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Abstract The most general Lagrangian describing spin 2
particles in flat spacetime and containing operators up to
(mass) dimension 6 is carefully analyzed, determining the
precise conditions for it to be invariant under linearized
(transverse) diffeomorphisms, linearized Weyl rescalings,
and conformal transformations.
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1 Introduction

Particle physics interactions, when considered at very high
energy (probing then smaller and smaller distances), are
expected to be independent of the individual masses of
the particles themselves, which are negligible in compari-
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son with the energy scale. Some sort of scale invariance is
expected to be at work there. The same thing happens in sec-
ond order phase transitions. The correlation length diverges,
and again, scale invariance is at work. In fact in many known
cases (in all unitary theories') this symmetry is upgraded
to full conformal symmetry [2]. There is however a caveat.
In quantum field theory the well-known need to renormal-
ize the bare quantities implies that an arbitary mass must be
introduced. This is the origin of the dependence of coupling
constants with the energy scale, encoded in the correspon-
diong beta-functions.

It is however only recently that the precise relation-
ship between scale invariance, conformal invariance and
Weyl invariance has been clarified (cf. [3,4] and references
therein). This includes the precise conditions for scale invari-
ant theories to become conformal invariant and also the exis-
tence of the so-called a-theorem for renormalizable theories
(cf. [5] and [6] for a recent review). Most of the work done
so far has been in flat spacetime, where the gravitational field
is absent, or at most, non-dynamic.

When such a gravitational field is present [7] there are
two possible generalizations of scale invariance. The most
direct of those is the algebra of conformal Killing vector
fields (CKV), that is, those that obey

»C(%_)g;w = ¢(x)g;w (1)

the fact that

L&, n]) = LELM) — LLE) @

implies that the set of all CKV generate an algebra, which for
Minkowski spacetime is the conformal algebra, SO (2, n).
In fact, the maximal possible dimension of the conformal
algebra is precisely

! There is a counterexample by Riva and Cardy [1] where scale invari-
ance does not imply conformal invariance. The theory is the two-
dimensional theory of elasticity which is not unitary.
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4+ D +2)
B 2

d 3)
which is attained by conformally flat spacetimes (the ones
with vanishing Weyl tensor [8,9]). Unfortunately, however,
this property is not generic; that is, an arbitrary metric does
not support any CKYV, and the corresponding algebra has to
be studied for each particular spacetime by itself.

The next most natural symmetry to study is Weyl invari-
ance, the invariance of the action under local rescalings of
the metric tensor.

guv(¥) = Q%(x) gy (%) 4)

this invariance, besides, can still be studied in the linear limit,
when the gravitational field manifests itself as a perturbation
of the Minkowski metric.

guv(X) = nuy + Kh;w(x) ©)

Given that the previous expansion is exact, the linearized
Weyl symmetry of the metric perturbation can be written as

K 8hyuy =20 (X)) + 2k @ Lehy, 6)

Let us remark the appearance of an order £ piece in the vari-
ation of the perturbation that will be relevant in our analysis.

In order for a flat spacetime theory to be scale invariant,
the (Rosenfeld) energy-momentum tensor must be a total
derivative (on-shell)

nMva.v =0 VH @)

where V* is the virial current [10-12]. This is enough to
guarantee the existence of a conserved scale current

=T v ®

In the particular case when the virial current is itself a diver-
gence, that is, when

VHE = 3,0 ©)

then the theory is conformally invariant under the group
0O (2, n), and the conserved current reads

KM = (2x”xp - x25;> TP _ 2xVVE 4 261 (10)

which also implies that the energy-momentum tensor can be
improved.

In the present paper we want to clarify the precise relation-
ship between Weyl invariant theories (WIFT) and conformal
invariant theories (CFT) for systems where the gravitational
field is dynamic, but still approachable as a fluctuation of flat

@ Springer

spacetime. Our analysis then concerns mostly spin 2 theo-
ries in flat spacetime as described by a rank two symmetric
field in Minkowski space. Our plan is to do it systemati-
cally, determining the conditions for scale invariance (which
is still meaningful in flat space), conformal invariance and
Weyl invariance.

We analyze first the most general Lagrangian containing
dimension 4 operators, and then we do the same analysis for
dimension 6 operators, containing two and four derivatives
respectively (operators appearing in the weak field expansion
of gravitational theories linear and quadratic in the curva-
ture). We then study dimension 5 and dimension 6 operators
with two derivatives. The analysis is, in some sense, the con-
tinuation of the one in [13,14] and also in [15]. Recent works
regarding conformal invariance and Weyl invariance include
[16-18]. We are always (with the only exception of our dis-
cussion of the improvement of the energy-momentum tensor)
refering to actions defined as spacetime integrals, so that we
allow for integration by parts, in other words, when we claim
that an expression vanishes, we mean this only up to total
derivatives.

2 Symmetries of the low energy spin 2 action

Let us revisit the possible symmetries of low dimension
kinetic operators in spin 2 theories [13] in flat spacetime
where the graviton is represented by a symmetric tensor /.
Lorentz invariance will be assumed throughout the paper. If
we want the field equations to be given by differential oper-
ators of (at least) second order, then the Lagrangian has got
to incorporate at least two derivatives. Let us begin our study
with the operators of lowest possible dimension.

2.1 Dimension 4 operators

Our building blocks are the gravitational field, /144 (assumed
to be of mass dimension 1) and the spacetime derivatives, d,,.
There are four different dimension four operators with two
derivatives

1
Dy = ;b h"”

1
D, —Eakhkpa(,hp”

1
D3y = =0"hdh;,
2
1
Dy = —Zaﬂha“h (11)

There is another operator

1
Ds = —zaghlpa*hpo (12)
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which is equivalent to D, modulo total derivatives:

Ds =D; — %ax (36 h5h"7) + %a(, (9,h°h%) (13)

Then, the most general action principle involving dimension
4 derivative operators reads

(14)

4
S = /d4x Zai D;
i=1

First, we are going to consider invariance under linearized
diffeomorphisms, LDiff gauge symmetry. This is the one
implemented in the pioneering work by Fierz—Pauli

ah/w = a/tév + 811511« (15)
The variation of the fragment of the action containing the D
terms only (that is, with ml2 = Ay = 0) and upon integration
by parts, yields

8/d4xD1 =/d4xé§kli]8”hvk
8/d4x Dy = —/d“st (82879 hpo + 08 his )
8/d4x Ds = fd4x £ (3,079 hype + 9,000)

8/d4x Dy = —/d“x@aA Oh (16)
so that linearized diffeomorphisms (LDiff henceforth) imposes
some relations among the coupling constants

7)

A=) =03 =04

this is, o; = 1Vi.

