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A B S T R A C T 

The disco v ery of the first binary neutron star merger, GW170817, has spawned a plethora of global numerical relativity 

simulations. These simulations are often ideal (with dissipation determined by the grid) and/or axisymmetric (invoking ad hoc 
mean-field dynamos). Ho we ver, binary neutron star mergers (similar to X-ray binaries and active galactic nuclei inner discs) are 
characterized by large magnetic Prandtl numbers, Pm, (the ratio of viscosity to resistivity). Pm is a key parameter determining 

dynamo action and dissipation but it is ill-defined (and likely of order unity) in ideal simulations. To bridge this gap, we investigate 
the magnetorotational instability (MRI) and associated dynamo at large magnetic Prandtl numbers using fully compressible, 
three-dimensional, vertically stratified, isothermal simulations of a local patch of a disc. We find that, within the bulk of the disc 
( z � 2 H , where H is the scale-height), the turbulent intensity (parametrized by the stress-to-thermal-pressure ratio α), and the 
saturated magnetic field energy density, E mag , produced by the MRI dynamo, both scale as a power with Pm at moderate Pm (4 

� Pm � 32): E mag ∼ Pm 

0.74 and α ∼ Pm 

0.71 , respectively. At larger Pm ( � 32), we find deviations from power-law scaling and 

the onset of a plateau. Compared to our recent unstratified study, this scaling with Pm becomes weaker further away from the 
disc mid-plane, where the Parker instability dominates. We perform a thorough spectral analysis to understand the underlying 

dynamics of small-scale MRI-driven turbulence in the mid-plane and of large-scale Parker-unstable structures in the atmosphere. 

Key words: accretion, accretion discs – instabilities – MHD – turbulence. 
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 I N T RO D U C T I O N  

he transport of angular momentum is the key mechanism driv-
ng accretion in discs. Turbulence – thought to be driven by the

agnetorotational instability (MRI), and potentially also magneti-
ally dri ven outflo ws, facilitate this angular momentum transport.
omplicating matters, a characteristic of magnetohydrodynamic

MHD) turbulence is the existence of not one, but two dissipation
echanisms (viscosity and resistivity) and associated length-scales

hat can drastically alter the nature of MHD turbulence compared
o its more familiar hydrodynamic (i.e. Kolmogorov-type) cousin.
he ratio of these two dif fusi vities, kno wn as the magnetic Prandtl
umber (Pm), is a key parameter in MHD turbulence and in dynamo
heory (Rincon 2019 ), influencing not only the saturated state of
he turbulence (with magnetic field growth and associated angular

omentum transport), but also the thermal stability of the disc
Balbus & Henri 2008 ; Potter & Balbus 2017 ; Kawanaka & Masada
019 ). 
Different discs are believed to lie in different Pm regimes: the

ot, dense, partially neutrino-cooled discs from binary neutron star
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ergers, and the inner regions of X-ray binaries and active galactic
uclei are thought to lie in the Pm � 1 regime (Balbus & Henri
008 ; Rossi, Armitage & Menou 2008 ), while cooler protoplanetary
iscs are generally thought to lie in the Pm � 1 regime (Lesur
021 ). Global simulations, ho we ver sophisticated, are almost al w ays
ither ideal (Kiuchi et al. 2022 ), and thus characterized by a purely
umerical magnetic Prandtl number which is likely of order unity
Minoshima, Hirose & Sano 2015 ), or otherwise employ mean-field
ynamo or viscosity prescriptions (Fujibayashi et al. 2020 ; Shibata,
ujibayashi & Sekiguchi 2021 ), prescriptions which, while very

nformative in their own right, are nevertheless ad hoc. Sub-grid
odelling attempts to bridge the gap between ideal simulations and

hose with fully explicit dissipation coefficients, but comes with its
wn uncertainties (Meheut et al. 2015 ; Miravet-Ten ́es et al. 2022 ).
hough it has been known for some time that MRI turbulence is
articularly sensitive to the ratio of dissipation scales (Lesur &
ongaretti 2007 ; Pessah & Chan 2008 ; Simon, Ha wle y & Beckwith
011 ; Nauman & Pessah 2016 , 2018 ), the MRI in the regime Pm �
 has only been sparsely investigated in the literature. Recent work
Guilet et al. 2022 ; Held & Mamatsashvili 2022 ), ho we v er, has be gun
o forge inroads into this physically interesting, but numerically
hallenging (Reboul-Salze et al. 2022 ) regime, though it has so far

een limited to unstratified and isothermal disc models. 

© 2024 The Author(s). 
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ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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.1 The need for explicit dissipation coefficients 

he magnetorotational instability requires a weak seed field in order 
o operate, though this need not be a mean (external) field. In fact,
he MRI can sustain itself without the presence of a mean field by
eans of a dynamo, as demonstrated in both unstratified local models 

e.g. Ha wle y, Gammie & Balbus 1996 ; Fromang & Papaloizou 2007 ;
alker, Lesur & Boldyrev 2016 ; Riols et al. 2017b ; Mamatsashvili

t al. 2020 ), and vertically stratified ones (e.g. Brandenburg et al.
995 ; Davis, Stone & Pessah 2010 ; Gressel 2010 ; Shi, Krolik &
irose 2010 ; Salvesen et al. 2016 ). This set-up (referred to as ‘zero-
et-flux’ or ZNF) is particularly attractive because it is agnostic to the
trength and geometry of the magnetic field of the central accretor or
xternal medium, both of which can vary considerably from system 

o system. 
Complicating matters, in the absence of explicit dissipation co- 

fficients (viscosity and resistivity) both unstratified and stratified 
odels exhibit the ‘convergence problem’, a numerical artefact that 

ery likely afflicts ideal global simulations, too. In essence, in ideal 
HD simulations, turbulent transport decreases with increasing 

umerical resolution (Fromang & Papaloizou 2007 ; Pessah, Chan & 

saltis 2007 ). When vertical stratification is included, which gives the 
omain a ‘global’ character in the vertical direction, one encounters 
he same problem (Bodo et al. 2014 ; Ryan et al. 2017 ). Convergence
ith resolution is restored when dissipation coefficients are explicitly 

aken into account, ho we ver, and also leads to new and interesting
hysics: in the regime Pm � 1 the zero-net-magnetic flux MRI
truggles even to sustain itself (Riols et al. 2015 ; Nauman & Pessah
016 ; Walker et al. 2016 ; Mamatsashvili et al. 2020 ), while in
he opposite regime turbulent intensity is remarkably sensitive to 
m, e xhibiting power-la w scaling with Pm, at least up moderately

arge values of Pm � 1 (Potter & Balbus 2017 ; Guilet et al. 2022 ;
eld & Mamatsashvili 2022 ). Although a few authors have carried 
ut stratified ZNF simulations at Pm � 1 (Davis et al. 2010 ; Gressel
010 ), the only work we are aware of that investigated the Pm �
 regime with vertical stratification is Simon et al. ( 2011 ), although
v en the y only went up to Pm = 8. In this work, we aim to explore
he behaviour of the MRI dynamo in stratified discs at much larger

agnetic Prandtl numbers (up to Pm = 90) than has been previously
one. 

.2 Magnetic buoyancy instabilities in accretion discs 

eal accretion discs are stratified in the direction perpendicular to the 
isc, and interesting new physics arises when stratification is taken 
nto account. In this case, magnetic fields can become buoyant, rising
hrough the disc (Miller & Stone 2000 ; Blackman & Pessah 2009 ; Shi
t al. 2010 ; Uzdensky 2013 ; Dudoro v, Khaibrakhmano v & Sobolev
019 ), which is most easily revealed in the well-known ‘space–
ime diagrams’ (Rincon 2019 ; Lesur 2021 ). These buoyant fields
o not only play a passive role: the zero-net-flux MRI dynamo in
tratified discs has been shown to behave much like an α–� dynamo 
Gressel 2010 ; Gressel & Pessah 2015 ; Rincon 2019 , Dhang 2023 ).
inally, the addition of thermodynamics in stratified models further 
omplicates things, leading to scenarios such as the interplay between 
he MRI and convection (Bodo et al. 2013 ; Hirose et al. 2014 ; Scepi
t al. 2018 ; Held & Latter 2021 ), but comes with its own numerical
hallenges (Gressel 2013 ; Held & Latter 2021 ). 

Yet another interesting effect that can occur in stratified discs 
s that of Parker instability (and associated dynamo). The Parker 
ode (also known as the undulatory mode) is characterized by 

erturbations whose wavenumbers are parallel to the magnetic field 
 k � B ) (Pringle & King 2007 ; Stone & Gardiner 2007 ; Hillier 2016 ).
he instability involves bending of field lines and plasma slides 
own these field lines forming o v erdense re gions in the troughs
etween the crests. Assuming the gravitational acceleration points in 
he z-direction, the linear instability criterion is given by d B /d z < 0
Pringle & King 2007 ). 

The idea that magnetic fields in accretion discs might undergo 
arker instability, leading to the generation of vertical field from 

oroidal and radial fields has been around for a long time (Shu 1974 ;
out & Pringle 1992 ). In early 3D vertically stratified zero-net-flux

sothermal simulations, the disc was found to be only marginally 
nstable to Parker instability (Stone et al. 1996 ); ho we ver, this
 as lik ely due to the restricted vertical size of the domain which

ncompassed only ±2 scale-heights either side of the mid-plane. 
ater, simulations in taller boxes (spanning 6–9 scale-heights on 
ither side of the mid-plane) initialized with a relatively strong 
nitial toroidal magnetic field (i.e. with a gas-to-magnetic pressure 
atio β ∼ 1–25) did observe the development of Parker instability 
in addition to the MRI) both in isothermal discs (Johansen & Levin
008 ; Kadowaki, Dal Pino & Stone 2018 ), and also in non-isothermal
imulations with radiative transfer (Blaes, Hirose & Krolik 2007 ; Shi
t al. 2010 ; Blaes et al. 2011 ). As we report in this work, we find the
mergence of Parker instability even when the disc is initialized with
elatively weak ( β ∼ 10 3 ) zero-net-magnetic-flux. 

.3 Moti v ation and outline 

ur aim in this paper is to build on our earlier work (Held &
amatsashvili 2022 ) on the saturation and energetics of zero-net- 

ux MRI turbulence (alternatively referred to as the ‘MRI dynamo’) 
n the regime of large magnetic Prandtl number, mainly by taking into
ccount more realistic disc physics, in particular the effect of vertical
tratification. To facilitate comparison to our unstratified isothermal 
imulations, here we also adopt an isothermal equation of state. 

The structure of the paper is as follows. We outline our go v erning
quations, numerical algorithms, and key parameters and diagnostics 
n Section 2 . In Section 3 , we present various results in physical space
uch as the scaling of turbulent intensity and magnetic field strength
ith magnetic Prandtl number, and also the vertical structure of 

he disc, including evidence for the Parker instability in the disc
tmosphere. In Section 4 , we perform a detailed spectral analysis of
he turbulence, focusing on how energy transfers in spectral space 
ontribute to the dominant dynamics in different vertical parts of the
isc. Finally, we present our conclusion in Section 5 . As some of our
ey results related to magnetic buoyancy (Parker instability) occur 
redominantly in the atmosphere of the disc, we also investigated the
ffects of changing the vertical boundary conditions and of increasing 
he vertical box size in Appendices A1 and A2 , respectively. 

Readers primarily interested in how turbulent transport and mag- 
etic field strength scale with Pm should jump straight to Section 3 ,
n particular Fig. 1 . Readers primarily interested in the key results
f our spectral analysis and how these relate to the self-sustenance
echanism of the dynamo at different heights in the disc should

ump to Section 4.3 . 

