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Abstract
Reentrant localization has recently been observed in systems with quasi-periodic nearest-neighbor
hopping, where the interplay between dimerized hopping and staggered disorder is identified as
the driving mechanism. However, the robustness of reentrant localization in the presence of
long-range hopping remains an open question. In this work, we investigate the phenomenon of
reentrant localization in systems incorporating long-range hopping. Our results reveal that
long-range hopping induces reentrant localization regardless of whether the disorder is staggered
or uniform. We demonstrate that long-range hopping does not inherently disrupt localization;
instead, under specific conditions, it facilitates the emergence of reentrant localization.
Furthermore, by analyzing critical exponents, we show that the inclusion of long-range hopping
modifies the critical behavior, leading to transitions that belong to distinct universality classes.

1. Introduction

Anderson localization is one of the key topics in condensed matter physics [1–3]. It refers to the suppression
of wave propagation, such as electronic transport or light diffusion, in disordered media due to interference
effects arising from multiple scattering. This phenomenon has been extensively studied in a variety of
physical systems and has been experimentally verified in numerous works [4–25]. According to scaling
theory [26], all single-particle states in one-dimensional (1D) and two-dimensional systems with
uncorrelated disorder exhibit localization. In three-dimensional systems, increasing the strength of an
uncorrelated disorder gives rise to a mobility edge, which defines the boundary between localized and
extended states. However, in systems with correlated or structured disorder, deviations from scaling theory
can occur, allowing for disorder-induced metal–insulator transitions in low-dimensional systems. The
Aubry-André-Harper (AAH) model provides a framework for studying the impact of quasi-periodic
disorder on localization in 1D systems [27, 28], which introduces a potential with an incommensurate period
relative to the lattice sites. Due to its self-duality, the AAH model predicts that all eigenstates undergo a sharp
transition from extended to localized as the system crosses the critical point, which has been confirmed in
various physical realizations [4, 5, 29, 30]. Generalizations of the AAH model, such as those incorporating
power-law distributed long-range hopping [31–40] or mosaic-type disorder [41–43], reveal the emergence of
mobility edges in 1D systems [44–46].

Recent studies have revealed that in 1D quasi-periodic Su–Schrieffer–Heeger (SSH) systems, increasing
the quasi-periodic disorder induces a reentrant localization transition [47]. Specifically, for certain
dimerization strengths, some eigenstates of the system undergo a sequence of transitions: initially localized,
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then delocalized, and eventually localized again as the disorder strength increases. This intriguing
phenomenon has attracted significant attention [48–65]. Subsequent investigations have demonstrated that
reentrant localization transitions, along with the associated mobility edges, can persist in non-Hermitian
systems [49, 66–68] or systems with specific long-range hopping strengths [69]. For example, experimental
studies on Si3N4 waveguide systems have introduced random dimer disorder, in contrast to quasi-periodic
disorder, and observe analogous reentrant localization transitions [70]. Similar phenomena have also been
reported in photonic crystal experimental setups [71]. Furthermore, research into the critical exponents of
localization transitions has revealed a notable consistency: The critical exponents at the second and third
transition points in these systems are identical, suggesting that these transitions belong to the same
universality class [72]. These findings deepen our understanding of localization phenomena and the
conditions under which reentrant behavior arises in various physical systems. Recent studies indicate that the
presence of long-range transitions to the next-nearest neighbor disrupts the reentrant localization
phenomenon. However, whether reentrant localization persists under other types of long-range transitions
remains an open question for further investigation.

In this study, we investigate the 1D SSH quasi-periodic model with long-range hopping and examine
localization transitions under both staggered and uniform disorder conditions. We show that the inclusion of
long-range hopping not only mitigates the effect of reentrant localization, but can also induce reentrant
localization under specific conditions. For staggered disorder, we observe a reentrant localization
phenomenon by analyzing the phase diagram and the spatial distribution of eigenstates across lattice sites.
Furthermore, the system exhibits the simultaneous presence of multiple pairs of mobility edges. A detailed
analysis of the critical exponents at various phase transition points reveals that long-range hopping alters the
nature of localization transitions, placing them in distinct universality classes. In the case of uniform
disorder, reentrant localization and multiple pairs of mobility edges are observed within the same numerical
range through phase diagram analysis. Similarly to the staggered disorder case, calculations of the critical
exponents at different transition points demonstrate that long-range hopping leads to transitions belonging
to different universality classes.

