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ABSTRACT

This Master’s Thesis project originates from the expectation that
the equations of motion of Carroll gravity at leading order could
emerge from the context of string theory, by applying the Car-
roll limit to the Polyakov action and imposing scale invariance. In
our primary approach, we employ vielbein formalism to expand the
curvature tensor in powers of the speed of light, and isolate the
leading-order contribution of the Polyakov action in Riemann nor-
mal coordinates. We show that, by demanding the vanishing of
the one-loop beta function, one of the three equations of the elec-
tric theory is recovered. We further discuss a possible secondary
procedure, where the Carrollian analogue of normal coordinates is
presented. The work opens with a pedagogical introduction to the
basics of Carroll transformations and the Carroll algebra, followed
by an overview of Carroll geometry and Carroll gravity.
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INTRODUCTION

With the term Carroll Gravity one refers to the theory of General Relativity (GR)
in the limit of vanishing speed of light ¢ — 0, i.e. the Carroll limit. Now, given that
Special Relativity (SR) is founded and constructed on the fundamental assump-
tion that the speed of light has a constant value for all inertial observers, and that
modern physics has been developed with Lorentz invariance as one of the essential
and pivotal elements of any reasonable theory of motion, at first glance the idea of
treating ¢ as a parameter that can be run, even down to negligible values, could
seem questionable. Despite appearances, it has indeed been possible to formalise
this limiting procedure with rigour, and that shall be the baseline of our discussion.

In recent years, physics in the limit of vanishing speed of light has been receiving
considerable attention, due to the large spectrum of applicability that the Carrollian
framework has to offer. The first revival of the Carroll group came rather later than
its independent introduction by Lévy-Leblond [1] and Sen Gupta [2], when Marc
Henneaux formally related it to the study of 3+1 gravity as a zero-signature limit of
Lorentzian geometry [3, 4], but since then, the interest of the scientific community
has surged only in the last decade.

The study of the geometrical structure designed by the Carroll group and its grav-
itational implications dates back again to Henneaux [3], while expansions in small
¢ have been first carried out by Dautcourt [5] in analogy with the Post-Newtonian
(PN) expansions of GR. Subsequent efforts to address the matter and its dualism to
Newton-Cartan theories have been made, leading to the notion of two distinct elec-
tric and magnetic Carroll limits [6], named in analogy with the two non-relativistic
contractions of Galilean electromagnetism proposed by Lévy-Leblond himself and
Le Bellac [7]. Carroll gravity has strong analogies to the Hamiltonian picture of
GR and its 341 decomposition [8], it has been useful for studying near-singularities
dynamics [9] due to its similarity to the Beliniski-Khalatnikov-Lifshitz (BKL) limit,
and finds its place also in the study of black holes geometry, since null hypersurfaces
are examples of Carrollian manifolds [10, 11], and because Carroll gravity admits
various types of solutions, including black-hole-like ones, even with definable ther-
mal properties [12]. More generally, Carroll gravity and geometry have appeared in
a broad variety of recent studies [13-27].

Besides its genealogical branches, the study of systems with Carrollian symmetries
has been prominently related to flat space holography. The reason is that it has
been shown [6] that the asymptotic Bondi-Metzner—Sachs (BMS) group of symme-
tries in flat space is isomorphic to a conformal extension of the Carroll group on
the boundary at null infinity, which led to numerous developments especially in 241
bulk dimensions [28-33|, and in 3+1 bulk dimensions [34, 35]. This has brought
to the suggestion that Conformal Carroll field theories (CCEFTs) could be dual to
quantum gravity in asymptotically flat spacetime [36], and they have been studied
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as an approach to flat space duality parallel to celestial holography [34]. More-
over, Carrollian physics has proven to be relevant in cosmology and inflation [37],
as Carroll symmetry constraints on the stress-energy tensor provide equations of
state with negative pressure w = —1. The implementation of Carroll symmetries
in hydrodynamical systems has brought to the definition of Carroll fluids [38, 39|
most importantly due to its relevance in flat holography [40]. Finally, Carrollian
physics has found applications in the realm of condensed matter, for the study of
fractons [41, 42], in models that deal with spacetime subsymmetries [43, 44| and for
flat bands [45].

Our work primarily concerns the geometric and gravitational aspects of the Car-
roll picture. The question we aim to answer is whether the equations of motion of
electric Carroll gravity can be recovered from bosonic string theory. Specifically, we
expect that imposing scale invariance on the Polyakov action at the quantum level
— i.e. killing the Weyl anomaly — for strings that propagates in a curved Carrollian
target space, would reproduce the equations that define Carroll gravity at leading
order. This expectation takes inspiration from the well-known analogous result [46]
where Einstein’s vacuum equations emerge by demanding that the beta function of
the worldsheet CF'T vanishes. If this is proven to be the case for a Carroll back-
ground as well, it would mean that this bridge between string theory and gravity
holds even in the zero-signature regime set up by the Carroll limit.

The present document is structured as follows. We begin Chapter 1 by introducing
the Carroll limit in comparison to the Newton one. We then discuss the key features
of Carroll transformations, as the ¢ — 0 limit of Poincaré ones, in Section 1.1.1 and
1.1.3, and outline the basics of the Carroll group and its algebra in Section 1.1.4.
Chapter 2 serves to introduce the tools to deal with Carroll symmetries on a curved
spacetime. We define the vielbein fields and their relations in Section 2.0.1, and
write their Carroll expansion in Section 2.0.2. Then, an overview of the relevant
geometric characters of Carrollian manifolds is given in Section 2.0.3, followed by the
introduction of the Carroll compatible connection (CCC) in Section 2.0.4. Section
2.0.5 provides a general review of Carroll gravity, where we summarise the results
of [17] for the theory at leading-order (LO) in the ¢ expansion of GR. These first
two chapters build the necessary setup for fitting the Polyakov action in the Carroll
framework, and stand in as a pedagogical introduction to the latter. Chapter 3 is
dedicated to our main calculation, where we show how one of the LO equations of
Carroll gravity is recovered from standard string theory. This is done in Section
3.2 by requiring vanishing beta function of the CFT described by the Polyakov
action at LO in its Carroll expansion. In preparation to this purpose, we review in
Section 3.1 how this is done for the standard case of Lorentzian geometry. Chapter
4 comprises other possible approaches to the matter. In Section 4.1 we examine
a second procedure, that exploits the torsion-full CCC to construct a Carrollian
analogue of normal coordinates, without reference to any ¢ expansion. We further
mark the pros and cons of our two methodologies, and discuss potential alternatives
in Section 4.2. Finally, we present our conclusions and close with some considerations
with regard to the overall methodology adopted in this work.
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CHAPTER 1

THE CARROLL LIMIT

As the Carroll limit is formally the opposite of what is generally referred to in
literature as the Newtonian limit ¢ — oo, it is pedagogically instructive to start
with a brief historical prelude to address the latter, as the geometric and algebraic
structures and the power-expansion formalism used to tackle Carroll physics - and
gravity in particular - are mirrored on it.

The Newtonian limit

Since the very birth of SR, it was manifest that Lorentz transformations reduce to
Galilei’s ones in the approximation of small velocities (v/c < 1), and that conse-
quently the laws of Newtonian dynamics in inertial (Galilean) frames are recovered
from SR. Soon after that, Poisson’s equation for the gravitational field could be
recovered from Einstein’s field equations of GR in the same limit, as it was natural
to expect. Einstein himself commented on this explicitly [47], and many others soon
after, like Weyl [48] and von Laue [49] to cite a few.

The first strong formal bridge between General Relativity and Newtonian dynamics
is to be found in the independent works of Elie Cartan [50] and Kurt Friedrichs
[51], fathers of what nowadays is commonly known as Newton-Cartan theory (NC),
or Geometrised Newtonian Theory of Gravitation. In this framework, spacetime is
described by a quadruple (A7, 7, h, V), with 7 and h being singular (degenerate)
timelike and spacelike metrics respectively, on a smooth manifold .4#” (N as in New-
tonian, in contrast with the popular notations .# for (pseudo)Riemannian and &
Carrollian manifolds). This is equipped with a compatible Galilei covariant deriva-
tive V that defines geodesics along which test particles move. In Cartan’s approach
the presence of two metrics is crucially related to the fact that the tensorial laws that
hold on .4 must respect covariance under Galilean transformations, where distances
in space are relative, but time is absolute. If one wants to incorporate this into a
four-dimensional geometry, all spacelike vectors must vanish along the 7 direction,
and the kernel of h must contain all timelike vectors, so h has null signature, with
nullity 1. One simple way of obtaining Cartan’s geometrical structures from the
framework of GR is to suitably take the limit ¢ — oo (see [52] or [53] for a modern
discussion). Indeed, from a purely analytical point of view, making the speed of
light divergent is formally equivalent to studying the regime of small velocities in
kinematics and the weak field approximation in gravitation, as Taylor (Laurent) se-
ries expansions in powers of 1/c. Friedrichs [51] already proposed the geometrisation
of Newton Gravity as arising from a first order expansion in small 1/¢?, though later
works with more systematic approaches to multiple orders expansions were carried
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out mainly by Dautcourt [54]|, and by Chandrasekhar [55], the latter in the context
of hydrodynamical approximations of field equations, and independently by Fock
[56]. These works, which built on the much earlier contributions by Eddington [57],
have been the foundational basis for what now is generically referred to as Post-
Newtonian formalism (see [58], [59] or [60] for a comprehensive review).

The first rigorous explanation of what it actually means to perform the Newtonian
limit in terms of a system’s algebraic properties was given by Wigner and Inonii in
their pioneering paper on group contractions of 1953 [61]. Here the speed of light is
viewed as a quantity on which elements of the Lorentz group depend parametrically,
and the limit ¢ = 1/¢ — 0 as the operation that defines a contraction from the
Lorentz group to the Galilei one. It was elaborating on this work that in 1965 Jean-
Marc Lévy-Leblond [1] first introduced the Carroll Group as a contraction of the
Poincaré group in the limit of vanishing ¢: the Carroll Limit.

1.1 CARROLL TRANSFORMATIONS

The Poincaré group comprises the transformations of space and time rigid transla-
tions, rotations in space and Lorentz boosts. Carroll enters physics as a set of co-
ordinates transformations recovered from Lorentz ones in the limit vanishing speed
of light ¢ — 0, while the opposite ¢ — oo retrieves Galilei’s transformations.

Specifics on the limiting procedure

From a simple arithmetical point of view, the speed of light is the dimension-full
parameter required to add coordinates of different causal character, and thus, strictly
speaking, even varying it to other finite values, while keeping units fixed, is physically
and mathematically wrong. For this reason the Carroll limit ¢ — 0 is to be seen as
a short hand that refers to approximations where some characteristic velocity u* is
large compared to ¢, i.e. u*/c > 1 (respectively u*/c < 1 for the Newtonian limit).
For instance, cosmic recessional velocities at super-Hubble scales stand as a valid
domain of application. With this in mind, one is further allowed to this limiting
procedure jargon in a more formal way, when dealing with the algebras describing the
symmetries and the transformation properties holding in the approximation regime
of validity. Specifically, the algebraic structure of the Carroll group is blind to the
particular dynamics of a system subjected to Carroll symmetries, so in algebraic
terms per se, the Carroll limit cannot be related to any external large characteristic
speed. This is why authors often proceed first redefining ¢ — ec, with € adimensional
and positive, and then performing the limit as ¢ — 0 (¢ — oo for the Newtonian
case). Finally, in general one has to decide which quantities to keep fixed when ¢ is
sent to zero, and this can lead to different and also inequivalent outcomes.
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1.1.1 CARROLL FROM LORENTZ

Before sending ¢ anywhere, it is important to see how Carroll and Galilei’s transfor-
mations arise from Lorentz’s both in the slow speed regime!, but as descriptions of
events with distinct causal characters. In one dimension of space, the transforma-
tions that relate two inertial frames O and O’, moving with speed u = ¢f relative
to one another are the well known Lorentz transformations

{Am’ = v[Az — uAt]

(1.1)
A =~y[At — (u/?)Ax],

with the boost factor v =1/4/1 — 2.

Transformations of large time intervals

In the low speeds limit v < ¢, i.e. Taylor-expanding 7 for § — 0, (1.1) becomes

{Am’ = Az — ulAt + o(B) (12)

At = At — (u/A)Az + o(B),

that are not the Galilean transformations at all. To recover them, one should require
an additional condition such that uAt = O(Az), while (u/c*)Ax = o(At). This is
most generally achieved by considering two highly timelike events, for which the
space distance Ax between them is small enough compared to the relative distance
uAt travelled by the observers during the events time lapse. In other words, Galilei’s
transformations hold when relative speeds are low (compared to ¢) and when time
intervals are large (compared to the time required to move by Az at the relative
speed)

Ax
At

Imposing these Galilean conditions

<L u, u < c. (1.3)

(1.4)

Axr' = Ax — uAt
At = At,

the laws of Galilei are recovered. Note that the last term in the second line of (1.2) is
usually neglected in virtue of its factor of 1/¢?, bringing no need of conditions others
than the small speed one. However, this line of reasoning implicitly assumes that
the spacetime distances at play are the ones where Galilean relativity is applicable,
i.e. those for which only the aforementioned last term is negligible. This is why
the importance of the large time intervals conditions was stressed with particular
emphasis by Lévy-Leblond [1]. As a matter of fact, one can retrieve (1.4) from (1.1)
by scaling the relative speed and all lengths by the same amount § — €3, Ax — eAx
and Az’ — eAz’, expanding around € = 0 and discarding all o(e) terms.

