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Abstract. Fermions with the internal degrees of freedom described in Clifford space carry
in any dimension a half integer spin. There are two kinds of spins in Clifford space. The
spin-charge-family theory ([1-7,9,8], and the references therein), assuming evend = (13+1),
uses one kind of spins to describe in d = (3 4 1) spins and charges of quarks and leptons
and antiquarks and antileptons, while the other kind is used to describe families.

In this work the new way of second quantization, suggested by the spin-charge-family
theory, is presented. It is shown that the creation and annihilation operators of 1-fermion
states, written as products of nilpotents and projectors of an odd Clifford character, fulfill the
anticommutation relations as required in the second quantization procedure for fermions,
what means that 1-fermion states are in Clifford space already second quantized, and that
the creation operators for n-fermion second quantized vectors are products of one fermion
creation operators, operating on the empty vacuum state. There is no need in this theory
for the negative energy states fulfilled with fermions.

It is demonstrated that also in Grassmann space there exist the creation and annihilation
operators of an odd Grassmann character, generating “fermions”, which fulfill as well the
anticommutation relations for fermions, representing correspondingly the second quantized
1-"fermion” states. However, while the internal spins determined by the generators of the
Lorentz group of the Clifford objects of both kinds are half integer, the internal spins
determined by the Grassmann objects are integer. Grassmann space offers no families.
We discuss the new second quantization procedure of the fields in both spaces. For the
Grassmann case we present the action, the basic states, the solution of the “Weyl” equation
for free massless “fermions” and the discrete symmetry operators. A short overview of the
achievements of the spin-charge-family theory is done, and open problems of this theory
still waiting to be solved are presented. We compare the Grassmann and the Clifford case in
order to better understand to how many open questions in physics of elementary fermion
and boson fields and in cosmology the spin-charge-family theory is able to answer.

Povzetek. Cliffordova algebra ponudi v vseh dimenzijah dva neodvisna vektorska pros-
tora za opis fermionov. Teorija spinov-nabojev-druzin ([1-7,9,8], in reference v teh ¢lankih),
ki predpostavi da ima prostor-¢as d > (13 4 1) dimenzij, uporabi eno vrsto spina za opis
spina in nabojev karkov in leptonov in antikvarkov in antileptonov, drugo vrsto spina pa
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za opis druZin.

Avtorica teorije spinov-nabojev-druZin je dokazala, da vektorji, ki so lastni vektorji Car-
tanove podalgebre Lorentzove algebre in so produkt lihega stevila Cliffordovih operatorjev,
izpolnjujejo vse lastnosti fermionov v drugi kvantizaciji. To pomeni, da opis fermionov v
Cliffordovi algebri razloZzi Diracove postulate za drugo kvantizacijo fermionov. Kreacijski
in anihilacijski operatorji, ki dolo¢ajo v tej drugi kvantizaciji 1-fermionska stanja, zadostijo
antikomutacijskim relacijam za drugo kvantizacijo fermionov, ¢e jih zapisemo kot produkt
niloptentov in projektorjev lihega $tevila Cliffordovih operatorjev. Kreacijski operatorji za
n fermionska stanja so v tej drugi kvantizaciji produkti enofermionskih kreacijskih opera-
torjev, ki delujejo na praznem vakuumskem stanju. V tej teoriji ni potrebe po negativnih
energijskih stanjih zapolnjenih s fermioni.

Avtorja postavita zahtevo, ki ohrani le enega od obeh vektorskih prostorov, druga vrsta
operatorjev pa poveZe neodvisne nerazcepne upodobitve Lorentzove algebre v tem pros-
toru in jim “ podeli” kvantno $tevilo “druzin “. Tako omogoc¢i Cliffordova algebra opis
ne le spinov in nabojev kvarkov in leptonov in antikavarkov in antileptonov, ampak tudi
njihovih druzin.

Clanek pokaZe, da tudi Grassmannova algebra ponudi kreacijske in anihilacijske

operatorje, ki zadosc¢ajo antikomutacijskim relacijam za 1 fermionska stanja. Vendar so spini
teh vektorjev celostevilski. Grassmannov prostor ne ponudi druzin.
Akcija in enec¢be gibanja, ko so v Cliffordovi algebri poznani, za Grassmannov algebro
pa ¢lanek predlaga akcijo in diskretne operatorje. Za obe algebri ponudi reSitve ustrezne
“Weylove” enatbe za proste “fermione” brez mase in jih komentira. Avtorja ponudita
tudi kratek pregled doseZzkov teorije spinov-nabojev-druZin in njenih odprtih problemov.
Primerjava Grassmannovega in Cliffordovega primera osvetli mnoga odprta vprasanja
fizike osnovnih fermionov in bozonov ter kozmologije.

Keywords: Second quantization of fermion fields in Clifford and in Grassmann
space, Spinor representations in Clifford and in Grassmannspace, Kaluza-Klein-
like theories, Discrete symmetries, Higher dimensional spaces, Beyond the stan-
dard model

3.1 Introduction

More than 50 years ago the standard model offered an elegant new step in under-
standing elementary fermion and boson fields by postulating:

i. Massless family members of coloured quarks and colouress leptons, the left
handed members as the weak charged doublets and the weak chargeless right
hand members, the left handed quarks distinguishing in the hyper charge from
the left handed leptons, each right handed member having a different hyper
charge. All fermion charges are in the fundamental representation of the corre-
sponding groups. Antifermions carry the corresponding anticharges and opposite
handedness. The existence of massless families to each family member is as well
postulated. There is no right handed neutrino, since it would carry none of the so
far observed charges, and correspondingly there is also no left handed antineu-
trino.

ii. The existence of the massless vector gauge fields to the observed charges of
quarks and leptons, carrying charges in the corresponding adjoint representations.
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iii. The existence of a massive scalar Higgs, gaining at some step of the expanding
universe the nonzero vacuum expectation value, causing masses of fermions and
heavy bosons and the Yukawa couplings. The Higgs carry a half integer weak and
hyper charge.

iv. Fermion and boson fields can be (second) quantized.

The standard model assumptions have in the literature several explanations,
mostly with many new not explained assumptions. The most successful seem to
be the grand unifying theories [12-28], if postulating in addition the family group
and the corresponding gauge scalar fields.

The spin-charge-family theory, the project of N.S.M.B. [1-7,9,8,10], is offering the
explanation for all the assumptions of the standard model, unifying not only charges,
but also charges and spins and families, explaining the appearance of families, of
the vector gauge fields, of the scalar field and the Yukawa couplings, offering the
explanation for the matter-antimatter asymmetry, making several predictions. This
theory also offers the explanation for the appearance of creation and annihilation
operators, fulfilling the anticommutation relations for fermions,which in the Dirac
theory [67] is just assumed.

The spin-charge-family theory is a kind of the Kaluza-Klein like theories [29-
36,8] due to the assumption that in d > 5 (in the spin-charge-family theory d >
(13+1)) fermions interact with the gravity only. Correspondingly this theory shares
with the Kaluza-Klein like theories their weak points, at least: a. Not yet solved
the quantization problem of the gravitational field. b. Breaking spontaneously the
starting symmetry, which would at low energies manifest the observed almost
massless fermions [30]. Concerning this second point we proved on the toy model
of d = (5+1) that the break of symmetry can lead to (almost) massless fermions [68—
70]. It remains to study how does appear the spontaneous breaking of the starting
symmetry in d = (13 + 1), first with the appearance of the condensate of two right
handed neutrinos, Table 3.3, Ref. [4], and then when scalar fields with space index
(7, 8) obtain nonzero vacuum expectation values. (This second point is common
to all the unifying theories.)

Since in d = (3 + 1)-dimensional space — at low energies — the gauge
gravitational fields manifest as the observed vector gauge fields [5], which can be
quantized in the usual way, quantization procedure of gravity can wait to be made.
The author is in mean time trying to find out (together with the collaborators)
how far can the spin-charge-family theory — starting in d = (13 + 1)-dimensional
space with a simple and ”elegant” action, Eq. (3.1) — reproducein d = (3 + 1)
the observed properties of quarks and leptons [3-7,9,8,10], the observed gauge
fields, the assumed scalar field, the appearance of the dark matter and of the
matter-antimatter asymmetry, as well as the other open questions, connecting
elementary fermion and boson fields and cosmology. The work done so far seems
promising.

Let us in what follows and in Subsect. 3.1.1 overview shortly the starting
assumptions and so far achievements of the spin-charge-family theory, and discuss
as well open problems.
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The recognition that there are in Grassmann space two kinds of the Clifford al-
gebra objects [2] (Y and ¥¢) enables that the spin-charge-family theory is explaining
the origin of families [47-49,1,2], Table 3.1.

The assumption made in the spin-charge-family theory that the dimension of
space is > (13 + 1) enables the explanation for by the standard model assumed
spins and charges of quarks and leptons [71,72], explaining as well the miraculous
cancellation of triangle anomalies [8,9,4] in the standard model, however, without
relating handedness and charges "by hand” as needed in SO(10) [37-39].

Since there are in SO(13 + 1) additional quantum numbers to those assumed
by the standard model, the theory predicts that right handed neutrinos and left
handed antineutrinos, carrying nonzero additional quantum numbers — 123 and
t* instead of Y in the standard model (Y = (73 + 1*) in the spin-charge-family theory
as presented in Table 3.6 and in Egs. (3.111, 3.112, 3.113, 3.114)) — are regular
members of families of quarks and leptons [71,72,3,9]. This prediction is common
also to SO(10) [37-39].

In the spin-charge-family theory spins and charges are described by the super-
position of $4° (= 1 (yey® —yPy9), Eq. (3.2)), with y¢ belonging to the first kind
of the Clifford algebra objects and with S™™, (m,n) = (0, 1,2, 3), describing spins
and handedness of quarks and leptons (Eq. (3.111)), and S®%, (s, t) = (5,6,--- ,14),
describing their charges, Table 3.6, Egs. (3.112, 3.113) and Refs. [2,47,49,72].

Family quantum numbers are determined by the second kind of the Clif-
ford algebra objects, by the superposition of $9° (= +y9y° —3°39)) Eq. (3.2),
Table 3.1 [2,48].

The vector gauge fields, assumed in the standard model as the gauge fields of
the corresponding fermion charges, are in the spin-charge-family theory explainable
as the superposition of the gauge fields of the generators of the Lorentz transfor-
mations S** (S%* Wgtm, (s,t) = (5,6,---,14), Egs. (3.1, 3.9, 3.111)), with the vector
index m = (0,1,2,3), Eq. (3.10), Ref. [5].

In the standard model the scalar fields appear as the Higgs scalar and the

Yukawa couplings by the assumption. In the spin-charge-family theory both kinds
of the gauge fields, 3, . ¢t wgrrs, which are the gauge fields of S5t with
(s,t') = (5,6,7,8),and }_ , ¢ @ 45, which are the gauge fields of $¢°, with
(a,b) =(0,1,---,8), both with the scalar index s = (7, 8), manifesting properties
of the Higss scalar (by carrying weak and hyper charges in the “fundamental rep-
resentation”), define masses of quarks and leptons and of heavy bosons, Eq. (3.10),
Refs. [72,9,3].
These scalar fields determine in the spin-charge-family theory masses of the two
groups of four families [51,53-56,3,9]. The lower group predicts the existence
of the fourth family of quarks and leptons, coupled to the observed three fami-
lies [51,53,56,54,70]. From the symmetry of the mass matrices predicted the 4 x 4
mixing matrix of quarks [56] appear to be in better agreement with the experiments
than if only three families are assumed [40].

The lowest family of the upper four families offers the explanation for the
existence of the dark matter [54,61].

There are additional scalar fields in the spin-charge-family theory [4], having
the scalar space index t € (9,10,...,14). They carry colour charges in the ”fun-
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damental” representations, cause transitions of antileptons and antiquarks into
quarks and back, enabling the decay of baryons. These scalar fields are offering in
the presence of the right handed neutrino condensate, Table 3.3, Ref. [4], which
breaks the CP symmetry, the answer to the question about the matter-antimatter
asymmetry in the universe [4].

Authors of this paper proved on the toy model of d = (5 + 1) that breaking
the symmetry in Kaluza-Klein theories can lead to massless fermions [68-70].
The authors determine as well the discrete symmetries operators in observable
dimensions d = (3 + 1) for any d, Egs. (3.94), Ref. [65].

The breaking of the starting symmetry SO(13 + 1) is in the spin-charge-family
theory triggered by the appearance of the condensate (Table 3.3) of the right
handed neutrinos [4] and, like in the standard model, by the nonzero vacuum
expectation values of the scalar fields with the space index s = (7, 8).

In this paper it is demonstrated that the odd products of nilpotents and pro-
jectors, which are the “egienfunctions” of the Cartan subalgebra of the Lorentz
algebra in Clifford space, and which solve the Weyl equations for free massless
fermions, fulfill together with the corresponding Hermitian conjugated annihila-
tion operators the anti-commutation relations as needed in the second quantized
fermion fields [50]. No assumption of the Dirac kind about the creation and anni-
hilation operators is needed.

The spin-charge-family theory has many common points with other unifying
theories ([12-17,29-36] and other references), and because of that and because of
the fact that by starting with the very simple action, Eq. (3.1), the theory is able
to offer explanations for so many observed phenomena, built into assumptions
of the standard model(s) of the elementary boson and fermion fields and also of
cosmology, and also in other unifying theories, it might be that it is the right next
step beyond the standard models.

The achievements of the spin-charge-family theory are discussed in more details
in Subsect. 3.1.1. There also problems waiting to be solved are presented.

Let us present a very simple starting action of the spin-charge-family theory of
N.S.M.B., in which massless fermions in d = (13 + 1)-dimensional space interact
with massless bosons, that is only with gravity — the vielbeins f*, (the gauge
fields of moments p,) and the two kinds of the spin connections (wqp and
@ qb«, the gauge fields of the two kinds of the Clifford algebra objects v and ¥¢,
respectively).

1 -
A= J dx E 7 (Wvy*poa¥) + hc. +

J d E (aR+ &R), (3.1)

with Poa = faupOoc + ;T {ch,ETw‘a}—, Pox = Pax — %Sabwaboc - %

R = %{fa[afﬁb] (waboc,ﬁ — Wcaax wcbﬁ)} + h.C., R = %{fﬁx[afﬁb} (a)aboc,ﬁ -
@can @pp)}+ h.c.. Here ! fxlafBbl — faagBb _ fabgha

1 g are inverted vielbeins to e® with the properties e® %, = 0%, e% P, =88 F =
det(e“). Latin indices a, b, .., m,n, .., s, t, .. denote a tangent space (a flat index), while
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The two kinds of the Clifford algebra objects, vy and ¥¢, Eq. (3.2), anticom-
mute and determine the infinitesimal generators of the Lorentz transformations in
the internal space of fermions — S for SO(13, 1), arranging states into represen-
tations (Table 3.6), and S*® for §(v)(13, 1), arranging states into families (Table 3.1).
Eq. (3.69) relates these two internal dgrees of freedom, keeping the relations of
Eq. (3.2) unchanged.

{’Ya)’yb}Jr = ZTlab = {’Y/a»?b}Jr )

o3 =0,
i
ST = (v YT =Py,
N i S0 .3 &b ~a
Seb = it Yo —9°99). 3.2)

The generators S are used in the spin-charge-family theory to determine spins
and charges of spinors of any family, Table 3.6, another kind, $¢°, determines the
family quantum numbers, Table 3.1. These two degrees of freedom are connected
by the requirement, presented in Eq. (3.69).

The scalar curvatures R and R determine dynamics of the gauge fields — the
spin connections and the vielbeins — manifesting in d = (3 + 1) as all the known
vector gauge fields, as well as the scalar fields [5], which offer the explanation for
the appearance of the Higgs and the Yukawa couplings, of the ordinary matter-
antimatter asymmetry [4] and the dark matter [54], provided that the symmetry
breaks from the starting SO(13,1) to SO(3,1) x SU(3) x U(T).

In this paper we start to study the possibility that fermions are described in
Grassmann space, in order to better understand how far can the simple starting
action, Eq. (3.1), of the spin-charge-family theory agree with the at low energies
observed properties of fermions and bosons.

We demonstrate in this paper that besides Clifford space also Grassmann
space offers the description of the internal degrees of freedom of fermions in the
second quantized procedure. In both cases there exist the creation and annihila-
tion operators, which fulfill the anticommutation relations required for fermions,
Egs. (3.54, 3.81). But while the internal spins determined by the generators of the
Lorentz group of the Clifford objects $¢® and $¢° — we repeat here that in the
spin-charge-family theory S®° determine the spin degrees of freedom and 5¢° the
family degrees of freedom — are half integer, the internal spin determined by $°
(expressible with Se° + §9) is integer.

Correspondingly Clifford space offers according to the spin-charge family
theory the description of spins, charges and families, all in the fundamental repre-
sentations of the subgroups of the Lorentz group SO(d — 1, 1), while Grassmann
space offers spins and charges in the adjoint representations of the subgroups

Greek indices «, f, .., 1, v, ..0, T, .. denote an Einstein index (a curved index). Letters from
the beginning of both the alphabets indicate a general index (a, b, c,.. and «, 3,v,..),
from the middle of both the alphabets the observed dimensions 0, 1,2,3 (m,n, .. and
K, v, ..), indexes from the bottom of the alphabets indicate the compactified dimensions
(syt,..and o, 1,..). We assume the signature % = diag{l,—-1,—1,--- ,—1}.
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of the Lorentz group SO(d — 1,1) and no family degrees of freedom. Fermions
with integer spins would lead to completely different nucleons, nuclei, atoms,
molecules, matter than the so far observed ones.

Let us make a short introduction into the Grassmann space as well.

In Grassmann space the infinitesimal generators of the Lorentz transforma-
tions S° are expressible with anticommuting coordinates 8¢ and their conjugate

momenta p®¢ = i% [2],

{ea)eb}+ =0, {pea)peb}Jr =0, {peaaeb}Jr :iﬂab>
Sab — eapeb o ebpea . (33)

Taking into account that v and ¥¢, expressible in terms of 8¢ and their conjugate
momenta p®¢, anticommute [2],

Y= (00 —ip®), ¥ =1(0° +ip ), (34)
one recognizes
§ab — gab 4 Sab (3.5)

from where one concludes, if taking into account Eq. (3.1), that in the Grassmann
case the covariant momenta po are

Pox =P — 1zsab-()aboc» (3.6)
with Qg « as the only kind of the connection fields (instead of the two kinds in
the Clifford case — w b, Which is the gauge fields of S and @ 4p«, which is the
gauge fields of $eP).

Let us point out that Eq. (3.69) relates the two anticommuting degrees of
freedom, {y¢,¥°}, = 0, making a choice of y¢ to detremine the internal degrees
of freedom in Clifford space, while keeping all the relation of Eq. (3.2) unchanged.

It follows for S

{Sab Scd} _ i{sadnbc + Sbcnad _ Sacnbd _ dena(:}
) - )
Sab]L — naanbbsab . (37)
The same relations are true also if S? is replaced with either S®° or $%°. These

infinitesimal generators of the Lorentz group — the two kinds of the Clifford
operators and the Grassmann operators — operate as follows

{89, ¥y =—i(n®y® —n®y9),
{89°, ¥ =~ y°* —ney),
{Sab’ ng}_ — O,

{Sab’ ee}i — (nae eb _T]be ea) ,

{89%, p%} = —i(m*p® —n’ep°?),
{Mab’ Ad...e...g}i — (nae Ad.--bog _nbe Ad...a...g)’ (3.8)
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where M®? are defined in the Clifford case by the sum of L® plus either S*? (if
v%’s are chosen to describe the basis, otherwise 5 replace Sab), while in the
Grassmann case M? is L2° 4 §9° (which is, Eq. (3.5), M®P= [ 4 §ab 4 Sab)

In Sect. 3.2 the actions and norms for free massless fermions, with the internal
degrees of freedom described in Clifford and in Grassmann space in d-dimensional
spaces are presented. The discrete symmetry operators in d-dimensional space —
Clifford and Grassmann — and their manifestation in d = (3 + 1)-dimensional
space are presented in Subsect. 3.3.3 of Sect. 3.3. While the action and the discrete
symmetry operators in Clifford space are known from before [9,65], the action in
Grassmann space as well as the discrete symmetry operators are here assumed by
N.SM.B..

The new way of second quantization of fermion fields in both spaces is
discussed in Sect. 3.3. We treat in both spaces only massless free particles. Sect. 3.4
presents what we learn from this work.

This work is a part of the project of both authors, which includes the fermion-
ization procedure of boson fields (or the bosonization procedure of fermion fields),
discussed in Refs. [42,43,45] for any dimension d (by the authors of this contribu-
tion, while one of them, H.B.EN. [44], has succeeded with another author to do the
fermionization for d = (1+ 1)), and which would hopefully also help to understand
a little better the content and dynamics of our universe.

3.1.1 Comments on the achievements of the spin-charge-family theory so far
and the open questions to be solved

Let us illustrate the achievements of the spin-charge-family theory, presented in the
introduction, by adding some comments.

I. In the action, Eq. (3.1), fermions carry in d = (13 + 1) two kinds of spins
— no charges and interact with gravity only — with the vielbeins f*, and the two
kinds of the spin connection fields, the gauge fields of $®® — wp« — and the
gauge fields of S° — @ qp -

One can formally rewrite the fermion part of the action so that it manifests in
d = (3+ 1) the free massless fermion part (first line in Eq. (3.9)), the interaction of
fermions with the vector gauge fields (the second line in Eq. (3.9)), the interaction
of fermions with the scalar fields (the third line in Eq. (3.9)), and the rest.

Ly = Z Ibympmlb

. Z 1I)’YmTAiAﬁi 11) 4
ALl
+ Z 1I)'YSPOS P
s=7,8
+ ) Py'por b, (3.9)
t=5,6,9,...,14
with ™At = 3 ¢SSt (s,t) = (5,6, -+ ,13,14), which are generators of the
subgroups of SO(13, 1), determining charges of fermions, Eq. (3.112, 3.113, 3.114),
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with A2, which are the corresponding superposition of wsim ([4,9] and the refer-
ences therein), pos = ps — 1ZSslsuwszsus — 189°® 4, and por = pr — %St,t"wt/tnt —
%Sab(babt, while m € (0,1,2,3), s € (7,8), (s/,s") € (5,6,7,8), (a,b) (appear-
ing in $9°) run within (0,1,2,3) and (5,6,7,8), t € (5,6,9,...,13,14), (t',t") €
(5,6,7,8) and € (9,10,...,14).

