where the two constituent particles are identical, the helic-
ity states have to be totally (anti)symmetrized, following
the bosonic or fermionic nature of the particles. The ac-
tion of the permutation operator on the helicity states can
be found in refs. [12,28], and we will not mention it here
explicitly. But, it is worth saying that the symmetrization
of the systems leads to constraints on the total angular
momentum, thus to particular selection rules. This fact
will be illustrated in the case of two-gluon glueballs.

A nice property of the quantum state (1) is that it is
well defined for massless constituent particles. In partic-
ular, for a system made of two gluons, we have \; = +1
and P = ¢(—1)7. An important quantity that can be com-
puted in this case is the average square orbital angular
momentum, that reads (see ref. [12])

(L?) = J(J +1)+ 2\ )a. (5)

A first idea to classify the glueballs is that (L?) roughly
sets the energy scale of a given state: the more rotational
energy is contained in a glueball, the more the state is
heavy. Notice that eq. (5) is valid for two-gluon states and
gluelumps (see appendix A).
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The prescription to write a three-body helicity state
has firstly been given in ref. [30] and is based on an in-
tuitive recoupling scheme. The first step is to write the
two-body helicity state corresponding to, say, particles 2
and 3 in the centre-of-mass frame of these two particles.
This is done thanks to the result (1). Then, the Lorentz-
boosted helicity state of the (2,3) cluster can be coupled
to particle 1 with the same technique. The boost is needed
because one wants the three-body helicity state to be ex-
pressed in the three-body rest frame, not in the rest frame
of the (2,3) cluster. We propose the following notation to
denote a three-body helicity state

|()\2»)‘3;jﬂam76)7)\1;JP7M7P>‘ (6)

This last ket has to be understood as follows. Two con-
stituent particles with helicities Ao and A3 are coupled
to a given value of j > |\y — A3|, with a parity 7 =
enan3(—1)77%27% and a helicity m following eq. (1). Then
the (2,3) cluster, seen as a point-like massive particle with
spin 7 and helicity m, and the last gluon with helicity A\;
are coupled to the total value of J > |m — A{|, with a
parity P = pmm(=1)"79750 = epmpimans(—1)7 75175275,
This time, the product ep determines the total parity, with
p = 1. For a three-gluon system, the parity is given by
P = ep(—1)7. Although formally clear, the situation is
much more complicated for three-body systems, because
an infinity of helicity states of the form (6) can theoreti-
cally lead to a given J¥ state. Again, a classification can
be made by assuming that a J¢ three-gluon glueball is
dominated by the helicity state for which the value of both
the square orbital angular momentum of the cluster and
the total square orbital angular momentum are minimal.

We propose to adopt a similar procedure to study four-
gluon states: first, to write the helicity states for the (1,2)
and (3,4) clusters and, second, to couple these two clus-
ters. The advantage of doing so is that both clusters must
be coupled as massive particles. Consequently, the usual
|21 ;) basis can be used in this last step, and the effect
of helicity is restricted to the two-gluon helicity states,
which have been extensively studied in ref. [12]. Such
a procedure can actually be extended to many-gluon or
many-body systems, with an obvious increase of complex-
ity with the number of constituent particles. Moreover, a
global symmetry can become very difficult to implement
when more than two constituent particles are identical
(see for example ref. [31], where the case of three identical
fermions is considered).

Group theory generally gives powerful tools concerning
the classification of hadrons and it will also be interesting
to use it in the following. One could represent a constituent
gluon by the Young diagram [ ]%, the box denoting the
fundamental representation of the little group SO(3) [32]
and a = 1,...,n being the colour index associated with
the gluon. Obviously n = N2 — 1 with N, the number
of colours. The isospin of a gluon is zero; this degree of
freedom is thus trivial and will not be explicitly taken into
account here. We then expect that the lightest glueballs
made of N, constituent gluons will be those for which the
JPC quantum numbers can be generated by the intrinsic
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colour and spin degrees of freedom, i.e., since gluons are
bosons, by the states appearing in the decompositions of
the symmetrized tensor product

(O ®---®[]*), (7)
where the symbols () denote the total symmetrization.
Only the total spin J is a relevant observable, but the he-
licity states can always be decomposed in a usual |25T1L ;)
basis. The JP¢ states appearing in the decomposition (7)
will consequently be those for which a S-wave component
is present in the helicity state. Thus, we can expect that
this will correspond to the lightest glueball states with N,
gluons. Before illustrating these general ideas by consider-
ing explicit examples, we refer the reader to ref. [33] for a
discussion about representation theory. More precisely, the
symmetrized tensor products —demanded by the Pauli
principle— that arise when doing tensor products of sev-
eral identical boxes [ |* are referred to as plethysms.
It is worth mentioning ref. [34], in which a fully group-
theoretical classification of glueballs is performed follow-
ing a SU(3) x SU(2) scheme. But, the influence of gluon
helicity through the helicity formalism has, to our knowl-
edge, never been taken into account and leads to interest-
ing and new results as we will see through this paper.

4 The glueball spectrum

4.1 Two-gluon states

Bound states of two gluons are the most studied purely
gluonic systems in the literature. Since their properties
are rather well known, it is useful to re-analyse them us-
ing the method introduced in sect. 3 in order to check
its compatibility with previous works. Let us begin by a
Young-diagrams analysis. For a system made of two con-
stituent gluons, one has

(DoY) ={fes“ e, (8

where (aiaz...an,) and [a1az...an,] denote, respec-
tively, the totally symmetric and antisymmetric colour
wave functions. The notation {} allows avoiding to re-
peat the same colour superscript for different spin irreps,
and the e stands for a spin-zero state. Let us briefly make
a comment about the dimension of the symbols appear-
ing in this last equality. The Young tableau [ |* has a
dimension 3n, i.e. the product of the spin and colour de-
grees of freedom. Then, the left-hand side of eq. (8) has
the dimension 3n(3n+1)/2, since only its totally symmet-
ric part is considered. The three terms appearing on the
right-hand side have dimension 5n(n + 1)/2, n(n +1)/2,
and 3n(n — 1)/2, respectively, the sum of which gives
3n(3n +1)/2 as expected.