IMeaning that the relative velocity of the two frames is small compared to the speed of light.
We are not referring to any object moving within one frame or the other.
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Transformations of large space distances

The situation is reflected if, again for small 5 one considers the opposite case of
two strongly spacelike events, where the spatial separation between two events Ax
is large compared to distance coverable by moving at the speed of light during
time-lapse within the two. The Carrollian conditions are then

Az
—— 1.
At>>c u<c (1.5)

that, imposed on (1.1), lead to the Carroll transformations in one dimension of space

Ar =A
y o (1.6)
At = At — (u/c?)Aw.
Analytically, this can be achieved by scaling down all time intervals as the relative
speed At — eAt, At' — eAt', u — eu and € — 0.

It should be clear now that Galilean transformations can describe events that lie
close in the same causal sector, while the Carroll ones are suitable for events with a
wide causal disconnection. As sketched in Fig.1.1, These opposite causal structures
can be thought in terms of the units of measure for time and space that one would
choose when dealing with the two situations. For two events satisfying Galilean
conditions, a preferable pick could be, for instance, seconds and meters, so that
the slope 1/c of lightcones in the spacetime diagram would be of order 107°. By
contrast, events meeting Carrollian conditions would require units such as seconds
and light years, and lightcones would appear like vertical lines (with a slope of order
107).

t t t
| [~
J v
\ r
[\«
(a) Galilei lightcones (b) Lorentz lightcones (c) Carroll lightcones
Figure 1.1

Some remarks. First, varying spacetime dimensions to suit the description of strongly
spacelike events is interpretable as letting ¢ — 0: lightcones close up onto the time
axis, and events are causally correlated only if they happen at the same spatial coor-
dinate. This is why the causal structure of a Carrollian system is often called ultra-
locality. On the opposite, a system that respect Galilean symmetries is one where all
events are causally correlated one another, and lightcones open up as ¢ gets large.
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Second, we want to stress that the use the term wultra-relativistic in the context of
Carroll is highly ambiguous?, if not wrong: historically, the ultra-relativistic regime
has commonly been referred to as the domain of approximation where the velocities
of moving objects are close to the speed of light, and that is definitely not the case
under discussion. Third, the dichotomy® between the Galilean and the Carroll pic-
ture is rooted in the different roles played by space and time. In a system invariant
under Galilean transformations time is absolute space is relative, and any notion
of a universal spatial system of reference is meaningless. Reciprocally, space is an
absolute concept in a Carroll universe, while the notion of time between different ob-
servers is relative to their particular locations and relative speeds. In fact, note that
in (1.6), depending on the direction of u and magnitude of the term (u/c*)Az, time
intervals can differ in sign from one frame to another, and no absolute statement
can be made on which event happened first. This does not constitute a violation of
causality, but it suggests that time is not a good quantity to parametrise evolution
of a particle in motion.

1.1.2 CARROLL TRANSFORMATIONS

With our primary references being |1, 62|, we now show how the Galilei and Carroll
transformations are formally recovered via the Newtonian and Carroll limit respec-
tively, from Poincaré transformations.

The most general Poincaré transformation in 1+3 dimensions, from a coordinate
system (xf, ') to another (zo, ) in its non covariant form is

zy =7(wo — B Rx) + ag
' =[/(1+7)](B-Rx)3 —~Bxs+ Rx +a,
where 3 is the vector parameter of a Lorentz boost, R is an euclidean rotation

matrix, a is a rigid translation in space and ag is a time shift. Defining

1 1
t = —x, u = cf3, b= —ay, (1.8)
c c

(1.7)

and talking the Newtonian limit, keeping the quantities ¢, u and b fixed as ¢ — oo,
Galilean transformations are retrieved

{t’/ —t+b 19)

' = Rx — ut+ a.

2It is true that the Carroll picture applies in settings where velocities of departure/approach
are superluminal, but this by all means does not imply that in a Carrollian system matter can
move faster than light. Indeed, as we discuss in the next section, one key feature of Carroll physics
is that free particles with non-zero energy cannot move at all, and the only non trivial kinematics
is the one of tachyons.

3We are reluctant to use the word duality here, because Carroll and Galilei are properly dual
one another only in 1+ 1 dimensions, and ¢ — 1/c¢ is an actual duality transformation only for
equal number of space and time dimensions.
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Similarly, if one redefines analogous quantities with the use of a new proportionality
variable C' as

s = Cxy, v=0Cg, f="Cay, (1.10)

and keep s, v and f fixed when performing the limit C' — oo, the result is a general
Carroll transformation in flat spacetime

{s’ =s—v-Rex+f

(1.11)
¥ = Rx+a.

A specification on nomenclature: (1.11) is the most general transformation that
preserves all symmetries of the Carroll group, but the term Carroll boost refers to
the Carroll limit of a Lorentz boost (f =0, a =0, R = I3)

s =s—v-x
{, (1.12)

xr = &.

It is important to note that, if C is taken to have dimensions of a velocity [C] = LT,
then s (as well as f) acquires dimensions of square-lengths per time [s] = L*T~".
This means that in this picture s plays the role of a novel coordinate that has
little to share with the physical notion of time provided by the usual Lorentzian
interpretation, and thus the word time is to be used with caution in Carroll physics.
On the other hand, if one replace C' = 1/c, with [¢] = LT™! and then takes the
Carroll limit ¢ — 0, then [s] = [f] = T, but v is not a velocity any more, and
so it becomes hard to make physical sense of the parameters that relate different
observers. No matter how you look at it, once the Carroll limit is taken, one typical
notion of kinematics or the other as to be dropped. However this comes not as a
surprise, as one should not expect familiarity in a framework where the concepts of
cause and effect become degenerate. It is for this reason that, from now on, we will
not address this kind of interpretational issues, unless when relevant or of further
instructive.

1.1.3 ENERGY, VELOCITY AND CARROLL PARTICLES

In this part, we mostly refer to [37]. Although Lorentz boosts take the same form
on any four-vector, this is not the case for Carroll boosts. Indeed, Lorentz transfor-
mations for energy and momentum

£ =~(E—-cB-p)
Py =~y —PBE/c) (1.13)

/

pL =P,

with p = p, + p, , become, in the Carroll limit

E =E
o —p_oE (1.14)
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where we kept v = 3/c fixed as ¢ — 0. Energy is then a Carroll invariant quantity,
and sets the proportionality of the boosts in momenta. It is also interesting to look
at how velocities transform under Carroll boosts. From the differential definition of
a velocity over two Carroll frames (cf. (1.12)), we see that

y_ 4 de de d o) -
ds d(s—wv-x) ds |ds °
u
T ow (1.15)

that is also the result one obtains performing the Carroll limit on the Lorentz com-
position laws for velocities

u':u’//+'u/L

1
“1-3-ujc [(wy —Bc)+7 'uy ]

u
p s p—— (1.16)
keeping v = (3/c fixed. Note that the form of these transformations allows for two
distinct cases of eternal immobility and perpetual motion: if a particle is motionless
in one Carroll frame, then it remains so in any other one; on the other hand, there
exists no (finite) Carroll boost that can put a moving particle at rest. This pecu-
liar kinematic feature is closely related to possible violations of causality due to the
presence of tachyons, and, as we discuss in the next section, to the distinction of
zero and non-zero energy states in the representation of the Carroll algebra.

We shall now bridge to the behaviour of moving objects in the Carroll limit. For
this, consider a single point-like free particle with energy F, momentum p and mass
m, subjected, in any Lorentz frame, to the relations

E = y,mc?, P = Ymu, E? = m2c* + |p|°, (1.17)

where u is the speed of the particle in the Lorentz frame, u = |u| and 7, =
1/4/1 —u?/c®. Note that now -, has not a well-defined limit for ¢ — 0, as this
time we are not dealing with the boost factor of a Lorentz transformation between
two frames (which always approaches 1 in the Carroll limit). There are two options,
depending on whether the particle is at rest or not.

If u =0, then 7, = 1 and we are dealing with a particle with zero momentum and
with energy £ = mc?, that one can keep fixed E = Ej in the Carroll limit by let-
ting the mass scale as e 2 while ¢ — ec, e — 0. This is the case of eternal immobility.

The other option is u # 0, for which the factor 7, becomes, at leading order in ¢ — 0

2
Yo = ii§+0<§> . (1.18)

This means that the momentum of the particle becomes imaginary and double-
valued p = +imcu, that can be kept fixed by allowing the mass to scale (differently)
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like e! as ¢ — ec, € — 0. The particle in perpetual motion is therefore a tachyon,
and its energy vanishes E = 0 due to the exact cancellation in the relativistic dis-
persion relation (1.17).

The picture fits into the causal structure of Carroll: in the ¢ — 0 limit, lightcones
collapse to a line, so the only particles that can respect ultra-locality are the ones in
eternal immobility, whose worldlines are the lightcone, while particles in perpetual
motion are Carroll tachyons, for which ultra-locality is violated. Does this constitute
a violation of causality, in the sense of faster-than-light information propagation?
Well, yes and no. On the one hand Carroll tachyons, like any other tachyon, do
travel faster than ¢, so they could in principle be used to send faster-than-light
information. On the other hand, if ¢ is sent to zero, then everything that moves is
moving faster than light. The common paradigm of causality already breaks down
in the Carroll picture, as any two events happening at different spatial locations can
be cause and effect of each other, and vice versa. Moreover, tachyonic particles are
zero-energy states with an imaginary mass that diverges in the strict Carroll limit,
so it is not even clear how they could propagate information at all. Once again,
the bottom line of this discussion on Carroll particles suggests that some questions
become ill-posed once the Carroll limit is taken.

1.1.4 REPRESENTATION OF THE CARROLL ALGEBRA

In 1+3 dimensions, the Carroll group Carr(1,3) is then the Lie group generated by
space translations, Euclidean space rotations, Carroll boosts, and time translations,
respectively dependent on the ten parameters a, v, 8 (Euler’s angles) and f. If
we denote the infinitesimal generators of the restricted Poincaré group ISO*(1,3)
as 5;, K;, P, and F,, corresponding to rotations, proper orthochronous Lorentz
boosts, space and time translations respectively, then Carr(1,3) is obtained via the
contraction

K; — eK;, Py — €b, e — 0, (1.19)
while the Galilei group Gal(1,3) reciprocally arises via the contraction

K; — €K, P, — €P;, e—0. (1.20)
A comparison of the algebras of these groups are summarised in Table 1.1.

The main reason we digress on the representation of Carroll Algebra is its relation to
the two possible types of Carroll particles, namely the ones with zero and non-zero
energy, respectively describing particles at eternal rest and perpetual motion. For a
more elaborate discussion, we refer to [37].

Apart from the description of Carr(1,3) as a contraction, the commutation relations
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Table 1.1: Algebras of the Carroll, Poincaré and Galilei groups

Carr(1,3) ISO*(1,3) Gal(1,3)
[Sz', Sj] 5iijk 5z‘ijk 52'ij1<:
[Si, K] ik Kp il ik Kp
(K, K 0 —€4jk Sk 0
[Si7 P]] 5ijkPk Sijkpk 5ijkPk
(K, P i Po 0i; Fo 0
[Ss, Po) 0 0 0
(K, Py 0 P; P;
[P, P} 0 0 0
P, F) 0 0 0

that define the Carroll algebra can be written as

[P, Gy = 0y H, (1.21)
[Jij, P = 0i P — dji P, (1.22)
[Jijs Ci] = 6iCy — 05,4, (1.23)
[Jijs ) = OinJji — Sjuda + djudie — OirJjks (1.24)
and these are equivalent to the rules in Table 1.1 under the redefinitions
H=PF,, C; = (1;5% K, Jij = €ijiSk- (1.25)

The Hamiltonian H — the central charge — and the square Casimir element M? are
the two invariant admitted by the algebra, with the latter defined as

1
M? = = M;; M,
T2

while the analogue of the Pauli-Lubanski vector is given by

M;; = HJ;; + C;P; — C; P, (1.26)

W =HS+C x P, Mij = eijka' (127)

The states |¢) in this representation are simultaneous eigenstates of the two in-
variants, labelled by their eigenvalues. They split into two families depending on
whether the state’s energy, as eigenvalue of the Hamiltonian H |¢)) = F [¢)), is zero
E =0 or non-zero F # 0.

Non-zero energy If E # 0 there always exists a Carroll boost (cf.(1.14)) for
which the momentum vanishes (v = p/FE) in the given frame. The little group —
the stabiliser subgroup of Carr(1+3) for which p is invariant — is then SO(3), as a
system of a point-particle at rest is invariant under three-dimensional rotations. On
such states |1)) = |FE # 0,p = 0), the action of the Casimir operator is

~ 1 A6~ & oA A
NP = SHAD 0 10) = BPS,S:(0) = EPs(s+ ) [0) . (1.28)
where F is the energy of the particle and s € N/2 its quantised angular momentum,

respectively eigenvalues of the Hamiltonian and the total angular momentum oper—
ator 82 = §;5;. These states can be labelled as |E, s,m), with m = —s, —s + 1,.
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and correspond to particles at eternal immobility.

