PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: November 14, 2020
ACCEPTED: January 8, 2021
PUBLISHED: February 22, 2021

The measurable angular distribution of
A} = AT (— A% )1~ (— 7 v,)D, decay

Quan-Yi Hu,* Xin-Qiang Li,’ Ya-Dong Yang® and Dong-Hui Zheng?®

@School of Physics and Electrical Engineering, Anyang Normal University,
Anyang, Henan 455000, China

b Institute of Particle Physics and Key Laboratory of Quark and Lepton Physics (MOE),
Central China Normal University, Wuhan, Hubei 430079, China
E-mail: qgyhu@aynu.edu.cn, xqli@mail.ccnu.edu.cn,
yangyd@mail.ccnu.edu.cn, zhengdh@mails.ccnu.edu.cn

ABSTRACT: In A) — AF(— A%7F)7~ 1, decay, the solid angle of the final-state particle 7~
cannot be determined precisely since the decay products of the 77 include an undetected v;.
Therefore, the angular distribution of this decay cannot be measured. In this work, we con-
struct a measurable angular distribution by considering the subsequent decay 7= — 7 v;.
The full cascade decay is A) — Af(— A°7 )7~ (— 7 v;);. The three-momenta of the
final-state particles A, 7%, and 7~ can be measured. Considering all Lorentz structures
of the new physics (NP) effective operators and an unpolarized initial A, state, the five-
fold differential angular distribution can be expressed in terms of ten angular observables
Ki(¢?, E). By integrating over some of the five kinematic parameters, we define a number
of observables, such as the A. spin polarization Py_(q?) and the forward-backward asym-
metry of 7~ meson Appg(q?), both of which can be represented by the angular observables
Ki(q?). We provide numerical results for the entire set of the angular observables K;(¢2)
and K; both within the Standard Model and in some NP scenarios, which are a variety of
best-fit solutions in seven different NP hypotheses. We find that the NP which can resolve
the anomalies in B — D™7~ 1, decays has obvious effects on the angular observables
Ki(q?), except Kigs(q?) and Kice(q?).
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1 Introduction

The anomalous measurements [1-9] on B — D®)7~ 7, decays indicate the existence of new
physics (NP) that breaks the universality of lepton flavour in b — ¢~ 1, transition. At

the typical energy scale y ~ my, the b-hadron decays involving b — c¢7~ v, transition are

governed by the following effective Hamiltonian®

Hott = V2G F Ve [gv (67"0) (Fyuvrr) + ga(@y 5b) (Fruv-L)
+ gs(eb)(TvrL) + gp(eysb) (TrrL)
+ gr(cot (1 — 45)b) (FowvrL)] + Hee., (1.1)

where otV = %[fy“, Y]. vy = Ppv; is the field of left-handed neutrino. The left-handed
chirality projector P, = (1 — 75)/2. In the Standard Model (SM), the Wilson coefficients
satisfy gy = —ga = 1 and gg = gp = gr = 0. To understand the anomalies in B —

'In this work, we only consider left-handed neutrinos. The effective Hamiltonian containing right-handed

neutrinos can be found in refs. [10-12]. It can be derived from the identity o""~y5 = —%e‘“’aﬁaag that the

operator (¢o*” (1 + v5)b)(Touv-1) is absent. We use the convention epiz2z = —e’*23 = 1.



D™ 7=, decays, a number of global analyses have been carried out [13—20], finding that
some different combinations of Wilson coefficients can well explain these anomalies. In
addition, a large number of studies have been done in some specific NP models, such as
leptoquarks, R-parity violating supersymetric models, charged Higgses, and charged vector
bosons; see for instance refs. [21-45]. In these NP scenarios, the AY — A7~ 7, decay, which
is also governed by the b — ¢7~ v, transition, will receive contributions from the NP.

The baryonic decay A) — AF7~ ¥, could be useful to confirm possible Lorentz struc-
tures of the NP effective operators and to distinguish the specific NP models. Due to the
spin-half nature of A, and A, baryons, all the effective operators in eq. (1.1) can affect
AY) — Af77i; decay. But for the mesonic counterparts, the operators (¢y*y5b)(7vuvrr)
and (¢y5b)(Tvr1) cannot affect the B — D processes, and operator (¢b)(7v,) cannot affect
the B — D* processes. The large production cross section of Ag on the LHC and the clear
AY) — A} transition form factors [46-51] make AY — A7~ 7, decay a good candidate to
complement the B — D® 7~ 5. decays. In the previous studies of the NP contributions
in Ag — AF77 0, decay [14, 52-57], especially in some studies considering the angular
distribution of the cascade decay AY — AF(— A% )71, [58-61], the information of the
polar and azimuthal angles (6, ¢,) of the final-state particle 7= may be used. However,
as pointed out in ref. [62], the polar and azimuthal angles (6, ¢,) cannot be determined
precisely since the decay products of the 7~ include an undetected v,. Therefore, in this
work, we construct a measurable angular distribution by considering the subsequent decay
7= — 7 v;. The full cascade decay is A) — AF(— A%7")7~(— 7 v,), which includes
two undetected final-state particles v, and v,, as well as three visible final-state particles
whose three momenta can be measured: A?, 7F, and 7.

Our paper is organized as follows. In section 2, we define the independent transversity
amplitudes and give the analytical results of the measurable angular distribution of the
five-body decay A) — AF(— A7)~ (— 7 v;)0r, with an unpolarized AJ. Discussions
of the integrated observables are included in section 3. The numerical analyses and results
are shown in section 4. Our conclusions are finally made in section 5. In the appendix A,
we present the detailed calculation procedures and some conventions.

2 Analytical results

In this section, we directly list the analytical results of the angular distribution. The
detailed calculation procedures are presented in the appendix A.

2.1 Transversity amplitudes

In order to get the compact form of the analytical results, we adopt the helicity-based
definition of the A, — A, form factors [63], which are given in ref. [47]. The matrix
elements of vector and axial vector currents can be expressed by six helicity form factors
F., F\, Fy, G4, G, and Gy. Using the Ward-like identity for the A, — A, matrix
elements

(Aele () bl Au) = 2 (e (35) 170l ) (21)



the matrix elements of scalar and pseudoscalar currents can be written in terms of Fj and
Gy, respectively. In the absence of the tensor operator, we can define six independent
transversity amplitudes as follows

Ap, = AP 4 %AK;“, (2.2)
Ay, = AP + \’}%A”V;‘, (2.3)
AL, =—2F \/Q _gv, (2.4)
A, = —2G1/Q1 g4,

ALy = Fi/2Q- ng, (2.6)
Ajp = Gyy/2Q e ey (2.7)

Ve

Here, L and || stand for the different transversity states. The subscript ¢ represents time-
like 771, state; the subscripts 1 and 0 denote the magnitude of the z-component of the
7~ Uy angular momentum in the vector 77, state. Q1+ = (my, :thc)2 —¢?. The time-like
transversity amplitudes A]q_f , Aﬁtp ) ALA, and A“‘/;A are respectively defined as

ma, — ma, mp, + ma,
.Aif = Fomhgsa ATlgzP = —GO\/EWQP, (2:8)
c C
ma, —my, ma, + ma,
AK? — Fb\/mbigv7 A|‘|/;A = Gombigfl- (29)

Vi Vi

The matrix elements of the tensor currents can be expressed by four helicity form
factors hy, h, hy, and h, and we need to define four additional independent transversity
amplitudes as follows

mp, +m
AT = 4hl\/Q_%gr[, (2.10)
7 MA, — MA,
Al = 4hb/Q+”T9T, (2.11)
AT, = —2h1/2Q gr, (2.12)
Al = —2h,\/2Q gr. (2.13)

The superscript 7" indicates that an amplitude arises only when there are tensor operators.

