
Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 55 (2022) 443016 (47pp) https://doi.org/10.1088/1751-8121/ac845c

Topical Review

Chapter 15: The multi-Regge limit

Vittorio Del Duca1,2,4 and Lance J Dixon3

1 Institute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland
2 Physik-Institut, Universität Zürich, 8057 Zürich, Switzerland
3 SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309,
United States of America

E-mail: delducav@itp.phys.ethz.ch and lance@slac.stanford.edu

Received 28 April 2022, revised 12 July 2022
Accepted for publication 26 July 2022
Published 30 November 2022

Abstract
We review the Regge and multi-Regge limit of scattering amplitudes in gauge
theory, focusing on QCD and its maximally supersymmetric cousin, planar
N = 4 super-Yang–Mills theory. We identify the large logarithms that are
developed in these limits, and the progress that has been made in resumming
them, towards next-to-next-to-leading logarithms for BFKL evolution in QCD,
as well as all-orders proposals in planar N = 4 super-Yang–Mills theory and
the perturbative checks of those proposals. We also cover the application of
single-valued multiple polylogarithms to this important kinematical limit of
particle scattering.
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1. Introduction

The Regge limit [1] of 2 → 2 scattering amplitudes is defined as the limit in which the squared
center-of-mass energy s is much larger than the momentum transfer t. In the Regge limit,
amplitudes are dominated by the exchange in the t channel of the particle of highest spin.
In non-abelian gauge theory, that particle is the gluon, or more generally, the vector boson
carrying an SU(Nc) Yang–Mills interaction. The analysis of the Regge limit in scattering pro-
cesses in quantum field theories dates back over half a century. It has centered around two
concepts: the Reggeization of a particle [2–6], understood as the exponentiated sα(t) behavior
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Figure 1. (a) The red blob along the gluon ladder represents the central-emission vertex
within the tree-level five-gluon amplitude. (b) The pierced green blob represents the one-
loop gluon Regge trajectory within the one-loop four-gluon amplitude. Momentum in
the s channel flows horizontally, and in the t channel vertically.

of the radiative corrections to the 2 → 2 amplitude when s � |t|, which is entirely due to the
particle exchanged in the t channel, where α(t) is called the Regge trajectory of that particle;
and the exchange of a pomeron, i.e. the behavior of cut forward scattering amplitudes under
color-singlet exchange in the t channel [7–10].

In gauge theories, those early studies reached a milestone with the seminal work of Balit-
sky, Fadin, Kuraev and Lipatov (BFKL), who established Reggeization of the gluon in 2 → 2
scattering [11]; analyzed the behavior of multi-loop multi-leg amplitudes in the multi-Regge
limit, in which the produced particles are strongly ordered in rapidity [12–14]; and resummed
the leading logarithmic (LL) radiative corrections, of O((αS ln(s/|t|))n), through the BFKL
equation [14, 15]. The BFKL equation describes the behavior of the multi-leg amplitude,
squared and integrated over all the allowed final states, which through the optical theorem
is equivalent to the s-channel cut forward amplitude. In particular, at t = 0 the optical theorem
relates the square of a multi-leg amplitude with single Reggeized-gluon ladder exchange to the
imaginary part of the 2 → 2 amplitude with the exchange of a ladder of two Reggeized gluons
in a color singlet in the t channel; the latter is referred to as exchange of the (perturbative)
pomeron at t = 0.

The BFKL equation is an integral equation with an iterative structure. Its kernel is derived
by singling out the emission of a gluon along the gluon ladder, figure 1(a). The infrared diver-
gences of the kernel, which result from integrating the gluon momentum over its phase space,
are regulated by the infrared structure of the one-loop gluon Regge trajectory, figure 1(b). It is
possible to extend the BFKL equation to next-to-leading logarithmic (NLL) accuracy [16–19],
i.e. to resum the radiative corrections of O(αS(αS ln(s/|t|))n), by considering the radiative cor-
rections to the leading-order kernel. These corrections involve the emission of two gluons, or a
qq̄ pair, close in rapidity along the gluon ladder [20–24], figure 2(a), and the one-loop correc-
tions to the emission of a gluon along the ladder [25–29], figure 2(b). The infrared divergences
of the next-to-leading-order (NLO) kernel, which result from integrating the momenta of the
partons emitted along the gluon ladder over their phase space, are regulated by the infrared
structure of the two-loop gluon Regge trajectory, figure 2(c).

Underpinning the BFKL equation at NLL accuracy is the fact that gluon Reggeization holds
at that accuracy [30, 31]. Gluon Reggeization breaks down beyond NLL accuracy, because
at next-to-next-to-leading logarithmic (NNLL) accuracy three-Reggeized-gluon exchanges
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Figure 2. (a) The red blob along the gluon ladder represents the two-gluon central-
emission vertex within the tree six-gluon amplitude. (b) The pierced red blob represents
the one-loop central-emission vertex within the one-loop five-gluon amplitude. (c) The
twice pierced green blob represents the two-loop gluon Regge trajectory within the
two-loop four-gluon amplitude.

appear [32–42]. The issue of whether a single-Reggeized-gluon exchange can be isolated and
iterated through a BFKL kernel at NNLL accuracy remains to be understood; see section 2.9.

In the last decade, the study of the multi-Regge limit has deepened after the realization that
it is a powerful kinematic constraint for amplitudes in QCD [41, 43, 44] and in the maximally
supersymmetric gauge theory, N = 4 super-Yang–Mills theory (SYM) [45–53], and that in
the Regge limit amplitudes in planar N = 4 SYM [54–57], and amplitudes [58] and cross
sections [59, 60] in QCD are endowed with a rich mathematical structure. Although we will
not be able to cover them adequately in this review, effective field theory methods have been
brought to bear on the Regge limit, including the role of Glauber gluons and quarks [61, 62];
they promise to lead to further progress on the systematic understanding of this limit in the
future.

The multi-Regge limit has been studied extensively in N = 4 SYM, particularly in the
limit of a large number of colors, Nc →∞, where planar Feynman diagrams dominate. In this
introduction, we provide a review of some of these developments, prior to going into more
detail on many of the topics in section 3.

In the planar limit, scattering amplitudes all have a definite cyclic color ordering, with dis-
tinct color lines in the fundamental Nc representation of SU(Nc) flowing along each edge. The
color quantum numbers of a Reggeized object exchanged in a given channel, bounded by two
oppositely-oriented edges, are Nc ⊗ Nc = (N2

c − 1) ⊕ 1, but the singlet contribution is sup-
pressed by a factor of 1/N2

c . Hence the BFKL ladder studied in planar N = 4 SYM is for the
adjoint representation, whereas QCD BFKL evolution is usually studied at the cross section
level for the singlet channel. The richness of n-gluon scattering amplitudes in planar N = 4
SYM begins at n = 6, due to an additional dual conformal symmetry present in the theory
[63–71]. Because of this symmetry, the four- and five-gluon amplitudes are completely con-
strained kinematically to be given by the Bern–Dixon–Smirnov (BDS) ansatz [72], essentially
the exponential of the one-loop amplitude, because it solves an anomalous dual conformal
Ward identity [68].

Starting at n = 6, the Ward identity allows for non-trivial functions of the kinematics, which
depend on 3n − 15 dual conformal cross ratios. The first concrete indication that the BDS
ansatz had to be modified at n = 6 and at two loops came from multi-Regge kinematics (MRK),
where it was shown that the ansatz violates Regge factorization for both 2 → 4 and 3 → 3
scattering in appropriate channels [73, 74]. Soon thereafter, the all-orders factorized structure
for 2 → 4 scattering in MRK was presented for the maximally-helicity-violating (MHV) con-
figuration in terms of an inverse Fourier–Mellin (FM) transform of the exponentiated BFKL
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eigenvalue in the adjoint representation, multiplied by the product of impact factors for the top
and bottom of the Reggeized ladder [75, 76]. The case of 3 → 3 scattering was described in ref-
erence [77]; although closely related to the 2 → 4 case, it is slightly simpler because the Regge
cut contribution in MRK is purely imaginary. The case of next-to-MHV (NMHV) helicities
was analyzed at leading logarithms in reference [78], and the all-orders factorized structure
was described in references [49, 55].

The full power of integrability in planar N = 4 SYM was first brought to bear on the
six-point MRK limit [55] by performing an intricate analytic continuation from the pentagon
operator product expansion (POPE), or flux tube, representation of the near-collinear limit [79].
All-orders predictions were obtained for the adjoint BFKL eigenvalue and the impact factor,
or in other words for all subleading logarithms at leading power in MRK, for both MHV and
NMHV six-point amplitudes [55].

At each perturbative order, the inverse FM sum can be computed, and compared to the
multi-Regge limit of amplitudes constructed in general kinematics. At two loops, the analytic
form of the six-point MHV amplitude was found by explicit computation of a Wilson loop
representation of the amplitude [45, 46], which was simplified down to just a few lines using
the symbol associated with polylogarithmic functions [80]. The three- and four-loop MHV
and two-, three- and four-loop NMHV amplitudes were bootstrapped using hexagon functions
with the correct branch cuts, as well as boundary information from the near-collinear limit [47,
48, 81–84]. The introduction of constraints on the function space from (extended) Steinmann
relations has made it possible to push as far as seven loops [51, 52, 85]. In some cases the
multi-Regge limit has been used to constrain the bootstrap ansatz; however, the information
used is self-consistent, in the sense that it only requires loop orders in the BFKL eigenvalue
and the impact factor that are already determined by the amplitude at the previous loop order.
See chapter 5 [86] of the SAGEX review [87] for more details about the amplitude bootstrap.

In order to compare the perturbative results to the predictions from the inverse FM trans-
form, it is helpful to realize that the six-point results can always be expressed [54] in terms of
real analytic, or single-valued, harmonic polylogarithms (SVHPLs) for a single complex vari-
able [88]. At higher points, multiple-variable SVHPLs appear, which are real analytic functions
on the moduli space of Riemann spheres with marked points or punctures [56, 89]. Once the
inverse FM transform is known for various building blocks in the FM representation, they can
be combined using a convolution theorem [56]. The inverse FM transform can often be per-
formed by brute force, by doing it as a truncated series expansion and matching the result to the
series expansion of a general linear combination of SVHPLs of the appropriate weight [54].
Other algorithms are given in references [90, 91]. Using such methods, the six-point MRK limit
predicted by reference [55] has been verified through seven loops for both MHV and NMHV
helicity configurations [52, 92].

Multi-Regge limits of planarN = 4 SYM amplitudes with more than six external legs have
also received great attention, starting with 2 → 5 scattering at LL accuracy [93–95]. Besides
the same impact factors and BFKL eigenvalue appearing in the six-point case, a new N = 4
ingredient, the central emission vertex (or Lipatov vertex), first appears for n = 7 in the so-
called ‘long’ Regge cut configuration. The factorized structure beyond leading logarithms was
described and the central emission vertex was obtained at next-to-leading order in reference
[96]. Based on higher-order perturbative data, and the general structure of the near-collinear
limit, a proposal for the all-orders form of the central emission vertex was presented, and its
perturbative predictions were checked at the symbol level through four loops for the MHV
configuration [57], relying on the amplitudes bootstrapped in references [97–99]. Recently
the proposal was checked through four loops at full function level for both MHV and NMHV
seven-point amplitudes [100], making use of the zeta-valued constants fixed in reference [101].
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Beyond seven points, it is possible that no new ingredients are required for amplitudes in the
long Regge cut configuration. This is the case at two loops, at least at the level of the symbol of
the MHV n-point amplitude, which has been computed in generic kinematics [102], and studied
in MRK [57, 103, 104]. However, as discussed further in the conclusions, for amplitudes in
other cut configurations there still may be more to learn from double and higher discontinuities
at two loops [105] and beyond [106].

At strong coupling, scattering amplitudes in planar N = 4 SYM are given in terms of the
area of a minimal surface in five-dimensional anti-de Sitter space that is bounded by a polygon
composed of light-like edges [65]. The minimal area problem is integrable and can be solved
using a thermodynamic Bethe ansatz or Y-system [107–109]. These systems have been solved
in multi-Regge limits [110–116], shedding light on the strong-coupling behavior, which at
six-points must be consistent with the strong coupling limit of the all-orders results [55].

The remainder of this review is organized as follows. In section 2, we consider the multi-
Regge limit of QCD amplitudes, the BFKL equation, its solution and the function space which
describes it, at LL and at NLL accuracy. At the end of the section, we comment briefly on
ongoing work beyond NLL accuracy. In section 3, we analyze the multi-Regge limit of ampli-
tudes with six and seven points in planar N = 4 SYM. We describe the conformal cross ratios,
the symbol alphabet, the function space, and the all-orders formulae which are supposed to
hold for amplitudes at six and more points. In section 4, we draw our conclusions and briefly
discuss the integrability picture of amplitudes in N = 4 SYM in the large Nc limit.

2. The multi-Regge limit of QCD amplitudes

In the Regge limit, s � |t|, 2 → 2 scattering amplitudes in QCD are dominated by gluon
exchange in the t channel. Contributions which do not feature gluon exchange in the t channel
are power suppressed in t/s. At tree level we can write the 2 → 2 amplitudes in a factorized
way. For example, the tree amplitude for gluon–gluon scattering g1g2 → g3g4 in the helicity
basis5 may be written as [11, 13],

M(0)
4g =

[
gS(Fa3)a2c Cg(0)(pν2

2 , pν3
3 ))
] s

t

[
gS(Fa4)a1c Cg(0)(pν1

1 , pν4
4 )
]
, (1)

with momenta p2 in the + light-cone direction and p1 in the − light-cone direction, as
shown in figure 3. We use light-cone coordinates adapted to the incoming beam direc-
tions, p± = p0 ± pz, and complexified transverse momenta p⊥ = px + ipy, p∗⊥ = px − ipy.
Hence a momentum vector pμi = (p+i , p−i , pi⊥) has Lorentz norm p2

i = p+i p−i − |pi⊥|2, and 2pi ·
pj = p+i p−j + p−i p+j − pi⊥p∗j⊥ − p∗i⊥pj⊥. In general, we denote external momenta by pi (occa-
sionally ki) and reserve qi for t-channel momentum exchanges between factorized emissions.
In the present four-point case, we define s = (p1 + p2)2, q = p2 + p3, t = q2 	 −|q⊥|2, the
superscripts ν i label the helicities. The adjoint generators of the gauge group are the struc-
ture constants, (Fc)ab = i

√
2 f acb. It is apparent from the color coefficient (Fa3)a2c(Fa4)a1c in

equation (1) that only the antisymmetric octet 8a is exchanged in the t channel.
Because the four-gluon amplitude is a MHV amplitude, equation (1) describes

( 4
2

)
= 6

helicity configurations. However, at tree level and at leading power in t/s, helicity is conserved
along the s-channel direction shown in figure 3, or in our all-outgoing helicity convention,

Cg(pν2
2 , pν3

3 ) ∝ δν2,−ν3 . (2)

5 We take all the momenta as outgoing, so the helicity labels for incoming partons are the negative of their physical
helicities.
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Figure 3. Amplitude for gluon–gluon scattering in the Regge limit. Momenta and helic-
ities are labeled in black, color in red. The blue blobs represent the impact factors.
The helicity labeling stresses that, at tree level and at leading power in t/s, helicity is
conserved along the horizontal s-channel direction.