The remainder of the paper is organized as follows. In section 2, we provide a detailed description of the
model under consideration and the computational approach used. In sections 3 and 4, we present our main
findings for systems with a staggered disorder and a uniform disorder, respectively. These sections focus on
the confirmation of reentrant localization and the analysis of critical exponents. In section 5, we explore the
effects of inter-leg hopping on reentrant localization. Finally, a summary of our conclusions is provided in
section 6.

2. Model and approach

We consider a SSH model that includes long-range hopping and incorporates either a staggered or a uniform
quasi-periodic disorder term. The Hamiltonian of this model is expressed as

H=H0 +Hd, (1)

with hopping term

H0 =−
N∑

i=1

(
J11ĉ

†
i,Aĉi,B + J1ĉ

†
i,Bĉi+1,A + J33ĉ

†
i,Aĉi+1,B

+J3ĉ
†
i,Bĉi+2,A + h.c.

)
, (2)

and the onsite quasi-periodic disorder term

Hd =
N∑

i=1

λAn̂i,Acos [2πβ (2i− 1)+ θ]

+
N∑

i=1

λBn̂i,Bcos [2πβ (2i)+ θ] , (3)

where with L= 2N representing the total number of lattice sites. Following the standard approach of the SSH
model, the lattice is divided into two sublattices, A and B, with the corresponding creation and annihilation
operators defined as: ĉ†i,A(ĉi,A) and ĉ†i,B(ĉi,B), respectively. Operators n̂i,A and n̂i,B represent the particle
number operators for the corresponding sublattices A and B, respectively. The parameters J1 and J11 denote
the inter-cell and intra-cell hopping amplitudes for nearest neighbor, respectively. And J3 and J33 correspond
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Figure 1. (a) Schematic representation of the modulated SSH model, incorporating long-range hopping terms and a
quasi-periodic potential. This model consists of two sublattices, A and B. J1, J11, J3, J33 represent inter-cell hopping, intra-cell
hopping and the long-range hopping with different sublattices, respectively. (b) Schematic representation of the 1D model
reformulated as a ladder-like structure.

to the next-nearest neighbor hopping amplitudes between different sublattices A and B as shown in
figure 1(a). For convenience, we set J1 as the unit of the energy scale throughout our study. The on-site
quasi-periodic potential differs for the two sublattices: λA and λB represent the potential strengths for
sublattices A and B, respectively. Without loss of generality, the quasi-periodic potential is implemented by

selecting β =
√
7−1
2 as a Diophantine number to ensure incommensurability. We also compute cases for

other irrational numbers and obtaine similar results. To minimize finite-size effects, we perform simulations
on systems with sizes up to 35422 sites. Furthermore, following standard practice in the literature and
without loss of generality, we set θ= 0.

We diagonalize the Hamiltonian in the single-particle lattice representation, which allows us to obtain the
eigenenergy Em and the corresponding eigenstates of equation (1) as

|ψm⟩=
L∑

i=1

ϕ
(m)
i |i⟩ . (4)

Here, ϕ(m)
i represents the probability amplitude of the correspondingmst eigenstate at the ist site. The

localization properties of the system can be fully characterized by these eigenstates. To distinguish whether
the eigenstates are localized, critical, or extended, we calculate the inverse participation ratio (IPR) and the
normalized participation ratio (NPR) of the system. For themth eigenstate ϕ(m), the definitions of the IPR
and NPR are as follows:

IPR(m) =
L∑

i=1

|ϕ(m)
i |4,

NPR(m) =

(
L

L∑
i=1

|ϕ(m)
i |4

)−1

. (5)

For extended states, the IPR scales as 1/L, approaching 0 as the system size L becomes large, while the NPR
remains non-zero. For localized states, the NPR scales as 1/L, tending to 0 as the system size L increases,
while the IPR remains non-zero. For critical states, the system exhibits eigenstates where both the IPR and
NPR are finite values simultaneously. To more conveniently track how the system’s states evolve with varying
parameters, we calculate the average IPR and NPR within a specific energy interval, defined as

IPR=
1

m

∑
m

IPR(m),

NPR=
1

m

∑
m

NPR(m). (6)

For the subsequent analysis of the critical exponents, we define the mean square NPR as

σ =
√
NPR. (7)

Near the phase transition critical point, the critical behavior of a parameter can be described by the
following power law:

σ ∼ (−ε)β , L ∗NPR∼ ε−γ , ξ ∼ |ε|−ν . (8)
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Here, ε= (λ−λc)/λc with λc is the critical quasi-periodic disorder strength for the localization transition,
and ξ represents the correlation length. According to [72, 73], we can calculate the R function for systems of
different sizes

R [L,L ′] =
ln
(
σ2
L/σ

2
L′
)

ln(L/L ′)
+ 1. (9)

The curves intersect at a single common point at the localization transition for different system sizes L and
L′. The horizontal coordinate of the intersection point corresponds to the strength of the critical disorder λc,
while the vertical coordinate gives the ratio of the critical exponents γ/ν. Near the localization transition
point, systems of different size L follow the same scaling function G as

σ2 = Lγ/ν−1G
(
εL1/ν

)
. (10)

Through this relationship, the critical exponent ν can be determined by minimizing the relative error of the
scaling function G, which allows the analysis of critical properties near different critical points of the
localization transition.