2.2 Angular distribution

The measurable angular distribution of the five-body A) — A (— A’aT)r— (= 7 v,)i,
decay, with an unpolarized A, is described by the 77, invariant mass squared ¢?; the
helicity angle of A” baryon in the A rest frame, 6,; as well as the energy, the polar angle,
and the azimuthal angle of 7~ in the 7~ 7, center-of-mass frame, E, 0, and ¢,. For more
details, we refer to figure 1 and the appendix A. The five-fold differential decay rate can



Transversity Amplitudes | Couplings
AVAL AL, AL gv
VA

AL A Ao 94
ALY gs
A“gtp gp

Al gv, gs

Ay, ga, gp

T T ST T

Aj_lv A”la Aj_ov A”O gr

Table 1. Contributions of the NP Wilson coefficients to the various transversity amplitudes.

Figure 1. Definition of the angles in the unpolarized A) — AF(— A7 )7~ (= 771, )i, decay.

then be written as

d°T G% Vi) Ipa. | (¢2)%/2m?
= T s “v)B(Ae — Art
d?dErd cosOrddrdcosty  256m'm3 (m2 — m?2)? B(r — 7 vr)B(A, — An™)

x KK <q2, Er, cosfy,cosby, gbﬂ) , (2.14)

where [py,| = VQ+Q—/(2my,) is the magnitude of the A, three-momentum in the A
rest frame. By rearranging N%|.A4;|?, NERe[A;Af], and N/ Tm[A; A%] pieces of eq. (A.51),
which are listed in table 3, 4, and 5, the angular distribution K can be expressed as a set
of trigonometric functions as follows

10
K (qQ, E,cos0y,cosb,, (257r) = ZICi(qQ,EW)Qi(cos O, cosOr, Or)
i=1

= (Klss sin? 0y + Kiee c0s® 0 + K1 cos 97r)
+ (ICQSS sin? O, + Koee cos? 0. + Ko cos HW) cos 0

+ (K3sesin O, cos O + Kss sin ;) sin 0 sin ¢
+ (Kasesin Oy cos O + Ky sin 0 ) sin 0 cos ¢, (2.15)



where the ten angular observables K;(¢?, E) can be completely expressed by the transver-

sity amplitudes, the dimensionless factors (see eqs. (A.53)—(A.64)), and the asymmetry

parameter oy, (see eq. (A.38)) as follows

Kiss = [St |AL I+ (St — S3) |AL* + (S1 4 S3) | AL |

(L) ]
+ Re {(Rl — R3) .ALPAJT:; + (R1 + R3) ALOAE + (J—HH)} 5

+ (ST + 87) A1,

Kice = [StlAL P + (81 + 85) AL > + (81— 355) |AL [
2

(ST 4 ST) AT, + (ST —3sT) | AT,

(Lol ]

+ Re [(R1 + Ry) A, AT + (Ry — 3R3) AL, AT + (J_<—>H)} ,
Kie = 2Re [S2 AL, Af, + 5 AT, AT

+Re [RpA 1, AT — V2RAL AL, — V2RT AL AT: + (L),
Kass = 20z Re[SiA L, Al + (St — S3) AL AT+ (S1+ S5) AL Al

+ (ST = S7) AT, AT + (ST + 57) AT, Al

+anRe [(By + Ry) AL AT + (By — Ry) AL AT + (L]

Koce = 206ACRQ[StAJ_t-AWt + (51 + 53) AJ_l + (51 — 353) ‘AJ—O‘ATlo

*
ll1

+(S1T+53T)A AT 4 ( —353T)A AHO]

+aACRe[(R1+R3)Al1AH1 (Ry — 3R3) AL, A" + (J_<—>H)},

Sa A, [* 4 ST AT + (Lo

ICQC = O\,

+anRe [ R AT: = VRRL AL Af — V2RI AL A + (L)),

Ksse = 2v/2a,,Im [283«4@«4’10 + 285 AT AT*

+ Ra AL, AT — RyAL, AT: — (Losl]) ]

Kss = — \/ﬂm[‘[ RiAL AL + V2RI AL AT 42841, A)

+ RQAJ—lAHO + RQAJ_O.A‘M + QSQTA AHO (J_HH) },
Kise = 2\/>04A Re {Rg.AJ_O.A”l QSgAJ_lAWO

— Ry AL, Afr — 287 AT Al — (J_<—>||)],

_ %A
IC45 = \/5 Re [\/iRt.AJ_t

+ RoA L AT 4 Ryl (AT 28T AT AT: — (L)) ] :

i+ V2RIALA[S + 29 A1 AT

[l1

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



The time-like pieces of our results can be completely formulated by transversity ampli-
tudes A, and A, without using Asf ) Aﬁtp , ALA, and /or A“‘/;A. This is consistent with
the Ward-like relation (2.1). We can obtain the differential decay rate dI'/dq? as a function
of ¢ by integrating over E,, cosfy, cosfy, and ¢,. Apart from the factors B(t — 77 v,)
and B(A, — Ant), we find that our results of dI'/dg? (see eq. (3.5)) are complete agree-
ment with those in ref. [47], which discusses the Ay, — A 7, decay in the presence of all
dimension-six operators.

In the SM, gy = —ga = 1 and gs = gp = gr = 0, the angular observables K35, and
K35 are vanishing. Therefore, a non-vanishing Kss. or K3, indicates that there is NP effect,
which induces a complex contribution to the amplitude.

e Suppose that the angular distribution is found to contain the component
sin 0 cos O sin @y sin¢r.  This indicates that at least one of Im[A, AT*],
Im[ALOAE‘], Im[AHlAﬁ;*}, and Im[.A”OAﬁ*] is nonzero, which implies that gr # 0,
and that the gp has a different phase than gy or ga.

e Suppose that the angular distribution is found to contain the component
sin 0 sin 05 sin ¢. This indicates that the imaginary part of at least one of gggy,

ar9a, 9v9a, 9591, 9p9rs 9v 9y, and gagr is not equal to zero.

Here we give a direct way to determine the existence of the tensor operator,
that is, a nonzero angular observable K3, would be a solid signal of tensor-type NP.
In fact, the angular distribution K can also be written in terms of the Wigner D-
functions, and the terms corresponding to the last two lines of eq. (2.15) are given
by 2Re [K11Q1 (20, Q) + K101 (24, 94)| [64], where Q5 = (0,0,,0) and Q, =
(érsOr, —br). The KWaln are given by

1 , ,
/Cig - % (,C4SC + ’L’Cgsc) , /C%’l = Kys + iK3s, (2.26)
and the QW= (Qy, Q) = fo;,o (Q4) Df;{,o (Qr), with the explicit Wigner D-functions used
here are given by

Di,(0,0,—¢) = ~ L Ging e D?,(6,0,—¢) = —\/gsin 20 7. (2.27)
) \/i ) 8
Each Wigner D-function in QA+~ is derived by reducing the pair of Wigner D-functions
generated by the squared matrix element to single one by the Clebsch-Gordan series. So
the range of the indices Iy and lr is 0 < lj(;) < 2max [JAC(W)}. The Jy, = % leads to
0 < Ip < 1. In the lepton-side factorization approximation, only Jy < 1 contributions
come from the dimension-six operators in effective Hamiltonian H.g, thus resulting in
0 <l; < 2. There is no Jy = 2 partial wave since the two indices in the tensor operator
are antisymmetric and therefore in a spin-1 representation. The time-like contributions,
which are induced by scalar and pseudo-scalar operators as well as the spin-0 components
of the vector and axial-vector operators, are not included in the factor IC%’2 (or the angular
observables Kss. and Kys.), because they need to be combined with the contribution of an



operator in spin-2 representation to produce [, = 2. Furthermore, there is no imaginary
part in Aj, AT~ | gv|? and Aj Ay ~ | gal*. These make it possible to directly determine
the existence of the NP tensor operators by using a nonzero angular observable K3s.. The
similar direct conclusion does not exist for Kss since I, = 1 can be produced by various
combinations, each of which contains contribution from at least one operator in spin-1
representation. Therefore, the eq. (2.23) does not contain terms that are only combined
by time-like transversity amplitudes.