Thus in equation (1) four helicity configurations are leading, two for each tree-level impact
factor, g∗g → g, with g∗ an off-shell gluon [117],

Cg(0)(p�2 , p⊕3 ) = 1, Cg(0)(p�1 , p⊕4 ) =
p∗4⊥
p4⊥

, (3)

with complex transverse coordinates p⊥ = px + ipy6. At this order, the impact factors are just
overall phases, and they transform under parity into their complex conjugates,

[Cg(pνi , pν
′

j )]∗ = Cg(p−ν
i , p−ν′

j ). (4)

The helicity-flip impact factor Cg(0)(p⊕i , p⊕j ) and its parity conjugate Cg(0)(p�i , p�j ) are power
suppressed in t/s. However, helicity flip terms along the s-channel direction, and thus helicity-
violating impact factors, do occur at one loop [25, 118, 119].

The tree amplitudes for quark–gluon or quark–quark scattering have the same form as
equation (1), up to replacing one or both gluon impact factors Cg(0) in equation (3) with quark
impact factors Cq(0), and the color factors (Fc)ab in the adjoint representation with the color fac-
tors Tc

i j in the fundamental representation of SU(3), which we normalize as Tr(TaTb) = TFδ
ab,

with TF = 1. So in the Regge limit, the 2 → 2 scattering amplitudes factorize into gluon or
quark impact factors and a gluon propagator in the t channel, and are uniquely determined by
them.

The loop corrections to an amplitude feature poles and branch cuts, which are dictated by
the analytic structure and constrained by the symmetries of the amplitude. In the Regge limit
s 	 −u � −t, 2 → 2 scattering amplitudes are symmetric under s ↔ u crossing. Thus we
may consider amplitude combinations whose kinematic and color coefficients have a definite
signature under s ↔ u crossing,

M(±)
4 (s, t) =

M4(s, t) ±M4(u, t)
2

, (5)

with u = −s − t 	 −s, such that M(−)
4 (s, t) (M(+)

4 (s, t)) has kinematic and color coefficients
which are both odd (even) under s ↔ u crossing. Furthermore, higher-order contributions to

6 The apparent asymmetry under the flip p1 ↔ p2, p3 ↔ p4 is just an external-state phase convention.
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gg → gg scattering in general involve additional color structures, as dictated by the decompo-
sition of the product 8a ⊗ 8a into irreducible representations,

8a ⊗ 8a = {1 ⊕ 8s ⊕ 27} ⊕ [8a ⊕ 10 ⊕ 10], (6)

where in curly (square) brackets are the representations which are even (odd) under s ↔ u
crossing.

2.1. The Regge limit at leading logarithmic accuracy

When loop corrections to the tree amplitude (1) are considered, it is found that at LL accuracy
in ln(s/|t|), the four-gluon amplitude is given to all orders in αS by [11, 13]

M4g|LL =
[
gS(Fa3)a2c Cg(0)(pν2

2 , pν3
3 ))
] s

t

( s
τ

)α(t) [
gS(Fa4)a1c Cg(0)(pν1

1 , pν4
4 )
]
, (7)

where τ > 0 is a Regge factorization scale, which is of order of t, although the precise definition
of τ is immaterial for four-point amplitudes or to LL accuracy, where one can suitably fix
τ = −t. In equation (7), α(t) is called the Regge trajectory. It is given by an integral over the
loop transverse momentum,

α(t) = αS CA t
∫

d2k⊥
(2π)2

1
k2
⊥(q − k)2

⊥
, (8)

with αS = g2
S/(4π) and CA = Nc the number of colors. Regulating the integral in d = 4 − 2ε

dimensions, one obtains

α(t) =
NcαS

4π
α(1)(t), with α(1)(t) =

γ(1)
K

4ε

(
μ2

−t

)ε

κΓ, (9)

with

κΓ = (4π)ε
Γ(1 + ε)Γ2(1 − ε)

Γ(1 − 2ε)
, (10)

and where γ(1)
K is the one-loop coefficient of the cusp anomalous dimension [120, 121],

γK(αS) =
∞∑

=1

γ(
)
K

(
NcαS

4π

)


, with γ(1)
K = 8. (11)

Although no renormalization occurs at LL accuracy, in equation (9) the renormalization scale
μ appears and provides a scaling dimension. Its presence is understood henceforth.

The prominent features of equation (7) are that at LL accuracy the amplitude (7) is still real,
the antisymmetric octet 8a is still the only color representation exchanged in the t channel,

M4g|LL =M(−)[8a]
4g

∣∣∣
LL

, M(+)
4g

∣∣∣
LL

= 0, (12)

7
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and the one-loop result (9) exponentiates. The exponentiation of ln(s/|t|) in the one-loop result,
which effectively dresses the gluon propagator as

1
t
→ 1

t

( s
τ

)α(t)
, (13)

is called gluon Reggeization, and we say that in the Regge limit the four-gluon amplitude (7)
features the exchange in the t channel of one Reggeized gluon.

Because of equation (7), factorization holds at LL accuracy just like at tree level, i.e. the
amplitudes for quark–gluon or quark–quark scattering at LL accuracy have the same form as
equation (7), up to replacing one or both color and impact factors for gluons with the ones for
quarks.

2.2. The multi-Regge limit

The Regge limit of the 2 → 2 amplitudes in equation (1) is characterized by strong orderings
in the light-cone momenta of the two final-state gluons,

p+3 � p+4 , p−3 � p−4 , (14)

where the second strong ordering is equivalent to the first because of the mass-shell conditions
p+i p−i = |pi⊥|2, with i = 3, 4, and of transverse momentum conservation, p3⊥ + p4⊥ = 0. Since
for a light-like momentum, p± = |p⊥|e±y, where y is the rapidity, equation (14) is equivalent
to a strong ordering of the rapidities of the final-state gluons.

Next we consider 2 → 3 amplitudes with momenta p1 p2 → p3 p4 p5. Here the Regge limit is
realized by the two kinematic limits,

p+3 � p+4 	 p+5 or p+3 	 p+4 � p+5 , with |p3⊥| 	 |p4⊥| 	 |p5⊥|. (15)

The two kinematics of equation (15) are termed next-to-multi-Regge kinematics (NMRK).
They have an overlap in the kinematic region characterized by a strong ordering in the light-
cone momenta of all three final-state gluons,

p+3 � p+4 � p+5 , with |p3⊥| 	 |p4⊥| 	 |p5⊥|, (16)

which is called MRK. In MRK, the tree amplitude for five-gluon scattering g1g2 → g3g4g5

takes the factorized ladder form,

M(0)
5g = s

[
gS(Fa3)a2c1 Cg(0)(pν2

2 , pν3
3 ))
] 1

t1

[
gS(Fa4)c1c2 Vg(0)(q1, pν4

4 , q2)
]

× 1
t2

[
gS(Fa5)a1c2 Cg(0)(pν1

1 , pν5
5 )
]

(17)

with q1 = p2 + p3, q2 = q1 + p4, and ti = q2
i 	 −qi⊥q∗

i⊥, with i = 1, 2, where the impact fac-
tors are given in equation (3). The emission of a gluon along the gluon ladder is governed by
the central-emission vertex (CEV) [11, 122],

Vg(0)(q1, p⊕4 , q2) =
q∗

1⊥q2⊥
p4⊥

. (18)

Note that while equation (17) displays soft divergences in the limit that gluon p4 → 0, collinear
divergences are screened by the MRK, equation (16), which prevents the invariant mass of any
two partons from becoming arbitrarily small.

8
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2.3. The BFKL equation at LL accuracy

The ladder form of equation (17) can be iterated to provide the tree amplitude for n-gluon
scattering in MRK,

p+3 � p+4 � · · · � p+n , (19)

where a requirement on the transverse momenta to be all of the same size is understood, by
adding n − 5 central-emission vertices along the ladder of amplitude (17). The ensuing tree-
level n-gluon amplitude, with n − 4 central-emission vertices and n − 3 gluon propagators, is
uplifted to all orders in αS, at LL accuracy in ln(s/|t|), by dressing each of the gluon propaga-
tors as in equation (13). Just like the four-gluon amplitude (7) in the Regge limit, the n-gluon
amplitude in MRK at LL accuracy is characterized by the exchange of one Reggeized gluon,
which is termed the Reggeon.

The central-emission vertex (18), figure 1(a), and the gluon Reggeization (13), figure 1(b),
constitute the building blocks of an iterative structure, which is captured by the BFKL equation
[12–15], which sums the terms ofO(αn

S lnn(s/|t|)) and describes the evolution of a gluon ladder
in transverse momentum and in rapidity. In the BFKL equation, real emissions as well as virtual
ones are included. In order to match the LL accuracy of the virtual corrections (7), amplitudes
with five or more gluons are taken in MRK (16), as in equation (17). The MRK rationale is that
each gluon emitted along the ladder requires a factor of αS, and the integral over its rapidity
yields a factor of ln(s/|t|), so that each emitted gluon contributes a factor of O(αS ln(s/|t|)).

We can display how the BFKL equation works by considering gluon–gluon scattering. In
the Regge limit, at leading order in αS, i.e. O(α2

S), the partonic cross section for gluon–gluon
scattering g1g2 → g3g4 is [123]

dσ̂(0)
gg

d2 p3⊥ d2 p4⊥
=

[
NcαS

|p3⊥|2

]
1
2
δ(2)(p3⊥ + p4⊥)

[
NcαS

|p4⊥|2

]
, (20)

which is obtained by squaring amplitude (1) and integrating it over the phase space of the
final-state gluons 3 and 4. The terms in square brackets are related to the square of the impact
factors (3), which is just 1, multiplied by an overall factor. The real corrections in αS, i.e.
O(α3

S), are obtained by squaring the five-gluon amplitude (17), whose momenta we re-label as
p1 p2 → p3k1 p4, and integrating it over the phase space of the final-state gluons [124],

dσ̂(1r)
gg

d2 p3⊥ d2 p4⊥
=

[
NcαS

|p3⊥|2

]
NcαS

π2

∫
d2k1⊥ dyk1

k2
1⊥

1
2
δ(2)(p3⊥ + k1⊥ + p4⊥) ×

[
NcαS

|p4⊥|2

]
, (21)

where the superscript (1r) on the left-hand-side stands for real radiation of the first loop order.
In equation (21), yk1 is integrated over the range Δy = y3 − y4 = ln(s12/|p3⊥||p4⊥|). The inte-
gral over k1⊥ yields a logarithmic soft singularity, which is regulated by including the virtual
corrections, equations (7) and (8). The finite remainder is a term of O(αSΔy).

The subsequent orders in αS each yield an integral over transverse momentum with a weight
NcαS
π2

∫ d2ki⊥
k2

i⊥
, and an integral over rapidity bounded as in equation (19), which for the O(αn+2

S )

corrections yield a factor of (Δy)n

n! . Including all the orders of O(αSΔy), the gluon–gluon
initiated cross section in the Regge limit can be written as [125–127]

dσ̂gg

d2 p3⊥ d2 p4⊥
=

[
NcαS

|p3⊥|2

]
f (q1⊥, q2⊥,Δy)

[
NcαS

|p4⊥|2

]
, (22)

9
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where, as in equation (17), q1⊥ = p3⊥ and q2⊥ = −p4⊥. f (q1⊥, q2⊥,Δy) is the solution of the
BFKL equation for evolution in rapidity,

∂

∂Δy
f (q1⊥, q2⊥,Δy) = (K 
 f )(q1⊥, q2⊥,Δy), (23)

which can be given an explicit iterative form by writing it as [128]

f (q1⊥, q2⊥,Δy) =
1
2
δ(2)(p3⊥ + p4⊥) +ΔyK

[
1
2
δ(2)(p3⊥ + p4⊥)

]

+
(Δy)2

2
K
[
K
[

1
2
δ(2)(p3⊥ + p4⊥)

]]

+
(Δy)2

3!
K
[
K
[
K
[

1
2
δ(2)(p3⊥ + p4⊥)

]]]
+ · · · . (24)

The integral operator K is a convolution,

K[ f (q1⊥, q2⊥)] = (K 
 f )(q1⊥, q2⊥) =
∫

d2k⊥K(q1⊥, k⊥) f (k⊥, q2⊥), (25)

with

(K 
 f )(q1⊥, q2⊥) =
NcαS

π2

∫
d2k⊥

1
|q1⊥ − k⊥|2

( f (k⊥, q2⊥)

− |q1⊥|2
|k⊥|2 + |q1⊥ − k⊥|2

f (q1⊥, q2⊥)

)
, (26)

where the first term corresponds to the emission of a gluon along the ladder, equations (18)
and (21), and the second term to the virtual corrections, equations (7) and (8) (after partial
fractioning and a change of integration variable).

The kernel K is obtained by generalizing equation (17) to n-gluon scattering in MRK and
by Reggeizing, like in equation (13), each of the (n − 3) ensuing gluon propagators [12–14]
in order to obtain the n-gluon amplitude at LL accuracy. This is then squared (the square of
the CEV (18) will yield the first term of equation (26)) and integrated over the phase space of
the (n − 2) outgoing gluons. The rapidities are integrated over, while the (n − 2) integrals over
transverse momentum can be written as a recursive relation through the integral operator (25)
[123]. Using the fact that the square of the CEV (18) is regular as q2⊥ →∞ and vanishes as
q2⊥ → 0, it is possible to show [123] that equation (26) and thus the solution (24) of the BFKL
equation are regular in the ultraviolet and in the infrared regimes, respectively.

The solution (24) of the BFKL equation is amenable to a Monte Carlo implementation
of the gluon ladder [129–131]. The resummed form of the solution [14, 15] is obtained by
transforming it to moment space,

f (q1⊥, q2⊥,Δy) =

∫
dω
2πi

eωΔy fω(q1⊥, q2⊥) (27)

such that we can write the BFKL equation as

ω fω(q1⊥, q2⊥) =
1
2
δ(2)(q1⊥ − q2⊥) + (K 
 fω)(q1⊥, q2⊥), (28)

10
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with the kernel K as in equation (26). The BFKL equation is solved by finding a set of
eigenfunctions Φνn(q) of the integral operator K,

(K 
 Φνn)(q⊥) = ωνnΦνn(q⊥), (29)

where ν is a real number, n is an integer, andωνn is the BFKL eigenvalue [15]. In a conformally-
invariant theory, the eigenfunctions Φνn(q) are fixed by conformal symmetry [132]. They
coincide with the eigenfunctions ϕνn(q) of QCD at LL accuracy,

Φνn(q) ≡ ϕνn(q) =
1

2π
(q2)−1/2+iν einθ, (30)

where θ is the azimuthal angle of q, and they satisfy the completeness relation,

+∞∑
n=−∞

∫ +∞

−∞
dν Φνn(q)Φ∗

νn(q′) =
1
2
δ(2)(q − q′) = δ

(
q2 − q′2

)
δ(θ − θ′). (31)

In terms of the eigenfunctions (30) and the eigenvalue in equation (29), the solution to the
BFKL equation (28) can be written as

fω(q1, q2) =

+∞∑
n=−∞

∫ +∞

−∞
dν

1
ω − ωνn

Φνn(q1)Φ∗
νn(q2). (32)

In fact, we can apply the integral operator to equation (32),

(K 
 fω)(q1, q2) =
+∞∑

n=−∞

∫ +∞

−∞
dν

1
ω − ωνn

(K 
Φνn)(q1)Φ∗
νn(q2). (33)

Then using equation (29) and the completeness relation (31) in equation (33), the BFKL
equation (28) is identically satisfied.