As shown in [47], it is found that under staggered disorder, defined as λA =−λB, the system exhibits a
reentrant localization transition. Calculations of the critical exponents indicate that the second and third
transitions belong to the same universality class. In contrast, no reentrant localization transition is observed
under uniform disorder, defined as λA = λB. However, in systems with long-range hopping, both staggered
disorder and uniform disorder display reentrant localization features in the phase diagram, with critical
exponents differing from those observed in systems without long-range hopping.

In the next section, we focus on discussing the influence of long-range hopping under staggered disorder
and uniform disorder separately. To better characterize the localization transitions between the critical state
and other states, we define quantity η consistent with [47, 74] as follows:

η = log10 (IPR×NPR) , (11)

where IPR and NPR are taken the average over all the eigenstates as shown in equation (6). When both ⟨IPR⟩
and ⟨NPR⟩ are finite (∼O(1)) we have η ∈ [−2,−1]. However, when the system is entirely in local states or
extended states, we have IPR×NPR∼ L−1. The system sizes we typically simulate are above 1000, and in this
case, the obtained η will be less than−3. As a result, a smaller value of η corresponds to an extended or
localized state, while a higher value of η indicates a critical state.

3. Staggered disorder

Previous literature [47] has discussed the occurrence of a reentrant localization transition under staggered
disorder. When long-range next-nearest neighbor hopping is simply added to the model with the same
parameters, it is observed that the reentrant localization transition gradually weakens and eventually
disappears, as shown in figure 2. Specifically, for L= 3194, J3 = 0 and for varying J33 = 0,0.1,0.3,0.5, the
reentrant localization transition essentially disappears when J33 reaches approximately 0.3. This result is
consistent with the findings in [69], where the introduction of long-range hopping between the same lattice
sites in different unit cells weakens the formation of dimers. As a result, the competition between the dimers
and disorder diminishes, ultimately preventing the transition from localized to extended states.

However, describing long-range hopping as merely weakening the reentrant localization transition is not
entirely accurate. When the system is tuned to the appropriate parameters, such as J11 = J3 = 0.1, the
reentrant localization transition still appears in the η phase diagram for the same system size, as clearly
demonstrated in figure 3. We should point out that this observation does not completely contradict the
previous conclusions of [69]. In the presence of long-range hopping, the originally 1D chain-like system can
be effectively reduced to a 1D ladder structure, as shown in figure 1(b). In this ladder configuration, the
emergence of reentrant localization can be understood as a competition between dimers and disorder terms
in each leg, similar to the 1D chain, leading to the reentrant localization transition. Therefore, even with
long-range hopping, the characteristic of reentrant localization can still arise under conditions of small
inter-leg hopping.

Moreover, the behavior of the reentrant localization in this case is not directly related to the topological
phase transition of the system. As shown in figure 3, the reentrant localization feature begins to emerge when
J33/J1 > 2.3. In the presence of long-range hopping, the SSH model exhibits a multi-phase diagram, with the
phase transition occurring near J33 = J1 [75, 76]. This suggests that the emergence of reentrant localization is
not a result of the topological phase transition even with long-range hopping.
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Figure 2. η phase diagrams of the system in λ and J1/J11 plane with J3 = 0 and β =
√

5−1
2

for (a) J33 = 0, (b) J33 = 0.1, (c)
J33 = 0.3, (d) J33 = 0.5, where the system size L= 3194 and λA =−λB. The color represents different values of log10(η). And the
red region corresponds to the intermediate states where single-particle mobility edges exist, while the blue region indicates that
the system is entirely in the localized or extended state.

Figure 3. η phase diagrams of the system in λ and J33/J1 plane with J11 = J3 = 0.1, the system size L= 3194 and λA =−λB. The
color represents different values of log10(η). (b) A zoomed-in version of the portion enclosed by the dashed box in (a). The
dashed line in (b) is located at J33/J1 = 2.7, and the black dots represent schematic localization transition points.