 M E T H O D S  

.1 Go v erning equations 

e work in the shearing box approximation (Ha wle y, Gammie &
albus 1995 ; Latter & Papaloizou 2017 ), which treats a local region
f a disc as a Cartesian box located at some fiducial radius r = r 0 
MNRAS 530, 2232–2250 (2024) 
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M

Figure 1. Top: scaling of time-and-spatially averaged magnetic energy 
density with magnetic Prandtl number Pm in isothermal shearing box 
simulations of the MRI with zero-net-magnetic flux. Bottom: scaling of alpha 
viscosity parameter with Pm. The symbols have the following meanings: 
green stars denote unstratified simulations from (Held & Mamatsashvili 
2022 ), orange triangles denote vertically stratified simulations from this work. 
In the bottom panel, we distinguish between α (solid triangles, cf. equation 
12 ). and α0 (empty triangles, cf. equation 13 ). Note that, in the stratified 
simulations, spatial averages were taken o v er the bulk of the disc ( | z| < 2 H ), 
only. Unstratified (stratified) simulations were run in boxes of size 4 H ×
4 H × 4 H and 4 H × 4 H × 8 H , respectively. All simulations were run at a 
resolution of 128 cells-per-scale-height H and at at fixed magnetic Reynolds 
number of Rm = 18750. The abscissa is in log scale to base 4. 
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nd orbiting with the angular frequency of the disc at that radius �0 

�( r 0 ). A point in the box has Cartesian coordinates ( x , y , z) along
he radial, azimuthal/toroidal, and v ertical directions, respectiv ely.
n this rotating frame, the equations of non-ideal MHD are 

 t ρ + ∇ · ( ρu ) = 0 , (1) 

 t u + u · ∇u = − 1 

ρ
∇P − 2 �0 e z × u + g eff 

+ 

1 

μ0 ρ
( ∇ × B ) × B + 

1 

ρ
∇ · T , (2) 

 t B = ∇ × ( u × B ) + η∇ 

2 B , (3) 

ith the symbols taking their usual meanings. We close the system
ith the equation of state for an isothermal gas P = c 2 s ρ where c 2 s is

he constant sound speed. 
NRAS 530, 2232–2250 (2024) 
All our simulations are vertically stratified and the effec-
ive gravitational potential is embodied in the tidal acceleration
 eff = 2 q�2 

0 xe x − �2 
0 ze z (third term on the right-hand side of

quation 2 ), where q is the dimensionless shear parameter q ≡
d ln �/ d ln r | r= r 0 

. For Keplerian discs q = 3/2, a value we adopt
hroughout this paper. 

To control the magnetic Prandtl number (see Section 2.2 ), we
mploy explicit diffusion coefficients. The viscous stress tensor
s given by T ≡ 2 ρνS , where ν is the kinematic viscosity, and
 ≡ (1/2)[ ∇u + ( ∇u ) T ] − (1/3)( ∇ · u ) I is the traceless shear

ensor (Landau & Lifshitz 1987 ). The explicit magnetic dif fusi vity
s denoted by η: it is related to the resistivity ξ via η ≡ ξ / μ0 , where

0 is the permeability of free space (note that, from now on, we will
se the terms resistivity and magnetic diffusivity interchangeably).
ote that, in a real disc the microscopic viscosity and resistivity (and

hus the magnetic Prandtl number) will depend on temperature and
ensity (see Rossi et al. ( 2008 ) and Kawanaka & Masada ( 2019 )
or the explicit dependence of Pm on temperature and density in a
eutrino-cooled disc). Ho we ver, as the simulations discussed in this
aper are isothermal, we keep the viscosity and resistivity fixed in
pace and time in any given simulation. 

.2 Important parameters 

he magnetic Reynolds number compares inductive to resistive
ffects and is given by 

m = 

c s H 

η
, (4) 

here c s is the isothermal speed of sound, H = c s / �0 is the scale-
eight (see Section 2.3.3 for definitions), and η is the magnetic
if fusi vity. 
The Reynolds number compares inertial to viscous forces and is

iven by 

e = 

c s H 

ν
, (5) 

here ν is the kinematic viscosity. 
Finally, the ratio of Rm to Re defines the magnetic Prandtl number, 

m ≡ Rm 

Re 
= 

ν

η
, (6) 

hich serves as the key control parameter in our simulations. 

.3 Numerical set-up 

.3.1 Code 

or our simulations, we use the conserv ati ve finite-volume code
LUTO (Mignone et al. 2007 ). We employ the HLLD Riemann
olver, 2nd-order-in-space linear interpolation, and the 2nd-order-
n-time Runge-Kutta algorithm. In addition, in order to enforce the
ondition that ∇ · B = 0, we employ Constrained Transport (CT),
nd use the UCT-Contact algorithm to calculate the EMF at cell
dges (Gardiner & Stone 2005 ). To allow for longer time-steps,
e take advantage of the FARGO scheme (Mignone et al. 2012 ).
hen explicit resistivity η and viscosity ν are included, we further

educe the computational time via the Super-Time-Stepping (STS)
cheme (Alexiades, Amiez & Gremaud 1996 ). Ghost zones are used
o implement the boundary conditions. 

We use the built-in shearing box module in PLUTO (Mignone et al.
012 ). Rather than solving equations ( 1 )–( 3 ) (primitive form), PLUTO

olves the governing equations in conserv ati ve form. 
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.3.2 Initial conditions 

ll our simulations are initialized from an equilibrium exhibiting a 
aussian density profile: 

= ρ0 exp ( −z 2 / (2 H 

2 
0 )) , (7) 

here ρ0 is the mid-plane density at initialization, and H 0 is the scale-
eight at the mid-plane at initialization (formally defined below). 
The background velocity is given by u 0 = −q�0 x e y . At initial-

zation, we usually perturb all the velocity components with random 

oise exhibiting a flat power spectrum. The perturbations δu have 
aximum amplitude of about 5 × 10 −2 c s0 , unless stated otherwise. 
ere, c s0 is the sound speed at initialization. All simulations are 

nitialized with commonly used zero-net-flux (ZNF) magnetic field 
onfiguration B 0 = B 0 sin (2 πx / L x ) e z , where L x is the radial box size.
e define the field strength at initialization B 0 through the plasma 

eta parameter β0 ≡ 2 μ0 P 0 /B 

2 
0 , where P 0 = ρ0 c 

2 
s0 is the pressure at

he mid-plane. We set β0 ≡ 1000 in all our simulations. 

.3.3 Units 

ote that, from this point onwards, all quantities are given in terms
f dimensionless (code) units. Time units are selected so that �0 = 

. The length unit is chosen so that the initial sound speed c s0 =
, which in turn defines a reference scale-height H 0 ≡ c s0 / �0 = 1.
inally, the mass unit is set by the initial mid-plane density, which is
0 = 1. Magnetic field is expressed in units of c s0 

√ 

μ0 ρ0 . Pressure,
tresses, and energy densities are expressed in units of c 2 s0 ρ0 . Note
hat, we will occasionally drop the subscript on �0 , c s0 , and H 0 in
he text from this point onwards. 

.3.4 Box size and resolution 

he majority of our simulations are run at a resolution of N x × N y ×
 z = 512 × 512 × 1024 in a box of size [ L x , L y , L z ] = [4 H , 4 H , 8 H ]

i.e. 128 cells per scale-height). In our unstratified paper, we found 
hat a resolution of 128 cells/ H was sufficient to resolve the resistive
cale at Rm = 18750 (see appendix A of Held & Mamatsashvili
022 ). We have also run select simulations at lower resolutions of 32
ells/ H and 64 cells/ H . To investigate the dependence on the vertical
ox size, we have repeated our fiducial run (Pm = 4, box size [4 H ,
 H , 8 H ]) in a taller box of size [4 H , 4 H , 10 H ] (keeping the resolution
er scale-height fixed at 128 cells per H ). We discuss this box size
tudy in Appendix A2 . All the simulations described in this paper
re listed in Tables B1 –B3 in Appendix B . 

.3.5 Boundary conditions and mass source term 

e use standard shear-periodic boundary conditions (BCs) in the x - 
irection (see Ha wle y et al. 1995 ), and periodic boundary conditions
n the y -direction. In the vertical direction, we keep the ghost
ones associated with the thermal variables in isothermal hydrostatic 
quilibrium, in the manner described in Zingale et al. ( 2002 ). For the
elocity components, we use standard outflow boundary conditions 
n the vertical direction, whereby the vertical gradients of all velocity 
omponents are zero (numerically, we set variables in the ghost zones 
qual to those in the active cells bordering the ghost zones). For the
agnetic field, we employ ‘vertical field’ boundary conditions, also 

nown as ‘pseudo-vacuum’ boundary conditions. Explicitly these 
re defined as setting B x = 0, B y = 0, and ∂ B z / ∂ z = 0 at the vertical
oundaries. 
As we are interested in the dynamics in the disc atmosphere | z| >
 H , we also investigate the effect of using different vertical boundary
onditions for the magnetic field. Altogether we explored three 
ifferent types of boundary condition in the vertical direction: vertical 
eld zBCs, outflow zBCs, and perfect conductor zBCs. These results 
re described in Appendix A1 and the corresponding simulations are 
isted in Table B3 in Appendix B . 

Finally, to prevent mass-loss through the vertical boundary from 

epleting the mass in the box, we employ a simple mass source
erm. (This mimics what occurs in a real disc or in a global disc
imulation, where mass lost from any given annulus through outflows 
s replenished by accretion of material from a neighbouring annulus.) 
t the end of the n th step, we subtract the total mass in the box at

he end of that step M n from the total mass in the box at initialization
 0 . This mass difference � M n ≡ M 0 − M n is added back into the

ox with the same profile used to initialize the density (cf. equation
 ). Thus, the total mass in the box remains constant in any given
imulation. 

.4 Diagnostics 

elow we define various diagnostics in physical space. For diagnos- 
ics in Fourier space, the reader should refer to Section 4.1 . 

.4.1 Avera g ed quantities 

he v olume-a verage of a quantity X is denoted 〈 X 〉 and is defined as 

 X 〉 ( t) ≡ 1 

V 

∫ 

V 

X ( x , y , z, t)d V , (8) 

here V is the volume of the box. Note that, occasionally, we average
nly o v er a part of the box instead of the entire domain, for e xample
 z| < 2 H to capture diagnostics in the ‘bulk’ of the disc, or | z| > 2 H
o capture diagnostics in the ‘atmosphere’ of the disc. In this case,
he region we average over is stated in the text. 

We are also interested in averaging certain quantities (e.g. mag- 
etic energy density or turbulent stresses) o v er time. The temporal
verage of a quantity X is denoted 〈 X 〉 t and is defined as 

 X〉 t ( x , y , z) ≡ 1 

�t 

∫ t f 

t i 

X( x , y , z, t )d t , (9) 

here we integrate from some initial time t i to some final time t f and
 t ≡ t f − t i . 
The horizontal average of a quantity X is denoted 〈 X 〉 xy and is

efined as 

 X 〉 xy ( z, t) ≡ 1 

A 

∫ 

A 

X ( x , y , z, t)d x d y . (10) 

orizontal averages over different coordinate directions (e.g. over 
he y - and z-directions) are defined in a similar manner. 

.4.2 Reynolds and magnetic stresses and transport α-parameter 

n accretion discs, the radial transport of angular momentum is related
o the xy -component of the total stress 

 xy ≡ R xy + M xy , (11) 

n which R xy ≡ ρu x δu y is the Reynolds stress, where δu y ≡ u y + q �x
s the perturbation of the y-component of the total velocity u y about
he background Keplerian flow u 0 y = −q �0 x and M xy ≡ −B x B y is
he magnetic (Maxwell) stress. Note that, since we will e xclusiv ely
efer to fluctuating part of velocity δu belo w, from no w on, we will
MNRAS 530, 2232–2250 (2024) 
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rop the δ and simply refer to the perturbed as u , which should not
e confused with the total velocity. 
The total stress is related to the classical dimensionless angular
omentum transport parameter α. This can be defined either by

ormalizing the total stress by the v olume-a veraged gas pressure
 P 〉 

≡ 〈 
 xy 〉 
〈 P 〉 , (12) 

r alternatively by normalizing by the mid-plane pressure at initial-
zation P 0 = c 2 s0 ρ0 

0 ≡ 〈 
 xy 〉 
c 2 s0 ρ0 

, (13) 

here we remind the reader that, in code units, the mid-plane sound
peed and mid-plane density at initialization are simply c s 0 = 1 and
0 = 1. Note that, due to the effects of vertical stratification (for
hich the pressure, and therefore density, decreases monotonically

rom the mid-plane), averaging alpha over the entire box can result
n alpha defined by equation ( 12 ) being as much as 1.5–3 times that
efined by equation ( 13 ). Different authors use different definitions
or α in the literature, and so caution is needed when comparing
 alues from dif ferent sources (e.g. Pessah, Chan & Psaltis 2008 ;
eld & Latter 2018 ). 