Using equation (27) on the solution (32) of the BFKL equation, we can write it as

f (q1⊥, q2⊥,Δy) =
∞∑

n=−∞

∫ ∞

−∞
dν Φνn(q1)Φ∗

νn(q2) eΔy ωνn , (34)

which, using the eigenfunctions (30), becomes

f (q1⊥, q2⊥,Δy) =
1

(2π)2
√
|q1⊥|2|q2⊥|2

∞∑
n=−∞

einφ
∫ ∞

−∞
dν eη χνn

(
|q1⊥|2
|q2⊥|2

)iν

,

(35)

where φ is the angle between q1⊥ and q2⊥. The exponent in equation (35) is given by ηχνn =
Δyωνn, with

η =
NcαS

π
Δy, (36)

where the BFKL eigenvalue is

ωνn =
NcαS

π
χνn. (37)

11
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In order to find the explicit form of the eigenvalueχνn in equation (37), we replace the solution
(32) with the eigenfunctions (30) into the homogeneous part of the BFKL equation (28), and
we obtain

χνn = 2 Re
∫ 1

0
dx

x
|n|−1

2 +iν

1 − x
− 2
∫ 1

0
dx

1
1 − x

−
∫ 1

0
dx

1
x
+

∫ 1

0
dx

1

x
√

1 + 4x2
+

∫ 1

0
dx

1√
x2 + 4

, (38)

with

x =

{
q2

2/q2
1 for q2

2 < q2
1,

q2
1/q2

2 for q2
2 > q2

1.
(39)

The last three terms in equation (38) cancel out, and the eigenvalue becomes

χνn = −2γE − ψ

(
1
2
+

|n|
2

+ iν

)
− ψ

(
1
2
+

|n|
2

− iν

)
, (40)

where γE = −ψ(1) is the Euler–Mascheroni constant and

d lnΓ(y)
dy

= ψ(y) =

∫ 1

0
dx

xy−1 − 1
x − 1

− γE (41)

is the logarithmic derivative of the Γ function.
Note that the kernel K (26) is real and symmetric, so the integral operator K (25) is Her-

mitian and its eigenvalue (37) is real. In addition, in equation (37) there are no beta function
terms, in accordance with the lack of collinear or ultraviolet divergences in the BFKL kernel.
Accordingly, the BFKL eigenvalue at LL accuracy is the same in QCD and in N = 4 SYM.
Finally, in the BFKL eigenvalue (37) there are only leading Nc terms.

The solution (35) of the BFKL equation at LL accuracy can be expanded into a power series
in η,

f (q1⊥, q2⊥,Δy) =
1
2
δ(2)(q1⊥ − q2⊥) +

1

2π
√
|q1⊥|2|q2⊥|2

∞∑
k=1

ηk fk(w,w∗), (42)

where w is a complex variable,

w =
p3⊥
p4⊥

, (43)

such that

|w|2 =
|p3⊥|2
|p4⊥|2

=
|q1⊥|2
|q2⊥|2

and
( w

w∗

)1/2
= e−iφ j j = −eiφ, (44)

where φ j j = π − φ is the angle between p3⊥ and p4⊥. In equation (42), the coefficients fk are
given by the FM transform,

fk(w,w∗) = F [χk
νn] =

1
k!

+∞∑
n=−∞

(−1)n
( w

w∗

)n/2
∫ +∞

−∞

dν
2π

|w|2iν χk
νn. (45)

12
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The coefficients fk are real-analytic functions of w, that is, they have a unique, well-defined
value for every ratio of the magnitudes of the two jet transverse momenta and angle between
them. Furthermore, equation (45) is invariant under n ↔ −n and ν ↔ −ν, which implies that
the fk are invariant under conjugation and inversion of w,

fk(w,w∗) = fk(w∗,w) = fk(1/w, 1/w∗), (46)

i.e. the coefficients fk are eigenfunctions under the action of the Z2 × Z2 symmetry generated
by

(w,w∗) ↔ (w∗,w) and (w,w∗) ↔ (1/w, 1/w∗). (47)

A special point in the (w,w∗) plane is at w = w∗ = −1, which corresponds to the Born kine-
matics, where the two jets are back-to-back, with equal and opposite transverse momentum,
|p3⊥|2 = |p4⊥|2 and φ j j = π. Another special point is the origin,w = w∗ = 0, when one jet has
much smaller transverse momentum than the other jet. The point at infinity is related to the ori-
gin by the inversion symmetry, while w = w∗ = −1 is a fixed point of the Z2 × Z2 symmetry
(47).

In analogy with the multi-Regge limit of the six-point MHV and NMHV amplitudes in N =
4 SYM theory [133], a generating function can be introduced such as to write the coefficients
fk as [59]

fk(w,w∗) =
|w|

|1 + w|2 Fk(w,w∗), (48)

where the pure transcendental functions Fk are given in terms of the SVHPLs. For example,
the first few loop orders of the functions Fk are

F1(w,w∗) = 1,

F2(w,w∗) = −L1 −
1
2
L0,

F3(w,w∗) = L1,1 +
1
2

(L0,1 + L1,0) +
1
6
L0,0.

(49)

In order to make contact with the SVHPLs L�ω(z, z̄) defined in section 3.2, equations (147)
and (148), we note that the poles of the SVHPLs are at z = 0 and 1, not w = 0 and −1, so
we will need to identify (z, z̄) = (−w,−w∗); thus in equation (49) it is understood that L�ω ≡
L�ω(−w,−w∗). Finally, using the Z2 × Z2 symmetry (47), projections of the SVHPLs onto
eigenstates under conjugation as well as under inversion can be defined [54].

Using the all-orders expression for the perturbative expansion of the BFKL solution (42)
at LL accuracy, we can immediately write down the explicit expression for the gluon–gluon
cross section (22) in the Regge limit to any loop order, in LL approximation. In particular,
we can obtain explicit analytic expressions for the dijet cross section in the Regge limit at LL
accuracy that are inclusive in the transverse momentum and exclusive in the azimuthal angle,
or vice versa, or inclusive in both. Accordingly, analytic expressions for the azimuthal-angle
distribution and for the transverse-momentum distribution were obtained [59], as well for the
case where both the transverse momenta (above a threshold E⊥) and the azimuthal angle are
integrated over, the so-called Mueller–Navelet dijet cross section [125],

σ̂gg =
π(NcαS)2

2E2
⊥

∞∑
k=0

f 0,k η
k, (50)

13
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for which the coefficients f0,k were computed analytically through the 13th order in terms of
multiple zeta values [59]. As an example, we reproduce here the coefficient of the 13th order,

f 0,13 =
4513
1890

ζ5,3 ζ5 +
27 248
23 625

ζ5,3,3 ζ2 −
97 003

235 200
ζ5,5,3 +

13 411
75 600

ζ7,3 ζ3

+
7997 743

12 700 800
ζ7,3,3 −

187 318
14 175

ζ4 ζ
3
3 − 125 056

4725
ζ2 ζ5 ζ

2
3

− 17 411 413
302 400

ζ7 ζ
2
3 − 5724 191

100 800
ζ2

5 ζ3 −
1874 972 477

2376 000
ζ10 ζ3

− 2418 071 698 069
2235 340 800

ζ13 −
2379 684 877

6048 000
ζ11 ζ2 −

297 666 465 053
523 908 000

ζ6 ζ7

− 1770 762 319
2494 800

ζ5 ζ8 −
229 717 224 973

628 689 600
ζ4 ζ9. (51)

2.4. The Regge limit at NLL accuracy

At next-to-leading-logarithmic (NLL) accuracy, taking into account the s ↔ u crossing sym-
metry (5), the exchange of one Reggeized gluon of equation (7) generalizes to [25]

M(−)[8a]
4g =

1
2

[
gS(Fa3)a2c Cg(pν2

2 , pν3
3 )
]s

t

[( s
τ

)α(t)
+

(
−s
τ

)α(t)
] [

gS(Fa4)a1c Cg(pν1
1 , pν4

4 )
]
,

(52)

where the color and kinematic parts of the amplitude are each odd under s ↔ u crossing, and
where we expand in αS the gluon Regge trajectory,

α(t) =
NcαS

4π
α(1)(t) +

(
NcαS

4π

)2

α(2)(t) +O(α3
S), (53)

with α(1)(t) given in equation (9), and where the (unrenormalized) two-loop coefficient, in
the conventional dimensional regularization (CDR)/’t-Hooft–Veltman (HV) schemes, is [32,
134–137]

α(2)(t) = κ2
Γ

(
μ2

−t

)2ε
(
β0

ε2
+

γ(2)
K

8ε
+

γ(2)
∧
2

+ ζ2β0

)
+O(ε), (54)

with N f the number of light quark flavors, β0 the one-loop coefficient of the beta function,

β0 =
11
3

− 2
3

Nf

Nc
, (55)

γ(2)
∧ the two-loop coefficient of the ‘wedge’ anomalous dimension [138, 139] for Wilson lines

in the adjoint representation, which starts at two loops,

γ∧(αS) =
∞∑

=2

γ(
)
∧

(
NcαS

4π

)


, with γ(2)
∧ =

808
27

− 4ζ3 −
112
27

Nf

Nc
− 2ζ2β0, (56)
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and γ(2)
K the two-loop coefficient [140, 141] of the cusp anomalous dimension (11),

γ(2)
K = 8

(
64
9

+
δR

3
− 2ζ2

)
− 80

9
Nf

Nc
, (57)

where

δR =

{
1 HV/CDR,

0 DR/FDH.
(58)

δR is a regularization parameter, which labels the computation as done in CDR/HV schemes
for δR = 1, or in the dimensional reduction (DR)/four dimensional helicity (FDH) schemes for
δR = 0.

In equation (52), the helicity-conserving impact factor is expanded in αS as

Cg(pνi
i , p−νi

j ; τ ) = Cg(0)(pνi
i , p−νi

j )

(
1 +

NcαS

4π
cg(1)(t; τ ) +O(α2

S)

)
, (59)

where the one-loop coefficient cg(1) is real and independent of the helicity configuration. Its
unrenormalized version is [25, 29, 118, 119, 142, 143]

cg(1)(t, τ ) = κΓ

(
μ2

−t

)ε
[
−γ(1)

K

4ε2
+

γ(1)
g

ε
+

β0

2ε
+

γ(1)
K

8ε
ln

(
τ

−t

)
− γ(2)

K

16
+ 2ζ2

− 1
2

(
γ(2)
∧
2

+ ζ2β0

)
ε

]
+O(ε2), (60)

where γ(1)
g is the one-loop coefficient of the gluon collinear anomalous dimension,

γg(αS) =
∞∑

=1

γ(
)
g

(
NcαS

4π

)


, with γ(1)
g = −β0. (61)

Equation (60) is valid in the CDR/HV [25, 29, 118, 119] and DR/FDH [29, 119] schemes
throughO(ε0), and in the HV scheme throughO(ε). Expressions to all orders in ε are known in
the HV scheme [25, 29, 118]. Note that the two-loop trajectory (54) and the one-loop impact
factor (60) are expressed in terms of anomalous dimensions which are characteristic of infrared
factorization in the Regge limit [33–36]. However, the connection [143] between the O(ε0)
term of the two-loop trajectory (54) and the O(ε) term of the one-loop impact factor (60) is as
yet unexplained.

In addition, we may define a signature-symmetric logarithm,

L =
1
2

[
ln
( s
τ

)
+ ln

(
−s
τ

)]
= ln

( s
τ

)
− i

π

2
, (62)

and write the four-gluon amplitude (52) as a double expansion in αS and in L,

M(−)[8a]
4g = M(0)

4g

(
1 +

∞∑

=1

(
NcαS

4π

)
 
∑
i=0

M(−,
,i)[8a]
4g Li

)
, (63)

where i = 
 yields the coefficients at LL accuracy, i = 
− 1 the coefficients at NLL accuracy,
and in general i = 
− k the coefficients at NkLL accuracy.
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Figure 4. One-loop factorization of the four-gluon amplitude. (a) The one-loop gluon
Regge trajectory is represented by the pierced green blob. (b) The one-loop gluon impact
factor is represented by the pierced blue blob.

Beyond LL accuracy, in the gluon ladder the exchange of two or more Reggeized gluons
may appear. Furthermore, all the color representations (6) exchanged in the t channel may
contribute. A similar expansion to equation (63) can be given for the amplitudes M(+)

4g whose
kinematic and color parts are both even under s ↔ u crossing. Using the logarithm (62), one
can show that the coefficients M(∓,
,i)

4g of the odd (even) amplitudes are real (imaginary) [38],
and that the odd (even) amplitudes display gluon ladders with the t-channel exchange of an
odd (even) number of Reggeized gluons.

However, at NLL accuracy, the real part of the amplitude is entirely given by the antisym-
metric octet 8a through equation (52),

Re
[
M4g

]
NLL

= Re
[
M(−)[8a]

4g

]
, (64)

which, once equation (52) is expanded at one and two loops reads,

Re
[
M(1)

4g

]
NLL

= α(1)(t) ln
( s
τ

)
+ 2cg(1)(t, τ ), (65)

Re
[
M(2)

4g

]
NLL

=
1
2

(
α(1)(t)

)2
ln2
( s
τ

)
+
(
α(2)(t) + 2cg(1)(t, τ )α(1)(t)

)
ln
( s
τ

)
. (66)

Equation (65) is the one-loop factorization of the gluon–gluon amplitude. The single-
logarithmic term is the one-loop gluon Regge trajectory, figure 4(a), which is LL accurate. The
non-logarithmic terms are the one-loop impact factors, figures 4(b) and (c), which are NLL
accurate. Equation (66) is the two-loop factorization of the gluon–gluon amplitude at NLL
accuracy. The double-logarithmic term is the one-loop trajectory squared, figure 5(a), which is
LL accurate. The single-logarithmic terms are the two-loop gluon Regge trajectory, figure 5(b),
and the product of the one-loop trajectory times the one-loop impact factors, figures 5(c) and
(d). They are NLL accurate.