Figure 4. (a) and (b) Show the average IPR and NPR over all eigenstates for J33/J1 = 0.5 and J33/J1 = 2.7, respectively, for the
case of staggered disorder and system size L= 13530. The shaded regions represent the critical area, where both localized and
extended states coexist. The inset in (b) displays the average NPR for L= 1220,1974,3194,5168,8362,13530,21892, and 35422,
with the color intensity ranging from light to dark.

In figures 4(a) and (b), we present the average IPR and NPR over all eigenstates for two different cases,
J33/J1 = 0.5 and J33/J1 = 2.7, marked by the dotted line in figure 3(b). As shown in figure 4(a) for
J33/J1 = 0.5, a critical region appears when 0.86< λ < 2.5. After the localization transition, for λ> 2.5, all
eigenstates of the system remain localized, and no further extended states appear as λ increases. In contrast,
for J33/J1 = 2.7 in figure 4(b), two critical regions are observed: 0.98< λ < 2.018 and 2.599< λ < 3.6,
where both IPR and NPR take finite values. Between these two critical regions and beyond the second critical
region, all eigenstates exhibit localized characteristics. It is noteworthy that the second critical region is much
smaller than the first. To rule out the possibility of finite-size effect, we calculate the results for different
system sizes: L= 1220,1974,3194,5168,8362,13530,21892,35422. In the inset of figure 4(b), we observe
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Figure 5. (a) The IPR and (b) NPR associated with the eigenstate indices as a function of λ for J33/J1 = 2.7, respectively. (c)–(g)
illustrate the spatial distribution of eigenstates across lattice sites for λ= 0.4,1.2,2.1,2.7,4, with eigenstate indexm/L= 0.5 and
L= 13530.

Figure 6. (a)–(e) Show the distributions of IPR (red) and NPR (blue) as functions of the eigenstate index for λ= 0.4,1.2,2.1,2.7
and 4, respectively. (f)–(j) Display the density of states (DOS) as a function of eigenenergy for the same λ values, with the black
dashed lines indicating the locations of single-particle mobility edges.

that as the size of the system L increases, the second critical region persists, indicating the stability of the
reentrant localization feature in the staggered system with long-range hopping.

To better understand which eigenstates undergo reentrant localization transitions as the disorder strength
λ changes, we fix J33/J1 = 2.7 and plot colormaps of the IPR and NPR as functions of the eigenstate energy
ordered index and λ in figure 5. The colormaps reveal that some eigenstates in the central energy range
transition from localized to extended states in the range 2.6< λ < 3.6. Furthermore, we plot the spatial
distribution of the eigenstate withm/L= 0.5 for λ= 0.4,1.2,2.1,2.7 and 4. It is evident that the eigenstate is
clearly localized at λ= 2.1, but as λ increases to 2.7, the eigenstate transitions to an extended state.

The colormaps demonstrate the presence of single-particle mobility edges in this 1D system. To more
clearly identify the locations of the mobility edges, we show the distributions of IPR and NPR as functions of
the eigenstate index for λ= 0.4,1.2,2.1,2.7,4 in figures 6(a)–(e). From figure 6, we observe that as λ
increases, single-particle mobility edges appear at λ= 1.2. These mobility edges then vanish, only to
reemerge as λ continues to increase. At higher values of λ, the mobility edges eventually disappear
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Figure 7. (a)–(d) Depict the values of the function R[L, L ′] near the first, second, third, and fourth critical quasi-periodic
disorder potential strength, with J33/J1 = 2.7 and λA =−λB. In each panel, the inset presents the σ2 of the fitted critical
exponent ν near the respective critical quasi-periodic disorder strength. The coordinate of the function R[L, L ′] crossing point is
denoted as (λc,γ/ν). For the first critical point, we average the NPR of eigenstates withm/L ∈ [0.238,0.243]. For the second,
third, and fourth critical points, we average the NPR of eigenstates withm/L ∈ [0.48,0.52].

completely. Similarly, the presence of single-particle mobility edges is also evident in the system’s density of
states (DOS), as shown in figures 6(f)–(j).

It is noteworthy that in figure 6(b), the system first exhibits single-particle mobility edges, with two pairs
of mobility edges observed. This behavior contrasts with those of systems lacking long-range hopping, where
typically only one pair of single-particle mobility edges is present. Correspondingly, the DOS in figure 6(g)
also displays symmetric two pairs of mobility edges. We interpret this as follows: In systems with long-range
hopping, the structure can be viewed as a 1D ladder system. When there is no coupling between the two legs
of the ladder (that is, J11 = J3 = 0), each leg can independently exhibit one pair of mobility edges. However,
due to the difference in parameters between the two legs, the positions of the mobility edges will also differ.
When J11 ̸= 0 and J3 ̸= 0, the coupling acts as a perturbation that may shift the positions of the mobility
edges. Nevertheless, the system retains two pairs of mobility edges. In a word that long-range hopping
introduces additional pairs of mobility edges into the system, providing greater flexibility for studying the
critical states in 1D systems.