.4.3 Magnetic buoyancy 

o determine whether (and where) the magnetic field becomes
uoyantly unstable, we calculate the vertical profile of the square
f the magnetic buoyanc y frequenc y N 

2 
m 

, which we define as follows
Shi et al. 2010 ): 

〈 N 

2 
m 

〉 xy 〉 t ≡ 1 

2 

g 

〈〈 ρc 2 s0 + B 

2 
y 〉 xy 〉 t 

d 〈〈 B 

2 
y 〉 xy 〉 t 

d z 
, (14) 

here g = | g eff, z | = �2 z is the vertical gravitational acceleration.
egions where N 

2 
m 

< 0 are unstable to the Parker instability, which
auses toroidal magnetic field lines to rise and escape from disc to
he atmosphere. 1 

 RESU LTS  IN  P HYSICAL  SPAC E  

n this section, we present various diagnostics from our vertically
tratified simulations of MRI-turbulence in the large magnetic Prandtl
umber regime (Pm ≥ 4). We restrict our attention here to physical
pace, and defer a spectral analysis of the results to Section 4 . Readers
ho are primarily interested in how turbulent transport and magnetic
eld strength scale with the magnetic Prandtl number may wish to
ocus their attention on 3.1 (in particular Figs 1 and 2 ), only. 

All the simulations described in this section have been run in a
ox of size [ L x , L y , L z ] = [4, 4, 8] H , and at a resolution of N x × N y ×
 z = 512 × 512 × 1024, corresponding to 128 cells per scale-height
 in all three directions. The magnetic Reynolds number Rm is fixed

t Rm = 18750 across all runs (this value stems from a resolution
tudy we carried out in our unstratified runs: it is high enough to
chiev e Re ynolds numbers in the hundreds at large Pm, but low
NRAS 530, 2232–2250 (2024) 

 Note that this expression characterizes the Parker instability for the total 
oroidal magnetic field B y , and hence in some sense gives the local instability 
ondition for this toroidal field. Had we instead used ( 〈〈 B y 〉 xy 〉 t ) 2 , the 
xpression would characterize the instability only of the mean toroidal 
agnetic field. 

e  

A  

2

R
i

nough for the resistive scale to be well resolved. See appendix A
f Held & Mamatsashvili ( 2022 )). We increase the magnetic Prandtl
umber from simulation to simulation by decreasing the Reynolds
umber Re. 2 We run each simulation for 200 orbits, which gives
he turbulence ample time to settle into quasi-steady state. All
ime-averages are taken between orbit 100 and orbit 200. For the
m = 4 case, we have checked that the key results are qualitatively
imilar regardless of choice of vertical boundary conditions or of the
ertical box size (see Appendices A1 and A2 , respectively). All the
imulations are listed in Table B1 in Appendix B . 

.1 Scalings of α and E mag with Pm 

he key results are plotted in Fig. 1 , where we show the dependence
f the (time- and v olume-a veraged) total saturated magnetic energy
 mag = (1/2) B 

2 and turbulent transport α parameter on magnetic
randtl number. The green stars show the results of our previous
nstratified simulations (Held & Mamatsashvili 2022 ) at fixed Rm =
8750 in boxes of size 4 H × 4 H × 4 H and identical resolution 128
ells per scale-height. All other data points are from our new verti-
ally stratified simulations. Note that, for the stratified simulations
denoted by triangles), we ha ve restricted v olume-a verages to the
ulk of the disc ( | z| < 2 H ). In the bottom panel of this figure,
or comparison, we also show the two variants of α defined in
ection 2.4.2 : empty triangles represent α (the total stress normalized
y the volume-avera g ed pressure 〈 P 〉 ; cf. equation 12 ), while solid
riangles represent α0 (the total stress normalized by the mid-plane
r essur e at initialization P 0 ; cf. equation 13 ). Due to the stratification
vertical pressure gradient), α is larger than α0 by a factor of around
.70. Note that, in unstratified boxes, α is also sensitive to the box
ize and vertical-to-radial box aspect ratio, which we discuss in more
etail in our unstratified work (Held & Mamatsashvili 2022 ). 
When we restrict our averages to the bulk of the disc ( | z| < 2 H ),

hich contains 95 per cent of the total mass in the box, the results of
he stratified simulations for both E mag -Pm and α-Pm scaling are in
xcellent agreement with those of our earlier unstratified simulations.
t intermediate values of Pm, we find power-law scaling with slopes
 In Held & Mamatsashvili ( 2022 ), we also considered the cases of keeping 
e fixed and increasing Rm, and of keeping Pm fixed while simultaneously 

ncreasing Pm and Rm. 
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4 The separation between the viscous scale and disc scale-height H is 
characterized by the Reynolds number Re, where the viscous scale is given 
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f δ ∼ 0.74 and δ ∼ 0.71 for each quantity , respectively , in agreement
o two decimal places with the results of the unstratified runs, while
or Pm � 32 we observe the onset of a plateau. Thus, we find that
n the bulk of the disc stratification does not appreciably change the
ependence of the turbulent dynamics on the magnetic Prandtl num- 
er. As we show below, this conclusion changes as we mo v e a way
rom the bulk of the disc where the MRI dominates the dynamics,
nd into into the atmosphere of the disc where another process due
o magnetic buoyancy – Parker instability – comes into play. 

.1.1 Vertical dependence of scaling 

 new result is that the scaling of turbulent transport and saturated
agnetic energy with magnetic Prandtl number is stronger in the bulk 

f the disc than in the atmosphere, as seen in Fig. 2 , where we plot the
ime- and horizontally averaged magnetic energy density 〈〈 E mag 〉 xy 〉 t .
ifferent colours correspond to horizontal-averages taken at fixed 

 z| = { 0, 1, 2, 3, 3.5 } H , respectively. The scaling clearly becomes
eak er further aw ay from the mid-plane: for example, we measure
 slope of δ ∼ 0.84 at the mid-plane ( | z| = 0), but a much more
hallow slope of δ ∼ 0.36 at | z| = 3.5 H . Thus, our results foreshadow
hat different dynamics/dynamo processes (mainly MRI and Parker 
nstability) are at play in different parts of the disc, as discussed
n greater detail in Section 3.2 below. Note that, these processes
ave also been observed in earlier stratified simulations (Blaes et al. 
007 , 2011 ; Johansen & Levin 2008 ; Shi et al. 2010 ; Kadowaki et al.
018 ), although those simulations were ideal and initialized with 
elatively strong ( β0 ∼ 1–25) net-toroidal-magnetic flux (which aids 
he development of the Parker instability), in contrast to our non-ideal 
ero-net-flux runs with relatively weak initial magnetic field ( β0 = 

0 3 ). We analyse the dynamics of these instabilities in more detail in
ourier space in Section 4 . 

.2 Dependence of results on Pm 

o determine whether the MRI is well resolved we also measured the
RI quality-factor in the Pm = 4 run. We define this diagnostic as
 z ≡ λMRI, z / �z, where �z is the grid size in the vertical direction. 3 

t the mid-plane, we find Q z ∼ 26 ( λz ∼ 0 . 2 H ), while z = 2 H , we
nd Q z ∼ 68 ( λz ∼ 0 . 5 H ). Thus, the critical MRI wavelength is very
ell resolved within the bulk of the disc and also fits comfortably in

he box. 

.2.1 Structure of the flow 

ext, we consider the flow field in the xz -plane, which is shown Fig.
 from a simulation characteristic of the power-law scaling region 
Pm = 4, top row) and also from a simulation characteristic of the
lateau region (Pm = 90, bottom row). The density is shown in
he left-hand panels: due to the inclusion of stratification, the bulk 
f the disc is concentrated between ±2 H , surrounded by a tenuous
tmosphere. As in our unstratified runs, we observe density waves 
uperimposed on the turbulence at lower Pm but not at higher Pm
Shi, Stone & Huang 2016 ; Held & Mamatsashvili 2022 ). 

The magnetic field is shown in the middle and right-hand panels of
ig. 3 for B x and B z , respectively. A small-scale turbulent magnetic
eld dominates the flow within ±H of the mid-plane, while in the
tmosphere ( | z| � 2.2 H ), the field is still turb ulent, b ut characterized
 The wavelength of fastest growing MRI mode in the z-direction is given by 

MRI, z ≡ 2 πu A, z / �, where u A, z is the vertical Alfv ́en speed. 

b
d
v
s

y noticeably larger structures. Further into the atmosphere still, the 
haracter of the magnetic field changes and we observe only large-
cale structures (of size ∼0.8 H ). In particular, B z is characterized by
treak y v ertically-oriented structures. This indicates that in the disc
tmosphere, the magnetic field structure is not really characteristic 
f MRI turb ulence, b ut rather an ordered vertical field has formed.
his is due to magnetic buoyancy, specifically the Parker instability, 
hich dominates MRI in the atmosphere, as we show in Section 3.2.4 .
inally, we observe larger structure in both the velocity (not shown)
nd magnetic fields as Pm is increased, as e xpected giv en the low
eynolds number (Re = 208) at Pm = 90. 4 Reassuringly, the flow
eld near the mid-plane at both values of Pm resembles that observed

n our unstratified simulations (seef fig. 3 of Held & Mamatsashvili
022 ). 

.2.2 Vertical disc structure 

o characterize the vertical structure of the disc, we look at diag-
ostics such as the time- and horizontally av eraged v ertical profiles
f density, plasma beta, and α at different Pm (not shown). As we
ncrease Pm, we observe the largest changes to the disc structure
ithin the bulk of the disc, as foreshadowed in Fig. 2 . In the power-

aw scaling region at low Pm, the density remains nearly unchanged 
rom its initial Gaussian profile, while the plasma beta parameter 
rops from β ∼ 55 at the mid-plane to β ∼ 5 at | z| ∼ 4 H . The entire
isc remains gas-pressure-dominated at all values of Pm that we 
nvestigated, although magnetic pressure contributes significantly to 
he total pressure as Pm is increased ( β � 10 at the mid-plane at
m = 90). Meanwhile, the α parameter is largest at the mid-plane
nd drops monotonically away from the mid-plane. The profiles of 
, plasma beta, and magnetic field are relatively uniform within 

he bulk of the disc at Pm = 4, but becomes increasingly peaked
round z = 0 as Pm increases. The latter behaviour is likely due to
he increased importance of buoyancy in the disc region as Pm is
ncreased, which results in the buoyantly unstable region extending 
loser to the mid-plane (see Fig. 6 ). 

In Fig. 4 , we show vertical profiles of all horizontally averaged
oot-mean-square (rms) velocity and magnetic field components at 
m = 4. The profiles were time-averaged between around orbit 100
nd orbit 200. At the mid-plane, the dominant velocity components 
re the radial and azimuthal components (top panel). All velocity 
omponents increase away from the mid-plane (essentially scaling 
ith the Alfv ́en speed u A ≡ B/ 

√ 

ρ), and at | z| � 3 H the vertical
omponent u z (black curve) increases rapidly, quickly becoming 
he dominant component. This suggests that outflows dominate the 
ynamics in the upper reaches of the disc, probably due to the
mergence of the large-scale vertical field B z in this region, as seen
n its xz -slice in the top-right-hand panel of Fig. 3 . Turning to the
agnetic field vertical profiles (bottom panel of Fig. 4 ), the toroidal

omponent B y (red curve) dominates over the radial (blue curve) 
nd vertical (black curve) components at nearly all z. The toroidal
eld decreases monotonically with height away from the mid-plane, 
hile the radial and vertical field are relatively constant within the
ulk of the disc. In the atmosphere, the toroidal and radial field drop
MNRAS 530, 2232–2250 (2024) 

y l ν = (2 π/ 
√ 

Re ) H (see footnote 6 of Held & Mamatsashvili 2022 for a 
eri v ation). Even in the the plateau region where Re reaches its minimum 

alue (Re = 208), l ν ∼ 0.4H. Thus, the viscous scale is less than H in all our 
imulations. 
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M

Figure 3. Structures of density ρ (left column) and magnetic field components B x (middle column) and B z (right column) in the xz -plane from two simulations 
at Pm = 4 (top row) and Pm = 90 (bottom row). The magnetic Reynolds number is fixed at Rm = 18750 in all simulations. 
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apidly, ho we ver, becoming comparable to the vertical field around
3 H . This suggests a magnetically driven outflow dominates the

ynamics away from the bulk of the disc even in the present case of
ero-net-vertical magnetic flux, an outcome that otherwise generally
equires sufficiently strong net-vertical-flux (Lesur 2021 ). 

