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Double-f} decay is accompanied with a high probability by the excitation of the electron shell of the daughter
atom; as a result, the energy carried away by P electrons decreases. The mean value and standard deviation of
the excitation energy of the electron shell of the daughter atom in the double-B decay of germanium

;gGe - ;SSC* + 2B (+2V,) have been determined within the Thomas—Fermi and relativistic Dirac—Har-
tree—Fock methods. Using the estimates thus obtained, a two-parameter model of the energy spectrum of 3
electrons in the neutrinoless mode has been developed including the redistribution of the reaction energy
between the decay products. The shift of the total energy of 3 electrons does not exceed 50 eV with a proba-
bility of 90%. However, the mean excitation energy is ~400 eV, i.e., an order of magnitude higher, whereas
the standard deviation is ~2900 eV, which is apparently due to a significant contribution from inner electron
levels to the energy characteristics of the process. The distortion of the shape of the peak of the Ov2[ decay
should be taken into account when analyzing the data of detectors with a resolution of ~100 eV or higher.
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Neutrinos play a special role in the search for
physics beyond the Standard Model. Investigation of
B processes sensitive to the mixing, mass, and nature
of neutrinos (Dirac/Majorana) is a promising field
inthe search for generalizations of the Standard
Model [1].

The experimental detection of the neutrinoless
double-B decay (0v2P) decay would certainly prove
the existence of the Majorana neutrino mass and
would significantly limit possibilities for the general-
ization of the Standard Model. The 0v2f3 decay is
detected by a narrow peak at the kinetic energy of
B electrons T equal to the decay energy Q. The chan-
nels with the electron shell of the daughter atom in the
ground state are not necessarily dominant in [ pro-
cesses [2, 3], which leads, e.g., to a noticeable increase
in the probability of neutrinoless double electron cap-
ture [4—6]. Excitations of the electron shell of atoms,
as well as the chemical shift of atomic levels [7]
depending on the aggregate state of matter, modify the
energy spectrum, in particular, spread and shift the
0v2p peak. The peak at 7= Q is used as a signature of
the Ov2B decay and is sought by the CUORE [8],
EXO [9], and KamLAND-Zen [10] collaborations.
Multielectron modes can be detected by the Super-
NEMO Collaboration [11]. The upper bound on the

Ge — %Se*+ 28~ half-life established by the

GERDA Collaboration is 5.3x 10> yr at a 90% C.L.
[12]. The interpretation of data in terms of the Majo-
rana neutrino mass requires control of uncertainties in
the axial coupling constant of nucleons [13] and in
nuclear matrix elements [14]. In this work, we study
the effect of the excitation of the electron shell of
atoms on the spectrum of B electrons the double-f3
decay.

The atomic number of the nucleus in § processes
changes by AZ = *x1,%2. This charge change acts on
the electron shell as a sudden perturbation, “shaking,”
which induces transitions of electrons of the daughter
atom with a certain probability to excited levels (shake
up) or to states of the continuous spectrum (shake off).
The resulting energy spectrum of [ electrons is deter-
mined by the contribution from the decay channel
where all electrons of the final atom hold their quan-
tum numbers and the reaction energy does not change
and by the contribution from the decay channels with
the excitation and ionization of the electron shell. In
the latter case, the effective reaction energy decreases,
which affects the shape of the energy spectrum.

To determine the energy spectrum, it is necessary
to perform summation over all channels taking into
account the changed reaction energy and the corre-
sponding multiparticle amplitudes. The wavefunction
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of electrons of the parent atom is projected on the
wavefunction of electrons of the daughter atom in the
configuration corresponding to a certain excitation of
the shell. Each amplitude generally requires multipar-
ticle numerical simulation. The number of open chan-
nels is infinite, which is a specificity of the Coulomb
problem.

The mean excitation energy of the electron shell of
the daughter atom and its standard deviation are quite
simply calculated within the Thomas—Fermi model
and in the relativistic Dirac—Hartree—Fock method.
These values can then be used to construct the sim-
plest probability distributions of the energy carried
away by [ electrons.