Beyond two loops, no more coefficients occur at NLL accuracy, i.e. the gluon–gluon scat-
tering amplitude is uniquely determined by equation (52), in terms of the two-loop Regge
trajectory α(2)(t) and the one-loop impact factor cg(1). Accordingly, gluon Reggeization is
extended to NLL accuracy [30, 31]. In addition, because of equation (52) factorization still
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Figure 5. Two-loop factorization of the four-gluon amplitude at NLL accuracy. (a) The
one-loop gluon Regge trajectory squared. (b) The two-loop gluon Regge trajectory is
represented by the twice pierced green blob. (c) and (d) The product of the one-loop
trajectory times the one-loop impact factor.

holds, so the amplitudes for quark–gluon or quark–quark scattering have the same form as
equation (52), up to replacing one or both color and impact factors for gluons with the ones for
quarks.

2.5. The BFKL kernel at NLL accuracy

In order to extend the BFKL equation beyond the LL accuracy, the kernel of the integral
operator (25) is expanded in the strong coupling as

K(q1, q2) = 4αμ

∞∑

=0

α

μ K(
)(q1, q2), (67)

where

αμ =
Nc αS(μ2)

4π
(68)

is the rescaled renormalized strong coupling constant evaluated at an arbitrary scale μ2. K(0)

is the leading-order BFKL kernel (26) [12–15], which leads to the resummation of the terms
of O

(
(αμ ln(s/τ ))n

)
, i.e., terms at LL accuracy, and the NLO kernel K(1) [16, 17] resums the

terms at NLL accuracy, i.e. of O
(
αμ(αμ ln(s/τ ))n

)
, and so forth.

At NLL accuracy, the kernel of the BFKL equation is given by the radiative corrections to
the CEV, i.e. the emission of two gluons or of a quark–antiquark pair along the gluon lad-
der [20–24], figure 2(a), and the one-loop corrections to the CEV [25–29], figure 2(b). The
infrared divergences of the radiative corrections to the CEV cancel the divergences of the two-
loop Regge trajectory, figure 2(c), making the solution of the BFKL equation at NLL accuracy
infrared finite.

In analogy with the tree-level four-gluon amplitude (1), which is upgraded by equation (52)
to an all-orders expression which is valid at NLL accuracy, we may lift the tree-level five-gluon
amplitude in MRK (17) to an all-orders expression at NLL accuracy through the equation,
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M(−,−)[8a]
5g =

1
4

s
[
gS(Fa3)a2c1 Cg(pν2

2 , pν3
3 ))
] 1

t1

[( s34

τ

)α(t1)
+

(
−s34

τ

)α(t1)
]

×
[
gS(Fa4)c1c2 Vg(q1, pν4

4 , q2)
] 1

t2

[(s45

τ

)α(t2)
+

(
−s45

τ

)α(t2)
]

×
[
gS(Fa5)a1c2 Cg(pν1

1 , pν5
5 )
]
, (69)

where the (−,−) label on the left-hand side specifies that the amplitude has color and kine-
matic coefficients which are both odd under both the crossings p2 ↔ p3 and p1 ↔ p5. In
equation (69), the impact factors are expanded in αS as in equation (59), while the CEV is
expanded as

Vg(q1, pν4
4 , q2; τ ) = Vg(0)(q1, pν4

4 , q2)
(

1 +
αS

4π
vg(1)(t1, |p4⊥|2, t2; τ ) +O

(
α2

S

))
, (70)

with Vg(0) as in equation (18). The one-loop correctionsvg(1) are provided in references [25–29].
They are independent of the regularization scheme choice [28]. As outlined above, they con-
tribute to the virtual corrections to the BFKL kernel at NLL accuracy.

The emission of two gluons or of a quark–antiquark pair along the gluon ladder requires
considering the tree amplitude for six-gluon scattering g1g2 → g3g4g5g6 in the NMRK in which
the gluons are strongly ordered in rapidity except for two gluons (or for a quark–antiquark pair
emitted along the gluon ladder),

p+3 � p+4 	 p+5 � p+6 , with |p3⊥| 	 |p4⊥| 	 |p5⊥| 	 |p6⊥|. (71)

In the NMRK (71) the tree six-gluon amplitude factorizes as

M(0)
6g = s

∑
σ∈S2

[
gS(Fa3)a2c1 Cg(0)(pν2

2 , pν3
3 ))
] 1

t1

×
[
g2

S(Faσ4 Faσ5 )c1c3 Vgg(0)(q1, pν4
4 , pν5

5 , q3)
] 1

t3

×
[
gS(Fa6)a1c3 Cg(0)(pν1

1 , pν6
6 )
]
, (72)

where the sum is over the permutations of the labels 4 and 5. The CEV for the emission of
two gluons Vgg(0)(q1, pν4

4 , pν5
5 , q3) (or of a quark–antiquark pair) [20–22, 24], contributes the

real corrections to the BFKL kernel at NLL accuracy. The NMRK rationale is that when the
two gluons or the quark–antiquark pair are integrated over their common rapidity, they yield
a factor of O(α2

S ln(s/τ )), thus contributing to NLL accuracy.

2.6. The BFKL equation at NLL accuracy

The BFKL eigenvalue and eigenfunctions also admit an expansion in the strong coupling,

ωνn = 4αμ

∞∑

=0

α

μ ω

(
)
νn , ϕνn(q) =

∞∑

=0

α

μ ϕ

(
)
νn(q), (73)

where αμ is given in equation (68), ω(0)
νn = χνn is given in equation (40) and ϕ(0)

νn (q) in
equation (30). The NLO corrections, ω(1)

νn , to the BFKL eigenvalue were computed for n = 0
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[16] and later for arbitrary n [18, 19], albeit in the approximation that the NLO eigenfunctions
are identical to the LO eigenfunctions given in equation (30),

(KNLO 
 ϕνn)(q) ≡ 4αS(q2)
(
χνn + αS(q2)δνn

)
ϕ(0)
νn (q) +O(α3

S(q2)). (74)

In this approximation, the NLO corrections to the eigenvalue δνn in QCD are given by [16, 18,
19],

δνn = 6ζ3 +
γ(2)

K

8
χνn + δ(a)

νn + δ(b)
νn + δ(c)

νn − 1
2
β0 χ

2
νn +

i
2
β0 ∂νχνn, (75)

with β0 the one-loop coefficient of the beta function in equation (55) and γ(2)
K the two-loop

coefficient of the cusp anomalous dimension in equation (57).
We split the more complicated contributions into three pieces,

δ(a)
νn = ∂2

νχνn,

δ(b)
νn = −2Φ(n, γ) − 2Φ(n, 1 − γ),

δ(c)
νn = −Γ(γ)Γ(1 − γ)

2iν
[ψ(γ) − ψ(1 − γ)]

×
[
δn0

(
3 +

(
1 +

Nf

N3
c

)
2 + 3γ(1 − γ)

(3 − 2γ)(1 + 2γ)

)
− δ|n|2

((
1 +

Nf

N3
c

)
γ(1 − γ)

2(3 − 2γ)(1 + 2γ)

)]
,

(76)

where we used the shorthand γ = 1/2 + iν, with Φ(n, γ) defined as,

Φ(n, γ) =
∞∑

k=0

(−1)k+1

k + γ + |n|/2

{
ψ′(k + |n|+ 1) − ψ′(k + 1)

+ (−1)k+1[β′(k + |n|+ 1) + β′(k + 1)]

− 1
k + γ + |n|/2

[ψ(k + |n|+ 1) − ψ(k + 1)]

}
, (77)

with

β′(z) =
1
4

[
ψ′
(

1 + z
2

)
− ψ′

( z
2

)]
. (78)

For N = 4 SYM the BFKL eigenvalue is given by [18] the first four terms of equation (75),

δN=4
νn = 6ζ3 +

γ(2) N=4
K

8
χνn + ∂2

νχνn − 2Φ(n, γ) − 2Φ(n, 1 − γ), (79)

with γ(2) N=4
K the two-loop cusp anomalous dimension in N = 4 SYM,

γ(2) N=4
K = −16ζ2. (80)

Equations (79) and (80) are valid in the DR scheme (58) which preserves supersymme-
try. As N = 4 SYM is conformally invariant, the eigenfunctions are fixed to all orders by
equation (30),

ΦN=4
νn (q) = ϕνn(q). (81)
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Hence, δN=4
νn is the correct NLO BFKL eigenvalue in N = 4 SYM.

While the NLO eigenvalue in equation (75) was derived under the assumption that the eigen-
functions are the same at LO and NLO, the LO eigenfunctions (30) may themselves receive
higher-order corrections in a non-conformally-invariant theory, as described by equation (73).
In fact, as the eigenvalue of a Hermitian operator, the true NLO eigenvalue must be real and
independent of q2. δνn fails to meet either criterion: the right-hand side of equation (74) depends
on q2 through the strong coupling constant and equation (75) contains the term iβ0∂νχνn, which
is imaginary. Note that both of these issues are absent in a conformally-invariant theory, where
the strong coupling does not depend on the scale and the beta function vanishes. In particular,
the term proportional to the β function is absent in N = 4 SYM, as is visible in equation (79),
and in that case the LO eigenfunctions are indeed eigenfunctions of the NLO kernel.

In a non-conformally-invariant theory like QCD, the correct NLO eigenfunctions are
obtained through the Chirilli–Kovchegov procedure [144, 145], which requires that one con-
structs functions ω(1)

νn and ϕ(1)
νn (q) such that[

KNLO 
 Φνn

]
(q) = ωνnΦνn(q) +O(α3

μ), (82)

with

Φνn = ϕ(0)
νn + αμ ϕ

(1)
νn , (83)

and

ωνn = 4αμ

(
χνn + αμω

(1)
νn

)
. (84)

For the NLO eigenfunctions, one finds [145]

Φνn(q) = ϕ(0)
νn (q)

[
1 + αμ

β0

2
ln

q2

μ2

(
∂νP

χνn

∂νχνn
+ i ln

q2

μ2
P χνn

∂νχνn

)
+O(α2

μ)

]
, (85)

where P is the principal value prescription for ν = 0.
Since in a conformally-invariant theory the quantum corrections to the eigenfunctions must

vanish, the quantum corrections (85) to the eigenfunctions are in fact proportional to the beta
function. Furthermore, with the choice (85) of eigenfunctions, the NLO eigenvalue becomes
[60]

ω(1)
νn = δνn −

i
2
β0 ∂νχνn, (86)

which is real and independent of q2, as expected. Thus, in QCD the correct NLO eigenvalue is

ω(1)
νn = 6ζ3 +

γ(2)
K

8
χνn + ∂2

νχνn − 2Φ(n, γ) − 2Φ(n, 1 − γ) − 1
2
β0 χ

2
νn

− Γ(γ)Γ(1 − γ)
2iν

[ψ(γ) − ψ(1 − γ)]

×
[
δn0

(
3 +

(
1 +

Nf

N3
c

)
2 + 3γ(1 − γ)

(3 − 2γ)(1 + 2γ)

)
− δ|n|2

((
1 +

Nf

N3
c

)
γ(1 − γ)

2(3 − 2γ)(1 + 2γ)

)]
.

(87)
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The solution of the BFKL equation is then given by equation (34) with eigenfunctions (85)
and eigenvalue (84) with (87),

f (q1⊥, q2⊥,Δy) =
∞∑

n=−∞

∫ ∞

−∞
dν Φνn(q1)Φ∗

νn(q2) eΔy ωνn . (88)

The explicit substitution of equation (85) into equation (88) shows that the term proportional
to the β function in equation (85) can be interpreted as resetting the scale used in the strong
coupling constant, such that we can use the LO eigenfunctions instead of the NLO ones pro-
vided that we choose the scale of the strong coupling to be the geometric mean of the transverse
momenta, μ2 = s0 =

√
|q1⊥|2|q2⊥|2 [60],

f (q1⊥, q2⊥,Δy) =
∞∑

n=−∞

∫ ∞

−∞
dν ϕ(0)

νn (q1)ϕ(0)∗
νn (q2) e4 αS(s0)

(
χνn+αS(s0)ω(1)

νn

)
Δy

.

(89)

2.7. Fourier–Mellin representation of the BFKL ladder at NLL accuracy

We can expand the NLL part of the solution (89) into a power series in η as we have done in
equation (42),

f (1)(q1⊥, q2⊥, ηs0 ) =
1

2π
√
|q1⊥|2|q2⊥|2

∞∑
k=1

ηk
s0

f (1)
k+1(z), (90)

with ηs0 = 4αS(s0)Δy, i.e. ηs0 is given by equation (36) with the scale of the strong coupling
fixed at s0. In equation (90), the coefficients f (1)

k+1(z) are given by a FM transform,

f (1)
k (z) = F

[
ω(1)
νn χ

k−2
νn

]
, (91)

which is defined as in equation (45), with z = −w. Through equations (75) and (86), we write
the NLL eigenvalue (87) in equation (91) as

ω(1)
νn = 6ζ3 +

γ(2)
K

8
χνn −

1
2
β0 χ

2
νn + δ(a)

νn + δ(b)
νn + δ(c)

νn , (92)

where the first three terms, which are proportional to powers of the LO eigenvalue χνn, are
given by the FM transform (45) and are expressed in terms of SVHPLs as in equations (48)
and (49). Then the coefficients in equation (90) become

f (1)
k (z) = 6 ζ3 f (0)

k−2(z) +
γ(2)

K

8
f (0)

k−1(z) − 1
2
β0 f (0)

k (z) + C(a)
k (z) + C(b)

k (z) + C(c)
k (z), (93)

where f (0)
k (z) is given in equations (45) and (48), and we set f (0)

0 (z) = F [1] = π δ(2)(1 − z),
and with

C(α)
k (z) = F

[
δ(α)
νn χk−2

νn

]
, (94)

with α = a, b, c and k � 2. Using equation (79), in N = 4 SYM equation (93) becomes

f (1)N=4
k (z) = 6 ζ3 f (0)

k−2(z) +
γ(2) N=4

K

8
f (0)

k−1(z) + C(a)
k (z) + C(b)

k (z), (95)
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with the two-loop cusp anomalous dimension in equation (80).
C(a)

k has the same functional form as the LL coefficients (48) [60],

C(a)
k (z) =

|z|
|1 − z|2 C(a)

k (z), (96)

thus, C(a)
k can be expressed as a linear combination of SVHPLs of uniform weight k with

singularities at most at z = 0 and z = 1.
In order to discuss C(b,c)

k (z), we begin by introducing multiple polylogarithms (MPLs) [146,
147], which are defined as the iterated integrals,

G(a1, . . . , an; z) =
∫ z

0

dt
t − a1

G(a2, . . . , an; t), (97)

except if (a1, . . . , an) = (0, . . . , 0), in which case we define

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1
n!

lnn z. (98)

The case of harmonic polylogarithms (HPLs) [148] is recovered for ai ∈ {−1, 0, 1}. (HPLs for
indices in {0, 1} are discussed in section 3.2.) In general, MPLs define multi-valued functions.
However, it is possible to consider linear combinations of MPLs such that all discontinuities
cancel and the resulting function is single-valued. A weight-1 example is the linear combina-
tion,

G(a; z) ≡ G(a; z) + G(a; z) = ln
(

1 − z
a

)
+ ln

(
1 − z

a

)
= ln

∣∣∣1 − z
a

∣∣∣2. (99)

The argument of the logarithm in equation (99) is positive-definite, and thus the function is
single-valued. It is possible to generalize this construction to MPLs of higher weight. In par-
ticular, in the case where the positions of the singularities ai are independent of the variable z,
which covers the case of HPLs, one can show that there is a map s which assigns to an MPL
G(�a; z) its single-valued version G(�a; z) ≡ s(G(�a; z)). Single-valued multiple polylogarithms
(SVMPLs) inherit many of the properties of ordinary MPLs. In particular, SVMPLs form a
shuffle algebra and satisfy the same holomorphic differential equations and boundary condi-
tions as their multi-valued analogues. (See section 3.2 for more details for the special case
of SVHPLs.) There are several ways to explicitly construct the map s, based on the Knizh-
nik–Zamolodchikov equation [88, 149], the coproduct and the action of the motivic Galois
group on MPLs [56, 150, 151] and the existence of single-valued primitives of MPLs [152].