3 Observables

The five-fold differential decay rate of A) — Af(— A7)~ (— 7 v ), decay depends on
five measurable kinematic parameters ¢2, Ey, 05, 05, and ¢, and a complete experimental
analysis may be limited by statistics. By integrating some kinematic parameters, abundant
observables can be constructed.

3.1 Hadron-side observables
By integrating over the lepton-side kinematic parameters E ., 0., and ¢,, we can obtain
the two-fold differential decay rate as follows
#r__1ar
dg?dcos@y  2dqg?
Here, Py, (g?) represents the A, spin polarization, which is defined as
dTMe=1/2 /g2 — qTae==1/2 /42
dFAAC:I/Q/dqz 4 dFAAC:—l/Q/dQZ'

The differential decay rates for the polarized intermediate state A. baryon are given by

[1 + ap, Py, (¢%) cos HA} . (3.1)

Py (%) = (3.2)

dMMe=%1/2
T4 N (A§ + AR A%Hi) ; (3.3)
L 3 2 2 2
Ay = 3 ‘AJ_t + AHt + ‘Aj_l + A”l + ’AJ_O iAIIo
T T |? T T |?
+2‘.AJ_1:|:A||1 +2‘AJ-O:E‘AH0 R

A = —6Re [(AL, £4),) (AT, £ A7) + (AL, £ 4),) (AT, £ A7),

Il llo
2

1 2 2
AF =5 AL £ 4, +a| AT, £ AT [+ 4] AT, £ AT

2 1
+ 9 "ALO + 'A||0

where the dimensionless parameter x, = m,/+/¢?, and the factor

G% |Vl [Pa.| ¢° 22
= “ £ 1-— B(t — m v)B(A. — An ™). 3.4
N 33473 %b ( KT) (1 — 7 v)B( ) (3.4)

Further integrating over the variable 65, we can obtain the following differential decay
rate depending only on ¢2,
dr' dlMae=l/2  qrine=—1/2
i@ " A dg?
=N [(A§ +45) + (A + A7) ke + (A + A7) 62 (3.5)




Our dI'/dg?* (apart from B(r — 7 v;)B(A. — Ant)) is consistent with that in ref. [47],
which has also been checked by refs. [14, 60]. Since we have integrated over all the lepton-
side kinematic parameters, the observables constructed above are not affected by 7 decay
dynamics, so they are also applicable to light leptons ¢ = p, e (Necessary replacement
m; — my and removal of factor B(t — 7~ v;) are required). The universality of lepton
flavor can be tested by comparing the predicted values of observables dI'/dg® or Py_(q?) of
7 and /.

3.2 Lepton-side observables

By integrating over the hadron-side kinematic parameters 85, and one or two lepton-side
kinematic parameters, we can construct a variety of observables. These observables depend
on at least one kinematic parameter of 7, so they only exist in 7 channels, and specifically
for the 7 — 7~ v, decay.

The differential decay rates for which E; has not been integrated over can be expressed
simply as the angular observables IC;. To reduce the uncertainty of theoretical predictions,
we use d’T"/(dg*dE;) to normalize them.

RN 3 AT Kigssin2 0, + Kiee 082 0, + Kye 0089 (3.6)

dg?dE,dcosO,  2dq?dE, 2K 1ss + Kice '
T 1 & ) 37 K35 sin ¢ + Kas 08 dr (3.7)

dq?dE,d¢, 2m dq*dE, 16 2UC1ss + Kice ’ '

with
da’r dr 4K2 2K1ss + Kice

A?dEx — dq? /@2 (k2 — k2)° (1 — 2)? (A5 + A7) + (A + A7) e + (Af + A7) w2

(3.8)

The forward-backward asymmetry of the 7~ meson can be obtained by the difference
between the integrals of the eq. (3.6) on the interval [0,7/2) and [7/2, 7). We can define
the following asymmetry App(q?, E ) as a function of ¢ and Eﬁ,

dcos 0, dcos 0,

f 1 qudEﬂdcosﬁ
dT
d2dEy

AFB(q E ) fO dqszwdcose

3 K
B 2 2Klss + ’Clcc .
The difference between the integrals of the eq. (3.7) on the interval [0,7) and [m, 27) can

(3.9)

isolate the angular observable K3s, which is nonzero only if the NP induces a complex
contribution to the amplitude.

Further integrating over the 7~ energy Er in egs. (3.6) and (3.7), one can obtain the
two-fold differential decay rates dI"/(dq*d cos 0) and d*T'/(dg*dé,). Similarly, we can use
them to construct asymmetry observables that do not depend on the variable F;. For
example, the forward-backward asymmetry of the 7~ meson as a function of ¢? can be
defined as

dcos 0, dcos 0,

f 1 dq2d0059

Arp(d®) = o o (3.10)

dq



This result can also be obtained by integrating over E. separately in the numerator and
denominator in eq. (3.9).

3.3 The angular observables K;(g2?) and K;

Starting from five-fold differential decay rate (2.14), integrating over the variable E, and
after proper normalization, we can obtain the following angular function

d°T
f dq2dEdcos 0 dprdcos O, dEW

d?I
f dq?dE, dEﬂ'

K (qQ,COSOA,COSGﬂ-,Qbﬂ-) =
=5 lei(q2)9i(COSQA,COS0ﬂ,gf)ﬂ-), (3.11)

with the angular observables i€,-(g2) given by

~

ICi(QQ) f’ci(q27E7T)dEﬂ'

f (QICISS + chc) dE7r ’

(3.12)

Comparing egs. (3.9), (3.10) and (3.12), we can easily get the Arp(q¢?) = %Ielc(qQ). The
spin polarization of A, baryon satisfies ay, Py (¢?) = 2/6258(q2) + Egcc(q2).

If the variables E, and ¢ in eq. (2.14) are simultaneously integrated over, we can
obtain the following angular distribution

as’T 2
~ dE,dq
KC (cos Oy, cosOr, ¢r) Ef dq2dEﬂdcozg;d¢ﬂdcos 0/\2 :
quQdETr dEﬂ'dq
3 20
- ;Kiﬁi(cos Op,cosbr, dr), (3.13)

with the angular observables I%Z given by

g, = @V Q-Ki(¢?, Ex)dExdg? (3.14)

f(q2)3/2 VQ+Q- (2K1ss + Kice) dErdg? ‘
Our choice of the normalization in eq. (3.12) and (3.14) make the first two angular observ-
ables exactly satisfy the relationships, 2/6155(q2) + Ielcc(qQ) =1 and 2K 55 + K1ee = 1. All
observables related to AY — AF(— A% )77 (— 7 v;), decay can be expressed linearly

by the corresponding angular observables IC; and the normalized ones I@, which contain
0 ~ 2 variables in E, and ¢. For instance, the forward-backward asymmetry of the 7~
meson is Apg = %/%10, or as a function of ¢% is Arp(¢?) = %I%lc(qQ), or as a function of ¢?
and E, is Arp(¢?, Ex) = %Ialc(qQ, E.). In the following numerical analyses, we only focus
on the normalized angular observables K; and lei(qQ), because they have less theoretical
uncertainty to facilitate the discussion of the effects of the NP. The K;(¢q?, E;) are not in-
cluded for the time being, as they require more experimental statistics than IEZ and l@(qQ).
When the statistics are large enough, it is necessary to discuss /&(q% E;) in detail.
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Figure 2. The angular observables K;(¢2) as a function of ¢2, predicted both within the SM
and in some NP scenarios. The asymmetry parameter oy, is factored out in ﬁi(qz) with ¢ =
2ss, 2ce, 2¢, 3sc, 3s, 4sc, and 4s. The observable I/C\lcc((f) can be obtained as 1 — 2]6155((]2). The
width of each curve is derived from the theoretical uncertainties of A, — A, form factors, except
that the widths of light-colored curves are derived from the uncertainties of both the form factors
and the NP parameters given in BP1, BP2, and BP7.
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4 Numerical results