In the nonrelativistic theory, the Hamiltonian of N
electrons in the atom with the atomic number Z has
the form

N N
L) (TS Y

i=1 Ir;| i<j Ir, — rj|

where p, and r; are the momentum and position vector
of the ith electron, respectively. In this work, we use
the atomic units, where the reduced Planck constant
#i, mass of the electron m, and the elementary charge e
are 1 = m = e = 1 and the speed of light in vacuum is
¢ = 137. The ground state is denoted as |Z, N). The

total binding energy of electrons £, y is an eigenvalue
of the Hamiltonian £ ZN-

The change number of the nucleus increases by two
units in the 0v2f decay. The Coulomb addition to the
Hamiltonian acting as the sudden perturbation trans-
forms the state |Z, Z) of the initial Hamiltonian to the

superposition of states with a certain energy of the
Hamiltonian

1

zZ
Hypy=H,, - Z )

= |

i

where 7. = |r,|. The mean energy of Z electrons forming
the shell of the parent atom in the Coulomb field of the

nucleus with the charge Z + 2 is (Z, Z|]§2+2,Z|Z, 7y =
E,, +27'E; ,, where

z
1
Ey, =-ZY(Z,2112,2) 3)
i=1 i
is the Coulomb interaction energy of electrons with
the nucleus. The mean excitation energy of the elec-
tron shell of the daughter atom in the double-f decay
is given by the expression

M=E,,+ ZZ_]EE,Z —Ezrz- 4

The binding energies of atoms £, , are tabulated [15—
18] or can be determined using programs for the calcu-
lation of the structure of electron shells of atoms (see,
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e.g., [19]). The quantity E,,, , differs from the total

binding energy of electrons in the atom £, , ,,, by the
binding energy of two valence electrons, which is no
more than 20 eV. The Coulomb interaction energies

Eg , were obtained in [18] using the relativistic
Dirac—Hartree—Fock method.

The variance of the excitation energy is

=(Z,Z|H,.,|Z, 2y —(Z,Z|H, ,|Z,Z)". (5)

Taking into account Eq. (2) and that E, , are the

eigenvalues of H,  , we obtain

iiza

If the exchange contributions are neglected, the
off-diagonal matrix element with 7/ # j in the first
Z, 217" 12,2) =

(Z,Z|r”'|Z, Z)(Z,Z|rj_1 |Z,Z). The factorization
eliminates off-diagonal terms; as a result, the expres-
sion for the variance takes the form

z

1 2
Z,7 ZZE—Z,Z.
=| > —< z:'2| )

4>|~

./

term is factorized:

4 V4
\D =22 21512.2) - Y (2. 2112.2) (6)
i=1 i=1 i

r;

The estimate of exchange effects using nonrelativ-
istic wavefunctions of electrons in the Roothaan—
Hartree—Fock method [17] shows that the contribu-
tion from exchange terms to the variance is below 10%.

We note that Egs. (2)—(6) are also valid in the rel-
ativistic theory with the Dirac—Coulomb Hamilto-
nian as the zeroth approximation and the Breit poten-
tial describing the interaction between electrons in an
order of 1/¢? [20].

The total binding energy and the energy of Cou-
lomb interaction of electrons with the nucleus for the
atom in the Thomas—Fermi model are given by the

expressions £, , = —0.764Z"" and EE,Z =TE;,/3
(see, e.g., [21]). The virial theorem establishes the

. C L.
relation between £, ; and E; ;. The mean excitation
energy is

14
M= (1 + g) Eyz—Ezz (7

In the double-f decay of germanium, each of two
missing 4p electrons in selenium has a binding energy
of 9.752 eV, and the sum of the first two ionization
energies of selenium is 30.948 eV [22]. Taking into
account the correction, M = 382 eV.
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The electron density in the Thomas—Fermi model
is expressed in terms of the wavefunctions of atomic
shells as

zZ
n(r) =Y (Z,Z|3(r - 1)|Z,2). (®)
i=1

The first term in Eq. (6) is obviously reduced to the
form _[ drr_zn(r). To calculate the integral, we used the
parameterization of the screening function of atoms
presented in [23]. The integral at small distances
diverges as ~dr/r3/ 2, Furthermore, the semiclassical

approximation is applicable at the distances 1/Z < r.
For numerical estimates, the electron density in the
range from r = 0 to » = 1/Z is taken to be constant
equal to n(r=1/2).