Ii The spinor function 1 represents all the family members, 2971 =64 for
d =13+ 1, of all the 2951 =38 families, including fermions and antifermions.
Tables 3.6 and 3.1 represent the creation operators for the states of one family and
the creation operators for the eight families, respectively. The rest of families are
assumed to have very large masses as discussed and proved for a toy model in
Ref. [68-70,73]. The creation operators operate on a vacuum state, Eq. (3.79).

I. A.  The Clifford object y¢ are in the spin-charge-family theory used to
determine from the point of view of d = (3 + 1) spins and all the charges of
fermions.

I. A d = (13 + 1)-dimensional space offers 25-1 = 64 members of
SO(13,1). In Table 3.6 the properties of quarks and leptons and antiquarks and
antileptons, forming 64 members, are presented from the point of view of sub-
groups of SO(13,1) breaking first into SO(7,1) x SU(3) x U(1), keeping con-
nection between handedness and the two SU(2)1,1; charges, and further to —
SU(2)r x SU(2)r xSU(2)1 xSU(2)11 x SU(3) x U(1) —representingind = (3+1)
the spin and handedness, the weak charge 713 of SU(2)y, the second 23 of SU(2) 1,
the colour charge T3 and 38 of SU(3) and t* of U(1) for quarks and leptons and for
antiquarks and antileptons.

Cartan subalgebra has % = 7 members, the standard model assumes one commuting
operator less.

I. Ai. Due to the additional commuting operator (the member of the Cartan
subalgebra of $¢°) in the spin-charge-family theory, the neutrinos become a regular
members of quarks and leptons, with masses determined by the interaction with
the scalar fields as all the rest of family members [51,53-56,3,9] (in Eq. (3.9) the
interaction of fermions with the scalar fields is contained in the third line). This
is the case also in SO(10) theories [12-15]. The difference in the spin-charge-family
theory is, that spin and handedness are correlated with charges, while in SO(10)
this is not the case (and must be correlated by “hand”). This fact is discussed in
details in Ref. [8].

Let us point out that colour chargeless leptons and quarks of any of the three
colours have completely the same SO(7, 1) part. Quarks and leptons distinguish
only in the SU(3) x U(1) part.

I. B. The second Clifford object ¥¢ offers the explanation for the existence
of families.

I. Bi.  There are twice four families of quarks and leptons in the spin-
charge-family theory ([3] and the references therein) after the appearance of the
condensate of the two right handed neutrinos, presented in Table 3.3, Ref. [4].
Since we have not really shown yet how this dynamically happens (we did this
so far only for the toy model [68-70]), this remains as an open problem. All
eight families obtain masses when the scalar gauge fields with the space index
(7,8) — third line in Eq. (3.9) — gain nonzero vacuum expectation values at the
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electroweak phase transition. Table 3.1 represents in the left column eight families
of creation operators of 1§' ' — the first member in Table 3.6 — and of chargeless
91, — the 25'™™ member in Table 3.6. (S'' 2, for example, transforms 115! into 91,
and opposite).

I. B.ii. The eight-plets separate into two groups of four families: One group

contams doublets with respect to X g and T2, these families are singlets with respect
to X 1 and T'. Another group of families contains doublets with respect to X L and

, these families are singlets with respect to NR and 2. Mass matrices of both
groups manifest correspondmgly, when the scalar fields — the gauge fields of

(N ®r, T2, U(1)) and (N 1, T, U(1)) — obtain nonzero vacuum expectation values.
Correspondingly both groups manifest SU(2) x SU(2) x U(1) symmetry, with the
same U(1) and two different SU(2) 1 gr) x SU(2)(1,11) symmetries, Ref. [57].

To the lower four families the observed three families of quarks and leptons
contribute [51-53,55,56,58]. By the spin-charge-family theory predicted SU(2) x
SU(2) x U(1) symmetry of mass matrices, which limits the number of free param-
eters of mass matrices, the properties of the fourth family could be predicted by
fitting free parameters to the experimental data. However, the accuracy of the so
far measured 3 x 3 mixing (sub)matrices are even for quarks far from the required
precision, which would enable prediction of masses of the fourth family mem-
bers [55,56]. We predict for the assumed masses of the fourth family of quarks the
corresponding matrix elements. Calculations show [56] that the larger the masses
of the fourth family — up to 6 TeV seems to be allowed by experiments [40] — the
smaller the unwanted mixing elements which could cause the flavour-changing
neutral currents and the better is agreement with the experimental data, which
require, due to the observations in Refs. [40,41], that there should be the fourth
family due to the nonunitarity of the 3 x 3 so far measured mixing matrix for
quarks and that the 4 x 4 mixing matrix elements should have the properties:
Vu1 ds > Vu1 ds s Vuzd4 < Vu1 ds s and Vu3d4 < Vu] dg- Here Ui, di,i = ],2,3,4
represent u, ¢, t,us and d, s, b, d4 quarks.

The lowest of the upper four families is, as evaluated in Refs. [54,61], the
candidate, which can explain (or at least can contribute to) the appearance of the
dark matter in the universe. Comparing the results from following the fifth family
members in the expanding universe with the astrophysical observations of dark
matter and the direct measurements of the dark matter, the predicted masses of the
fifth family quarks would be 10 TeV < mg, ¢ < 4 - 10> TeV, and the scattering
cross section o for the fifth family neutron at least 107®x smaller than the cross
section for the first family neutron. These values change if the fifth family neutron
is not the only source of the dark matter.

The fifth family would correspondingly manifest completely different “nu-
clear force” than the members of the lower four families [54], leading to different
atoms and molecules, if they would success to form a matter in the expanding
universe.

II. The gauge fields — the vielbeins, f*,, and the two kinds of the spin
connection fields, wqaps and @qpe, of Eq. (3.1), appearing in the 2nd 3rd and
4" lines in Eq. (3.9) — manifest in d = (3 + 1) as the vector gauge fields of 7>,
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Eq .(3.113), T, Eq. (3.113), T', Eq. (3.112), and 72, Eq. (3.112), if the space index is
m = (0,1,2,3) (2™ line in Eq. (3.9)), as well as the scalar gauge fields, if the space
index is s > 5 (374 and 4" line in Eq. (3.9)), of the same operators as in the vector
gauge fields case, Ref. [5].

Only if there are no fermion present, then both, wqv« and @ qv«, are uniquely
expressed by vielbeins, Ref. ([9], Eq. (C9)).

1
Wabe = Dabe = —ZE{emeby 0p (EFY*F ) + ecaeay 0p (EFY (p <))
— eweeY aﬁ (Efy[afﬁb])}

1 1
- d_z{eaocEedvaﬁ (Efy[dfﬁb])

:
- ebagedvars (EfY af? aJ)} . (3.10)

II. A. Itis proven in Ref. [5] that the vector (as well as the scalar gauge
fields) can indeed be expressed with the spin connections (rather than with the
vielbeins),

AN =D Mty (3.11)
s,t

demonstrating the symmetry of space with (s, t) > 5, making the spin-charge-family
theory transparent and correspondingly “elegant”, so that it is easier to recognize
that the origin of charges of the observed fermions, vector gauge fields, Higgs’s
scalar and Yukawa couplings might really be in (d — 4) space.

In the presence of the condensate, Table 3.3, of the right handed neutrinos,
all the vector gauge fields and the scalar gauge fields, which interact with the
condensate, gain masses. Only the weak (SU(2)1), the colour (SU(3)) and the
hyper (U(1), Y = t 4 123) gauge fields, which do not interact with the condensate,
remain massless.

IL A.i. The weak vector gauge fields A}, the gauge field of SU(2);, and A2,
the gauge fields of SU(2);, are the superposition of gauge fields w¢/s (Ref. [9],
Egs. (8,9,10)),

1
A = (Ws8m — We7m, W57m + Wesm, Ws6m — W78m ) ,

A2, = (Wsgm + We7my W57m — Wesm, Wsem + W7gm) - (3.12)

Taking into account Eq. (3.113) one easily finds the colour vector gauge field
expressed with wgim. A%, get masses by interaction with the condensate.

In Ref. [5], Eqgs. (24-25), the reader can find Lagrange density for the R(4~%)
part of the gravity field R, Eq.(3.1), expressed by the vector gauge fields A2

II. B. The scalar gauge fields are the superposition of either wg¢/s, with
(s’,t'ys) = (5,6,---,14), Ref. [5], or Mqps, with (a,b) = (0,1,---,8) and (s) =
(5,6,7,8), Refs. [4,7,9], the fourth line in Eq. (3.9).
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Both kinds of scalar fields with s = (7,8) contribute to the masses of the
two groups of four families. Scalar fields ws¢/s, with (s’,t") = (5,6,---,14), s =
(9,10, - -, 14) contribute to matter-antimatter asymmetry and to proton decay [4].

IL. B.i. In the spin-charge-family theory the scalar fields with the space index
s = (7,8) carry with respect to this space index the weak charge and the hyper
charge (3, +1), respectively, independent of whether they are superposition of
Wgr¢/s OF Of Mqps, s = (7,8), Refs. [9,3/4].

There are twice two triplets, the superposition of @ays, Egs. (3.111, 3.112) with

ab replaced by $°, the gauge scalar fields of either the group su(2 )56(3,1), %

§f1(2)1 or of the group SU( )so PRI SU( )11, the first two triplets interact-
ing with one group of four famlhes the second two triplets interacting with
another group of four families, both groups presented in Table 3.1. There are also
three singlets, the gauge scalar fields of = (Q,Q’,Y’), Eq. (3.114), which are the
superposition of w;¢/s and interact with members of all the eight families of
Table 3.1 [7,9,3,4].

Let us use a common notation A2 for all the scalar fields, independently of
whether they originate in ®qvs Or Wqvs, s = (7,8),

AN € (AQ,AQ AY AT AN A2 ANk,

o (Q QL Y, T, N, 2, Ny). (3.13)
Here T represent the operators of the groups the gauge scalar fields of which are
AR
Let us rewrite the third line in Eq. (3.9) as follows, Ref. ([9], Egs. (18-19)).

> W (AT =

s=(7,8),A
. 78 . . .
Y B () AN AR+ (5) (M AN AR Y,
Av
’8 ] A1l A1l : A AL
(=507 £iy'), A% =AY FiAdY, (3.14)

with the summation over A, i performed, since A2'! represent the scalar fields (A?,
AQ, AY', A% Al A2 ANk and AN1). In the low energy regime the momentum
Ps, s = (7,8) can be neglected.

Taking into account that t'3 = 1(S%6—578), Y = (123 +1%), 123 = (S50 +578),
while 1 = — (8710 4 1112 4 §1314) and SAPA, = {(A*8? — AP52), one finds

Y(AZ' FiAgY) =F
Q (A2 FiAgH =0. (3.15)

This are quantum numbers of the by the standard model assumed Higgs. These
scalar gauge fields with the space index (7, 8), gaining nonzero vacuum expecta-
tion values (by assumption as in the standard model so far), cause the electroweak
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break, breaking the weak and the hyper charge, explaining the appearance of
in the standard model assumed Higgs and the Yukawa couplings, predicting the
existence of several scalars — two triplets and three singlets, which couple to the
lower four families, making them massive and giving masses to weak bosons.

These scalar fields manifest the SU(2) x SU(2) x U(1) symmetry, which reduces
the number of free parameters in mass matrices of quarks and leptons, enabling
predictions of properties of the four families [55-57].

IL. B.ii. The scalar fields with the space index s = (9,10, - - - , 14), presented
in Table 3.2, carry triplet or antitriplet colour charges and the “spinor” charge
equal to twice the quark or antiquark ”spinor” charge, and the fractional hyper
and electromagnetic charge.

They carry in addition the quantum numbers of the adjoint representations
originating in S° or in $¢°. (Although carrying the colour charge of one of the
triplet or antitriplet quantum numbers, these fields can not be interpreted as
superpartners of the quarks, since they do not have quantum numbers as required
by, let say, the N = 1 supersymmetry. The hyper charges and the electromagnetic
charges are namely not those required by the supersymmetric partners to the
family members.)

Let us have a look what do the scalar fields, appearing in the fourth line of
Eg. (3.9) and in the seventh line of Table 3.2, do when applying on the left handed
members of the Weyl representation presented on Table 3.6, containing quarks
and leptons and antiquarks and antileptons [71,72,65].

Fig. 3.1 presents the creation of proton due to the interaction of quarks and
leptons with these scalar fields. One can read on this Fig. 3.1 all the quantum
numbers of a positron (57" line of Table 3.6), an antiquark (4374 line of Table 3.6),

and a quark (9" line of Table 3.6), as well as of the scalar field AZE seventh line
(+)
of Table 3.2, involved in the proton birth. The opposite transition at low energies

would make the proton decay.

After the appearance of the condensate of the two right handed neutrinos,
Table 3.3, the discrete symmetry CnPn is obviously broken. In the expanding
universe, fulfilling the Sakharov request for appropriate non-thermal equilibrium,
the triplet scalars from Table 3.2 have a chance to explain the matter-antimatter
asymmetry in the universe [4].

III.  The spin-charge-family theory suggests two kinds of phase transitions
— two kinds of breaking symmetries: The appearance of the condensate and the
nonzero vacuum expectation values of the scalar fields with the space index
s =(7,8).

III. A. Table 3.3 represents the properties of the condensate of the two right
handed neutrinos 9};8 — Table 3.1 — of spin up and spin down, breaking the
discrete CnyPn symmetry Subsect. 3.3.3, [4,65].

Due to the interaction with the condensate of Table 3.3 the gauge vector fields
of 72 and t* become massive. The colour vector gauge fields of >, the weak vector
gauge fields of T' and the hyper vector gauge field of Y do not interact with the
condensate (the corresponding quantum numbers of the condensate are zero) and
correspondingly remain massless, the gravity in d = (3 + 1), which is the gauge
field of S™™ and p.,, remains massless as well.
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Table 3.2. Quantum numbers of the scalar gauge fields carrying the space index t =
(2,10, --,14), appearing in the fourth line of Eq. (3.9), are presented. To the colour charge
of all these scalar fields the space degrees of freedom — the space index — contribute
one of the triplets or antitriplet values. These scalars are with respect to the two SU(2)
charges, (t" and ), and the two §1:l(2) charges, (T and 72), triplets (that is in the adjoint
representations of the corresponding groups), and they all carry twice the ”spinor” number
(") of the quarks or antiquarks. The quantum numbers of the two vector gauge fields, the
colour and the U(1)1; ones, are added. These Table is taken from Ref. [4], Table I. We invite
the reader to visit Ref. [4] for more details.
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Fig.3.1. The birth of a “right handed proton” out of a positron &, antiquark @w{? and quark
(spectator) ug’. The family quantum number can be any.

state SO STZ A3 B Ty Q A8y Q N% N%
(WS, v TSyl o 0 0 1T =10 0/0 1 =100 0 1
WS 1T >0 0 0 0 —1—1—-1[0 1 =100 0 1
(leYgi>11ei >0 0 0 =1 —=1-2-2/0 1 =100 0 1

Table 3.3. The condensate of the two right handed neutrinos vg, with the quantum numbers
of the VIII'" family, coupled to spin zero and belonging to a triplet with respect to the
generators T, is presented, together with its two partners. The condensate carries T' = 0,
™ =1, = -1 and Q = 0 =Y. The triplet carries ¥ = 1,73 = 1 and N3R =1,
N? =0,Y =0, Q = 0. The family quantum numbers of quarks and leptons are presented in
Table 3.1.

Due to nonzero family quantum numbers of the condensate the corresponding
scalar gauge fields become massive. The condensate gives masses to all the scalars
from Table 3.2, either because they couple to the condensate due to t or ™ or
123 or ¥2 quantum numbers. It gives masses also to all the scalar fields with
s € (5,6,7,8), since they couple to the condensate due to the nonzero t%3. The
scalar fields with the quantum numbers of the upper four families couple in
addition through their family quantum numbers.

IIL. B. The electroweak phase transition is caused by the nonzero vacuum
expectation values of twice two triplets and three singlet scalars, giving masses to
the lower fourth families — two of twice two triplets and three singlets — and to
the upper four families — another two triplets and the same three singlets.



52 N.S. Manko¢ Borstnik and H.B.F. Nielsen

IV. Predictions of the spin-charge-family theory so far.

IV. A.  The spin-charge-family theory predicts the fourth family to the ob-
served three to be observed at the LHC [53]. By predicting symmetry of mass
matrices (in all orders of loop corrections [57]) the theory enables for accurate
enough measured mixing matrices of the 3 x 3 submatrices (the sensitivity of
the fitting procedure on masses of the so far measured quarks and leptons is
much smaller [55,56]), and due to other measured properties of quarks and lep-
tons [40], to predict the properties of the 4 x 4 mixing matrices and to explain
correspondingly the origin of Higgs and Yukawa couplings. The 4 x 4 mixing
matrix elements for quarks are predicted to have the properties: Vi, 4, > Vi, s,
Viba, < Viga,,and Vi,a, < Vi, a,, hereui, di,i = 1,2,3 represent u, c, t,us
and d, s, b, d4 quarks.

The theory explains [58] why the fourth family has not yet been observed,
which is the main argument against the existence of four families [59,60] among
experts in high energy physics.

IV. B. The theory predicts the existence of several scalar fields — there are
two triplets and three singlets which determine masses of the lower four fami-
lies [9,7,3,6] — some of which will be observed in the near future measurements.

IV.C. The theory predicts the second group of four families, the stable
one of these four families contributing to the dark matter [54]. The nuclear force
among these baryons differs a lot from the so far observed nuclear force [54,61].

IV.D. The masses of quarks and leptons are, according to these two groups
of four families, spread from 103 eV to few TeV — at least 12 orders of magnitude
for the first four families — and from 100 TeV to 10'3 TeV — at least 11 orders of
magnitude for the second four families, offering the explanation for the hierarchy
problem. (The mass matrices of the two groups of mass matrices are very closed
to the democratic ones [55,56]).

IV.E. The spin-charge-family theory predicts the masses of the dark matter
baryons [54].

IV.E.  The spin-charge-family theory predicts the scalar fields which contribute
to the matter-antimatter asymmetry in the universe [4] and correspondingly also
to the proton decay.

V. The spin-charge-family theory has (so far) several open problems, although
it is also true that the more work is done, the more solutions of the open problems
follow.

V. A. In the spin-charge-family the vector and scalar gauge fields originate
in gravity as the two kinds of the spin connection fields and the vielbeins. In the
low energy region these vector and scalar gauge fields can be quantized in the
usual way [5]. Yet the quantization of gravity remains as an open problem when
the energies rise up to 10'® GeV and above.

V.B. The dimension of space time — 13 + 1 — remains as an open problem:
Why d = (13 4+ 1), why not co? (Only 0 and oo need no explanation.) How has the
universe come tod = (13 + 1) [77]?

V. C. Breaking the symmetry with the appearance of the condensate [4],
which lead to observable properties of fermion and boson fields, explaining all the
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assumptions of the standard models, needs to be studied as a dynamical appearance
of the condensate in the expanding universe.

V.D. Itshould be demonstrated dynamically how do the scalar fields gain
nonzero vacuum expectation values, leading to the effective fields as assumed
for the Higgs. The demonstrations, made in Refs. [68-70] for the toy model in
d = (5+ 1) mustbe done also ford = (13 +1).

V.E.  The coupling constants of the gauge and scalar fields in the low energy
regime should be evaluated when starting with the simple action of Eq. (3.1) in
d = (13 + 1), with only one (or already with two) coupling constants.

V. G. There are additional open problems which we already see and either
solve, like the one treated in this paper about the internal degrees of freedom of
fermions in Clifford and Grassmann space and the new way of second quantization
procedure, which explains the usual way of second quantization, or they wait to
be solved, like the lepton number non conservation in the spin-charge-family theory.
And there are open problems which we do not see yet or which we could better
understand if learning more from all the trials to understand the evolution of the
universe and the creation of hadrons of all kinds in the literature.

3.2 Fermions in Grassmann and in Clifford space

In the literature the Clifford algebra is frequently discussed as an useful tool to
describe internal degrees of freedom of fermions [62-64]. In the spin-charge-family
theory Clifford space is used to describe all the internal degrees of fermions —
quarks and leptons with their families included [1,2,9].

In this paper we demonstrate that the Clifford algebra offers an elegant and

transparent way to better understand fermions properties: In even dimensional
spaces — we make a choice of d = 2(2n + 1), n = 3 — the creation operators of an
odd Clifford character can be defined (they are superposition of odd numbers of
the Clifford algebra objects (y®’s or ¥%’s, Eq. (3.2)), each of them is a product of $
nilpotents and projectors, Eq. (3.27, 3.70) [47,48], so that they are the eigenvectors
of twice all the § members of the two kinds of the Cartan subalgebras of the
Lorentz algebra — S%° and $%° — with the half integer eigenvalues, Eq. (3.72).
These creation operators, Eq. (3.76), and their Hermitian conjugated partners —
the annihilation operators, Eq. (3.77) — fulfill on the vacuum state, Eq. (3.79), the
anti commutation relations required for fermions, Eq. 3.81.
The superposition of these creation operators solve for a particular momentum
p* the equation of motions for free massless fermions, Eq. (3.36), determining in
d = (3 + 1) spins, handedness, charges and family quantum numbers. Again they
fulfill on the vacuum state, Eq. (3.79), together with their Hermitian conjugated
annihilation operators, the anti commutation relations required for fermions,
Eq. (3.83). Correspondingly the creation and annihilation operators are indeed defined
with the first quantized fermion fields already.

We demonstrate in this paper that there exist also in Grassmann space of
anticommuting coordinates, Eq. (3.3), the eigenvectors of the Cartan commuting
subalgebra of the Lorentz algebra $¢°, Eq. (3.3, 3.21), the $ products of which
form creation operators, Eq. (3.51), and which fulfill together with their Hermitian
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conjugated partners the annihilation operators, Eq. (3.18), as well the anticommu-
tation relations required for fermions, Eq. (3.54). However, the eigenvalues of the
Cartan subalgebra are in this case integer.
Also in the Grassmann case the superposition of these creation operators solve for
a particular momentum p“ the equation of motions for free massless fermions,
presented in Eq. (3.43), determining in d = (3 + 1) spins, handedness and charges.
There are no families in this case.

For both cases, Clifford and Grassmann, we present the proofs for the above
statements and illustrate the properties of fermions of both kinds on a few exam-
ples.