The model-independent analyses to study the NP effects in B — D® 7~ decays have been
completed in the previous literatures [13-20]. In order to illustrate our results numerically,
we select a variety of best-fit values as the NP scenarios. These best-fit values are usually
performed in a set of bases, which is equivalent to eq. (1.1) by the following relations

QV:1+CVL+CV37 QA:_l_CVL“‘CVR,
gs = Cs, +Cgp, gp = —Cg, + Cg,, gr = Cr. (4.1)

We should choose the best-fit values from recent global analyses [15, 16, 18-20], including
two new results recently announced by the Belle experiment: the first measurement [65] of
D* longitudinal polarization fraction in B — D*7rv decay and the new measurements [9]
of R(D™). The fitting results show that a single Wilson coefficient Cy, can explain the
experimental data well. However, in this scenario, there is no change in the normalized
angular observables K; and I%Z-(qQ), so we do not choose it. The scenario with a single Cy/, is
allowed only if Cy, is complex. We choose (Re [Cy;,], Im [Cy,]) = (—0.031(34), 0.460(52))
(with correlation 0.59) [19] as the NP scenario and mark it as BP1.2 The scenario with a
single Cg, or Cg, is ruled out by the branching ratio of B, — 7v decay [26, 37, 66]. For
the scenario with a single Cr, we take (Re[Cr], Im [C7]) = (0.011(62), 0.164(60)) (with
correlation 0.98) [19] as the other NP scenario and mark it as BP2.

In ref. [18], a set of benchmark points is determined by considering the best-fit points
of different scenarios induced by specific UV models. Specifically, we will choose the best-fit
points of the following four different NP hypotheses, all of which can explain the R(D(*))
anomalies, as our NP benchmark points (the remaining Wilson coefficients C; are set to
zero in each case)

BP3: (Cy,, Cs, = —4Cr) = (0.10, —0.04)
BP4: (Csy, Cs,) =(0.21, —0.15) (A) or (-0.26, —0.61) (B)
BP5: (Cy,, Cs,) = (0.08, —0.01)
BPé6: (Re[Cs, =4C7], Im[Cs, = 4C7]) = (—0.06, 0.31)
where the Wilson coefficients are given at the scale 4 = 1TeV, and we run them down to

the typical energy scale p = my [14, 17, 67]. Finally, we choose a set of values labelled
“Min 1b” in table 8 of ref. [16] as our BP7 scenario

BPT:  (Cv;, Csy, Csy, Or) = (0097013, 0.08604, —0.14%032, 0.008%0015)

Next, we should discuss the entire set of angular observables, including the functions
I%i((f) and the numbers i€,~, within the SM and in these NP scenarios respectively. For
angular observables IC; with i = 2ss, 2cc, 2¢, 3sc, 3s, 4sc, and 4s, we factor out the asym-
metry parameter ay, = —0.82 £ 0.09 [60], because it can bring great uncertainty to these
observables, thus interfering with the emergence of the NP effects.

2The corresponding complex conjugate fitting value (Re[Cvy], Im [Cyvy]) = (—0.031(34), —0.460(52))
(with correlation —0.59) [19] is marked as BP1*. Similar conventions are used in other two complex scenarios
BP2* and BP6".
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observable SM BP1 BP2 BP3 BP4A

Kiss 0.323(1)  0.323(1)(0)  0.328(1)*3:9%4 0.323(1) 0.324(1)
Kie 0.224(5)  0.204(4)(4)  0.145(6)70:18 0.230(4) 0.251(4)
Koss/oa, —0.240(4) —0.153(3)(14) —0.130(8) 997 —0.249(4) —0.254(4)
Koce/op, —0.279(5) —0.178(3)(16) —0.172(8)+3-95¢ —0.289(5) —0.289(5)
Kaoc/aa,  —0.274(3) —0.200(1)(13) —0.252(3)+3:92 —0.270(3) —0.291(3)
Kase/ax, 0 0 0.032(2) 75073 0 0
Kss/an, 0 0.055(1)(5)  0.172(5)79:04 0 0
Kase/an, —0.024(2) —0.015(1)(1)  —0.024(1)*5:9% —0.022(2) —0.021(1)
Kis/op,  —0.149(4)  —0.117(3)(8) —0.124(4)+39% —0.130(4) —0.138(4)
observable BP4B BP5 BP6 BP7
Kiss 0.324(1) 0.323(1) 0.325(1) 0.323(1)+9-904
Kie 0.067(7) 0.222(5) 0.198(4) 0.237(4) 5035
Kass/an, —0.091(4)  —0.240(4) —0.181(4)  —0.252(4)*99%
Koce/an, —0.126(4)  —0.279(5) —-0.219(4)  —0.291(5)F) 052
Kac/an, — 0.004(4) —0.272(3) —0.220(2)  —0.274(3)10 L4
Ksse/an, 0 0 0.014(1) 0
Kss /o, 0 0 0.022(3) 0
Kase/on, —0.021(2)  —0.024(2) —0.025(1)  —0.022(2)9:916
Kas/an,  0.117(5) —0.148(4) —0.115(4)  —0.128(4)*9166

Table 2. Predictions for the entire set of angular observables I%,- within the SM and in some NP
scenarios. The asymmetry parameter a,, is factored out in I/C\Z with ¢ = 2ss, 2ce, 2¢, 3sc, 3s, 4sc,
and 4s. The observable Ialcc can be obtained as 1 — 2@155. The first uncertainties come from the
Ay — A, form factors, and the second (only in BP1, BP2, and BP7) come from the NP parameters.

In our numerical analyses, we use the A, — A, form factors computed in lattice QCD
including all the types of Lorentz structures of the NP effective operators [46, 47]. The re-
sults of the angular observables I@(qQ) as a function of ¢? are shown in figure 2. When only
the central value of Wilson coefficients in each NP scenario is considered (corresponding
to the normally colored regions in figure 2), the theoretical uncertainties of the observ-
ables Iai(qz) mainly come from the Ay — A, form factors since the cancellations through
normalization to the decay rate and the asymmetry parameter a, has been factored out.
Benefiting from the correlation between the uncertainties of the A, — A, form factors,
these observables have small uncertainties. The accurate prediction of the observables cor-
responding to each NP point enables us to use them to discuss the NP effects. In figure 2,
we also give the predictions of the observables I@-(qQ) as the NP Wilson coefficients in
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BP1, BP2, and BP7 vary within 1o level (corresponding to the light-colored regions which
simultaneously contain uncertainties of the form factors and the NP Wilson coefficients).
Let us now comment on the results we obtain.

. lelss(qz). At two endpoints, the values of K15 (¢?) are fixed at % Specifically, at end-
point g2, = (mp,—ma,)?, the transversity amplitudes Ay ALy, and AEI , are van-

ishing. The endpoint relations of the helicity form factors G4 (g2..) = G1 (’qfnax) [46]
2

T

and oy (¢2,) = ho (2. [47] result in Kygs(g2,) = 1. Near the endpoint ¢2;, = m
the dimensionless factors after integrating over F, satisfy the following asymptotic

relationships
Sy = ne + 0(e?), S; =ne + O(e?), Sy = —ne® + O(e?), (4.2)
Sz = O(e%), ST = 4ne® + 0(e3), ST = —4ne? + O(£%), (4.3)
ST = 0(e%), Ri= V22 + 0(%), RI =2V + O(%),  (4.4)
Ry = —4ne® + O(e®), Ry = 4ne’ 4+ O(?), Rs = O(&?), (4.5)

where S;(R;) = [Si(R;))dE,, n = \/¢?(1 — k2)?, and ¢ = 1 — k,. By comparing
eq. (2.16) with eq. (2.17), one can immediately get K1.s(g2,,) = % The NP does not
have much impact on K1 ss(¢%), even though the uncertainties of the NP parameters
are taken into account in scenarios BP1, BP2, and BP7. The NP effect in scenario

BP2 contributes the most to K1 ss(¢?), but it can only increase ,/C\lss(C]?) by about 3%.

o Kie(q?) = %AFB(q2). This observable can clearly distinguish the two best-fit
points in the NP hypothesis (Cg,, Cs,), which is motivated by models with extra
charged Higgs. The predicted value of Iﬁlc(qQ) decreases greatly in BP4B, but in-
creases slightly in BP4A. Although there is a great deal of uncertainty, the NP effect
in scenario BP2 can still greatly reduce Ielc(qQ). The uncertainties of the NP param-
eters do not bring considerable uncertainty to the prediction of I%lc((f) in scenario
BP1. The predicted values of I%lc(qg) in scenarios BP1 and BP2 do not overlap. In
scenarios BP1 and BP6, the predicted values of lalc(qQ) decrease slightly. At the
endpoint qfnax, the disappearance of transversity amplitudes A,, AL, ,, and A{LO

leads to Ki.(q2, Ex) = 0 (sce eq. (2.18)) and thus K1.(¢2,,) = 0.