Since a two-gluon state must be in a colour singlet,
its colour wave function is trivially [8, 8]'¢, the resulting
singlet being symmetric under the permutatlon of both
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gluons. Ounly the first two terms of the decomposition (8)
then correspond to colourless glueballs: an antisymmetric
colour wave function cannot correspond to a colour singlet.
Notice that the [ ][9! state could correspond to coloured
glueballs with the colour wave function [8, 88, [8, 8]0

or [8,8]1% and could become relevant in a deconfined
medium as the quark-gluon plasma. The superscript X/,
is used to denote a symmetric (s) or antisymmetric (a)
representation X . The first two states of the decomposi-
tion (8) are J¢ = 2% and 0% glueballs, respectively. The
C-parity of a two-gluon system is always positive as shown
in appendix B. We do not discuss the parity of these state
at this stage since only the helicity formalism can bring
relevant information about it.

The helicity states corresponding to two-transverse
gluon systems can be explicitly written thanks to eq. (1).
Since all the necessary calculations have been performed
in ref. [12], we only mention here the final results concern-
ing the two-gluon helicity states and their properties. We
have

|1 1;(2k)Y, M, 1) = ot 27+ 4+t

1L,1;(2k) ", M, —1) =0 ", 27T 47 ...

) )

|1, =1;(2k +2)7, M, 1) = 2+ 47 67F .

)=
)
)
)=

11,-1;(2k +3)T, M, —1) = 3F+ 5t 7+

59

with £ = 0,1,.... The selection rules that appear on
the total spin J are actually a consequence of the fact
that these helicity states have to be totally symmet-
ric [12]. In particular, the state |1,—1;27, M, —1) is for-
bidden for such a reason. In agreement with eq. (8) and
fig. 1, the lightest glueballs correspond to |1,1;07,0,1)
and |1,—1;2%7, M, 1), respectively, for which the square
orbital angular momentum is 2 and 4, respectively. The
0~ glueball, given by |1,1;07,0, —1), is heavier than the
0™ one although its square orbital momentum is also
equal to 2. This shows that other effects come into play
into glueballs: we suggested in ref. [12] that the mass split-
ting between the scalar and pseudoscalar glueball is due to
instanton-induced interactions. Finally, always by looking
at eq. (5), we are led to the conclusion that the 277 is
lighter than the 37 one, as observed in lattice QCD (see
fig. 1).

An important remark is that no JP¢ = 1%+ glueball
should be present in the energy range of the currently ob-
served C' = + states because of the selection rules on the
states (9). This is indeed the case in lattice QCD and gives
support to the framework that we propose. We notice that
this result is obviously similar to Yang’s theorem stating
that a vector meson cannot decay into two photons [35].
But, if constituent gluons are spin-1 particles, low-lying
1T+ states are then allowed, in disagreement with what
is found in lattice QCD [12] —consider the |>P;) state
for example. The presence of such vector glueballs is ac-
tually due to the fact that A\; = 0 is allowed with spin-1
constituent gluons.
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4.2 Three-gluon states

When three constituent gluons are taken into account, the
following decomposition holds

(O%® @ [0°) = {{TT1® [} & el

e{fOe M , (10

where M ﬁ’cll denotes a colour configuration with the

mixed symmetry . However, it can be checked that

no colour singlet can be made with this mixed symmetry
(see appendix B). So, the fourth and fifth states of the de-
composition (10) cannot be colourless three-gluon states.
But, the symmetrical colour wave function (abc) corre-
sponds to the following colour singlet, [[8,8]%:, 8]', and
leads to C' = — glueballs. Similarly, the antisymmetrical
colour wave function [abc] corresponds to the following
colour singlet, [[8,8]8,8]1«, and leads to C = + glue-
balls as already pointed out in ref. [36]. Consequently, the
glueballs corresponding to the first two states of decompo-
sition (10) are J¢ = 3~ and 1~ states, respectively, while
the third state is a 0% one. We will actually focus on the
C = — three-gluon states in this section since no mixing
of these states with two-gluon ones can exist. We remark
that C' = — three-gluon glueballs are formally identical to
three-photon states.

Following the arguments that we gave in the previous
section, the lightest three-gluon states should be those for
which the two square orbital momenta appearing in the
three-body system have both a minimal value. Ignoring
possible instanton effects, the most obvious possibility to
build such a system is the following:

S[(1,1;0%,0,€), 1,174, M, p) , (11)
where j and J have the minimal allowed value, leading to
1%~ glueballs, and where S is the three-body symmetriser.
We stress that, formally, an infinity of {j, m, €, p} sets can
lead to a given JF¢ state. For example, the quantum
state of the 17~ glueball is rigorously given by a linear
combination of all the totally symmetric three-body he-
licity states for which the values of {j,m, ¢, p} can lead to
JPC = 17~ state. Here we assume that the lowest-lying
glueballs are dominated by the component in which the
minimal amount of rotational energy is present. Similarly,
light JP¢ = 3%~ glueballs can a priori be built from the
following state:

S|(17_1;2+7_271)71;37P7Map>7 (12)
where again both j and J are minimal following the values
of \; and m that have been chosen, and where the rota-
tional energy is the lowest possible for the cluster (2,3).