.2.3 Space–time diagrams 

o examine the temporal behaviour of the magnetic field in more
etail, we next turn to space–time diagrams of toroidal field B y (see
ig. 5 ), which are shown between orbit 360 and orbit 400 from
ur low resolution runs (32 cells per scale-height H ). The top panel
s from a simulation at Pm = 4, while the bottom panel is from
 simulation at Pm = 90. We observe the characteristic ‘butterfly’
attern in B y , which has been observed in previous stratified MRI-
urb ulence simulations (e.g. Da vis et al. 2010 ; Gressel 2010 ; Simon
t al. 2011 ; Bodo et al. 2014 ; Salvesen et al. 2016 ). The toroidal field
hanges sign every 5–10 orbits, and this period does not appear to be
ensitive to the magnetic Prandtl number. The field reversals are most
vident outside ±H of the mid-plane. Closer inspection reveals that
eld reversals are already present very close to the mid-plane at low
m, where the disc is otherwise highly turb ulent, b ut the butterfly
attern inside the disc | z| < 2 H is disrupted at Pm = 90. 
NRAS 530, 2232–2250 (2024) 
.2.4 Parker instability 

o investigate whether the disc is unstable to the Parker instability, we
lot the square of the magnetic buoyanc y frequenc y N 

2 
m 

(equation
4 ). We find that, within the bulk of the disc ( | z| � 2 H ), N 

2 
m 

≈ 0
bottom panel of Fig. 6 ), and thus, the bulk of the disc is marginally
table to Parker instability. Outside this region N 

2 
m 

< 0, and increases
n absolute value with height. This shows that the atmosphere of the
isc is magnetically buoyantly unstable. 
Another characteristic of the Parker instability is the bending

undulation) of magnetic field lines, and associated o v er and un-
erdensities in the gas density as plasma slides along the field lines
way from the crests and collects in the troughs. See, for example, fig.
 of Johansen & Levin ( 2008 ) which is taken from a 2D simulation
n an azimuthally extended box with strong net-toroidal-flux. In our
D zero-net-magnetic-flux simulations, toroidal field is produced
ostly by the shear and the flow field is much more complex than in

D simulations. Thus, such clear undulations of the field lines with
 v erdensities in the troughs of the undulations is difficult to detect.
ev ertheless, we hav e observ ed man y e xamples of bending (and

ising) field lines in our simulation. In Fig. 6 , we show an example
rom one snapshot at orbit 135. The colourplot shows the density
n the yz -plane between z = 2.65 H (upper edge of the disc) and
 = 3.3 H . Note that, in this part of the domain, the square of the
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Figure 4. Vertical disc structure (vertical profiles of time-and-horizontally 
averaged quantities) from the fiducial simulation at Pm = 4. Top: root- 
mean-square velocity components. Bottom: root-mean-square magnetic field 
components. The vertical dashed lines at z = 0.0 H and z = 3.2 H show 

locations at which we performed the spectral analysis (see Section 4.2 ). 
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Figure 5. Space–time diagrams for the horizontally averaged toroidal 
magnetic field B y taken from a simulation at the onset of the power-law 

scaling region at Pm = 4 (top), and from a simulation in the plateau region at 
Pm = 90 (bottom). The data are taken from low resolution runs (32 cells per 
scale-height H ). Note, to facilitate easier comparison, we set the colourbar 
limits of the top panel to match those in the lower panel, where the toroidal 
field is somewhat stronger. 
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5 Note, we refer here to which process dominates the dynamics: the MRI is 
present at all z, and is thus still active in the atmosphere. 
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agnetic buoyanc y frequenc y is ne gativ e, and so we e xpect the flow
o be Parker unstable. The black lines are the magnetic field lines,
hile the yellow arrows indicate the velocity field. An upwelling 
f the magnetic field can clearly be seen between y = −0.5 H and
 = 2 H . The velocity (yellow arrows) points along the magnetic field
treamline on either side of the undulation, and two o v erdense re gions
an be seen in the troughs. Thus we have direct visual evidence of
arker instability in our vertically stratified zero-net-flux shearing 
ox simulations. 

 SP ECTR A L  A NALYSIS  

o understand the energetics and dynamics that underpin the tur- 
ulence, following Held & Mamatsashvili ( 2022 ), we now present 
 detailed spectral analysis of the results first discussed abo v e in
hysical space. We begin by transforming the induction equation in 
 ourier (wav enumber) space in Section 4.1 . In Section 4.2 , we present
 spectral analysis at fixed Pm = 4, including energy spectra and the
pectra of the dynamical terms go v erning magnetic field evolution 
t different heights in the disc. In Section 4.4 , we discuss how the
esults change with the magnetic Prandtl number. The reader who 
s only interested in how the main physical processes (MRI and 
arker instability) sustain the turbulence/dynamo should jump to the 
ummary in Section 4.3 . 
.1 Go v erning equations 

e start the spectral analysis by decomposing velocity and magnetic 
eld perturbations into spatial Fourier modes in the radial x - and

oroidal y- coordinates, along which the perturbations are shear- 
eriodic and periodic, respectively. Along the vertical z-coordinate, 
here is no periodicity due to the presence of stratification, so we
o not Fourier transform in z. Thus, we have (Riols, Latter &
aardekooper 2017a ) 

 ( r , t) = 

∫ 

f̄ ( k x , k y , z, t) exp 
(
i k x x + i k y y 

)
d k x d k y , (15) 

here f ≡ ( u , B ) and f̄ ≡ ( ̄u , B̄ ) denote the corresponding Fourier
mplitudes. The grid in Fourier ( k -)space is determined by the
orizontal sizes of the flow domain L i and numerical resolution N i ,
here i ∈ { x , y } , such that the cell sizes in Fourier space are given
y � k i = 2 π / L i , and hence the wavenumbers run through the values
 i = n i � k i , where n i = 0, ±1, ±2,..., ±N i /2 is an integer. 

Performing a Fourier decomposition in horizontal slices at each 
eight z allows us to explore different dynamical regimes discussed 
n Section 3 – MRI-turbulence dominating in the bulk of the disc
t | z| � 2 H and a magnetic buoyancy, or Parker instability regime
ominating in the upper layers | z| � 2 H . 5 

Substituting equation ( 15 ) into induction equation ( 3 ), we obtain
he equations for the spectral magnetic field components, 
MNRAS 530, 2232–2250 (2024) 
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M

Figure 6. Evidence of Parker instability. Top: flow field from a snapshot in 
the yz -plane at magnetic Prandtl number Pm = 4. The colourplot shows the 
density, black lines show magnetic field lines, and orange arrows indicate 
the velocity field. The upwelling of magnetic field between y = −0.5 H and 
y = 2.0 H with plasma flowing down from the crest of the upwelling along 
the magnetic field lines and into the troughs is characteristic of structures 
expected from the Parker instability. Bottom: vertical profiles of magnetic 
buoyanc y frequenc y squared at different Pm in the upper half-plane. (Note 
that, the upper z-cut-off of z = 3.3 H on the x -axis of the bottom panel has 
been chosen to coincide with that on the y -axis of the top panel.). 
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∂ ̄B x 

∂ t 
= −qk y 

∂ ̄B x 

∂ k x 
+ ik y ( u x B y − u y B x ) k + 

∂ 

∂ z 
( u x B z ) k 

− ∂ 

∂ z 
( u z B x ) k + 

1 

Rm 

� k B̄ x (16) 

∂ ̄B y 

∂ t 
= −q k y 

∂ ̄B y 

∂ k x 
− q B̄ x + ik x ( u y B x − u x B y ) k 

+ 

∂ 

∂ z 
( u y B z ) k − ∂ 

∂ z 
( u z B y ) k + 

1 

Rm 

� k B̄ y (17) 

∂ ̄B z 

∂ t 
= −qk y 

∂ ̄B z 

∂ k x 
+ ik x ( u z B x ) k + ik y ( u z B y ) k 

− ik x ( u x B z ) k − ik y ( u y B z ) k + 

1 

Rm 

� k B̄ z , (18) 

here in these and other spectral equations below we have chosen
o denote Fourier transforms of the products of any two quantities
ith the subscript k instead of o v er-bars (which should not cause

onfusion) and � k = −k 2 x − k 2 y + ∂ 2 / ∂ z 2 is the 2D Laplace operator
n the ( k x , k y )-plane. The Fourier transform of the non-linear terms

the products of velocity and magnetic field components ( u i B j ) k ,
here i , j ∈ { x , y , z} , come from the Fourier transform of the

lectromotive force u × B in equation ( 3 ) and are given by
onvolutions in Fourier space (Mamatsashvili et al. 2020 ) 

 u i B j ) k = 

∫ 

d 2 k 

′ ū i ( k 

′ , z, t) ̄B j ( k − k 

′ , z, t) . 

hey describe the net effect of the non-linear triadic interactions of
 mode with k with two other modes k 

′ and k − k 

′ . 
NRAS 530, 2232–2250 (2024) 
Note that, stratification does not explicitly appear in the induction
quation ( 3 ). Ho we v er, it influences the v ertical v elocity u z in
he momentum equation ( 2 ) and, via the latter, the magnetic field
ynamics. Thus, to characterize the effect of stratification, we have
eparated out the contributions of u z and B z in the non-linear terms
n the magnetic field equations ( 16 )–( 18 ). Multiplying both sides
f these equations by the complex conjugates B̄ 

∗
x , B̄ 

∗
y , and B̄ 

∗
z ,

espectively, we obtain the equations for the squared moduli of the
pectral magnetic field components, 

∂ 

∂ t 

| ̄B x | 2 
2 

= −qk y 
∂ 

∂ k x 

| ̄B x | 2 
2 

+ N 

( h ) 
x + N 

( z) 
x + N 

( va) 
x + D x , (19) 

∂ 

∂ t 

| ̄B y | 2 
2 

= −qk y 
∂ 

∂ k x 

| ̄B y | 2 
2 

+ M + N 

( h ) 
y 

+ N 

( z) 
y + N 

( va) 
y + D y , (20) 

∂ 

∂ t 

| ̄B z | 2 
2 

= −qk y 
∂ 

∂ k x 

| ̄B z | 2 
2 

+ N 

( h ) 
z + N 

( z) 
z + D z , (21) 

hich are central in the spectral analysis. Their right-hand sides
ontain terms of linear and non-linear origin. The linear terms are: 

(i) the shear-induced drift, −qk y ∂ / ∂ k x , which simply advects the
eld for non-axisymmetric ( k y �= 0) modes along the k x -axis without
ny new energy production, 

(ii) The spectral Maxwell stress multiplied by the shear parameter
 , 

 = −q 

2 
( ̄B x B̄ 

∗
y + B̄ 

∗
x B̄ y ) , (22) 

hich is responsible for the energy exchange between (toroidal)
agnetic field and the background disc flow. In this case, the Maxwell

tress mediates the growth of toroidal field via stretching of radial
eld by Keplerian shear, which is a main part of the (non-modal) MRI
rocess (Herault et al. 2011 ; Mamatsashvili et al. 2013 ; Squire &
hattacharjee 2014 ; Gogichaishvili et al. 2017 ; Riols et al. 2017b ).

t is the main term supplying (injecting) energy into turbulence. 
(iii) Ohmic dissipation terms, 

 i = − 1 

Rm 

( k 2 x + k 2 y ) | ̄B i | 2 + 

1 

Rm 

B̄ 

∗
i 

∂ 2 B̄ i 

∂ z 2 
, i ∈ x , y , z . (23) 

(iv) The non-linear transfer terms are N 

( h ) 
i , N 

( z) 
i , N 

( va) 
x , and

 

( va) 
y , where i ∈ x , y , z, which correspond to the non-linear terms

n the original equations (equations 16 –18 ). As mentioned abo v e,
hey are classified into the terms explicitly containing the vertical
elocity u z and magnetic field B z , and the terms independent of these
omponents. The explicit forms and physical meanings of these non-
inear terms are as follows: 

The non-linear induction-advection terms depending only on
orizontal velocity, ( u x , u y ), and magnetic field ( B x , B y ) are 

 

( h ) 
x = ik y B̄ 

∗
x ( u x B y − u y B x ) k + c .c ., (24) 

 

( h ) 
y = ik x B̄ 

∗
y ( u y B x − u x B y ) k + c .c ., (25) 

hich describe, respectively, the production of B̄ x from B̄ y and vice
ersa due to stretching by horizontal velocity variation (shear) along
 - and y -directions (the first terms in the brackets) and their horizontal
dvection/transport (second terms in the brackets). 