The second case we are analyzing is the invariance under
transverse linearized diffeomorphisms (LTDiff henceforth),
that is, diffeomorphisms such that their generating vector
fields obey

=0 (18)
These conditions impose
al = (19)

but allow for arbitrary values of a3 and o4.
In third place, under linearized Weyl transformations,
LWeyl, the variation of the metric reads

2
Shap = — @ (X)Nup (20)

and after integration by parts,?

I
§D) = —= wh
2
8Dy = w 3*0P hyp
5D = _% (40%0” hyp + Oh)

8§Dy = 20 h Q1)

where we have multiplied by £ for simplicity. The invari-

ance under LWeyl puts further constraints on the coupling
constants, namely

o] +oa3 —4ag =0

4oz — 207 = 0 (22)

In [13] we have dubbed WTDiff to the theory with TDiff
invariance enhanced with linearized Weyl symmetry, LWey!.
This is the particular case of the above, corresponding to
o] = oy = 1and

1 3
— ay=—
2 TR
A consistent non-linear completion of the actions which full-
fill these requirements are the ones explained in the Appendix
(110) namely actions proportional to

1 3 (Vg)?
SwTDiff =_ﬁfd4x81/4 <R+§g—§

Finally, we could consider only traceless graviton fields,
heg such that h = n“ﬁhalg = 0. Obviously, in this case,
D3 = D4 = 0, and for consistency, we can only implement
TDiff with the coupling constants fixed to

a3 = (23)

(24)

ap=ar =1 (25)

2.1.1 Scale and conformal invariance

The most general Lagrangian we are considering (without
the mass terms) is obviously scale invariant under

xH— axH

By — AV h, (26)

with the assigned scaling dimensions. In order to make a
full analysis of the scale and conformal invariance of the
theory we have to compute the energy momentum tensor of
these theories. In this case, and neglecting total derivatives,
the metric (or Rosenfeld’s) energy momentum tensor has the
form

2 Although we do not write the integrals explicitely, integration by parts
is carried out in the analysis and total derivatives are not considered as
stated in the introduction.

@ Springer
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1
Tuw = 700 {aﬂhaﬂauhaﬁ + 28, h,50"hy ﬁ}
— a2 31y s h 4 31y 0 M

+ akhwaﬁhav}

1
+ ~ 03] 8%y 8" gy + 3 (0% hdyhay + 3% hdyh g
+ 0, hd" hay + 9yhd hyy) }
1 o 1
— Za4 20%h0qhyy + 0,hovhy — ELn’W 27)
whose trace reads
3 2 3 Lo qp 3 oy ar
T = Zal (Ouhap)” — 50[2 Wh* 0% h e + EO[33 ho”h;,
3
- (3.h)? —2L =1L (28)

The equations of motion (eom) read

;l—fﬁ = —%Dhaﬂ + %aaa*hw + %aﬂa*hm
— B 00 hyy — S dph + ngpTh (29)

2 2 2

In fact we know that, as explained in the introduction, scale
invariance implies that the trace of the energy momentum
tensor can be written, on-shell, as a total derivative, that is, as
the divergence of the virial (7). What happens is that whereas
two Lagrangians that differ by a total derivative still generate
the same eom, the specific form of the virial does depend
on the particular form of the Lagrangian. This, in turn, also
determines whether the virial itself can be written as a total
derivative. Examining the contributions of the whole set of
total derivative operators, leads to the convenient action

S = [d4x [%B,thpa"h”" - % (0% 2y 9 hP° + 051y @ hP°)

+ %akha”hm - %aﬂhaﬂh] (30)

The trace of the energy momentum tensor can then be rewrit-
ten as

1 1
T = {(xl [Zau[hv’)a#hvp] — ZhuthMU]
1 o Al 1 Ay po
+az —Zﬁa[hp d hxp]—zaa[h,\pa h*?]
1 po A 1 A po
+ 77000 s + a0 doh

1 1
+a3 [Za”[hma*h] + Zak[ha“hm]
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1 1
- tha“akh - Zhaka“hm}

+ 13 hoth 1h|:|h 31
oy _Z ul ]+Z (31)

so that on-shell, we can express the trace as T = 9, V¥,
where

aq [2%) A an A
VH = {Zh””a“hvp — Ih""a hyp — thpa hPH

+ Bntgrn + Zpaont — Lpgin (32)
4 4 4

It is also well-known that a conformal current can be for-
mally constructed in case the virial can be so expressed as
V#* = 9,0"". In our case, and upon using the eom,

w _ [91 wvpeBp —%h"’“h” %huvh_a_“ lwh2}
o { 3 n aff 4 ,0+ 2 ] n
(33)

In that way we get such a tensor (on-shell), for any value of
the coupling constants.?

Once a particular form of an o#" is found, there is a sys-
tematic way of improving the energy-momentum tensor [10].
The improvement consists on adding another piece to the
initial energy momentum tensor, so that the trace of the new
energy-momentum tensor is precisely cero, that is, we avoid
the total derivative terms. The piece in [10] has the form

1
O =T 4 Eaxapxw“ (36)

where X*PHV ig symmetric (i, v), and divergenceless. The
precise for of the improvement reads

3 We insist that this result (because this tensor is after all a total deriva-
tive) depends on the boundary terms that are neglected in order to write
down the original Lagrangian. The monomials have to be written down
as indicated; to be specific, in order to split D, in the two pieces, there
is an integration by parts

— 0t 305 hP7 — 3Ny 5 hPT = — 0 Ny d5 hPT — 5 hy 0t HPC
—0" (hp 0o h") + 05 (h3p9*h"7) (34)

so we have two total derivatives appearing in order to interchange the
two derivatives. Although this does not contribute to the equations of
motion, it does contribute to the virial, L = L' +9, j* — V* = V/H 4+
j". It could well be the case that V# = 9,,0"Y but V' + j* # 9,0'"".
If we take this contributions into account one of the total derivatives
cancels one of the pieces of the virial proportional to a» and the other
one is summed with the other piece. We end up with

aq (2%} A
vh = {Zh“ﬂa”hw, — S

+ Bptorn + Bpaopr — (Z—“ha“h} (35)

4 4

and we could not write this as the derivative of a two-index tensor.
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Appv __  Ap MV AL PV AV P ny _Ap
X =g"o —g"ol —gto" +g" oy
ny __o PV o

1 1
— gg“) g"od, + gg“g o, (37)

where o J’: " stands for the symmetric part of o*¥. The original
analysis [11] was specific for n = 4 dimensions but it can be
generalized to arbitrary dimension [19].