In order to understand the mass hierarchy of the lat-
tice QCD states, we propose to introduce the notion of
natural and unnatural parity for glueballs. It is indeed
known in hadronic and nuclear physics that states with
natural parity are lighter than those with unnatural par-
ity. We suggest that the natural parity of a glueball made
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of N, gluons is given by (—1)Ns (—1)7, where the first fac-
tor comes from the intrinsic parity of the N, gluons, and
where the second one is the expected parity of a state with
spin J. For two-gluon glueballs, the 07" and 27T states
have a natural parity, and are lighter than the 0=F and
27T ones. In the case of three-gluon systems, the intro-
duction of natural parity leads to the prediction that the
17~ (377) glueball should be lighter than the 1=~ (377)
one. Thus, we predict the following inequalities concerning
the glueball masses

Miy+- < M-, M- < Ms—— . (13)
This is indeed what is found in lattice QCD, as one can see
in fig. 1. We mention also the inequality M;+- < M3x—,
which can be deduced from the angular-momentum con-
tent of the states (11) and (12).

An important point to notice is that no low-lying 0%~
glueball can be obtained since the lowest allowed value for
J is 1. This result has already been mentioned in ref. [37],
where it is shown that no (pseudo)scalar three-photon
state can exist, excepted in very asymmetric configura-
tions that seem irrelevant to describe bound states. The
07~ glueball that is observed in lattice QCD should then
be seen as either a highly excited three-gluon state or as
a low-lying state made of at least four-gluons (two gluons
are forbidden by the negative C-parity). In both cases its
large mass is explained (it is the heaviest glueball that
is currently known in lattice QCD). But, as we will see
in the following sections, the hypothesis of a low-lying
four-gluon state appears to be particularly relevant. We
also remark that, when spin-1 constituent gluons are as-
sumed, the trivial state |(0,0;0,0,¢€),0;07,0,¢€), can lead
to a 07~ glueball which should be among the lightest
ones in the PC' = —— channel, but which is not seen
in lattice QCD. This favours the helicity-1 approach since
the C' = — sector is known in a quite large mass range,
and no 07~ glueball has been observed yet. It is finally
worth mentioning that with spin-1 gluons, a 07~ three-
gluon glueball is also allowed, but it has been shown in a
previous work that its mass is far too close of the other
three-gluon candidates with respect to the mass splittings
that are observed in lattice QCD [11].

The additional 27~ and 27~ states that are present
in fig. 1 could be understood as the first excitations
of the helicity state (11) for example. By excited state,
we mean a state whose total spin J is higher than the
lowest allowed value. Since the parity is proportional to
(—1)7, the 2=~ (277) glueball could be an excitation
of the 17~ (177) glueball. This point is still compati-
ble with lattice QCD since the 27~ (277) glueball is ob-
served to be heavier than the 17~ (177) glueball. Notice
that My—— < My+- is observed: the glueball with nat-
ural parity is still the lightest. It could be argued that
states such as |(1,—1;2%,1,1),—1;2°, M, p) could lead
to 25~ glueballs without any excitation. But the prob-
lem actually comes from the value m = 1 of the clus-
ter helicity. Indeed, if m = +1, low-lying glueballs such
as |[(1,—1;27,1,1),1;0°,0, p) are allowed. This would be
in contradiction with the results of ref. [37], forbidding
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(pseudo)scalar totally symmetric three-gluon systems, or
at least low-lying ones. We actually think that the case
|m| = 1 is forbidden by the requirement that the three-
body helicity states have to be totally symmetrized. A
confirmation of this point needs an explicit implementa-
tion of the three-body symmetriser and a computation of
its action on the helicity states. Such a task is far from
being trivial (see ref. [31] for a fermionic example), and
is out of the scope of the present paper. Nevertheless, we
suggest that 2+~ three-gluon glueballs are most likely ex-
cited states.

4.3 Four-gluon states

The situation becomes a little bit more involved in the
case of four-gluon systems. One obtains

(Mo e e 9
={[(ITT e [T]®se

@{D:‘ (&) .}Mt‘zifd‘ ® Djwﬁ,cl(iu
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where M‘L?’;i" MIL?)Z‘ and M, ‘2 11 denote the colour

configurations with the symmetrleb B:D HE{ and
|

It is worth discussing a bit the

(abced)

(14)

respectively.

different allowed colour singlets in the case of four-
gluon systems. By using a (1,2)—(3,4) recoupling scheme
as it is done within the helicity formalism, we
can write all the confined colour singlets as follows:
[[8 8} [8 8] ] ) [[Sv 8]805 [8’ 8]85]1’ [[87 8]SS> [Sv 8]85}17
(I8, 8]10“ (8, 8]1%]%, and [[8, 8]2™-, [8, 8]27:]! (the [[8, 8]",
[8, 8] colour wave function would lead to a deconfined
four-gluon state which would obviously split into two two-
gluon glueballs). These colour singlets lead to different
values of the C-parity that have been computed in ap-
pendix B. We remark first that no colourless glueball can
be made with the M31 symmetry. Only the first six ir-
reps of the decomposition (14) are thus relevant to our
purpose. The corresponding states can be identified with
JC = {4,2,0}F, {2, 0}F, and 1~ glueballs, respectively.
Due to the many configurations that are possible, an ex-
haustive analysis of four-gluon states would be rather te-
dious, and not very worthy since only the 07~ glueball ap-
pears as a relevant four-gluon candidate in lattice QCD. In
this section, we rather show that a four-gluon 07~ glueball
is allowed and we focus on its specific properties.

