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Abstract We study generalized scalar field models cou-
pled to impurities in Minkowski spacetime with arbitrary
dimensions. The investigation concerns a class of models
that depends explicitly on the spacetime coordinates and
also, it reveals the presence of a second-order tensor that can
have null divergence if a first-order equation and a constraint
are satisfied. We obtain the conditions to get compatibility
between the equation of motion and the first-order equation,
within a framework that is also used in the static case, to show
that the introduction of an auxiliary function may allow to
describe the energy density of the solution as a divergence.
Stability of the solution under rescale of argument, transla-
tion in the space and small fluctuations are also fully inves-
tigated. We further illustrate the procedure considering the
canonical model and also, the k-field and Born—Infeld-like
models. The results show that stable solutions can be obtained
in arbitrary dimensions, and the stability seems to be related
to the first-order equation that emerges from imposing null
divergence of the aforementioned tensor.

1 Introduction

Scalar fields are of interest in several branches of Physics. For
instance, they can be used in the study of localized structures
in Field Theory [1] and magnetic domain walls in Condensed
Matter [2]. Usually, localized structures arise under the action
of scalar and other fields. Kinks are the simplest ones and
appear in models of a single real scalar field in (1, 1) space-
time dimensions. The canonical model which supports these
structures is given by a Lagrangian density formed by the dif-
ference between kinetic and potential terms [3]. The equation
of motion that governs the kink engenders nonlinearity and
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is of second order. The kink solutions are static and connect
the neighbor minima, degenerated in energy, of the potential.
The model is invariant under translations in spacetime, so one
can define a conserved energy—momentum tensor [4]. This
allows that we calculate the energy density and follow the
so-called BPS procedure [5,6] by finding the conditions that
lead to solutions which minimize the energy of the system.
This method leads to first-order equations whose solutions
(kinks) are stable, compatible with the equations of motion.

The study of localized structures in (D, 1) flat space-
time dimensions has a caveat shown by Derrick’s theorem
[7]. By performing a rescale of argument in the scalar field
solution, it was shown that no stable localized configuration
can be obtained in two or more spatial dimensions governed
by canonical scalar field model. However, there are some
ways to evade this issue. For instance, one can consider non-
canonical models of the k-field type, in which k-defects [8]
arise, allowing for the presence of stable solutions in (D, 1)
dimensions [9]. Also, one may study a model consisted of
a complex scalar field coupled to a gauge field via a U(1)
local symmetry to get stable vortex solutions in (2, 1) flat
spacetime dimensions [10]. In the same line, there is the
possibility of investigating models with SU(2) symmetry
coupling triplets of scalar and gauge fields to obtain mag-
netic monopole [11,12] and dyon [13] solutions in (3, 1) flat
spacetime dimensions.

Among the many possibilities to circumvent Derrick’s the-
orem, one may consider the presence of the spatial coordi-
nate in the Lagrangian density, i.e., the presence of spatial
inhomogeneities in the system usually called impurities. This
idea was investigated in Refs. [14,15] with the inclusion of
the explicit dependence on the radial coordinate in the poten-
tial term of the Lagrangian density, allowing for stable radi-
ally symmetric solutions in arbitrary dimensions. The pres-
ence of impurities may be useful for more practical inves-
tigations, in which the spatial uniformity may not be taken
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for granted. Over the years, several systems with impurities
have been investigated in the literature, including vortices
[16-22], Bose—Einstein condensates [23-26] and Fermi lig-
uids [27,28].

In the specific case of kink-like structures, the study of
models in the presence of impurities has been conducted
since the decade of 1970; see Refs. [29-48]. The explicit
presence of the spatial coordinates in the Lagrangian den-
sity associated to the aforementioned models breaks transla-
tional invariance. Therefore, one cannot obtain a conserved
energy—momentum tensor anymore. However, considering
that both the impurity and the field are static, one can define
an energy density associated to the solutions. This was used
in Refs. [38—41], in which impurity-doped models of a single
real scalar field in (1, 1) spacetime dimensions engendering
the BPS property, i.e., minimum energy configurations, were
introduced. Later, in Ref. [45], it was shown that, considering
the presence of static impurities, it is still possible to obtain
BPS solutions in arbitrary dimensions. The study of kink col-
lisions in the presence of impurities has also gained interest
recently [49-52] as it leads to interesting features, such as the
appearance of spectral walls, which may induce the bounce
of the defect.

The study of impurities with scalar fields is currently done
by considering the canonical model with the inclusion of
terms that couple the impurity with the derivative of the
field and the potential. However, non-canonical (or gener-
alized) models, in which the Lagrangian density is an arbi-
trary function of the kinetic term and the scalar field, are
of current interest and have been widely considered in the
literature; see Refs. [8,53—68]. In particular, in Ref. [53] the
so-called tachyonic dynamics was introduced, which couples
the potential with the dynamical term via a product. Gener-
alized models also give rise to other interesting properties,
such as the possibility of obtaining twinlike models [62—
65], which are noncanonical models that support the same
solutions and energy densities of the canonical correspon-
dent models. Non-canonical models also allow for a more
comprehensive investigation of scalar field models, unveil-
ing more general features, such as the Derrick’s argument,
which was shown to require the stressless condition [58], and
the linear stability, which is described by a Sturm-Liouville
eigenvalue equation that can be factorized in terms of adjoint
operators [60,68].