3.2.1 Actions and equation of motion in Clifford and in Grassmann space

We define in d = ((d — 1) + 1)-dimensional space states with integer spin —
in Grassmann space — and states with half integer spin — in Clifford space —
proving that norms in both spaces can be determined by the integral in Grassmann
space, Egs. (3.32, 3.33), since the Clifford algebra objects are expressible with the
Grassmann algebra objects, Eq. (3.4) 2. When reformulating the vacuum in the
Clifford case, Eq. (3.79), half integer spinors presentation in Clifford space become
more elegant, that is easier to recognize properties of fermions.

We present as well actions in both cases, Grassmann, Eq. (3.41), and Clifford,
Eq. (3.36), leading to the equations of motion (in the Clifford case the Weyl equation
is known for a long time, in the Grassmann case it is present for the first time
by N.S.M.B.). We compare Euler-Lagrange equations in both cases to compare
properties of Grassmann ”“fermions” with the Clifford fermions.

a. Fields with the integer spin in Grassmann space

A point in d-dimensional Grassmann space of anticommuting coordinates 0¢,
(a=0,1,2,3,5,...,d),is determined by a vector {8%} = (6°,01,02,03,05,...,09).
A linear vector space over the coordinate Grassmann space has correspondingly
the dimension 24, due to the fact that (89¢)? = 0 for any a; € (0,1,2,3,5,...,d).

Correspondingly are fields in Grassmann space expressible in terms of the
Grassmann algebra objects

d
B = Z Qayay...ax 04192 .. -eak‘q)og >, aiy < Aigly (3-16)
k=0

where |pog > is the vacuum state, here assumed to be [¢oq >= [1 >, so that
%\cbog >= 0 for any 0°. The Kalb-Ramond boson fields aq,q,...a, are antisym-
metric with respect to the permutation of indexes, since the Grassmann coordinates
anticommute {6¢,0%}, =0, Eq. (3.3).

% Observations in this paper might help also when fermionizing boson fields or bosonizing
fermion fields [42].
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The left derivative %ﬁ on vectors of the space of monomials B(0) is defined
as follows

0 _ 0B(0)
3. B(6) = 30,
0 0
{m,aeb}JrB:O,forallB. (3.17)

The commutation relations are for p®¢ = i% defined in Eq. (3.3), where the
metric tensor n®° (= diag(1,—1,—1,...,—1)) lowers the indexes of a vector {0}:
0a = TMap 0° (the same metric tensor lowers the indexes of the ordinary vector x¢
of commuting coordinates).

Defining 3
R (318)
004 ’ '
it follows
a iaana
(557)" =n@0%, ()" =—in"*0c. (3.19)

Making a choice for the complex properties of 8¢, and correspondingly of %, as
follows

{ea}* = (60)61)_ez)e3a_e5)96>---»_ed_1)ed))
0 ., 0 0 0 0 0 0 0 0
(55-V =

S 3.20
900’007’ 00,°005° 005’005’ aed,l’aed)’ (3.20)

it follows for the two Clifford algebra objects y¢ = (6¢ + %), and ¥* =1i(0¢ —
% ), Eq. (3.4), that y* is real if 8¢ is real, and y® is imaginary if 8¢ is imaginary,
while ¥¢ is imaginary when 0¢ is real and ¥ is real if 8¢ is imaginary, just as it is
required in Eq. (3.26).

Applying the operator S%° of Eq. (3.3) on the "“states” —= (0% +1-—-0%),a # b,

: V2 ik
and % (14 £0696°),a # b, it follows
‘I naa ] .r]ClCL
ab e eb —k g eb
1 i
S (1+-090%) =0, 3.21
\fz( o ) (3.21)

K2 = n aanbb_

We define here the commuting objects v, which will be helpful when looking
for the appropriate action for Grassmann fermions, Eq. (3.41). These operators will
be needed also when looking for the definition of appropriate discrete symmetry
operators in the Grassmann case. Following the definition of the discrete symmetry

3 In Ref. [2] the definition of 6°T was differently chosen. Correspondingly also the scalar
product needed a (slightly) different weight function in Eq. (3.32).
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operators in the Clifford algebra case [65] in ((d — 1) + 1) space-time and in (34 1)
space-time, the discrete symmetry operators (Cg, Tg, Pg) in ((d —1) + 1) and (Cng,
Tng, Pag)in (3 + 1) will be defined in Subsct. 3.3.3, respectively.

0 . -
ve = (1-20M%5—) = —in " vy, {v§,veh =0. (3.22)
a
Index ¢ is not the Lorentz index in the usual sense. yg are commuting operators
for all (a, b). They are real and Hermitian.

ve =v&, (& =ve. (3.23)

Correspondingly it follows: yaGTyg =1I,v&vg = L. I represents the unit operator.

By introducing [2] the generators of the infinitesimal Lorentz transformations
in Grassmann space, as presented in Eq. (3.3), and making use of the Cartan subal-
gebra of commuting operators, Eq. (3.110), the basic states in Grassmann space
can be arranged into representations of the eigenstates of the Cartan subalgebra
operators, Eq. (3.21), Ref. [2,46]. All these states have integer spins (k is +1 or £1).
The starting state in d-dimensional space, for example, with the eigenvalues of the
Cartan subalgebra equal to either i or 1is: (60 —03)(0' +16%)(0° +16°) - - - (04~ +
iGd)chog >, with [¢og >= [1 >, Eq. (3.21). All the states of the representation,
which starts with this state, follow by the application of those S%°, which do not
belong to the Cartan subalgebra of the Lorentz algebra. S°', for example, trans-
forms this starting state into (0°03+101162)(05+10°) - - - (0471 4+109)|dpoq >, while
(S°" — i8°?) transforms this state into (8° + 03)(8' —i02)(0° +i0°) ... (04~ 4
109)|hog >.

b. Fields with the half integer spin in Clifford space

Let us present as well the properties of the fermion fields with the half inte-
ger spin, expressed by the Clifford algebra objects v*’s ([1,2,9,3,5,4,47] and the
references therein)

d
F= Z Qajaj...ax yauyaz . -Vakhboc >, aji § i1, (324)
k=0

where [, > is the vacuum state. The Kalb-Ramond fields aq, q,...a, are again in
general boson fields, which are antisymmetric with respect to the permutation of
indexes, since the Clifford objects have the anticommutation relations, Eq. (3.2),
{y%,v*}+ = 2n°". The linear vector space over the Clifford coordinate space has,
as in the Grassmann case, the dimension 24, due to the fact that (y®:)? =n®ia
forany a; € (0,1,2,3,5,...,d).

As written in Eq. (3.4), Y are expressible in terms of the Grassmann coordi-
nates and their conjugate momenta, as y¢ = (0¢ —ip®9),and ¢ =i (0¢ +ip®9),
with the anticommutation relation of Eq. (3.2), {y,v®}; = 2n%® = {9,9%},,
{y%,¥°}; = 0. Taking into account Egs. (3.18, 3.19, 3.4) one finds

() =yenee, 39 =yonee,
VY =mee, v =1, 7ot =t AT =1 (625)
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where [ represents the unit operator. Making a choice for the 8¢ properties as
presented in Eq. (3.20), it follows for the Clifford objects

{,ya}* = (YOA/] ) _,YZ),Y3) _YS)Ys) YT LY

{T/a}* = (*'?O) *’171 ’,172’ *‘73)'?5) *‘\76) -~-)‘}~/d71 ) *’Y/d) ) (326)
Applylng the operators $¢° and 5%, Eq. (3.2), on 3 (y® + 2. >y?) and on 1 (1 +
Yy b), and taking into account the relation of Eq. (3 69), one obtains

aa aa

S“b%(v“ + 0 yb) = g %(v‘”r nik ¥°),

5‘”%@“ + n;:vb) = g %(v‘”r 1%v‘j),
sw%m+%vﬁer—§%u+%¢w%

sab%U +%v v°) = g%U +kv Y. (327)

One could make a choice of ¥* instead of y* and change correspondingly the
relations in Egs. (3.69, 3.27).

All the three choices for the linear vector space — spanned over either the
Grassmann 8%’s, or over the vector space of y*’s, or over the vector space of ¥%’s
— have the dimension 2¢. More about the meaning of these degrees of freedom in
any of theses cases can be found in Ref. [11].

Let us point out here that 6¢’s and %’s (each of them has 2¢ degrees of
freedom) are expressible with y%’s and y%’s (with 2¢ degrees of freedom each)
and opposite. Since {y¢, y°}, = 0, v%’s and ¥%’s form independent degrees of
freedom. We should therefore allow also ¥¢’s to form the vector space.

We can express Grassmann coordinates 0¢ and momenta p°¢ = i% in terms
of y¢ and ¥¢ as well 4

1

0 = S (v —iv"),

| a s oa
0. ZW +iy?), (3.28)

with 55— 6“|1 >=n%%1 >,

Requu‘mg that the application of ¥’s on y“’s are determined by Eq. (3.69), the
¥’s part is sacrificed [11]. The two possibilities are no longer acceptable: y’s are
chosen to span the basis, while ¥“’s become operators which determine the family
quantum numbers. From Egs. (3.28, 3.69) follows that a%b 0 =0and 6% =v. All
the relations of Eq. (3.2) remain valid, while the space of ¥’s is sacrificed and the
Grassmann space has lost ae , the Hermitian conjugated partner of 8.

(Of course, we can still replace v by ¥¢, if we change correspondingly the
vacuum state [, > and relation in Eq. (3.69)).

* In Ref. [76] the author suggested in Eq. (47) a choice of superposition of y* and ¥¢, which
resembles the choice of one of the authors (N.S.M.B.) in Ref. [2] and both authors in
Ref. [47,48] and in present article.
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The vacuum state |pog >= |1 > must after Eq. (3.69) be transformed into
[Woc > with the property [2,7,9]

< 1J)och/ahl)oc >=0 ) ’}N/ahboc >= iyahl)oc >, '\N/ayb N)oc >= _h/b‘yam)oc >,
T/aybm—’oc > |a9éb = 7‘Ya‘yb|1-l)oc >, T/af/bhl)oc > |a:b :nabh\boc > (329)

This is in agreement with the requirement

YEE(Y) Woe > = (a0 y® +aa, Y* Y +aaya, YOV Y®2 4+
Aayeag YV - ¥9 ) o >,

VEFY) o >1= (Taoy® —iaa, v v* +iaaa V" Y2y 4+ +
=1 aa, a ¥ YY) Wboe > . (3.30)

The basic states in Clifford space can be arranged in representations, in which any
state is the eigenstate of the Cartan subalgebra operators of Eq. (3.110). The state,
for example, in d-dimensional space with the eigenvalues of $°3,S'2,§%¢ ... §d-1d
and of 93,812 85 .. [ §d-Td equalto 1 (i,1,1,...,1)is (v —v3) (v +1y2) (v° +
iy®) .-+ (41 + iy?). The states of one representation follow from the starting
state by the application of $¢°, which do not belong to the Cartan subalgebra
operators, while $¢°, which operate on family quantum numbers, cause jumps
from the starting family to the new one.

Norms of vectors in Grassmann and Clifford space Let us look for the norm
of vectors in Grassmann space, B = Zg:o Qaya;...ar 097092...0%|dog >, and
in Clifford space, F = Zg:o Qajaz--- QYT Y ¥ 9 R [Poe >, where |$og > and
[Woc > are the vacuum states in the Grassmann and Clifford case, respectively. In
what follows we refer to Ref. [2].

a. Norms of Grassmann vectors
Let us define the integral over the Grassmann space [2] of two functions of
the Grassmann coordinates < B|0 >< C|0 >, < B|6 >=< 0|B >T, by requiring
{de9,0%}, =0, Jd@“ =0, Jdeaea =1, Jdde 90" ... 04 =1,
0
001k

with a%.ﬂﬁ“ = 1n%. We shall use the weight function w = ﬂﬂ:o(%ek +06%) to
define the scalar product < B|C >

a9 = ded...de°, w =T | +0%), (3.31)

d
<B|IC>= Jdd—‘xddea w < B|o >< 0|C >= Zjdd_lxb§1___bkcb]__.bk ,
k=0
(3.32)

where, according to Eq. (3.18), it follows:

d

<BO>=) ()P ai, o pP%nirer...pleinuer
p=0
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The vacuum state is chosen to be |p,4 >= |1 >, as assumed in Eq. (3.16).

The norm < B|B > is correspondingly always nonnegative. Let us notice
that the choice of the Hermitian conjugated value of 6° is 53+ ((6°) =n°® agu ,
Eq. (3.18)) makes that we easily evaluate in any d the scalar product

0 0 0 0o 0

0nl1 d—2pd—1xd _
309 569-T 9902~ g7 g0 (070" 0% 70N 0N >=1

< dogll

for [pog >= |1 > (without integration over coordinate space of 6¢’s).

b. Norms of Clifford vectors

To evaluate norms in the Clifford space for vectors of Eq. (3.24) we can use as
well Egs. (3.31, 3.32), if expressing y® in terms of 0% and p°®: < (8¢ — ip®?)|F >.
In this case Yo >=[pog >=11 >. It follows

d
<FG>= Jdd*1xdd9“ w < Fly ><v|G >= Zjdd*‘xaz]makbbwbk :
k=0
(3.33)

To simplify the evaluation we use instead [3,47] in the Clifford case the vacuum
state o >, Eq. (3.79), which is the product of projectors, Eq. (3.70). It takes care of
the orthogonality of states (like if we would evaluate the integration in Grassmann
space).

Correspondingly we can write

J ddea (,U((la] az...ax meaz .. 'yak)T(aa1 az...ax Ya1yaz .. 'yak) =
at . (3.34)

ajaz...ag aa] az...agx

The norm of each scalar term in the sum of F is nonnegative.

Actions in Grassmann and Clifford space We construct an action for free mass-
less fermion in which the internal degrees of freedom is described: i. in Grassmann
space, ii. in Clifford space. In the first case the internal degrees of freedom manifest
integer spins, in the second case the half integer spin.

While the action in Clifford space is well known since long [67], the action
in Grassmann space will be defined here (by N.S.M.B.). In both cases we present
an action for free massless fermions in ((d — 1) + 1) space °. States in Grassmann
space as well as states in Clifford space will be arranged to be the eigenstates of

>Ind = (3 + 1) space masses of fermions are in the spin-charge-family theory in the Clifford
case caused by the interaction of fermions with scalar gauge fields with the space index
(7,8), that is the vielbeins and the spin connections of two kinds — the gauge scalar fields
of $*° and of $°°. We expect that masses of “fermions” appear also in the Grassmann
case due to the interaction of fermions with scalar gauge fields with the space index (7, 8),
but in this case due to the vielbeins and the spin connection of one kind only — the gauge
field of S*°
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the Cartan subalgebra — with respect to $®° in Grassmann space and with respect
to $2° and 5¢® in Clifford space, Eq. (3.110), and orthogonal and normalized with
respect to Eq. (3.31) ©.

In both spaces the requirement that states are obtained by the application
of creation operators on the vacuum state — in the Grassmann case 6? “t on
|T >, Eq. (3.58), obeying together with the ﬁ?k the anti commutation relations
of Eq. (3.54) on the vacuum state |pog >= |1 >, and in the Clifford case B“T,
Eq.(3.76), obeying together with the ’5{5 the equivalent anticommutation relations
of Eq. (3.81) on the vacuum states \p,. >, Eq. (3.79) — reduces the number of
states, in Clifford space more than in Grassmann space. But while in Clifford
space all physically applicable states are reachable by either S¢* (defining family
members quantum numbers) or by $° (defining family quantum numbers), the
states in Grassmann space, belonging to different representations with respect to
the Lorentz generators, seem not to be connected.

a. Action in Clifford space

In Clifford space the action for a free massless fermion must be Lorentz
invariant

A= J d%x % WY ypa) + hc., (3.35)

Pa = i 39, leading to the equations of motion
Yopalb > =0, (3.36)
which fulfill also the Klein-Gordon equation

YPaYPpulb > = ppah >=0,
(3.37)

for each of the basic states Bf‘ f Woe > =g >. v° appears in the action since we
pay attention that

S = e TWan(SUTHLYY) (3.38)

The Lagrange density, Eq. (3.35),

1
= 50Ty Patb — Pab ¥ ¥ W}, (3.39)
leads to
AL 0Lc
Tdﬂ»_ﬁaaﬁaljﬁ —YY ﬁalub>
oL oL
Cﬁa@if——ﬁﬂhv (3.40)

® In the Clifford case the states can be orthogonalized also with respect to Eq. (3.79), while
taking into account Eq. (3.71).
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All the states, belonging to different values of the Cartan subalgebra — they differ
at least in one value of either the set of S@° or the set of $¢°, Eq. (3.110) — are
orthogonal according to the scalar product, defined as the integral over the Grass-
mann coordinates, Eq. (3.31), for a chosen vacuum state |1 >. Correspondingly
the states generated by the creation operators, Eq. (3.76), on the vacuum state,
Eq. (3.79), are orthogonal as well.

b. Action in Grassmann space

We define here the action in Grassmann space, for which we require — simi-
larly as in the Clifford case — that the action for a free massless fermion is Lorentz
invariant

Ac ::J d d%0 w{pT(1 —20°— 0 )1 0% b} + h.c.. (3.41)

000" 2
We use the integral over 6¢ coordinates with the weight function w from Eq. (3.31,
3.32). Requiring the Lorentz invariance we add after ¢T the operator y% (vg

=(1-20¢ agu )), which takes care of the Lorentz invariance. Namely

SabT (1 —20°0— 0 )= (1—-20°— 0 )Sab

000 060
st (1—20° a):41f2w a)s‘
000 060
S — e TWan(LTNHST) (3.42)

while 8¢, ae and p“ transform as Lorentz vectors. The equations of motion follow
from the action, Eq. (3.41),

1 o e O B
EYG (0% — 3ga ) Pald > =0,
d
_ 0
=(1-20°555) (3.43)

as well as the Klein-Gordon equation, y% (0% — aeu ) Pa VG CK a%u) Pvld >=0,
leading to

d
{0%Pa, 5~ Pol+ =P Pa =0. (3.44)
00y

From the Lagrange density, presented in Eq. (3.41), using Egs. (3.18, 3.19, 3.28)
(V% = —ineayaye, (0% — —) —iy¢) it follows, up to the surface term,

Lo = —iidﬂ Y&V (Pad)

. 1 ~a ~a
= —i{0TYE Y Pad —Pad’ vV O (3.45)
One correspondingly finds
0Lg 0L a
ad)T ﬁaaﬁ d)T*O* 2YGY ﬁad))
a,c 0L
D Pagmg) 0= 3P 01VET, (3.46)

(ﬁa¢)__
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The solutions of these equations are presented in Eq. (3.98).

We shall see that, if one identifies the creation operators in both spaces with
the products of odd numbers of either 8¢ — in the Grassmann case — or y* — in
the Clifford case — and the annihilation operators as the Hermitian conjugated
operators of the creation operators, the creation and annihilation operators fulfill
the anticommutation relations, required for fermions. The internal parts of states
are then defined by the application of the creation operators on the vacuum state.

But while the Clifford subalgebra defines states with the half integer “eigen-
values” of the Cartan subalgebra operators of the corresponding Lorentz algebra,
the Grassmann algebra defines states with the integer “eigenvalues” of the Cartan
subalgebra operators of the corresponding Lorentz algebra.

3.3 Second quantization of Grassmann and Clifford vectors

It is proven in this section that solutions of the Weyl equations — following from
the Hermitian and Lorentz invariant actions for free massless fermions, using to
describe their internal degrees of freedom either Clifford space, Egs. (3.35, 3.36),
or Grassmann space, Eq. (3.41, 3.43), — can be represented as creation operators,
operating on the appropriate vacuum state. The corresponding Hermitian con-
jugated operators, taken as their annihilation partners, fulfill together with the
creation operators, if both are of an odd either Clifford or Grassmann character,
the anticommutation relations required for fermions.

Correspondingly there is no need to assume the anticommutation relations
as done in the Dirac theory [67,74,75], since the creation and annihilation opera-
tors of an odd either Clifford or Grasmmann character by themselves fulfill the
anticommutation relations for fermions without postulating them.

Creation operators in both spaces determine the Hilbert space of n fermions
for any integer n and have all the properties of the corresponding Slater determi-
nants, if we recognize that a product of two creation operators of two different
moments in the ordinary space (px, p1) — b3 gk . Bjﬁ gl, applying on the vacuum
state (p,. >, are zero if and only if i = j, « = 3 and px = p1. In the Grassmann
case Bg‘gk . '6]!3;1 is replaced by B?Lk . 6?;1 and the vacuum [Py > by hog >.

Let us point out that fermions with the internal degrees of freedom described
in Clifford space manifests half integer spins, while “fermions” with the internal
degrees of freedom described in Grassmann space demonstrate integer spins.

We pay attention in this paper on d = 2(2n+1)-dimensional spaces, arranging
all the vectors to be “eigenvectors” of the Cartan subalgebra operators of $¢* and
Sab in the Clifford case and of S¢° in the Grassmann case, Egs. (3.110, 3.2, 3.3).

In d-dimensional spaces the linear vector space, spanned over either the
Clifford coordinates y®’s or the Grassmann coordinates 0%’s, has the dimension
24, One can in both cases represent the vector space as 29 operators, which —
when applied on the vacuum state — create 2¢ vectors. Half of these operators
have an odd and half an even either Clifford (with respect to odd or even products
of y%’s) or Grassmann (with respect to odd or even products of 6°’s) character.

In the Clifford case there are in the group of an odd Clifford character two
groups of operators: each member of one group has its Hermitian conjugated
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partner in another group. One of the two groups can be therefore chosen to repre-
sent the creation operators, the other to represent the corresponding annihilation
operators. Each of the two groups has 29-2 members.

Each of the two Clifford odd groups, one with 242 creation the other with
29-2 annihilation operators, further divides into 22 ' subgroups with 2%~ ' mem-
bers. All the 22 " members of one particular subgroup are related by the operators
Sa®, while $°° transform each member of this subgroup of particular family into
the same member of one of 2% ! families.

In the group of the Clifford even operators there are again two groups, each
with 221 . 2%~ operators related by either S®° or by $¢. Within each of the
group there are 291 subgroups with 291 members, related by the application
of $9°, while $¢° transform each member of a particular subgroup into the same
member — with respect to the operators S — of another subgroup with again
271 members.

These two groups are not related by the Hermitian conjugation as in the case
of odd Clifford objects. In each of the two groups of an even Clifford character
there are 2% ! self adjoint operators. The rest of 25" - (22" — 1) Clifford even
operators have the Hermitian conjugated partners within the same group.