It is known that, at tree level, the short-range interac-
tions between two constituent gluons are mainly propor-
tional to Cyq — 6, where Cy, is the quadratic Casimir of
su(3) in the representation of the gluon pair [38]. The con-
figurations in which a gluon pair is in the 10, or 10, rep-
resentation would lead to vanishing short-range interac-
tions of one-gluon-exchange type, while the 27, represen-
tation would lead to repulsive short-range forces. Colour
wave functions in which the gluon pairs are in a colour
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octet seem thus favoured since the short-range interac-
tions are attractive in this case. Configurations involving
the 27, representation should conversely lead to heavier
glueballs because of the existence of repulsive forces. It
can be checked that, among the colour wave functions in-
volving colour octets only, [[8, 83, [8, 8]%:]! is the unique
configuration that has a negative C-parity. But, the result-
ing colour singlet can only have the mixed permutation
symmetry M!211 that cannot be associated with a low-
lying J = 0 glueball as suggested by eq. (14). A light 07~
glueball can consequently not be built from colour config-
urations where each gluon pair is in a colour octet; higher
representations are needed. As shown in appendix B, a
colour wave function of the type [[8,8]1% [8, 8]1%]! can
lead to a C = — glueball with the M/>2| permutation
symmetry. Consequently, the unique 0%~ state that can
be built from eq. (14) corresponds to oMiila. Let us ex-
plicitly build a 0T~ state by using the helicity formalism.

One has first to remember that the 07~ four-gluon
glueball should have a particular mixed helicity symmetry

of the form H} Let us briefly come back to the colour

wave function. It reads [[81,85]10, [83, 84]10], where in-
dices labelling the constituent gluons have been added.
In this recoupling scheme, the helicity states must have

precisely the mixed symmetry in order for the Pauli

principle to be satisfied. Both gluon clusters are thus to-
tally antisymmetric, a configuration that is forbidden for
two-gluon glueballs. Let us define the antisymmetriser of
the cluster (i,7) by A = (1 — P,;)/2, P;; being the permu-
tation operator. Then it can be deduced from the results
of ref. [12] that the action of the antisymmetriser on the

two-gluon helicity states is given by

2A[1, 1,7 M, e) = [1 - (—1)’]

1,1; 07 M,€), (15a)
2411, -1; 77, M, e) = [1 — e(—1)”]
x |1,=1; 07, M,€), (15b)

leading to selection rules constraining the total angular
momentum. Remember that we are looking for the light-
est 07~ state: both gluons clusters should be as light as
possible. By looking at eq. (5), one can observe that the
lightest antisymmetric two-gluon clusters correspond to
the states [1,1;17¢, M, €) and |1,—1;27, M, —1), for which
(L?) = 4. Such a vector state is coherent with eq. (8).

Now that the quantum state of the clusters is known,
we can lastly couple them in order to obtain a 07~ state
(the negative C-parity is guaranteed by the colour wave
function). In order to satisfy at best the mixed symmetry
of the four-gluon state, we will ask for the two clusters to
be identical and for the two-cluster state to be the light-
est J = 0 one which is totally symmetric. This state is
simply the |1Sp) one, either spin-1 or spin-2 clusters are
assumed. Notice that the parity of the two-cluster state is
(£1)2(=1)% = +1 as demanded. This is also the natural
parity of a J = 0 four-gluon glueball.
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5 A link with gluelumps

As it was recalled in the introduction, gluelumps are
bound states of the gluonic field in a static colour octet
source. This colour octet source is assumed to have the
quantum numbers of the vacuum, i.e. J©¢ = 07+. Follow-
ing the calculations of ref. [14], the lowest-lying gluelumps
are lighter than all the currently known glueballs in lattice
QCD. In consequence, we propose to identify the lowest-
lying gluelumps with states made of only one constituent
gluon (the static source holds for a scalar particle in a
colour octet, fixed at the centre of mass). Such one-gluon
states are generated by the tensor product

Da®.b: D(ab)@ D[ab]’

where o’ represents the colour octet static source. Note
that no symmetrization must be achieved between a gluon
and a static colour source. As seen in appendix B, only the
symmetric colour state (ab) can be reached by a colour
singlet, with C' = — this time. The corresponding he-
licity states are given by |1,0;JF, M ¢), with a parity
given by P = ¢(—1)”7 as the static source is assumed to
have a positive intrinsic parity. We notice that J > 1, so
that the two lightest gluelumps should be the 17~ and
17~ ones, followed by their first excitations, i.e. the 27~
and 27 states, respectively. If the lattice QCD gluelump
states are ordered by increasing mass, one finds the fol-
lowing quantum numbers: 1t—, 17—, 27—, 2¥— 37—,
0"+, ... [13]. This ordering is coherent with the one-gluon
picture and with the natural-parity criterion until a 07+
state is reached, because such a C-even state cannot be
made with a single constituent gluon.

As pointed out in ref. [39], a 07" gluelump should at
least contain two constituent gluons. Let us check this
point within our formalism. The lowest-lying two-gluon
gluelumps are expected to be generated by the following
tensor product:

(0@ OY) e ={0ae}™ ek
e (@0 e,

where the o state with the natural parity should be the
lowest-lying two-gluon gluelump. It indeed corresponds to
a 07+ state of the form

523 |(]—a 1;067036);0;0+,076> )

(16)

(17)

(abc)

(18)

where the two gluons have been coupled first and sym-
metrized. Such a state has the lowest possible values for
both the internal and total angular momenta and is simi-
lar to a two-gluon glueball. In particular, its mass is equal
to roMo++ = 5.02 £ 0.46 [14], that is a mass which lies in
the typical range of the low-lying two-gluon glueballs (see
fig. 1).

When gluons have a spin-1, a light 07~ one-gluon
gluelump can be simply built from |0,0;07,0,—1), that
is a single gluon with the zero spin projection. Interest-
ingly, no 07~ gluelump has been observed yet in lattice
QCD, still favouring the helicity-1 picture that we develop
in the present paper.
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Table 2. Above: natural-parity low-lying Ng-gluon candidates.
The quantum numbers and the masses of these states are de-
noted by J¢ and roM spc, respectively. Averaged masses are
computed following eq. (19). The N, = 1 states are taken from
ref. [14] while the other data are taken from ref. [4]. Masses
are given in lattice units. Below: idem for the unnatural-parity
candidates.