2.2 Dimension 6 operators

In this section, we want to study the dimension 6 operators,
and among these, there are various possibilities. First we take
operators with four derivatives and two hqg. After integration
by parts, those are

O1 = hag (990737 3°) hys

O2 = heg (8“3’3177/8[]
O3 = heg (8a8y}7'35|:|

)hy6
)hyé
O4 = haﬂ (Dznayn'%) hyg

Os = hgg (Dznaﬁ ny‘s) hys (38)

There is a small caveat here. There are also many operators
with two derivatives and four /4g, that will be analyzed in the
next section. It is the case that these operators do not appear
as a limit of quadratic Diff or TDiff invariant theories; they
can only appear as higher order contributions to Lagrangians
linear in the curvature.

Let us consider the general theory involving dimension 6
operators which can come from quadratic theories of gravity,
namely

5
Spuad = [ d'x Y50, (39)
i=1

Like in the previous section, we first study the LDiff sym-
metry, upon which the O transform as

80 = —4£,0"9°0P Ohyp

802 = 28 (9" TPh + 900 Dy )

805 = 26" (/TP hyg + 0,00 Dhep )

804 = —4E4 99T hgy,

805 = —4&"9,0%h (40)

after having integrated by parts. Then the symmetry under
L Di f f imposes the following relations between the coupling
constants

281+ 8 +8=0

8 +285=0

g3+2¢4 =0 41)

These still allow for arbitrary values of g and g», and

g =—(2g +g)

_ 281+ &
4 2
82
=2 42
gs > (42)

In the second place we consider invariance under LTDIff,
which imposes

g3 +2g=0 43)

Finally for LWeyl symmetry, the variations read (multiply-
ing by /2 again for simplicity)
801 = 2003% 9P hyg
802 = 0 [Ph + 40 03" 3P hep
803 = 2w [13%0P hyp
804 = 20
305 = 8w I*h (44)

so that the action is invariant under such tranformations
whenever

2¢1+4g2+2g3=0
g +284+8¢5=0 (45)

Now it is interesting to combine LDiff and LWeyl. In the
case of dimension 4 operators, actions which are invariant
under both symmetries do not exist. For dimension 6 oper-
ators, we can have LWDiff invariant theories as long as the
coupling constants are constrained to have the following rela-
tions

82

3
84=78. &=-7 (46)

= 3¢,
83 82 )

81 = 82,

These actions with LWDiff invariance are obtained as the
weak field limit of the following quadratic theories

L=z [a R24 5 + [—4a + 6g2] R2, + (@ — 2¢2) R2]
(47)

Note that the term /g is immaterial at the order we are work-

ing. The weak field expansion of the quadratic invariants is

worked out in the Appendix A. For n = 4 spacetime dimen-
sion these theories can be rewritten as

L=.g (@a—38) Es+ /8352 W, (48)
where E4 is the four-dimensional Euler density

Ey=Ryg,s —4Ros+ R’ (49)

@ Springer
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It can be easily checked that the weak field expansion of
E4 around Minkowski spacetime vanishes. This is the origin
of the arbitrary coefficient « in the above expression. The
quantity Wy is the square of the 4-dimensional Weyl tensor

Wa=Rls,5 — 2Rﬂ+%R2 (50)
The actions which are precisely proportional to the Weyl
squared tensor are the ones with 3g» = «. Nevertheless,
at the linear level, the Euler density does not contribute, so
that all the solutions will effectively correspond to actions
proportional to Wjy.

Also quite interesting are those actions that are LWTDiff
invariant; that is LWeyl invariant, but LDiff invariant under

transverse diffeomorphisms only. They are characterized by

81 = —83 — 28> = 6g4 + 16g5
82 = —2g4 — 8¢5

g = 24 51)

The most general quadratic WTDiff invariant Lagrangian is
the one obtained by Weyl transforming the metric in the
quadratic action with g,, = gV 4g,w (this transformation
ensures TDiff and automatically introduces a Weyl invari-
ance). The expansion around flat spacetime reads

\/E(O‘Ruvpakuvpo + ,BRMVRMV + Vﬁz)

=(a+é+y> (91+%(01—y)(92

2
— <2(x+§> (93+<a+§) Oy
_ <w> Os + 0(h3)

64 (52)

The weak field limit of these theories automatically satisfies
the constraints needed for LWTDiff (51). The precise form of
these theories after the Weyl transformation (120) is shown
in the Appendix.

2.2.1 Scale and conformal invariance

Scale invariance is now lost with the assingment given to
hyy (conformal weight one). If we have a theory incorpo-
rating dimension 6 operators only, it is possible to recover
scale invariance, just by making the graviton inert (conformal
weight 0). It is plain that this does not hold when we have
both dimension 4 and dimension 6 operators in the theory.

On the other hand, the conformal invariance demands as
usual, tracelessness of the (metric, or Rosenfeld) energy-
momentum tensor. In this case, the energy-momentum tensor
takes the form

@ Springer

Ty = 28111 3.8,0" 9% 9P hegp
+ 738,838 hop)
+ g2{h 89" Oh + 13,3, 0" 0h
+ hapd®dP 3,8,h + hapd®dP Ohy,)
+ 83haudy 30 + heyd,, 05000
+ hapd* 3P Ohgy + hapd® 8,8, 1™}
+284{hapd, 0P + hy, O + 2g5hd, 8,00

1
0P h) = 5 L (53)
and the trace reads
T=2L (54)

The eom read
8S

5]1_0‘5 = 2g] 3a8ﬂ8“8”h,w + gzaaaﬁDh

+ 821" 0" Ohyy+g3950* Dhgr+8300, 0" Ohgy,
+ 2840 hgp + 2g5n*P 020 (55)

and they imply that, on-shell, the Lagrangian indeed van-
ishes, L = 0O (up to total derivatives).