. Iezss(qz) /an,. This observable can also clearly distinguish the two best-fit points in
the NP hypothesis (Cs,,, Cs, ). The predicted value of Kass(q?)/ vy, increases greatly
in BP4B, but decreases slightly in BP4A. The NP effects in scenarios BP1, BP2, and
BP6 can significantly increase the predicted value of this observable. The correspond-
ing region of scenario BP2 almost cover the region of scenario BP1, but these two
regions do not coincide with that of scenario BP7. At the endpoint ¢2,., the disap-
pearance of transversity amplitudes Aj,, A, ,, and "4{1,0 leads to Kass(q?, Ex) = 0

(see eq. (2.19)) and thus Koss(g2,,) = 0.

o Kocelq?) /o A.- The image of this observable is very similar to that of Koss(¢q2)/ana. .
For the sake of brevity, we will not repeat it here.
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. Iezc(qz)/aAc. The two best-fit points in the NP hypothesis (Cg,, Cs,) can also
be distinguished by this observable clearly. The predicted value of this observable
increases greatly in BP4B, but decreases slightly in BP4A. There are overlapping
parts in the regions of scenarios BP1, BP2, and BP7. In scenarios BP1 and BP6, the
predicted values of Kac(¢?)/cvy, increase.

. Iegsc(qQ) /an,. Consistent with our previous discussion in subsection 2.2, only sce-
narios BP2 and BP6 can provide nonzero Iagsc(qz). This observable can distin-
guish between the scenario and its complex conjugate partner since the relation-
ship Kssc(¢?)|gpr = —Ksse(q?)|gp, Where BP stands for BP2 and BP6, holds. The
ﬁgsc(qﬁlax) = 0 is due to the disappearance of the transversity amplitudes A,, A1, ,,

) and

hy(g2a) = hi(qi.). The eq. (2.22) contains only the dimensionless factors Ss,

and AELO at the endpoint ¢2,,, and the relationships G (¢2.x) = G1(¢2ax
ST and R3. After integrating over E,, they become Ss, 53T , and Rs, respectively.
Obviously, K3sc(q2;,) = 0 since S3, ST, Rz ~ O(&%).

e K35(q?)/aa,. Consistent with our expectation in subsection 2.2, the predicted value
of this observable is nonzero only in the three scenarios with complex phases. Since
the relationship ﬁgs(qz)]Bp* = —I/Cgs(QQ)‘BP, where BP represents BP1, BP2, and
BP6, holds, the scenario and its complex conjugate partner can be distinguished by
Iags(q2). This observable can also clearly distinguish the scenarios BP1 and BP2.
The transversity amplitudes A),, Ay, ,, and AT_LO are vanishing at the endpoint

Q2 .y causing Kss(qg2,..) = 0.

e Kase(q?)/ap,. Only the predicted value in scenario BP1 has a large deviation from
that in the SM. Other NP scenarios are difficult to distinguish from the SM. The
two endpoints of this observable are fixed at zero, since the eq. (2.24) contains only
the dimensionless factors Ss, ST, and R3, and the transversity amplitudes Ajs ALyos
and AT ., are vanishing at @

e K4s(q?)/ap,. In scenario BP4B, the predicted value of Ku,(g2)/a, is a relatively
large positive number (also see table 2), which is quite different from the predicted
value in other NP scenarios and the SM. In scenarios BP1 and BP6, the predicted
value of this observable is slightly improved.

Observables legsc(q2) and I€4SC(q2) only include the suppressed dimensionless factors
Ss, S‘;{ , and R3, making them an order of magnitude smaller than other observables. Except
the 16380((]2) and ]%35((]2), other observables are not sensitive to the sign of imaginary part,
and their predicted values in complex conjugate scenario BP* are exactly the same as those
in scenario BP, where BP stands for BP1, BP2, and BP6. The NP effects in scenarios BP3
and BP5 are mainly the contribution of CYy, , so they have little impact on the normalized
angular observables l@((f). There is always an overlap between the SM predictions and
the predictions in scenario BP7. The values of the corresponding angular observables Ki
are provided in table 2.
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5 Conclusions

Inspired by the anomalies in B — D®) 7=, decays, many works have been done to explore
possible NP patterns in b — ¢7~ v, transition by studying the baryonic counterparts, that
is, the Ag — A7, decay or the cascade decay Ag — A (= A%H)7~,. Comparing with
B — D™=, decays, the baryonic counterparts could be useful to confirm more possible
Lorentz structures of the NP effective operators. However, the angular distribution of
them cannot be measured since the solid angle of the final-state particle 7~ cannot be
determined precisely. Therefore, in this work, we further consider the subsequent decay
T~ — @ v, to construct a measurable angular distribution. The full process is Ag —
AF(— A% H)7~ (= 7 v,)y, which includes three visible final-state particles A?, 7%, and
7~ whose three momenta can be measured.

For an unpolarized initial A state, the five-fold differential angular distribution in-
cluding all Lorentz structures of the NP effective operators can be expressed in terms of
ten angular observables K;(¢?, E,), which can be completely expressed by ten independent
transversity amplitudes, the asymmetry parameter ay, related to A7 — A%t decay, and
some dimensionless factors given in eqgs. (A.53)—(A.64). Our results are consistent with
the Ward-like relation, and when the transversity states L and || are exchanged, they
have good symmetry or antisymmetry. We also find that our results of dI'/dg?, which can
be obtained by integrating over the kinematic parameters E,, cosfy, cosf,, and ¢, are
complete agreement with those in ref. [47]. Based on these, we believe that our results
are correct.

If the angular distribution is found to contain the nonzero component
sin 0, cos 0 sin 0, sin ¢, this will be an unquestionable sign of the NP, indicating that
the tensor operator must exist and that the corresponding Wilson coefficient gr has a
different weak phase than gy or ga.

We obtain a number of observables by integrating over some of the five kinematic
parameters. On the hadron side, there are the A, spin polarization Py (¢?) and certainly
the differential decay rate dI'/dg®. Since all the lepton-side kinematic parameters have
been integrated over, these observables are not affected by 7= decay dynamics, so their
expressions are applicable to light leptons ¢ = pu, e (Necessary replacement m, — my, and
removal of factor B(r — 7~ v;) are required). On the lepton side, there are the three-
fold differential angular distributions d°T'/(dg*dE,d cos 0,) and d°T'/(d¢*dE,d¢,), and the
two-fold differential decay rate d°T'/(dq?dE,), as well as the 7~ meson forward-backward
asymmetry Arp(q?). These observables depend on at least one kinematic parameter of
77, so they only exist in 7 channels, and specifically for the 7 — 7~ v, decay. The PAC(QZ)
and Arp(g?) can be represented by the angular observables K;(q?).