The nonlinear terms containing vertical field B z are 

 

( z) 
x = B̄ 

∗
x 

∂ 

∂ z 
( u x B z ) k + c .c ., (26) 

 

( z) 
y = B̄ 

∗
y 

∂ 

∂ z 
( u y B z ) k + c .c ., (27) 
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Figure 7. Magnetic energy spectra in the ( k x , k y )-plane near the mid-plane 
at z = 0 (bottom panel) and in the atmosphere at z = 3.2 (top panel) for 
Pm = 4, Rm = 18 750 and resolution 128/ H . The spectra are anisotropic –
strongly inclined towards the k x -axis – due to Keplerian shear, and become 
concentrated towards smaller wavenumbers with increasing height. 
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hich describe, respectively, the production of B̄ x and B̄ y from B̄ z 

ue to stretching by the horizontal velocity variation (shear) along 
ertical z-axis, and 

 

( z) 
z = −B̄ 

∗
z 

[
ik x ( u x B z ) k + ik y ( u y B z ) k 

] + c .c ., (28) 

hich describes the advection of vertical field by horizontal velocity. 
Finally, the non-linear terms explicitly depending on u z are 

 

( va) 
x = −B̄ 

∗
x 

∂ 

∂ z 
( u z B x ) k + c .c ., (29) 

 

( va) 
y = −B̄ 

∗
y 

∂ 

∂ z 
( u z B y ) k + c .c ., (30) 

hich describe the vertical advection of the horizontal field compo- 
ents B̄ x and B̄ y , respectively, by u z , hence characterizing the effect 
f buoyancy on the magnetic field, and 

 

( h ) 
z = B̄ 

∗
z 

[
ik x ( u z B x ) k + ik y ( u z B y ) k 

] + c .c ., (31) 

hich describes production of the vertical field B̄ z from the horizontal 
eld ( ̄B x , B̄ y ) due to stretching of the latter by horizontal shear
f u z . The spectral equations ( 19 )–( 21 ) are similar to those in the
nstratified case in Mamatsashvili et al. ( 2020 ) and Held & Ma-
atsashvili ( 2022 ), except that here we have isolated the non-linear

erms dependent on u z and B z and hence affected by stratification. 
We also define spectral kinetic, E K , and magnetic, E M 

, energy
ensities (e.g. Simon & Ha wle y 2009 ), 

 K 

= 

1 

2 

∑ 

i = x ,y ,z 

1 

2 
| ( √ 

ρu i ) | 2 , E M 

= 

1 

2 

∑ 

i = x ,y ,z 

| ̄B i | 2 . 

.2 Fiducial simulation at fixed Pm = 4 

ollowing our previous studies on the spectral dynamics of MRI- 
urbulence (Gogichaishvili et al. 2017 ; Mamatsashvili et al. 2020 ; 
eld & Mamatsashvili 2022 ), we first focus on the fiducial simulation
m4Rm18750Re4687 with Pm = 4 and perform a detailed analysis 
f the energy spectra and the dynamical terms in the ( k x , k y )-plane
oth near the disc mid-plane at z = 0 and in the atmosphere at z = 3.2
n order to understand the sustaining dynamics of turbulence/dynamo 
t different heights. Then, we explore how these spectra and the 
ynamical balances change with Pm. Below, we average all the 
pectral quantities in time from 100 to 200 orbits when the turbulence
s already well in a quasi-steady state. We also average over a small
eight interval �z = 0.4, around both z = 0 and z = 3.2, the two
ocations at which we perform a spectral analysis. 

Using the spectral analysis we can study, apart from other modes, 
he dynamics of the special k x = k y = 0 mode, referred to as the
ynamo mode , because in physical space it in fact represents a
olution that is uniform in x and y and depends only on z. The dynamo
ode gives rise to the large-scale horizontally averaged magnetic 
eld, which exhibits the well-known ‘butterfly’-like variation in the 
 t , z)-plane in vertically stratified discs (see Fig. 5 and, e.g. Davis
t al. 2010 ; Gressel 2010 ; Shi et al. 2010 ; Guan & Gammie 2011 ;
imon et al. 2011 ; Salvesen et al. 2016 ). This dynamo field has
sually been studied in physical space using a conventional mean- 
eld α − � approach (e.g. Brandenburg et al. 1995 ; Johansen & 

evin 2008 ; Gressel 2010 ; Gressel & Pessah 2015 , 2022 ; Shi et al.
016 ; Brandenburg 2018 ), 6 In this case, the details of non-linear
 Note that, Gressel & Pessah ( 2015 ) studied the MRI-dynamo within the 
ean-field α − � framework, but also characterized its dynamics in 1D 

ourier space as a function of the vertical wavenumber k z , though in the net 
ertical flux case. 

 

t
p
∼  

h  

t  
ode interactions responsible for the sustenance and dynamics of 
he dynamo mode and the associated large-scale magnetic field 
re packed into α and η tensorial parameters. On the other hand, 
he spectral approach that we use in this section, i.e. analysing
n detail the non-linear energy transfers in Fourier space, provides 
eeper insights into the self-sustenance mechanism of the dynamo 
n stratified discs. 

.2.1 Energy spectra 

he time-averaged magnetic energy spectrum E M 

in the ( k x , k y )-plane
s shown in Fig. 7 at z = 0 and 3.2 (the kinetic energy spectrum E K has
 similar structure and is not shown here). It has a typical anisotropic
tructure in the ( k x , k y )-plane due to the background shear, with
early the same inclination towards the k x -axis at both heights. Such
n anisotropic spectrum is typical of MRI-turbulence and has also 
een observed in spectral analyses of unstratified MRI-turbulence 
Lesur & Longaretti 2011 ; Murphy & Pessah 2015 ; Gogichaishvili
t al. 2017 ; Held & Mamatsashvili 2022 ). With increasing z, the
pectrum becomes more concentrated at smaller wavenumbers, i.e. 
arger-scale modes become dominant o v er smaller-scale ones (see 
lso the 1D spectra in Fig. 11 ). 

This behaviour of E M 

with height is related to different charac-
eristic (correlation) length-scales of the turbulence near the mid- 
lane and in the atmosphere. Near the mid-plane, this length l m 

u A / �0 (Walker et al. 2016 ), which is much less than the scale-
eight, since u A � c s at z = 0 and hence the spectrum extends
o higher wavenumbers ∼1/ l m 

� 1/ H . On the other hand, in the
MNRAS 530, 2232–2250 (2024) 
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M

Figure 8. Spectra of the nonlinear terms go v erning the r adial magnetic field B x : induction-advection terms N 

( h ) 
x (left column) and N 

( z) 
x (middle column) 

together with the vertical transport term N 

( va) 
x due to buoyancy (right column) in the ( k x , k y )-plane. The bottom ro w sho ws these terms at z = 0 (the mid-plane), 

while the top shows the terms at z = 3.2 (the disc atmosphere). The spectra were taken from a simulation run at Pm = 4 and Rm = 18 750 with a resolution of 
128/ H . At the mid-plane (bottom row), the dominant process is the production of the radial field from the toroidal field due to the non-linear transverse cascade, 
which is described by the positive values of N 

( h ) 
x > 0 (yellow/red areas in the left-hand column). The radial field is also produced from the vertical field, which 

is described by the positive values of N 

( z) 
x > 0 (yellow/red areas in the middle column). By contrast, the vertical advection term is ne gativ e, N 

( va) 
x < 0, at small 

wavenumbers (blue areas in the right-hand column), implying removal of large-scale field by v ertical buoyanc y. In the atmosphere (top row), on the other hand, 
the efficiency of the transverse cascade is relatively small and the radial field is mainly produced from the vertical one. 
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uoyancy-dominated atmosphere, the dynamics is mainly governed
y Parker instability, whose characteristic length-scale is set through
he gravitational acceleration g = �2 

0 z, Alfv ́en u A and sound c s 
peeds, (Parker 1967 ; Blaes et al. 2007 ) 

 a ∼ c s (2 c 2 s + u 

2 
A ) 

g( c 2 s + u 

2 
A ) 1 / 2 

∼ c 2 s 

g 
∼ H , (32) 

here it has been assumed that in the atmosphere u A ∼ c s . Therefore,
he energy spectra at z = 3.2 extends to wavenumbers ∼1/ l a much
maller than 1/ l m 

at the mid-plane, since the ratio l a / l m 

∼ c s / u A, z = 0 

1. This means that turbulent structures are of much smaller scale
t the mid-plane than in the atmosphere consistent with the spatial
istributions of the variables in Fig. 3 (see also Blackman & Pessah
009 ). 

.2.2 Spectra of the dynamical terms 

e now turn to the analysis of the spectral dynamics of turbulence
nd consider each magnetic field component separately: 

The dynamics of the radial field B x is go v erned by the non-linear
erms N 

( h ) 
x , N 

( z) 
x , and N 

( va) 
x , which are shown in Fig. 8 in the ( k x ,

 y )-plane both at the disc mid-plane z = 0 and in the atmosphere z =
.2. The radial component plays a central role in the self-sustaining
rocess of MRI-turbulence since at all heights, the energy-carrying
oroidal field can be produced only from the radial field via stretching
y Keplerian shear (see below). At the mid-plane, like the energy
pectra, all the non-linear terms are strongly anisotropic in Fourier
pace due to the Keplerian shear, depending on the polar angle φ =
rcs i n ( k y / ( k 2 x + k 2 y ) 

1 / 2 ) of the horizontal wav ev ector k . The main
NRAS 530, 2232–2250 (2024) 
onsequence of this anisotropy for N 

( h ) 
x is the redistribution of power

 v er wav ev ector orientation ( φ-angle) in the ( k x , k y )-plane – the non-
inear transverse cascade (Mamatsashvili et al. 2014 ; Gogichaishvili
t al. 2017 ; Mamatsashvili et al. 2020 ), which transfers the radial
eld energy, | ̄B x | 2 / 2, from ‘giver’ wavenumbers for which N 

( h ) 
x < 0

blue) to ‘receiver’ wavenumbers for which N 

( h ) 
x > 0 (yellow and

ed), as seen in the left-hand column of Fig. 8 . We refer to this region
n spectral space encompassing small and intermediate wavenumbers
i.e. | k x | � 30, | k y | � 20, at z = 0) where radial field is produced,
s the vital area of the turbulence. Since the toroidal field B y is the
ominant field component, it gives the largest contribution to N 

( h ) 
x 

see equation 24 ), so the role of the non-linear transverse cascade
s in fact to continually replenish and amplify the radial field from
he toroidal one at the ‘receiver’ wavenumbers where N 

( h ) 
x > 0. In

he atmosphere, the vital area in the ( k x , k y )-plane shrinks to smaller
avenumbers and the transverse cascade weakens. 
The radial field is also generated from the vertical field via N 

( z) 
x at

hose wavenumbers where it is positi ve, N 

( z) 
x > 0 (yello w/red areas

n the middle column of Fig. 8 ). At the mid-plane, this process is
ess intensive but still comparable to the transverse cascade, whereas
t dominates the latter in the atmosphere. Ho we ver, the situation is
ifferent for the k = 0 dynamo mode, where N 

( h ) 
x ≈ 0 and hence B̄ x 

s produced solely from B̄ z by positive N 

( z) 
x . On the other hand, the

ertical transport term is negative N 

( va) 
x < 0 in the vital area both at

 = 0 and z = 3.2 (blue areas in the right-hand column), removing
he large-scale radial field due to buoyancy at all z. 