Ny Jre roM pc [4,14] roM (Ny, 1)
1 1t~ 2.25 4+ 0.39 2.25 4+ 0.39
2 (R 4.16 £0.15 5.5540.12
ot 5.8340.11

3 1+ 7.2740.11 8.33+0.12
3t 8.794+0.12

4 0™ 11.66 £0.19 11.66 £0.19

N, JPC roMypc [4,14] roM(Ng,1)
1 17—~ 3.18 +£0.41 3.18 +0.41
2 0t 6.25 +0.12 7.234+0.14

2=+ 7.4240.14
3 1= 9.34+0.13 9.98 +0.14
37~ 10.25 +0.14

6 Mass hierarchy of glueballs and gluelumps

We have observed through the previous sections that the
different lowest-lying one-, two-, three- and four-gluon
states can be separated into glueballs with natural parity
or unnatural parity. The corresponding low-lying glueballs
that are currently observed in lattice QCD are listed in
table 2. We are using the data of the lattice study [4].
It is worth mentioning that, although the hierarchy is
now well established, the mass spectrum of ref. [4] does
not agree, in absolute value, with the lattice study of
Teper and Meyer [3]. However, in a recent calculation,
Meyer updated his value for the scalar and the tensor
glueball masses [5]. Although being obtained with a dif-
ferent method, the two new masses are, in this reference,
in agreement with ref. [4]. We thus conclude that this last
mass spectrum is a reliable one.

In order to explain the mass hierarchy of these states,
we define the spin-averaged mass as usual by

— _ Z (2J+1)M PC
M(Ng, P) = JZJ(2J+1; ’

where M ;rc is the mass of the gluonic state which is a
Ny-gluon candidate with J PC quantum numbers. The case
N, = 1 is the gluelump case, while N; > 1 corresponds to
glueballs. It appears that the spin-averaged masses grow
linearly with the presumed number of constituent gluons;
we then propose to fit the data of table 2 with the following
form:

(19)

roM(Ny,P) = 3N, —~ P. (20)

A linear regression on the natural-parity states leads to

f$=310£0.08, and ~=0.8140.21. (21)
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Fig. 2. Plot of the spin-averaged masses of the natural-parity
(full circles) and unnatural-parity (empty circles) states of ta-
ble 2 versus the presumed number of constituent gluons. Equa-
tion (20) is plotted with the optimal values (21) for § and ~.

As can be observed in fig. 2, formula (20) with the fit-
ted values (21) reproduces rather well the spin-averaged
masses. It is worth mentioning that this last mass for-
mula predicts a 07~ four-gluon glueball in the mass range
ro My-— = 13.21 £ 0.53 (around 5.4 GeV).

Formula (20) actually gives support to the constituent
gluon picture, each constituent gluon roughly bringing to
the total glueball mass an amount which is equal to (.
Additional mechanisms (instanton-induced interactions,
spin-dependent forces, etc.) are expected to come into play
as higher-order terms and are all contained in the —y P
term. If the particular value of v probably needs a very ac-
curate model to be understood, 3 can be obtained within
the framework of the flux tube model. Indeed, 8 can be
simply obtained from formula (20)

1 J— J—
6 = m [T‘OM(Ng, 1) + TOM(Ng, —1)] .

(22)
The most simple case is the gluelump one, for which N, =
1. The parameter ( is then related to a typical gluelump
mass, that can be obtained from a gluelump Hamiltonian
in the flux tube model. At the dominant order, it reads

H:\/p2—|—ar—3%,
,

where p and r are conjugate variables and where r = |7 |
is the separation between the constituent gluon and the
static source. It is spin-independent but, in our formal-
ism, the effect of the gluons helicity is included at the
level of the wave functions, not in the Hamiltonian itself.
Although we do not use an explicitly covariant formal-
ism, the semirelativistic kinetic term \/ﬁ should be rele-
vant in order to describe the dynamics of the constituent
gluon. The parameter a is the energy density of the flux
tube linking the gluon to the static source, and ay is the
strong coupling constant. The flux tube actually comes

(23)

325

from the nonperturbative part of the QCD interactions
and generates the confinement, while the Coulomb part
is the dominant part of the one-gluon-exchange potential
between the constituent gluon and the static source [38].
Assuming the Casimir scaling hypothesis, one can write
a = (9/4)\ with X the energy density of the flux tube in a
meson. The typical interval for the value of the string ten-
sion is [0.16,0.19] GeVZ2. In order to compare our results
with lattice QCD, we can set A\ = 1/rZ = 0.168 GeV?
with r; " = 0.410 GeV the lattice scale of ref. [4]. Our cho-
sen value for the string tension lies in the interval men-
tioned above. We then work with the rescaled coordinates
q =1op and = r/ry. The Hamiltonian (23) becomes

9 s
rOH:\/qQ—i-Za:—B%.

Following eq. (22) and table 2, 8 should be given by
(My+- 4+ M;--)/2, both masses being computed from this
last Hamiltonian. As mentioned in sect. 5, two helicity
states correspond to a single gluon with helicity 1:

Wa) = [1,0;J7, M, £), (25)

with J > 1 (see appendix A). The eigenstates of the
Hamiltonian H can be accurately computed with the
Lagrange-mesh method [40], using (W4 |L2|Wy) = J(J +
1). The ground state of Hamiltonian (24) is then obtained
for J = 1 and n = 0 (n is the radial quantum number), and
it is clear that M+~ = M;-- with this simple model. Let
us denote M,,; the eigenvalues of the Hamiltonian (24).
One gets, after a numerical evaluation, My; = 3.09 =
for ay = 0.32. This value of the strong coupling constant is
quite usual in potential models. This clarifies the physical
content of the coefficient 8. An important point to stress
is that, in a usual, spin-based model, the lowest allowed
value for (L?) is 0 and would lead to the conclusion that
[ has to be identified with M. But, it is readily checked
that Myg — —oo unless ay takes small values not physi-
cally relevant. In this case, the use of spin-1 gluons clearly
leads to unphysical behaviours.

