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Abstract Form-factors investigation of ρ±–mesons was carried out within the framework of the relativistic
quark model, based on point form of Poincaré-invariant quantum mechanics taking into account the internal
structure of constituent quarks. It is shown that the parameters of the model obtained from the condition of the
agreement of theoretical calculations with experimental data on leptonic decays for light π±— and ρ±–mesons
lead to the results correlating with calculations in models based on light-front and instant forms of dynamics.
The proposed scheme for the combined description of lepton transitions of pseudoscalar and vector mesons
that is based on point form of dynamics, leads to the results on the magnetic moment of ρ±–meson correlating
with the experimental data and other models.

1 Introduction

The precision of modern experimental data has renewed interest in studying the mechanism of quarks interaction
within hadrons. Light sector mesons, consisting of light u- and d-quarks are of interest. Among the variety of
approaches and models devoted to the description of various characteristics of bound quark-antiquark states,
models based on the Poincaré group should be noted. Such models are known to be relativistic [1], which
makes their use appropriate for describing the characteristics of light sector mesons.

Currently light-front form is in most common use of three forms [2] of Poincaré-invariant quantum mechan-
ics (further PiQM) to calculate the characteristics of light mesons. This is due to the fact that there are no
diagrams of pair production from vacuum in this form of PiQM. The indicated advantage makes it possible
to use this form of dynamics successfully both for calculating the lepton characteristics [3,4] and semilep-
tonic and radiative transitions of pseudoscalar and vector mesons [5,6]. However, light-front dynamics has
a serious disadvantage associated with the rotational invariance of the generators of the dynamic group set
[7]. This feature leads to so-called “angular condition” for matrix elements Iλ′,λ (λ

′
,λ - helicity of the final

and initial particles, respectively) which in particular complicates the calculation of ρ±–meson form-factors.
So for example matrix element I1,0 is used in work [8] to calculate the magnetic moment of ρ±–meson. The
author of the work [4] related elements I1,0 and I0,0 for these calculations. Some cases in which the angular
condition was not observed at all [7] are also known.

Instant form of dynamics is also used to calculate various characteristics of electroweak decays of pseu-
doscalar and vector mesons. Magnetic moment calculations μρ in [9,10] lead to the value μρ = 2.10 ± 0.05
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(in units e/2mρ). As a special feature of the performed calculations we record the fact of taking into account
the anomalous magnetic moments of quarks κu , κd .

An obvious advantage of point form of dynamics is the presence of interaction only in the operator of
space-time translations, which leads to the Lorentz covariance operator equations and simple behavior of wave
functions with respect to Lorentz transformations. However, in point form of PiQM form-factors calculations
of pseudoscalar and vector mesons are less common. This is due to the fact that calculations lead to the
results that differ from experimental data both within the framework of this form of PiQM and its various
modifications. So for example in work [11] the behavior of the π±–meson form-factor for various variants of
masses of constituent quarks was studied: the results differ from the experimental data of work [12]. In [14]
ρ±–meson form-factor study has been carried out using the quark-antiquark potential, which depending on
the value of the masses of constituent quarks, leads to different results on the magnetic moment of the vector
particle. It follows from the above, that further development of the indicated form of dynamics is a relevant
objective in physics of mesons, without taking into account equations with interaction potentials.

The renewed interest in calculating the form factors of vector particles, as mentioned above, is associated
with the renewal of experimental data on light mesons. So, the magnetic moment of ρ±–meson was calculated
in work [15] based on experimental data from the BaBar collaboration in the energy range from 0.9 to 2.2 GeV
from reaction e+e− → π+π−2π0: the authors have shown that indirect estimates give the valueμρ = 2.1±0.5.
However, this calculation differs from theoretical predictions. It is known that the nonrelativistic SU (6)-model,
in the absence of interaction, gives the value μρ = 2 [4]. This equality is also true for VMD-model, where
ρ±–meson is assumed to be a boson with magnetic moment μρ = 2. Unlike the listed numerical predictions
in light-front calculations in [4,8,13] it was estimated that μρ < 2, which is also confirmed by the QCD-sum
rules [16].

In this work, the authors calculate the electroweak characteristics of mesons in the light sector using point
form of PiQM. This form of dynamics is the most natural for describing bound states, since the 4-velocities
of particles coincide both with interaction and without it. This advantage does not impose restrictions on the
matrix elements Iλ′,λ which makes the proposed calculations the most reliable.