7%y transform 27" self adjoint operators of one Clifford even group into
2% self adjoint operators of another Clifford even group, while 9y transform
the rest of this group — that is 25712571 1) operators, having the Hermitian
conjugated partners within the same subgroup —into 2%~ x (22" —1) operators
of another Clifford even group, having again the Hermitian conjugated partners
within the same subgroup.

Any odd Clifford member of the assumed (chosen to be) creation operators
gives, when applied on one (only one) of the even self adjoint operators of only
one of the two groups with (2% ~1)2 members, a nonzero contribution, which is
the same creation operator back. It gives nonzero contribution also on one (only
one) of the rest 2%~ - (291 —1) operators of the same group to which also the self
adjoint operator belong, transforming it to one of creation operators, belonging to
another family of the creation operators. On all the others Clifford even objects
this creation operator gives zero.

The annihilation operators manifest, when applied on the Clifford even ob-
jects, equivalent properties as creation operators.

Let b " be the creation operator of an odd Clifford character, x denoting
the subgroup with a particular value of the Cartan subalgebra of $¢° (family)
and with 1 denoting a particular member of a family «. To all the members of
particular « one and only one of the selfadjoint operators of an even Clifford
character corresponds, which, when any of these members applies on it, gives the
same creation operator back.

(B?T)T = b%, denoting the corresponding annihilation operator of an odd
Clifford character, gives zero when applied on the selfadjoint operators on which
Bf‘ i gives nonzero contribution.

We choose the superposition of these selfadjoint operators to determine the
vacuum state in the Clifford case, Eq. (3.79).
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All the members of the odd Clifford character, half of them creation operators
and half of them annihilation operators, fulfill the anticommutation relations,
required for fermions. Correspondingly there are only 27-1.2% creation oper-
ators, determining 2%~ families with 2% ! family members each, which when
applied on the superposition of selfadjoint operators of one group of Clifford even
operators, create fermion states. These creation operators determine n fermions
Hilbert space.

In the Grassmann case there are two kinds of operators, ¢ and aeu , Hermi-
tian conjugated to each other, Egs. (3.18, 3.19). If 8¢ represent the creation operators,
then 52: are the corresponding annihilation operators. Not having the Hermitian
conjugated partner with the property that when applying on g >=|! > gives
zero, the identity (I) can not belong either to creation or to annihilation operators.

In d = 2(2n + 1)-dimensional Grassmann spaces there are correspondingly
29 — 1 creation operators. The largest two representations have together ﬁ

creation operators and the same number of annihilation operators of an odd
Grassmann character, Eq. (3.59), chosen to be eigenstates of the Cartan subalgebra,
Eq. (3.110), of S*°. All the irreducible representations of the Grassmann case are
decoupled. The application of the creation operators, which are products of 4 0%’s,
on the identity (I) gives them back, while the annihilation operators applied on I
give zero.

The # creation operators split into two by the generators of the Lorentz

. . !
transformations $%° unconnected groups, each with 1 -4~ members.
2°2"

We introduce common notation for the Clifford and Grassmann case to sim-
plify the discussion: Let Bf‘ " be the creation operator of an odd Grassmann char-
acter with a = (1,2) denoting one of the two (by S®° unconnected) the largest
subgroups and let i denotes one of the } ﬁ members related among them-

selves by S°. We make a choice of the vacuum state in the Grassmann case to be

N)ooc >= | 1>
All members of two groups of 1 % number of creation operators of an
2°2°

odd Grassmann character, and their Hermitian conjugated partners, fulfill the
anticommutation relations, required for fermions.

The number of vectors in the Hilbert space of n-fermions depends for a chosen
momentum pg on the number of the creation operators, creating a particular
fermion in the Clifford case or a particular “fermion” in the Grassmann case.

There are for each py; in the odd Clifford case 2971251 and in the odd Grass-
mann case (for the two the largest representations) ﬁ creation operators g;"gk
of an odd character — either Clifford odd character, with o« = (1, - 2*_1 )yi=
(1,--+-,227"), or Grassmann odd character, with « = (1,2),i = (1,~~ y o),
creating the corresponding single particle states, when applied on the vacuum
states [\, > — in the Clifford case is the vacuum state [{p,. >, the superposition
of all selfadjoint operators, on which an odd ﬁg‘ i gives a nonzero contribution,
and in the Grassmann case the vacuum state is \pog >=1 1 >.

Let the zero fermion state for any 15 in either Clifford or Grassmann space, be
written as [P, >: = [0%5 0%= 0o=1 Q= Gmax 09

i= 1P1’ 1 2131’ i= 3p1’ ) P imax P10 7)) Vimax P10 i= 1132’
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O(X ! O —fmax ... y "o N’o >/With N’o >= (N)oc >)| 1>

01 3p2r: imax P27 ") Yimax Pk ?
), in the Clifford and the Grassmann case, respectively, and otmax = (2%_1 ,2) and

imax = (2277, 3 59), again in the Clifford and the Grassmann case, respectively.

1 sz’

2
Then the vector space with n fermions in the Clifford case or n “fermions” in the
Grassmann case, for any n looks like

ot =
Blpk o > = |01_1p],01 2pio Olmaxpmlax) lpk e >

there are dpax * imax such 1 — fermion states for each py ,

bl B o >,

1Pk )Pk

ﬂoc:Locmax ”i:himax G;ng N)o >y,
noc:hocmax ni:1,imax g?}it N)o >y,

there are 2% tm Slater determinants of fermions for each py ,

(3.47)
Otmax = (2271,2) and imax = (2271, 1 7%4;) in the Clifford and Grassmann case,
2°2"
respectively.
One sees that
ot {BT 0o=]
Blpk Blm |01*1P1’ i=2pyr-
1" B o
]f(pk” O{X/”:]pk””. ]f(lvpklv . 1] ‘Pt "Ibo >=
Bt fyoct a=1 o=l o’ o’ I
B]plglpk |01*‘|‘p1) i=2pir-: 11 P )Oi”':]‘pk///) ]1‘Vp VRS
15 e be >, (3.48)

and is zero only if any of the occu ied states is the same as one (or both) of the
two states determined by ﬁlpk Jm applied on [, > 7.

7 Each single particle state caries its own internal space, described by a creation oper-
ator with a superposition of an odd number of y{’s, and its own coordinate space,
described by x{’s (or p{'). The creation operators of any two pairs of particles there-
fore anti-commute. Correspondingly the two states of two particles must distinguish
in either internal space or in the coordinate space, as it follows from Eq. (3.86).

The property of the creation operators Bsgﬁs,p/ ; applying on the n-particle state

Mot 1872 12‘"‘;"3, ,O;" byt O;"Wp . .., >,presented in Eq. (3.86), can be as well
descr1bed by (superposition of) Slater determinants of single particle states. Let us add
that the vacuum state, having the sum of the spins of both kinds of operators, S*® and
Sab, equal to zero and therefore neutral, remains neutral also when filled with fermions
of all the spins, $°® and $°°.
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One fermion states are either in Clifford or in Grassmann space already second
quantized, since in both cases they fulfill the anticommutation relations required
for fermions, Egs. (3.66, 3.87).

All together there are 22 Slater determinants for a chosen py in the Clif-
d!

ford case and 2 2' %' Slater determinants for a chosen py in the Grassmann case
(if only the two largest group of odd irreducible representations are taken into
account, if we take all odd representations into account we have 224 Slater
determinants), px has a continuously changing value, p° = (0,00), —00 < p! < o0,
1=(1,2,3,5,-4d).

It can be concluded that there are only second quantized states, since the
anticommuting creation and annihilation operators, creating a Clifford fermion or
Grassmann “fermion” states, determine all the properties of the n-particle Hilbert
space for any n.

We shall as well recognize that no Dirac sea is needed either in the Clifford
or in the Grassmann case, since the same Lorentz representation includes in both
cases fermions and antifermions.

We discuss in the subsections the second quantization procedure in both
spaces, Clifford and Grassmann, when dimension of the space-time is larger
than four. We demonstrate that if the dynamics manifests only in d = (3 +
1), that is when momentum is different from zero only in d = (3 + 1), p® =
(p°,p',p2,p3,0,0,---,0) — what happens at low energies after the break of
Lorentz symmetries in d > 5 — spins in d > 5 manifest as chargesin d = (3 + 1).

While the Clifford case offers the explanation for all the properties of observ-
able fermions (after sacrificing the space of y%’s), the Grassmann case, having
difficulties in describing energy within the usual second quantized procedure, as
long as the Lorentz invariance in internal space is unbroken, leads to unobserved
“fermions” with integer spins.

Let us point out that states in Grassmann space as well as states in Clifford
space are organized to be — within each of the two spaces — orthogonal and
normalized with respect to Eq. (3.31, 3.32, 3.33). All the states in each of spaces
are chosen to be eigenstates of the Cartan subalgebra — with respect to S¢° in
Grassmann space, Egs. (3.3, 3.5, 3.110), and with respect to S¢* and $%?, Eq. (3.2),
in Clifford space, Eq. (3.110).

We pay attention in this paper almost only to spaces with d = 2(2n +1) 8.

3.3.1 Second quantization in Grassmann space

There are 2¢ states in Grassmann space, orthogonal to each other with respect to
Egs. (3.31, 3.32). To any coordinate there exists the conjugate momentum. We pay
attentionin what follows mostly to spaces with d = 2(2n + 1). The states, which

® The main reason that we treat here mostly d = 2(2n + 1) spaces is that one Weyl
representation, expressed by the product of the Clifford algebra objects, manifests in
d = (1 + 3) all the observed properties of quarks and leptons, if d > 2(2n +1),n =3,
and that the breaks of the starting symmetry down to d = (3 + 1) can lead to massless
fermions [68,69].
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contribute in the second quantization procedure and manifest anticommutation
relations required for fermions, are Grassmann odd products of eigenstates of the
Cartan subalgebra, Eq. (3.110), of the Lorentz algebra. In d = 2(2n + 1) spaces
there are two Grassmann odd irreducible representations of the Lorentz algebra
with the largest number of members, divided into two separated groups of 5 +%
members, Eq. (3.59). (All states of one group are reachable from a starting state
by the application of S**.) Any Grassmann odd state can be written as a creation
operator, operating on the vacuum state, while the Hermitian conjugated creation
operator is the corresponding annihilation operator. Creation and annihilation
operators of an odd Grassmann character fulfill the anticommutation relations of
Eq. (3.50, 3.54). Let us see how it works.

If BGT is a creation operator, which creates a state in the Grassmann space
when operating on a vacuum state o4 > and b9 = (BGT)T is the corresponding an-
nihilation operator, then for a set of creation operators BiT and the corresponding
annihilation operators 5? it must be

Bie‘d)og > =
6oy > #0. (3.49)

We first pay attention on only the internal degrees of freedom of the Grassmann
“fermions”: the s 1r1 in any dimensiond =2(2n + 1), n is a positive integer.

Choosing 69" = 89, then it follows that (63 ot = aea , Egs. (3.18, 3.19). One
correspondingly finds

0
'BgT:ea, 62: 00’

{69,601 Idog > = Savldog >,
{Bg,gghld)og > =
(51,50 1 ldog > =
612 1hog > = 0%dog >,
58 oy > =0. (3.50)

The vacuum state [po4 > will in this case be chosen as [pog >=|1 >

The number operator N® = 55169 has the property, due to theflrst line in
Eq. (3.49) and the second line in Eq. (3.50), that (N8)? = N¢, with the eigenvalue 0
or 1.

The identity I (I = I) can not be taken as a creation operator, since its
annihilation partner does not fulfill Eq. (3.49). The identity is obviously selfadjoint
operator determining the vacuum state [pog >=11 >.

We can use the superposition of products of 9“’5 as creation operators and
the corresponding superposition of products of ae ’s as the corresponding anni-
hilation operators, provided that they fulfill the requirements for the creation and
annihilation operators, Eq. (3.54), with the vacuum state P4 >=[1 >. In general
they would not. Only an odd number of 8¢ in any superposition would have the
required anticommutation properties.
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To construct creation operators it is convenient to take products of such
superposition of vectors 0% and 0° that each factor is the “eigenstate” of one of
the Cartan subalgebra members of the Lorentz algebra (3.110). Let us start in

= 2(2n + 1) with the creation operator, which is a product of 4 ”eigenstates

of an odd Grassmann character of the Cartan subalgebra S¢° f (8“ + ” Qb)

k= f (0 + “ 8°),Eq. (3.21). Then the correspondmg annihilation is a product of

5 d of the Correspondmg factors %( s0a T 'llk 30, ), In both cases (a, b) belong to
(0,3),(1,2),(5,6),- -+, (d—=1,d).

Letusind = 2(2n + 1), nis a positive integer, start with the state

0] > = ()% (00— 0%)(8" +102)(6% +i6%)- - (0% + 109511 >,
V2
=671 >, with
By = (i)% (6° —03)(0" +108%)(8° +10°)--- (09T +i89). (3.51)
V2
One finds for the eigenvalues of the Cartan subalgebra operators, Eq. (3.110), the
values (+i,+1,+1,--- 4+ 1).

The rest of states, belonging to the same Lorentz irreducible representation,
follow from the starting state by the application of the operators S¢*, which do not
belong to the Cartan subalgebra operators.

One can find creation and annihilation operators for d = 4n in App. 3.5.

i. We proposed in Eq. (3.51) the starting creation operator B?”, the upper
index indicates one of the two groups, the lower index indicates the starting
member. By taking into account Egs. (3.18, 3.19) the starting creation operator and
its annihilation partner are for d = 2(2n + 1) equal to

eH_L% 0_93\(a! 1:02\(p5 1 :06)...(pd—1 | :nd

b 7(\/2) (0° —0%)(0' +1i02)(0° +i0°)--- (047! +i09),

or_ ()¢90 0, 0 0

b3 = (53 (GgaT ~i5ea) (Ggo ~ 33
ford=2(2n+1). (3.52)

The rest of creation operators belonging to this group (group 1) in d = 2(2n +
1) follow by the application of operators S¢". The corresponding annihilation
operators are the Hermitian conjugated partners of the corresponding of creation
operators. For d = 2(2n + 1) one finds by the application of S°! another creation
operator and the corresponding annihilation operator as follows

1 .4
T (ﬁ)r‘ (8°° +10'0%)(6° +i0%) - (09" + 0%,
. d d 2 2 o 0
91_ 7771 3 . —1
R fz (o ~150a) (505 300 ~ 07 D07
in general :

01 a 01
B o b ... gefpINT
697 = (6)'1)F. (3.53)
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It was taken into account in the above equation that any S%¢ (a # c), which does
not belong to the Cartan subalgebra, Eq.(3.110), transforms (% )2(0¢ +16°)(6° +
i0d) (a#canda#d,b#candb # d,n% =n’?)into %(eaeb +0°04). The
states are normalized and the simplest phases are assumed. One evaluates that
either S@° or §¢4, applied on (090" 4 0°04), gives zero. The vacuum state is in all
these cases | 1 >.

All the creation operators of an odd Grassmann character — the Grassmann
even S°¢ does not change the oddness of the creation operators and neither do the
Hermitian conjugation — fulfill the anticommutation relations

{6?k»6jelT}+|d)og > = 5ij Ot |d)og >
{B?k33?1}+|¢og >=0 ‘Cbog >
{B?kT)B?H}—O—'d)Og >=0 M)Og >,
B?k”d)og > = |¢1< >y
6]‘ek|d)og > = O|¢og >,
(k1) =(1,2). (3.54)

Since there is another group of states, presented in Eq. (3.56), not reachable from
the starting state by S*°, we denote, to generalize the notation, creation operator
with 67" and the annihilationoperator with 69%.

It is not difficult to see that states included into one representation, which
started with 6? "1 > as presented in Eq. (3.52) for d = (2n+1)2 have the properties,
required by Eq. (3.54) for k = 1:

i.a. In any d-dimensional space the product -2 - - - 52, with all different
a; (if all or some of them are equal, then this is trivially true since ( aga )2 =0),if
applied on the vacuum |1 >, is equal to zero. Correspondingly the second equation
and the fifth equation of Eq. (3.54) are fulfilled.

i.b. In any d-dimensional space the product of different 8¢s — 01092 ... 9%
with all different 0%’s (a; # aj for all a; and a;) — applied on the vacuum | 1 >,
is different from zero. Since all the 0’s, appearing in Egs. (3.52, 3.53), are different,
forming orthogonal and normalized states, the fourth equation of Eq. (3.54) is
fulfilled.

i.c. The third equation of Eq. (3.54) is fulfilled provided that there is
an odd number of 6° in the expression for a creation operator. Then, when in
the anticommutation relation different 8¢’s appear (like in the case of d = 6
{6°036°,01026°},.), such a contribution gives zero. When two or several equal 8’s
appear in the anticommutation relation, the contribution is zero (since (0¢)2 = 0).

i.d. Also for the first equation in Eq. (3.54) it is not difficult to show that it
is fulfilled only for a particular creation operator and its Hermitian conjugated

partner: Let us show this for d = (3 4+ 1) and the creation operator %(90 —
03) 002 and its Hermitian conjugate (annihilation) operator: %{ 2 2 (e —

—>3) %(60 —03)0'02},. Applying (535 — —553) on (6° — 63) gives two, while

-3 37 applied on 6767 gives one.
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i.e. If we define the number operator N¥* as follows
Kok = 6760, (3.55)

it follows, taking into account the third equation of Eq. (3.54), that (N9%)2 =
BOxI5oKE? kT??k = N9, requiring that the eigenvalue of this operator N?* on the
state 67T|pX > is 0 or 1.

ii. There is one additional irreducible representation of creation and annihi-
lation operators in d = 2(2n + 1), which follows from the starting state

7 > =bg; 11 >,
1
byt = (72)7(60 +03)(0" +16%)(8° +1i0°)--- (0973 + 199 2) (84" +i09),
ford=2(2n+1). (3.56)

This state can not be obtained from the previous group of states, presented in
Egs. (3.52, 3.53) by the application of S¢f, since each S¢' changes an even number
of factors, never an odd one. All the other states of this new group of states follow
from the starting one by the application of S¢'. The corresponding creation and
annihilation operators are

8921 — ()% (60 +6%)(8" +16)(6° +16°) -~ (69" + i69),

V2
1 4 0 d o 0
92_ 77 —. “ ..
bi* = (5)* (Ggat —igpa) " (5go * 3g3)
ford=2(2n+1). (3.57)

The corresponding annihilation operators follow by the Hermitian conjugation of
the creation operators.

B2 o So0 .. ger5O2
692 = (67211 (3.58)

Also all these creation and annihilation operators fulfill the requirements for
the creation and annihilation operators, presented in Eq. (3.54), due to the same
reasons as in the first case.

It is true also in this case, as stated below Eq. (3.55), that N9% applied on the
state |pX > gives 0 or 1, due to the fact that (R9%)2 = N, Thus the basic states,
determined by the application of creation operators of Egs. (3.53, 3.58) on the
vacuum state | 1 > have the properties required for fermions.

Let us now count the number of states in each of the two groups presented in
Egs. (3.53, 3.58).

There are in (d = 2) two creation ((8° F 0', for n®® = diag(1,—1)) and
correspondingly two annihilation operators (% F %), each belonging to its
own group with respect to the Lorentz transformation operators, both fulfilling
Eq. (3.54).
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It is not difficult to see that the number of all creation operators of an odd
Grassmann character in d = 2(2n + 1)-dimensional space, with all y*’s included
is equal to 4.

2°2°
We namely ask: In how many ways can one put on ¢ places d different

0%’s. And the answer is — the central binomial coefficient for x# 17 — with all
x different. This is just 2. But we have counted all the states with an odd
Grassmann character, wlzlilze we know that these states belong to two different
groups of representations with respect to the Lorentz group.

Correspondingly one concludes: There are two groups of states in d = 2(2n +1)
with an odd Grassmann character with all ©’s included, each of these two groups has

d!
4
2

(3.59)

N =

N\c»

members.

In d = 2 we have two groups with one state, which have an odd Grassmann
character, in d = 6 we have two groups of 10 states, in d = 10 we have two groups
of 126 states with an odd Grassmann characters. And so on. All together there are
29-1 the states of an odd Grassmann character.

Correspondingly we have in d = 2(2n + 1)-dimensional spaces two groups of
creation operators of the kind presented in Egs. (3.53, 3.58), each kind with % g‘,i; ,

members, creating states with an odd Grassmann character and the same number
of annihilation operators. Creation and annihilation operators fulfill anticommuta-
tion relations presented in Eq. (3.54).
The rest of creation operators [and the corresponding annihilation operators]
with the opposite Grassmann character than the ones studied so far — like 0°0'
aqragelin d = (141) (6° 7 0%)(0" +10%) [(53r F iggr) (5o F 505), 0°0°0'0%
[ 367 30T ? 30l in d = (3 + 1), do not fulfill the anticommutation relations
reqmred for fermions in Eq. (3.54), with 627 and 6?'" replaced by 6% and 67",
= (1,2) and correspondingly with {69%, ~/ES).W}I(bOg >= 8kt 84jldog >, (k1) =

. 1 _al
(1,2),( i,j) running from (1,..., 3 %!%!).

All the states [p¥ >, k = (1,2), generated by the creation operators, Egs. (3.54,
3.58), on the vacuum state |$poq > (= |1 >) are the eigenstates of the Cartan

subalgebra operators and are orthogonal and normalized with respect to the norm
of Eq. (3.31)

ki k’ kk’
<¢’i‘¢)j >:61j6 R

—_

d!

(k»k/) = (1)2)) (i)j) = (1)2) ) (360)

"2

N\;:s-
N\:..

All these basic states describing the internal degrees of freedom can be used to
solve Eq. (3.43) for free massless “fermions”, with the part in ordinary space
proportional to e~*P“*«_ The eigenstates of Eq. (3.43) are superposition of the basic
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states |¢p¥ > with coefficients depending on momentum p¢, a = (0, 1,2,3,5,...,d)
ok
boT =D chapi b7,

1
k 0k
‘d)sp >:gspT‘¢Og >$

‘(b]s(p > = Z Ckspi ‘d)l( >y (361)

s represents different solutions of the equations of motion, and, since they are
orthogonalized, they fulfill the relation < d)‘;p\dﬂ;;p/ >= 8y 8ssr 8PP, where we
assumed the discretization of momenta.