An estimation of § can also be obtained by considering
the case N, = 2. Particularized to two-gluon glueballs, the
flux tube Hamiltonian (24) simply becomes

9 s
TOH:2\/q7+Zx—3%,

where the kinetic parts of two gluons have been included.
In the same way than for gluelumps, 3 can be computed
from the eigenstates of the Hamiltonian (26). In partic-
ular, the knowledge of the 0¥+ and 2*+ glueball masses
finally leads us to a well-defined value for 3. We refer the
reader to ref. [12] for a detailed discussion about the com-
putation of the two-gluon glueball spectrum within the
helicity formalism. Once all calculations are done, with
as = 0.32 as for gluelumps, we find 8 = 3.33, which is not
far from the optimal value.

(24)

(26)

7 The 07~ four-gluon glueball

We have outlined in sect. 4.3 the fact that the 07~ glue-
ball, which is currently the heaviest one that has been
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observed in lattice QCD, is a relevant four-gluon glue-
ball candidate. We have also shown that such a system
has a particular structure: its colour wave function should
be [[8,8]1%[8,8]19]1~ (see appendix B), with a mixed

permutation symmetry of the form . To our knowl-

edge, it is the first time that a four-gluon interpretation
of a lattice QCD glueball is proposed. A confirmation of
this point is then important, in particular by performing a
quite crude but physically relevant four-body calculation
of the 07~ mass within a constituent gluon approach and
the helicity formalism.

7.1 Hamiltonian

As in the Hamiltonians used above, we adopt the flux tube
picture stating that straight flux tubes start from the con-
stituent particles and meet in such a way that the energy
of the system is minimal. It was suggested in the recent
lattice QCD studies of refs. [41] that the less energetic
configuration for many-gluon systems (more than two) is
the one in which each constituent gluon is linked to its two
nearest neighbours by two fundamental flux tubes. Phe-
nomenological arguments also support this picture [42]. In
agreement with this idea, we suggest that the Hamiltonian
describing a glueball made of four gluons is given at the
dominant order by

4
H=3"\/p2 42 fri—rial,
i=1

Cycle

(27)

where 7; and p; are the position and momentum of particle
1, respectively. The only parameter of this Hamiltonian is
the energy density of a fundamental flux tube. Using the
dimensionless variables introduced in sect. 6, eq. (27) can
be recast in the form

4
T()H:Z\/q?—‘r
i=1

in which no free parameter is present.

The Hamiltonian (28) seems too simple at first sight.
Indeed, pair interactions coming from one-gluon-exchange
processes have not been included. However, it has be
shown in ref. [38] that the relativistic corrections to bring
to the confining potential are proportional to two colour
factors. One of them is a projector on a colour octet state
and vanishes in our case because a gluon pair is always in
a colour (anti)decuplet. The other colour factor also van-
ishes because it is proportional to Cy, — 6, which vanishes
in the colour (anti)decuplet channel. Remarkably, the few
physical ingredients that have been put in the Hamilto-
nian (28) appear to be enough to accurately describe the
07~ glueball thanks to the vanishing of the relativistic
corrections in this case. It is possible that other nonper-
turbative effects like instanton-induced interactions could
contribute in a nontrivial way, but we neglect them in this
simple first approach.

For future computations, it will be very convenient to
have an appropriate set of relative coordinates at our dis-

Dl — @il

Cycle

(28)

The European Physical Journal A

L ol

Fig. 3. Schematic representation of the four-gluon system con-
sidered. Four fundamental flux tubes (gray lines) link the con-
stituent gluons (circles), illustrating the Hamiltonian (28). The
relative coordinates defined by relations (30) are also repre-
sented (black arrows), while the centre of mass, denoted as R,
is given by eq. (29). The (1,2) and (3,4) gluon clusters have
been surrounded.

posal. We first define R the centre of mass of the system as

4
R= > (29)
and the three relative coordinates {X,Y, Z} as
X =z —x, Y =x3— x4, (30a)
zZ- ["”1 ;“”2} - [m?’ ;‘”4} . (30b)

The meaning of X and Y is obvious, while Z is the sepa-
ration between the centre of mass of the cluster made by
gluons 1 and 2 and the corresponding one for gluons 3 and
4. A graphical representation of the four-gluon system and
the relative coordinates is given in fig. 3.

We have shown in sect. 4.3 that the internal structure
of the 0%~ can be elucidated thanks to the helicity formal-
ism provided that the particular permutation symmetry of
this state is taken into account. A crucial point has now to
be outlined: by definition of the relative variables X and
Y, the orbital angular momenta corresponding to clusters
(1,2) and (3,4) are nothing else than Lx and Ly, respec-
tively. Consequently, we are led to the following results:

(LX) = (Ly) =4 (31)

These highly nonstandard values for a square orbital an-
gular momentum are a direct consequence of the helic-
ity formalism and could never have been deduced from
a usual, spin-based, approach. A look at definition (30b)
then shows that Lz can be identified with the relative or-
bital angular momentum of the two clusters, so we obtain

(£3)=0. (32)

7.2 Numerical results

We have now all the necessary ingredients to compute at
least a crude approximation of the mass of the lightest
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0%~ state within our model. The mass that we will obtain
can be compared to the lattice QCD data

ro Mo+— = 11.54 +0.24 [2],
ro Mo+- = 11.66 £+ 0.19 [4]. (33)
Both results are actually compatible, the second one com-
ing from a more recent computation.