In Sect. 2 the authors discuss the basic relations of point form of PiQM. The procedure for obtaining integral
representations of the decay constants P(q Q̄) → �ν�, V (qq̄) → �+�− and � → V (q Q̄)ν� is discussed, based
on the expressions obtained for the vectors of states of pseudoscalar and vector mesons. On the basis of the
obtained expressions, we propose an original scheme for calculating the constituent masses of quarks using
the pseudoscalar density constant and current masses of quarks.

In Sect. 3 there is a scheme of obtaining the form-factors of the vector ρ±–meson in point form of PiQM for
the generalized Breit system. The specified frame made it possible to distinguish the expressions proportional
to the electrical and magnetic form factors GC and GM respectively.

In Sects. 4 and 5 we present a calculation of integral representations of form-factors ρ±–meson with the
subsequent estimation of the magnetic moment of the particle. It is shown that the use of anomalous magnetic
moments u– and d–quarks obtained from V (P) → P(V )γ decays leads to the result that correlates with
experimental data, as well as with calculations in other forms of dynamics. As a generalization of the proposed
scheme, the study of the electric and magnetic form-factor of a vector particle was carried out for various
transferred momenta. This study is especially relevant, since currently there are no experimental data on the
behavior of the form-factors of vector particles.

As a feature of the performed calculations, we note the agreement with the methodology carried out in
point form of dynamics for the processes V (P) → P(V )γ and V (P) → P(V )�+�− taking into account
the structural characteristics of constituent u– and d–quarks. This circumstance makes the proposed model
universal for describing the electromagnetic characteristics of pseudoscalar and vector two-particle quark
systems.

2 Model Description

The meson state vector with spin J , mass M and four-momentum Q (Q2 = M2, V = Q/M, V = {V0,V})
in point form of PiQM [17,18] in the quark basis |p1, λ1,p2, λ2〉 with masses mq , mQ̄ is defined by the
following expression

|Q, Jμ, M〉 =
∑

λ1,λ2

∑

ν1,ν2

∫
dk Φ J

�S

(
k, β I

q Q̄

)
√√√√ ωmq (p1) ωmQ̄

(p2)

ωmq (k) ωmQ̄
(k) V0
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× Ω
(

� S J
ν1, ν2, μ

)
(θk, φk) D1/2

λ1,ν1

(
nW1

)
D1/2

λ2,ν2

(
nW2

) |p1, λ1,p2, λ2〉 . (1)

In (1) the notation is introduced

Ω
(

� S J
ν1, ν2, μ

)
(θk, φk) = Y�m(θk, φk)C

(
s1 s2 S
ν1 ν2 λ

)
C
(

� S J
m λ μ

)
,

where C
(
s1 s2 S
ν1 ν2 λ

)
, C
(

� S J
m λ μ

)
are Clebsch-Gordan coefficients of SU (2) group and Dλ,ν (nW ) are Wigner’s

rotation functions [1]. Meson wave function in (1) is subject to the normalization condition

∑

�,S

∞∫

0

dk k2
∣∣∣Φ J

�S

(
k, β I

q Q̄

)∣∣∣
2 = 1. (2)

Using expressions

〈0 ∣∣Jμ
∣∣Q, M〉 = i

1

(2π)3/2

Qμ

√
2 ωMP (P)

fP , (3)

for pseudoscalar P(q Q̄) and

〈0 ∣∣Jμ
∣∣Q, λV , M〉 = i

1

(2π)3/2

εμ(λV )MV√
2 ωMV (P)

fV (4)

vector V (q Q̄) meson respectively in the rest frame of a decaying meson with an electroweak quark current of
the form

〈0| Ĵμ
ew|k, λ1, −k, λ2〉 = ῡλ2(−k,mQ̄)Γ

μ
ewuλ1(k,mq)

(2π)3
√

2 ωmq (k) 2 ωmQ̄
(k)

(5)

after calculating the spinor part and integrating over the solid angle of vector k it is easy to obtain an integral
representation [17] of the decay constants:

f I (mq ,mQ̄, β I
q Q̄

) =
√

3

2

1

π

∫
dk k2 Φ(k, β I

q Q̄
) (6)

×
√√√√ W+

mq (k) W+
mQ̄

(k)

M0(k) ωmq (k) ωmQ̄
(k)

(
1 + aI

k2

W+
mq (k)W+

mQ̄
(k)

)
, aP = −1, aV = 1/3,

where

W±
m (k) = ωm(k) ± m, ωm(k) =

√
k2 + m2, k = |k|

and M0(k) = ωmq (k) + ωmQ̄
(k) represents the invariant mass of two non-interacting quarks [1].