In order to study the virial in detail, let us start from the
specific form of the Lagrangian

L =2]{g1 (3“0 hapd?3’hys + 9% hapd? 37 8°hys
+ 3" hapdP 3% hys)
+ g—; (80P hogOh + 0% 0P hhgp
+20P hopd*0Oh + 20° hO3% hyp)
+ g3 (899 hup Oy + 0 s 0P O}
+ 11,07 T}
+ g4 (DhapOh* + 20" hepd, Oh%F)

+ g5 (OhOh + 20" ho,Oh) } (56)

Now itis a simple matter to show that on-shell, L = 9,,9,0""
with
_ 2{

( RNy +h”“aaaﬁhg)

R Oh + ROR™)

N|3>° N|C§ YRS

(
(h**0R} + KV ORY) + gan™ hegOh®?

+8s n“”hDh} (57)
This result is somewhat puzzling, because we have already
indicated that this theory is not even scale invariant with the
standard assignment of conformal weight for the graviton
field (namely 1). The result is however logical if we remem-
ber that the low energy of the Weyl squared Lagrangian is of
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this form. The theory containing both dimension 4 as well
as dimension 6 operators, should not be conformal however.
This fact can be easily understood from a simpler exam-
ple, namely a scalar Lagrangian, where all complications of
indices can be avoided. Consider then the Lagrangian

B
/
L =aglp + m‘PD ¢ (58)
which is equivalent to (up to total derivatives)
L=—ad,pd"¢
B
v (43, 0000™¢p + 20" 8,¢8,0* ¢ + D)

I S ) 59

= —oL] m 2 (59)
This is our starting point. The eom read
58 B s
— — a0 LT e =0 60
55 =000+ 1000 (60)

and the energy-momentum tensor
1
T = —a(0,00,0 — 58:69" ¢ 1,0 )
B
i (48)\¢8ﬂ8u8k¢ +40,¢00,¢ + 48,L81¢8U8A¢
1
429, 8,00¢ — 3 (48,0000™p + 20° 3,09,0™ ¢

+0¢06) 0,0 ) 61)
The trace of the above reads
T:-a(l—f)Ll—ﬁ(z—ﬁ)LzzaLl (62)
2 M? 2

Evenif we are working inn = 4, we leave n arbitrary to main-
tain the second piece and illustrate the point we want to make.
Note that this is not proportional to the total Lagrangian,
because the trace counts the number of derivatives. We can
rewrite the trace as

=51 -0

5o (- (e -0

which fails to be a total derivative when both « and 8 are
nonvanishing, because

(63)

P S

3 (64)

n
2

Note that this is true even if there are WTDIiff (that is TDiff
and Weyl invariant) theories linear as well as quadratic in the
Riemann tensor. The weak field limit of those Weyl invariant
theories fails to be conformal invariant.

2.3 Dimension 5 and dimension 6 operators (with 2
derivatives)

Next, we study dimension 5 and dimension 6 operators con-
taining just two derivatives, so that they come from the weak
field limit of theories linear in the curvature, when expanded
to higher orders in the perturbation. In the previous sections,
operators coming from the lowest (non-trivial) order of grav-
itational actions were analyzed. In that cases, the lowest order
of (T)Diff and Weyl variations was enough to obtain the con-
ditions for those actions to be invariant under such symme-
tries. In this case, however, different orders of the expansion
are needed because of the two orders involved in the field
variations

dp (K h;w) = 0,6 + 8115;1 +« [féhuv

Sw ik hy) =200, + 2k why, (65)

This translates into dimension 4 operators mixing with
dimension 5 ones, and dimension 5 operators with dimen-
sion 6 ones.

A full list of the independent dimension 5 and dimen-
sion 6 operators (containing 2 derivatives) can be found in
Appendix 1. The most general dimension 5 Lagrangian with
such operators reads

14

Lsyy =k Y _ aiN; (66)

Again, the only diffeomorphism invariant combination cor-
responds to /g R, in this case, to the order O (K3) expansion
of it

1
—@R)
(K2 0(3)

1 1 1 1 1 1
:K{_ZNI_§N2+ZN3_§N4+§A/5_ZN6
Ive = e — I+ a4 2w
1 NV8 = gNo— 7N+ e N+ N3

1
- — 67
16/\/14} (67)

This piece then combines with the previous order of the
expansion to attain diffeomorphism invariance

8k hyw)=x Lehyy
(68)

(V&R) o2 (VER) 03

. , . T
8k hyy) =0, E0+0vEy

We can also look for the most general Lorentz and Weyl
invariant Lagrangian built with this kind of operators. Again,
we need the dimension 4 operator part that will contribute
with the O (h) piece of the Weyl variation, which already has
two arbitrary constants appearing in it (22). Taking that piece

@ Springer
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into account, the most general Weyl invariant Lagrangian up + l Koo — i Kot + —Ko
to dimension 5 operators reads 4 1? 12 X |
-—K —Kas — =K — =K —K
Loy = Lophyn0*ht — 2o, 0% + Zo,h" 0,k 163 T3 gl T gl g5 e
: 4 2 4 1 3 1
2 - =K —K30— =K
L2ty hoth g2t 30 T ggha
+ ! K ! K ! K ! K (72)
—I—K{al./\/l + arNo + asN3 + daNa + asNs 2 32 2 33 4 33 16 38

C

+ (a1 —2a; — 4az + Z2)N6

C
+ (day — 4ar — as)Ny + (—ay + 2as — f)/\/g

1
+ agNo + 1—6(2a1 —4ay — 4ag + c2)N1o
1
+anNn + R(—4fl1 — 8ay1 + 8ay + 16a3
1

+2c1 — )N — Z(Clll + a9)N13

1
+ 5(01 +4ay — 2a; — 8az + 2a9 — Cl)N14}
(69)

Let us insist on the fact that both pieces are needed so that
Weyl invariance is attained, that is, up to certain order in the
expansion, the previous order is needed for the computation
of the invariance conditions. Thanks to the mixing of the dif-
ferent orders, more freedom is avalaible to attain invariance
under the studied symmetries. In particular, there are 8 inde-
pendent coupling constants ay, az, a3, as, ag, aii, ¢1 and c3.