The glueball mass we look for should a priori be nu-
merically computed from Hamiltonian (28). A full four-
body calculation with such a semirelativistic Hamiltonian
is a very difficult task in itself, but here the situation is
even worse because the helicity formalism imposes non-
standard values for the matrix elements of the orbital an-
gular momentum. Since the four-body computations are
widely out of the current numerical methods at our dis-
posal, we rather choose a “digluon-digluon” approach: we
will first compute the mass of the (1,2) and (3,4) clusters,
and then calculate the mass of the bound state made of
these two clusters. This scheme is very useful because only
two-body calculations are needed, but also because we
have investigated the internal structure of the 07~ state in
this particular scheme throughout this paper. Both gluon
clusters should actually have the same mass rg M., given
by the lowest-lying state of the Hamiltonian

roH.=2\/q% + X, (34)
where gx and X are conjugate variables and where X =
| X |, with (L%) = 4 from eq. (31). Such a Hamiltonian can
be readily understood from fig. 3. Equation (34) actually
refers to the (1,2) cluster, but the Hamiltonian 2,/qZ +Y,
valid for the (3,4) cluster, would lead to the same mass
by symmetry. The eigenvalues of the Hamiltonian (34)
can be accurately computed thanks to the Lagrange mesh
method [40]; we find ro M, = 4.72.

As the masses of the clusters are known, the total mass
ro M of the system can be computed. It should be given
by the ground state of the Hamiltonian

roHy =24/q2 +r3 M2+ 2Z7.

One can indeed conclude from fig. 3 that the two “diglu-
ons” should feel a confining potential such as if they were
bound by two fundamental flux tubes. Applying again the
Lagrange mesh method for (L2) = 0 (see eq. (32)), one
has

(35)

roM = 11.61,
in nice agreement with the lattice QCD data (33).

(36)

8 Conclusions

In the present work, we have given arguments showing
that the glueballs and gluelumps that are currently ob-
served in lattice QCD can be understood in terms of
bound states of a few transverse constituent gluons. In
this scheme, we have shown that the lowest-lying C' = +
glueballs can be identified with two-gluon states (or at
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least with hadrons in which a two-gluon component widely
dominates), while the lightest C' = — glueballs are com-
patible with three-gluon states and the heavy 07~ glueball
should be seen as a light four-gluon state. For what con-
cerns gluelumps, we have shown that the lightest ones,
which are C' = — states, are compatible with one-gluon
states. This is allowed because of the static colour octet
source. To confirm this classification, we have shown that
a linear behaviour of the masses with respect to the ex-
pected number of constituent gluons is observed, suggest-
ing that each constituent gluon brings a given energy to
the total mass. The masses used for the fit are taken from
lattice data. We extrapolated lattice data and predicted
the mass of the 077, not yet computed in lattice QCD,
to be equal to roMy-- = 13.21 £ 0.53 (around 5.4 GeV).
The slope of the mass formula can be reproduced within
a simple flux tube model with linear confinement and
one-gluon-exchange potential provided that the helicity
of the gluons is correctly taken into account. A useful
concept has been introduced in order to classify the var-
ious gluonic states, that is the natural parity, defined by
7 = (=1)Ne+tJ. Tt appears that, for a given number of
constituent gluons, the J™¢ glueball will always be lighter
than the corresponding J~™¢ glueball.

It is worth recalling that, if constituent gluons were re-
garded as spin-1 longitudinal particles, some states would
appear that are not observed in lattice QCD. The most
striking ones would be light 1*+ glueballs in the two-gluon
sector, but also a 07~ gluelump and a light 07~ three-
gluon glueball. The absence of these states clearly favours
helicity-1 constituent gluons.

In order to convince ourselves that the 07~ glueball
is a relevant four-gluon candidate, we have computed its
mass starting from a four-body flux tube Hamiltonian.
Due to the unusual colour wave function and permuta-
tion symmetry of this glueball, only the confining potential
is present and other relativistic corrections vanish. Other
mechanisms like instanton-induced interactions have been
neglected. Moreover, the assumption that the constituent
gluons are helicity-1 particles leads to the knowledge of
the internal structure of the considered glueball. Once all
these ingredients are put together, the mass we obtain is
in agreement with lattice QCD without fitting any param-
eter. This brings a solid support to the constituent gluon
picture we developed in this work.

The above results are actually a strong motivation
for reconsidering the various potential models of hadrons
with a gluonic content under the assumption that con-
stituent gluons are transverse particles. If two-gluon glue-
balls have already been studied in ref. [12], the mass spec-
tra of gluelumps, hybrid mesons, and three-gluon glueballs
should now be explicitly computed within the full helicity
formalism. Such a work is in progress.

F.B. and C.S. thank the F.R.S.-FNRS for financial support.
V.M. thanks the IISN for financial support. The work of N.B.
is supported in part by the EU contracts MRTN-CT-2004-
503369 and MRTN-CT-2004-512194 and by the NATO grant
PST.CLG.978785. The authors thank J. Nuyts for valuable
discussions.
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Appendix A. Helicity states for gluelumps

Using the formalism developed in ref. [12], it is easy to
build the helicity states for a gluelump, that is a bound
state with a gluon and a static 07" colour octet source,
with J > 1,

J+1

11,0, 77, M, 1) = 2J+1|3J—1J>+ 2J+1|3J+1J>
with P =(-)7, (A1)
11,0; JF M, —1)=—J;)
with P = (—)/*1, (A.2)

With these decompositions, a simple computation gives
(L?) = J(J +1).

Appendix B. C-parity of few-gluon glueballs

The gluonic field is defined as A4, = Aj; T, where T, =
Aa/2 are the generators of su(3) and where A, are the Gell-
Mann matrices. If C' is the C-parity operator, the charge
conjugate of A,, that we write A4,, is such that [36]

i A A—1 T

A, =CA,C 7 =-A,. (B.1)
The index 7 denotes a transposition. Let us begin
with the simple case of two-gluon states. The only way
to make a colour singlet is to write such a state as
Sab Af, Ab | 645 being the Kronecker symbol. As Tr(A,\p) =
204, [43], we have 0y A% AL o< Tr(A,A,). It is then
readily checked that Tr(/i#fl,,) = Tr(A,A,), implying
that two-gluon states always have a positive C-parity.
Next, there are two ways of making a colour singlet
with three gluons: fopcA%ALAS o Tr([A,, A)JA,) and
dabcAZAl;A; x Tr({A,, A, }A,), with fop. the totally an-
tisymmetric structure constant of su(3) and dgp. the to-
tally symmetric ones. These are actually the [[8, 8]8«, 8]1a

and [[8, 8]8:, 8] configurations respectively. It can then
be computed that

Tr([A,, AJA,) = Tr([A,, AJJA,) = C =+, (B.2)

Tr({ﬁﬂ,/il,}flp) =-Tr({A4,,A}A,) = C=—. (B.3)

These configurations have the permutation symmetries
[uvp] and (uvp), respectively.