Zero energy  When F = 0 the momentum p is Carroll-invariant, so one can
align it to a preferable direction — say 2z — without loss of generality. Thus, the
little group is ISO(2) of Euclidean isometries on the plane orthogonal to the z-axis,
spanned by the generators W, W, and by the helicity operator L=S-P / VP2 In
the case W - W = 0 the operators S, and L, and can be used to label zero-energy
states, like |p,, A) where A is the eigenvalue of L. These states correspond to particles
in perpetual motion, and it would seem that they correspond to Carroll tachyons.
However, the generators of spatial translations P; are not hermitian if p = |p| is
an imaginary number, and one requirement [37] under which the representations of
zero-energy are constructed is P - P > 0. If one perseveres on this line anyway, and
interpret these states as tachyonic particles, it would mean that their momentum
cannot be a physically measurable quantity, which is not in conflict with common
sense. At any rate, we will not focus on these aspects, and leave the issue to future
developments.
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CHAPTER 2

CARROLL ON CURVED SPACE

In this section we present the essentials to work in the framework of Carroll geome-
try on curved spacetime, and give outline of Carroll Gravity, as an expansion of GR
in powers of vanishing speed of light. The notations and conventions adopted here
mimic those of [17], that is the main reference for this part.

A preliminarily observation is in order. In its diagonal form, the metric g, depends
on a factor of ¢ in the time-like entry, while its inverse g"” carries a 1/c?. Thus,
the primary consequence of performing the Carroll limit on Lorentzian geometry
is that the former becomes degenerate, and the latter ill-defined, and so it is not
possible to use them to lower and raise spacetime indices. For this reason, any two
tensor notations that differ in the vertical position of indices must here be treated
as different tensorial quantities. As we discuss soon, the only departure from this
rule is allowed when one chooses to work in a specific Carroll frame, restricting
calculations onto the spatial hypersurface that the frame defines.

2.0.1 VIELBEIN PARAMETRISATION

As we largely discussed in the previous section, the Carroll pictures put apart the
roles of space from time in a substantial manner. To formally implement this feature
at the geometrical level, the use of vielbeins' turns out to be of great utility and
simplification. The formulation of curved geometry in terms of vielbeins generally
goes under the name of tetrad formalism, and it was primarily introduced by Weyl,
Cartan and Dirac [50, 63, 64]. A vielbein is a set of vector fields (and 1-forms)
that are not derived from a particular choice of local charts, but satisfy suitable
orthonormality properties on the tangent (cotangent) space at every point on the
manifold. This way, one can write the metric tensor and any relevant geometric
entity in terms of tetrads, which the burden of coordinate-dependence is delegated
to. In the language of fibre bundles, frame fields are the local sections that span the
fibre space tangent to the manifold, and dually, coframe fields (the inverse vielbein)

'From the German wviel "many" and bein "foot", "leg" or "base", in the geometrical meaning
of a basis vector. It refers to the set of generators in the tangent space, but with transliterative
abuse authors often take liberty to pluralise it with the suffix -s, indicating the vectors themselves.
Spurious variations on the term, like einbein, zweibein, dreibein, vierbein... are often used in the
literature, alluding to the specific manifold dimension number at play (one, two, tree, four...). In
English tetrad is the most widely used form in 341, while the more general frame field applies to
any dimension.
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are sections living in the union of all cotangent spaces on the manifold.

We want to parametrise the metric tensor in a way that discriminates time-like and
space-like entries, and prepares it for its expansion in powers of c. We denote with
©.4 the elements of a general vielbein of the tangent space T,.# , and with E* their
inverses on the cotangent space T).#. They relate to the basis vectors and forms
of a coordinate choice x* on .# as

E4 = B, Adat, O4 = O0"40,. (2.1)

Capital Latin letters A = 0,1, 2,3 denote frame components, and lowercase Greek
ones are used for spacetime indices as usual. Basis are chosen in such a way that
the metric and its inverse are flat on the fiber bundle

9w = B B nap, g =0"40" g7, (2.2)

with nap = nP = diag(—1,1,1,1). We want the vielbein structure to give rise to
the so called pre-ultra-local (PUL) parametrisation of the metric and its inverse

1
G = — T, T, +11,,,, gW:—EVWW+WK (2.3)

that naturally adapts to ultra-local structure arising when performing the Carroll
limit. This parametrisation is defined via the introduction of the nowhere-vanishing
temporal vector field V*, the clock 1-form field T, the spatial metrics 11, and II*”.
To achieve so, we decompose metrics on the bundles as

nNap = —tatp + SAB; 77AB = —tAtB -+ SAB, (24)

where tatp is a rank 1 matrix that singles out time-like directions, and S,p has
rank 3 and projects along space-like directions. On these tensors we require the
orthonormality and completeness relations

tath = =1, 145 =0, Supt?=0, 0§ = —tat? + 545, (2.5)

This choice imposes a split of the tangent bundle structure into a one-dimensional
temporal component and a three-dimensional spatial one, orthogonal to each other.
We now choose an orthonormal basis on the frame bundle

ta=0%  t'=-08  Sap=040%0m,  SAP =52605, (2.6)

which differentiate indices (0, a) into the temporal one 0 and the spatial ones a. This
way one can use the Kronecker deltas &4, and 6% to lower and raise spatial indices
on the frame bundles. The vielbein relates to the PUL fields through the temporal
and spatial projections via this frame basis
1
taB,A = T, ther,y = -~V (2.7)
c
Sy E,P =E,° sBery = er, (2.8)
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The spatial metric and its inverse are constructed as
11, = 6B, "E,’, 1" = 50" ,0", (2.9)
This way, the PUL tensors satisfy properties that mirror the ones in (2.5)
rvt=-1, T1,JJ"™=0 - 1,V"=0, 0 =-VIT,+1I",. (2.10)

Note that the spatial metrics contraction does not result into an identity, a further
remark on the fact that they are not inverses of each other.

2.0.2 ULTRA-LOCAL EXPANSION

We now expand the PUL vielbeins in powers of the speed of light as follows

T, =T, + N, + o(c?), Vi =k + EM* + o(c?), (2.11)
EF, = ety + Aty + o(c?), Oty = 0", + Pty + o(c?), (2.12)
I, = h + i, + o(c?), 1" = W™ + 2" + o(c?), (2.13)

with spatial metrics at first and second order in ¢? given by
B = €,"€, 0, = 0,0 ,6%, (2.14)
Vv = 260,70 Dty P = 20 "), 6%, (2.15)
In doing so, we are implicitly assuming that vielbeins — and basically every quantity
we could consider, as the whole fan of geometrical entities at play is expressed in
terms of them — are analytic in ¢?. Moreover, we restrict to even powers ¢ is that
we once again want to work in parallel with standard post-Newtonian expansions,

where the distinction between expansions in 1/c or 1/c? is a matter of notational
convention.? The metric expansion reads

G = Ny + (=707 + V) + 0(c?) (2.16)
and its inverse

1
g = =S 0" + hyy, — 200 MY) + EMPMY + o(?). (2.17)
C

From the relations (2.10) we have subsequent conditions at LO (leading order) and
NLO (next leading order)

Tt = —1 v'hy, =0 T, =0, (2.18)

T MP = N LY p——— N B = — 1. (2.19)

while from the completeness relation

0, = —TV" + hy,h” hup®? + Puph?” = Nyv™ + 7, M” (2.20)

2The main motivation for this is that in the weak field limit, gravitational potentials carry even
powers of 1/¢, and no odd-power term can be sourced by these. Furthermore, it has been argued
that odd-powers post-Newtonian corrections arise only from sub-sub-lading order onwards [53].
See [65] for a discussion that systematically allow for odd powers expansions.
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2.0.3 CARROLL MANIFOLDS

From a formal point of view, the geometry induced by the Carroll limit can be
encoded into the quadruple (%, h,v,@) that defines a Carroll manifold. % is a
smooth variety (a smooth manifold of 1+3 dimensions in our case) endowed with a
symmetric tensor h,,, that is degenerate, with order 1 nullity. The kernel ker(h) is
the one-dimensional vector space spanned by the nowhere-vanishing vector field v*.
Vectors and forms on C' are parallel-transported via the covariant derivative V =
0+ C, where C is the Carroll compatible connection (CCC). Notation is not chosen
without criterion: h is the leading order of the lower-index spatial metric introduced
in the PUL parametrisation (2.3). It is the Lorentzian metric g in the Carroll limit,
that becomes degenerate once the limit is taken. Similarly v* is the PUL temporal
vector field at leading order. In this picture, the Carroll group Carr(1+3) comprises
all diffeomorphisms that preserve the form of the spatial metric, of the temporal
vector field and of the connection, and the Carroll algebra identifies with the Lie
algebra of those vectors X for which

LxV =0 LxII =0, LxV =0, (2.21)

Carroll geometry is then the one that can be described with the LO expansion
fields. The inclusion of NLO terms and consequent transformation laws expands
the geometric structure on the manifold, just like type-II Newton-Cartan theory is
an annex of second order terms in the non-relativistic expansion of the Newtonian
limit [66]. The geometry arising from first order expansion in vanishing ¢ will suffice,
as the present work focuses exclusively on LO theory.

Vielbein transformations

In the frame bundle, vielbeins transform under a general Lorentz transformation A
just like any other tensor

EA — A BE?, O4 — —AP,0p. (2.22)

With Ayp = —Apa (indices can be raised and lowered with 7 in the frame bundle).
If we consider infinitesimal transformation that distinguish between Lorentz boosts
A%, and spatial rotations A%, and define a rescaled boost generator A, = cAY,,
A% = cA% then the vielbeins transform as

T, — T, + AE,", E," = E,+ \T, + A%E,’,

2.23
VI = VI PO, Oy = Oy + AV — A, 01, =

Just like in (1.12), we perform the Carroll limit keeping A, (as well as A*) fixed as
¢ vanishes. The leading order expansion of the infinitesimal transformations

Ao = Ao +O(?), A% = 2% + O(c?), (2.24)

are now the generators of infinitesimal Carroll boosts and spatial rotations respec-
tively, under which the LO vielbein transform via

a a a b
Ty — Ty + Aa€)p”, en” — e, + Ahe,’,

2.25
vt — ok OFy = OFy + AuH — A0 0Hy. (2.25)
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The temporal vector v# and the metric h,,, due to orthogonality of A%, are Carroll
invariant. On the contrary, 7, and h*" do transform under Carroll boosts.

Realisations on a spatial hypersurface

As already discussed, the orthogonality conditions imposed on the vielbeins induce
a fibre bundle structure on the manifold: the temporal vector v defines a one-
dimensional wvertical fibration V| orthogonal to the horizontal space H spanned by
the sections 6,*. Intuitively, this means that one can look at the bundle as the
direct sum of the two . =V @ H, and that the manifold can be (locally) foliated
into constant Carroll-time hypersurfaces Y, perpendicular to the direction given by
v, in a way similar to achronal slices in 143 decomposition. Although this sounds
natural, it is not possible to do so without choosing an adapted coordinate system
on €, i.e. setting in a specific Carroll frame. In fact, spatial (and thus temporal)
covectors X can be identified uniquely as v*X,, = 0, because v is Carroll invariant,
but this is not true for spatial vectors Y, as the contraction 7,Y* is not a Carroll
scalar (7 transforms under Carroll boosts). Thus, if one wants to study concrete so-
lutions of GR in the Carroll limit (which is not our case), and perform computation
on spatial slices, choosing a boost frame is mandatory.