Determination the values of the constituent masses of quarks in our approach, will be conducted using the
pseudoscalar density constant gP , which is determined from the expression

〈0 |J5|Q, M〉 = −i
1

(2π)3/2

gP√
2 ωMP (P)

. (7)

After similar calculations (see [20]) one can obtain an integral representation of the pseudoscalar density
constant in point form PiQM:

gP(mq ,mQ̄, βP
q Q̄

) =
√

3

2

1

π

∫
dk k2

Φ(k, βP
q Q̄

)
√

ωmq (k) ωmQ̄
(k)

(8)
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×√M0(k)
(√

W+
mq (k)W+

mQ̄
(k) +

√
W−

mq (k)W−
mQ̄

(k)
)

.

Calculation of constituent masses of quarks and parameters of wave functions will be carried out by solving
the system of equations [20]

⎧
⎪⎨

⎪⎩

1
2

(
m̂u + m̂d

) = (3.45 ± 0.4) MeV,

fP(mu,md , β
P
ud̄

) = f (exp.)

P ,
(
m̂u + m̂d

)
gP(mu,md , β

P
ud̄

) = f (exp.)

P M2
P ,

(9)

where f (exp.)

P , MP are experimental values of the decay constant π±–meson and its mass, m̂q quark current
mass [21]. In what follows we will assume that the values of the masses of constituent u– and d–quarks are
equal [4,10,11,14,22]; in this case the solution to the system (9) with oscillator wave function

Φ(k, β I
q Q̄

) = 2

π1/4
(
β I
q Q̄

)3/2 exp

⎡

⎢⎣− k2

2
(
β I
q Q̄

)2

⎤

⎥⎦ , I = V, P. (10)

leads to the following values of the basic parameters of the model:

mu,d = 222.55 ± 4.90 MeV, βP
ud̄

= 372.49 ± 11.12 MeV. (11)

Wave function parameter for vector ρ±–meson is determined from the decay of a heavy lepton τ± → ρ±ντ :
using expression (6) and experimental value fρ± = 210.75 ± 0.09 MeV [21] one can get

βV
ud̄

= 313.10 ± 0.08 MeV. (12)

Since all the parameters of the model are determined, we proceed to calculating the characteristics of the vector
ρ±–meson in the proposed model. An original method for calculating the electromagnetic characteristics of
vector mesons in point form of dynamics is presented below.

3 ρ–meson form-factors in point form of PiQM

Calculation of the vector meson form-factors of will be conducted from the expression

Iμ

λ′,λ = 〈Q′, M ′, λ′ ∣∣Jμ
∣∣Q, M, λ〉 = 1

(2π)3

1√
V0 M0

1√
V ′

0 M ′
0

(
GC (q2)

×
(
ε∗(λ′) · ε(λ)

)
Pμ + GM (q2)

((
P · ε∗(λ′)

)
εμ(λ) +

(
P · ε(λ)

)
ε∗μ(λ′)

)
(13)

GQ(q2)

(
P · ε∗(λ′)

)(
P · ε(λ)

)

2 M M ′ Pμ

⎞

⎠ , Pμ = Qμ + Q′μ, qμ = Qμ − Q′μ.

In (13) form-factors GC , GM and GQ at q2 → 0 are defined as charge e, magnetic moment μρ and quadrupole
moment Qρ of ρ±–meson [4]:

eρ = GC (0), μρ = −GM (0),Qρ = GC (0) + GM (0) + GQ(0). (14)
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Table 1 Parametrization for different ρ±–meson helicities

λ = 1 λ = 0 λ = −1

λ′ = 1 GC (q2) × �1 GM (q2) × �
(+)
2 0

λ′ = 0 GM (q2) × �
(−)
2 linear combination of Gi (q2) GM (q2) × �

(+)
2

λ′ = −1 0 GM (q2) × �
(−)
2 GC (q2) × �1

For the generalized Breit system (VQ + V′
Q′ = 0) the 4-vector momentums of the initial and final states in

point form of dynamics are defined as

Qμ = M√
2
{√1 + �1,2, 0, 0,

√−1 + �1,2},

Q
′μ = M ′

√
2
{√1 + �1,2, 0, 0,−√−1 + �1,2}, (15)

where
(
VQ · V ′

Q′
)

= �1,2. Since 4-vectors polarizations of the initial and final mesons are limited by the

conditions (ε∗ · ε) = −1 and (Q · ε) = 0 based on expressions (15) one can get:

εμ(λ) = 1√
2

⎛

⎜⎜⎝

(λ2 − 1)2
√−1 + �1,2

λ2

−iλ
(λ2 − 1)2

√
1 + �1,2

⎞

⎟⎟⎠ , (16)