The case of four gluons is a little bit more involved. Let

us first focus on the particular colour wave functions in

which the gluon pairs are in a colour octet. The following
combinations lead to a colour singlet:

Jave [e AQALALAS oc Tr([Ay, AJ)[A,, As)),
> a e 1
dave d°g ALAY ATAS 3 Tr({{A,, A}, A A,)
—% Tr(A,A,) Tr(A,AL),

Fave d°ge AL ALAGAG o< Te([A, AJ{A,, As}). (BA)
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They correspond respectively to the colour wave func-
tions [[8,8]%,[8,8]8]1, [[8,8]%,[8,8]8]!, and [[8,8]%,
[8,8]8:]1. As previously, the C-parity can be computed.
First,
Tr([Ay, AJ[A,, As]) = Tr([Au, A][Ap, A5]) = C = 4,
(B.5)
with a permutation symmetry that can be of the form
M, ;‘fyi(‘, only, the total antisymmetry [uvpo] being excluded
by virtue of the Jacobi identity. Second, we have

—

S (A A}, A ) - 2 Tr(A,A,) Tr(A, Ay) =

— 00

S T AL}, A} A) = = TH(A,A,) TH(A, Ag) =
C=+, (B.6)

oo

with a permutation symmetry that can be of the form

(nvpo) or M, ﬁ,ﬁcl, The only configuration that can lead to
a negative C-parity actually is

Tr([A,, AJ{A,, Ag )=~ Tr([Au, AJJ{A,, As}) = C=—.

(B.7)
A priori, both the permutation symmetries M)L?’Wln‘, and
M, Ey,lml are allowed, but the equality fa(bcdde)c = 0 forbids

the MEL},L symmetry. The last equality just reflects the

obvious fact that, for any three given matrices A, B and
C, the following identity holds: [A, {B,C}|+[B,{4,C}] +
[C,{A,B}] =0.

The two remaining four-gluon colour wave functions
are now [[8, 8]1%« [8,8]19%]! and [[8, 8]27<, [8, 8]27<]1. The
study of these configurations can be achieved by building
the various representations we need from bilinear quanti-
ties in the fundamental irreducible representation of su(3)
and its conjugated, 3 and 3, using 3®3 = 81 [44]. Let us
take a complex 3-vector V; and its complex conjugated vk
transforming in the 3 and 3 representations, respectively,
where j, k = 1,2, 3, and impose the vanishing of the trace
Vi, = 0. Then, Tjk = i VIV, defines an anti-Hermitian
traceless 3x 3 matrix, therefore transforming in the adjoint
irrep of su(3), (1V,)* = =i (VIV,)* = —i (VFV;) = —T*.
This relation is actually related to eq. (B.1). Note that
the dual irreps of su(N) are equivalent to the complex
conjugated ones, implying for su(3) that

U[kA,B] ~ A; Bj €ijk (Bg)
belongs to the 3 representation, the symbol ~ meaning
“isomorphic to”. The tensor product 8 ® 8 can then be
performed explicitly, giving the well-known result

88=27,$10,$10, 98,8, D 1,, (B.9)
where the permutation symmetry, i.e. symmetric (s) or
antisymmetric (a), of all the representations have ex-
plicitly been written. Starting from (A*A;)(B*B)), the
left-hand-side of the above relation, we find the correct
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decomposition with
1, ~ Z(A,B) = (AP A,)(BB,),

8, > Y'(A, B) = (A'A,)(BB;) + (B'B,)(A" A))

9
—39; Z(A, B),
8. ~ (A'Ay)(B*B;) — (B'By)(A* A;),

)

o~ ACBETTD

a = U([;’B]AjBl) s

v i L gk
27, = Xjf (4. B) = X}{(A,B) - oY(A, B

)
—73 501 Z(A,B),

(B.10)
with XiF(A, B) = AUBM A(;B)) and Xi¥(A, B) = 0. The
action of the C-parity on all these irreducible represen-
tations is particularly simple: it lowers (raises) the upper
(lower) indices and removes (adds) bars accordingly. For
example, A; is changed into A7 Tt is readily checked that
the 14 has a positive C-parity, and that all the previous
results concerning four gluons are recovered. In the case
of a four-gluon system, the decomposition (B.9) tells us
that two singlets can be obtained for gluon pairs in 10,
and 10,. These are given by

1, ~ U([:I’B] AjBl) U(m

i
[C,D]OJD)

+0(3 A BVU PO Dy (B.11)
This last line can be used to check that the 14 (1_) sin-
glet has a positive (negative) C-parity. Finally, their per-
mutation symmetry is of M1%2| type. The configurations
involving the 27, representation generate repulsive forces
between the gluons. They will necessarily lead to heavy
glueballs and will consequently not be studied here, were
attention is drawn on low-lying states.

A few comments can be done concerning gluelumps.
The colour octet source can actually be seen as a colour
scalar particle ¢ = ¢® T, such that ¢ = ¢”. Then, a one-
gluon gluelump corresponds to Tr(¢A,,), and it is easily
checked that the C-parity of such a state is always neg-
ative. For two-gluon gluelumps, one can further compute
that C' =+ (—) for a totally symmetrical (antisymmetri-
cal) colour configuration.
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