Using the Ay — A, form factors computed in lattice QCD including all the types of
Lorentz structures of the NP effective operators, we predict the entire set of the angular
observables I%i(qQ) and K; both within the SM and in some NP scenarios, which are a
variety of best-fit solutions in seven different NP hypotheses. We find that the two best-fit
points in the NP hypothesis (Cs,,, Cs, ), which is motivated by models with extra charged
Higgs, can be distinguished by observables I%lc, 16258, ]/C\QCC, 1626, and 1645. Although the
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uncertainties of the NP parameters and the Ay, — A, form factors are taken into account,
the predicted values in scenario BP1 are still accurate. This allows scenario BP1 to be
well distinguished from other scenarios and the SM. The predicted values of observables
/%10, 16255, I/C\QCC, 16350, and 1633 in scenario BP2 are significantly different from the predicted
values in the SM.

The (HL-)LHC will produce a large number of Ay baryons, with a production cross
section o(Ay)/o(bb) ~ 10%. Future precise measurements of the angular observables in
A) — AF (= A°7 )7~ (= 7 v, )i, decay, especially precise measurements of the normal-
ized ones, would be very helpful to provide a more definite answer concerning the observed
anomalies by the BaBar, Belle, and LHCb collaborations, restricting further or even deci-
phering the NP models.
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A The detailed calculation of the measurable angular distribution

The differential decay rate of the unpolarized AY — AT (— A7 )7~ (— 7~ v,)U; decay can

be written as )

2mp,

dal' =

2
‘M‘ dH5(pAb;p7r*apuvpﬂapl\apﬂ"")v (Al)
where the squared matrix element is

1
MP =305 2 My,

2

)

YNV
AAC))‘T — /\A —+ —
Mi“ _ Z M’\Ab (Ap — ACTZ/T)M/\AC (Ae > AmT)My (T =7 VT)7 A2
N (pic - m?\c +imp, Ta,)(p2 — m2 +im, ;)

as well as the five-body phase space? is

dq?dp2dp3
dIl5(pA,; Pr—» Pvs Py PA, Pt ) =Wdﬂz(mb; 4 PA.)

x ds(q; pr, po)dMa(Dr; Pr—, Do) A2 (DA, PA Pr+ ). (AL3)

The A, stands for the helicity of the particle . We drop the helicity indices \;+ as they

are null and fix Ay, (\,,) to & (—3).

3In this work, the n-body phase space is most generally defined as

dI1, (P;pi) = <H (2:;%&) (27r)45<4) (Pf sz) .

i
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Using the effective Hamiltonian given in eq. (1.1), one can express the helicity ampli-
tude of Ay, — A 70, decay as

AAC 7>\7'

_ A PYVIDY PYVIP W U
My (Ap— AeTi0r) = V2GRV, (H/\[/\‘;LAHLZWH/\:; Ly +> v HYM ™ Ly,
A

Aa,
AN

(A.4)
Here A\() = ¢, +1, 0 indicates the helicity of the virtual vector boson W*. The number
of the helicity indexes depends on the Lorentz structure of the effective operator. The
factor n that appears here is due to the use of the completeness relation (eq. (A.19)) of
the polarization vectors of the virtual vector boson. The hadronic and leptonic helicity
amplitudes are respectively defined as

H) = (A, 95 (@) + gp(@50)] As(An,)) (A5)
if,f A= (V) (AOn,) l9v (@) + ga(@nsb)l Ap(Aa,)) - (A.6)
H))\\[,\\;,)\,)\/ = gTeU«*()\)gl’*()\/) <Ac()\AC) |E’L'O'w/(1 — ’)/5)b| Ab()‘Ab)> , (A?)
and
I = (- ()il Pu]0), A8)
Ly = e*(\) (77 (A7 |7y, Prv|0), (A.9)
Ly = (=)' (Ve (N) (7~ (Ae)7 [7o, Py 0) (A.10)

where () is the polarization vector of the virtual vector boson with helicity .
Using the narrow width (I'y < m,) approximation

1 m 2 2

in eq. (A.1) and by integrating over the dp%dp%c, one can obtain two on-shell relations

pic = m%c and p2 = m2, as well as
dq?
- 25mmp, meLrmp T, dlla(pay; ¢, Pa.)dl2(g; pro )ALz (prs Doy o) ALz (PA; PA, D)

2

DY MiXZ’A’(Ab—>ACTDT)Migc(AC—>A7r+)MAT(T—>7r—yT) . (A.12)
ArA, [AagAr

Since each individual two-body phase space or helicity amplitude is Lorentz invariant in
egs. (A.12) and (A.4), one can finish each part of dI" in different reference frames. In this
work, we should consider three measurable reference frames — the A, rest frame, the A
rest frame and the 777, center-of-mass frame.

A.1 In the Ay rest frame

In this frame, we calculate the hadronic helicity amplitudes H and the two-body phase
space dIlz(pa,:q,pa.). We choose the three-momentum of the A, baryon to point to the
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+z direction and the three-momentum of the virtual vector boson W* to point to the —z
direction, see figure 1. The momenta of Ay, A., and W* are respectively given by

P, = (ma,,0,0,0),  p = (Ex,.0,0,|pa.]),  ¢" =(2,0,0,—]q]). (A.13)
b c
The spinors of A and A, are then given by [68, 69]
1 T 1 T
up, <2) = ( 2mAb,0,0,0) : up, <—2> = (0,,/2mAb,o,0) , (A.14)
1 \T
UA, ( ) (BA ) 7ﬁA ) ) ) UA, <_2> = (O,ﬁj{c,(], _BAC) ) (A15)

with 8 = V/E; £ my. In this frame, the polarization vectors of the virtual vector boson
W* can be written as [68, 69]

t) = Q“/\ﬁ, (A.16)

corresponding to Ji = 0, \yy = 0, and
et(£1) = (0, £1,—i,0)/V?2, (A.17)
(0) = (Ia]. 0,0, ~q0) /\/*, (A.18)

corresponding to Jyy = 1, A\y = £1,0. The well-known completeness relation can be

expressed as

g = D N (N, (A.19)
Ae{t,£1,0}
with n; = 1 and 1410 = —1.
By integrating over the two-body phase space, we can get
P, |
dll ; = —— A .20
/ 2(PA,3 4, PA,) pr— (A.20)

as well as |pp, | = |q| = )\I/Q(m?\b7m/2\c)q2)/(2m/\b)’ Ej.
q0 = (m?\b
and )\(m?\b, mic, ?) =

= (m%b + mic —¢%)/(2my,), and
fm%CJqu)/(QmAb). The Kéllén function A(a, b, c) = a?+b%+c%—2ab—2ac—2bc,
Q:Q-.

The nonzero hadronic helicity amplitudes H can be expressed by the transversity
amplitudes as follows

1 2 -1/2
/26 _ —-1/2t v
Hyjy" = (A Af, )/\f H))y' = (AJ_t —AY )/\f (A.22)
1/2,1 -1/2,—1
HYy = (AL +A4,) V2, H 7 = (AL, — Ay V2, (A.23)
1/2,0 —1/2,0
HyJ3" = (Avg + Ay, ) V2, HZ20 = (AL, = A),) V2, (A.24)
AL, AT+ AT
Hf/lz/Q’*“ _ H;/12/2,0,71 _ 2\[ ||1’ Hll//22,1,71 B Hll//zz,o,t _ L;ﬁ ||0’ (A.25)
T T
H1/2’1’0 _ H1/2,1,t _ Aiw H71/2’1’71 _ H71/2,0,t _ ’AJ_O A||0 (A.26)
—1/2 -1/2 02 —1/2 —1/2 22 :
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together with the other eight non-vanishing tensor-type helicity amplitudes related to the

above ones by
AN

H)\AC,)\ A
Ay

Apy

(A.27)

A.2 1In the A. rest frame

In this frame, we calculate the helicity amplitude Mﬁi (Ac — An™) and the two-body
phase space dIla(pp,;pa, P-+). The momenta of A, and A are respectively given by

ﬁl/(c = (mAcv 05 07 0)7 px = (EA7 |pA| sin 0Aa 0’ |pA| COS 91\) (A28)