The most natural choice is to let the Carroll time-like coordinate be parallel to the

temporal direction of v

1
v =0v"0, = —0;, (2.26)
a

where « is a non-zero normalisation factor, that can in principle depend on all
spacetime coordinates. In this coordinates, the clock 1-form decomposes as

7 =7,d2" = —ads + r;dz’. (2.27)

Now, we have enough gauge freedom to go into a frame where also 7 is "purely tem-
poral" 7 = —ads, performing a Carroll boost 7; — 7, + A\; = 0. From a geometrical
point of view, this correspond to choose an integrable Erhesmann connection on the
horizontal sections of the bundle. An Ehresmann connection is a spin connection
defined through a 1-form (7), that parallel transport vectors along the hypersurface
which generators of the horizontal space are tangent to. Its integrability is provided
if the Frobenius theorem 7 A d7 = 0 holds. In these adapted coordinates this is true
because 7 A dT = a(ds A da A ds) = 0. For a more general choice 7; # 0, one has to
require vanishing vorticity w of v

wij = —« ((9[1»7']»] + T[i|857'|j]> =0, (2.28)

that is equivalent to requiring that the projected connection on the spatial subman-
ifold has no torsion (see [10]| for a detailed discussion on the bundle structure of
Carroll manifolds). In the simplest case (7; = 0), the Carroll metric decomposes as

V"9, = a1y, hpdatde” = hida'da?,

: J (2.29)
T, d2t = —ads, h**9,0, = h" 0;0;,
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and one can define the perpendicular and parallel projectors onto the horizontal and
vertical spaces respectively

(PJ_)MV = hul/ = hllﬂhpm (P//)MV = —UMT,/, (230)

where all fields are evaluated at a constant value of time s. The covariant derivative
V on the spatial hypersurface Y, is the projection of the Carroll connection V one
via P|

@pX#l'”Hny = hAphﬂlal Ce h#nanhylﬁl e humﬂm@)\Xal-“anﬁluﬁm’ (231)

1 Vm

and coincides [17] with the Levi-Civita connection on X, constructed from h. The
curvature tensor is also constructed through perpendicular projections

R,u)\zlp - hpah,uﬁh)\’yhuéﬁiﬁ'y(sa' (232>

Hats denote quantities defined on X, and tildes refer to Carroll compatible ones.
Finally, for further need, we introduce the extrinsic curvature tensor K, , that
quantifies the variation of spatial metric along the temporal direction

1
Ky = =5 LT = b+ O(), (2.33)
where lowercase £, stands for the extrinsic curtvature at leading order in ¢

k

py=

1
— éﬁvhw. (2.34)
The extrinsic curvature tensor is symmetric and purely spatial
VFK,, = 0. (2.35)
This holds by virtue the other equally useful property
1
K., = 5vA [0,10,\ + 0,105, — O\, ], (2.36)

where here the third equality in (2.10) is exploited. In a hypersurface realisation,
the extrinsic curvature is the second fundamental tensor on ¥, and reduces to
1.

where the dot denotes a derivative w.r.t. Carroll time s.
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2.0.4 CARROLL COMPATIBLE CONNECTION

The role of the connection is of large importance in this work, as it will appear in
the speed of light expansion of the curvature tensor. We cannot rely on the usual
Levi-Civita one, as that defines the correct differentiation under Lorentz-covariance.
Instead, we need a connection that is Carroll-covariant, i.e. built to be compatible
with the two invariants v* and h,,

Vot =0, Vahu, = 0. (2.38)

One way of achieving this is via gauging the Carroll algebra, as done in [14], where
one constructs the correct covariant derivative to act on the sections in the Carroll
principal bundle. Alternatively, one can require Carroll compatibility on the full
(non-expanded) frame fields

VaVH =0, VAIl,, =0, (2.39)

and solve for the connection on the manifold via the vielbein postulate (see below).
This has been done in [17], and the CCC obtained is written as

éﬁy == V)\ [a(uTy) + T(uchy)]
1
+ =11 (9,11, + 0,11, — 0,11,.,)) (2.40)

2
— T, K

wpo

which we borrow, without reproposing the its full derivation, but highlighting the
relevant features of this result. The key ingredient is the so called vielbein postulate

VB4 =B =T B+ 0 6E,” =0, (2.41)

that is actually not a postulate, but a tautological claim that holds for any connec-
tion I' and spin connection 2. Here V is the full covariant derivative comprising
both connections, taking care of differentiation w.r.t. all indices. (2.41) states that
the full covariant derivative on a vielbein has to vanish,  and can be used to extract
the form of the connection on the manifold given the one on the bundle, and vice
versa. To get (2.40) one starts by imposing Carroll compatibility as in (2.39) on the
mixed tensor space basis

Vi (t1'04") =0, Va (SapEAE,") =0, (2.42)

and then uses the postulate (2.41) in our chosen frame basis (2.6) solving for I' = C.
In doing so, multiple constraints on the torsion 2-form T4 = dE4 4+ Q45 A EB
are required. Indeed, a fundamental character of any CCC is that it is inevitably
torsion-full: its torsion possesses and intrinsic part that does not depend on the

3Intuitively, the vielbein EMA can be interpreted as nothing but an identity map for mixed-
indices tensors in the basis da# @ €4): it maps vectors from coordinate basis to frame bundle
basis. Thus, as V is the correct derivative operator in this mixed tensorial space, it vanishes on
the identity element of such space.
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spin connection, and thus it cannot be set to zero, unless one specify to a particular
Carroll frame. We take the torsion to be given by its intrinsic part only, that in
coordinate basis is given by

f)\lﬂf = 20[211} - QHAPT[#KV}W (2.43)

that is determined by the extrinsic curvature tensor. CCC are classified in four
classes, depending on whether K is zero, traceless, proportional to II, or neither of
these. Finally, we mention the fact that the CCC connection is not even uniquely
defined by the strongest torsion constraints, because one cannot use the vielbein
postulate to solve for that part of {2 that acts along the t4 direction. This can be
manually set to zero only by setting in a particular Carroll frame.

Relation to the Levi-Civita connection

The presence of torsion is the ineludible sign that our CCC cannot be recovered by
an expansion in powers of ¢ of the Levi-Civita one I'. In fact, given the usual form
of the Christoffel connection

%, =9 [0,9up + OuGpu — Opur] - (2.44)
Its expression in terms of the PUL fields reads
A Loa
I, = —C—QV K
V00T + TwlvT,)) + %H*” (0,01, + O,11,, — 0,11,,,)  (24)
—T,,dT,,), 1T

If one is stubbornly tempted to try relate it with C-
1

c2

)

(=2) ~ (=2
I, = Lo, +C, 4+ SN, =T, (2.46)

the manual inclusion of the last term in (2.40), here denoted as S*,, is forced.

2.0.5 CARROLL EXPANSION OF GENERAL RELATIVITY

To study GR in the Carroll limit, one needs to find the equivalent of Einstein’s field
equations in the small ¢ expansion. This has been done in [17], by expressing the
Ricci scalar in terms of the PUL fields inside the Einstein-Hilbert (EH) action, and
then expanding in powers of c. We repeat the key passages, and direct the interested
reader to the main article for the full picture. To get an expression for R in the PUL
parametrisation, one constructs the Ricci tensor from the Levi-Civita connection as

Ry, = +0,I%, —8,I%, + 0T, —T",T) (2.47)

pv
and writes I" as in (2.46), collecting terms that scale with different powers of ¢

1 (=) 1 (=2 ) @) ()

R, = A R+ 2 R+ R+ CZRW + C4RIW' (2.48)

29



These terms are given by the following

_R w = 07 (249&)
(=2) ~ (*2)p = (*2)p 0 (= )/\ 0 (*2))\
In% - Vp F % — 2C[ﬂp} F bV — SMA F pv —|— Sﬂ)\ F o (249b)
0 ~ ~ o ~ o A o (_2)p (2)>\ (Q)p (—2)/\
RMV = R/U/ + VPSW - VMSpV - QC[up]S)\l/ — T #)\pr - Fﬂ/\ r ovs (249(3)
(2) ~ (2)p = (2)p (2)p A
R, =V,I%, =200, Th, — TS, (2.49d)
(4) (2)p (2>)\
Ry, =-1,\1',, (2.49¢)

where R is the Ricci tensor constructed with C' only. The Ricci scalar is obtained
by contracting the Ricci tensor with the PUL inverse metric, and reads

1
R= (—ngy + H”") R, (2.50)

1 (-2) 1 (0) (-2)
=~ V*V'R ,+ (—V“V”RW + 1" R W)
C

(2 (9 (4) (2
~ VEVYR,, + 1" R, + (—V“V”RW + H“”RW> . (2.51)

After some integration by parts, where boundary terms are neglected, the EH action
in its PUL parametrisation can be written as

63
Sgn = d*z/—¢ R 2.52
2 A .
= E| (K"K, — K? 21 4 2.
167rG/j/d$ [( L )+c R, +0O(c )] , (2.53)

where F is the vielbein determinant £ = det(7}, E,%), K" = K,glI**11"# and K
being the trace K = K, II"”. Note that one can always raise and lower indices of
K, with the spatial metric II"”, as the extrinsic curvature is purely spatial. The
result is an expansion of the action itself,

SEg = CZSLO + C4SNLO + O(Cﬁ), (2.54)

and different Carrollian gravity theories correspond to the variation of the action
term at one order or the other. The theory arising from varying the LO action is
known as the electric Carroll limit, while the magnetic Carroll limit corresponds to
the study of a truncation of the NLO action. In general, the equations of motion
obtained by varying the action at order ¢2t!) contain the ones at the precedent
order ¢*, plus two in addition.

Electric Carroll Gravity

Expanding the vielbein fields and truncating at first order, the LO action is

1
d*ze k", — Kk 2.55
167G //, ze [Kk, I (2.55)

SLo =
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with e = det(7,, e,%), k., is the LO extrinsic curvature of (2.34), k" = k,gh**h"?,
and factors of the speed of light have been absorbed into the gravitational constant
(G, which can be kept fixed in the Carroll limit. This action was first obtained as
a zero signature limit in the Hamiltonian formulation of GR by Henneaux [3]. Its
variation w.r.t. the fields v* and h*" respectively produces the two equations

1 -

57 (ko — k*) — 0PN, (K — kb)) = 0, (2.56a)
1 -
5P (" kpo — k%) — k (K — khy) +0°V, (K — khy) = 0. (2.56b)

Some important remarks are to be made now. First of all, these equations are
boost dependent, as they are obtained by varying h*”, which is not a Carroll boost
invariant object. This choice is explained by the fact that a variation of Spo w.r.t.
the Carroll invariant v* and h,,,, cannot be used to solve for ¢, and h*”. Secondly, the
LO action depends on the extrinsic curvature, and not on the full curvature given
by the Ricci tensor RW associated with the LO Carroll connection I'. Finally, these
equations can be projected onto temporal and spatial directions by contractions
with v* and h*” respectively. The temporal projection of the second one vanishes,
and the other three can be written as

k" kL, — K =0, (2.57a)
WV y(kop — khgy) = 0, (2.57b)
Lok = —2k, kp + Kk, (2.57¢)

This splitting allows one to interpret the first two as constrain equations that hold
separately on every single time slice ¥,, and that discriminate which initial data of
fundamental tensors h,, and k,, are allowed. The last one as an evolution equation
along the temporal direction, that describe the dynamics of the hypersurface folia-
tions. Note that in (2.57c) only time derivatives are present, and this means that
the evolution law of a point on ¥, along the temporal direction is fully specified by
the value of the extrinsic curvature k(s),, at that point solely. This is a powerful
result because the Cauchy problem, that in GR generally requires to solve highly
non trivial PDEs, is here reduced to an ODE in Carroll time only. Moreover, these
interpretations are in accordance with the ultra-local causality of the Carroll pic-
ture: evolutions at different points on the same time slice are blind one to another,
and geodesics can be thought of as a flux normal to the spatial hypersurfaces (thus,
parallel to the temporal direction).

The magnetic limit and an apparent contradiction

As already mentioned, the magnetic limit of Carroll gravity arises from the variation
of the NLO action. In the present work we are not interested in the study of this
limit, and we simply mention few relevant generalities, redirecting the interested
reader to the main article [17]. The Carroll magnetic theory can be obtained as a
truncated sector of the NLO theory, where one starts with a different action, includ-
ing an auxiliary tensor field x,, that reproduces the PUL Sgy of (2.53) if integrated
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out. In the limit ¢ — 0 the new action becomes such to produce equations of mo-
tions that split into two constraints for the projected Ricci tensor RW and for the
field ", and into an evolution equation for ¢*”. The latter can be seen both as the
Hamiltonian conjugate momentum of A*”, and as a Lagrange multiplier that fixes
k., = 0. The magnetic limit is a truncation of the NLO Carroll gravity in the sense
that it is a simplified case of the more general one, in which one varies v* and h*
after manually setting to zero the fields M* and ¢** of the subleading ¢* order in
the vielbein expansion (2.11). The resulting NLO equations of motion for v* and
hy. hold provided that they also obey those of the precedent LO theory.

Before moving to the main part of our work, of which what treated so far serves as
preparatory introduction, one important remark has to be made. The machinery
outlined in the last sections can be in principle extended to study Carroll Gravity
at any order in the speed of light expansion, including new vielbein fields for every
order c?. If these fields are considered as independent of the ones at lower orders, it
seems like one has to include new degrees of freedom for every new order that takes
into account. This sounds like a foolish inconsistency, as such a philosophy suggests
that an infinite number of parameters would be required for an exact study of Carroll
gravity. The resolution to this paradox is simple: a Carroll expansion is, above all,
an expansion in Taylor series of the relevant geometric objects. For any function,
coefficients in its Taylor expansion are recursively calculated as derivatives of the
starting function, no additional information required. The story is analogous for
Carroll gravity in this picture [17]: in the theory at order (2¢) one manually sets the
(27)-order fields to zero, and solves for the (2i — 2)-order ones; the actual number of
equations of motion is indeed 2i — 2, because they hold only if the fields involved are
solutions to the e.o.m.s at all previous orders. In the end, Carroll gravity at order
(27) is recursively constructed to map out corrections to the equation of motions
of the starting LO vielbein fields, the greater ¢, the finer the corrections to their
evolution laws, and the true degrees of freedom are thus the ones of the LO theory
only. We will return to this matter in Chapter 4, when discussing the interaction
terms to include in the Polyakov action.
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CHAPTER 3

CARROLL TARGET SPACE

We now move to the main part of our work, which aims to recover the electric
sector of Carroll gravity from the context of string theory. The path followed is
parallel to the well-known calculation in Bosonic string theory, in which Einstein’s
equations in vacuum arise as a consequence of prescribing conformal invariance on
the worldsheet. This was first done by Friedan [46], but we point to [67] for a more
pedagogical outline. We refer to this calculation, reviewed in the following section,
as the relativistic case, in opposition to the one in the Carroll limit studied in this
chapter.