Furthermore, we investigate the critical behavior at various localization transition points. By zooming in
figures 5(a) and (b), we preliminarily identify the critical disorder strengths, λc, associated with the
localization transitions. In a narrow region around each λc, we calculate the R[L,L ′] function based on
equation (9). In figure 7, we present the R[L,L ′] functions for different localization transition points. The
crossing points of these R[L,L ′] functions on the horizontal axis determine the strengths of critical disorder,
λc, for the four localization transitions indicated by the black dots in figure 3(b). The corresponding
strengths of critical disorder for each transition are as follows: λc,1 = 0.9802, λc,2 = 2.0194, λc,3 = 2.599, and
λc,4 = 3.239. The vertical coordinates of the crossing points correspond to the critical exponent ratio γ/ν for
the four transition points, which are given by γ1/ν1 = 0.57± 0.016, γ2/ν2 = 0.46± 0.006, γ3/ν3 = 0.22
± 0.007, and γ4/ν4 = 0.43± 0.009. Following the description in equation (10), we plot σ2L1−γ/ν and εL1/ν

as functions of system size, with L= 8362,13530,21892 and 35422. Adjusting the critical exponent ν, we
align the σ2L1−γ/ν and εL1/ν curves for different L, achieving optimal overlap. This approach provides an
optimal estimate for the critical exponent ν. The calculated values of ν for the four localization transitions
are ν1 = 0.9, ν2 = 1.1, ν3 = 1.8 and ν4 = 0.9.

In contrast to the results obtained for systems without long-range hopping [72], our calculated critical
exponents ν indicate that the second and third localization transition points in the model with long-range
hopping do not belong to the same universality class. While the critical exponents ν for the first and fourth
localization transition points are identical, their values γ/ν differ, suggesting that the γ values at these two
localization transition points are distinct. This implies that, in the presence of long-range hopping, the
critical behaviors at the four localization transition points belong to different universality classes.

Furthermore, we calculate the critical exponents corresponding to different localization transition points
using the scaling law for NPRL ∗ L. According to equation (8), we know that NPRL ∗ L∼ Lγ/ν . By fitting the
linear relationship between log(L) and log(NPRL ∗ L) using the least-squares method, we determine the
critical exponent ratio γ/ν as shown in figure 8. The fitting yields the following critical exponent ratios for
the four localization transition points: γ1/ν1 = 0.5735± 8× 10−05, γ2/ν2 = 0.4607± 1.4× 10−04,
γ3/ν3 = 0.2243± 2.3× 10−05 and γ4/ν4 = 0.4309± 1× 10−04. These results are consistent with those
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Figure 8. The critical exponent ratio (a) γ/ν and (b) γ/β for the four critical quasi-potential points. These ratios are obtained by
fitting log(NPRL ∗ L) against log(L). The system sizes L used for the fitting are: 1220,1974,5168,8362,13530,21892, and 35422.

obtained previously from the vertical coordinates of the R[L,L ′] function. Furthermore, from equation (8),
we also know that σL ∼ L−β/ν . Similarly, by applying the least squares method to fit the linear relationship
between log(L) and log(σL), we determine the corresponding critical exponent β/ν for the four localization
transition points as follows: β1/ν1 = 0.2133± 2× 10−05, β2/ν2 = 0.2696± 3.5× 10−05, β3/ν3 =
0.3879± 6× 10−06, and β4/ν4 = 0.2846± 2.6× 10−05. The critical exponents we obtained should satisfy the
hyperscaling law [73] as

2β

ν
+
γ

ν
= 1. (12)

We confirm that the critical exponents obtained in this study satisfy the hyperscaling relation.

4. Uniform disorder

Previous studies have shown that reentrant localization transitions occur exclusively in 1D systems with
staggered disorder or with a large detuning between intra-cell and inter-cell hopping in the presence of
uniform disorder [65]. In contrast, for 1D systems with uniform disorder and small detuning between
intra-cell and inter-cell hopping, only single-particle mobility edges have been reported. In this work, we
investigate the localization properties of a 1D system with uniform disorder in the presence of long-range
hopping. Our results reveal that, when long-range hopping is introduced, the system exhibits reentrant
localization transitions, a phenomenon that was previously not observed in uniform disorder systems
without long-range hopping under small detuning.