It is straightforward to see that WT Dif f (24) is a partic-
ular case of this general Weyl invariant Lagrangian, with the
constants fixed to

1 1 3 1
aj =—§, 612=—Z, a3=§, a5=§,a9=0,
1
an = -7 ¢ =c=-1 (70)

Accordingly, the most general dimension 6 Lagrangian
with two derivatives can be written as

38
Leas =Y biK; (71)

1

In this case, the expansion of (\/§R) 06ch) reads

1
—@R)
(K 2 O (k%)

1 1 1 1 3
2
=K = oK+ =Ky — K5 — —K
K{4183+2445166
1 1 1 1
+ EK7 + 3—2/Cg — §’C9 + EICH
1 1 1 1 1
“Kia — =Ki3 — ~Kia+ K16 — <K
+8 12 3 13 5 14+4 16 3 17
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Finally, let us analyze the most general Weyl invariant
Lagrangian up to dimension 6 operators. We have different
pieces apearing in it. First of all, it contains the pieces up to
dimension 5 that were computed in this section (69), together
with the dimension 6 piece of two derivative operators, that
combine with specific coefficients so that Weyl invariance is
attained. Moreover, we have another Weyl invariant combi-
nation coming from dimension 6 operators containing four
derivatives (45). Taking everything into account, the most
general Weyl invariant Lagrangian up to dimension six oper-
ators is shown in Appendix 1.

2.4 Interaction terms

It would appear quite intuitive to think that there are no poten-
tial terms invariant under either Diff or Weyl invariance. This
is based in our GR intuition, but let us get rid of those preju-
dices and carry on with our perturbative analysis. It is easy to
systematize the perturbative expansion. Up to quartic inter-
actions we have the monomials

M = hegh®?
My = h?

T =h"Phg,hl,
Jo = h*Phogh
J=h

Q1 = h*Phg, h"°hsg
Q= (hlwhw)z

Qs =hnt
Q4 = h’haph®”
Qs = hhaph?” b

so that the most general potential up to dimension four will
read

2 a=3 a=5
V() =mM*h+Y miMi+Y baJat Y  2aQa+t -
i=1 a=1 a=1

(73)
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We want to analyze the invariance under diffeomorphisms
as if this h, corresponds to the perturbation of the metric
around flat spacetime (65), but we take another energy scale
M instead of k. The crucial point is that owing to the fact
that the Diff variations contain an order zero piece and an
order one piece in the perturbation, each order in the pertur-
bative expansion of the variation of the potential contributes
to both the lower and upper orders. Up to total derivatives and
dimension four operators, it can be seen that the following
interaction Lagrangian is diffeomorphism invariant

M

VP (hyy) = mM*h + mT (Ms —2M)
1 1 1

m (*Jl - 7\72 + f‘73>

m
+M <77Q1 +—Qz+—Qa

1
192 76Q4+6Q5>+

(74)

In fact this is an iterative process, each term in the expan-
sion determining the following. The final potential contains
infinite terms depending on just one arbitrary constant with
dimensions of mass, m. In fact this is exactly the weak field
expansion of mM* (ﬁ — 1).

At this point our GR intuition strikes back and asks
whether this is not precisely the expansion of the cosmo-
logical constant term. (In fact they do not quite fit).

Concentrating in the quadratic terms

mM Mm
VY = mM*h o+ == h —haﬁ =~ (hap + Mnggp)*
M
+mT (h + 4M)? — 2mM> (75)

Not knowing anything on GR we would say that there is
spontaneous symmetry breaking in the system and the ground
state has shifted from s, = 0 to h,, = —Mpn,,, leaving
behind a vacuum energy

VP = —2mMm? (76)
Fluctuations around the new vacuum state

huy = =My + Hyy (77)
are damped (provided mM < 0) with a quadratic term

M M
VP 4 2mM® = — T H + T (78)

as is not positive semidefinite except for traceless HaT 5 When
mM < 0.Inorder to reach a definite conclusion on positivity,
higher order terms should be considered. To the extent that
this is related to the weak field expansion of mM? /g, we
expect it to have a definite sign however.

Similar reasoning as in the previous paragraph leads to a
Lorentz and Weyl invariant potential

1
VW) = mM2h+m%/\/l1—§ (mM+2m7) M

gt (22 s )
1J1 4 M 1 2
1
48( +6 +6b1> Ts+kmr Q1+12 Qs

pl(ompm mi by +1612) Q
256\ M M2 M 1A=

4+ 3m%+9b'+6k 84, ) O
16 \"m2 Ty TR A

3b
(m‘m) o (79)

In this case we have more freedom as more arbitrary constants
appear with each order of the perturbative expansion. The
quadratic piece can be written as

V)’ = mi (hap — wa-% (h — 4M)* +2mM?
(80)

Fluctuations around the minimum of the potential

hyw = My + Hyy 81)

behave as

V) =miH?, - "1M+2m%112 +2mM? (82)

which again is positive semisefinite only for traceless H 03;3 or

else for pure trace when mM < 0 as

M
vV =miH!,’ - mTH2+2mM3 (83)

2.5 Global Weyl invariance
There is another symmetry that can be studied in this con-

text, which is global Weyl invariance, that is, when the Weyl
scaling factor is just a constant

8guw = ?guy, 3,2=0 (84)

When we expand the metric around flat spacetime, g, =
Nuv + Khyy, the linearized variation of the quantum fluctu-
ation reads
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1
Shyy =2w (;qu + h;w) (85)

In the case of global (rigid) Weyl invariance where w is con-
stant, the variations of the operators quadratic in the fields
have to be computed taking into account both terms in the
above (that is, the linear order in the quantum field). If we just
took the first piece, proportional to the Minkowski metric, all
the variations computed in (21) and (44) would just be total
derivatives, which have been neglected in this work.