The dynamics of the toroidal field B y is go v erned by the Maxwell
tress M and the non-linear terms N 

( h ) 
y , N 

( z) 
y , N 

( va) 
y . From these

our terms the dominant ones are M and the vertical transport term
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Figure 9. Spectra of the dynamical terms go v erning the toroidal magnetic field B y : Maxwell stress M (left column) and the vertical transport term N 

( va) 
y (right 

column), which are the dominant terms for this field component, in the ( k x , k y )-plane at z = 0 (bottom row) and z = 3.2 (top row ) for the same run as in Fig. 
8 . The positive M (yellow/red) at small wavenumbers ensures amplification of toroidal field energy | B̄ y | 2 / 2. This process at z = 0 is a part of the non-modal 
MRI-growth and extends over a broader range of wavenumbers than at z = 3.2, where it is localized about k = 0 and related to Parker instability. The term 

N 

( va) 
y is ne gativ e at small wav enumbers near the mid-plane and in the atmosphere, thus acting as a sink for the toroidal field, which indicates removal of this 

field component due to buoyancy. 
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7 Note that, a transient growth of non-axisymmetric modes also occurs in 
the opposite case of ne gativ e shear q < 0 due to a non-modal effect 
(Pessah & Chan 2012 ), which although MRI-stable, can be important in 
star-disc boundary layers. 
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( va) 
y which are shown in Fig. 9 . The y e xhibit a similar anisotropy

ue to the shear as do their counterparts for the radial field. In the
ital area, only the Maxwell stress is positive, M > 0 (left-hand
olumn) and hence amplifies (injects) toroidal field energy | ̄B y | 2 / 2
y stretching the radial field due to shear. At the mid-plane, the
mplification of B̄ y is due to the non-modal MRI-growth process 
nd hence spans a much broader range of wavenumbers than in the
tmosphere, where it is related to Parker instability and instead is
oncentrated at the smallest wavenumbers peaking around k = 0. 
n the vital area, N 

( va) 
y < 0 (right-hand column), draining the large-

cale toroidal field energy due to buoyancy (see also Blackman & 

an 2004 ; Blackman & Pessah 2009 ). 
The dynamics of the vertical field B z is go v erned by the non-linear

erms N 

( h ) 
z and N 

( z) 
z , which are shown in Fig. 10 , having a similar

nisotropic structure in the ( k x , k y )-plane due to the shear. In the
ital area, N 

( h ) 
z is positive at intermediate wavenumbers (left-hand 

olumn), and generates the vertical field from the horizontal (mainly 
oroidal) one. This process is, ho we ver, due to two different sources:
on-modal MRI process near the mid-plane at z = 0 (where buoyancy 
s weak) and Parker instability in the atmosphere, where magnetic 
 uoyancy, ha ving N 

2 
m 

< 0, plays a major role (Fig. 6 ). Consequently,
t z = 3.2, the term N 

( h ) 
z operates at wavenumbers comparable to

/ l a , which corresponds to the length-scale of the Parker instability
 a ∼ c 2 s /g as given by equation ( 32 ) abo v e. We estimated this length
o be l a ∼ 0.3 H from the simulations and showed for reference as
 circle of radius 1/ l a ∼ 3 in the map of N 

( h ) 
z in Fig. 10 , which

o v ers the location of the peaks of this term. At k ≈ 0, N 

( h ) 
z = 0,

mplying that there is no production of the large-scale vertical field. 
y contrast, the horizontal advection term is negative N 

( z) 
z < 0 in

he vital area at all z (right-hand column), transferring the vertical
eld energy to larger wavenumbers. 
Finally, the drift terms due to shear q in equations ( 19 )–( 21 ), do

ot produce (inject) energy into the modes, and serve only to balance
he joint action of the dynamical terms in quasi-steady state, so we do
ot show the drift terms here. They cause the radial wavenumber k x 
f non-axisymmetric ( k y �= 0) modes to change in time and cross the
ital area. As a result, the growth of these modes acquires a transient,
r non-modal character (Balbus & Ha wle y 1992 ; Mamatsashvili et al.
013 ; Squire & Bhattacharjee 2014 ). 7 

.3 Summary of dynamo self-sustenance mechanisms at 
ifferent heights 

e now summarize the self-sustenance processes of the turbulence 
nd dynamo at different vertical locations in the disc (at the mid-
lane, z = 0 and in the atmosphere, z = 3.2). Let us briefly remind
he reader of our key diagnostics: we have Fourier transformed the
nduction equation, and so obtained various terms go v erning the
volution of each spectral magnetic energy component (see equations 
9 –21 ). By plotting the 2D spectra of these dynamical terms at the
MNRAS 530, 2232–2250 (2024) 
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M

Figure 10. Spectra of the dynamical terms for the vertical magnetic field B z : induction term N 

( h ) 
z (left-hand column) and the horizontal advection term N 

( z) 
z 

(right-hand column) in the ( k x , k y )-plane at z = 0 (bottom row) and z = 3.2 (top row) for the same simulation as in Fig. 8 . At small wavenumbers, the vertical 

field is produced from the horizontal (i.e. toroidal) field due to Parker instability at those wavenumbers where N 

( h ) 
z > 0 (yellow/red). These wavenumbers are 

comparable to the characteristic wavenumber of the Parker instability, 1/ l a ∼ 3 (see the text), as shown by a circle with this radius for reference (top-left-hand 
panel). By contrast, the advection term N 

( z) 
z < 0, acts as a sink (blue regions). 
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8 The growth of perturbations due to MRI during some finite time interval 
is also known as the non-modal MRI (Squire & Bhattacharjee 2014 ; 
Gogichaishvili et al. 2017 ). 
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isc mid-plane and in atmosphere, we can construct a picture of
he key processes sustaining each field component (and thus, the
ynamo and turbulence) in different parts of the disc, which we
escribe below. 

.3.1 Dynamical processes in the bulk of the disc. 

he dynamical balances sustaining the turbulence near the mid-plane
 z = 0) primarily involve the radial and toroidal field components,
ince these two carry the most energy (see bottom panel in Fig. 4 ). In
his case, a kind of anisotropic inverse cascade induced by the shear –
ore accurately known as a non-linear transverse cascade – plays a

ey role, seeding the radial field B̄ x from the toroidal field B̄ y at small
o intermediate wavenumbers (i.e. | k x | � 30, | k y | � 20, at z = 0).
his process is characterized by the nonlinear term N 

( h ) 
x in the radial

eld equation ( 19 ), which is anisotropic in the ( k x , k y )-plane due
o shear, and which e xhibits re gions of ‘giv er’ wav enumbers where
 

( h ) 
x < 0 (blue regions in left-hand column of Fig. 8 ) and ‘receiver’
avenumbers where N 

( h ) 
x > 0 (yellow and red regions). Physically,

his results in a transfer of radial field energy ( | ̄B x | 2 / 2) o v er angles
i.e. transversely) across the ( k x , k y )-plane, from a select set of larger
‘giv er’) wav enumbers to another set of smaller (‘receiv er’) ones.
hus, the non-linear transverse cascade replenishes the radial field
t those wavenumbers where N 

( h ) 
x > 0. 

At small wavenumbers, the radial field is also amplified through
nduction from the vertical field, since the non-linear term responsible
or this process is positive, N 

( z) 
x > 0 (see middle column of Fig.

 ). The ‘receiver’ modes then drift along the k x -axis through the
njection area, that is, the region in Fourier space where the Maxwell
NRAS 530, 2232–2250 (2024) 
tress is positive ( M > 0) and hence injects magnetic energy into
erturbations (see left-hand column of Fig. 9 ). In this case, the energy
njection is mainly due to MRI, resulting in the amplification of
he toroidal field energy, | ̄B y | 2 / 2, during the time that the modes
rift across the injection area. 8 This amplified toroidal field, which
rovides the dominant contribution to N 

( h ) 
x (see equation 24 ), in

urn produces the radial field via the transverse cascade process, as
 xplained abo v e, thereby closing the main self-sustenance c ycle. (All
he other non-linear terms in the toroidal field energy equation (equa-
ion 20 ) are ne gativ e at small and intermediate wavenumbers, where

ost of the energy resides, as seen in Fig. 9 , and thus, act as sinks
pposing the self-sustenance.) This self-sustaining scheme at the
id-plane (where buoyancy is unimportant) is similar to that found

n our unstratified studies Mamatsashvili et al. ( 2020 ) and Held &
amatsashvili ( 2022 ). 

.3.2 Dynamical processes in the disc atmosphere. 

n the disc atmosphere ( | z| � 2), the shear-modified Parker instability
Foglizzo & Tagger 1995 ; Johansen & Levin 2008 ) dominates
 v er the MRI, as seen in Fig. 6 showing the increasingly ne gativ e
agnetic buoyancy (squared), N 

2 
m 

< 0, and hence more intensive
arker instability with increasing z. Unlike at the mid-plane where

he toroidal and radial fields dominate, in the atmosphere, it is the
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oroidal and vertical field components that carry the most energy, and 
ence, play the main role in the self-sustenance of the dynamo. The
adial field is smaller, though still important (Fig. 4 ). In Fig. 8 , we
how that at z = 3.2, the dominant process producing the radial
eld is induction from the vertical field described by N 

( z) 
x > 0,

hile the transverse cascade is subdominant. This radial field is 
ubsequently stretched out by the Keplerian shear and thus produces 
nd amplifies the toroidal field via the positive Maxwell stress 

 > 0 (Fig. 9 ). Finally, the toroidal field generates the vertical
eld for non-axisymmetric modes due to Parker instability (mediated 
y the positive non-linear term N 

( h ) 
z > 0 in the vital area, see Fig.

0 ), thereby closing the self-sustenance cycle in the atmosphere. 
ote that, despite the significance of the Parker instability in the 

tmosphere, the role of shear is still important, as it maintains the
ominant toroidal field (which then becomes Parker-unstable) from 

he radial one. 
Thus, we have identified two distinct but co-existing self- 

ustaining processes for the dynamo in vertically stratified discs. 
he first process operates primarily in the bulk of the disc ( | z|
 2 H ), and is based on the interplay between the non-modal
RI, which amplifies the toroidal field B y from the radial field 
 x , and the non-linear transverse cascade, which provides positive 

eedback, producing radial field from toroidal field. The second 
rocess operates in the disc atmosphere ( | z| � 2 H ), and is based on
he interplay between Parker instability (which produces vertical field 
 z from toroidal field B y ), non-linear transfers (which generate radial 
eld B x from the vertical field), and Keplerian shear (which stretches

he radial field into the toroidal field). The self-sustaining process 
ear the mid-plane extends over a much wider range of length-scales 
han self-sustaining process in the atmosphere: the latter process 
s localized to large scales (comparable to the size of the system).
his picture is consistent with one of the first disc dynamo models
roposed by Tout & Pringle ( 1992 ) based on the interplay between
RI and Parker instability (see also Blackman & Tan 2004 ; Gressel

010 ). Ho we v er, a ke y difference between our model and theirs is that
ere these two instabilities determine the dynamo action at different 
eights: the MRI dynamo dominates near the mid-plane, whereas the 
hear-modified Parker instability dominates in the atmosphere. 

.4 Dependence of the results on Pm 

aving outlined the turbulence sustenance mechanisms at different 
eights in the disc, let us now analyse how the dynamical terms
nderlying these mechanisms vary with magnetic Prandtl number 
m, both at the mid-plane and in the atmosphere. To capture the
ynamics in the two regions of interest in the regime of large
m (Fig. 1 ), we focus on Pm = 4 (start of the power-law scaling
egion) and Pm = 90 (plateau region). The Pm-dependence of MRI-
urbulence and clarification of its physical nature in unstratified disc 

odels were first elucidated in Mamatsashvili et al. ( 2020 ) and
eld & Mamatsashvili ( 2022 ). Here, we generalize these studies

o the vertically stratified case. For comparison, we compute 1D 

ing-averaged spectra of the energies and the dynamical terms, i.e. 
 2 π
0 ( .. ) kd φ, as a function of the horizontal wavenumber magnitude
 = ( k 2 x + k 2 y ) 

1 / 2 , both at the mid-plane ( z = 0) and in the atmosphere
 z = 3.2). 