3.1 THE RELATIVISTIC CASE

The dynamics of a closed bosonic string propagating in a curved background, in the
simplest case where one neglects the couplings of the dilaton and the Kalb-Ramond
field, is described by the Polyakov action

T
SPol = E/ d02ﬁ7aﬁaaXuaﬁXyguu(X)' (31)
b

The integral is performed on the worldsheet Y, a two-dimensional pseudo-Riemannian
variety parametrised by the coordinates o = (0% 6') = (7,0) and endowed with
the metric 7,3, v being its determinant. The embedding X* is the spacetime co-
ordinate vector, whose components constitute a collection of D = 1 + d fields that
transform like scalars on ¥, and that map from the worldsheet to the target space.
This is the spacetime manifold .# with Lorentzian signature, equipped with the
metric ¢,,(X), function of the embedding fields. Finally, 7" is the string tension.
The Polyakov action is the two-dimensional example of a non-linear sigma model,
historically introduced to study the quantisation of spin-zero mesons [68|. Confor-
mal invariance is a gauge symmetry in string theory — thus the basic requirement to
work with quantised strings — and it provides the gauge freedom to set the world-
sheet metric to a flat one v, = 7,5. This is the conformal gauge, adopted for
the calculation. When strings move on a flat background g,, = 7,,, conformal
invariance is ensured if the Polyakov action does not transform under Weyl trans-
formations on the worldsheet — that translates into the requirement that the trace
of the stress-energy tensor is zero T,“ = 0 — and the field theory that it describes is

a non-interacting CFT

T
Sy = 3 / do? 9,X"9°X,. (3.2)
P
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However, when the target space possesses non-zero curvature g,, # 7, conformal
invariance is broken at the quantum level, because in order to regularise divergences
renormalisation procedures either require to introduce some energy-scale cut-off —
which physical quantities ultimately depend on — or to analytically continue the
number of worldsheet dimensions to values other than two (that is the only dimen-
sion where conformal invariance holds classically). At the quantum level, conformal
invariance is restored by demanding vanishing beta functions of the effective theory,
setting it at a fixed point in the renormalisation group flow.

To achieve this, the issue is addressed perturbatively, by expanding the embedding
fields around some vacuum expectation value

X(o) = XI' + Y"(0), (3.3)

for small quantum fluctuations Y#. Under this reparametrisation, the metric Taylor-
expands! as

1
g;w(X) - QW(XO) + akguV(X0>Y>\ + éapa)\gm/(XO)Y/\Yp + 0(Y2)‘ (34)

One then exploits the liberty to choose the coordinates of the target space to be
the ones of the local inertial frame constructed around the point p € .#, with
X#, = X}, i.e. going to Riemann normal coordinates (RNC). Here the metric
expansion always takes the form of
1
g/w(X) = nuu - §Ruz\up(X0)Y)\Yp + 0(Y2)7 (35)

where R,),, is the lower-indices curvature tensor of the target space. As we will
discuss in the next section, this passage is even more crucial in the Carrollian case,
and for this reason it becomes instructive to show how (3.5) is derived, as done
in Appendix B. At the level of the CFT, the expansion in RNC is equivalent to
considering small fluctuations on a flat background metric

guV(X) = N + le<X)7 (3.6)

and the generating function of the worldsheet path integral becomes a perturbation
series

7 = Z, / DX HeSotSs (3.7)
1
— ZO/DX“eSO {1 +AS; + 5)\2 (S5)? 4+ o(A\)], (3.8)

where the Sy is the one in (3.2), and the interaction piece Sy is interpreted as the
embedding coupling to a graviton

1

4o

S / do? 0p X 0" X" £ (X), (3.9)
P

Notation abuse in the truncation remainder that follows: obviously the expansion may be be
seen as Y* — eY'* for ¢ — 0. More specifics on the validity on this expansion soon coming.
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i.e. the fields couple to the spacetime disturbance by themselves created. The overall
dimensional factor of the action has been changed in terms of the (inverse) Regge
slope o to make sense of the expansion parameter A in (3.8). As the two expansions
(3.5) and (3.6) are equivalent, the regime of large o’ — i.e. string fluctuations over
large distances — or small energies, or weak coupling, as [\/J] = L — corresponds to
the domain of those displacements Y* on .# that are sufficiently small to construct
RNC at p. Thus, one is allowed to see A as an effective dimensionless coupling in
the perturbation series, that quantifies how small a fluctuation is, compared to the
variation in the manifold curvature:

A=~ (3.10)

where 7 4 is the characteristic curvature radius? of the the manifold at X|.

Expanding in RNC, the Polyakov action becomes

T 1
Spol = 5 / do? [%Y“@”Y”mu—§RM,,,)(XD)6QY“6“Y”Y*Yp : (3.11)
)

This action describes the CFT of the embedding fields Y#(o) whose interaction
is given by the quartic term in (3.11). Note that the target space metric is the
actual coupling of the model, so Taylor-expanding it means that one formally deals
with an infinite number of interaction terms. Truncating the expansion at order
O(Y?) in RNC corresponds to studying the theory at leading order. Thus, the
actual interaction coupling A is the Riemann tensor of the target space, a tensorial
functional of the Y* fields evaluated at the fixed solution X

1
A= )‘,u,)\l/p(XO> - _gRuAVp(X0)~ (312)

The Feynman rules in momentum space for the propagator and the interaction
vertex read

K —inh

(3.13)

p v K2

i

3RMAVP<X0)/€&M)K(V)OC52<Kin - HOut) (314)

where k) stands for a-th component of the momentum of the field Y*, and we use
the notation k* = (k% k') = (w, k) for worldsheet momenta. They appear in the

2It is inversely proportional to the square root of the Ricci scalar: the smaller R(Xy), the less
M is curved at that point, and the larger its curvature radius.
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n v

Figure 3.1: Relevant one-loop diagram of the theory

vertex function because we are dealing with a mixed derivative interaction. These
rules are used to build the one-loop diagrams and get the correct counterterm that
suppresses the divergent part of the action. At one loop the seagull® diagram in Fig.
3.1 is the only one that contributes. Here we briefly discuss why only logarithmic
divergences contribute, and we redirect the reader? to [46, 69] for a detailed discus-
sion on renormalisation of the non-linear sigma model. Depending on which vertex
legs connect to the propagator in the loop, the integral in momentum-space gives a
quadratic, a linear, or a logarithmic divergence. These same divergences arise respec-
tively from the two-point function contractions (Y*(0)Y"(0")), (Y*(0)0aY*(c"))
and (9,Y*"(0)0*Y"(0")) for (6 —0’)* — 0. Parametrising in momentum-space polar
coordinates (w, k) — (6, p), for |k| = p — oo, the loop integrals blow up in the UV

like
) pa+1
/0 dp PR (3.15)

with @ = 0,1, 2 for logarithmic, linear and quadratic divergences respectively.” To
deal with massless fields in dimensional regularisation, one can introduce an infrared
mass cut-off m inside the propagator, that is sent to zero at the end of the computa-
tion. Using standard regularisation techniques, for a general number of dimensions
d € C, the three possible values (a = 0, 1,2) of the full loop integrals evaluate to

d2k (52)(1/2 , de d 1+a ,
/ 5 5 277““ a 2 d/ 2,,7Ma a (316)
(27)? K24+ m ga ( p +m

Tethe

where dQ, is the angular measure of the d-dimensional sphere S?, T is the Euler
Gamma function, and p is the energy scale at play, introduced to restore the correct
mass dimension of the integral. n*+** comes from the propagator in the loop and,
referring to (3.14), its indices (pqv,) correspond to (Ap) for a = 0, to either (up),
(uN), (vp) or (vA) for a = 1, and to (uv) for a = 2. Now, for d — 2, the linear
(a = 1) and quadratic (a = 2) integrals are zero once the limit m — 0 is taken,

3Overstepping the line set by trees and tadpoles, a restrict pool of authors refers to graphs of
the shape of the 3.1 as "seagull" diagrams, probably because they are capable to draw one in a
way that resembles the feathered mariner.

4]69] is Polyakov’s original article on renormalisation of infrared divergences for interacting
Goldstone particles in two dimensions, and [46] is the first paper by Friedan where a general
overview of the non-linear sigma model is studied. See Chapter 13 of [70] for a more pedagogical
approach, and Chapter 14 of [71] for a general review

SPowers of p® at the numerator depend which legs of the vertex (3.14) are contracted with the
propagator in the loop, whether they include none, one or two factors of Y.
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recovering the fact that dimensional regularisation sets to zero any UV power-law
divergence®. For a = 0, the m factor in (3.17) carries a power of d — 2 that sets an
ambiguity in its behaviour for m — 0, depending whether one restores the correct
dimensions as d = 2 + € or d = 2 — ¢, performing the limit ¢ — 0. However,
as explained in [72|, the analytic continuation of the integral makes sense only for
MR(d) € (2,4), so we pick d = 2 + e. Expanding (3.17) for e around 0 yields

P12 () vot0) a1

result that we can use to construct the counterterm for the propagator inside the
loop, that cancels the divergence in the action (3.11), that is

/ d?0 0, Y 0°Y"Y R, (Xo). (3.19)
12me

The one-loop 3 function” is proportional to the 1/¢ pole of the renormalised coupling,
namely

ﬁuu X RMV(X(J)) (320)

and thus, finally, conformal invariance holds for
R, (Xo) = 0. (3.21)

This concludes the calculation. We must now discuss two critical issues that we
had initially swept under the rug: first, renormalisation of theories with massless
fields has to take care of IR divergences as well, and the loop integral for a = 0
represents a prominent example where they arise severely; second, to be able to give
an analytic continuation of the one-loop integral we introduced the mass term m,
and this spoils conformal gauge invariance. The resolution of the latter problem
can be achieved merely by calculating the integral with other methods that do not
involve the introduction of a soft mass term, and in this regard we direct to the
work of Leibbrandt [72], where the issue is circumvent by a generalised Gaussian
integration redefinition. On the other hand, dimensional regularization itself, as
any other renormalisation procedure, breaks conformal symmetry, and this is why
the coupling 8 function does not vanish automatically, but must be set to zero by
hand, the whole point of this computation. So, to be fair, introducing the soft
mass is a trick that reproduces the right counterterm, but it is not the most correct
renormalisation procedure. Regarding IR divergences, we can make sense of why
they can be ignored here thanks to the assumptions under which we expanded the
action in the first place: as already explained, the perturbative expansion (3.8) — as
well as (3.11) — is valid in the domain where fluctuations of the Y* fields are small

6To be precise, all even power-law divergences are null in dimensional regularisation, but one
can use similar arguments to claim that this holds for @ = 1 too in this case, as the procedure is
truly sensible to logarithmic divergences only.

"We do not show here that the addition of the counterterm can be made absorbed by a wave-
function renormalization 6, = (1/6¢)R*,Y". This is not taken into account, as we are not interested
in the exact form of the g function.
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compared to the perturbations they create on the target space (vVo/ < r.4), and
so in the regime of large momenta. This is why we can give cold shoulder to what
happens to (3.17) at p — 0.

3.2 THE CARROLL CASE

We now repeat what has just been done in the previous section, this time for a tar-
get space where the ¢ — 0 takes place: a Carroll manifold. We can allow ourselves
to set in a general number of D = 1 + d target space dimensions, as all results of
the previous chapters hold (or are quickly generalisable) for any number of spatial
directions. First and foremost, we shall preliminarily reveal that our calculation
does not recover all three equations of LO Carroll gravity (2.57), but only the first
constraint equation. We defer argumentations about the possible reasons for this,
and the discussion on the different approaches one could take in the last part of this
work. As we there discuss, we see basically two ways to bring the expansion of the
Polyakov action in the LO Carroll picture: either working with a Carroll manifold
from the beginning — with its defining degenerate metric, temporal vector field and
compatible connection — and constructing curvature and normal coordinates with-
out the need to perform any ¢ expansion; or starting from the standard Lorentzian
framework of GR and then expanding everything in powers of ¢, keeping only the
first non-vanishing order (LO) of the curvature tensor. Here, we go for the second
approach, which follows the trail marked by [17], in the formalism of a Carroll ex-
pansion of GR.