In order to illustrate this point, let us take two simple
actions. We know that the Einstein Hilbert action is not glob-
ally Weyl invariant in four dimensions,

L d*x 8(/gR) = —2’1(—2 (20) / d*x ﬁR) (86)

22

On the other hand, we can take the simplest quadratic action
which is invariant in four dimensions

f d*x 8(/gR*) =0 (87)

These equalities have to be true order by order in the per-
turbation of the metric. In this case, the quadratic order in
the variation together with the linear order in the Weyl varia-
tion, combines with the third order of the perturbation in the
action and the lowest order in the Weyl variation. These terms
are going to be of order O (k2) and have to match exactly the
O (%) part of the rhs of the equation. Namely, The quadratice

4 0(c?) 01
[d * [(“/STR) )(Shwz2whw + (V&R ’(mv:zw%]
_ <2a) / dx (@R)0<K2>) (88)
xpansion of the Einstein Hilbert action reads
[ (JZR) O«
22
1

1 1
- _E/d“x {—Eauhﬂ”avh + 5 0uh" 0]

1 1
+ 4 duhdh - Zaph“”aﬂh,w} (89)

It is straightforward to see that taking the variation 8k, =
2wh,,, we get

f d"x (JgR)?*) = 4o / d"x (JgR) O«

(90)

Shyu=20h,,

In order to compute the other piece contributing to O (k) we
need the third order of the expansion of the Einstein Hilbert
action which contains terms with three quantum fields 4,
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and two derivatives, which are shown in the Appendix 1.
Once we have this expansion, we perform the Weyl variation
8hyy = 20" yielding

K

[ vz =20 [ ' (3RO

Shyy=20"
C2))

Adding the two contributions
f d'x [(ﬁk)()(“z)\

=20 / d"x (JgR) O« (92)

3
+(\/§R)0(K )‘ V}/LU]
Shyuw==1=

Shyw=2wh,

which precisely yields the right hand side of (88) for n = 4.
We cansee thatinn = 2 the Einstein Hilbert action is globally
Weyl invariant (as well as locally). In fact this is basically the
reason all two-dimensional metrics are conformally flat.

In the case of the quadratic action we have

/d4x |:(\/§R2)0(K2)

ah/w:2Wh/w

RO« =0 93
+(JgR? S (93)
where
/ d*x (JZRHOE) = ¢2 / d*x {8,0,h""3,05h"°
—29,3,h"*Oh + OhOh} (94)

As before, taking the Weyl variation proportional to the quan-
tum field is straightforward and it yields

/dnx(@RZ)O(KZ)‘ =4wfd”x(\/§R2)0(K2)

95)

8h/11f=2wh/l.\)

For the other piece, we need the third order variation of
the quadratic action which can be easily computed. After
performing the Weyl transformation on the quantum field,
Shyy = Zw",‘(‘”, we get

/dnx (@Rz)ooﬁ)‘

_ _4w/dnx(@R2)0(K2) (96)

_ Ny
Shyy=200 "2

Summing both contributions,
/d4x |:(\/§R2)0(K2)

3
+H(JZRYO ’Lhwzmm] =0 97)

Shyw=2wh,
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3 Non-local extensions

There is a permanent temptation to avoid the Kéllen—-Lehman
spectral theorem (which states that the price to pay for having
propagators that fall off at euclidean infinity faster than k2
is to have negative norm states) by considering non-local
theories. For example in [20,21] a non-local generalization
of the dimension 4 operators has been considered, namely

1 ([l
_ off
O1 =~ hap |:c1 <—2) D] h

1 ([l
DZ = Eha’B |:C2 (—2> 8“87/] ]’l}ﬂ;

2
1 O
04 = Z h [C4 (m)
_ 0O 9%9%979°
Os5 =heg | cs ) O hys (98)

so that the general Lagrangian of this type will be

S

i=5
L=Y"0, 99)
i=1

(where ¢; (z) are analytic functions with dimensionless argu-
ment). The five functions ¢;(z), i = 1...5 (which are
assumed to include the corresponding coupling constants)
characterize the theory. The constants put in front are such
that the LDiff Fierz—Pauli theory corresponds to

O,‘(—)Di (i=1...5)
gi=g=g=g=1

85 =0 (100)

The correspondence with the dimension 6 operators in (38)
is as follows

ci(zy=z @(@=1---5)
O, <—>M295

0y < —2M? Os

O3 < 2M? O,

Oy < —4M? 9,

Os < 4M> O, (101)

ie. g1 = M?cs5(2), g2 = —2M?c3(2), g3 = 2M?¢2(2).84 =
—4M2c1(z) and g5 = 4M204(z), in such a way that the
conditions for LDiff invariance now translate into

2(z) —c3(2) +¢5(z) =0
4e4(z) —3(2) =0

c2(z) —4c1(z) =0 (102)

Itis claimed in [20] that the theory is ghost-free provided that

c1(z) = 2(2)
c3(z2) = c4(2)

¢5(2) =2 (c3(2) — 2(2) (103)

and the function ¢ (z) is chosen as an entire function, such
as

ci1(z)=e* (104)

Note that both constraints, (102) and (103) are different and
incompatible.

It is well-known, however, that non-local theories suffer
from unitarity and causality problems, some of those can be
sometimes hidden uunder the rug of experimental precision
of the measurements [22]. However, in order to do that, the
theory needs to be quasi-local, which means that the corre-
sponding function has got to have bounded support, which
seems to contradict other conditions. It is not clear at all that
a consistent solution exists.

Outstanding problems in this respect according to [23] are
first and foremost, the fact that the presence of the exponential
damping factor in the propagator prevents analytic continua-
tion from the riemannian theory to the lorentzian one, owing
to the essential singularities in the complex energy plane. It
must be stressed, however that such an analytic continuation
is problematic in any theory involving the gravitational field.
Another argument is that none of the theories proposed so far
complies with reflexion-positivity, which is believed to be an
essential requirement in order to get a consistent quantum
field theory.

4 Conclusions

In this paper we have presented a complete analysis of opera-
tors up to (mass) dimension 6 describing spin 2 theories (e.g.
weak field limit of theories linear and quadratic in the curva-
ture), analyzing with some care the conditions for the theory
to be (transverse) diffeomorphism invariant, scale invariant,
conformal invariant and Weyl invariant. We have also identi-
fied a possible non-linear completion of those Lagrangians.

Conformality on shell is attained for any combination
of the constants appearing in the dimension 4 and dimen-
sion 6 cases. The trace of the energy-momentum tensor is
a total derivative, and besides the virial current for spe-
cific Lagrangians is also the derivative of a two-index ten-
sor, leading to improved forms of the corresponding energy-
momentum tensors.