In equation (93), C(c)
k can be expressed [60] in terms of MPLs of the type G(a1, . . . , an; |z|),

with ak ∈ {−i, 0, i} and with weight 0 � w � k. These MPLs are single-valued functions of
the complex variable z, because the functions have no branch cut on the positive real axis. They
can be re-expressed in terms of HPLs of the form G(b1, . . . , bn; |z|2), with bi ∈ {−1, 0}, and
generalized inverse tangent integrals,

Tim1,...,mk (|z|) = Im Lim1,...,mk (σ1, . . . , σk−1, iσk |z|), σ j = sign(m j), (100)

where Lim1,...,mk denotes the sum representation of MPLs,
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Lim1,...,mk (z1, . . . , zk) =
∑

0<n1<n2<···<nk

zn1
1 . . . znk

k

nm1
1 . . . nmk

k

= (−1)k G

⎛
⎜⎝0, . . . , 0︸ ︷︷ ︸

mk−1

,
1
zk

, . . . , 0, . . . , 0︸ ︷︷ ︸
m1−1

,
1

z1 . . . zk
; 1

⎞
⎟⎠.

(101)

Finally we turn to C(b)
k . We display the two-loop result, which is the start of a recursion in

loop order k based on convolution integration,

C(b)
2 (z) = F

[
δ(b)
νn

]
= C(b,1)

2 (z) + C(b,2)
2 (z), (102)

with

C(b,1)
2 (z) =

|z| (z − z̄)
|1 + z|2|1 − z|2

[
G1,0(z) − G0,1(z)

]
,

C(b,2)
2 (z) =

|z| (1 − |z|2)
|1 + z|2|1 − z|2

[
G1,0(z) + G0,1(z) − G−1,0

(
|z|2
)
− ζ2

]
.

(103)

First, we note that C(b)
2 is the sum of two pure functions C(b,1)

2 and C(b,2)
2 appearing with different

rational prefactors. Secondly, while C(b,1)
2 is a linear combination of SVHPLs with singularities

at most at z = 0 and z = 1, C(b,2)
2 has a different analytic structure, with singularities also at

z = −1. It is expressed in terms of both SVHPLs and ordinary HPLs evaluated at |z|2, and it is
still single-valued as a function of the complex variable z, because the argument of G−1,0

(
|z|2
)

is positive-definite and the function has no branch cut on the positive real axis.
However, the single-valued polylogarithms of equation (103) do not all fall into the class

of SVMPLs [88, 149], because the holomorphic derivative involves non-holomorphic rational
functions. For example,

∂zG−1
(
|z|2
)
=

1
z + 1/z̄

. (104)

One needs then to enlarge the space of SVMPLs to a more general class of SVMPLs in one
complex variable introduced by Schnetz [152], with singularities at

z =
α z̄ + β

γ z̄ + δ
, α, β, γ, δ ∈ C, (105)

which reduce to the SVMPLs of references [88, 149] in the case where the singularities are
at constant locations. Since equation (104) has a singularity at z = −1/z̄, we expect that the
coefficients of equation (103) can be expressed in terms of Schnetz’s generalized SVMPLs
(gSVMPLs), G(a1, . . . , an; z). Just like SVMPLs, gSVMPLs are single-valued, obey a shuffle
algebra and vanish for z = 0, except if all ai are 0, in which case one has

G(0, . . . , 0︸ ︷︷ ︸
n times

; z) = G(0, . . . , 0︸ ︷︷ ︸
n times

; z) =
1
n!

lnn|z|2. (106)
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In addition, they satisfy the holomorphic differential equation,

∂zG(a1, . . . , an; z) =
1

z − a1
G (a2, . . . , an; z), (107)

whose singularities are antiholomorphic functions of z of the form,

ai =
α z̄ + β

γ z̄ + δ
, for someα, β, γ, δ ∈ C. (108)

One can write C(b)
k (z) in the form [60],

C(b)
k (z) =

|z| (z − z̄)
|1 + z|2|1 − z|2 C

(b,1)
k +

|z| (1 − |z|2)
|1 + z|2|1 − z|2 C

(b,2)
k , (109)

where the functions C(b,i)
k have uniform weight k, which at two and three loops can be expressed

in terms of SVHPLs and ordinary HPLs evaluated at |z|2, while starting from four loops they
are expressed in terms of gSVMPLs with ai ∈ {−1, 0, 1,−1/z̄}.

2.8. Transcendental weight of the BFKL ladder at NLL accuracy

Collecting the results of section 2.7, we see that the perturbative expansion coefficients f (1)
k of

the BFKL solution at NLL accuracy (90) for both QCD and N = 4 SYM can be expressed
in terms of single-valued polylogarithms, which range from SVHPLs to gSVMPLs. In N = 4
SYM, the single-valued polylogarithms of equation (95) have a uniform and maximal tran-
scendental weight k. In QCD, the single-valued polylogarithms of equation (93) have weight
up to k. The weight drop in QCD occurs because the beta function term has weight k − 1, the
cusp anomalous dimension terms in equation (57) have weight zero and two, and so the cor-
responding terms in equation (93) have weight k − 2 and k, and finally the terms due to C(c)

k
have weight 0 � w � k. Thus the QCD result is not a maximal weight function. Furthermore,
since C(c)

k has terms of weight k, i.e. of maximal weight, and it is missing in equation (95),
the maximal weight of equation (93) cannot coincide with equation (95). That is, the maximal
weight terms of the QCD color-singlet BFKL ladder in momentum space at NLL accuracy
do not match one by one the terms of the color-singlet ladder in N = 4 SYM. In contrast,
the anomalous dimensions of the leading-twist operators which control Bjorken scaling viola-
tion have a uniform and maximal transcendental weight in N = 4 SYM, which also matches
the maximal weight part of the corresponding anomalous dimensions in QCD, once one sets
CF → CA [18, 19, 153].

Consider the color-singlet BFKL ladder in a generic SU(Nc) gauge theory with scalar or
fermionic matter in arbitrary representations. Is there any other theory where the momentum-
space results have a uniform and maximal weight which also agrees with the maximal weight
part of the BFKL ladder in QCD at NLL accuracy [60]? In a theory where the gauge group is
minimally coupled to matter, the BFKL eigenvalue at NLL accuracy is determined entirely by
the gauge group and matter content of the theory [18], but it is independent of the details of
the other interactions in the theory, like the Yukawa couplings between the fermions and the
scalars, which would start occurring only at higher accuracy. As a consequence, we can repeat
the analysis of the transcendental weight properties for generic gauge theories as a function of
the fermionic and scalar matter content of the theory. It was then found [60] that the necessary
and sufficient conditions for a theory to have a BFKL ladder at NLL accuracy of uniform
transcendental weight in momentum space are that:

(a) The one-loop beta function vanishes;
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(b) The two-loop cusp anomalous dimension is proportional to ζ2;
(c) The contribution from the n = ±2 term of δ(c)

νn in equation (76) vanishes.

Since the last condition contains terms of maximal weight, we conclude that there is no
theory such that the BFKL ladder at NLL accuracy has uniform and maximal weight and agrees
with the maximal weight terms in QCD.

In particular, for theories with matter only in the fundamental and adjoint representations,
the necessary conditions for a gauge theory to have a BFKL ladder at NLL accuracy of uni-
form and maximal transcendental weight were established [60]. For theories with the maximal
weight property, the field content can be arranged into supersymmetric multiplets, although
supersymmetry was not an input to the analysis. In particular, in addition to N = 4 SYM, only
three theories were found to satisfy the constraints. They areN = 2 superconformal QCD with
N f = 2Nc hypermultiplets [154]; N = 1 super-QCD with N f = 3Nc flavors in the fundamen-
tal representation; and an N = 1 solution with two flavors in the adjoint and Nc flavors in the
fundamental representations.

2.9. Toward a BFKL ladder at NNLL accuracy

Beyond NLL accuracy, gluon Reggeization [30, 31] and Regge pole factorization break down
[32]. The real part of 2 → 2 amplitudes is not anymore given only by the exchange of a
Reggeized gluon, as in equation (64), corresponding to a Regge pole in the complex angular
momentum plane. It also involves contributions from the exchange of three Reggeized glu-
ons [32–42], corresponding to a Regge cut in the angular momentum plane. Accordingly, in
the non-logarithmic term of the two-loop four-gluon amplitude, M(−,2,0)

4g , which has NNLL
accuracy, both the two-loop impact factor, figures 6(a) and (b), and the three-Reggeized-gluon
exchange, figure 6(d), contribute and mix up, invalidating Regge pole factorization at the Nc-
subleading level [32]. In order to disentangle those two contributions, a prescription based on
infrared factorization [33, 34] has been introduced [35, 36], which identifies the usual diagonal
terms of the color octet exchange with the two-loop impact factor and the non-diagonal ones
with the factorization-violating terms. An analogous prescription, based on the explicit com-
putation of the NNLL correctionsM(−,n,n−2)

4g to the four-gluon amplitude [40–42], restricts the
planar multi-Reggeon contributions to occur only at two and three loops. These contribute to
the Regge pole and may be factorized together with the Reggeized gluon as in equation (52),
while the non-planar multi-Reggeon contributions make up the Regge cut. Making the above
prescriptions explicit to three loops, one can predict how the factorization-violating terms prop-
agate into the single-logarithmic term of the three-loop amplitude M(−,3,1)

4g , and thus have an
operative way to disentangle the factorization-violating terms from the three-loop gluon Regge
trajectory [42, 44, 155].

The possibility of disentangling terms based on the exchange of one Reggeized gluon from
factorization-violating terms hints that the BFKL equation, which is based on the exchange
of one Reggeized gluon, may be extended to NNLL accuracy. In addition, there are reasons,
based on the integrability of amplitudes in MRK in the large Nc limit [156], to believe that
Regge pole factorization will be simpler in that case. This warrants an analysis of the terms
which would contribute to the BFKL equation at NNLL accuracy.

At NNLL accuracy, the kernel of the BFKL equation will have contributions from the CEV
for the emission of three partons along the gluon ladder [157–159], evaluated in next-to-next-
to-multi-Regge kinematics (NNMRK), figure 7(a),

· · · � p+4 	 p+5 	 p+6 � · · · ; (110)
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Figure 6. Additional contributions to the two-loop four-gluon amplitude at NNLL accu-
racy. (a) and (b) The two-loop impact factor is represented by the twice pierced blue blob.
(c) The one-loop impact factor squared. (d) The three-Reggeized-gluon exchange.

Figure 7. (a) The red blob along the gluon ladder represents the three-gluon central-
emission vertex within the tree seven-gluon amplitude. (b) The pierced red blob rep-
resents the one-loop two-gluon central-emission vertex within the one-loop six-gluon
amplitude. (c) The twice pierced red blob represents the two-loop central-emission ver-
tex within the two-loop five-gluon amplitude. (d) The square of the one-loop five-gluon
amplitude in MRK. (c) The thrice pierced green blob represents the three-loop gluon
Regge trajectory within the three-loop four-gluon amplitude.

from the one-loop corrections to the CEV for the emission of two gluons [160] or of a
quark–antiquark pair along the gluon ladder, evaluated in the NMRK of equation (71),
figure 7(b); from the two-loop corrections to the single-gluon CEV in MRK, figure 7(c); and
from the square of the one-loop five-gluon amplitude in MRK, which will contain the square of
one-loop corrections to the single-gluon CEV, figure 7(d). Once those contributions are assem-
bled into the kernel at NNLL accuracy, the infrared divergences of the kernel must cancel the
divergences of the three-loop Regge trajectory, figure 7(e). Carrying out all the phase space
integrations is a challenge for the future.
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3. The multi-Regge limit of planar N = 4 SYM amplitudes

3.1. Overview

The maximally supersymmetric cousin of QCD is N = 4 SYM theory. Instead of having n f

flavors of quarks in the fundamental representation, its matter content consists of four fermions
(gluinos) ΓA and six real scalars SAB in the adjoint representation of the gauge group G. The
four supersymmetries can be used to package all 24 = 16 helicity states into a single on-shell
superfield,

Φ(k, η) = G+ + ηAΓA +
1
2!
ηAηBSAB +

1
3!
ηAηBηCεABCDΓ̄

D +
1
4!
ηAηBηCηDεABCDG−, (111)

where ηA is a Grassmann variable with A = 1, 2, 3, 4, and εABCD is the Levi-Civita antisymmet-
ric tensor.

The large amount of supersymmetry leads to the vanishing of ultraviolet divergences, so the
beta function vanishes, β(g) = 0, and the theory is conformal [161–163]. If we further take the
gauge group to be G = SU(Nc) and send Nc →∞—the large Nc or planar limit—then only
planar Feynman diagrams contribute [164], and the ’t Hooft coupling constant is defined as

g2 ≡ λ

16π2
≡ Ncg2

S

16π2
=

NcαS

4π
. (112)

We generally take Nc →∞ holding λ or g2 fixed. In this limit, the color-decomposition of n-
gluon amplitudes simplifies drastically, to a sum over non-cyclic permutations of single-trace
terms,

An(a1, a2, . . . , an) = gn−2
S

∞∑

=0

g2

∑

σ∈Sn/Zn

Tr(Taσ(1)Taσ(2) . . . Taσ(n) )

× A(
)
n (σ(1), σ(2), . . . , σ(n)) +O

(
1

N2
c

)
. (113)

Multi-trace contributions in equation (113) are suppressed by at least one power of 1/N2
c

in the color-summed cross section. Interferences between different non-cyclic orderings σ are
also color-suppressed, so the n gluons can be taken to have a definite cyclic ordering, by default
1, 2, . . . , n.