3.2.1 EXPANSION SCHEME

If we start from a Lorentzian manifold .#, we can take for granted that a similar
expansion in normal coordinates like (3.11) inside the Polyakov action holds, because
first derivatives of the metric tensor are zero at the point p where RNC are defined,
as the connection is the nice and symmetric Levi-Civita one I" (cf. Appendix B).
After all, the local vanishing of the metric’s first derivatives is the geometric way to
phrase the equivalence principle, which must indisputably hold if GR is the starting
point. The difference is that now we can express the metric and the Riemann tensor
in terms of the PUL vielbein, and expand it in even powers of ¢. We start with the
curvature tensor, which is usually constructed as

Run” = 03I, — 9,1, + T5,I7, — T, T, (3.22)

AT pv
Out of an abundance of scrupulousness, we restate (2.46)

o 1 (_2)0 ~o o 2(_2)0'
Fuu:c_2r;w+0;w+s w + ¢ T, (3.23)
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Here, C' is the CCC of (2.40), namely

ézv == V70T + TuLlvT,)

1
+ EHGP (0,11, + 0,11, — 0,11,.,) (3.24)
T K,

The other terms in (3.23) are given by

(=2)

r Zl/ = _VJK,LLU7 (325)
S9, = °PT, K, (3.26)
(2)

Lo, = —1°°T,dT,),, (3.27)

and again, we stress that these, as all terms denoted with round brackets super-
scripts, are not yet coefficients of any light speed expansion, but pre-expansion terms
that come with different powers of ¢. Plugging the expression (3.23) inside (3.22)
and performing tedious calculations, one obtains an expression for the Riemann
tensor that gathers as

19 1 (—2)

R,u)\ug -
However, for the sake of RNC, we are interested in the all-down-indices version
of these tensors. Lowering the upper index with the Lorentzian metric in PUL
parametrisation

Ruz\l/p = Ru)\uagap = Ruz\ua <_62T0Tp + Hap) ’ (329)

leads to the expression

1 (=4 1 (-2 ©) L@ L@ 6
Ryxwp = ! — B owp + R wwp T Rynwp + ¢ Ru/\l/p +c R;MVP tc R/MVP (3.30)

The reader could probably find this pitch a bit pedantic, but we want to be sure
the expansion scheme is clear, both to ease the process of potential eager cross-
checkers, and because one can easily drown in the ocean of terms arising here. A
full expression for (3.30) up to order ¢? is given in Appendix C. The ¢ term (3.28)
is proportional to

(=2)  (=2) (=2) (=2

IS, T~ 15T 5, (3.31)
and vanishes due to (2.35). The same goes for its lower-indices sibling in (3.30)

(=4)
Ry =0 (3.32)

and the first non-zero contribution in (3.30) is given by the ¢™2 term. This is
schematically given by

(=2) —2) 2)
R pAVp — |:(a)\ re T F AT ,uu + C)\T 1/) - ()\ = [1,):| ng, (333)
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that, after some manipulation that exploits properties (2.35), (2.36) and all four

(2.10), reduces to

(=2)

R pAVp — K/U/K)\p - KupKV/\a (334)
and it will make up our LO interaction term. Regarding the kinetic part, the term
quadratic in Y in the action is the metric tensor at p, and its leading contribution
is simply the spatial metric

(0)
9 = (3.35)

Now, all pieces together, the Polyakov action reads

T

Sbol = 3 / do® KHW — czT,,T,,) Do Y HOY"

> (3.36)
1 12 © 2(2) ay vy A
~3\ 2 Bw + Burvp + B + -+ |0.Y 107V 7YY 7
where the dots stand for the Riemann tensor terms carrying powers higher than 2,
and from here on the Xy dependence is suppressed, as every functional of Y* is to be
implicitly evaluated at p, unless differently specified. Looking at (3.36), it seems we
are running into a problem, as the first non-vanishing terms — that will constitute

the LO contribution in the ¢ expansion — appear with different ¢ powers.

Before solving this, note that we are not working with natural units, because we
make ¢ # 1 appearing everywhere, and some dimensional analysis on the action is
necessary. Working in SI units, with worldsheet coordinates taken to be dimension-
less, and introducing an auxiliary dimensional parameter &

[Spat] = [€] [T] [Y]? = [€] N m* = [¢] Kg m® 77, (3.37)
we see that for the action to have the correct dimensions Kg m? s, ¢ must be an

inverse velocity, i.e. £ =1/c.

Back to (3.36), bringing the first non-vanishing kinetic and vertex terms to the same
order can be achieved through the redefinition

YH(o) = cY'™"(0). (3.38)
Already suppressing the prime on fields, this yields
Te 2 ,u,ozzz]'<72) [TEAA VS A VI Va?)
Spol = - EdJ 11,0, YHO*Y" — 3 R ppO0uYROOYVY Y P - | (3.39)

where one factor of ¢ gets simplified with the one coming from &.

3.2.2 CONFORMAL INVARIANCE FOR CARROLL TARGET SPACE

We can now properly expand vielbeins in powers of ¢, and perform the Carroll limit.
In doing so, we define T' = T'c, and keep it fixed for ¢ — 0. The action in equation
(3.39) becomes then

(LO)

T 1
Spol = 5 / do? [h,waawaay" — g(kwlﬁp — kupkin)0uYPOYVYAYP | (3.40)
>
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Note that because of the redefinition (3.38), the fields Y’ have units of s~!, and
restoration of their sensible length dimension shall be done once conformal symmetry
is restored. We cannot construct the propagator yet, as the Carroll limit has been
taken, and now the matrix in the kinetic term is degenerate, thus not invertible.
The only way to circumvent the obstacle is to give up Carroll invariance on the
embedding, and perform the calculation in a specific Carroll frame. This compromise
is not as bitter as it sounds, because also the equations (2.57) are boost dependent.
Moreover, note that both the kinetic and the interaction operators are Carroll-
invariant quantities even before choosing a boost frame (because k,, is constructed
with v* and h,,, (cf.(2.36)), that do not transform under Carroll boosts). We choose
a frame such that the metric data is the one given in (2.29), for which the inverse
metric

hu,h? = hyh* = ¢! (3.41)

is properly defined on the foliation of spatial hypersurfaces realised by this choice.
In the notation, we keep Greek indices so that the result can be quickly generalised
for other Carroll frame choices. The Feynman rules for the theory described by
(3.40) are then

K — s hH
— ! (3.42)

—é(k,wi% — ki ) K K6 (i — Kour) (3.43)

where all tensors are evaluated at the classical solution X}'(¢), for constant® X = s.
The logarithmically divergent counterterm can be calculated like already done in the
previous section, just replacing n** with h**. The result is

08

= 5 / %0 0nY Y (kuk — k), (3.44)

where h* is used to raise and lower indices (and take traces) of tensors proper
to the hypersurface realisation (2.29), like the extrinsic curvature. The one-loop
functional is then proportional to

ﬁuu X (kuuk - k‘ukku)\)a (345)
and conformal invariance is then restored at the quantum level provided that

Kk — Kk, K,y = 0. (3.46)

81t does not make much of a difference, as we take the expectation value X}’ to be a constant
classical solution.
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Contracting this with h*” reproduces the first LO Carroll Gravity constraint equa-
tion

ku k™ —k* =0 (3.47)

while any other vielbein contraction leads to a trivial identity. This ends our calcu-
lation, and in the following chapter we try to understand why the procedure used
here is not able to reproduce all three equations (2.57).

We conclude this chapter with a note on the coordinates expansion validity. Like in
the relativistic case, the action (3.40) describes a theory as an approximation that
is valid as long as the fluctuations of Y*(o) are small compared to the manifold’s
curvature at p. However, in this context it is more correct to consider the amplitude
of quantum fluctuations relative to the extrinsic curvature of the hypersurface, and
specifically to its mean curvature. This quantity can be defined |73| as the sum of the
principal curvatures of the hypersurface, the eigenvalues of k,, w.r.t. a orthonormal
frame of eigenvectors tangent to the hypersurface (the three e, in our case), and it
is therefore nothing but the trace k. One can then define the characteristic radius
of curvature of the spatial hypersurface 3, as rs, = 1/ V'k, and consider the domain
of validity of the approximation as the one for which

Vo

7"25

A:

<1 (3.48)

holds, being A the path integral formal expansion parameter.
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CHAPTER 4

TOWARDS OTHER POSSIBILITIES

At this point, the reader should have realised that the title of this Master’s Thesis is
susceptible of some reasonable criticism: our calculation has not recovered the full
set of LO Carroll Gravity field equations, but solely the first. In this chapter, we first
explain the motivation underlying the approach we followed, and then outline the
other possible direction that can be — and to some extent, have been — considered
to tackle the issue.

4.0.1 MOTIVATION BEHIND THE MAIN APPROACH

Multiple factors originally raised expectations for the direction we took to be the
most correct one. Above all, the results of [17] suggest that, in the PUL parametri-
sation, the part of the Ricci tensor that is relevant for generating the LO action of
electric Carroll gravity is the one that scales as ¢~2, that is its first non vanishing
component. Our PUL Riemann tensor (3.30) starts being non-zero at the same or-
der, and it is therefore reasonable to expect the ¢=2 term to be the one to single out
in the action (3.39). Moreover, this piece contains terms quadratic in the extrinsic
curvature, and this is a primary requisite when the aim is to recover (2.57). It is
possible that the story does not end with this term alone — meaning that the full
set of equations (2.57) requires the inclusion of the (0)-th Riemann term, and/or
subsequent ones — but such a modus operandi starts being somewhat arbitrary and
ambiguous. Indeed, once the structure of the PUL parametrisation is chosen, the
form of the curvature tensor follows, and the fields redefinition (3.38) is the most
natural way to obtain an interacting field theory on the worldsheet. Forcing the
relevant interaction terms to come from the (0)-th part in (3.30) would require to
manually set

(=2)

R, =0, (4.1)
without any sensible justification. Alternatively, one could be less restrictive, and
impose the above condition to hold only at first order in the ¢ expansion

kuky, — kurky, = 0. (4.2)

However, both solutions seem bizarre, as they would imply either that a condition
on the same vielbein fields can hold at some orders in ¢, but not in others, factually
discriminating any quantity one the sole basis of its ¢ factors even before Carroll-
expanding; or, that any term quadratic in k,, has to vanish at p, but then (2.57)
would become a trivial identity carrying no information. To be fair, this is not as
strange as it might sound, because the magnetic limit of Carroll gravity requires
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that the extrinsic curvature vanish, and the equations that define the magnetic
sector are seen as corrections to the LO ones [17]. However, we are interested in the
electric limit, that correspond to the LO theory; thus, we do not see how including
subsequent orders in the action could be admissible for this aim. In addition, if one
allows for the inclusion of other orders in ¢, one way or another, the sub-leading
fields N, M*, 1, and ¥ would inevitably be included in the ¢ expansion of the
action at its new relevant order. We know that these do not play any role in the
electric theory, and so they should be manually set to zero after taking the Carroll
limit. To shed some light on this issue, a sensible cross-check would be to verify the
equivalence between three equations (2.57) and

(=2)
R, =0, (4.3)

(cf. (2.49)) in the ¢ — 0 limit. This should be the case if LO Carroll gravity is
indeed equivalent to the theory at order ¢=2. However, we were not able to show
this, as all possible contractions on (4.3) do not seem to provide contents equivalent
either to (2.57) or (2.56). Perhaps, this fact could be suggesting us that the issue is

not much related to the Polyakov action, but to the expansion scheme itself.

Additionally, the line of action we have chosen in the present work has two advan-
tages: first, following the footsteps of [17] allowed us to make use of an expansion
formalism that, if correct, could in principle make any order of Carroll Gravity
emerge from the Polyakov action, by requiring conformal invariance to the resulting
CF'Ts at any order; second, constructing the curvature tensor with the Levi-Civita
connection substantially simplifies calculations. In fact, the expression for the met-
ric in RNC is relatively simple because I' is torsionless, and, as we discuss in the
next section, things gets more complicated if one include torsion, for the number of
terms involved in the coordinate (and consequently in the ¢) expansion dramatically
scales up.

4.1 A PARALLEL DIRECTION

As already mentioned in Section 3.2, we have identified two possible ways that should
lead to the proper Carroll Polyakov action, and these are schematically represented
in Fig. 4.1: the direction followed in the previous chapter has been to first expand
in RNC and in powers of ¢, and then take the Carroll limit; a different line of
investigation consists instead in sending ¢ to zero at the beginning, settling into
a proper geometric Carroll framework, and expanding the metric in what we call
Carroll normal coordinates (CNC).

As LO Carroll gravity is consistently described either as a Carroll expansion of GR
[17], or as the electric contraction of Lorentz-invariant field theories |8, 14|, we expect
that, if this theory can indeed be made arise from the context of strings, the two
methods of 4.1 should lead to the same outcome. This said, we emphasise that one
cannot a priori assume neither that these two procedures commutes — as the Carroll
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Figure 4.1: Scheme of the two possible paths from the Polyakov action
(top-left) to its LO Carroll version (bottom-right). The approach pur-
sued in the third chapter goes clockwise: expanding the metric in RNC,
writing it in PUL parametrisation and then performing the Carroll limit
to single out LO terms. The second way is anti-clockwise: the Carroll
limit is taken at the start, and the expansion in Carroll normal coordi-
nates (CNC) is built using the connection C'

geometry is set in a degenerate zero-signature singular manifold — nor that they are
in any sense reversible, since the Carroll limit "destroys" the information carried by
the fields at sub-leading orders.