The corresponding creation operators, creating the basic states describin

free massless “fermions” — '62]]; T — are superposition of creation operators '/B? kt
ol = 3. c*pib T and fulfill together with the corresponding annihilation

operators 6% = (6J5") the relations

ok’
{625,605 i [dog > = B 85s/Bpp Idog >,

sp)
(635,895 ) [bog > = 0ldog >,
(6951, B9 1} [bog > = 0 ldog >
5%|pog > = 0ldog >,
6 dog > =k, >,
lbog >=11>. (3.62)
Again index k = (1,2) in (BS;, bep") (692, 697%) denotes creation and annihilation

operators of one of the two groups of states describing the internal space of
"fermions”, reachable by S?b and 6?:; T creates the state for a particular momentum
in ordinary space p¢, solving Eq. (3.43).

The number operator for a “fermion” state [¥, > is now

Ok Okt{i0k
ROk = 6251H

(Nek)z — Nek P
sp

ok, (3.63)

with the eigenvalues 0 or 1, since the states of a chosen discretized p® are orthogo-
nal. Correspondingly each state can be occupied or empty. If [19, , 105, ,19% ...,
OGk

s> 088,y + -, > is a 1 particle state of “fermions” (and ”antifermions”),

where 1 denotes the occupied state and 0 the unoccupied state, then it follows, for
example, due to the third line in Eq. (3.62), that

Okt 30kt 0k Ok Ok Ok Ok _
LI L | I R N | |

_ 176kt 30kt |10k Ok Ok Ok Ok

B BT 1 10K 10 005 0% > (364)

Any n ”“fermion” state is therefore a product of n creation operators b? ]1;1 as
presented in Eq. (3.47).
The number operator for “fermions” in the n-particle state of Eq. (3.64) is
correspondingly
NO= % N (3.65)
k,sipi



3 New Way of Second Quantized Theory of Fermions. .. 73

When coefficients ckspi depend also on coordinates x (for free “fermions” ckspi (x) =
c*spi - e Pax"), it follows for pOpg =0

R . dd 1
bI*(x%, %) :ZJ Wc Kpi(x) BIFT

X T boe > = 8% 855897 (X — §) [Poc >,
T i) boe > =0,  {B¥%(x%,%), B T(x%, §)} s hoe >=0.
(3.66)

It is discussed in the subsection 3.3.3 how do discrete symmetry operators in
the Grassmann case take care of "fermion” and ”antifermion” states.
Let us now take into account Eq. (3.45) with

—{dﬂm (Pad) — (Pad" VST D)

The Euler-Lagrange equations lead to —i5 vaaﬁ ¢ =0and 12ﬁ d)Tva =0.
Let us find the Hamilton function for a second quantized field: d(x° ,Y),
generated by one of the creation operators 62" on the vacuum state lpog >
0Lg 0Lg 1 ox
s = CbTY Y » = N T a4 Y (b
® T oped) 47 S B opedl) 4
He =Tlp (Pod) + (PodN)TT41 — L,
i in
7 [OVey (pud) — (B vev ],
Hg = J'dd’]ng. (3.67)

A vector ¢ depends on k = (I, II) and on spins (what in d = (3 + 1) manifests as
spins and charges).

Hamilton function is obviously an odd Grassmann object and does not define
the energy of the system. However, if assuming the relation: $v%po $*(x°,%) =
{d*(x%,%), Hg}_, one still ends up with the equations of motion, Eq. (3.45). One
namely obtains

YRR = {460, He} =27 pid LR,  (368)

what might help to find the procedure to define the energy for the interacting
”Grassmann fermions”. One must at this point either give up with the Grassmann
“fermions” with the integer spins or find a consistent unconventional way to define
the energy, like the one suggested in Eq. (3.68).

3.3.2 Second quantization in Clifford space

In Grassmann space the requirement that products of “eigenstates” of the Cartan
subalgebra operators form the creation and annihilation operators, obeying the re-
lations of Eq. (3.54), reduces the number of creation operators and correspondingly
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the number of states from 29 (allowed for “eigenstates” of the Cartan subalgebra
operators) to two isolated groups of 1 494 creation operators. (There are no gener-
2°2°

ators of the Lorentz transformations S¢° that would connect both groups of states
and correspondingly there are no families.)

Let us study what happens, when, let say, y“’s are used to create the basis
and correspondingly also to create the creation and annihilation operators. Here
we briefly follow Ref. [50].

Let us point out that vy is expressible with 8¢ and its derivative (y¢ =
(09 + %)), Eq. (3.4), and that we again require that creation (annihilation) oper-
ators create (annihilate) states, which are “eigenstates” (Eq. (3.72)) of the Cartan
subalgebra operators, Eq. (3.110). Then the application of ¥* on any Clifford al-
gebra object A(y?), (determined by y%’s), can be evaluated as follows, Eq. (3.29,
3.30),

FeA =) MNAY ) poe >, (3.69)

where (—)(A) = —1, if A is an odd Clifford algebra object and (—)A) = 1,if A is
an even Clifford algebra object, while \p,. > is the vacuum state, replacing the
vacuum state in the Grassmann case \p,g >=[1 > with the one of Eq. (3.79), in

accordance with the relation of Egs. (3.4, 3.32, 3.31), Refs. [50,10]. We could as

well make a choice of ¥¢ = 1(0¢ — %) instead of Y%’s to create the basic states,

exchanging correspondingly the role of y¢ and ¥¢ ?).
Making a choice of the Cartan subalgebra “eigenstates” of Sab, Eq. (3.27), one
ab ab
defines nilpotents (k) and projectors [k]

(= 2y + 1500y, (2 =0

~—§’Y + iky ) — VY

ab ] 1 ab ab

k]: = E“ + Eyayb), (k] 2 =[k], (3.70)

ab
where k? =n%en®b, Recognizing that the Hermitian conjugate values of (k) and
ab
[k] are

c;1bJr ab (1b]L ab
(k) =0 (—k), [kl =[k, (3.71)

while the corresponding “eigenvalues” of $°° and 5° on nilpotents and projec-
tors, Eq. (3.27), are

ab ab_k ab abab_ k ab
S0 (k) = 3 (), $° k= 3 [k,
- ab k ab " ab k ab
S (k) = (k), 8 (=—3 [, (3.72)

S,ar

? In the case that we would choose ¥%’s instead of Y*’s, Eq.(3.4), the role of ¥* and vy
should be then correspondingly exchanged in Eq. (3.69).



3 New Way of Second Quantized Theory of Fermions. .. 75

we find for d = 2(2n + 1) that from the starting state made as a product of an odd
number of only nilpotents

N)} > = B}TN)OC >,

1 03 12 35 d—3d—-2 d-14d
b= () - (B (),
1 d-1d d-3d-2 35 12 01'
b =BT =(— (5 (), (3.73)

having correspondingly an odd Clifford character, all other states of the same
Lorentz representation, there are 271 members, follow by the application of $¢4
(which do not belong to the Cartan subalgebra) on the starting state '°, Eq. (3.110),
(594 [} >=[p! >).

61T o SO SeMBIT ) ! >=89P S ] >
bl o Blser... 590, (3.74)

with §abT = naanbbgab We make a choice of the proportionality factors so that
the corresponding states |lj)g >= Blfltboc > are normalized [50,10].

The operators Scd which belong to the Cartan subalgebra of Sab, Eq. (3.110),
generate “eigenstates” of the Cartan subalgebra operators (53,512,585, ... §d=1d)
with the eigenvalues which determine the “"family” quantum numbers. There are
22" families. From the starting new member with a different “family” quantum
number the whole Lorentz representation of family members with this “family”
quantum number follows by the application of S¢f: Sab ... Sef Sedppl >= & >,
All states of one Lorentz representation of any particular “family” quantum num-
ber have an odd Clifford character, since neither $¢4 nor 5¢4 — both of an even
Clifford character — can change the odd character of the starting state.

Any vector (p¥ > follows from the starting vector, Egs. (3.73), by the appli-
cation of either 5¢f, which change the family quantum number, or S9", which
change the family member quantum number of a particular family or with the
corresponding product of $¢7 and S¢f

W& > oc SP ... §efpp) >oc §aP ... Sefgmn Pyl > (3.75)

Again, « denotes “family” quantum numbers, i denotes family member quantum
number. Correspondingly we define Bf‘ f (up to a constant) to be

Hf o §ab ... gefgmn .. gprplt
oc ST SPTh TS eb s (3.76)

This last expression follows due to the property of the Clifford object ¥ and
correspondingly of $¢°, presented in Egs. (3.69, 3.120).
We accordingly have for an annihilation operator 3{"(: (Bf‘ T)T)

b = (6T oc sef... sabplgpr...gmn (3.77)

1% The smallest number of all the generators $°¢, which do not belong to the Cartan sub-
algebra, Eq. (3.110), needed to create from the starting state all the other members, is
22~ _ 1. This is true for both even dimensional spaces —2(2n + 1) and 4n.
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The proportionality factor ought to be chosen so that the corresponding states
W >= ﬁf‘ Tllboc > are normalized when the vacuum state \p,. > is normalized,

< Pochpoc >= 1, while all the states belonging to the physically acceptable
03 12 56 78 d-3d-2 d-1d
states, like [+i][+][-][—] --- (+) (+) Mpoc >, must not give zero for either

d =2(2n + 1) or for d = 4n. We also want that states, obtained by the application
of ether $¢¢ or 5¢4 or both, are orthogonal. To make a choice of the vacuum it is
needed to know the relations of Eq. (3.116). It must be

abJf ab
<ol (k) o] (K)o boe > = By
abJr ab
<1boc|"'[k} "'|"'[kl]"'|1boc>:6kk’)
abJr ab
<Woel Ik oo (K) - hboe > = 0. (3.78)

We must choose the vacuum state in a way that fulfills the above requirements

as well as the requirements 6{5 Tpoe ># 0 and 'Bf [Poe >= 0 for all members i
_ ef gh ef gh ab ab

of any family B. Since any $¢9 changes (+) (+) into [+] [+] and [+] T =[+], while

ab ab ab

(+) T (+)=[-], the vacuum state [{p,. > must be

N—’oc >=
03 12 56 d—14d 03 12 56 d—1d 03 12 56 d—14d
[ O Y | Py R P T Y

ford=22n+1), (3.79)

N is a positive integer. There are 2%~ summands, since we can start with the vac-
03 12 56 a-1d
uum state [—i][—][—] --- [=] |1 >, which fulfills the requirement for 'B} Tpoe >#£0

and b][hoc >= 0, and then we must step by step replace all possible pairs of
ab ef 03 12 35 d—1d ab ef
[-] --- [-] in the starting part [—i][-][-] --- [-] into [+] --- [+] and include

new terms into the vacuum state so that the last (2n + 1) summands have for
d =2(2n + 1) case, n is a positive integer, only one factor [—] and all the rest [+],
each [—] at different position .

This vacuum has all the spins, either with respect to S®° or with respect to
§ab, equal to zero.

The vacuum state has then the normalization factor 1/v24/2-1,
while there is

277122 (3.80)

I The choice of Eq. (3.79) for the vacuum state is not unique. If one would multiply any
of summands by a number (3, where x represents the «-th family, and then multiply
each of 22~ members of creation operators belonging to this family Bf‘ f by B« and
the corresponding annihilation operator b¢ by \/B%, B is the complex conjugated value
of B«, it would still be true that 3{" Bjﬁ T =5 bi; times the corresponding summand of
the vacuum back.
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number of creation operators, defining the orthonormalized states when applying
on the vacuum state of Egs. (3.79) and the same number of annihilation operators,
which are Hermitian conjugated to creation operators. Again, operators $¢° con-
nect members of different families, operators S®° generate all the members of one
family.

Paying attention on only internal degrees of freedom, that is on the spin, the
creation and annihilation operators must fulfill the relations

{B?>B?,T}+|woc > = ‘SMX/ 51)’ N’oc >y
{62,651 hoe > =0 hoc >,
{B?T)B;‘,T}—Fm)oc >=0 M’oc >y

Bf‘hl)oc >=0 N)oc >,
B?Thboc > = N’{x >, (381)

with (i, j) determining family members quantum numbers and («, ') denoting
“family” quantum numbers.

Only Clifford odd objects fulfill the relations of Eq. (3.81), since the odd
Clifford objects anti-commute (like: {(y° —v?3), (y' +iy?)}; = 0), while the Clifford
even objects commute (like: {(1 —v°y3), (1 —iy'y?)}, =2 (1 —y°y3) (1 —iy'y2)).

The reader can find the detailed proofs for the above statements, for either
d =2(2n+1) or d = 4n, in Refs. [50,10].

Let us again, like in the Grassmann case, Eq. (3.62), look for the creation (and
their annihilation operators) which, when applied on the vacuum state, Eq. (3.79),
solve the equation of motion, Eq. (3.36). The solution for each momentum p¢, a =
(1,...,4d), for discretized values of momenta, is a superposition of 'Bf‘ f

bef, = c®ilpi) BT, (3.82)

applied on the vacuum state, Eq. (3.79). Since b T and BJ‘" fulfill the relations of
Eq. (3.81) and, if the states for two different momenta are orthogonalized, it follows

{B?pk) B:c/;rgl}+|1boc > = 5% 555/ é‘pk PL |1-|)oc >,

{B?pk) B?’/pl}JrN’oc >=0 |1-')oc >,
(651,651 Fihboe > =0 [boe >,

SPr) s’ pu
b, boe > =0 hhoe >,
BE]T)kN)OC > = N):ka >, (383)

with the vacuum state b, > defined in Eq. (3.79), with s denoting the corre-
sponding solution of equations of motion and for a discretized momentum space.

The number operator of a particular solution s, a particular momentum py
and a particular "family” «,

RN =6 b2 R )2 = N« (3.84)

SPk SPx "SSPk’ ( SPx Spx)?
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has the eigenvalues 1 or 0.
The number of fermions in the n-particle state of Eq. (3.86) is correspondingly

= Y R (3.85)
oS, Pk

For a n fermion and antifermion state, Eqs (347, 3.48) in the introduction to

Sect. 3.3, [1%= ﬂp],]g‘ gp],lg‘ ;p], N follows, for exam-
ple, due to the third line in Eq. (3.83), that
=1 1

nglB‘XTHS Tp1 s 2p1) ?3‘[}1) ngi)---vo?i"p)—)---)>:

'Bmgocf D 18 185501 08+, 0 ey >, (3.86)
where 1 denotes the occupied state and 0 the unoccupied state, and |15} 1py >=

1

b= 1T] [Woc >.

Eq. (3.86, 3.47) demonstrates properties of Slater determinants. One fermion
state is obviously second quantized by construction.

Two states with nq and n; fermions each, defined by A®t as n; products
of Bi‘g (which dlstmgulsh among themselves in at least one of the properties
(«, s, pi)) and by APt as n, products of '6 o/p, (Which distinguish among themselves
in at least one of the properties («’, s, p;)), applying on b, >, must distinguish
in either internal space or in the coordinate space, as it follows from Eq. (3.86), that
the product of A% and A®T applying on [, > would give a state with (n; +ny)
fermions.

Let us add that the vacuum state, having the sum of the spins of both kinds of
operators, Sab and Seb, equal to zero and therefore neutral, remains neutral also
when filled with fermions of all the spins, $¢* and S°®.

When coefficients c*; (px) depend also on coordinates x“ (for free fermions
i (Pryx) = c%si(px) - €7 PX"), it follows for pepy =0,

d—1
B0 = X | et < eslpx) B2

B (x0,%), BT (X0, T)}+ hoe > = 5% 846/ 64 (X — T) oc >,
{B?T(Xov;{)) B?//T(Xo)g)}thboc > = Oa {b?(x ) B /( )g)}vLN)oc >=0.
(3.87)

Let us now take into account Eq. (3.35) with
1
Lo =YY (Pah) — (Pab )y Oy ).

The Euler-Lagrange equations lead to y°y®p, = 0 and —p$py°y® = 0.

Let us look for the Hamilton function for fermions determined by one of the
creation operators, like ﬁ)g‘(xo, X) = bt (x%,X)][Woc >, which is already the second
quantized state.
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For a vector { and {1 it therefore follows

oLe 1. ALc .
nA - ~ = = T, ]—[A = ——m ==
3o 20 T T Speh) 2 A

He = ”11) (Pod) + (PordD)TT ot —Lc,
=—3 Wvov (1) — (PP YOy D],
He = J A xHe, (3.88)

Correspondingly one finds for a component P (x0,X) [74], X is a vector in (d — 1)-
dimensional coordinate space,

pode (%) = {92 (%), He |
= {dr60,%), [ 0t 3BTy b 00 )

— | ey > {920,285 | ¥y b 00, 50)
==Yy (phI(x°, X)) . (3.89)

(We took into account thaty vt transformsxl) " (x%,x") into > onc” "ersy II);",', (x0,x"),

which anticommute with (% (x°, %) (Eq. (3.87)), we also assumed that states, ob-
tained when operators operate on a vacuum state, do not contribute to the surface
term. Integrating per partes and dropping the surface term simplifies H¢ into
— [ S d¥ /Y ?,'T(xo, X ¥yt (p7: 0% (x0,x7)).) The obtained equations of mo-
tion agree with the ones from Egs. (3.39, 3.40). Correspondingly the energy of
the n-fermion state of free massless fermions created by b3 on the vacuum state
[Woc > all with zero momentum p, (solving the Weyl equation Egs. (3.36,3.40)) is
equal to E = Y N¥p. The current is correspondingly j¢ = PpTyoyady.

The observed fermions — quarks and leptons — manifest their properties
obviously in d = (3 + 1). The internal space in d = (3 + 1) can therefore be used to
describe the spin and handedness of massless fermions, in the spin-charge-family
theory also families, while the internal space in d > 5 can be used to describe
charges of fermions, contributing in the spin-charge-family theory as well to families.

One family representation contains in d = 2(2n 4 1),n = 3,27 = 64
members, described by the creation and annihilation operators fulfilling the anti-
commutation relations of Eq. (3.81), explaining from the point of view of d = (3+1)
spins, handedness and charges of the observed quarks and leptons and antiquarks
and antileptons. Correspondingly there is no need for the negative energy “Dirac
sea”.

We discuss below discrete symmetry operators for both cases, the Clifford
one and the Grassmann one, in d and in observable dimension d = (3 + 1). In
Subsect. 3.3.4 we present a few examples.
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3.3.3 Discrete symmetries in Grassmann space and in Clifford space in d
and in d = (3 + 1) part of the space

We have treated so far free massless fermions in Grassmann and in Clifford space.
The fermion "nature” of states are in both spaces demonstrated by the fact that
the corresponding creation and annihilation operators fulfill the anticommuta-
tion relations of Eq. (3.62) in Grassmann case and of Eq. (3.83) in Clifford space.
Fermions — in both spaces — are in superposition of eigenstates of the Cartan
subalgebra operators of S%° in the Grassmann case, in the Clifford case they are in
superposition of the Cartan subalgebra operators of S as well as of $¢°.

We distinguish in d-dimensional space two kinds of discrete symmetry C, P
and 7 operators with respect to the internal space in which the fermion properties
are described.

In the Clifford case we have [65]

Cu=[TvK,

Yeed
T =7 ] v* KL,
yeen
P =10,
Lx® =—x%, Lox%=(—x%%), IgX=—X,
Ig,x% = (x%, —x", —x%, —x3,x%,x%, ..., x%). (3.90)

The product [ y© is meant in the ascending order in y¢, K stands for complex
conjugation.
In the Grassmann case we correspondingly define

Ce = II YEK)

YEETIY®
75::Y% II YEKIW)
YEERY?
d—1
P =42 Ik, (3.91)

v& is defined in Eq. (3.22) as y& = (1 —289n*¢ agu ), while I, x® = —x® | Lox® =
(—x%, %), IxX = =X, Ig,x@ = (x0, —x!, —x2, —x3,x>,x®, ..., x4), like in the Clifford
case. Let be noticed, that since v¢ (= —in®®y*y“) is always real as we see in
Eq. (3.28) !2. Since y* is either real or imaginary, Eq. (3.22), we use in Eq. (3.91) y¢
to make a choice of appropriate y&. In what follows we shall use the notation as
in Eq. (3.91).

Let us define in the Clifford case and in the Grassmann case the operator
“emptying” 3. The operation "emptying,,,,” after the charge conjugation Cy in

21f we choose a real 8¢, then y* is real and 7 imaginary, if 8¢ is imaginary, then y“ is
imaginary and ¥ real, as is demonstrated in Eq. (3.28).

3 The operator “emptying” empties the “Dirac sea” of negative energies [65], although
in the spin-charge-family theory is no need for the “Dirac sea” of negative energies, as
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the Clifford case [65,7,9] (arxiv:1312.1541) and "emptying, ;" after the charge
conjugation Cg in the Grassmann case, namely transforms the positive energy
fermions into positive energy antifermions in both cases, solving Eq. (3.36) in the
Clifford case, and Eq. (3.43) in the Grassmann case.

"emptying, " = H v*K in Clifford space,
Rya

'emptying, ;" = H v¢ K in Grassmannspace. (3.92)
Rya

Then the anti-particle state creation operator to the corresponding particle state
creation operator can be obtained by the application of

Cy,g = "emptying,y, ng" - Cr,o (3.93)

Cy and Cg, with indexes 3, and nn denoting the Clifford case and with ¢ and
NG denoting the Grassman case, on the creation operator for a particle state, or
opposite. Let us remind the reader that in the spin-charge-family theory, using
the Clifford algebra, the family members of each family include fermions and
antifermions — quarks and leptons and antiquarks and antileptons. This is the case
also for Grassmann fermions and antifermions, but in this casethere are instead of
families two by S®° unconnected representations.