Initially, we consider the case where J11 = J3 = 0. In this scenario, the system can be treated as a 1D ladder
model with no coupling between the two legs of the ladder. Under these conditions, we calculate the system’s
η-phase diagram, as shown in figure 9(a). The diagram clearly reveals a critical transition region, indicating
that as the disorder strength increases, the system transitions from an extended state to a regime where some
eigenstates become localized. At this stage, the system exhibits single-particle mobility edges. As the strength
of the disorder is further increased, the system eventually fully transitions into a localized state. These
observations are consistent with previous studies on systems with uniform disorder.

Next, we introduce coupling between the two legs of the ladder structure by setting the inter-leg hopping
parameters to J11 = J3 = 0.1. Under these conditions, we recalculate the η-phase diagram. Compared to
figure 9(a), the updated phase diagram reveals additional spike-like structures, highlighted by the dashed box
in figure 9(b). To investigate this further, we zoom in on the region within the dashed box, as shown in
figure 9(c). In this magnified view, we observe that at one of the spikes, as the disorder strength λ increases,
the system transitions from an extended state to a critical state and eventually to a fully localized state.
Notably, as λ continues to increase, some localized eigenstates revert to extended states within the spike.
Eventually, when λ becomes sufficiently large, all eigenstates become fully localized.

We select the parameter J33/J1 = 0.7, as shown in figure 9(c), and calculate distributions of the IPR and
NPR of the system as functions of disorder strength λ and the eigenstate index. Figures 10(a) and (b) show
that, as λ increases, most eigenstates transition from extended to localized states. However, for eigenstates
near the lowest and highest eigenenergy, a reentrant localization transition occurs. To further illustrate this
phenomenon, figures 10(c)–(g) depict the spatial distribution of a specific eigenstate indexed bym/L= 0 for
λ values of 0.4, 1.2, 2.2, 2.41, and 4, respectively. At λ= 2.2, the eigenstate transitions into a localized state.
As λ increases to 2.41, the eigenstate reverts to an extended state, before localizing again as λ increases
further. Notably, comparing the delocalization observed here (figure 10(f)) with that observed under
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Figure 9. η phase diagrams of the system in λ and J33/J1 plane with (a) J11 = J3 = 0, (b) J11 = J3 = 0.1, the system size L= 3194
and λA = λB. (c) The zoomed-in version of the portion enclosed by the dashed box in (b). The color represents different values of
log10(η). The dashed line in (c) is located at J33/J1 = 0.7.

Figure 10. (a) The IPR and (b) NPR associated with the eigenstate indices as a function λ for J33/J1 = 0.7, respectively. The
position marked by the dotted line corresponds to the reentrant localization point. (c) to (g) illustrate the spatial distribution of
eigenstates across lattice sites for λ= 0.4,1.2,2.2,2.41,4, with eigenstate indexm/L= 0 and L= 13530.

Figure 11. The average IPR and NPR over eigenstates withm/L ∈ [0,1/6] for J33/J1 = 0.7, for the case of uniform disorder and
system size L= 13530. The shaded regions represent the critical area, where both localized and extended states coexist. The inset
shows the average NPR for L= 1220,1974,3194,5168,8362,13530,21892, and 35422 with the color intensity ranging from light
to dark.

staggered disorder conditions (figure 5(f)), we find that the eigenstates in figure 10(f) exhibit a more
extended spatial distribution.

To rule out the finite-size effects, we calculate the average IPR and NPR over eigenstates with
m/L ∈ [0,1/6] as functions of disorder strength λ, and plot the results in figure 11. In the second shaded
region, a characteristic feature of reentrant localization emerges. The inset of figure 11 provides a magnified
view of this region, showing the results for different system sizes:
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Figure 12. (a)–(e) Show the distributions of IPR (red) and NPR (blue) as functions of the eigenstate index for λ= 0.4, 1.2, 2.2,
2.41 and 4, respectively. (f)–(j) Display the DOS as a function of eigenenergy for the same λ values, with the black dashed lines
indicating the locations of single-particle mobility edges.

L= 1220,1974,3194,5168,8362,13530,21892, and 35422 with colors ranging from light to dark. For all
system sizes, the reentrant localization feature persists, confirming that the observed localization transition is
not influenced by finite-size effects.