4.1.1 ENTER TORSION

The other method that has been partially investigated makes no reference to any
expansion in the speed of light, but builds on the proper geometric structures of a
Carroll manifold. The tetrads employed to described it are denoted as (v*, 6,*) and
(Tus€,”), and satisfy conditions identical to (2.18) and (the first of) (2.20)'. The
first fundamental tensor is the degenerate spatial metric h,,,, and its expansion in
adapted local coordinates is given by CNC, defined by the connection C'. This time
the CCC is a defining object for the manifold; thus, Carroll covariance and curvature
are derived from it. In the relativistic case, RNC serve both to express the metric
taylor expansion around p in a covariant form, and to set in a frame where its first
derivatives vanish, and — as shown in Appendix B — this is done by working out some
combinatorial properties of the Christoffel symbols and their derivatives at the level

!The notation adopted here adheres to that used for LO fields of the previous chapters, but we
again stress that this is just a matter of convention, as now these quantities are not leading order
terms of a Carroll expansion.
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of geodesic equations. However, in the case at hand? the CCC
Cy = = 0 [0 + Lo
1
+ 51&%’ (8uhwp + Ouhpy — Ophy) (4.4)
— W7k

up

is not symmetric in lower indices because of the intrinsic and irremovable presence
of torsion

FA A0 A

T v — 20[!“/] = 2h pT[‘uk'l,])\. (45)

To construct CNC we borrow the results of [74], that hold pointwise at p, locus of
the normal expansion. For a generic torsion-full connection (already indicated as
('), and for any covariant (2,0) tensor A,,,, with arbitrary signature, the expressions
of its first and second derivatives read

g

a)\A,uu - @)\A,u,z/ + %TUA/LAUZ/ + %TU)\VA#oa (46)

1A = VoV A + T 0,V Agy + T7 00V ) Ao + 3T 0, T7 py0Asr
+ % [_RM()\P)U + 26(,\72”,))“ - TTH(/\TUp)T} Asy (4.7)
+3 [—szw)” +2V, T, - TTWAT”/J)J Ape-
Where the Riemann tensor is defined by the connection as

Ry =09, - 9,05, + C5.Cr, — C7.C5,. (4.8)
If we replace A, with h,, in (4.6), we immediately see that its first derivative is non
zero. Plugging (4.5), using (2.38) and some manipulation on the indices symmetries,
it reads

a)\hwj == T/\kuy - T(u/{},,))\. (49)

Its second derivative, even if (2.38) kills the first three terms in the first line of (4.7)
(with h in place of A), still remains a tremendously complicated expression with
numerous terms. We report the explicit form of the action in CNC in Appendix C,
and give here its condensed quartic interaction term:

|: % (TU)\MTTPZ, + TgupTTAy) hm—
(4.10)
+ % <_RHAPU + QVATUPP» - TTH)\TUpT> howy ]aayuaayvyAyp'

Here the fields contractions help simplifying the combinatorics of symmetric and
antisymmetric parts. When expanding in CNC inside the Polyakov action, the bit

2Note that we have not given up on the use of the upper-indices spatial metric h*” = e *ep” 6%
for convenience. The reader should not attribute any fundamental significance to this quantity, as

it is just a tensor defined via tetrads that is not invariant under Carroll boosts, like 7,,.
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Figure 4.2: First relevant one-loop diagram constructed with cubic
vertices

coming from (4.9) brings in cubic interactions for the fields Y, with the correspond-
ing Feynman rule given by

—i [Tk — Tk ] 6802 (Kin — Fou).  (4.11)

The new one-loop diagram in Fig.4.2 enters the calculation for the beta function,
and, up to constant factors and signs, its value is?

1 d’k 1
W —. 4.12
g /(2@2 K2 (4.12)
As promising as it could seem from the start, this calculation falls short of expecta-
tions. After some combinatorics that exploits symmetries of dummy indices, terms
quadratic in the extrinsic curvature coming from the quartic interaction bit (cf.
Appendix C) sum up to

%m[ukp]akfaawaavaw, (4.13)

and two major problem arise: first, this bit is killed if contracted with the h** of the
propagator that gives the logarithmic divergence; second, even if this was not the
case, there is no contraction that can produce any term proportional to the squared
trace k. This latter issue also affects the value (4.12) of the diagram 4.2. Since
the goal is to recover (2.57), this term must appear somewhere in the value of the
diagrams. Its absence suggests either a mistake in our calculations, or an overlooked
contribution, or that this approach is, for some reason, unsuitable for the purpose
we intended to pursue.

4.2 MISCELLANEA

3Here again we consider only logarithmic divergences, and rectify that the actual factor of
proportionality is a sum of the combinations given by the different ways of contracting legs with
internal propagators. This is not relevant for the sake of the calculation at hand, as the diagram
factors one gets are equivalent in both cases.
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In this final section, we present some further considerations on the potential falla-
cies of our methods, and suggest alternative approaches that could be inspected to
address the issue.

4.2.1 IN BETWEEN THE TWO APPROACHES

Comparing the results of the main procedure and of the secondary one of the last
section, we noticed that in (4.7) if one:

e uses the covariant derivative V defined by the Levi-Civita connection T', in its
PUL decomposition (3.23) in place of the CCC one V,

e consequently, uses the Riemann tensor Ry, of (3.22) in place of RMV",
e and keeps torsion,

once expanded in ¢, the ¢=2 order of the bit coming from the second term in paren-
theses in the second line of (4.10) — the only one that possesses parts scaling as ¢ 2
— exactly cancels with the terms from (3.34) at the same order in the expansion

1

2 (3 (Bukng — kupkun) = 3 (Bukng — kupkun)] = 0. (4.14)

This would mean that, if these replacecments are justifiable, the first non-trivial
order to inspect should be the one coming from the ¢® gatherings, an eventuality
already considered in 4.0.1. However, we know that such substitutions are not
allowed, as if curvature tensors are built with I' all torsion-dependent terms vanish,
while keeping non-zero torsion would imply that the connection at hand cannot
be the Levi-Civita one. It might be that we faced a mere coincidence here, but
if that is not the case, two consequences would follow. Above all, this evidently
wrong calculation would suggest that our approaches are either both wrong, or both
correct, although incomplete. Secondly, it would corroborate the fact that: even if
the connection is torsionless, the Carroll expansion breaks geodesic symmetry, and
the curvature resulting from it describes dynamics of vector fields that are subjected
to the presence of a torsion. To be fair, this has been well established already, as
it is the reason one can safely decide to describe Carrollian geometry either as the
Carroll limit of Lorentzian one, or as the differential topology that arises from the
Carroll group as a contraction from the Poincaré one. Nevertheless, it is interesting
to consider that this duality can manifest itself in such a practical framework as the
one of normal coordinates.

4.2.2 AN INFINITE AMOUNT OF TERMS

There is a subtlety involved in the ¢ expansion inside the Polyakov action that so
far we partially glossed over, and it comes from propagators. Schematically, the
Polyakov action in RNC Carroll-expands as

s .(29) L (2i41D)
Spor x T / do? [c%okm(ayf+c2l+lomt(aY)2y2 : (4.15)
=0
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with Oy, and Oy being the kinetic and quartic interaction operators respectively,
evaluated at X}, and [ corresponds to the ¢ power of the lowest non-zero contribution
in the pre-expansion gathering of the interaction term (cf. (3.39), where [ = —2).
The number of terms in the action is infinite until the Carroll limit is taken, and so
far nothing forces us to send ¢ — 0 before singling out the action’s order to inspect?.
Because propagators carry c factors that are inversely proportional to the kinetic
term ones, there is an infinite amount of one-loop diagrams that one can construct
for each order in c. In fact, once the choice of the order to isolate is made — say,
the ¢®™ one — the counterterm for the propagator at that order, should be extracted
from the 1/e poles of log-divergences in the infinite sum of diagrams as

(2m) o0 (2m) 1 (2m—+2j3) )\P (2m+2j—1)
08 o Z T Dy /ng 0, Y0y ( Ot ) < Ohnt ) +o(1), (4.16)
0 pAVp

e

(2m)
The new tension T is required to absorb the overall ¢ powers

(2m

)
T =T, (4.17)

because of the dimensional factor &, (cf. (3.37)) and because of the fields redefinition
(3.38). In section 3.2, the counterterm 3.44 corresponds to the summand j = 0 in
the series (4.16) with m = 0, [ = —2. To avoid getting lost in the notation, a
more down-to-earth phrasing might be more pleasing to the reader: we are showing
that if one waits to take the Carroll limit until after renormalisation, the number of
diagrams involved at one-loop is infinite, because one can build them by contracting
propagators scaling as ¢, ¢=2, ¢7... with vertices scaling like ¢V, ¢, ¢*... respectively.
What does this mean? Should one face eternal calculation just because the speed of
light is sent to zero at one moment instead of a previous one? Of course, the answer
is negative. If the task is to calculate one-loop corrections, the scheme laid out here
is nothing but a limitless complication that actually takes back into account all terms
in the Carroll expansion of either the spatial metric, or the Riemann tensor. This
procedure does the opposite of isolating terms of a ¢ order: it mixes them all at every
order. Thus, demanding the Carroll limit to be performed after renormalisation is
morally equivalent to not having a Carroll expansion at all, and the final result
should be the same as the one in the relativistic case. Not only this: even if the
number of contributions of the order ¢*™ becomes infinite, it is also incomplete. In
fact, to recover the S-function (3.20) — the sole sensible goal that this procedure can
aim to, if used correctly — one should not repeat the same calculation for every m,
but do that only for m = 0, as this would be the only way to properly include all the
two infinite towers of kinetic and interaction terms expansions, without missing the
nth orders with n < m. From this, we can conclude that to make sense of LO, NLO,
NNLO... theories as CFTs on different Carrollian embeddings, the corresponding
LO, NLO, NNLO... Polyakov actions must be defined as the ones that get singled
out by ¢ — 0. Hence, one should first perform the Carroll limit on the action, and
then study the resulting CFT.

4This can be done as in 3.2 by a fields redefinition like (3.38), and reabsorbing the overall
common ¢ powers in the tension.
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4.2.3 SPATIAL-TEMPORAL SPLITTING

Another possible approach would be along the lines of [75], where the vielbein dis-
criminates between parallel and perpendicular coordinates (i.e. the scalar fields)
using the projectors (2.30) as

Xt = [(P)" + (Py)"] X = ' Xy + XY, (4.18)

where the italic terminology above is to be intended w.r.t. the temporal vector v.
The new coordinates are defined as
1
Xy =—gmX", X' = hy, WM XY (4.19)
This splitting is rigorously defined only on a particular hypersurface realisation, and
the normalisation €2 plays the same role as the factor v in (2.29). Thus, perpendic-
ular fields span the three(d)-dimensional hypersurface, the temporal one lives in its
vertical one-dimensional orthogonal fibration, and one can always switch to Latin
indices for spatial quantities. From here, one can study two distinct geodesic equa-
tions, that arise as EOMs under variation of the most general "split" one-particle
action | .
S = /d)\ {e(mc)2 +h XEXY 4+ =(X))? (4.20)
e e
where dots indicate derivatives w.r.t. the affine parameter A, and e is the auxiliary
einbein of the worldline that extends validity for massless particles (cf. Appendix
B). The geodesic equations for the fields read

Xy +T/,XEXY =0, (4.21a)
haa X! 4T3, XU XY =0, (4.21D)

where the Christoffel-like symbols are given by

1 1
T =50"h Chw = 5 (O hon + 0, hay = Oy by ]

g

and the derivatives notation is to be intended w.r.t. parallel and perpendicular
fields. From here, one can study the local property of the geodesics, and extract
identities such as

9" h, = 0, Oh, = 0, 5T, =0, (4.22)
that can be used to find a manageable expression for a normal coordinates descrip-
tion that is hybrid in the two types of fields. Inside the Polyakov action, the kinetic
and interaction terms split consequentially to (4.18), and explicitly adhering to the
metric data of the realisation (2.29), it reads

SPol = 5 /d20'|: hijﬁaYzao‘YJ -+ 8aY//8aY//
1 N
+ =OkO1hi Y'Y 0, Y0V
2 (4.23)
— 20k Yy Y'0,Y 0y
1. . )
— —kij(Y))?0.Y'0°Y7 |,
(0%
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(a) (b) (c)

Figure 4.3: Three relevant diagrams that carry log-divergences, ob-
tained contracting the internal spatial propagator with (w.r.t lines of
equation (4.23)): (a) the fully spatial vertex of the second line; (b) the
odd-mixed vertex of the third line; (c) the even-mixed vertex of the last
line.

where kinetic and interaction operators are evaluated at X,. This action describes
the CFT of one temporal scalar and three spatial scalars with three types of mixed in-
teractions. The relevant one-loop diagrams to inspect for extracting log-divergences
are given in Fig. 4.3, where full lines propagate spatial fields, and dashed ones are
used for the temporal one. This line of work is promising, because we obtained
three diagrams that carry the same index structure of the three LO Carroll gravity
equations (2.57). However, it has not been explored further because of two reasons.
First, we could not find any useful expression for 9,0xh;; in terms of the relevant
curvature quantities one could build from the split geodesic equations. In fact, de-
scribing how the curvature tensor can be rewritten to fit the parallel-perpendicular
splitting has not brought to sensible conclusions. Secondly, even if structure and
values of loop diagrams seem to point in the correct direction, it is not clear how
and how much one is allowed to manipulate it so that (2.57) could be recovered.