Ref. [65] proposes in the Clifford case the following discrete symmetry opera-
tors, manifesting dynamicsin d = (3 + 1)

3

C/\/ = H Ym r(3+” KIxé‘xg,...‘xdy
Jy™, m=0

3
Ty = H Y™ T K Lo Lis o7 ya 1,
Ry™,m=1
77,(\;17” =0rGH P
Cpr = yOy5y7 - ydT Iz, Lo xs,.. xa
CNP/(\;P” =02 Iz, KL x5, xa,

CAPE T =90y g e e (3.94)

In the Grassmann case we use the Grassmann even, Hermitian and real
operators Y&, Eq. (3.22), to determine discrete symmetries in ((d — 1) 4 1) space
(as presented in Eq. (3.91)) and in d = (3+ 1) space. In (3 + 1) space we proceed —

we discussed already in the introduction of Sect. 3.3, for either Clifford or Grassmann
fermions. The operation of “emptyingnn” after the charge conjugation C in the Clifford
case, which transforms the state put on the top of the Clifford “Dirac sea” into the
corresponding negative energy state, namely creates the anti-particle state to the starting
particle state, each anti-particle state, put on the top of the “Dirac sea”, solving the Weyl
equation in the Clifford case, Eq. (3.36).
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in analogy with the operators in the Clifford case [65] — as follows

Cne= ] YEKLws. xa,
YEERY™

0 m
TNG =Yg H Ye KloLisyr xa—1,
YEEIY™

d
d—1
Pre | =ve I vl
s=5

s
Cng = | | YGo Ixéxs...xd )

YGERYS
d—1
CNGP](\IG ' = Y% yé KIis Leoxs.. xa)
d
d—1
(CNGpl(\IG )= 'Y% H YSG Iz, Iioxs  xa,
YEETYS,s=5
d—1
CneTnePre ' = ] v& LK. (3.95)
Yg€IYe

3.3.4 Examples of massless fermion and antifermion states in Clifford and in
Grassmann space

Let us illustrate solutions for free fermion states, represented by the creation
operators applied on the vacuum states for the Clifford and the Grassmann case
in ((d — 1) + 1)-dimensional space, representing indeed the contribution of a one
fermion second quantized state in the Fock space of any number of fermions. We
analyze states in both cases from the point of view d = (3 + 1)-dimensional space,
with the momentum in ordinary space p® = (p° p',p?,p3,0,---,0), so that the
charges “seen” in d = (3 4 1) are determined by the generators of the Lorentz
transformations in the internal space — S**, (s,t) = (5,6,7,-- - , d) in the Clifford
case and S*t, (s,t) = (5,6,7,- -, d) in the Grassmann case. In the Clifford case we
discuss one family in details (let be reminded that the generators S®° connect all
the members belonging to one family, while S¢° transform a particular member
of one family into the same member of another family), commenting also on the
appearance of families (all the families are reachable by 5¢°) and present them
briefly. In the Grassmann case different representations can not be reached by the
generators of the Lorentz representations S*°. The discrete symmetry operators
are in the Clifford case presented in Eq. (3.94), and in the Grassmann case in
Eq. (3.95).

We start with examples in d = (5 + 1)-dimensional space, with charges
determined by S, (s, t) = (5,6) in the Clifford case and S5%, (s, t) = (5, 6) in the
Grassmann case.

The dimension (13+1), used in the spin-charge-family theory to describe quarks
and lepton as well the gauge fields and scalar fields, offers to free fermions at
low energies additional charges, what explains observable properties of quarks
and leptons. We present the creation operators creating all the states of one family
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members in Clifford space. The family members creation operators are reachable
by S4®. All the families are reachable from the starting family by $¢° in the case
of Clifford odd representations. In the case of the Clifford even representations
there are S° and Yy ¢, which take care of all irreducible representations.

In Ref. [50,68-70] (d = 5 + 1)-dimensional space is studied as a toy model
to manifest that the break of symmetry from the higher dimensional space to the
(3 + 1)-dimensional space can lead to massless fermions. Fermions were described
in Clifford space. Here we briefly follow these references, and Refs. [65,66], adding
new observations.

The first study of Grassmann case can be found in Ref. [46].

Clifford fermions and antifermions Let us start with the examples in the Clifford
case. To make discussions transparent let us first treat the d = (5 + 1) case. The
d = (13 + 1) case is not so easy to present in particular when also families are
treated.

Clifford caseind = (5 +1):

In Table 3.4 the basic creation operators '6 ) and their annihilation part-

=(ch,s)
ners Bfi(ch g ind = (5 4+ 1) are presented for all four (2%_1) families o =
(I, IL, II1, IV). Index i is devided into s, determining spin and into ch to point
out that 556 represents the charge from the point of view of d = (3 + 1), having

two values, —|—% and —%. The vacuum state, Eq. (3.79), is the sum of selfajoint

03 12 56 03 12 56 03 12 56 03 12 56

operators ([—i] [=] | [=], [+i] [+] | [=], [+i] [-] | [+], and [-i] [+] | [+]), needed that
the first, second, third and fourth family creation operators, respectively, applying
on the vacuum state, give nonzero value.

There are superposition of the basic creation operators — Glj (ch,s) — Which
solve, applied on the Vacuum state, the Weyl equation Eq. (3.36). Let us make the
choice of p® = (p°,p',p?,p3,0,---,0) to see how the spin in d = (5,6) manifest
chargesind = (3+1).

p¢=p%p",p%p% 0, ,0),
BOCCT}I 501 Plboc > = Z cxi=len, S)(ch so1)(P) 61 T(Ch s]eiianﬂ Woce >,(3.96)

where index (¢, so1), Tepresents charges and different solutions, respectively, of
the Weyl equation for massless free fermions.

We present in Eq. (3.97) the creation operators, the superposition of the first
family members, presented in Table 3.4, which solve the Weyl equation, Eq. (3.36),
for p® = (p°,p',p?,p3,0,0). The corresponding annihilation operators follow by
the Hermitian conjugation of the creation operators.

There are two fermion solutions with the charge J and two antifermion solu-
tions with the charge —1, both having the positive energy. The first two creation
operators are related by the time reversal operator (Tyr = y' v3 K10 L5 X7 e xd—1),
while the second two follow from the first two by the application of C ,\/79/(\;17”
=v°y> - ¥4 g, L6 s ya, both are presented in Eq. (3.94).
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family |1 = (ch, s) [ 65 [s03[sTZ[s56[r3+T[503]5T2[s56
T, [ 03 12 56 56 T2 03 T R

1 IS S B kS G N O R g S gy ey (R ) [ ) § A Nt
0 03 12 56 56 12 03 N N

G N ) e S s N (| -3 -3 S
11 03 12 56 12 il 1 1 il o2 1
R S e N e CII) (O =5 -3 ] & 3 %
11 303,28 28 1A 0 S Y Y R B R
(=5, —7)| (+D) [T ][] [—] ] [—]1(—1) i i > 1 5 > 5
11 3, P a1 eo ERTETLEN Y N Y =i -1 1
22 2 2 2 2 2 2

11 30012 28 5 2,03 i| 1| a1 il 1| 1

| 3 -P|ED O O O e o | -3 -] 3 =11 1
- 03 12 5 56 12 03 N N

n| =3, H| S s Dl e =5 =3 -3 §
] 1 03 12 56 12 03 i ] ] i ] 1

ul (3, -5 Fu 15 Do (o] |3 =3 i3]
T 03 12 56 56 T2 03 N N

SOy G N O e N s (Y E g eS8 ) A § =% L]-1
O 03 12 56 56 12 03 73 N

111 (3, —3)| (=) =11 [+] [+H =+ =5 | —7 7 =3 2|~z
L 1|03 12 se 56 1203 AR A

| L, HlEH T O e | 4| L -1 -3 -1
O 03 12 56 56 12 03 A N

] (=4, —H| Fu & (o) Col S| =3 -3 | —E] 3[-2
. 03 12 56 56 12 03 T T

v 3D rh e e ESNNESTE ) N I Y
N 03 12 56 56 1203 ¢ 7| 3 N

10V I N Y b G N e N [V g Y gy [ Ty [ 1} § o411
1 03 12 56 56 12 03 N N

v =3 D a5 e et R I R o I ) B R B
L Tl e3 12 se 56 1203 A N
vl -l OO Chie chco| -3 -3 ] i1

Table 3.4. The basic creation operators — b (chus
index i — and their annihilation partners — b (ch,s) — are presented for the d = (5 + 1)-
dimensional case. The basic creation operators are the products of nilpotents and projectors,
which are the “eigenstates” of the Cartan subalgebra generators, (8%, s12, 5%¢), (53,512,
§59), presented in Eq. (3.110). Operators Bih’s and Bch‘s fulfill the commutaion relations of

Eq. (3.81).

) ch (charge) and s (spin) explain the

[e4
i=

Creation operators for the fermion states in Clifford space for d = (5 4 1)
p0 =11,
1 42
1 . 03 12 56 pl +ip 03 12 56 i 1001x0 =2
8T ) = 8 (V0 CH 1D+ TP (T Ohy | e HURT TR
3.3 POl +1p=l
52
I 03 12 56 pl —ip 03 12 56 (10010 = e
827 L) = e (U ) LT (RO () 1 O ) e HIRT IR
2772 [p¥1 +1p=1
Creation operators for the antifermion states in Clifford space for d = (5 + 1)
0o _ .0
poo=1Ip I,
1,42
I = 03 12 56 pl +ip 03 12 56 (150140 5
DG R N (= N Ea R .y DY ) S L
77 [P +1p2I
1T ip2
1 . 03 12 56 pl —ip 03 12 56 L i(1pO01x0 5%
84l ) = et (GO e [ ) | [ ) e HIPT TR @97
-2 7 POl +1p2|

0 3
Index ;—(1,2,3,4) counts the solutions, while 3* = ‘pzlh.%lﬁ‘

the corresponding states are normalized. All the states are correspondingly or-

thogonalized. The coefficients c* i=(ch,s) (ch,sol) (P) can be read from the solutions.

The solutions have the definite handedness and orientation of the spin with re-

spect to the momentum: b'} T, defines the state with T3+1) = 1 and the spin and
272

defines the state with T'3*1) = 1 and with spin and

takes care that

momentum both up, Blf T,
2

momentum both down, B!

w
M= —F =

, defines the state with I'3*!) = —1 and the spin up
2
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and the momentum down, 6'*1 | defines the state with T3*1) = —1, the spin

}

(ST
[SE

down and the momentum up.

The same indexes — c¢*1=(ch,s) (ch,sol) (P) — define the solution of the Weyl
equation also for for the rest three families presented in Table 3.4.

The phases of creation operators are in agreement with the application of
discrete symmetry operators Cpr - Py, and Tyr.

Let us point out that the scalar fields, interacting with fermions (in the spin-
charge-family theory [[4,3] and the references cited therein] the scalar fields origin
in the spin connection fields — w ., the gauge fields of S and @gqpe, the gauge
fields of S¢°, appearing in Eq. (3.1) — with the space indexes ¢ > 5) can make
massless fermions massive [68,69,73,66]. In this case the creation operators (and
correspondingly the annihilation operators) start to be superposition of basic
operators of different charges ch as well :

(Bsg{,(p) = Z C“’Ch’SMCh,sol’(p) '62‘}1:7801671Pux ) Woe > -
ch,sol

In this case the solutions of the corresponding equations of motion, presented
in Eq. (3.97) for massless states, become superposition of different charges and
different families.

Forp™ = (0,0,0), m = (1,2,3) and one massive family only [66] the creation
operators for the basic states (usually used in text books [74,75] for massive states)
are presented at Table 3.5. The creation operators, presented in Table 3.5, define

family o (8 Stz
03 12 56 03 12 56

1 % (FHH) +o5 FHUH)ED .
03 12 56 03 12 56

2 iz (HIHHE) +o (FEIED -1

Table 3.5. The basic creation operators — b2, — for massive states, the first with spin up

—imx

. . 0 .
and the second with spin down, are presented. b3, e , s = +1, solve the equations

56 56 )
of motion {po + Y°((+) mi+ (=) m_)}bh, e ™" — 0, for the two positive energy
states, (1,2), (one with spin up and the other with spin down). m? =myim_, my = —m_,
(po)? =m?, poa = —15%wecqaq is assumed to be real [66].

orthonormal states when applied on the vacuum state and fulfill, together with
the annihilation operators, the anticommutation relations presented in Eq. (3.83).

Clifford casein d = (13 + 1):

There are 2'7 ~' = 64 creation operators for family members of one family, all
reachable from the starting one by S@°. They are presented in Table 3.6, analyzed
so that the internal degrees of freedom manifest in d = (3 + 1) quantum numbers
of the observed quarks and leptons. Applied on the vacuum state [{p,. > they
form in the spin-charge-family theory 64 basic states for quarks and leptons and anti-
quarks and anti-leptons for each family. In the spin-charge-family theory there are
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two times four families — 23~1 — getting masses after the two triplet scalar
fields, the superposition of Wqpe, (a,b) = (0,1,---,8) and three singlet scalar
fields, the superposition of wqpc, (a,b) = (5,6) or (7,8) or (9,---14), while c =
(5,6,7,8) for all these scalar fields, get nonzero vacuum expectation values at low

energies [9,3,4,6,7].

Table 3.1 represents the creation operators creating 8 families of iy

Sab,

All the rest of families not included in these eight families get in the spin-

clt

charge-family theory masses by the interaction with the condensate [9,3,4,6,7].

To the lower four families the three so far observed families of quarks and

and of
QL. All the family members of each of these families follow by the application of

leptons belong.
i ag'{ r3+1)[g12 1312333 38 4 Y Q
(Anti)octet, (7 FT) — (1)1, r(6) — (1) —1
of (anti)quarks and (anti)leptons
1fag!t RN NI A L 1 sol 20 2=l &l 3| 3
A AT S R R R ol E o 2l 2 sl s || 3] 3
slastt|l SHEA S T 1 T o2 2 |ais] 6|33
dastt|l S 3 S S Vol d o |3 2 aisl s E S
slactt] CHEA S T TR S I |2 B | I 3 I O
slacttl GO A B T TR i iR A A R
7|aett EEETLTANE A R AL 1z T sl el ] 3
slactt|l  SHEG S W T =3 2o || 3|l 2] 2] 2
olac2t|l  (SHEA TS 0T TS T 1 slo|l 2 l-2lsl sl 3| 3
0|ag?f AR AL AL 1 2o 3 ||-2|3m] & 3 3
ulas2t|l (A S T WS Y 1 U o |22 |sl & |33
plas2t|l 43S 8 T WY TR IR Ia R
wlac2tll U lA ST LA Y A IR A R 1
wlas2t|l SOOGS0 A T 133 o2 ais] s || |3
15062t T TANE AL A AL -1 szl -2lasl sl & 3
16 ai“ (33'1) (Lz) I [5+6] [7—8] I 9[—1]0 ‘(‘+‘)2 1[3—]J4 -1 3l 2|02 3 ! 3 & &l 3
vlac3t|l  ShHEA A0 T T RS 1 Sl d)lo|l-Hl &l 3| 3
lag3t] 020 T Y A R AR
wlasst|l  (SH A ES ST T A 1 SHo2lle |-l &3]3
20|ag3t O3S P TR A o3 o [l o -5 || F] 3
u|a¢3t S RE NIRRT AN AL AL 1 Sll=zl ol o |-kl & | &3
wlac3t|l (G335 T TR RN 1= l[=F o] o |—T5| e || &%
23[a¢3t O A e P T R -1 Tz oo |—HlLel] ¢ 3
24| 0837 SHG S T 13zl o5l | | 3
’25‘ ! H Shdh 2 S W Y H ! b4 H o] 3 H ° ‘ ° ‘*lH 0‘ "‘
R 2 2 2

Continued on next page
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i qg{ F3H1) [g12][<13 <23 [[<33] <38 | -4 Y[ @
(Anti)octet, TC7FT) — (1)1, (8 = (1) 1
of (anti)quarks and (anti)leptons
+ 03 12 56 78 210 1112 1314 ] ] 1
26) vp [ (=) [ [+ () I (+)  (+) (+) 1 —7 0 > 0 0 —> 0 0
+ 03 12 56 78 210 1112 1314 1 1 1
77| e} (FO L) L) () () 1 T o3[ o o |[—F[[ 1]
p 03 12 56 78 910 1112 1314 ] ] ]
28| ep [l (D) (DT () () (+) 1 ba 0 Z 0 0 2 !
p 03 12 56 78 910 1112 1314 B ] ] 1
| ef (A (D) () () () Al el o ol o |-ofoo) !
i 03 12 56 78 910 1112 1314 ] ] ] ]
0| ef (FD (D) (DD (H) () ) 1 |=3|=%] o || o o |=I-%[
i 03 12 56 78 910 1112 1314 ] ] ] ]
1| of (U S+ (1) () 1 T U3 lofo o |=F|[-%] o
+ 03 12 56 78 910 1112 13 14 ] ] ] ]
32| o] (FO ) H ) () () 4 =3 T oo o |=T[-%] o
ac 03 12 56 78 910 1112 1314
s3|actt (S s I S R B TS ) 1 sl o 2335 ¢l 3| %
Pyt 03 12 56 78 910 1112 1314 ] ] ] ] ] 5
34|dp (FD (D T () () -1 2|l |z ||zl 72| @l 3| 3
2 03 12 56 78 910 1112 1314
RN | et e N T S S b R S RN 1 e s e el
- 03 12 56 78 910 1112 1314
slaf 'l GO T T 0 (0 S | IR e 2 e vl B e 1
- 03 12 56 78 910 1112 1314
a7|aglt FOE T T (B (9 1 AN e i I
e 03 12 56 78 910 1112 1314
38 dLRH [ (=) =10 =T () () 1 ,% ; 0 ,% 7213 7% 7% %
- 03 12 56 78 910 1112 1314
gelt H 1 1 1 1 1 1 2
9|6 (FO ) GO T (H) H) 1 S5 o || 2 ais] w3
- 03 12 56 78 910 1112 1314
ScTt ] 1 1 1 1 1 12
w|af CU ) O =T H (D) R R R A et 2 | et
B 03 12 56 970 1112 1314
ge2t H 1 1 1 1 1 1 1
411 dy [ [+ 1 [+ () 1 () —I (+) -1 7 0 7 7 | 35 % 3| 3
e 03 12 56 78 910 1112 1314
2t GH O T T I AR R
. 03 12 56 78 910 1112 1314
sc2t ] 1 1] 2 1 1 2|_2
Blaf (U (=) = () -1 Sl o |- 2| 2 ||l -3| 3
7 03 12 56 78 210 1112 1314
wulaP?f|l GHO T D0 T R B e e e
-~ 03 12 56 78 210 1112 1314
ac2t . /8 B 1 1 L S T B O O O
45| dy (FO T () = () 1 z z |0 7 svsl sl 8| 3
- 03 12 56 78 910 1112 1314
ac2t ? 1 1 1 1 1 1 1
w6|dg e NN e R CS e R ) 1 S92 |5 ¢l % %
S 03 12 56 78 910 1112 1314
ae2t : 1 1 1 1 1 1 2
7| % (FO ) () =17 (h 1 T30 || 2|24+ -%|-%
- 03 12 56 78 910 1112 1314
~C2f 3 1 ] 1 1 1 1 2
18| 6§ S NN e N ES S o ) I IR R e e e
o 03 12 56 78 910 1112 1314
93t (U () 1) (0 ) 1 Tl o[ o X [Tl 3] %
e 03 12 56 78 910 1112 1314
so[d3t|| GO IR 1) n ] a1 L | e | A
> 03 12 56 78 910 1112 1314
sifa3t| S OS5 (0 1 o= o | J5 |-%|-3|-3
B 03 12 56 78 910 1112 1314
elat| GO E ) n S e 3 | B e o | e A 1
- 03 12 56 78 910 1112 1314 il
ATl PO e 0 ) I EE AR N = =
P 03 12 56 78 910 1112 13 14 -
S e S RN ES N NN S I CS M vz 2ol 5 Rl
734 03 12 56 78 210 1112 1314 -
sla3T|| GHEH IO a0 1 TA=% o |l o Lo —2]|-2]-3
734 03 12 56 78 210 1112 1314 -
~c31 ] 1 1 1 1|2
so|ag [ () O (0 R R N e e
ot 03 12 56 78 910 1112 1314 B ] ]
57| & [ I T () T -1 ] -1 bl U 0 0 > 1 1
i 03 12 56 78 910 1112 1314 ] p ]
58| @] (HD) (D T+ () 1] —I = -1 5|l 0| 5 0 0 > 1 1
ot 03 12 56 78 910 1112 1314 ] ] ]
59| 9] = = -] -1 b 0 |—5]l o0 0 > o] o
e 03 12 56 78 910 1112 1314 ] ] ]
60| v (+1) (=) | (=) [=] 1] [—] [—] [—] -1 —7 0 |—5 0 [ > 0 0
ot 0 12 56 78 910 1112 1314 1 ] ] ]
61| Vg (+U) [+ | (=) () [ [—] [—] [—] 1 > ||l==2] 0 0 0 > > 0
of 03 12 56 78 210 1112 1314 ] 1 1 1
62| Vg [—i] () [ (=) () | [—] —] [—] 1 vl | vl B 0 0 2 2 0
ot 03 12 56 78 910 1112 1314 B ] ] .
63| ey (+V) [+ [+ =10 =] (=] [—] 1 b b 0 0 0 b b 1
Tt 03 12 56 78 910 1112 1314 T ] B
64| €p [—i] () [ [+ =] =] (] [—] 1 —5 || 7|0 0 0 > > 1
Table 3.6. The left handed T‘( 13,1) — —1), multiplet of creation operators of spinors — the members of the fundamental representation of
p p P p

the SO (13, 1) group, manifesting the subgroup SO (7, 1) of the colour charged quarks and anti-quarks and the colourless leptons and anti-leptons —
is presented in the massless basis using the technique presented in App. 3.7. It represent the left handed (I G+ = , App. 3.7) weak (SU (2) 1)
charged ('r1 3 = i%,(?1 = %(558 - 557, $57 -+ 568, s56 578))and Su(2)yy chargclcss('rz3 = 0, w2 = %(55‘S -+
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$67 557 568 $56 | $78))quarksand leptons and the right handed (I (3+1) — 1) weak (SU (2) 1) chargeless and S U (2) | charged
(23 = + %) quarks and leptons, both with the spin S 12 up and down (£ 17, resp;c;ively;. 8The creﬂﬁﬂ;\ nper;amrs of quaiks distinguish from th(])se of
leptons only in the SU (3) X W (1) part: Quarks are triplets of three colours ( = (T , T ) = [(j,m), (72, 2\/?1 (o, \/g]],
(®3 = 1(s912 51011 g911 4 51012 5910 _ 51112, 5914 _ 51013 5913 51014 517114 _ 51213
s1113 4512 ]4, %(59 10 4 g1112 551314 ]),carryingthe"fermioncharge”(’r4 = %, = 7%(597 10 4 g1112 451314 ).
The colourless leptons carry the “fermion charge” (t# = — ). The same multiplet of creation operators represents also the left handed weak (S U (2) )
chargeless and S (2) 11 charged anti-quarks and anti-leptons and the right handed weak (S U (2) 1) charged and S U (2) | chargeless anti-quarks and
anti-leptons. Anti-quarks distinguish from anti-leptons again only in the SU (3) X U (1) part: Anti-quarks are anti-triplets, carrying the ”fermion charge”

4

(7 = — %). The anti-colourless anti-leptons carry the “fermion charge” (’[’4

= % )Y = ('r2 3 4 <4 ) is the hyper charge, the electromagnetic charge

isQ = (T 134 Y). The creation operators of opposite charges (anti-particle creation operators) are reachable from the particle ones besides by S ¢ b also by
the application of the discrete symmetry operator C 5y P pr, presented in Refs. [65,66]. The reader can find this Weyl representation also in Refs. [4,71,72,9] and
in the references therein.