The application of the known inequality that the
square of the arithmetic mean does not exceed the
mean square to the second term in Eq. (6) gives

z z 2
1 1 2.1 1
Nz,21412,2)* 2| = (Z,7Z|-1Z,Z
72.2.2112.2) [ZZ< . >J

i=1
(o

Here, the right-hand side is (£ ‘2E§, Z)Z. This inequal-
ity determines the upper bound on the variance:

©)

2

iD < ‘l‘ﬁ = jdrr%n(r) -z (Idr%n(f))z- (10)

The variance for the double-f decay of germanium is

estimated as D? = 2160 eV.

The first negative moment of the probability distri-
bution in the germanium atom calculated with the rel-

ativistic Dirac—Hartree—Fock method [15] is (+"') =
4.99. The position of the ground level of the selenium
atom with respect to that of germanium is determined
using the RAINE software package [24, 25] imple-
menting the relativistic = Dirac—Hartree—Fock
method. The substitution of the resulting values into
Eq. (4) gives the mean excitation energy M = 300 eV,
which is in qualitative agreement with the Thomas—

Fermi method. The substitution of the £, , and E;Z
values from the table in [18] for the double-f3 decay of
germanium into Eq. (7) yields M = 400 eV.

The variance given by Eq. (6) is determined simi-
larly by expressing it in terms of the first and second
negative moments of the electron distribution in the
germanium atom. Using the known second moments
of the electron distribution in atoms [16], we deter-

mine D"? = 2870 eV. The Thomas—Fermi value of
2160 eV is in qualitative agreement with this value.

The quantities M and D are noticeably larger than
the expected values for the channels associated with

KRIVORUCHENKO et al.

the excitation of valence electrons. The contribution

from discrete levels to M and D"? is obviously less

than ~10 eV. The convergence of the integral over the
continuous spectrum is determined by the binding
energy; therefore, the contribution from the continu-

ous spectrum to M and D is comparable with the
contribution from the discrete spectrum. At the same
time, the excitations of valence electrons dominate in
the probability because the change AZ = 2 in the
atomic number of the nucleus results in a significant
relative change in the screened potential at the edge of
the atom.

Electrons in inner orbits are excited with a low
probability but have a larger binding energy and can
make a noticeable contribution to the mean excitation
energy and standard deviation. Since AZ <« Z, pertur-
bation theory can be used to calculate the probability of
the excitation of a K electron to the continuous spectrum
[26, 27] (see also [21]). The probability, mean energy,
and mean square of the transition energy in the leading

order are AP = 0.65AZ*/Z*, AM = 0.66AZ°, and
AD =1.87AZ°Z 2, respectively. In the double-3 decay

of germanium, AP =2.6x10"°, AM =72 eV, and
AD = (2380 eV)2. Thus, AM ~ M and AD ~ D.
Consequently, the contribution from K electrons to
the mean excitation energy and the standard deviation
is significant.

The shell of the parent atom in [§ processes transits
with a finite nonunity probability to the ground state
of the daughter atom [2, 3, 28]. To determine the cor-
responding amplitude K, = (Se 111|Ge) in the dou-
ble- decay of germanium, the wavefunctions of elec-
trons of the germanium atom |Ge) and the wavefunc-
tions of the daughter selenium ion in the ground state
|Se III) were constructed using the Grasp-2018 pack-
age implementing the relativistic Dirac—Hartree—
Fock method [19, 20]. The parameter K is sensitive to
the used approximations, which is due to the notice-
able difference in the binding energy of electrons with
the same quantum numbers on the outer shells of ger-
manium and selenium. The calculation with the
Grasp-2018 package gives the value K, = 0.575.

Taking into account energy losses to the excitation
and ionization of the daughter atom, the probability
distribution of the total kinetic energy of [} electrons
near 7= Q has the form

dF(T) = (KT - 0)

(11)

+(1- K)w(1-T/0)/0))dT,
where K é is the probability that electrons of the parent
atom after the decay remain in the ground state and
w(x) is the conditional probability density of the exci-
tation energy € = Q — T of the electron shell of the
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Fig. 1. Probability distribution function for the kinetic
energy of B electrons 7 from the double-[3 decay of germa-
nium with the reaction energy Q = 2039.061(7) keV [12]
taking into account the incomplete overlapping of electron
shells of atoms according to Eq. (13). Lines 7/ and 2 corre-
spond to the mean excitation energy of the electron shell

M = 300 and 400 eV, respectively, and the square root of

variance D"/? = 2870 V.

daughter atom in units of Q; the second term leads to
the spread of the peak.