.4.1 Energy spectra 

ig. 11 shows the ring-averaged kinetic and magnetic energy spectra 
compensated by k ) at Pm = 4 and 90. These spectra do not have
 clear power-law form because of the strong anisotropy in the ( k x ,
 y )-plane (Fig. 7 ), as also pointed out in Murphy & Pessah ( 2015 ). On
 promising note, we do find pretty clear peaks in all the spectra (for
he kinetic energy spectrum at Pm = 90, the peaks are shallow,
ut still visible), both at the mid-plane and in the atmosphere,
hereas Nauman & Blackman ( 2014 ) did not find such peaks in

heir vertically stratified ZNF simulations (they employed the same 
ox size as we ha ve, b ut much lower resolution). This led them to
onclude that they were not capturing the outer scale of the turbulence
n the atmosphere, whereas it follows from the energy spectra in Fig.
 that our box does encompass the outer scale (see below) in the
tmosphere. 

The ring-averaged kinetic energy spectra (blue curves) increase 
ith increasing Pm at lower k (large scales) both at the mid-plane

nd in the atmosphere, that is, the velocity of large-scale modes
ncreases. The spectra reach peaks at k m, d = 11 at the mid-plane and
 m, a = 6.4 in the atmosphere for Pm = 4, which mo v e to smaller
 m, d = 3.1 and k m, a = 4.7, respectively, for Pm = 90 (here, the
ubscript m stands for ‘maximum’, and ‘d’ and ‘a’ denote mid-plane
nd atmosphere, respectively). After the peak, the kinetic energy 
ecreases with k more gently at Pm = 90 than at Pm = 4. Thus, the
ffect of increasing Pm is to ‘stretch out’ the kinetic energy spectrum
MNRAS 530, 2232–2250 (2024) 
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M

Figure 12. Ring-averaged spectra of the dynamical terms N 

( h ) 
x , N 

( z) 
x , and N 

( va) 
x (left-hand column), M and N 

( va) 
y (middle column) and N 

( h ) 
z and N 

( z) 
z 

(right-hand column) at Pm = 4 (solid lines) and 90 (dash–dot lines) at the mid-plane z = 0 (bottom row), and in the atmosphere z = 3.2 (top row), for Rm = 

18 750, at a resolution of 128/ H . With increasing Pm, all these terms generally increase in magnitude more significantly at the mid-plane than in the atmosphere. 
At the mid-plane, they shift to smaller k , whereas in the atmosphere, they retain their shape (peaks) as a function of k . The main non-linear terms N 

( h ) 
x and N 

( h ) 
z 

sustaining the turbulence at z = 0 and z = 3.2, respectiv ely, e xhibit a similar trend: they become increasingly negative at 20 � k � 50 as Pm increases from 4 to 
90, indicating a decrease in the direct cascade, i.e. a decrease in the transfer of energy to higher k and hence loss by resistive dissipation, and this in turn results 
in an o v erall increase in the turbulence level with Pm. 
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y extending the viscous range to smaller k : the viscous cut-off
avenumber k ν ∼ √ 

Re (Guilet et al. 2022 ; Held & Mamatsashvili
022 ) has shifted from k ν ∼ 68 at Pm = 4 (Re = 4687) to the left
 ν ∼ 14 at larger Pm = 90 (Re = 208). As a result, the drop in the
inetic energy at intermediate wavenumbers is sharper at Pm = 90
han at Pm = 4. 

The ring-averaged magnetic energy spectra (red curves), on the
ther hand, increase at all k as Pm increases, ho we v er, the y do so
ifferently at the mid-plane and in the atmosphere. At the mid-plane,
maller k (larger scales) gain more power than higher k (smaller
cales), so that the spectral peak shifts to lower k with increasing Pm.
n the other hand, in the atmosphere, the spectrum retains its shape

i.e. does not shift in k ) as Pm rises from 4 to 90 and mainly increases
nly in magnitude by about the same factor (of around 3.3) at all k .
t Rm = 18750 used here, the resistive k η ∼ √ 

Rm = 137 (Held &
amatsashvili 2022 ) is larger than the viscous k ν . 

.4.2 Spectra of the dynamical terms 

e xt, we e xamine the 1D ring-av eraged dynamical terms and their
ependence on Pm, which are plotted in Fig. 12 at Pm = 4 and
m = 90 both at the mid-plane and in the atmosphere. It is seen

n this figure that, like the energies, the dynamical terms generally
ncrease in magnitude several times with increasing Pm (compare
olid and dash–dot lines for Pm = 4 and Pm = 90, respectively),
o we ver, their behaviour with Pm differs at the mid-plane and in the 
tmosphere. 

Dynamics at the mid-plane of the disc. At the mid-plane z = 0,
he ring-averaged spectra of the dynamical terms shift to smaller k as
NRAS 530, 2232–2250 (2024) 
m is increased (bottom row of Fig. 12 ), exhibiting a similar trend
ound in our unstratified simulations (Mamatsashvili et al. 2020 ;
eld & Mamatsashvili 2022 ). In those studies, we interpreted this

s a competition between the transverse and direct cascades. As
iscussed abo v e, the central term in the sustaining dynamics near the
id-plane is N 

( h ) 
x whose anisotropy, or angular dependence in the ( k x ,

 y )-plane describes the regeneration of the radial field due to the non-
inear transverse cascade (Fig. 8 ). On the other hand, the ring-average
f N 

( h ) 
x (blue lines in the bottom-left panel of Fig. 12 ), which involves

nte gration o v er azimuthal angle, describes the action of the direct
ascade along wavenumber k – transfer of the radial field energy
rom the vital area to large wavenumbers where it is dissipated. As
m increases, the latter quantity, which is positive at Pm = 4 at all
 , decreases and becomes negative at the higher wavenumbers k �
0 at Pm = 90. This indicates that at higher Pm, the efficiency of
he direct cascade decreases: higher- k modes gain less power, while
maller- k ones gain more power, resulting in less resistive dissipation.
hus, the production of B x by the transverse cascade in the vital area
re v ails o v er loss due to the direct cascade, and the turbulent radial
eld increases with Pm. The ring-averages of N 

( z) 
x (red curves) and

 

( va) 
x (black curves) also increase and shift to lower k with increasing

m. 
The radial field in turn generates the toroidal field via the Maxwell

tress, and the toroidal field generates the vertical field. As a result, the
ependence on Pm of the ring-averages of the main dynamical terms
o v erning these components – the corresponding dri ver (positi ve) M
nd N 

( h ) 
z as well as sink (ne gativ e) N 

( va) 
y and N 

( z) 
z – actually stems

rom the dynamics of the radial field, simultaneously increasing in
agnitude and shifting to lower k with increasing Pm, as seen in
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ig. 12 , but without changing sign, unlike N 

( h ) 
x . 9 Note also that, at

m = 90, N 

( va) 
y and N 

( z) 
z , attain values that are a significant fraction

f M and N 

( h ) 
z , respectively, so the physics these terms represent

eems to play a more important role in the dynamics at large Pm. 
Dynamical terms in the atmosphere of the disc. In contrast to 

he mid-plane, in the atmosphere at z = 3.2, the 1D spectra of the
ynamical terms do not shift in k , and retain their shapes (peaks)
s a function of k as Pm increases (top row of Fig. 12 ). This is
ecause these 1D spectra are tied to the characteristic horizontal 
ength-scale of the Parker instability, l a ∼ c 2 s /g (equation 32 ), which
s independent of Pm, and therefore they are concentrated around the 
orresponding wavenumber 1/ l a ∼ 3, as we have also seen abo v e in
he 2D spectral plots at z = 3.2 in Fig. 10 . 

As Pm is increased, the 1D spectra of the dynamical terms in the
tmosphere only increase in magnitude by about the same factors 
ndependent of k (at least at lower and intermediate k ), which is
ess than that observed near the mid-plane (bottom row of Fig. 12 ).
herefore, the dependence of the dynamics on Pm is weaker in 

he atmosphere than in the bulk of the disc, consistent with the
caling laws found in these respective regions in Section 3.1.1 . This
an be explained by the reduced gain of magnetic energy at high
 (small scales) as Pm increases. Indeed, the ring-average of N 

( h ) 
z ,

hich is the central term supplying the vertical magnetic field in the
tmosphere (which in turn, produces the radial, and through shear, 
he toroidal fields), increases at lower k and simultaneously becomes 

ore ne gativ e at intermediate 20 � k � 50 as Pm rises from 4 to 90,
hereas the sink term N 

( z) 
z does not change much at these k . This

mplies that energy transfer from small to large k decreases with Pm,
esulting in an increase in turbulent intensity. 

 C O N C L U S I O N S  

e have carried out 3D shearing box simulations of MRI-driven 
urbulence and dynamo (zero-net-flux MRI) in the regime of large 

agnetic Prandtl numbers (Pm ≡ Rm/Re, equi v alently, the ratio of
iscosity to resistivity), a regime thought to be relevant to discs from
inary neutron star and black-hole neutron star mergers, the inner 
egions of X-ray binaries and AGN, and the interiors of protoneutron 
tars. Our key aim was to investigate the self-sustenance mechanism 

f the turbulence and dynamo in the large Pm regime, in both physical 
nd Fourier space, the latter by means of spectral analysis of the
nduction equation. A new addition here is that we have included 
ertical stratification of the disc, thus building on our previous work 
eld & Mamatsashvili ( 2022 ) on unstratified discs 
We carried out six high resolution simulations (128 cells per scale- 

eight H ) in boxes of size [ L x , L y , L z ] = [4, 4, 8] H between Pm =
 and Pm = 90 at a fixed magnetic Reynolds number of Rm =
8 750. 10 A key result is that at intermediate values of Pm (4 � Pm
 32), turbulent transport of angular momentum, as parametrized 

y the stress-to-thermal pressure ratio α, exhibits power-law scaling 
ithin the bulk of the disc ( | z| � 2 H ), with α ∼ Pm 

δ and δ ∼ 0.71, in
xcellent agreement with the results of our unstratified simulations. 
t very large values of Pm, we observe the onset of a plateau in which

urbulence depends only weakly (or not at all) on the magnetic Prandtl 
 The other sink terms for the toroidal field, N 

( h ) 
y and N 

( z) 
y , behave with Pm 

imilarly to how N 

( va) 
y behaves, so we do not show their ring-averages in the 

iddle column of Fig. 12 to a v oid o v ercrowding the plots. 
0 In section 4.5 of Held & Mamatsashvili ( 2022 ), we also investigated (i) 
ncreasing Pm by increasing Rm and keeping Re fixed, and (ii) keeping Pm 

onstant and simultaneously increasing both Re and Rm. 

t
a
o

A

S
a

umber, again in agreement with our unstratified simulations. We 
ave checked that the results depend neither on the vertical boundary
onditions, nor on the vertical box size (for L z � 8 H ). 

A new result is that the scaling of turbulent transport with Pm
s height-dependent, and becomes noticeably weaker as one mo v es
way from the disc mid-plane and into the atmosphere of the disc ( | z|
 2 H ). In agreement with previous work (Blaes et al. 2007 ; Davis

t al. 2010 ; Shi et al. 2010 ; Nauman & Blackman 2014 ), we find that
he addition of vertical stratification results in different dynamical 
rocesses dominating at different heights. Broadly speaking, the bulk 
f the disc is dominated by small-scale MRI turbulence, while in the
isc atmosphere, we find the emergence of a large-scale vertical 
agnetic field and evidence of Parker instability. These dynamics in 

he disc atmosphere could drive strong outflows/winds and support 
agnetized atmospheres/coronae, both of which have been observed 

n many disc systems (see e.g. Keek & Ballantyne 2016 ; Gallo et al.
019 ; Kang & Wang 2022 ; Masterson et al. 2022 ; Zhang et al.
023 for AGN discs and a recent re vie w by Pascucci et al. 2023 for
rotoplanetary discs). 
To understand the interplay between these two processes – MRI 

nd Parker instability – as well as their dependence on height and
m, we have carried out a detailed spectral analysis of the non-linear

erms go v erning the evolution of each magnetic field component. Our
nalysis shows that, at the mid-plane, the dynamo behaves similarly 
o what we found in the absence of stratification: it primarily involves
he interplay of radial and toroidal magnetic fields, with the toroidal

agnetic field being generated mostly from shearing out of radial 
eld, while radial field is reseeded primarily by means of a non-linear

ransverse cascade that serves to transfer energy from intermediate 
cales back to large-scales anisotropically in Fourier space. This 
ransverse cascade becomes increasingly efficient at reseeding radial 
agnetic field as Pm is increased. 
In the disc atmosphere, on the other hand, the dynamo primarily

nvolves the interplay of toroidal and vertical magnetic field com- 
onents, and the dependence on Pm is weaker. The radial field is
enerated primarily from vertical field due to vertical gradients in 
he (perturbed) velocity. This field is then sheared out to produce
oroidal field, and vertical field is generated primarily from toroidal 
eld by means of magnetic buoyancy due to the Parker instability,

hus closing the loop. This process is reminiscent of, though not
ntirely the same as, the idea put forward by Tout & Pringle ( 1992 )
hich involved the interplay between MRI and Parker instability, 

hough our analysis shows that, while both instabilities play a role in
he dynamo, they dominate in different parts of the disc. 