In the planar limit, N = 4 SYM becomes integrable [165], giving rise to additional sym-
metries and the prospect of solving for scattering amplitudes exactly at finite coupling. In the
limit of large λ, AdS/CFT duality implies that scattering amplitudes can be computed in terms
of minimal area surfaces in anti-de Sitter space, whose boundary is a closed light-like poly-
gon [65]. This picture led to the duality between amplitudes and polygonal Wilson loops at
arbitrary coupling [65, 68, 70, 71, 166–169], which also implies invariance under a set of
dual conformal transformations, which are distinct from, and in addition to, ordinary (position
space) conformal symmetry.

These five additional dual conformal symmetries make the kinematic dependence of the
four- and five-gluon amplitudes trivial. To all loop orders they are given by the BDS ansatz
[72], which is essentially the exponential of the one-loop amplitude multiplied by the light-like
cusp anomalous dimension Γcusp, which is known to all orders in g2 [170]. Thus the multi-loop
structure of four- and five-gluon amplitudes in MRK is rather simple in planar N = 4 SYM:
it is governed by the behavior of the one-loop amplitude and the constants in the BDS ansatz.
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Starting with the six-gluon amplitude, the structure becomes much richer. In general kine-
matics, there are three independent dual conformally invariant cross ratios for six-gluon scat-
tering. In an appropriate MRK limit, one of these three variables generates large logarithms
in the rapidity. The coefficients of the large logarithms depend on two remaining variables
parametrizing the complexified transverse momenta. The two variables lie on a complex sphere
(z, z̄) = (−w,−w∗) with three punctures, at 0, 1,∞, and the coefficients are real-analytic
functions of (z, z̄), which means that they are single-valued around all three punctures. For
higher-point amplitudes, the general picture is similar. Each additional gluon adds three more
variables; one is a large logarithm and two more are complex pairs. The set of punctures
becomes much richer because it includes limits where different variables approach each other,
as well as where they approach the three punctures.

The prospect of a finite-coupling solution for the scattering of more than five gluons has
already been realized in various kinematical limits. For example, the six-gluon amplitude is
dual to a hexagonal Wilson loop. The limit that two gluons become collinear is conformally
equivalent to pulling apart the hexagon into two halves, separated by a long distance. In this
limit, the operator product expansion (OPE) is dominated by low-twist operators [171], or
flux-tube excitations, whose anomalous dimensions have been computed at finite coupling
[172]. The interactions of these excitations are characterized by an integrable two-dimensional
S matrix, which is closely related to certain pentagon transitions. A general n-gluon amplitude,
or Wilson n-gluon, can be tiled by (n − 4) pentagons, and the resulting finite-coupling formula
for the (multi) near-collinear limit is referred to as the pentagon OPE or flux-tube expansion
[79, 173–175].

In the six-gluon case, the contribution of a single flux-tube excitation was analytically con-
tinued to give an all-orders proposal for the multi-Regge limit [55], which encompasses both
the (adjoint) BFKL eigenvalue and the impact factor. More recently, a similar analysis was
used to propose an all-orders formula for the central-emission vertex, which first enters seven-
gluon MRK, and should allow an MRK description at arbitrary multiplicity and coupling. In
the remainder of this section we develop these ideas further.

3.2. Six-gluon MRK

Dual conformal symmetry means that suitably normalized amplitudes have a full SO(4, 2)
invariance that acts in momentum space, or more precisely on dual coordinates xi, instead of the
usual Poincaré invariance (SO(3, 1) Lorentz symmetry plus four translations). The dimension
of SO(4, 2) is

( 6
2

)
= 15, while the Poincaré group has

( 4
2

)
+ 4 = 10 generators. The addi-

tional five dual conformal symmetry generators consist of dilatations and four special (dual)
conformal generators. The latter can be represented as an inversion xμi → xμi /x2

i , followed by
an infinitesimal translation xμi → xμi + εμ, followed by another inversion. Here the dual coor-
dinates xμi are the corners of the light-like polygon, so their differences are the momenta pμi :

xμi − xμi+1 = pμi , x2
i j = (pi + pi+1 . . .+ pj−1)2. (114)

Under an inversion,

x2
i j →

x2
i j

x2
i x2

j

. (115)

Dual conformally invariant functions are functions f (uijkl) of the cross ratios

uijkl ≡
x2

i jx
2
kl

x2
ikx2

jl

, (116)
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because under the inversion (115) the factors of x2
i x2

j x
2
k x2

l cancel between numerator and
denominator.

In four dimensions, the number of kinematic variables for a Poincaré-invariant n-point pro-
cess is 3n − 10: 3n for the spatial momentum components of the n-particles (which determine
the energies), minus 10 for the symmetries. This formula gives 2 for the four-point process,
namely the familiar Mandelstam variables s and t (with u = −s − t in the massless case), and
5 for the five-point process, which could be taken to be si,i+1 = (pi + pi+1)2, i = 1, 2, . . . , 5.
The five additional symmetry generators of dual conformal invariance reduce the number of
kinematic variables by five more, to 3n − 15. There are no variables left for n = 4 or 5, and
the (MHV) amplitudes are given by the BDS ansatz [72],

ABDS
n = A(0)

n exp

[ ∞∑

=1

g2

(

f (
)(ε)M(1)
n (
ε) + C(
)

)]
, (117)

where A(0)
n is the tree-level Parke–Taylor amplitude [176], M(1)

n (ε) is the one-loop MHV ampli-
tude (divided by the tree) [177],

f (
)(ε) = f (
)
0 + ε f (
)

1 + ε2 f (
)
2 (118)

is a set of three constants, and C(
) is an additional, finite constant. Here f0 is the cusp anoma-
lous dimension, known to all orders in perturbation theory [170],

f 0(g2) ≡ Γ(g2) =
Γcusp(g2)

4
= g2 − 2 ζ2 g4 + 22 ζ4 g6 − (219 ζ6 + 8 ζ2

3 ) g8 + · · · .

(119)

The convention for normalizing the cusp anomalous dimension in planar N = 4 differs from
that in QCD by a factor of two:

γK = 2Γcusp. (120)

In equation (118), f (
)
1 is related to the gluon collinear anomalous dimension defined in

equation (61) by

f (
)
1 = − 


2
γ(
) N=4

g =



4
G(
) N=4

0 , (121)

where the second definition is used in e.g. reference [178]. It is known to four loops [178–180].
The finite constants f (
)

2 and C(
) are known (numerically) to three loops [72, 181].
The BDS ansatz provides the complete amplitude for n = 4 and 5 because it is the unique

solution to an anomalous dual conformal Ward identity [68]. Starting at n = 6, the solution is
not unique, because of the existence of three dual conformal cross ratios,

u1 =
x2

13x2
46

x2
14x2

36

=
s12s45

s123s345
,

u2 =
x2

24x2
51

x2
25x2

41

=
s23s56

s234s123
, u3 =

x2
35x2

62

x2
36x2

52

=
s34s61

s345s234
.

(122)

The full six-point amplitude can be written as

AMHV
6 (si, j, ε) = ABDS

6 (si, j, ε) exp[R6(u1, u2, u3)], (123)
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where R6 is the remainder function. The six-point one-loop amplitude entering the BDS ansatz
is

M(1)
6 = M̂(1)

6 + E (1)
6 (ui),

M̂(1)
6 =

6∑
i=1

[
− 1
ε2

+
ln(−si,i+1)

ε
− ln(−si,i+1)

(
ln(−si+1,i+2) − 1

2
ln(−si+3,i+4)

)]
+ 6ζ2,

(124)

where

E (1)
6 =

3∑
i=1

Li2

(
1 − 1

ui

)
. (125)

It is also possible to normalize by a BDS-like ansatz [84, 108], which uses M̂(1)
6 instead of M(1)

6

in equation (117), thus omitting the finite, dual conformally invariant part E (1)
6 of the one-loop

amplitude. This normalization leads to improved causal properties for bootstrapping at generic
kinematics; namely, the Steinmann relations remain manifest [51]. However, for discussing
MRK the remainder function R6 is more suitable, because it vanishes in all collinear and soft
limits, and a soft limit is equivalent to a Euclidean version of MRK.

There are various possible six-point MRK limits, but the one that gives rise to the most
interesting behavior [73] is the case of 2 → 4 scattering when the two incoming gluons are as
far as they can get from each other in the cyclic color ordering. For the cyclic color ordering
1, 2, . . . , 6, we take gluons 3 and 6 to be incoming and gluons 1, 2, 4, 5 outgoing. (This config-
uration is sometimes also described by starting with the process 1 + 2 → 3 + 4 + 5 + 6, and
moving legs 4 and 5 into the initial state, between legs 1 and 2.) The strong rapidity ordering
for MRK, in terms of color-ordered Mandelstam variables, is

s12 � s345, s123 � s34, s45, s56 � s23, s61, s234. (126)

In terms of the cross ratios (122), the limit is

u1 → 1, u2 → 0, u3 → 0, (127)

with u2/(1 − u1) and u3/(1 − u1) held fixed. It is important to note that while s12 and s45 are
positive, the rest of the invariants listed in equation (126) are negative. These sign assignments
in equation (122) lead to u1, u2, u3 > 0.

There is an unphysical Euclidean branch, or Riemann sheet, where all Mandelstam invari-
ants are spacelike, and so u1, u2, u3 > 0 there as well. On the Euclidean sheet, all loop integrals
are real, and hence the scattering amplitude is real. The 2 → 4 sheet for physical Minkowski
scattering is on a different Riemann sheet from the Euclidean sheet, despite also having
u1, u2, u3 > 0. (Physical 2 → 4 scattering also requires u1, u2, u3 < 1 and Δ < 0, where Δ
is given in equation (131) [160].) Because u1 in equation (122) contains two positive (time-
like) invariants in the numerator, and two negative (spacelike, or Euclidean) invariants in the
denominator, it has to be continued by wrapping once around the complex origin,

u1 → u1 e−2πi. (128)

On the other hand, u2 and u3 are composed entirely of spacelike invariants, so they do not
have to be continued at all from the Euclidean sheet. The analytic continuation (128) generates
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discontinuities that diverge in MRK, even though the remainder function R6 vanishes in the
same limit (127) on the Euclidean sheet.

The finite, dual conformally invariant part of six-gluon scattering amplitudes in planar N =
4 SYM in the ‘bulk’, i.e. for arbitrary kinematics, are built from a polylogarithmic function
space described by nine letters:

Shex = {ui, 1 − ui, yi}, i = 1, 2, 3, (129)

where

yi =
ui − z+
ui − z−

, z± =
−1 + u1 + u2 + u3 ±Δ

2
, (130)

Δ = (1 − u1 − u2 − u3)2 − 4u1u2u3. (131)

As reviewed in chapter 5 of this SAGEX review [86], the meaning of the symbol alphabet
S [80] is that every function F in the corresponding function space has a ‘d log’ derivative
structure with a finite number of terms,

dF =
∑
sk∈S

Fsk d ln sk, (132)

where sk are the symbol letters, and if F has weight n then Fsk has weight n − 17.
The yi letters are fairly complicated in the bulk, at least in terms of the cross-ratios ui. (All

nine letters can be parametrized rationally in the bulk using the yi variables [47], or momentum
twistors, which are associated with the Grassmannian Gr(4, 6), see e.g. reference [183], or the
pentagon OPE parametrization in references [79, 173].)

Here we only need to parametrize the MRK limit (127). It is convenient to take

u2

1 − u1
=

1
(1 − z)(1 − z̄)

,
u3

1 − u1
=

z̄z
(1 − z)(1 − z̄)

, (133)

as this rationalizes
√
Δ ≈ (1 − u1)(z − z̄)/|1 − z|2. Thus the yi become rational too,

y1 → 1, y2 →
1 − z̄
1 − z

, y3 →
(1 − z)̄z
(1 − z̄)z

, (134)

and they are pure phases when z̄ is the complex conjugate of z.
It is apparent from equations (133) and (134) that the bulk symbol alphabet (129) collapses

in MRK to the four letters

Shex,MRK = {z, 1 − z, z̄, 1 − z̄}. (135)

There is also the infinitesimal letter (1 − u1), but it just corresponds to free powers of ln(1 −
u1). Using the characterization (132), the derivatives of any function in this space have the form

∂F
∂z

=
Fz

z
− F1−z

1 − z
,

∂F
∂ z̄

=
Fz̄

z̄
− F1−z̄

1 − z̄
. (136)

These relations imply that the relevant function space must be built from HPLs [148] in z and
z̄.

7 See reference [182] for an introduction to polylogarithms, the symbol, and all that.
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HPLs with indices {0, 1} are defined for binary strings �w with elements wk ∈ {0, 1}. They
are defined iteratively by

H0,�w(z) =
∫ z

0

dt
t

H�w(t), H1,�w(z) =
∫ z

0

dt
1 − t

H�w(t), (137)

as well as the initial condition H(z) = 1 for the null string, and the special case of all zeroes,

H�0n
(z) =

1
n!

lnn z. (138)

The weight of H�w is the number of integrations, or the length |�w| of the binary string �w. HPLs
obey the differential relations,

∂H0,�w(z)
∂z

=
H�w(z)

z
,

∂H1,�w(z)
∂z

=
H�w(z)
1 − z

, (139)

which matches the structure of equation (136). Thus the relevant MRK function space involves
a tensor product of the singular logarithm, HPLs in z, and HPLs in z̄:

FMRK ⊂
{

lnk(1 − u1), k � 0
}
⊗ {H�w(z), wk ∈ {0, 1}} ⊗ {H�w (̄z), wk ∈ {0, 1}}. (140)

At weight n, there are 2n possible HPLs with indices {0, 1}. They obey a shuffle algebra, so
that

H�w1 (z) H�w2 (z) =
∑

w∈w1IIIw2

H�w(z), (141)

where w1IIIw2 is the set of shuffles, or mergers of the sequences w1 and w2 that preserve
their individual orderings. Equation (141) can be used, from right to left, to express the 2n

functions in terms of sums and products of a much smaller set of functions, which is called
the Lyndon basis, because there is one H�wL for each Lyndon word. Lyndon words wL, when
split into any two sub-words u and v, always have u < v lexicographically. The number of
binary Lyndon words for weight 1, 2, 3, . . . is 2, 1, 2, 3, 6, 9, 18, 30, . . . . The first few Lyndon
words are wL = 0, 1; 01; 001, 011; 0001, 0011, 0111.The linear basis is obtained by applying
equation (141) repeatedly from left to right, so that there are no more products.