The mean value, variance, and overlap amplitude
K are sufficient to construct the simplest two-param-
eter probability distribution of the energy of B elec-
trons. Numerous problems concerning random pro-
cesses involve the beta distribution [29]

_ L@+ ot o
YO rore . Y

for the variable x in the interval [0,1], where o and
are the positive free parameters. The mean value and
mean square in the beta distribution are
m=o/(a+PB) and m, = (ot +1)/((o0 + B)(x+P +
1)), respectively. In our case, x = €/Q. The relations
(1-K3)ym=M/Q and (1-Ky)m, = (D + M*)/Q°
make it possible to determine the parameters o, and 3
from the known M, D, and K, values. As an example,
we consider the Ge-76 isotope used in the GERDA
experiment. For the mean values M = 300 and 400 eV

and the standard deviation D"? = 2870 eV, we obtain
o=0.016, B =74 and o = 0.029, B =99, respec-
tively. The two-parameter gamma distribution [29] of
random variables on the [0,+c) semiaxis is also
appropriate for the simulation because the condition

(12)

o> M, D'? allows one to extend the integration over
= €/Q to the [0, +o0) semiaxis. The beta and gamma
distributions almost coincide with each other in the
physical interesting region 7'~ Q because § > 1.
JETP LETTERS  Vol. 117
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The probability density at 7= Q is singular but
integrable. Figure 1 shows the following distribution
function for the two above sets of the parameters o
and P:

Q
F(T) = K3+ (= K)[wl = T'/Q)dT'/Q,  (13)
T

which determines the probability that two B electrons
have the energy differing from Q by no more than Q —
T > 0. The energy of B electrons for M = 300 eV devi-
ates from Q by no more than 1 eV with a probability of
90%. The deviation for M = 400 eV is smaller than
50 eV with the same probability. The probability
increases approximately logarithmically, i.e., quite
slowly, with the difference Q — 7. Modern detectors
measure the energy released in the double-f3 decay
with an accuracy of ~1 keV, which significantly com-
plicates the observation of effects with the excitation of
electron shells. Processes of shaking of K electrons are
accompanied by an energy release of ~10 keV, but
these processes are highly improbable.

Thus, the electron shell of the daughter atom in
B processes is excited with a high probability. The
transitions of valence electrons to free discrete levels or
to the continuous spectrum have dominant probabili-
ties. In this work, the mean excitation energy of the
electron shell of the daughter atom M and its variance
D have been estimated in the Thomas—Fermi model
and in the relativistic Dirac—Hartree—Fock method.

The determined values M ~ 400 eV and D"? ~ 2900 eV
significantly exceed the values in processes involving
valence electrons. The estimated energy parameters of
the transition of K electrons to the continuous spec-
trum indicate that the noticeable contribution to the
mean energy and its variance comes from rare pro-
cesses of shaking of electrons populating inner orbit-
als. With an increase in the resolution of detectors to
~100 eV, the distortion of the shape of the peak in the
0v2P decay induced by the excitation of electron shells
of atoms becomes significant for analysis of observa-
tional data.

FUNDING

This work was supported by the Russian Science Foun-
dation, project no. 23-22-00307.

CONFLICT OF INTEREST

The authors declare that they have no conflicts of interest.

OPEN ACCESS

This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original



888

KRIVORUCHENKO et al.

author(s) and the source, provide a link to the Creative Com-
mons license, and indicate if changes were made. The images
or other third party material in this article are included in the
article’s Creative Commons license, unless indicated other-
wise in a credit line to the material. If material is not included
in the article’s Creative Commons license and your intended

use

is not permitted by statutory regulation or exceeds the

permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this license, visit
http://creativecommons.org/licenses/by/4.0/.

N —

10.

11.

12.

13.
14.

REFERENCES

. S. Bilenky, Lect. Notes Phys. 947, 1 (2018).

W. Bambynek, H. Behrens, M. H. Chen, B. Crase-
mann, M. L. Fitzpatrick, K. W. D. Ledingham,
H. Genz, M. Mutterer, and R. L. Intemann, Rev. Mod.
Phys. 49, 77 (1977).