Table 3.6 represents in the spin-charge-family theory the basic creation operators
for observed quarks and leptons and anti-quarks and anti-leptons for a particular
family. Hermitian conjugation of the creation operators of Table 3.6 generates
the corresponding annihilation operators, fulfilling together with the creation
operators anticommutation relations for fermions of Eq. (3.81).

In observable dimension d = (3 + 1) the d = (13 + 1) case differs from
d = (5+1) case, Table 3.5, in a much reacher offer of charges. The kinematics of
the fermion states in d = (13+ 1), Table 3.6, in d = (3 + 1) is, however, very similar
to the one of Table 3.97.

The coefficients of the superposition of the basic creation operators — b* 1
— which solve, applied on the vacuum state, the Weyl equation, Eq. (3.36), for

the choice of p® = (p°,p',p?,p>,0,- - ,0), can be taken from Eq. (3.97). For the
03 12 56
positive energy solution of spin % one only has to replace (+1)(+)(+) by ﬁCRhT 2
03 12 56
with spin 17 and [—i][-](+) by ﬁc” 172 with spin —5. The coefficients, 3 and

1

\p°l+lpi\’ remain the one of the case with d = (5 + 1).

The operator Ty = y1 v3 KI 0 IX5 x7,.. xda—1 transforms this superposition of

3|ﬁd et P%) into B* (015 ” -

creation operators, 3 Qs ~1/2

cly
\P°|+|P3\ﬁR 1/2

The operator (CNP/(\?_1 V05T Ly

R 1/2 + |p°\+\p 1/2)€

) e_i(p x +P X)‘

471 Ig, -+ Iye xs,... xa transforms the

.- . . clt clt
positive energy solution creation operator for u quark, {3 (ﬁ R/ 2+ﬁ;o‘—+‘};7| g 21 /0)

e 1 Px"=FX) into the positive energy solution of anti-u quark, —f (uilf s

1 22 -
p_+ip” aclt e~ t(P°x°+pX)
T rIpsT Ui, 1/2) € :

One can proceed in the same way also for the ﬁE”, a;‘*, and all the other
quarks ¢!, as well as for leptons.

Spins in higher dimensional space manifest charges in d = (3 + 1), Table 3.6,
provided that the angular momentum in ordinary space at higher dimensions do
not contribute, which is supposed to be the case at low energies. All the creation
operators of any family and any family member, or the orthogonal superposition
of them, together with their Hermitian conjugate annihilation operators fulfill the
anticommutation relations of Egs. (3.81, 3.82, 3.83).

The commuting part of the operators of $%?, Eq. (3.110), determine in d =
(3+1) the handedness (I"3*+1)) = —4i.5%3512)), the spin (S'2), the third component
of the weak SU(2) charge (t'3), the third component of the second SU(2) charge
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(123), the two components of the SU(3) colour charge (t33, 38) and the ”fermion
charge” (t*, originating in U(1) from SO(6), which includes SU(3) x U(1)). The
hypercharge Y, which is in the standard model ” guessed” from the experimental
data, is in the spin-charge-family theory equal to (t* + 123), while electromagnetic
charge Q is, like in the standard model, equal to (Y + T13).

One representation of creation operators with 27" members includes all the
left and the right handed coloured quarks and colourless leptons and left and
right handed (anti coloured) antiquarks and (anti colourless) antileptons. The right
handed neutrinos and the left handed antineutrinos, like all the other members
of one Lorentz representation, carry the additional hypercharge (the additional
superposition of T and 12%) and are correspondingly not chargeless like in the
standard model.

The sum of the charges, the sum of the spins and the sum of the handedness
—properties defined with respect to d = (3 + 1) — over all the members of one
representation are equal to zero in any d, as it is the case of d = (5 + 1). However,
in the d = (13 + 1) case this is true even within quarks and leptons separately
and within antiquarks and antileptons separately. Let be repeated that this is so
since the right handed neutrinos and the left handed antineutrinos are the regular
members of one representation, as it is true for quarks and charged leptons. This
can be checked in Table 3.6. Exclusion of the right handed neutrinos and left
handed antineutrinos makes nonzero the sum of ('3*1), t23 and t* over the
spinor part separately and correspondingly also over the antispinor part. The
whole representation has even in this case sums over all the quantum numbers of
spins and charges equal to zero.

Grassmann ”fermions” and ”antifermions” Let us represent creation and anni-
hilation operators in Grassmann space, like we did in the Clifford case.

In the Grassmann case the representations in d = (13 + 1) space start to be
very large and correspondingly almost uncontrollable, Eq. (3.59). We learn in the
Clifford case that at the low energy regime, when we treat the equations of motion
for free massless fermions with nonzero momentum only in d = (3 + 1), the higher
dimensional space contributes charges, which are reacher the larger is space, but
kinematics in d = (3 + 1) are in all such cases the same. We treat therefore only the
d=(5+1) case.

In Table 3.7 the basic creation operators for d = (5 + 1) case, with Grass-
mann space used to describe internal degrees of freedom of ”fermions” and
“antifermions”, are presented. “Fermions” carry in Grassmann space integer spins
and charges in the adjoint representations.

There are two independent decuplets (unconnected by S?).

Both decuplets [46] of creation operators are of an odd Grassmann character,
representing the second quantized n = 1 “fermion” states, Eq. (3.54), which
belong in general to n (any n) “fermion” states. There are, from the point of view
of d = (3 + 1) space, two triplets, one doublet and two singlets in each of the two
decouplets.

In Subsect. 3.3.3 the discrete symmetry operators in Grassmann space are
discussed, with the discrete symmetry operators for the case that ”“fermions”
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BT [g03 [g12 [g56

I i decuplet of creation operators Ei
1](00 —03)(07 +i02)(0° +1i0°) i 1
2 (0003 +10102)(0° +10°)| o] o 1
3[(09 +03)(0T —i02)(0° +i0%)| —i| —1| 1
409 —03)(eT —i0Z)(0° —i0°)[ i| —1[ —1
5 (0903 —i0T02)(0° —10%)] o| of —1
6| (60 3)(e‘ Fi02) (80 —i0®)| —i| 1] —1
7 (09 —03)(0T0Z +0°0°) i| o] o
8 (00 +03)(07062Z —0°0°)| —i| o] o
9 (0903 +1i0°0°)(01 +i02)| o 1] o
10 (0903 —10°0%) (01 —i0Z)] o] —1] o
11| i decuplet of creation operators B;’H‘ 503 [g12{g56
100 +03)(07 +i02)(0° +i0°)| —i| 1 1
2 (90937L9]92)(95 +i0%)] o] o 1
3[(69 —e63) (0 i02)(0° +i0®)[ i —1| 1
4 (e°+e )(e‘fle y(e° —i0®)| —i| —1| —1
5 (e°e3+‘e‘ez)(e5719 Y[ o] o] —1
6[(60 —03)(0T +i02)(0° —i0°)] i| 1[—1
7 (e°+e (0102 +0°0°) —i| o] o
3 (09 —03)(eT0oZ —050°) i| o o
9 (0903 —10°0%) (0T +i0Z)] o 1] o
10 (0003 +10°0%)(07 —i02)| o] —1| o

Table 3.7. Two decuplets of the basic creation operators 6?”, k= (L1I),i=(1,...,10), of
the orthogonal group SO(5, 1) in Grassmann space are presented. The creation operators
form “eigenstates” of the Cartan subalgebra, Eq. (3.110), (8°3,8'2, 8% for SO(5, 1)) with
integer spins and charges, defining “fermions” and “antifermions”. The creation operators
within each decuplet are reachable from any member by (a product of) $%*’s (which do not
belong to the Cartan subalgebra). Creation operators b;*' and their Hermitian conjugated
annihilation operators 69% fulfill the anticommutation relations for fermions, Eq. (3.62).
The product of the discrete symmetry operators Cng and 77](\,‘1@7 "V, Bq. (3.95), ((CNGP,(fg "
=v%y2 Iz, 16 in d = (5 4+ 1)) transforms, for example, B?” into '62”, 62” 62” and '62”
into 62!, transforming ”fermions” with the charge 1 into ”“antifermions” with the charge
—1.

manifest kinematics only in d = (3 + 1)-dimensional space, while the higher
dimensions contribute charges, included.

Let us notice that the Grassmann even operator Cng P]K\Jdg ! ), Eq. (3.95), trans-
forms the creation operator creating the positive energy particle state (p® =
(Ip°l, 0,0, Ip3],0,0)) with the charge 1, B?IT, into the creation operator of the anti-
particle state, by ', with the positive energy [p°| and with —|p| and with the charge
—1, for example. Correspondingly Cy GP](\,dG_ Y, Eq. (3.95), transforms the particle
state 62” with the positive energy into the anti-particle state '62” with the positive
energy. All these states belong to the same representation, the same decuplet.

In Eq. (3.98) the superposition of the creation operators of the two triplets of
the first decuplet of creation operators — (6?”, Bg”, Bg“) — which solve Eq. (3.43)
for free massless “fermions” in Grassmann space, with the space function e tPax®
P = (p°p',p2p3,0,0), Eq. (3.66), is presented. Two indexes — (ch, s) — replace
the index i, ch represents the charge, defined by S$°¢, and s represents the spin,
S'2.
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Creation operators for "fermion" states in Grassmann space ford = (5 + 1)
p° = 1p°1,
5O (5) — B ()3 (00 —0%)(0" 4102y 2PTLPED (1 0 003 o162,
LR = PR Ts S
1,2
(PP 2 3 50 493001 1e2)) (05 4 i06)e—t(IPOIXO—F%)
POl +1p3| vz
1 2% —1p3D) 1
5921 (5) — p* ()3 (0% 1 03)(0! _i02) (1120903 1 10'02)
Lo () =R b ! +ip2 V2 ’
12
po—ipt o 1 3o 3,01 02 5, .06y . —i(Ip°x%+p %)
(%) (—=)7 (07 —07)(0 +1i07)} (07 +1i0”)e s
POl 1p3l V2 ' e
Creation operators for "anti — fermion" states in Grassmann space ford = (5 + 1)
0o _ .0
poo=1lr 1,
Be?’f (P) = ﬁ{(i)-”(oo +03)(0‘ +i02) M(L)z(goo3 4‘0]02)
—naP e ﬁ Pl _ip2  v2
p! +ip? T 03,00 23,01 .02 5 196y .—i(Ip%1x04+p.%)
S —)3 % —03)0! —io 0° —i0 R
(‘po‘”p‘) (ﬁ)( )( i07)} ( i607) e
20p°% —1p3D 1
041t o aw V300 03001 o2 V2,503 1,2
875 ) =8 uﬁ) (e 0°)(0 i07) T T (ﬁ) (0%0 iole?)
1,2
PL—ipt 1T 3 0 030 01 o2 5 166y .—i(Ip%Ix0—5.%)
—(—— ) (—=)7 (6" +07)(6" +167)} (867 —iB )e s (3.98)
P01 +1p3| vz
+
Here 3*f3 = % All the corresponding states are orthonormal.

The corresponding annihilation operators follow from the creation ones by
taking into account Eq. (3.18). Let us write down, as an example, the annihila-
tion operator partner to the creation operator '61 1 (p) from Eq. (3.98). Taking
into account Eq. (3.18) (saying that 0¢7 = naa 28— = 8. it follows b{', () =

(J5)°B* (305 —1666){('091 —10g2)(dg0 —ae_g)—% V2(dg3 g0 —1692891 )—
1

(orB57)? (901 +10p2) (Bpo + Do) JellIP" %),

The creation and annihilation operators fulfill the anti-commutation relations
of Eq. (3.62).

Creation operators BS}ETS(ﬁ) e tPmx™) = (0, - 3) whﬂe P5 =0=rp°,
generate states, which solve the equation of motion (8¢ — ) Pa Ch J(x0,%) =0,
Eq. (3.43), 4.

Let be noticed that the second creation operator 6??j1 follows from the first
one — 6?le — by the application of the operator Thrg = v vE K Lo Les x7,...
Eq. (3.95).

When applying on the first two creation operators of positive Charge ('61 1

d—1
y X 7

'69 -1 ), defmlng the “fermion” states of positive energy, the operator Cprg- P} Ng V(=
yGyGyG ~y& 1 Ig, Iis x5, ca), the third and the fourth creation operators fol-
low, defining the ~ ant1ferm1on” states of negative charge and positive energy
ot 04t
(8—1,1/ 8—1,—1)'
Solutions of the equation of motion of the second decouplet, and correspond-
ingly the creation and annihilation operators, can be obtained in equivalent way.

4 The equation (6 — %) Pa ¢(0,x) = 0 can be rewritten into —iy® pa ¢ = 0, from where
the equation {re+n PO =2(58p' +53 92+ 5293} d(0, x) follows, leading to the same
solutions as presented in Eq. (3.98). Similar relation appears also in the Clifford case.
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We learned that states transform under the application of the discrete symmetry
operators (defined in the Clifford case in Eq. (3.90) and Eq. (17) in Ref. [65], or
Eq. (10) in Ref. [66], and in the Grassmann case in Egs. (3.91, 3.95)), equivalently in
the Clifford and in the Grassmann case.

3.3.5 What do we learn from the second quantization procedure in
Grassmann and in Clifford space?

We proved that in both spaces, in Clifford space and in Grassmann space, the
corresponding creation operators and their Hermitian conjugated annihilation
operators of an odd (either Clifford or Grassmann) character fulfill the anticom-
mutation relations as required for fermions, Eqs (3.83, 3.62), if operating on an
appropriate vacuum state, representing in both spaces a n = 1 fermion space out
of n, any n, fermion Hilbert space.

No postulated creation operators are needed as in ordinary second quantization
procedure.

In Clifford space the creation operators are (after the requirement of Eq. (3.69))
products of odd numbers of y*’s, arranged into nilpotents and projectors, Eq. (3.70),
which are the “eigenstates” of the Cartan subalgebras of S°, Eq. (3.72), generating
spins and charges, and of $%°, generating families, Egs. (3.2, 3.4). In Grassmann
space they are products of 6¢, arranged in “eigenstates” of the Cartan subalgebra
of $°*, Eq. (3.5, 3.52)).

While in the Grassmann case the vacuum state is simple, |d)Og >=11 >, in the
Clifford case the vacuum state is a sum of 2%~ products of projectors, Eq. (3.79).

In 2(2n + 1)-dimensional spaces there are in the Clifford case in one represen-
tation 22~ creation operators. The whole representation is reachable from the
(any) starting operator by products of $%°, while products of $¢? transform each
of these creation operators into the creation operator of the same family member,
but belonging to another family, Eq. (3.76). There are correspondingly 251 . 2%~
creation operators, and correspondingly the same number of states, reachable by
products of $¢°’s or $9*’s or of both, S%’s and $¢%’s. Each state follows by the
corresponding creation operator on the vacuum state and it is annihilated by its
Hermitian conjugated operator, Eq.(3.71).

In 2(2n + 1)-dimensional spaces there are in the Grassmann case (before the
requirement of Eq. (3.69)) two decoupled representations with all the 0%’s included
into the representations, each with J # creation operators, and correspondingly

with the same number of states. Each state can be obtained by the corresponding
creation operator operating on the vacuum state and any state is annihilated by the
. " . : . d_ d4_
corresponding Hermitian conjugated creation operator. While all of 221 . 22!
states in Clifford space of an odd character are reachable from any of Clifford
odd states by either products of $%*’s or by products of $¢*’s or by products of
both, and states of an even Clifford character by either products of $%°’s or by
products of $%’s or %y or all of them, in Grassmann space all the irreducible
representations are decoupled — no products of S*°’s transform states of one
group into states of another groups.
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The creation (annihilation) operators — which are superposition of the cre-
ation (annihilation) operators defining the eigenstates of the Cartan subalgebra in
the internal space, fulfilling the relations of Egs. (3.62, 3.83), respectively — form
the eigenstates of the equations of motion for free massless ”fermions” with integer
spins and no families in the Grassmann case, Eqgs. (3.43, 3.61), and for free massless
fermions with half integer spins and families in the Clifford case, Egs. (3.36, 3.82).

The number operators for the odd part of either Clifford or Grassmann case
have the eigenvalues 0 or 1, Egs. (3.55, 3.84).

One can as well define in both cases the Hamilton functions, which lead to the
equations of motion in the Grassmann case, Egs. (3.67, 3.68), and in the Clifford
case, Egs. (3.88, 3.89). While in the Clifford case the procedure to find the Hamilton
function is the usual one, that is the known one, in the Grassmann case is not. It
remains to understand better the Hamilton function in the Grassmann case.

Comparing solutions for free massless states in a toy model with d = (54 1)
from the point of view of d = (3 + 1) (assuming that p® = (p°,p',p2,p3,0,---,0))
for the Clifford case and for the Grassmann case, one observes several similarities.
The main differences are: i. that spins and charges are in the Clifford case half
integer while in the Grassmann case are integer, ii. that Clifford space offers, after
the assumption of Eq. (3.69), the existence of families, while Grassmann space,
before the assumption of Eq. (3.69), does not, and iii. that the requirement that
the action is Lorentz invariant leads in Clifford space to well defined Hamilton
function, while in the Grassmann case this point needs further study.

We can conclude: a. The — odd part of the — Clifford algebra presentation
of the internal degrees of freedom of fermions offers the n = 1 second quantized
fermion part of the n second quantized Hilbert space, offering the fermion creation
and annihilation operators, fulfilling the required relations, explaining therefore
the assumption of Dirac about introducing creation and annihilation operators in
the second quantized fields.

b. The spin-charge-family theory of N.S.M.B., assuming d > (13+1)-dimensional
space and the Clifford algebra to explain internal degrees of freedom of fermions,
enables to justify the assumption of the usual second quantized procedure. The
group theory alone, without connecting the internal degrees of freedom with the
Clifford objects for explaining spins, charges, and families, can not do that.

c. Table 3.6 demonstrates that any family contains all the fermions and an-
tifermions, what in the spin-charge-family theory means all the quarks and the
antiquarks and leptons and anileptons, left and right handed. No Dirac sea of
negative energy states is needed to explain the existence of antifermions. Corre-
spondingly the vacuum state is simple, of an even Clifford character, with the sum
of all the quantum numbers over the family members equal to zero.

d. The sum of all the quantum numbers within one family representation, but
also separately within fermions and separately within antifermions within the
same representation, is zero. Also the sum over family quantum numbers is zero.

e. In the Clifford case the operator (CNP}\? -, Eq. (3.94), transforms the
fermion state into the anti-fermion state.

In the Grassmann case it is the operator Cn GPI(\]dG_ ! ), which transforms the
Grassmann “fermion” into the “antifermion”.
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3.4 Conclusions

We have learned in the present study that both Clifford and Grassmann space
offer 1-fermion second quantized part of vector space, with creation and annihi-
lation operators — defined as an odd products of either Clifford or Grassmann
eigenstates of the corresponding Cartan subalgebra operators in even dimensional
space, Eq. (3.110) — fulfilling the desired anticommutation relations for fermions,
Egs. (3.62, 3.83). The corresponding number operators have the eigenvalues 0
or 1 in both cases. The fact that states, solving equations of motions, fulfill the
desired anticommutation relations for second quantized fermions explains the
second quantization postulates of Dirac.

Grassmann coordinates and Clifford coordinates offer the same degrees of
freedom: Two times 2¢ each. 0¢’s and their Hermitian conjugated partners 3 . are
expressible with the two kinds of Clifford coordinates, y*’s and y¥%’s — defining
two independent spaces — and opposite. The vacuum states ought to be changed
from |1 >in the Grassmann case to the one presented in Eq. (3.79) for either y*’s
or ¥*’s. The Grassmann states carry integer spins, while Clifford states carry in
both spaces half integer spins.

The requirement of Eq. (3.69) breaks the equivalence of both kinds of the
Clifford coordinates and opens the possibility for the appearance of families.
Clifford space, defined by the two kinds of objects, narrow now to only one of the
two, determined by y*’s, while ¥’s take care of families. Correspondingly also in
Grassmann space there remain only 0%’s, becoming y“’s, while their Hermitian
conjugated partners % ., Do longer exist. Consequently, after the requirement of
Eq. (3.69), the possibility of having integer spins “fermions” no longer exists.

The 1-fermion second quantized vector space has for a chosen momentum py;
in the Clifford case (after the requirement of Eq. (3.69)) 22-1.22-1 members (that
is 2%~ families, each family having 2%~ members), and in the Grassmann case
(before the requirement of Eq. (3.69)), when all 6¢’s contribute in forming a state,
% members in two decoupled representations.

In both spaces the members of one representation include fermions and
antifermions and correspondingly there is no need for the Dirac sea of negative
energies filled by fermions.

In both cases the creation and annihilation operators of different momentum
p¢ and the same internal part represent different creation operators.

The n (any n) second quantized vector space of fermions (or “fermions” in the
Grassmann case) follows in both cases as products of n creation operators defining
each one fermion states when applying on the corresponding vacuum state (in the
Clifford case on [, >, Eq. (3.79), in the Grassmann case [oq >=| 1 >), if the
creation operators distinguish at least either in one of the quantum numbers of
the corresponding Cartan subalgebra or in momentum pg.

But while in the Clifford case states carry spin and charges from the point
of view of d = (3 + 1) in the fundamental representations of the Lorentz group
carrying therefore half integer spins, states in the Grassmann case are in adjoint
representations of the Lorentz group, carrying therefore integer spins.
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We present in this paper as well the action (Eq. (3.41, 3.42)), describing free
massless “fermions” with the internal degrees of freedom describable in Grass-
mann space. The action leads to the equations of motion (Eq. (3.43)), analogous
to the Weyl equation in Clifford space (Eq. (3.36)), fulfilling as well the Klein-
Gordon equation (Eq. (3.44)). We also present the discrete symmetry operators in
the Grassmann case.

Since the Clifford objects y¢ and ¥¢ are expressible with the Grassmann

coordinates 8¢ and their conjugate moments aga — vy = (0% + %), ¥ =

(e — %), Eq. (3.4) — either basic states in Grassmann space, Eq. (3.16), or
basic states in Clifford space, Eq. (3.73), can be normalized with the same integral,
Eq. (3.31, 3.32, 3.33).