To further explore how the mobility edges evolve with increasing disorder strength λ, we plot the
distributions of IPR and NPR as functions of the eigenstate index in figures 12(a)–(e) for λ= 0.4, 1.2, 2.2,
2.41 and 4, respectively. At λ= 0.4 (figure 12(b)), the system exhibits mobility edges, which appear in pairs
and separate localized and extended states within the spectrum, indicating the coexistence of both the
extended state and the localized state of eigenstates. As λ increases to 2.2 (figure 12(c)), the mobility edges
disappear, and all eigenstates become localized, signaling a complete transition to a fully localized phase.
Interestingly, at λ= 2.4 (figure 12(d)), a subset of eigenstates transitions back to extended states, leading to
the reappearance of mobility edges. In this case, the extended states are located near the highest and lowest
eigenenergy, in contrast to the staggered disorder scenario, where the extended states typically emerge in the
middle of the eigenenergy spectrum. Finally, as λ increases further to 4 (figure 12(e)), all eigenstates become
localized again. The corresponding DOS plots are shown in figures 12(f)–(j), which clearly reflect the
changes in the mobility edges as λ varies. The appearance, disappearance, and reappearance of extended
states align with the observations from the IPR and NPR distributions.

In figure 13, we calculate the critical exponents at different localization transition points. Using the
parameters marked by the dashed line in figure 9(c), specifically J33/J1 = 0.7, we evaluate the R-function in a
small neighborhood around the critical disorder strengths λc. As discussed previously, the horizontal
coordinate of the intersection points of the R-function provides the critical disorder strength λc for each
localization transition, while the vertical coordinate corresponds to the ratio of critical exponents γ/ν. From
the analysis of the R-function results in figure 13, we determine the critical disorder strengths for the four
localization transitions as λc,1 = 0.7634, λc,2 = 1.9502, λc,3 = 2.3210 and λc,4 = 2.4726, with the
corresponding critical exponent ratios γ1/ν1 = 0.4849± 0.0092, γ2/ν2 = 0.5088± 0.0113,
γ3/ν3 = 0.3771± 0.012 and γ4/ν4 = 0.3645± 0.0221. Based on the description of equation (10), we plot the
relationship σ2L1−γ/ν(εL1/ν) in the insets of figure 13. For systems of different sizes, the equation should
follow the same functional relationship when calculated using the optimally fitted ν. Accordingly, we
perform calculations for four systems with sizes L= 8362,13530,21892 and 35422. The fitting process
yields the following optimal critical exponents: ν1 = 0.814, ν2 = 1.10, ν3 = 0.938, and ν4 = 0.680. These
results are consistent with those obtained for the staggered disorder system, confirming that each of the four
localization transition points exhibits distinct critical exponents.

10



New J. Phys. 27 (2025) 053501 P-J Chang et al

Figure 13. (a)–(d) Depict the values of the function R[L, L ′] near the first, second, third, and fourth critical quasi-periodic
disorder potential strength, with J33/J1 = 0.7 and λA = λB. In each panel, the inset presents the σ2 of the best fitted critical
exponent ν near the respective critical quasi-periodic disorder potential strength. The coordinates of the function R[L, L ′]
crossing point is denoted as (λc,γ/ν). For the first critical point, we average the NPR of eigenstates withm/L ∈ [0.167,0.177].
For the second, third, and fourth critical points, we average the NPR of eigenstates withm/L ∈ [0,0.1].

Figure 14. The critical exponent ratio (a) γ/ν and (b) γ/β for the four critical quasi-potential points. These ratios are obtained
by fitting log(NPRL ∗ L) against log(L). The system sizes L used for the fitting were: 1220,1974,5168,8362,13530,21892, and
35422.

Similarly, we can use the scaling law of NPRL ∗ L to fit the critical exponents, as shown in figure 14.
According to equation (8), by fitting the slope of log(L) and log(NPRL ∗ L), we obtain the critical exponent
ratios γ/ν at the four localization transition points: γ1/ν1 = 0.4907± 7.6× 10−05, γ2/ν2 =
0.5106± 1× 10−04, γ3/ν3 = 0.3792± 7× 10−05 and γ4/ν4 = 0.3629± 1.48× 10−04. These results are
consistent with those obtained using the R-function approach discussed above. Furthermore, by fitting the
slope of log(L) versus log(σL), we derive the critical exponent ratios β/ν, which at the corresponding
transition points are β1/ν1 = 0.2547± 1.9× 10−05, β2/ν2 = 0.2447± 2.5× 10−05,
β3/ν3 = 0.3104± 1.7× 10−05 and β4/ν4 = 0.3185± 3.7× 10−05. Additionally, the obtained critical
exponent ratios satisfy the hyperscaling law described by equation (12), 2β

ν + γ
ν = 1.