4.2.4 CARROLL LIMIT ON THE WORLDSHEET

At some point, when trying to understand which order terms in ¢ would have done
the right job, we contemplated the possibility that the proper way to fit the Polyakov
action into the Carroll framework could be to give units to worldsheet coordinates.
This is typically not the case in the vast majority of literature on the matter, as the
parametrisation

o € [0,2m), T € R, (4.24)

is straightforwardly provided by natural units, in which [¢] = [r] = @. However,
for some particular gauge choices (static gauge), one indeed identifies two of the
embedding fields with ¢ and 7, by introducing a dimensional constant of propor-
tionality in between. In the end the worldsheet is a manifold with one time-like and
one space-like coordinate, so one could feel justified in defining

o® = (0", 0") = (er,0), Oo = (00,01) = (—20,,05) , (4.25)

with [0] = m, and [r] = s. This way, field derivatives inside the Polyakov action
split into

1
DY Y = —= 0, Y Y + 0,V 0,V (4.26)
C
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and contribute to single out different orders in the Carroll expansion of the target
space. Even if, from one point of view, this modification might appear as a plausible
choice, the attempts to go further on this line have been quickly abandoned for a
variety of motivations. First and foremost, just like the static gauge in the relativistic
picture, this breaks the conformal invariance of the action at the classical level. Even
Lorentz invariance ceases to hold on the worldsheet, but that is far expected, as it is
what the Carroll limit does. The absence of these two fundamental symmetries is not
an anomaly any more, and it raises doubts about what one actually achieves when
demanding scale invariance by killing beta functions. Even if one doggedly takes
this direction anyway, the resulting one-loop diagrams are not Lorentz invariant,
and require to be calculated with different techniques, and more careful attention.
Moreover, it remains unclear what it actually means for a string to propagate on a
Carrollian worldsheet, and what the implications would be. For these reasons we
leave these questions for future investigations.
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CONCLUSIONS

The goal of this thesis project was to determine if the LO equations of motion of
Carroll gravity can be obtained by requiring, at the quantum level, conformal in-
variance of the Polyakov action on a Carrollian target space. The calculation we set
up mirrored the one of the relativistic case, for standard GR and standard bosonic
string theory. We chose the small light speed expansion formalism of GR developed
in [17] as our main approach, and after dedicating a comprehensive review to it, we
used it to Carroll-expand the Polyakov action in RNC and single out its LO contri-
bution. We showed that for the resulting CFT to retain scale invariance, only the
first equation (2.57) of LO Carroll gravity must hold. This procedure seems to be
the most natural one to undertake and, if unflawed, could in principle be generalised
to recover Carroll Gravity at any order. We then presented an alternative natural
approach, that does not involve Carroll expansions, but builds on the geometric en-
tities that characterise a Carroll manifold. We illustrated how to expand the action
in CNC, and showed that with this method the relevant counterterm falls short of
reproducing the k? key term, that has necessarily to appear for the desired set of
equations to be recovered. We further discussed the pros and cons of the two ap-
proaches, and speculated on the reason of their respective failures. Our conclusion is
that, if one is convinced that our procedures are well-founded, the standard method-
ology to connect gravity with the framework of bosonic strings is either incorrect or
in conflict with the zero-signature limit. Of course, on the other hand, it might also
be that we are overlooking something in both approaches. The takeaway is that we
could not fulfil our initial expectation, and the reader can make use of the present
work as a primer on what does not work in the Carroll expansion of the Polyakov
action. If the Carroll picture is incompatible with strings, it would be instructive to
further investigate the causes of this, and specifically trying to understand in a more
rigorous way why the imposition of conformal invariance cannot lead to the fields
equations of a singular manifold. If on the opposite, we are just mistaken, it would
be beneficial if further research could demonstrate where our line of work proves to
be deficient or erroneous. Additionally, it would also be interesting to expand the
research upon some points remarked in the last Section. For instance, it is possible
that a more scrupulous analysis of the parallel-perpendicular discrimination of fields
would turn out to be the proper way to address the issue. Moreover, studying the
implications of a Carroll limit on the worldsheet could prove to be related to this
splitting, as a reflection in different transformation laws for the fields under Carroll
boosts on worldsheet coordinates. Tempting as these prospects may be, they fall
outside the scope of this work, and are thus left for future developments.
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EXCUSATIO NON PETITA

We conclude by giving a final remark that concerns the overall line of thought
and methodology pursued in this project. In our calculations, especially in the
main approach, there are major difficulties that concur to make the job hard. The
combination of PUL parametrisation, normal coordinates expansion and Carroll
expansion is such that the number of terms involved in the Polyakov action is large.
And it gets larger the more sub-leading orders are included in the ¢ expansion,
although one can often use vielbein relations, and symmetry arguments to scale down
their amount. Moreover, these same properties transit from being aids to obstacles
when the task is to recognise the bits that, once isolated and suitably contracted,
could produce LO Carroll gravity EOMs. Phrasing it like this, it would seem that
we tried to force the way to a pre-assumed reachable goal, when it can simply be
that Carroll Gravity from the Polyakov Action is, despite initial expectations, an
unachievable objective, and the sceptical reader could now feel justified to frown
upon the philosophy that underlines our lines of investigation. However, in our
defense, it must be said that the procedures we developed are indeed subject to a
considerable degree of arbitrariness. String theory derives the equations of gravity
from a quantum action, a framework that does not clearly indicate whether the
Carrollian picture fits more naturally in one way rather than another. Hence, in our
opinion, a trial-and-error approach guided by intuition seems to be the most honest
way to proceed.
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APPENDIX A

(GLOSSARY

Abbreviations
e GR: General Relativity
e SR: Special Relativity
e CFT: Conformal field theory
e PUL: Pre-ultra-local
e LO: Leading order
e NLO: Next-to-leading order
e NNLO: Next-to-next-to-leading order

e CCC: Carroll compatible connection

Notations

e We use Landau’s big O and [little o symbols. In a regime set by a given limit,
say € — 0: a statement like f = O(g) means that f and g scale with the same
order; a statement like f = o(g) means that f is negligible w.r.t. g in this limit.
Throughout the work, expressions like

@) 2)
F=f+cf+0("), F=f+cf+o(c),

are to be intended as equivalent.

e Spatial vectors w, or in general, vectors that live in an equal signature space
(Euclidean), are indicated with a bold symbol w.

e I is the Levi-Civita connection, and V its covariant derivative; C is the CCC,
and V its covariant derivative; any tensor denoted with a tilde is relative to
the CCC, thus proper to a Carrollian geometry.

e If not differently specified: Greek indices {u, v, A, p,0,d,v, T, €} denote space-
time components; lowercase Latin {i, j, k, [} stand for spatial indices of coordi-
nates; capital Latin indices denote tetrads components on the tangent space;
lowercase Latin {a, b, ¢, d} are used for "spatial" components of the latter; Greek
indices {a, B} are used for worldsheet components.
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APPENDIX B

RIEMANN NORMAL COORDINATES

In this appendix we prove (3.5). As this is an easy exercise, it is often taken for
granted in the literature, but we think it could be instructive to show it, in compar-
ison with the Carroll case. The geodesic equation for a free particle, and thus the
explicit form of the connection in terms of the metric, can be obtained by minimising
the relative one-particle action for free propagation on curved background

1 1 da# dz¥ 9

where e is the auxiliary worldline einbein that extends validity to massless particles®.
Varying the action with respect to e and x* leads to

dz# dz” 9
g#yaﬁ + (mc) e = O, (B2)
1de da¥ A2z da* da?

ide, Ao, 4@ p deidet B.3
eIy T e T e (B.3)

(B.2) is the constraint for e, while (B.3) is the evolution equation, and the Christoffel
symbols are
1

FPMV :§ (@t%p + al/gpu - apgm/) ) Ffw :gpAFAm/- (B4>

If now one chooses a constant gauge ¢ = 0 on the worldline, the result is
d2z+ oT dat dav
oy T Eem AN T

The properties we need come from solving (B.5) locally, around a point p € #:

if one chooses the coordinate chart to identify p at z#(A = 0) then, given initial
position® and velocity

(B.5)

dx*

o), ¢ (B.6)

x“|p:x0,

the unique solution is simply given by z#(\) = A¢* + o(\), for which obviously,

A2zt
S R SN (B.7)
d\? )

5To match dimensional units in SI, one has to take [e] = kg™"

6We set the coordinate system with origin at p so that 2} = 0
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Plugging this into (B.5) leads to
Fpuugufu = 0. (B'8>

Because this must hold locally for any choice of ¥, and as Christoffel symbols are
symmetric in the last two indices, then

Ty, = 0. (B.9)

Usually, the next step is raising the free index with the inverse metric, and exploit
metric compatibility Vg, = 0 to get 9xg,, = 0. In doing this one needs to assume
that the Christoffel symbols — i.e. the inverse metric — are well-defined, and this is
not the case in the Carroll picture. Hence, we work with lower-indices Christoffel
symbols only. The very same conclusion can be obtained by cyclically permuting
the three indices of (B.9), to get

apg,uu = Fp,l/p + Fl/pp,' (BlO)
Thus, the first derivative of the metric vanishes at the point A = 0
8pg,“,|p =0. (B.11)

Now we deal with the quadratic term. Here, we need the actual upper-index
Christoffel symbol, for which (B.9) holds too

7, e1e” = 0. (B.12)

We won’t use make use of the following results in the Carroll case, as raising indices
with he inverse metric is not allowed there. Taking the derivative w.r.t A of (B.12)
leads to

ONIP 1€V EN + TP, 61" + 17, 81E" = 0. (B.13)
The last two term vanish at p in force of (B.12), leaving
ONIP ,Erever = 0. (B.14)

This is symmetric in (Apr), and must hold for generic &, thus
I’ + 0,175 + 0,175, = 0. (B.15)
Now, at p Christoffel symbols vanish, so the Riemann tensor reads
Rp,\w,\p = 0,17\ = 0,1 . (B.16)

Using (B.15), lowering all indices and using the connection lower indices symmetry,
it can be written as

Roxw = 9po (0N +20,17,)) . (B.17)
Some further manipulations follo:
Rp)\/w == % (R)\pxw + Rvupk) (B-18)
— %gm (0,017 +20,17,,) — %gw (OuI px + 20,1 \,1) (B.19)
= — 0,0,90) — % (97000, 0p + G000, \s) (B.20)
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where in the first line we used the Riemann tensor properties Ry, = —Rypuw =
—Rpyu = Ruupa, in the second line used goI' = 9(gl') as dg = 0 at p, and in the
third line we used the upper-index equivalent of (B.10)

8>\9;w = guUFJAV + guara)\,u' <B21)
Multiplying by the second order increment, then
1
Rpkuvypyu - - apa,ugl/)\ypy# - §au (g)\crrgpu + guaPUpA) yﬁy# (B22>
3
= - §apaugu)\ypyu7 <B23)

where in the first line we exchanged the dummy indices (u = p), used gol' = 9(gT'),
and used (B.21) again in the second line, leading to the proof for the quadratic term
of RNC. Finally, the metric at Oth order can always be put into Minkowskian form,
simply choosing the coordinates to be the ones adapted to the frame basis of tangent
bundle at p.
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APPENDIX C

EXPLICIT EXPRESSIONS

The full expressions for the Riemann tensor in PUL parametrisation(3.30) up to ¢
read

Runp = clg [ — 0,0, VIK )\ — % (8T + 0,10y, — O\I1,,) VAK ) — (v = p)

+c? { + T Kox (0 TV + T Ly T) VY = 0,T,V) — T,0, K
_ %TMKWHW (0TI + 0pTTas — OATL,,) — 11,00, V70, T,
— 0, VoI, Ly Ty) + %HW&,H"‘S (05105 + 0,155 — O11s,)
+ % (00T pn + 0, 0,105, — 9,0\I1,,) + %T#V" (0005 Ipp + 0, 0pT05s — 3,0\I1,,)
+ (0l + 8,11y, — 0510, TV (9,110 + 8,105, — OI1,))
+ T,V (0511, 4 O IL,5 — 0, 11s,) TT7T (9, 11,0 + 9,105, — OnIL,,)
+ T, 05T, T, 00 T + T, VO T, 00y T T, 00 Ty — (v = p)

+c? [ = Ty (9, T)) = 0w (TuT(Lv Ty) + T#KWH“";T(pa)\)T(;
+ T, (0, Ty + T, LvTyy + T LvTy) (T50,V7 + 0, T, V7)
- %TMHW (8o1Ipx + Opllre — Orllsp) (O, Ty + T Ly T))
T, T, (V”’a(pT,\) FVATL LTy + ST (DT + 0TI, — akno.p))
+ T, T,0,)T5V° (vva(pTA) + VAT, Ly Ty + %HW (0o TIpx + OpIlry — aAHJ,,)>

—9, (T(pa)\)T(; H"‘S) T, 005 1 (8,11, + 9,11y, — A1)

1
2

1
— §THT(p8/\)T5VU (0511,) + 0,11\, — OpIl,,) — (v = p)} + o(c?).
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The full form of the action in CNC in Section 4.1.1, where all quantities but Y*
fields are intended to be evaluated at the constant X}, is given by

(cne)y T ) \
Sea =g [ { muoyrov s amk Y oyroy
%

1 c 1 ‘
+ { 3 (Tkugeh ik ) + 3 (Tlukpich Ta ki)

_ g < _ 21)575)\%]{}”, + 27Ok + 27,7, 0 0Nk e
+ 27,0 Tukaoksy — Toh® ks (Orhuo + Ouhor — Oohiy)
- %prveh‘;"kay (Orheo + Ochgr — Oohae) — (1= ﬂ))
_ ; <T[Mk/\]5h667'[pk5]y)
B % < + 0T Or (a(qu) + T(uﬁva))
+ au (8uhpv + 8phvu - 8thp)
+ hryO\R™C (8uhpe + Ophep — 86hup)
+ 1,00\ (Ophpe + Ophey — Ochyyp)
— hry O\R Tk + T[Aké}vhéyT[ukPh

— O\Tpkpw — ToO\kuw

— 0 MO0k — (= A)) ]aewaw'fw }
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