The “ here and the following are only used to distinguish the representations of the
same kinematic quantity in different reference frames. The spinors of A, and A are given
by [68, 69]

iin (;) = (V2ma,,0,0,0)", iy, (—i) = (0, /2my.,0,0)", (A.29)

1 T
up <2> (BA COoS — L aﬁA sin —~ L 7/6/\ COSs —- O >5A sin 92/\) ) (A.30)
1
uA (-2) = (—BX Sin 97/\’ BX COS 0 76/\ Sln 62 BA COS 02A> 9 (A31)

By integrating over the § (4) term and the azimuthal angle ¢, in two-body phase space,

one can get
1 |pa
8T m Ae

dHQ(pAc;pAvaJr) = ——d cos 9/\7 (A32)

as well as |pp| = Al/z(mA ,m3,m2)/(2my,) and E5 = (m?\c +m3 —m2)/(2ma,).
The helicity amplitude
MY (A = Art) = iua (A)(A + Bys)ua, (An,),
= ixh (M) (S + Po - pa) xa. (An,). (A.33)

Where S = /2my,, BXA stands for the parity-violating s-wave amplitude and P =
—+/2mp B, B stands for the parity-conserving p-wave amplitude. o = (c!,02,0%) is a
vector composed of Pauli matrices. Py is the unit vector along the direction of A baryon.
The four helicity amplitudes are

0 0
M8 = Art) = i(S + Pheos 2, MY} ,(Ac = Ar™) = i(S + P)sin 2, (A.34)

M1/12/2(A — Art) = i(S—P)sin%A, M~ };g(A — Ant) = i(s—P)cos%A. (A.35)

The two helicity amplitudes in eq. (A.34) correspond to Ay = % By using them, one can
obtain that the decay rate of A, — An™ with Ay = % is

M =Y2(A, — Ant) = _Ipal 1S+ P2, (A.36)
m
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In the same way, one can obtain the decay rate

I"\f‘:_1/2(AC — Ant) = 7’1)/\‘

= S — p|? A.37
16ﬂ_mic ’ | ) ( )

by using the two helicity amplitudes in eq. (A.35). The angular asymmetry parameter oy,
is defined as

2R(S*P)
ap, = —5——3, A.38
[S[? + | PP (439
and one can immediately get the relations
TAa=1/2 1 TAa=-1/2 1
TA=1/2 L [a=—1/2 5(1 +an.), [A=1/2 ¢ Tha=-1/2 5(1 —an,)- (A.39)

A.3 In the 77, center-of-mass frame

In this frame, we calculate the leptonic helicity amplitudes L and the helicity amplitudes
M, (T — 7~ v;), as well as the two-body phase spaces dlla(q; pr, pp) and dla(pr; e, Pu)-
The momentum of 7~ is defined as p* = (Er, |px| Pr) with

Pr = (sin O cos ¢, sin O sin ¢, cos O,), (A.40)

is the unit vector along the direction of #~. In this frame, the polarization vectors of the
virtual vector boson W* are changed to

é(t) = (1,0,0,0), & (£1)=(0,+1,—i,0)/v2, & (0)=(0,0,0,—1). (A.41)
The helicity amplitudes My_(7 — 7~ v;) can be written as
Mo (T = 77 vp) = iV2G Vi frlin, p_Prus(Ar), (A.42)
and one can obtain that the decay rate is

2 2 02/ 2 2\2
F(T N 71.7]/7_) — GF |Vud| le'(mT m7r) . (A43)

16mm,

Using the relation Y7, ur(Ar)ur(Ar) = P+ mr, we link the ﬂquﬂPLUT(AT) in
eq. (A.42) with the leptonic helicity amplitudes L, and we can obtain the new leptonic
helicity amplitudes as follows

L = m,ph,, v, Prvg, , (A.44)
Ly = m2e"(\)ity, v, Prvs, , (A.45)
Lxy = myr [pr - €N (X) — pr - e(N)e*(N) + ie”* P prpea(N)en(N)] Gy, v Pros, . (A.46)
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Next, we deduce the phase spaces dIla(q;pr,py) and dlla(pr; pr—,py) simultaneously
in the 77U, center-of-mass frame [62].

dls(q; pr,pi)dlly(pr; pr,py)

dsp‘r d3pz7 4 dgp d3p
= 2m)46W (g—pr —pp s Y (90V4 6@ (o —p
5o (Zm)PE, (@n)32E, o) O P ) G s, ) 0 Prpe )
1 d3p7. d3p
= = 5 2_F,— )”5E—E— _ _ A AT
52) 287T4ET|pT’ (\/; T |p7—‘ Ew|p7__p7r’ ( T T !pT pwl) ( )
The momentum-conservation relations p; = —p; and p, = p, — p; hold. Since three-

momentum p, can be measured experimentally, the remaining two ¢ functions will be used
to integrate over the two variables in d®p,. We define the solid angle of 7~ relative to the
direction of 7~ instead of the z-axis as (0rr, drr).* Next, we will see that the magnitude
|p-| and the 7~ — 7~ opening angle 6., can be determined theoretically.

Using formula §(g(t)) = >, 6(t — t;)/ |¢'(t;)| where g(t;) = 0 and ¢'(¢;) # 0 to deduce

the remaining two § functions, one has

d2(g; pr, po)d2(pr; pr, py) = 28 Yy \rdqﬁwdE =d cos 0rdor, (A.48)
as well as £~ m 2B B m?— m?
P T T T ] -
Accordingly, the variables ¢*> and E, can take
W< RS (may —ma)?, TEATRE Mt (4.50)

om2/@? T T T 2V

So far, all of the pieces of eq. (A.12) have been completed.

A.4 The five-fold differential decay rate

The five-fold differential decay rate is

d°r G Vasl” [P (4)%/>m2
= oo T “v)B(Ae — At
dg?dErd cos Ordprdcosfy — 28mim3 (m2 —m2)? B(1 = m7vr)B(Ac = An™)
3 (MVIAP + NV Re[AA7] + N Im[A47]), (A51)
2y

where the terms N°|.A;?, NERe[A;Af], and N, Tm[A; A5] are respectively listed in ta-
ble 3, 4, and 5.

4The relationships between (0, $r-) and the solid angle of 7~ relative to z-axis (8-, ¢-), which can not
be measured experimentally, are
€08 O = cos 0 cos 0 + sin O, sin 0, cos(pr — ¢-),
sin @, sin(¢r — ¢-)
\/sin2 0 sin?(¢r — ¢+) + (cos b, sin O, — cos O sin O, cos(pr — ¢ ))? '
— cos 0 sin 0 + cos O sin 0, cos(dr — ¢-)
\/sin2 0 sin?(¢r — ¢+) + (cos b, sin O, — cos O sin O, cos(pr — ¢ ))2 .

COS Prr =

Sin ¢rr =
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Transversity Amplitudes NS
(AL St
Ay, 2 Sy
|AL? S1+ ap,Sacos by cosbr + S5 cos 20,
|A||1|2 S1+ ap,S2cos by cosbr + S cos 20,
|AL, 2 (S1 — S3) — 253 cos 260,
|A, |7 (S1 — S3) — 2S5 cos 20,
|A{1|2 ST 4+ ap, ST cosOy cos O + ST cos 20,
|./4f1 2 ST + ap ST cosOp cos O, + ST cos 20,
|AT, 12 (ST — 8T — 25T cos 20,
|‘Aﬁ10 2 (ST — ST — 25% cos 26,

Table 3. The enumeration of N;°|A;|? pieces of eq. (A.51).