Equation (140) is not the whole story; there is one more restriction, single-valuedness, which
is related to the location of branch cuts. On the Euclidean sheet, for massless scattering ampli-
tudes, branch cuts originate when Mandelstam variables vanish, since that is where physical
scattering can first turn on. Given equation (122), these cuts can only originate at ui = 0 or
ui = ∞. In the symbol, branch cut locations correspond to the vanishing of first entries (or their
inverses), leading to the first-entry condition [184] which for general six-point kinematics states
that only the symbol letters ui in equation (129) are allowed to occupy the first entry in any term
in the symbol, not 1 − ui nor yi. In fact, the yi letters do not actually appear until the third entry,
because of integrability (equality of mixed partial derivatives). When the analytic continuation
(128) is performed, at symbol level it corresponds to clipping off a u1 from the front of the
symbol, exposing the second entry. Because this entry is always a ui or 1 − ui, as one takes the
limit (133), the first entry always involves the pairs z̄z and (1 − z)(1 − z̄)8. Functions whose
symbol letters are given by Shex,MRK in equation (135), but with first entries restricted to z̄z

8 There is a subtlety related to contributions from higher discontinuities, which requires demonstrating that clipping
an arbitrary number of u1’s from the front of the symbol never exposes a yi [100].
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and (1 − z)(1 − z̄), are called single-valued HPLs (SVHPLs) [54, 88] and denoted by L�w(z, z̄).
They do not have branch cuts separately in z and z̄; for example, when z is continued around
the origin, and z̄ is continued in the opposite direction, the functions remain single-valued, so
they are real analytic on the punctured complex plane, C/{0, 1,∞}.

The functions L�w(z, z̄) obey same differential relations in z as H�w(z):

∂L0,�w(z)
∂z

=
L�w(z)

z
,

∂L1,�w(z)
∂z

=
L�w(z)
1 − z

. (142)

They also obey the ‘initial conditions’

L(z) = 1, L�0n
(z) =

1
n!

lnn|z|2, lim
z→0

L�w �=�0n
(z) = 0, (143)

and the same shuffle relations as the HPLs,

L�w1 (z)L�w2 (z) =
∑

w∈w1IIIw2

L�w(z). (144)

These conditions, real analyticity on C/{0, 1,∞}, and the differential relation (142), fix the
L�w(z, z̄).

EachL�w is a weight |�w| linear combination of products of HPLs in z, HPLs in z̄, and multiple
zeta values. The fully holomorphic part of L�w(z, z̄) is precisely H�w(z). The full construction of
L�w [88] relies on the single-valued map s mentioned in section 2.7. It incorporates the antipode
map (which reverses the order of letters in the symbol) and the Drin’feld associator, which is
a formal sum of values of the HPLs at unit argument, H�w(1) = ζ(�w).

It is useful to introduce a collapsed notation which maps a string of (m − 1) 0’s followed
by a 1 to the integer m:

. . . ,�0m−1, 1, . . .→ . . . , m, . . . (145)

In this notation, ζ(�w) can be identified with the multiple zeta values (MZVs) defined by the
nested sums,

ζm1,...,mk = ζ(m1, . . . , mk) =
∑

∞>i1>i2>···>ik>0

1
im1
1 im2

2 . . . imk
k

. (146)

Next we give a few explicit examples of L�w ≡ L�w(z, z̄) [88], defining H�w ≡ H�w(z) and
H �w = H�w (̄z). At weight one, there is only

L0 = H0 + H0 = ln |z|2, L1 = H1 + H1 = − ln |1 − z|2. (147)

The SVHPLs of weight two begin to expose the order-reversal in the antipode map,

L0,0 = H0,0 + H0,0 + H0H0, L0,1 = H0,1 + H1,0 + H0H1,

L1,0 = H1,0 + H0,1 + H1H0, L1,1 = H1,1 + H1,1 + H1H1.
(148)

Thanks to the shuffle relations (141) and (144), it is enough to give results for the Lyndon basis
only, which at weight three is,

L0,0,1 = H0,0,1 + H1,0,0 + H0,0H1 + H0H1,0,

L0,1,1 = H0,1,1 + H1,1,0 + H0,1H1 + H0H1,1,
(149)
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and at weight four it is,

L0,0,0,1 = H0,0,0,1 + H1,0,0,0 + H0,0,0H1 + H0H1,0,0 + H0,0H1,0,

L0,0,1,1 = H0,0,1,1 + H1,1,0,0 + H0,0,1H1 + H0H1,1,0 + H0,0H1,1 − 2ζ3 H1,

L0,1,1,1 = H0,1,1,1 + H1,1,1,0 + H0,1,1H1 + H0H1,1,1 + H0,1H1,1 − 2ζ3 H1,

(150)

at which point explicit ζ values from the Drin’feld associator start to appear.
In summary, the function space for six-point amplitudes in planar N = 4 SYM in MRK

reduces from (140) to

FMRK ⊂
{

lnk(1 − u1), k � 0
}
⊗ {L�w(z), wk ∈ {0, 1}}, (151)

including also the possibility of MZV constants. Note that we can easily trade (1 − u1) for√
u2u3 because the ratio is finite, from equation (133), and its logarithm is in the space of

SVHPLs,

ln(
√

u2u3) − ln(1 − u1) =
1
2

ln |z|2 − ln |1 − z|2 =
1
2
L0 + L1. (152)

It is convenient to define a large logarithm by

Lτ ≡ ln τ , τ ≡ √
u2u3. (153)

The six-gluon remainder function R6(u, v,w) vanishes in the Euclidean version of the MRK
limit, which is a soft limit, a special case of the collinear limit, where it also vanishes. It also
vanishes exactly at one loop, by definition. It is also possible to argue from the OPE perspective
that the leading power of the singular logarithm at 
 loops should be 
− 1 [171]. From these
properties, and the general structure of the function space (151), we can write the general form
of the remainder function in MRK as9

R6|MRK = 2πi
∞∑

=2


−1∑
n=0

g2
 lnn(1 − u1)
[
g(
)

n (z, z̄) + 2πih(
)
n (z, z̄)

]
, (154)

where the imaginary part g(
)
n (real part h(
)

n ) is a weight 2
− n − 1 (2
− n − 2) linear combina-
tion of SVHPLs. The overall 2πi comes from having to take at least a single discontinuity under
the continuation (128); the second discontinuity contributes to h(
)

n ; and higher odd (even) dis-
continuities also contribute to g(
)

n (h(
)
n ). The LL coefficients clearly have n = 
− 1; the NLL

coefficients have n = 
− 2; and the NkLL coefficients have n = 
− k − 1. Hence the NkLL
coefficient g(
)


−k−1 has weight 
+ k.
An all-loop integral formula for the six-point amplitude in MRK, based on factorization

in FM space, was first presented at NLL in references [75, 76], and argued to hold for all
subleading logarithms in reference [185]. It takes the form (after letting w = −z, w∗ = −z̄)
[96],

eR6+iδ6 |MRK = cos
(
πΓ ln |z|2

)
+ i g2

∞∑
m=−∞

(
z
z̄

)m
2

P

×
∫ ∞

−∞

dν |z|2iν

ν2 + m2

4

Φreg(ν, m)e−(Lτ+iπ)ω(ν,m), (155)

9 Sometimes the coupling a = 2g2 is used instead of g2.
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Figure 8. Factorization of the six-gluon amplitude in planar N = 4 SYM in the 2 → 4
multi-Regge limit. The product of the upper and lower impact factors (blue blobs) is
given by Φreg in the MHV case (h1, h2) = (+,+), while the zigzag line and the green
square represent the Reggeized gluon in the adjoint representation and its BFKL eigen-
value. In contrast to the previous figures, a blob represents all loop orders at once. Also,
there are vertical cuts through the Reggeized gluon that are not shown.

where P is a principal value prescription for the m = 0 term, and Lτ is defined in
equation (153). The first and second terms are called, respectively, the Regge pole and cut con-
tributions. The latter depends on the BFKL eigenvalue ω(ν, m) and the (regularized) impact
factor Φreg(ν, m); the latter is really a product of impact factors for the top and bottom of the
Regge ladder shown in figure 8. Both ω and Φreg depend on g2. The function δ6 appearing on
the left-hand side of equation (155) comes from a Mandelstam cut present in the BDS ansatz;
it is given by

δ6 = πΓ(g2) ln

(
|z|2

|1 − z|4

)
, (156)

where Γ(g2) is defined in equation (119).
In the all-orders solution from the flux-tube representation [55], the Mellin variable ν and

BFKL eigenvalue ω are related to the energy and momenta of an analytically-continued flux-
tube excitation, characterized by a rapidity u. They are both given10 in terms of the kernel K(t)
entering the BES integral equation [170],

−ω(u, m) =
∫ ∞

0

dt
t

(
K(−t) + K(t)

2
cos(ut)e−|m|t/2 − K(t)

)
, (157)

ν(u, m) = u +

∫ ∞

0

dt
t

K(−t) − K(t)
4

sin(ut)e−|m|t/2. (158)

The impact factor is given in terms of the ‘measure’ μBFKL, which involves a few more ingre-
dients [55]. The full formula for R6 in MRK is

10 The ν in equation (158) is 1/2 of the ν in reference [55], in order to be consistent with earlier definitions of ν.
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eR6+iδ6 |MRK = i
∞∑

m=−∞

(
z
z̄

)m
2
∫ ∞

−∞
duμBFKL(u, m) |z|2iν(u,m) e−(Lτ+iπ)ω(u,m).

(159)

The Regge pole contribution in equation (155) is not present explicitly in equation (159), but
it is generated by a different contour prescription for the u integral [55, 96].

The BES kernel K(t) can be represented as a semi-infinite matrix of integrals of products of
Bessel functions [186]. At weak coupling, the matrix can be truncated to a finite size, allowing
perturbative expansions of ν(u, m), ω(u, m) and μBFKL(u, m) to any desired order in the loop
expansion [55]. The results are polynomials in E, V, N [54] defined by

E = −1
2

|m|
u2 + m2

4

+ ψ(1 + iu +
|m|
2

) + ψ(1 − iu +
|m|
2

) − 2ψ(1), (160)

V =
iu

u2 + m2

4

, N =
m

u2 + m2

4

, (161)

and their u derivatives, with D ≡ −i∂/∂u. The results for ν and ω through g6 are [55],

2ν = 2u + 2ig2 V − ig4(D2V + 4ζ2V)

+ ig6

(
1
6

D4V + 2ζ2D2V − 4ζ3DE + 44ζ4V

)
+ · · · , (162)

−ω = 2g2E − g4(D2E + 4ζ2E + 12ζ3)

+ g6

(
1
6

D4E + 2ζ2D2E + 4ζ3DV + 44ζ4E + 80ζ5 + 16ζ2ζ3

)
+ · · · .

(163)

Using equation (162), one can eliminate u in favor of ν order by order in the coupling, in
order to obtain the more standard definition of the BFKL eigenvalue ω(ν, m) as functions of
E, V, N that depend on ν instead of u. The results agree with previous computations through
NNLL [54, 73, 74, 76, 83]. The relation between the BFKL measure and the impact factor is

μBFKL(u, m) = g2 dν
du

Φreg(ν, m)

ν2 + m2

4

. (164)

This impact factor agrees with previous computations at low loop orders [54, 75, 83].
Once the perturbative expansions of ω(ν, m) and Φreg(ν, m) have been obtained, the inverse

FM sum-integral in equation (155) has to be performed. It can be converted into a double
sum by closing the ν contour with a large semi-circle in the complex plane and picking up
residues from integer-spaced poles on the positiveimaginary axis. Truncating the sum over
residues corresponds to performing a series expansion as z, z̄ → 0. Methods for performing this
sum have been given in references [54, 56, 90, 91]. Alternatively, if one has the perturbative
amplitude, the coefficient functions can be computed, without having to perform any sums, by
taking the multi-Regge limit of the result for general kinematics. It is straightforward to series
expand the coefficient functions as z, z̄ → 0, to compare with the FM representation. The results
match through seven loops [52].
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Defining the FM sum Σ via,

eR6+iδ6 |MRK = cos
(
πΓ ln |z|2

)
+ πiΣ,

Σ =

∞∑

=1

g2


−1∑
n=0

Σ(
)
n (Lτ + iπ)n,

(165)

the first three loop orders are given in the linear SVHPL representation by,

Σ(1)
0 = L0 + 2L1, (166)

Σ(2)
1 = 2L0,1 + 2L1,0 + 4L1,1, (167)

Σ(2)
0 = −2L0,0,1 + 2L0,1,0 − 2L0,1,1 − 2L1,0,0 − 2L1,0,1 − 2L1,1,0 − 4L1,1,1

− 2ζ2(L0 + 2L1), (168)

Σ(3)
2 = L0,0,1 + 2L0,1,0 + 4L0,1,1 + L1,0,0 + 4L1,0,1 + 4L1,1,0 + 8L1,1,1, (169)

Σ(3)
1 = −3L0,0,0,1 + L0,0,1,0 − 6L0,0,1,1 + L0,1,0,0 − 4L0,1,0,1 − 12L0,1,1,1

− 3L1,0,0,0 − 8L1,0,0,1 − 4L1,0,1,0 − 12L1,0,1,1 − 6L1,1,0,0 − 12L1,1,0,1

− 12L1,1,1,0 − 24L1,1,1,1 + 4ζ3L1 − 8ζ2(L0,1 + L1,0 + 2L1,1), (170)

Σ(3)
0 = 3L0,0,0,0,1 −

9
2
L0,0,0,1,0 + 3L0,0,0,1,1 + 5L0,0,1,0,0 + 3L0,0,1,0,1

− L0,0,1,1,0 + 6L0,0,1,1,1 + 2L0,1,0,0,1 −
9
2
L0,1,0,0,0 − 2L0,1,0,1,0

+ 4L0,1,0,1,1 − L0,1,1,0,0 + 4L0,1,1,0,1 + 12L0,1,1,1,1 + 3L1,0,0,0,0

+ 6L1,0,0,0,1 + 2L1,0,0,1,0 + 8L1,0,0,1,1 + 3L1,0,1,0,0 + 8L1,0,1,0,1

+ 4L1,0,1,1,0 + 12L1,0,1,1,1 + 3L1,1,0,0,0 + 8L1,1,0,0,1 + 4L1,1,0,1,0

+ 12L1,1,0,1,1 + 6L1,1,1,0,0 + 12L1,1,1,0,1 + 12L1,1,1,1,0 + 24L1,1,1,1,1

− 2ζ2(3L0,0,0 + 2L0,1,0 − 4L0,1,1 − 4L1,0,1 − 4L1,1,0 − 8L1,1,1)

+ 2ζ3(L0,1 + L1,0 − 2L1,1) + 22ζ4(L0 + 2L1). (171)

Results through seven loops are provided in an ancillary file for reference [52], although
for a slightly different normalization, coupling-constant convention, and L representation. At
LL, only the Regge cut contributes and eR6 ≈ 1 + R6; hence the coefficients Σ(
)


−1 are sim-
ply related to the corresponding coefficients in the expansion of the remainder function R6 in
equation (154):

Σ(
)

−1 = 2g(
)


−1. (172)

These LL coefficients are known in closed form to all loop orders [91, 133].
The MRK limit of 3 → 3 scattering is closely related. There are some sign flips associated

with an analytic continuation of u1 in the opposite direction, u1 → u1 e+2πi, u2,3 → u2,3 e+πi,
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and the phase cancels in the exponentiated term, leading to the following formula [77],

eR6−iδ6 |MRK, 3→3 = cos
(
πΓ ln |z|2

)
− i g2

∞∑
m=−∞

(
z
z̄

)m
2

P

×
∫ ∞

−∞

dν |z|2iν

ν2 + n2

4

Φreg(ν, m)e−Lτ ω(ν,m). (173)

Thus the Regge cut term is purely imaginary for 3 → 3 scattering, and the perturbative
results follow from the same FM sum,

eR6−iδ6 |MRK, 3→3 = cos
(
πΓ ln |z|2

)
− πi

∞∑

=1

g2


−1∑
n=0

Σ(
)
n (Lτ )n. (174)

Flipping the helicity of one of the final-state gluons in figure 8 also results in a minor mod-
ification of the basic formula (155). Only the impact factor, or BFKL measure, changes. In
terms of the rapidity formulation in equation (159), to flip h1, one simply inserts the factor

H̄(u, m) ≡ x(u + im
2 )

x(u − im
2 )

(175)

into the u integrand, where

x(u) =
u +
√

u2 − 4g2

2
(176)

is the Zhukovsky variable. (To flip the helicity h2 of the other more central gluon, the inverse
of the factor (175) is used. The two cases are related by target-projectile symmetry, which
includes the map z → 1/z, z̄ → 1/z̄.) The NMHV analog of equation (155) is then

P (4444)
NMHV eR6+iδ6 |MRK = cos

(
πΓ ln |z|2

)
+ ig2

∞∑
m=−∞

(
z
z̄

)m
2

P
∫ ∞

−∞

× dν |z|2iν

ν2 + m2

4

Φreg(ν, m)H̄(u, m)e−(Lτ+iπ)ω(ν,m). (177)

Here P (4444)
NMHV is the finite ratio function of the NMHV super-amplitude divided by the MHV

amplitude, and its (η4)4 Grassmann component according to equation (111), in order to flip the
helicity of gluon 4, and u is related to ν by equations (158) and (162).