M. 1. Krivoruchenko and K. S. Tyrin, Eur. Phys. J. A
56, 16 (2020).

F. F. Karpeshin, M. B. Trzhaskovskaya, and L. F. Vi-
tushkin, Phys. At. Nucl. 83, 608 (2020).

F. F. Karpeshin and M. B. Trzhaskovskaya, Phys. At.
Nucl. 85, 474 (2022).

. F. F. Karpeshin and M. B. Trzhaskovskaya, Phys. Rev.

C 107, 045502 (2023).

. 1. Lindgren, J. Electron Spectrosc. Rel. Phenom. 137—

140, 59 (2004).

K. Alfonso, D. R. Artusa, F. T. Avignone, et al. (CUO-
RE Collab.), Phys. Rev. Lett. 115, 102502 (2015).

G. Anton, 1. Badhrees, P. S. Barbeau, et al. (EXO-200
Collab.), Phys. Rev. Lett. 123, 161802 (2019).

A. Gando, Y. Gando, T. Hachiya, et al. (KamLAND-
Zen Collab.), Phys. Rev. Lett. 117, 082503 (2016);
Phys. Rev. Lett. 117, 109903 (2016).

R. Arnold, C. Augier, J. D. Baker, et al. (NEMO-3
Collab.), Phys. Rev. D 92, 072011 (2015).

The GERDA Collab., Nature (London, U.K.) 544, 47
(2017).

J. T. Suhonen, Front. Phys. 5, 55 (2017).

F. Simkovic, A. Faessler, V. Rodin, P. Vogel, and J. En-
gel, Phys. Rev. C 77, 045503 (2008).

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.
28.

29.

C. C. Ly, T. A. Carlson, F. B. Malik, T. C. Tucker, and
C. W. Nestor, Jr., At. Data Nucl. Data Tables 3, 1
(1971).

J. P. Desclaux, At. Data Nucl. Data Tables 12, 311
(1973).

E. Clementi and C. Roetti, At. Data Nucl. Data Tables
14, 177 (1974).

K.-N. Huang, M. Aoyagi, M. H. Chen, B. Grasemann,
and H. Mark, At. Data Nucl. Data Tables 18, 243
(1976).

K. G. Dyall, I. P. Grant, C. T. Johnson, F. A. Parpia,
and E. P. Blummer, Comput. Phys. Commun. 55, 425
(1989).

I. P. Grant, Relativistic Quantum Theory of Atoms and

Molecules: Theory and Computation (Springer Science,
New York, 2007).

L. D. Landau and E. M. Lifschitz, Course of Theoretical
Physics, Vol. 3: Quantum Mechanics: Non-Relativistic
Theory, 3rd ed. (Pergamon, London, 1977),

A. Kramida, Yu. Ralchenko, J. Reader, and NIST ASD
Team, NIST Atomic Spectra Database, Ver. 5.10 (Natl.
Inst. Stand. Technol., Gaithersburg, MD, 2022).
https://physics.nist.gov/asd.
https://doi.org/10.18434/T4W30F

J. C. Mason, Math. Proc. Cambridge Philos. Soc. 84,
357 (1964).

I. M. Band, M. B. Trzhaskovskaya, C. W. Nestor, Jr.,
P. O. Tikkanen, and S. Raman, At. Data Nucl. Data
Tables 81, 1 (2002).

I. M. Band and M. B. Trzhaskovskaya, At. Data Nucl.
Data Tables 35, 1 (1986).

E. L. Feinberg, J. Phys. (USSR) 4, 423 (1941).

A. Migdal, J. Phys. Acad. Sci. USSR 4, 449 (1941).

Z. Ge, T. Eronen, K. S. Tyrin, J. Kotila, et al., Phys.
Rev. Lett. 127, 272301 (2021).

V. S. Korolyuk, N. I. Portenko, A. V. Skorokhod, and
A. F. Turbin, Handbook of Probability Theory and
Mathematical Statistics (Nauka, Moscow, 1985) [in
Russian].

Translated by R. Tyapaev

JETP LETTERS  Vol. 117 No. 12 2023



	REFERENCES

		2023-07-28T16:57:09+0300
	Preflight Ticket Signature