On the other hand, Weyl invariance instead does impose
constraints on the coupling constants. Our main conclusion
is to confirm [16—18,24] that Weyl invariance and confor-
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mal invariance are independent symmetries: not every Weyl
invariant theory is conformal invariant in the weak field limit
and conversely, not every conformal invariant theory is Weyl
invariant in spite of the fact that it is always invariant under
global such Weyl transformations. To illustrate the first part
of this statement, let us take for example the following WTD-
iff invariant theory

1
/ d*x (-2—K2R[g—1/4gw]+R2[g—”4gw]) (105)

where the precise form of these terms after permoning the
transformation of the metric can be found in (109) and
(120). The weak field expansion of this theory will contain,
at quadratic order in the perturbation, dimension 4 opera-
tors and dimension 6 operators coming from the linear and
quadratic (in curvature) pieces respectively. Theories com-
bining operators of different dimension are not scale invari-
ant, as pointed out in the example in (58).

The analysis of dimension 5 and dimension 6 operators
does not bring anything new with respect to diffeomorphism
invariant theories, as expected. However, we have given
expressions for the most general Lorentz and Weyl invariant
Lagrangians up to dimension 5 and dimension 6 operators,
and we can clearly see that those theories contain an increas-
ing number of arbitrary constants. We have also discussed
global Weyl invariance and it is clear that this symmetry is
less restrictive than the local one. An analysis of the interac-
tion terms has been done. It can be seen that potentials with
diffeomorphism and weyl invariance can be constructive iter-
atively, for every orther of the perturbative expansion.

To end up, let us stress that the conditions that are argued
to be neccessary for a ghost free non-local theory [20] are
not compatible with the ones stemming from diffeomorphism
invariance.

We finally point out that our results prove that any Lorentz
invariant Lagrangian for spin 2 particle up to quadratic order
in the field is conformal invariant.
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A Weak-field limit of geometric scalars

We are interested in the expansion of the geometric invariants
when we expand the metric around Minkowski spacetime

guv = Nuv +Kkhyy (106)

If we take the limit of linear theories of gravity up to quadratic
order in the fluctuations we have

1
—— 8 R =0Fhag — Dh
K
1
+haﬁ (ZD (naﬂnuv - naunﬁv)

1 1
+ = Napdpdy — En,waaa,g) R 4 O (k) (107)

2

When considering TDiff scalars one can also have terms of
the type

2
(Vi) — I(Z(a]’l)z + 0(]13)
8

(108)

The existence of this operator gives one extra freedom.
To build the action which is WTDiff invariant we perform
a Weyl transformation in the usual Einstein Hilbert action
taking g,» = g_1/4g,w so that

2
3 (Vg) ) (109)

1
SwTDiff =—ﬁ/d4xgl/4 (R+3—2 e

Expanding it up to quadratic order in the fluctuations and
writting it in terms of the four dimensional operators (11) we
get

(110)

1 3
Swrpiff = /d4x (Dl +Dy + 5173 + §D4)

On the other hand, taking into account that

K
Ryvap = 5 (—3D,3thlg + 0g0vhyp + 00 hey — 3U3/3hp_a)

+ 0@ (111)
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we learn that
2 «? 3
R, = 7{401 ~ 803 +4o4} + 0 (k%) (112)

For the Ricci tensor we have

K
R =5 (_thﬂ + 0p0uhy + 9,.0ph) — aﬂavh) + O(h?)
(113)

so that

2
Rl = - 201 =20, =203+ 04+ O5) + Or)
(114)

Finally the expansion of the Ricci scalar reads

R =« (8%9Phop — Oh) + O(h?) (115)

and it follows that

R?> = k2 (0] =20, + Os) + O(h>) (116)

A useful relationship is given by

— <§+2y> (’)2—(2014—%) O3
+ <a+§> (’)4—1—(%—1—7/) Os}

+ o0 (117)

Using this it can easily be seen that the Euler density van-
ishes at this level of the expansion, whereas the Weyl squared
tensor decomposes into

1
2 2
— 2R, + =R

Wi = R?
4 3

HVpo
2
=€{2(’)1+2(92—6(’)3+3O4—05} (118)
If we again consider quadratic theories which are TDiff
invariant, one would have terms of the type must add

2
(D‘i) — (Oh)>
g

(119)

again, this yields in this case one extra freedom.

We can make the same analysis for the quadratic invariants
but when considering actions that are WT'Diff invariant. This
can be achieved by making a Weyl transformation g,, =

Q2gw on the usual quadratic action (117) and then taking
Q? = g~/" For a general Q we have

aRyupo R*P7 + BR,,R™ + Y R?
— o @R,W R0 4 BR, R + sz)
+ Q7% (=8a — 2(n — 2)B) Ry VAV'Q
+Q° (4a L (Gn—4)B+4n — 1)2y) (O9Q)2
+ Q6 (4(n — a4 (n— 2)%3) V, V,QVAVQ

+ Q7% (4o —2(n —3)B
—2(n—1)(n —4)y) RV, QV+Q
+ Q70 (160 4 4(n — 2)B) R, VHQV'Q

x Q7 (S(n —3)a 44 —5n+5)8

F4(n—1)%(n — 4)y) 0QV, Qv Q

+277 (~16(1 — D — 41 —2)°B) V, V, 2V QV'Q
+ Q7 (=28 — 4(n — 1)y) ROQ

x Q8 <2n(n “Da+ (n— 1) =51 +8)B

+(n—1)%n— 4)2;/) (VEQV,Q)? (120)

Using that 2 = g~ /2" (in order to have WT'Diff) and keeping
dimension six operators with four derivatives and two metric
fluctuations, we get forn = 4

aRypo R*P° + BR, R*" + y R?

1
:K2|:<Ol+é+)/> (/)14-5(05—]/)02

2
—<2a+§) (’)3—1—(0{%—%) Oy
— <20a+:#> 05} + 0 (121)

These are the most general theories that possess LWTDIff.

B Dimension 5 and dimension 6 operators with two-
derivatives

This set of operators does not appear in the expansion of
terms quadratic in the Riemann tensor, although they appear
in the expansion of the Einstein—Hilbert Lagrangian.