By taking into account the effects of buoyancy and vertical 
tratification in this work (the second in a series of papers on the

RI in the regime of large magnetic Prandtl number), we have
o v ed one step closer to modelling the conditions under which

he MRI occurs in certain types of astrophysical objects, such as
iscs from binary neutron star mergers and proto-neutron stars. We 
ave shown the turbulent transport is very sensitive to magnetic 
randtl number, at least at intermediate values of Pm, which could
ender the flow thermally unstable (Balbus & Henri 2008 ; Potter &
albus 2017 ; Kawanaka & Masada 2019 ). Thus, future work should

ake into account the effects of thermodynamics, neutrino cooling, 
nd temperature and and density-dependent diffusion coefficients, in 
rder to probe the thermal stability of discs in the large-Pm regime. 

C K N OW L E D G E M E N T S  

imulations were run on the Sakura, Cobra, and Raven clusters 
t the Max Planck Computing and Data Facility (MPCDF) in 
MNRAS 530, 2232–2250 (2024) 
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PPEN D IX  A :  EFFECT  O F  V E RT I C A L  

O U N D  A R  Y  C O N D I T I O N S  A N D  V E RT I C A L  

OX  SIZE  

1 Effect of vertical boundary conditions 

n this section, we investigate the effect of different vertical boundary 
onditions (zBCs) for the magnetic field on the results. All simula-
ions were run at Pm = 4 at a resolution of 32 cells per scale-height
 in a box of size [ L x , L y , L z ] = [4, 4, 8] H for 400 orbits. As

n our fiducial simulations, we employ a mass source term (see 
ection 2.3.5 ). All three simulations employed outflow boundary 
onditions on the velocity field in the vertical direction (the same 
Cs used in the simulations presented in the main text, i.e. d v x /d z =
, d v y /d z = 0, d v z /d z = 0). For the magnetic field, we tested three
ifferent vertical boundary conditions: 
(i) pseudo-vacuum (also known as vertical-field ): B x = 0, B y = 0,

 B z /d z = 0. See, for example, Riols & Latter ( 2018 ). 
(ii) outflow : d B x /d z = 0, d B y /d z = 0, d B z /d z = 0. See, for example,

imon et al. ( 2011 ); Ryan et al. ( 2017 ). 
(iii) perfect conductor : d B x /d z = 0, d B y /d z = 0, B z = 0. See, for

xample, K ̈apyl ̈a, Korpi & Brandenburg ( 2010 ). 
In Fig. A1 , we plot time-series of the v olume-a veraged magnetic

nergy density from the three simulations. The time-series after 
rbit 100 are very similar in all three cases, indicating that the
ertical boundary conditions do not affect bulk of the disc. Time- 
veraged values (from orbit 125 to orbit 400) are given in Table B3
n Appendix B . The mass loss o v er 400 orbits is very similar in all
hree cases, and amounts to around 0.3 per cent of the total initial

ass in the box per orbit. Finally, we observe little difference in

igure A1. Time-series of v olume-a veraged magnetic energy density from
hree simulations with different vertical boundary conditions (BCs): (i) 
seudo-v acuum BCs (yello w), (ii) outflo w BCs (blue), and (iii) perfect
onductor BCs (red). For definitions see the text. All simulations were run
n boxes of size [ L x , L y , L z ] = [4, 4, 8] H at a resolution of 32 cells per
cale-height H , and at fixed magnetic Prandtl number of Pm = 4. 
igure A2. Time-series of v olume-a veraged magnetic energy density from
wo simulations in boxes of different height: (i) L z = 8 H (black), and (ii)
 z = 10 H (yellow). Both simulations were run at a resolution of 128 cells
er scale-height H at fixed magnetic Prandtl number Pm = 4, and employ
utflow boundary conditions on the magnetic field in the vertical direction. 

he vertical profiles of plasma beta, Maxwell stress, and root-mean 
quare magnetic field components, and in all three cases the disc
s marginally stable to Parker stability for z � 1.8 H , and unstable
utside this region. We conclude that, for the box size we have chosen
or most of our simulations ([ L x , L y , L z ] = [4, 4, 8] H ), the vertical
oundary conditions on the magnetic field (pseudo-v acuum, outflo w, 
nd perfect conductor) do not significantly impact the result in the
ulk of the disc ( | z| � 2 H ), nor that in the disc atmosphere ( z| � 2 H ).

2 Effect of vertical box size 

e investigate the effect of changing the vertical box size by
onsidering two high resolution simulations (128 cells per H ) at
xed Pm = 4. One simulation is in a box of vertical size L z = 8 H
hile the other is in a taller box of size L z = 10 H . The simulations are
therwise identical. We employ pseudo-vacuum boundary conditions 
see Appendix A1 abo v e) on the magnetic field at the vertical
oundaries. 
Fig. A2 shows the time-series of magnetic energy from the two

imulations. We find very little difference between the time-series of 
agnetic energy (and other diagnostics, such as stress) between these 

wo runs. The mass lost per orbit is about an order of magnitude less
n shorter box: 0.03 per cent of the initial mass in the box is lost (and
dded back in) per orbit in this run. The vertical disc structure differs
t about the 10 per cent level (stress and magnetic energy being
lightly larger in the taller box), likely on account of the smaller
ass and magnetic flux loss rate in the taller box, but the profiles are

ualitatively similar. 
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Table B1. Magnetic Prandtl number comparison : vertically stratified isothermal zero-net-magnetic-flux (ZNF) shearing box MHD simulations at various 
magnetic Prandtl numbers, Pm. All simulations were carried out in a box of size [ L x , L y , L z ] = [4, 4, 8] H , a resolution of 128 cells per scale-height H , and 
with a shear parameter of q = 1.5 (Keplerian shear). Here, Rm denotes the magnetic Reynolds number (which we fix at Rm = 18 750 in all runs), Pm the 
magnetic Prandtl number, and Re ≡ Rm/Pm the Reynolds number (Re has been rounded down to the nearest whole number in the table). Other columns: 
〈〈 E mag 〉〉 , 〈〈 α〉〉 , 〈〈 M xy 〉〉 , 〈〈 R xy 〉〉 , and R denote the time- and v olume-a veraged magnetic energy density, alpha (i.e. stress normalized by volume-avera g ed 
pressure), Maxwell stress, and Reynolds stress, respectively . Finally , R ≡ 〈〈 M xy 〉〉 / 〈〈 R xy 〉〉 . All simulations were run for 200 orbits (1257 �−1 ). Time-averages 
were taken from orbit 100 to orbit 200. Volume-averages have been taken over the entire domain. 

Run Box size Resolution Rm Re Pm 〈〈 E mag 〉〉 〈〈 α〉〉 〈〈 M xy 〉〉 〈〈 R xy 〉〉 R 

VSTRMRIPm4Res128Re4687 [4,4,8] 128/ H 18750 4687 4 0.009 834 0.016 326 0.004 265 0.000 850 5.019 552 
VSTRMRIPm8Res128Re2344 [4,4,8] 128/ H 18750 2344 8 0.016 211 0.026 406 0.006 990 0.001 282 5.450 631 
VSTRMRIPm16Res128Re1172 [4,4,8] 128/ H 18750 1172 16 0.026 001 0.041 619 0.011 144 0.001 895 5.880 631 
VSTRMRIPm32Res128Re586 [4,4,8] 128/ H 18750 586 32 0.038 039 0.058 550 0.015 880 0.002 464 6.445 064 
VSTRMRIPm64Res128Re293 [4,4,8] 128/ H 18750 293 64 0.053 972 0.078 632 0.021 629 0.003 007 7.192 255 
VSTRMRIPm90Res128Re208 [4,4,8] 128/ H 18750 208 90 0.061 722 0.085 051 0.023 609 0.003 038 7.770 238 

Table B2. Box size and resolution comparison : all simulations carried out at a fixed magnetic Prandtl number Pm = 4, Reynolds number Re = 4687, and 
magnetic Reynolds number Rm = 18750. Here, [ L x , L y , L z ] denotes the size of the box (in units of initial mid-plane scale-height H ) in the x -, y -, and 
z-directions, respectively. All other quantities are the same as in Table B1 . Time-averages were taken from orbit 100 to orbit 200. [Note that, simulation 
VSTRMRIPm4Res128Re4687 (Table B1 ) and VSTRMRIPm4Res128Re4687H4 (below) are the same simulation.]. 

Run Box size Resolution Rm Re Pm 〈〈 E mag 〉〉 〈〈 α〉〉 〈〈 M xy 〉〉 〈〈 R xy 〉〉 R 

VSTRMRIPm4Res32Re4687H3 [4,4,6] 32/H 18 750 4687 4 0.006 907 0.007 326 0.002 506 0.000 546 4.592 398 
VSTRMRIPm4Res32Re4687H4 [4,4,8] 32/H 18 750 4687 4 0.008 700 0.012 611 0.003 230 0.000 721 4.476 833 
VSTRMRIPm4Res32Re4687H5 [4,4,10] 32/H 18 750 4687 4 0.008 746 0.015 146 0.003 010 0.000 697 4.450 142 
VSTRMRIPm4Res64Re4687H4 [4,4,8] 64/H 18 750 4687 4 0.010 512 0.016 942 0.004 365 0.000 943 4.630 342 
VSTRMRIPm4Res128Re4687H4 [4,4,8] 128/H 18 750 4687 4 0.009 834 0.016 326 0.004 265 0.000 850 5.019 552 
VSTRMRIPm4Res128Re4687H5 [4,4,10] 128/H 18 750 4687 4 0.010 380 0.020 174 0.004 220 0.000 837 5.043 951 

Table B3. Vertical boundary condition comparison : all simulations carried out at fixed magnetic Prandtl number Pm = 4, Reynolds number Re = 4687, and 
magnetic Reynolds number Rm = 18 750 in boxes of size [ L x , L y , L z ] = [4, 4, 8] H . In the first column, ‘VF’ refers to vertical field boundary conditions (also 
kno wn as ‘pseudo-v acuum boundary conditions’), ‘OF’ refers to outflow BCs, and ‘PC’ refers to perfect conductor BCs (see Appendix A1 for definitions. All 
other quantities are the same as in Table B1 . All simulations were run for 400 orbits (2514 �−1 ). Time-averages were taken from orbit 125 to orbit 400. 

Run Box size Resolution Rm Re Pm 〈〈 E mag 〉〉 〈〈 α〉〉 〈〈 M xy 〉〉 〈〈 R xy 〉〉 R 

VSTRMRIPm4Res32Re4687H4 VF [4,4,8] 32/H 18 750 4687 4 0.009 206 0.013 370 0.003 424 0.000 765 4.474 018 
VSTRMRIPm4Res32Re4687H4 OF [4,4,8] 32/H 18 750 4687 4 0.009 026 0.013 049 0.003 341 0.000 747 4.474 206 
VSTRMRIPm4Res32Re4687H4 PC [4,4,8] 32/H 18 750 4687 4 0.009 636 0.014 034 0.003 582 0.000 808 4.430 520 
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