5. Influence of inter-leg hopping

In this section, we separately examine the influence of inter-leg hopping on reentrant localization in the
presence of staggered and uniform disorder. As illustrated in the schematic diagram in figure 1(b), the
inter-leg hopping is defined by the parameters J11 and J3. Using the parameters marked by dashed lines in
figures 3(c) and 9(c), we investigate the effect of varying J11 and J3, while maintaining J11 = J3. The
corresponding η-phase diagrams are shown in figure 15.

Figures 15(a) and (b) illustrate the case for staggered disorder. As the inter-leg hopping strength
increases, the previously observed reentrant localization feature gradually diminishes, eventually completely
disappearing at J11 = J3 = 0.207. This behavior can be attributed to the competition between dimerized
hopping and staggered disorder within each individual leg of the ladder. The inter-leg hopping weakens the
effective dimerization strength, leading to the suppression of reentrant localization as inter-leg hopping
increases.
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Figure 15. The η phase diagrams of the system in the disorder strength λ and inter-leg hopping J11(J3) plane with (a) J33/J1 = 2.7
under staggered disorder and (c) J33/J1 = 0.7 under uniform disorder. (b) and (d) Present magnified views of the regions
outlined by the dashed boxes in (a) and (c), respectively. All the phase diagrams are calculated under a system size L= 3194.

Figure 16. The η phase diagrams of the system in the disorder strength λ and inter-leg hopping J11 plane for (a) J33/J1 = 2.7
under staggered disorder and (c) J33/J1 = 0.7 under uniform disorder. (b) and (d) Present magnified views of the regions outlined
by the dashed boxes in (a) and (c), respectively. All the phase diagrams are calculated under a system size L= 3194 and J3 = 0.

For the case of uniform disorder, as shown in figures 15(c) and (d), reentrant localization does not
initially appear at J11 = J3 = 0. However, as the inter-leg hopping strength increases, the η-phase diagram
begins to exhibit a ‘spiky’ structure similar to that observed in figure 9(c). These spikes indicate the
emergence of reentrant localization transitions. With further increases in the inter-leg hopping strength,
these spikes persist at various J11 = J3 values but eventually vanish as the inter-leg hopping J11(J3)> 0.35.
This demonstrates that, for uniform disorder, the appearance of reentrant localization requires a minimum
of inter-leg hopping strength.

In figure 16, we examine the case where J3 = 0, simplifying the ladder structure in figure 1 to one without
slanted hopping. By calculating the η-phase diagrams, we also observe distinct behaviors under staggered
and uniform disorder. For staggered disorder, the inter-leg hopping J11 progressively diminishes the
originally observed reentrant localization phenomenon, consistent with our earlier findings that inter-leg
hopping disrupts the competition between dimerized hopping and staggered disorder, which is crucial for
reentrant localization. In contrast, for uniform disorder, the emergence of reentrant localization requires a
non-zero inter-leg hopping J11. However, once J11 exceeds 0.51, the reentrant localization phenomenon
disappears. This suggests that while a moderate strength of inter-leg hopping is necessary to induce reentrant
localization under uniform disorder, excessive inter-leg hopping ultimately suppresses this behavior. These
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results highlight the crucial role of inter-leg hopping in shaping the localization properties of the system
under different disorder conditions.

6. Conclusion

In conclusion, we have investigated the phenomenon of reentrant localization, which has previously been
observed in systems without long-range hopping. Although long-range hopping is generally expected to
disrupt reentrant localization, our results show that under specific parameter conditions, varying the strength
of long-range hopping can induce a reentrant localization phase diagram, similar to that found in staggered
SSH systems. We perform a detailed analysis of the observed reentrant localization phenomena, including
the spatial distribution of eigenstates across lattice sites and the presence of multiple mobility edges. These
features confirm that the system undergoes a genuine reentrant localization transition. Additionally, our
calculation of critical exponents reveals that long-range hopping gives rise to four distinct localization
transition points, each characterized by unique critical exponents. Previous studies have suggested that
systems with uniform disorder and small inter-intra detuning do not exhibit reentrant localization. In
contrast, our work demonstrates that long-range hopping can induce reentrant localization even in the
presence of uniform disorder. Furthermore, we observe that the reemergent extended states are located near
the highest and lowest eigenenergy, which contrasts with the typical behavior observed in staggered disorder
systems, where extended states generally appear near the middle of the eigenenergy spectrum. Finally, we
explore the critical exponents associated with these transitions. Our results indicate that the inclusion of
long-range hopping leads to distinct critical exponents at all four transition points, highlighting the complex
and unique nature of localization phenomena in systems with long-range interactions.
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