εμ(λ′) = 1√
2

⎛

⎜⎜⎝

(λ′2 − 1)2
√−1 + �1,2

λ′2
−iλ′

−(λ′2 − 1)2
√

1 + �1,2

⎞

⎟⎟⎠ . (17)

Using expressions (15) – (17) leads the right side of equation (13) to the following (see Table 1) view [23].
In the table we used designations for vectors �i , defined as

�1 = 1

2MM ′ {−(M + M ′), 0, 0, (−M + M ′)
√

�1,2 − 1

�1,2 + 1
},

�
(±)
2 = 1

2

√
M ′(�1,2 − 1)

M
{0, 1, ±i, 0}. (18)

The table shows that the form-factors GC (q2) and GM (q2) can be calculated from matrix elements I±1,±1
and I1,0/I0,−1 respectively.

4 Form-factor GC(q2) in Point Form of PiQM

In the developed model, the quark transition current taking into account (1) and (5) is determined by the
following expression [19] :

Iμ

λ′,λ = 1

4π

1

(2π)3

1√
V0 V ′

0

∑

ν1,ν
′
1

∑

ν2,ν
′
2

∫
dk Φ

(
k, βV

q Q̄

)
C
(

1
2

1
2 1

ν1 ν2 λ

)
C
( 1

2
1
2 1

ν′
1 ν′

2 λ′
)

(19)

×
(√√√√ωmQ̄

(k2)

ωmQ̄
(k)

ūν′
1
(k2,mq)B(υQ)Γ

μ
q uν1(k,mq)

√
4ωmq (k2) ωmq (k)

Dν′
2,ν2

(nW2)Φ
(

k2, β
V
q Q̄

)
+
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+(−1)λ
′+λ

√
ωmq (k1)

ωmq (k)

ῡν2(k,mQ̄)B(−υQ)Γ
μ

Q̄
υν′

2
(k1,mQ̄)

√
4ωmQ̄

(k) ωmQ̄
(k1)

Dν′
1,ν1

(nW1)

×Φ
(

k1, β
V
q Q̄

))
,k1,2 = k ± υQ

(
(�12 + 1) ωmq,Q̄

(k) − k
√

� 2
12 − 1 cos θk

)
,

where υQ = VQ/V0 and boost operator B(υQ) is defined by Dirac γ –matrices [1,2]

B(υQ) = I − (υQ · γ )γ0√
1 − υ2

Q

. (20)

Vertex Γ
μ

q,Q̄
in relation (19) in our approach is defined as

Γ
μ

q,Q̄
= F1(q

2)γ μ + F2(q
2)

iσμν

2 mq,Q̄
qquarkν , qquark = k1,2 − k, (21)

where the form-factors of quarks at q2 = 0 are defined in units e as the total magnetic moment of the quark
μq,Q̄ and its anomalous part:

F1(0) + F2(0) = μq,Q̄, F2(0) = κq,Q̄, μq,Q̄ = eq,Q̄(1 + κq,Q̄). (22)

The problem of constructing a conserved electromagnetic current resides in the presence of hadronic interac-
tions in point form of PiQM discussed in the work [24]. In our work to fulfill the requirement of preserving
the vertex (21) is extended by multiplication by tensor

Γ
μ

q,Q̄
⇒
(

−gμν + qμqμ

q2

)
Γ ν

q,Q̄
; (23)

in this case, the condition for the conservation of the electromagnetic current
(
q · Iλ′,λ

) = 0 will be executed
automatically.

We will carry out form-factor calculation GC out using matrix elements I±1,±1. Calculating the spinor part
(19) and integrating over the angles of vector k at q2 → 0 gives

GC (0) =
∫

dk k2
∣∣∣Φ
(

k, βV
q Q̄

)∣∣∣
2 (

eq + eQ̄

)
(24)

(terms proportional F2(q2) vanish after integration over the solid angle of vector k). Since charged ρ±–meson
consists of u– and d̄–quarks from (24), we obtain that, taking into account the normalization of the wave
function (see equation (2)) GC = eq +eQ̄ = 1 (in units e) [4,11,14,22]. We will carry out behavior for various
q with basic model parameters (see section 2) in comparison with calculations in other forms of dynamics
with form-factors [25]

F1(q
2) = eq,Q̄

1 −
〈
rq,Q̄

〉2

6 q2

, F2(q
2) = eq,Q̄κq,Q̄

(
1 −

〈
rq,Q̄

〉2

12 q2

)2 , (25)

where [26]

〈
rq,Q̄

〉2 = a

m2
q,Q̄

, a = 0.3. (26)

Numerical integration with oscillator wave function (10) in the region q ≤ 2 GeV leads to the following
form-factor behavior GC (q2) (the figure also presents calculations in instant form and light-front dynamics):