While the coefficients in the expansion of the MHV remainder function (154) are pure tran-
scendental functions, that is not quite true for the NMHV amplitude. We define the FM sum Σ̃
via,

P (4444)
NMHVeR6+iδ6 |MRK = cos

(
πΓ ln |z|2

)
+ πi

Σ̃(z, z̄) − z̄ Σ̃(1/z, 1/z̄)
1 − z̄

,

Σ̃ =

∞∑

=1

g2


−1∑
n=0

Σ̃(
)
n (Lτ + iπ)n.

(178)

The rational prefactors 1/(1 − z̄) and −z̄/(1 − z̄) arise from the multi-Regge limit of certain
dual super-conformal invariants, or five brackets [49]. The pure functions in Σ̃ can be extracted
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from the z̄ → 0 limit of the FM sum with H̄ inserted. The first few loop orders are,

Σ̃(1)
0 = L0, (179)

Σ̃(2)
1 = 2L0,1, (180)

Σ̃(2)
0 = 2L0,0,1 − L0,1,0 − 2L0,1,1 − 2ζ2L0, (181)

Σ̃(3)
2 = 2L0,0,1 + L0,1,0 + 4L0,1,1, (182)

Σ̃(3)
1 = 2L0,0,1,0 − 2L0,1,0,0 − 4L0,1,0,1 − 4L0,1,1,0 − 12L0,1,1,1 − 8ζ2L0,1, (183)

Σ̃(3)
0 = −6L0,0,0,0,1 +

9
2
L0,0,0,1,0 − 3L0,0,1,0,0 − 2L0,0,1,0,1 − 2L0,0,1,1,0

+
3
2
L0,1,0,0,0 + 2L0,1,0,0,1 + 2L0,1,0,1,0 + 4L0,1,0,1,1 + 2L0,1,1,0,0

+ 4L0,1,1,0,1 + 4L0,1,1,1,0 + 12L0,1,1,1,1

− 2ζ2(3L0,0,0 + 2L0,0,1 − 4L0,1,1) + 4ζ3L0,1 + 22ζ4L0. (184)

The perturbative expansion has been checked against bootstrapped NMHV amplitudes
through seven loops [49, 52, 84, 92].

MRK is a particular limit of general n-point scattering. It overlaps with other nearby limits,
in particular, those located at the boundaries of the moduli space of Riemann spheres with
marked points. For n = 6, there are three such boundaries, for z → 0, 1, or∞. The z →∞ limit
is a collinear-Regge limit, which is related by target-projectile symmetry to the z → 0 collinear-
Regge limit. The remainder function vanishes in the z → 0 limit like z + z̄ (or w + w∗), and
the leading double logarithms at this power in ln |z|2 and Lτ (DLLA) have been summed to all
orders (also for NMHV) [133, 187]. The z → 1 limit overlaps with a limit in which the dual
light-like hexagonal Wilson loop crosses itself [188–190], which is also a limit that mimics
double parton scattering, where a 2 → 4 process breaks up into two 1 → 2 splittings of the
incoming particles, followed by two 2 → 2 scatterings [191]. The singular terms in this limit
can be understood to all orders, and also in the related 3 → 3 version of self-crossing [52, 191].

3.3. Seven-gluon MRK

The multi-Regge limit of 2 → 5 scattering features five particles with strongly-ordered rapidi-
ties in the final state. The configuration with the richest dynamics is where the particles with
maximal separation in the cyclic color ordering are incoming, say particles 1 and 4, and par-
ticles 2, 3, 5, 6, and 7 are outgoing, as shown in figure 9. Alternatively, we could start with
particles 2 and 3 incoming, and strongly order the outgoing rapidities,

p+4 � p+5 � p+6 � p+7 � p+1 , (185)

with comparable transverse momenta,

|p4⊥| 	 |p5⊥| 	 |p6⊥| 	 |p7⊥| 	 |p1⊥|, (186)

and then analytically continue particles 5, 6, 7 to negative energies. This region features a long
Regge cut [93–95].
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Figure 9. Factorization of the seven-gluon amplitude in planarN = 4 SYM in the 2 → 5
multi-Regge limit. The additional factor not present in the six-point case is the central
emission vertex (red blob), which again represents all orders. Again the vertical Regge
cuts are omitted.

Dual conformal invariance implies that there are only 3 × 7–15 = 6 independent variables
for the seven-point remainder function. There are seven different dual conformal cross ratios,

u1 =
s34s671

s234s345
, u2 =

s45s712

s345s456
, u3 =

s56s123

s456s567
, u4 =

s67s234

s567s671
,

u5 =
s71s345

s671s712
, u6 =

s12s456

s712s123
, u7 =

s23s567

s123s234
,

(187)

with one nonlinear Gram determinant relation between them. In MRK, they behave as

u1, u2, u5, u6 ∼ O(δ), 1 − u3, 1 − u4 ∼ O(δ), 1 − u7 ∼ O(δ2),

(188)

where δ → 0, and the small ratios p+i+1/p+i in equation (185) are all O(δ), for i = 4, 5, 6, 7.
This limit, which is to be taken after the analytical continuation

u7 → u7 e−2πi, (189)
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can be parametrized by two small real parameters τ 1,2 and two complex variables z1,2:

√
u1u2 = τ1,

u1

1 − u3
=

∣∣∣∣ 1
1 − z1

∣∣∣∣2,
u2

1 − u3
=

∣∣∣∣ z1

1 − z1

∣∣∣∣2,

√
u5u6 = τ2,

u5

1 − u4
=

∣∣∣∣ 1
1 − z2

∣∣∣∣2,
u6

1 − u4
=

∣∣∣∣ z2

1 − z2

∣∣∣∣2.
(190)

The simplicial coordinates ρ1, ρ2 are also used [56, 192]; they are related to z1, z2 by

z1 =
ρ1(1 − ρ2)
ρ1 − ρ2

z2 =
ρ2 − ρ1

1 − ρ1
. (191)

There are 42 letters in the heptagon function symbol alphabet [97, 193]. In MRK they
collapse to

Shept,MRK = {τ1,2, ρ1,2, 1 − ρ1,2, ρ1 − ρ2, ρ̄1,2, 1 − ρ̄1,2, ρ̄1 − ρ̄2}. (192)

In analogy to the six-point case, the parity-even letters only involve τ 1,2 and the five magni-
tudes,

{|ρ1,2|2, |1 − ρ1,2|2, |ρ1 − ρ2|2}. (193)

Only these parity-even combinations appear at the front of symbols, even after clipping off
multiple u7 initial entries [100], in accordance with the continuation (189). Therefore the rel-
evant function space is SVHPLs in two variables, ρ1 and ρ2 [56, 89]. (In reference [56] it has
been argued that single-valued functions in multiple variables are all that is needed for MRK
for any n-point amplitudes, at least at LL.)

An all-orders formula for the multi-Regge limit of any n-point amplitude in planar N = 4
SYM has been proposed based on some of the same ingredients encountered at n = 6, plus a
new ingredient, the central emission vertex [57]. The formula for n = 7 is

Rh1,h2,h3 eiδ7 = 1 + 2πi
∏

k=1,2

[ ∞∑
mk=−∞

(
zk

z̄k

)mk
2
∫
Ck

× dνk

2π
|zk|2iνk Φ̃(νk, mk)e−(ln τk+iπ)ω(νk ,mk )

]

×
[
Ih1 (ν1, m1) · C̃h2 (ν1, m1, ν2, m2) · Īh3(ν2, m2)

]
. (194)

Here Rh1,h2,h3 is the appropriate helicity amplitude, divided by ABDS
7 . The seven-point BDS

phase is

δ7 = πΓ ln

∣∣∣∣ ρ1

(1 − ρ1)(1 − ρ2)

∣∣∣∣2. (195)

The quantity Φ̃(ν, m) ≡ g2Φreg(ν, m)/(ν2 + m2/4); Ih is the helicity flip kernel (related to H̄);
and C̃h is the central emission vertex, whose all-orders expression is given in reference [96],
along with details about performing the νk integration. Note that Φ̃ (C̃h) does not correspond
precisely to the blue (red) blob in figure 9, since there are n − 5 Φ̃r’s and only two true
impact factors for any n. However, it is possible to associate a ‘square-root’ of each Φ̃r with a
neighboring C̃h if one wants to make the correspondence more exact.
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As mentioned in the introduction, seven-point amplitudes have been bootstrapped through
four loops at the symbol level [97–99], and more recently at the level of full functions [101],
by fixing zeta-valued constants of integration in the Euclidean region. The proposal (194) was
checked first at symbol level [57], and more recently at function level, for both MHV and
NMHV configurations, by carrying the constants of integration along a multi-step path from
the Euclidean region to the 2 → 5 multi-Regge limit [100].

4. Conclusions and outlook

In this chapter, we have reviewed the behavior of amplitudes in QCD and inN = 4 SYM in the
multi-Regge limit. In section 2, we have detailed how at LL and NLL accuracy QCD amplitudes
are dominated by single-Reggeized-gluon exchange. At NNLL accuracy, three-Reggeized-
gluon exchange occurs in the 2 → 2 amplitude, starting at two loops. In the two-loop five-point
amplitude, the central-emission vertex may couple to the three Reggeized gluons. It would be
interesting to understand how that comes about, perhaps first in the context of full-colorN = 4
SYM [53]. The three-Reggeized-gluon exchange yields a violation of Regge factorization only
at the level of terms that are subleading in Nc. Basically, multi-Reggeon contributions seem to
be washed away by the large Nc limit. It is conceivable then that radiative corrections might be
resummable in QCD through a BFKL equation at NNLL, at least in the large Nc limit. Indeed,
in planar N = 4 SYM the color-singlet BFKL eigenvalue has recently been obtained through
NNNLL using quantum spectral curve methods [194, 195].

In section 3, we have analyzed the multi-Regge limit of amplitudes with six or more points in
planarN = 4 SYM, in the long Regge cut configuration, characterized by an energy-sign flip of
all the gluons emitted along the gluon ladder, which amounts to all the produced gluons except
the first and the last in the strong rapidity ordering. The energy configuration of the outgoing
gluons is then (+,−,−,+) at six points, (+,−,−,−,+) at seven points, and so forth11. In
this configuration, the amplitudes feature a two-Reggeized-gluon exchange [73, 74], and are
conjecturally known for any leg multiplicity and at any logarithmic accuracy [57].

In the integrability picture of N = 4 SYM in the large Nc limit in MRK [156], amplitudes
which feature the exchange of an n-Reggeized-gluon ladder are related to an n-site Hamil-
tonian of an integrable spin chain. The amplitudes with exchange of a two-Reggeized-gluon
ladder have been described in section 3. The two-site Hamiltonian is the BFKL Hamiltonian
[196]. Therefore, those aspects of the integrability picture are non-trivially probed with the
exchange of three or more Reggeized gluons. According to the integrability picture, ampli-
tudes with eight or more points feature the exchange of a three-Reggeized-gluon ladder in
the energy configuration characterized by a further energy-sign flip of the innermost gluons
emitted along the gluon ladder [197]. The energy configuration of the outgoing gluons is then
(+,−,+,+,−,+) at eight points, (+,−,+,+,+,−,+) at nine points, and so on. These con-
tributions should have double discontinuities in the same channel, associated with pairs of
vertical cuts. The exchange of a four-Reggeized-gluon ladder (associated with triple disconti-
nuities) would appear in amplitudes with ten or more points featuring a further energy-sign flip
of the innermost gluons, such that the energy configuration would be (+,−,+,−,−,+,−,+)
at ten points, (+,−,+,−,−,−,+,−,+) at eleven points. One can continue flipping energies
and considering more Reggeized gluons being exchanged.

Amplitudes at the two-loop level and up to nine points have been analyzed by lifting
the symbol of reference [102] to function level in the multi-Regge limit. For the regions

11 These energy configurations are distinct from helicity configurations, of course.
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(+,−,+,+,−,+) and (+,−,+,+,+,−,+) at eight and nine points, respectively, results are
consistent with the picture of an amplitude made from impact factors and a central-emission
vertex involving the exchange of a three-Reggeized-gluon ladder [105]. That is a good start for
Lipatov’s integrability picture [156]. Much more, though, remains to be understood.

There are many other avenues for future research on the multi-Regge limit of gauge theory.
They include further developments at NNLL in QCD, including also computations of impact
factors and developments in the phenomenological application of these results (which we have
not been able to review here). Beyond the planar limit, N = 4 SYM may provide a useful
testing ground for untangling multi-Reggeized-gluon ladders from each other. Within the pla-
nar limit, MRK can serve as a window into the complexity of multi-loop n-point amplitudes
for generic kinematics: the elliptic polylogarithms and more complicated functions that are
expected to be encountered there must simplify drastically in MRK. Exactly how this works
remains to be understood. All in all, the study of the multi-Regge limit in gauge theory will
undoubtedly continue to be a rich mother lode within the field of scattering amplitudes.
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