For dimension 5, there are 14 independendent operators
(up to total derivatives), that form a basis to expand the
most general Lorentz invariant Lagrangian containing such
opeators
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Ni = h*9,h) 0,k
Na = 1"}, 0,0,k
N3 = h" ho,0,h

Na = h* 9,k 0,h)
Ns = W™ hP*3,8,h 5
No = h*’hP*3,8,h 0,
N7 = h" R}, 9,000

Ng =
No =
Nio =
N =
N =
Niz =
Nig =

h* hd,, 0,1,
BV by 8,307
h?9,8,h"*
h* 1) Oh,y,
h*Y ROy
W hy Ok
n*Oh

For dimension 6, there are 38 independent operators (up to
total derivatives), that form a basis to expand the most general
Lorentz invariant Lagrangian containing such opeators

K1 = hagh’hy; 0" 9" hf
Ko = hh3"hd hy;,

KC3 = hh* " hdVhy),

Ka = hoyhP*h,,0"9 h
Ks = hhlhyu;9"8"h

Ko = hh**hP Ohgg

K7 = h?hy, 9" h

Ks = hagh®9,hd"h

Ko = hapgh™9"h% 3" h,

Kio = hh**3"h,; 8" hy,

K11 = WP 3 h,,50" hap
K12 = hagh®® 8 hho" hy
K13 = hogh®® 8" hd"

Kia = WP h%h,;0" 9" hag
Kis = hhyyhy,0" 9" P

Kis = huhP h%9" 8" hop
K17 = hhyuh® 948V hog

Kis = hagh™h% 9" 8" 5
Kio = hhy,h?* 348" h,,

Koo =
Ko =
Ko =
Ky =
Kos =
Kas =
Kae =
Ko7 =
Kog =
Kag =
K30 =

K37 =
Kss =

haph®P R0 8V h
R2h% 38V h
haphP h% 0" 0",
hhagh® 98" Ry,
B398V
hash™ b po TR
Ryuhaph® 98" h
haph®P hpo Oh??
h2hes OR®P
hash**hP Oh
hoph®® hOR

B30k

s P 0" h% 9" heg
hAP* 3 1,3 8V Ry

= hogh™ 9" h% 3V h
= hhy 0" P8V hyp

haah™ 3 h oo " h*
hagh® 9" h23 Ry,
haph®P8,h oo 3*hP°

Finally, taking all the contributions mentioned in the text, the
most general Weyl invariant Lagrangian up to dimension 6

operators reads

Lwep, = Lwsp + 2 {b1IC1 + ba Ko + b3C3 + by Ky
+b5Ks + beKe + b7K7 + bgKg + bo Ko

1
+b1oKio + b1 K11 + 5 (=3az — by —byo

1
+4by — 3by — 4bs) K1p + 3 2ay — 4ar — 8as

—4dag — 8by — 8b3 + ¢2) K13 + b14K14

1
+ 1 (—12ay — 3as — 4byg — 2b14 — 2b9) K5
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3
+ (—2a1 +3az + 12az — by + 4bs

3
+4bg + 16b7 — 862) Kie

+ (—=3a3 — 2bs — 2bg — 8b7) K17
+ (8ay + 4ay + 2a5 + 4b1o + b11 — b1a — 4by
+2bg) K1

1
+ 1 (20a; — 16az + 3as — 8b1 + 4b1o
+2b14 — 12by — 32bs5 + 2bg + ¢2) K19

3
+ (2611 —3a; — 12a3 — ag

3
+ by — 4bs — 8bg — 16b7 + 8C2) Koo

1
+ 16 (—2ay + 4ay + 48a3 + 4ag
+8by + 8b3 + 32bs5 + 32bg 4 64b7 — ¢3)

3 3
x a1 4+ b Ko + <—8a1 + ® + 3a3

1 1 3 3
— —a9—=b1——by+b 2be+4b7 — — K
2619 5 1 1 22+05 + 206+407 3262> 23

1
+ 19 (12ay — 24ay — 160a3 + 16a9

+8b1 — 16by + 24by> — 16b3 — 64bs — 96b¢
—192b7 4 3¢2) Kog + b25Kos
+ br6KCos + b27K27

1
+ 3356 (16a; + 48ai1 — 32ap

+ 32a3+16ag + 16br—64br6 — 64br7+16b3+64b5
+ 64bg + 256b7 — 128bg — 10c + 3¢2) Kog

1
+ % (—=12ay + 16a11 + 24a; + 96a3 — 8a;

—24byy + 32byg + 32b5s
+ 32bg + 128b7 — 3¢2) Kag

1
— (32 1 — 64ay; — 224
+ 756 (32ay + 16a;; — 64a; as

+ 32a9 + 16b; — 16b>
+ 48byy — 64brg — 64by7 — 16b3 — 64bs — 128bg
—256b7 + 128bg — 2¢1 + 9¢2) K39

1
—— (—104a; — 176 208
+ 3072 ( ai a1 + 208az

+608az — 128ag — 32b1 + 16by — 96b22 + 192b76
+ 192by7 + 16b3 + 64bs5 + 192bg

+ 128bg + 38¢c1 — 21¢p) K31 + (12a; + 4a» + 3as
+8b10 + b11 + 2b9) K32

1
+ <2a1—6a2—2b1—2b10—6b4 — 8b5+46‘2) K33
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+ (20a; — 8ay + 3as — 4by + 4byo + b1y
1

—12b14 — 16b5 + 3bg + 202> K34

+ (a1 + b1o) K35

3
+ <—2a1 +3ai1 + 3ax 4+ 12a3 — by
3
+ 3b2s + 4boe + 4bs + 4be + 16b7 — 3¢ K36

1
+ 3 (12ap + 4by + 4b1o + 16b3
+ 12b4 + 16b5 — ¢2) K37

1
+ o (—8aj + 16ay + 32a3 + 16ay

+ 16by+16b3—128bg+2¢1—3¢2) Kag) 4 L 55
(122)

Let us mention that besides the 8 independent constants of
Lws;, (69), the 6 dimensional piece constains 16 new inde-
pendent constants by, ba, ..., bio, b11, b14, b22, bas, b,
by7. Moreover, we have the 3 independent constants com-
ing from the six dimensional piece containing 4 derivative
operators L. (45).
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