The analysis of Fig. 1 shows that the calculations in the proposed model, based on point form of PiQM,
are in good agreement with the calculations in instant form of dynamics.
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This work
Light-front  calculation [8]
Instant form calculation [10]

q, GeV2 2

G
  (
q)

C
2

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.2

0.4

0.6

0.8

1.0

Fig. 1 GC (q2) behaviour in different forms of PiQM

5 Form-factor GM(q2) in Point Form of PiQM

Form-factor GM calculation based on the table 1 can be carried out directly from the matrix elements I1,0/I0,−1
(calculations are equivalent). Taking into account the equality of the masses of constituent quarks mq = mQ̄
after calculating the spinor part of the expression (19) and integration over the angular variables of vector k, we
get an integral representation of the form-factor GM at q2 → 0 taking into account the anomalous magnetic
moments of quarks:

GM (0) =
∫

dk k2
∣∣∣Φ
(

k, βV
q Q̄

)∣∣∣
2 (

eqη1(k,mq) + eq κq

2mq
η2(k,mq) −

− eQ̄η1(k,mQ̄) − eQ̄κQ̄

2mQ̄
η2(k,mQ̄)

)
(27)

In equation (27) auxiliary functions are defined by the following expressions:

η1(k,m) = 2

3

(
2 + m

ωm(k)

)
, (28)

η2(k,m) = 4

3

(
m + ω2

m(k) + m2

ωm(k)

)
. (29)

Substitution of the values of constituent quark masses and anomalous magnetic moments obtained from
decays V (P) → P(V )γ (see [17])

κu = −0.123, κd = −0.088 (30)

with wave function (10) leads to the following value of the anomalous magnetic moment ρ±–meson in point
form of PiQM:

μρ = 2.29 ± 0.01 (in e/2mρ units). (31)

The resulting value is comparable to other approaches and models in table 2:
The analysis of the table 2 shows that the obtained value in the proposed model based on point form of

PiQM lies within reasonable limits in comparison with other forms of dynamics, as well as with experimental
data of work [15].

We will carry out form-factor GM (q2) behavior research with different transmitted momentums with
F1(q2) and F2(q2) (see (25)). Using model parameters from section 2 and anomalous magnetic moments of
quarks (30) one can get the following GM (q2) behavior in the proposed approach:

From Fig. 2 it can be seen that the behavior of the form-factor GM for different q2 in the proposed model
correlates with instant and light-front form calculations.
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Table 2 Magnetic moment of ρ±–meson in different models and approaches

Model Value in units e/2 mρ

Light-front calculation [4] 1.83
Light-front calculation [7] 2.10
Instant form calculation [10] 2.10 ± 0.05
Point form calculation [14] 2.25 ± 0.05
Light-front calculation [27] 2.26
Light-front calculation [28] 2.20
Experimental data [15] 2.10 ± 0.50
Our 2.29 ± 0.01

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.5

1.0

1.5

2.0

2.5

q, GeV2 2

G
  (
q)

M
2

This work
Light-front  calculation [8]
Instant form calculation [10]

Fig. 2 GM (q2) behaviour in different forms of PiQM

6 Conclusion and remarks

The work is dedicated to the problem of electromagnetic ρ±–mesons characteristics description in point form of
PiQM. In the course of the work, the authors obtained the basic parameters of the model from the leptonic decays
of pseudoscalar and vector π±– and ρ±–mesons, which were used to describe the GC (q2) and GM (q2) form-
factors of vector ρ±–mesons. As a feature of the calculations it should be noted that the previously developed
technique [17–19] of constructing electromagnetic quark current with spectator quarks led to results on the
electromagnetic characteristics of ρ±–meson, comparable to experimental and other models. Also in this
work, the problem of electromagnetic meson current conservation was solved by introducing the transverse
tensor (see Eq. (23)). Despite the cumbersome calculations for the generalized Breit system this method led to
compact expressions (see (28), (29)) and physical results comparable to alternative models and experimental
data [15].

It also should be noted that the use of the pseudoscalar density constant and the harmonic oscillator wave
function for pseudoscalar and vector mesons made it possible not to introduce an explicit form of equations with
the potential of the quark-antiquark interaction. The indicated simplicity of the proposed model nevertheless
leads to the values of constituent masses of quarks, comparable with other models (see [20]).

The obtained physical results on the electromagnetic characteristics of light mesons make it possible to
use the proposed model both for describing hadronic transitions without quark flavour changing h(qq̄) →
h1(q Q̄)h2(Qq̄), radiative decays h → �ν�γ and for three-particle bound systems studies.
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