To make the expressions more compact, we define the following dimensionless param-

eters 5
_ mr _ Mg _ L
Rr = \/qu, Ry = m7 Wr = \/qu (A52)
The dimensionless factors in table 3, 4, and 5 are given by
Sy = 2wnk? — kY — K2, (A.53)
2
K
S, = 8(0027:’?2) [mfr (—6wwm3 + 3k + 40? + 10w, — 5)
™ ™
+ (2w7r - mz) (2w72r + 2w, — 1) K2 — 3Kr +6 (1 — 2w;) wﬂ, (A.54)
2.2 _9 1 2
g, — fir (k ww2+ )Z(wn iz). (A.55)
Wr — K
2
_ K 2 2 4 2
Sz = m [mﬂ (—Qw,r/iT + k7 + 4wy — 2wy + 1)
+ (K2 — 2w ) (202 = 6wr +3) K2 — Kh + 2 (1 — 2wr) w2, (A.56)
1
ST = m{mi <2w7r/<cz + 5% + 2w — 3) + 4w?k? [(?)w7r — 1) K2~ ww]
+ K2 {(—6(,07% — 10w, + 3) kY4 2(3 = 2wr) wek? + QWZF} — mg}, (A.57)
o _ 4k2 (k2 — 2wr + 1) (K2 — weK?) (A.58)
ST—;{ 3 (—6wrr? + 5 — bwr + 1) — dwi? [(wr — 1) K2 + wr
3 Y@ =2 Ko wrks + Ky — 6wy wik: |(wr KZ 4 wr
+ 12 [ (202 = 2wr — 1) 5+ 20 (Gwr — 1) 62 + 202 | + 348 (A.59)
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Transversity Amplitudes NE
Re[AL, A} ] 2ap, Sy cos O
Re[AL, Aj ] ap, Ry sin 6y sin 0 cos ¢
Re [AJ_{AIQ] —V2R; cos 0
RB[ALLAﬁD] —V2ap, Ry cos 0 cos O
RG[AJ_tA,‘Z‘l*] ap, RY sin 0 sin 0 cos ¢y,
Re[ AL, ATY] —V2R] cos 0
Re[AhAﬁ;*] —v2ap, RY cos 0, cos 0
Re[A), A7 —ap, Ry sin 6, sin 0 cos ¢
Re[A, A7, ] —V2ap, Ry cos 0 cos 0
RC[AHt.AﬁO] —V/2R; cos O
RB[AHfAIT] —ap, R sin 0 sin 0 cos ¢
Re[ A, AT%] —V2ap, RY cos 0 cos O
Re [A”tAﬁ;*] —V2R] cos 0
RE[ALAWI] 255 cos O + 2aip, cos 0 (S1 + S3 cos 26;)
Re[Ay, A7 ] V2ap, Sa sin 0 sin 0 cos o
Re[ALIAﬁO] —2v/2a,5,55 sin 05 sin 20 cos ¢
Re[ALIA{’I‘] Ry + ap, Ry cos by cos 0 + Rz cos 20,
Re[ALlAﬁl* Ry cosOr + ay, cosly(Ri + R3 cos20,)
RC[ALIA{:] (ap, Ra/v/2) sin 0 sin 0 cos ¢
Re [AilAfo* —v2a, R3sin 05 sin 20, cos ¢
Re[A), A7 ] 2v/2a, S5 sin 05 sin 20, cos ¢,
Re[A|, Aﬁ”] —V/2ap, S sin 05 sin 0 cos ¢
Rc[AHlAﬁ] Ry cos Oy + ap, cosOp(Ry + Rs cos 26;)
Re[AHlAfl*] Ry + ap, Rocos O cos b + Rz cos 20,
Re[Aj, Aﬁ] V205, R3 sin 0 sin 20, cos ¢
Re[AHlAHTU*] —(ap, R2/v/2) sin 0 sin 0 cos ¢
Re[ALOAﬁO] 20y, cos Oy (S1 — S3 — 253 cos 20;)
RC[AL“AIT] (ap, Ra/v/2) sin 0 sin 0 cos ¢
Re[A LDA{;‘ V2ap, Ry sin 0, sin 20, cos ¢,
Re[Ay, AT Ri — R3 — 2R3 cos 20,
Re[ALDAfO*] ay, cos Oy (R — Rz — 2R3 cos 20;)
Re[A},AT*] —V2a, R3sin 8, sin 20, cos ¢
Re[Aj, Aﬂ*] —(ap, R2/v/2) sin 0 sin 0 cos ¢
RC[‘AHOAEE] Q) COS 9/\(R1 - R3 - 2R3 COs 297‘-)
RG[AHO.Aﬁ?] R1 - R;; — 2R3 cOoS 207
Rc[AflAﬁﬂl* 258 cos O + 2ap, cos Op (ST + ST cos 20,)
Re[AT ATY] V2a,, S8 sin 0, sin 0 cos ¢
R,C[AiAﬁ;*] —2v/2a, ST sin 0 sin 20, cos ¢,
Re [.Aﬁ1 AT 2v/2a, ST sin 0, sin 20, cos ¢
RC[.Aﬁ“1 Aﬁ-o*] —v/2a, 57 sin 0 sin 0, cos ¢
Re[AEDAﬁ;* 2a, cos Op (ST — ST — 25T cos 20,)

Table 4. The enumeration of N Re[A;A%] pieces of eq. (A.51).
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Transversity Amplitudes NT
Im[A;, A7 ] —ap Ry sin 0y sin 0 sin ¢
Im[.AltAi‘] —ap, RT sin 0 sin 0, sin ¢,
Im[A”tAﬁl] ap, Ry sin 0 sin 0, sin ¢,
Im[A”tAﬁrl*] ap, R sin 0, sin 6, sin ¢
Im[A, A7 ] 2v/2ai S5 8in 05 sin 20, sin ¢
Im[A,, ﬁo] —v/2ap, S5 8in 0 sin 6, sin ¢,
Im[A, ATY] V20, R3 sin 6 sin 20, sin ¢
Im[AJ_lAﬁD*] —(ap, Ra/V/2) sin 0, sin 0 sin ¢,
Im[A), A7 ] V2aup, 8o sin 0 sin O sin ¢,
Im[A, ﬁo] —2v/2aup, S5 sin 05 sin 20, sin ¢,
Im[.AHlAﬁ] (an, R2/+/2) sin 05 sin 0 sin ¢
Im[AHlAfO*] —V/2ap, R3 sin 0 sin 20, sin ¢;
Im[A,, Aﬁ] —V/2ap, Ry sin 6 sin 20, sin ¢,
Im[ALO.Aﬁ*] —(ap, R2/v/2) sin 0 sin 0 sin ¢
Im[A), AT*] (ap, R2/+/2) sin 0 sin 0 sin ¢,
Im[AHOAﬁ*] V2ap, R3 sin 0 sin 20, sin ¢,
Im[AT AT*] 2v/2ap, ST sin 0 sin 20, sin ¢
Im[.A{lAfO*] —V2ap, ST sin 0, sin 0, sin ¢,
Im [.A‘r‘fl Aﬁ] V2a, ST sin 0, sin 6, sin ¢
Im[Af1 .Aﬁpo*] —2v/2ap, ST sin 05 sin 20, sin ¢,

Table 5. The enumeration of NV;;Im[A;A%] pieces of eq. (A.51).

V2 (wr — 1) Ky (2wrk2 — KE — K2)

R, = ,
o 2V (2 4 — ) — o (2 — ) + ]
K
Ry = m{/ﬁi [(w7r +2) K + (4@)72r + 8wy — 6) K2 — 4w + ww}
+ Ky (—6/{3 +wr + 2) + wrk? [(1 — 4w ) KE =4 (wr — 1) wﬂ} },
26 (Kt — Kk2) (K2 — 2w, + 1)
Ry = )

2 _ 2
Wx Kx

— 24 —

(A.60)

(A.61)

(A.62)

(A.63)
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Kr
2 (k7 —w3)

+ g (=262 + Bwr — 2) +wek? (8 — dwr) K2 + 4 (wr — Dwn] |- (A.64)

R3 = {/@i [(30.:7T — )kt + (—4w72r + 8wy — 2) K2 4 (3 — dwy) ww}
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