To understand better the difference in the description of the fermion internal
degrees of freedom either with Clifford algebra (after the requirement of Eq. (3.69))
or with Grassmann algebra (before the requirement of Eq. (3.69)), let us replace
in the starting action of the spin-charge-family theory, Eq. (3.1), using the Clifford
algebra (after the requirement of Eq. (3.69)) to describe fermion degrees of freedom,
the covariant momentum poq = ¢ Poas Pox = Px — %Sabwab(x — %Saba)um,
with poa = Pa — 3 S%°Qaba, where $4° = 9 4 §ab Eq. (3.5), and Qqp are the
spin connection gauge fields of S4° (which are the generators of the Lorentz trans-
formations in Grassmann space), while f*, po« replaces the ordinary momentum
when massless objects start to interact with the gravitational field through the
vielbeins and the spin connections. Let us add that it follows, if varying the action
with respect to either wgpo Or Wqbe When no fermions are present, that both
spin connections are uniquely determined by the vielbeins ([9,3,5] and references
therein) and correspondingly in this particular case Qqpq = Wabx = Dab«-

The present study was stimulated by one of the author in order to better
understand whether and to which extend the spin-charge-family theory offers the
next step to both standard models — the one of the fermion and boson fields and the
cosmological one. Correspondingly we present in Subsect. 3.1.1 of the introductory
Sect. 3.1, the achievements so far of the spin-charge-family theory as well as the
open problems of this theory, both suggested by the referees.

In shortly, the spin-charge-family theory (using Clifford objects to describe
the internal space of fermions) offers, while starting with the simple action in
d > (13 4 1) with fermions interacting with gravity only (the vielbeins and the
two kinds of the spin connection fields, the gauge fields of moments and the
generators of the Lorentz transformations S¢° and 5¢°, respectively), Eq. (3.1), the
explanation for all the assumptions of the standard model — for quarks and leptons,
antiquarks and antileptons, for fermion families, for the vector gauge fields, for
the scalar Higgs and Yukawa couplings — explaining also the phenomena like the
existence of the dark matter [54], of the matter-antimatter asymmetry [4], offering
correspondingly the next step beyond both standard models — cosmological
one and the one of the elementary fields, Sect. 3.1.1. This theory predicts the
fourth family to the observed three, Sect. 3.1.1, and the new scalar fields, some of
those which explains the properties of the observed Higgs and Yukawa couplings,
Sect. 3.1.1, and which will be observed at the LHC and other experiments in the
future. This theory predicts also the existence of the stable fifth family, manifesting
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the dark matter and with the “new nuclear” force among the hadrons of these
much heavier families, Sect. 3.1.1.

To these achievements the present study adds the recognition that the creation
operators for one fermion states are in Clifford space already second quantized,
and that the creation operators for any n fermion second quantized vectors are
products of one fermion creation operators, operating on the empty vacuum state.
The spin-charge-family theory namely describes all the internal degrees of freedom
of fermions in Clifford space — spins and charges.

There is in this theory no need for the existence of the negative energy states
filled with fermions.

The most severe among the open problems of the spin-charge-family theory is
the quantization of gravity gauge fields, although the spin-charge-family theory is
explaining the phenomena in the low energy regime where all the vector and scalar
gauge fields can be quantized in the known procedure. There are also other open
problems, some of them needing only time to be solved, presented in Sect. 3.1.1.

The second quantization of “fermions” with the internal degrees of freedom
described in Grassmann space might help to understand better the properties of
scalars and vectors in the spin-charge-family theory.

Let us conclude with a question: Could “fermions” with integer spins and
charges in adjoint representations be an acceptable possibility and no requirement
of Eq. (3.69) needed?

3.5 APPENDIX: Creation and annihilation operators in
Grassmann and Clifford space for d = 4n

We discuss in Subsect. 3.3 mainly cases with d = 2(2n + 1), since if assuming no
conserved charges in the fundamental theory with fermions, which carry only
spins and interact with only the gravity — as the spin-charge-family theory assumes
— the dimensions 4n, n is positive integer, as well as all odd dimensions, are
excluded under the requirement of mass protection [77].

Let us nevertheless add in this appendix comments on the second quantiza-
tion procedure in d = 4n spaces.

i. Grassmann space
In Eq. (3.51) we define in Grassmann space a possible starting creation op-
erator for d = 2(2n + 1) spaces. In d = 4n we correspondingly start with the
state

b1 > =171 >,
1
b(]ﬂT _ (ﬁ)%71 (eO . 63)(61 _’_162)(65 +196) L (ed73 _~_ied72)edf1ed,
(3.99)

generated by the creation operator b1m T, which is, as it ought to be — like in the
d = 2(2n+1) case — of an odd Grassmann character to fulfill the anticommutation
relations for fermions, Eq. (3.62). Again the rest of states, belonging to the same
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Lorentz representation, follow from the starting state by the application of the
operators S¢, which do not belong to the Cartan subalgebra operators. Their
annihilation partners follow by Hermitian conjugation.

One finds therefore for the (chosen) starting creation and the corresponding
annihilation operator

Byt = (%)3‘ (6% —0%)(6" +10%)(0° +16°) -~ (893 + 109 %)0 "0,
1 e, 8 2 d d d d
o1 — ()91 _i _
1 =5 Jeageat(Ggas “iggar) (5e0 T )
d=4n. (3.100)

The application of SO for example, generates

1 .4
69 = (—=)272(8°0% +10'0%)(8° +10°)--- (0973 +-19972) 94~ Tpd

V2
1 4, 0 0 d d o 0 o 0
o1 _ ' \§$—-2 s s
63! = (5" " Sed deaT (Gaa—s ~Tgpaz) (5e3 Be0 ez e
(3.101)

There is the additional group of creation and annihilation operators in d = 4n,
which follows from the starting creation operator 6192T

5921 = (1 )4-1(69 1 0%)(0" + 16%)(0° +10°) - (643 + 109 2) 94 Tp¢
! V2
1w, 0 0 d d 0
592 _ (502t — (141 i
=TT =5 Saa e (geas igpaz) (Gen T e )
ford=4n. (3.102)

All the rest of creation operators follow from the starting creation operator of each
of the two groups by the (left) application of products of S@°

ok a ok

BYK o gab .. gef oKt

Bok = (672, k=1,2. (3.103)
Only creation and annihilation operators with an odd Grassmann character, fulfill,

applied on the vacuum state |1 >, the anticommutation relations required for fermions,
Eq. (3.54).

i. Clifford space
In Eq. (3.73) we define in Clifford space a possible starting creation operator
for d = 2(2n + 1) spaces. In d = 4n we correspondingly start with the state with
an odd number of nilpotents and with one projector

1
N)} > = B]TM’OC >

1 03 12 35 d—3d—-2 d-14d
Bl = (H)HH) - B [,

1 d—1d d—-3d-2 35 12 01
=@t =1 (5 - (=) (3.104)
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All the other creation operators, creating all the members of the representation of
this particular family, are obtainable by the application of products of S®° on this
creation operator from the left hand side. There are 27 ~' members of each family.
All the other families follows from the starting one by the application of products
of $4°. There are 2% ' families with 2%~ members each.

A general creation operator in d = 4n follows by the application of $%°
and S on the starting creation operator of Eq. (3.104) and the corresponding
annihilation operator is its Hermitian conjugated value.

Correspondingly we define Gf‘ f (up to a constant) to be

bt o §ab...Sefgmn . gprg T
x S™n ... SPTB}TSab . Sef)
by = (61T oc 5. s9PBsPT...gmn
d=4n. (3.105)
These creation and annihilation operators — again of an odd Clifford character in

4n — fulfill the anticommutation relations of Eq. (3.83), if applied on the vacuum
state of Eq. (3.79),

03 12 35 d-3d-2d-1d 03 1256  d-3d-2 d-14d
Woe > =[]+ [ ] +[HIHE - 0 4>,

d =4n, (3.106)
n is a positive integer. There are 2%~ ' summands, since we step by step replace

ab ef 03 12 35 d-3d-2d-1d
all possible pairs of [-] - - - [-] in the starting part [i][-][-] --- [-] [+] into
ab ef
[+] --- [+] and include new terms into the vacuum state so that the last 2n + 1
a-1d 03 12 35
summand has for d = 4n also the factor [+] in the starting term [—i][—][—]
d-3d-2d-14d d—1d

[-]  [+] changedinto [—] .The vacuum state has then the normalization

factor 1/v/24/2-1,

3.6 APPENDIX: Lorentz algebra and representations in
Grassmann and Clifford space

The Lorentz transformations of vector components 8¢, y¢, or ¥ — usable for
the description of the internal degrees of freedom of fermion fields obeying
in the second quantization the anticommutation relations for fermions — and
of vector components x¢, which are real (ordinary) commuting coordinates,
0/ = A% 0%, v/ = A% yP, ¥'¢ = A% P and x® = A% xP, leave forms
Uayaz..a; 09092...0%,  dayayiiay YHY2 Y, Qajagiia YHYORLYT
and bg,a,..q, x*'x%2...x%, i=(1,...,d), invariant.

While ba,a,...a; (= NaybiNasby - - -Nagb, P102-P1) is a symmetric tensor
field, Ga;a,...a; (= MaybiNasbs - - - Nayb, a1 02--P1) are antisymmetric Kalb-Ramond
fields.
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The requirements: x @ x Pap =x¢ xMcq, 0790 P e, =0°0%cq, v/ %y Peqp =
Yv%ecq and 799 P eqp = ¥V %€cq lead to A%, A€ g Mae =Npa. Here n®® (in our
case n®® = diag(1,—1,—1,...,—1)) is the metric tensor lowering the indexes of
vectors ({(x®} = n*°xp, {89} = n** By, {y*} =" yp and {7°} = 1n*® ¥p) and eqp
is the antisymmetric tensor. An infinitesimal Lorentz transformation for the case
with det A = 1, A%, > 0 can be written as A%, = dp+w%y, where w +wp® =0.

In Egs. (3.4, 3.8) the commutation relations among the above objects are
presented.

3.6.1 Lorentz properties of basic vectors

What follows is taken from Ref. [2] and Ref. [9], Appendix B.

Let us first repeat some properties of the anticommuting Grassmann and
Clifford coordinates, taking into account Egs. (3.3,3.4). An infinitesimal Lorentz
transformation of the proper ortochronous Lorentz group is then

i

80° = —5WapST0° = w0,
5YC = _%wabsabyc = wcaya)
S’Y/C = _%wabgab’f/c = wca‘?a)
ox¢ = —%wabLabxc — WCxT, (3.107)

where wqyp are parameters of a transformation and v and ¥ are expressible by
6 and 53— in Egs. (3.3,3.4).
Let us write the operator of finite Lorentz transformations as follows

S = e 3Wan(8%7HLT) (3.108)

S have to be replaced by S¢° and S¢ in the Clifford case. We see that the
Grassmann 0 and the ordinary x“ coordinates and the Clifford objects y* and ¥
transform as vectors

0/¢ — e 3Wan(SPHL ") ge o F wan (ST HLEY)

— 05 — S wap{S, 0 - = 0+ W0 + o = A0,

X = A, Y= AT, Y= AT (3.109)
Correspondingly one finds that compositions like y“p, and ¥%pq, here p, are
Py (= ia%), transform as scalars (remaining invariants), while S Wape and
§9° @ qp transform as vectors. Objects like R = J f*LfBP) (wqpq g —wean wCbp)
and R = LB (@4 5 — Deaa@®bp) from Eq. (3.1) transform with respect
to the Lorentz transformations as scalars.

Making a choice of the Cartan subalgebra set of the algebra S¢°, S¢? and §¢°,
Egs. (3.2,35,3.7),
803) 812, 856, . )Sd71 d ,
803’ 812, 856, . ’Sdf1 d ,
303)312)356)._. )Sd—] d’ (3110)
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one can arrange the basic vectors so that they are eigenstates of the Cartan sub-
algebra, belonging to representations of S¢°, or of $¢® and $%°, with ab from
Eq (3.110).

3.7 APPENDIX: Technique to generate spinor representations
in terms of Clifford algebra objects

Here we briefly repeat the main points of the technique for generating spinor
representations from Clifford algebra objects, following Ref. [2,47]. We advise the
reader to look for details and proofs in these references. No requirements for the
second quantization is taken into account.

We assume the objects v, Eq. (3.4), which fulfill the Clifford algebra relations
of Eq. 3.2), {y,y°}+ =1-2n%® for a,b €{0,1,2,3,5,---, d}, for any d, even or
odd. I is the unit element in the Clifford algebra, while {y®,y°}, = y3y® £y°y2.

The “Hermiticity” property for y¢’s and ¥“’s, Eq. (3.25), follows from Eq. (3.18),
,YaT — T]aa,ya ,?aT — T]aa,?a , leading to ,YaT.ya =1, ,T/aT,ya =1

The Clifford algebra objects S close the Lie algebra of the Lorentz group
{Seb,Sed} = j(nad§be 4 nbegad _pacgbd _ybdgac) Fg (3.7). One finds from
Eq.(3.25) that (S9°)f =naan®PSab and that {S@P, Sa¢}, = Inaanbe,

Recognizing that two Clifford algebra objects (S°,S¢?) with all indexes
different commute, we select (out of many possibilities) the Cartan subalgebra set
of the algebra of the Lorentz group of Eq. (3.110)

Let us present the operators of subgroups of the SO(13 + 1) group

- - 1

Ni(=Nr):= i(523 +1i801, 831 41502 §12 + {503y (3.111)
,.Eﬂ — %(858 _ 867, 557 + 868, 556 o 878) ,
fﬂ;zz%(3584-367,557-568,5564-578), (3.112)

» 1
T3 — 2{89 ]2751011 ,891] +S1O]2, 59107811 12,

914 1013 213 10 14 11 14 1213
§914 _gl013 g913 , gl0o14 1114 gl213

1
S]] 13 +S]2]4, 7(59 10 +SH ]2_2513 14)})

V3
T4Z :_%(39104_3]1 12_,’_513]4).
(3.113)

Y=t +13, Y = —1"tan? 9, + 13, Q=13 +Y, Q' :==—Ytan?d +1'3.
(3.114)

The equivalent expressions for the group SO(13,1) follows from the above one, if
replacing S¢° by Sb.
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To make the technique simple, we introduce the graphic representation, [47],
Eq. (3.70),

ab aa

._1 a N b
(k)-—z(v +ikv),
ab ] 1 b
[k].f2(1+iyy),

where k? = n%n®". One can easily check by taking into account the Clifford
algebra relation (Egs. (3.4, 3.18)) and the definition of $¢° (Eq. (3.2)) that if one

ab ab
multiplies from the left hand side by S¢® the Clifford algebra objects (k) and [k], it
ab ab ab ab ab
follows that, Eq. (3.72), S° (k)= Jk (k), $¢° [kl= 1k [k]. This means that (k) and

ab
(k] acting from the left hand side on the vacuum state \p,.)), Egs. (3.79, 3.106) for
d =2(2n+1) and d = 4n respectively, are eigenvectors of S°.

We further find
ab ab
v (k) =n®® [=K],
ab ab
y® (k) = —ik [-K],
ab ab
ve k] = (=k),
ab ab
vP [k] = —ikn®?® (—k) . (3.115)
ab cd . ab cd abcd . ab cd ab cd
It follows that $2¢ (k) (k)= —n@enee [—k][—k], $e¢ [kl[kl= & (—k)(—k), S (k)[kl=
. ab cd ab cd ) ab cd
—3M%® [=kl(—k), $¢¢ [kl (k)= sn° (—k)[-k].
It is useful to deduce the following relations
ab ab ab ab ab ab ab ab ab ab
(k) (k) =0, (K)(=k)=m** [k, (=K)(k)=n"[-k], (=k)(=k)=0,
abab ab ab ab ab ab ab ab ab
[kllk] = [k, [k][—kI]=0, [—klk]=0, [—k][—k]=[-KkI,
ab ab ab ab ab ab ab ab ab ab
(K)[kl =0, [kI(k)=(k), (—k)[k]=(—k), (—k)[=kI=0,
ab ab ab ab ab ab ab ab ab ab
(k) [=k] = (k), [kl(—=k)=0, [—kl(k)=0, [—kl(=k)=(—k) .
(3.116)

We recognize in the first equation of the first row and the first equation of the
second row the demonstration of the nilpotent and the projector character of the
ab ab
Clifford algebra objects (k) and [k, respectively.
Whenever the Clifford algebra objects apply from the left hand side, they always
ab

ab ab ab ab ab
transform (k) to [—K], never to (K], and similarly [k] to (—k), never to (k).
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We define in Eq. (3.79, 3.106) the vacuum state {p,. > so that one finds

abtab
< (k) (k) >=1,
abTab
<[kl kK] >=1. (3.117)

Taking the above equations into account it is easy to find a Weyl spinor
irreducible representation for d-dimensional space, with d even or odd. (We advise
the reader to see Ref. [2,47] in particular for d odd.)

For d even, we simply set the starting state as a product of d/2, let us say,
ab
only nilpotents (k) for d = 2(2n + 1), Eq. (3.73), or nilpotents and one projector,

Eq. (3.104), for d = 4n, one for each S° of the Cartan subalgebra elements
(Eq. (3.110)), applying it on the vacuum state, Egs. (3.79, 3.106). Then the generators
$2®, which do not belong to the Cartan subalgebra, applied to the starting state
from the left hand side, generate all the members of one Weyl spinor.

od 12 35 d—1d-2

(koa)(k12)(k3s5) - -+ (ka—1 a—2) "poc >,
od 12 35 a—1d-2

[—koall[=k12](k35) - -+ (ka—1 a—2) Woc >,
od 12 35 d—1d—2

[—koal(ki2)[—k3s5] - - (ka—1 a—2) Woc >,

od 12 35 d—1d—2
(koa)[—ki2][—k3s5] - -+ [ka—1 a—2] Woc >,
ford =2(2n+1), n = positive integer. (3.118)
od 12 35 a—1d—2
(koa)(k12)(k35) - - [ka—1 a—2] Woc >,

od 12 35

[—koall—ki2](k35) - -

od 12 35

[—koal(k12)[—k35] - -

d—1d—2
[kdf1 dfl] N’oc >y
d—1d—2
(kKa—1 a—2] hoe >,

od 12 35 d—1d-2
(koa)[=ki2ll=kss] - -+ [ka—1 a—2] Wboc >,
ford =4n, n = positive integer. (3.119)

3.7.1 Technique to generate “families” of spinor representations in terms of
Clifford algebra objects

We found in this paper that for d even there are 24/2~" ”family members” and
24/2=1 7families” of spinors, which can be second quantized. (The reader is ad-
vised to see also Refs. [2,71,47,48,72,9].) We shall here pay attention on only even
d.

One Weyl representation forms a left ideal with respect to the multiplication
with the Clifford algebra objects. We proved in Refs. ([9,48], and the references
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therein) that there is the application of the Clifford algebra object from the right
hand side, which generates “families” of spinors.

Right multiplication with the Clifford algebra objects namely transforms
the state with the quantum numbers of one ”family member” belonging to one
“family” into the state of the same “family member” (into the same state with
respect to the generators S%® when the multiplication from the left hand side is
performed) of another “family”.

We defined in Ref.[2,48] the Clifford algebra objects ¥“’s as operations which
operate formally from the left hand side (as y“’s do) on any Clifford algebra object
A as follows, Eq. (3.69),

FOA =1i(—) M Aye, (3.120)

with (—)A) = —1, if A is an odd Clifford algebra object and (—)(*) =1, if A is an
even Clifford algebra object.

Then it follows, in accordance with Eq. (3.4), that ¥ obey the same Clifford
algebra relation as y“.

9" +7°7DA = () MPAGYSY® Py =1-2nPA (3121)
and that ¥¢ and y® anticommute
Fy° +¥°¥HA = ()N (P Ay +yPAYS) =0. (3.122)

We may write

(79,7}, =0, while {§¢,9°}, =1-2n°®. (3.123)
One accordingly finds
ab ab ab
¥ (k): = —i (k) y* = —in°® [k,
ab ab ab
¥° (k) = =1 (k) y* = —k [k,
ab ab ab
¥ k= ikly*= i(k),
ab ab ab
PP K= 1[0 y® =—kn (k) . (3.124)

If we define, Eq. (3.2),

g ~a o i ~a ~ ~boa
$9P =2 LYl = 5 04 7°L = ;Y =907, (3.125)

5 e

it follows
. 1
SPA =AZ(YPY —vy?), (3.126)

manifesting accordingly that $¢° fulfill the Lorentz algebra relation as S*° do.
Taking into account Eq. (3.69), we further find

{Sab,sab}i = 0) {gab),YC}i = 0) {Sab)f/c}f =0. (3127)
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One also finds
Sebr_ =0, {F4r_ =0, {5¢°T_=0, for d even,
re:=@v2 [ vy, if d=2n,

a

MY =042 J] (Vn®y%), if d=2n, (3.128)
where handedness I' ({T; $°}_ = 0) is a Casimir of the Lorentz group, which

means that in d even transformation of one ”family” into another with either $¢°
or ¢ leaves handedness I unchanged.

We advise the reader to read [2] where the two kinds of Clifford algebra
objects follow as two different superpositions of a Grassmann coordinate and its
conjugate momentum.

Below some useful relations [71,72] are presented

03 12 03 12

NE =NLE£iNT = — (Fi)(£), NE=NLLiNZ =(+) (L),
_ 03 12 ~ 03 12
NI =—(FU(F), NIZ=(£)(F),
56 78 56 78
= F BEF, TT=F F:EF,
56 78 56 78
TE=(F) BFE), TT=F PF . (3.129)
ab ab
s (k) = 5 (i),
ab k ab

cab _
S k] = 7 k],

_ ab cd i abcd
S (k)(k) = 5n** " K[k,

B abcd i abcd
S k] = —5 (k)(k],

~ ab cd 1 ab cd
S (KK = =5 [kl (k),

o ab cd 1 ab cd
S [k (k) = 51 (K)[K] . (3.130)

We transform the state of one “"family” to the state of another “family” by
the application of $%¢ (formally from the left hand side) on a state of the first
“family” for a chosen a, c. To transform all the states of one “family” into states
of another “family”, we apply S¢¢ to each state of the starting “family”. It is,
of course, sufficient to apply 59¢ to only one state of a “family” and then use
generators of the Lorentz group (S°) to generate all the states of one Dirac spinor
d-dimensional space.

ab ab
One must notice that nilpotents (k) and projectors [k] are “eigenvectors”not

only of the Cartan subalgebra $¢° but also of $¢°. Accordingly only $%¢, which
do not carry the Cartan subalgebra indices, cause the transition from one ”family”
to another “family”.
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