This work is an extension of a Letter [69] devoted to the
same subject, but there we proposed to study mainly the
canonical model. Here, we investigate how to construct gen-
eralized scalar-field models coupled to impurities in arbitrary
spacetime dimensions via an additive term in the deriva-
tive of the field and a specific product with a function of
the field itself. We develop a new formalism, based on
the null divergence of a second-order tensor similar to the
energy—momentum tensor, seeking for the presence of first-
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order equations compatible with the equations of motion for
non-static configurations. We also investigate the conditions
under which static solutions are stable against rescale of argu-
ment, spatial translations, and small fluctuations, unveiling
how to calculate the energy in terms of the integral of a diver-
gence. In Sect. 2, we develop the general aspects of our pro-
cedure, including the conditions under which the above men-
tioned second-order tensor engenders null divergence even
with the explicit presence of spacetime coordinates in the
Lagrangian density. This leads us to a surprisingly novel
possibility, so we have further considered a specific class of
models, showing that a first-order equation can be obtained.
Moreover, in order to stress the main result, we investigate the
important possibility of considering static field and impuri-
ties, emphasizing the stability and energy of the field configu-
rations. In Sect. 3, we illustrate the procedure with several dis-
tinct systems, in particular, the canonical, k-field and Born—
Infeld-like models, seeking for analytical results. In Sect. 4,
we conclude our investigation with some final remarks and
perspectives for future works.

2 Scalar field models with impurities

Before considering the study of coordinate-dependent
Lagrangian densities, let us first review the action associated
to a single scalar field ¢ without explicit dependence on the
spacetime coordinates in (D, 1) flat spacetime dimensions,

with metric tensor 1, = diag(1, =1, —1,..., —1). We can
write
S = /dthx L($, 3u). )

As it is well-known, the above Lagrangian density can be
associated with the following generalized momentum

e — oL @)
EICRON

By varying the action in Eq. (1) with respect to the field, we
get the equation of motion

8,11 = Ly, 3)

with Ly = 9L/0¢. Since the action (1) is invariant under
spacetime translations, x* — x*+a", where a** is constant,
Noether’s theorem ensures that the energy—momentum ten-
sor T#, = I1*d,¢ — 8L is conserved, i.c., E),LT“U =0
if the equation of motion (3) is satisfied. Evidently, this is
a consequence of the absence of explicit dependency on the
spacetime coordinates in the Lagrangian density.

Let us now suppose that the action takes into account the
presence of impurities via explicit dependence on the space-
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time coordinates, x*, of the form

S = /dthx L(p, 3, xM). “)

In this situation, the vector IT,, defined in (2) depends on ¢,
0,¢ and x,,, but the equation of motion (3) remains valid.
However, since x* is explicitly present in the above expres-
sion, the invariance under spacetime translations that gives
rise to the energy—momentum tensor is lost, and the energy—
momentum tensor is not conserved anymore. Actually, the
tensor 7", defined below Eq. (3) is no longer a true energy—
momentum due to the presence of impurities. For example,
the explicit time dependence makes it difficult to define the
energy of the system. However, as we will show in Sect. 2.1,
interesting features arise when the impurity is static, which
is the proper scenario to study localized structures. More-
over, in Sect. 2.2 we will focus on the case of a single spatial
dimension, which is special due to requirements concerning
stability of the field configuration.

To avoid misinterpretations with respect to the energy—
momentum tensor 7", associated to the impurity-free model
(1), from now on we will refer to the tensor

TH =T1"9,¢ — 8"L 5)

for the impurity-doped model (4). By using the equation of
motion (3) for the action (4) and taking the divergence of (5),
we getd, 7", + Ly = 0, where L, represents the derivative
with respect to the explicit dependence on x". Even though
T4 isnot conserved, we can force it to have null divergence
with the condition

Lo =0. (6)

Of course, if the coordinates do not appear explicitly in the
Lagrangian density, the above equation is automatically sat-
isfied for all the solutions of the equation of motion and 7%,
recovers the conserved energy—momentum tensor 7%, . How-
ever, as we shall show below, other possibilities compatible
with above condition lead to interesting properties, even if
the system does not support a conserved energy—momentum
tensor due to the presence of impurities.

Indeed, we have found an interesting class of models that
engender explicit dependence on the coordinates via impuri-
ties and still allows for a divergenceless 7", . It is given by
the Lagrangian density

L =F(@$,X)+0,G". 7

In this expression, F is, in principle, an arbitrary function
of the field ¢ and X, which will be defined below. Also,
o, = 0,(x%) is the impurity vector, which describes the
presence of impurities that contain explicit dependence on the
spacetime coordinates. In this system, the impurities enter the
model independently of the field configurations, so they do
notrepresent an auxiliary field. Also, G, = G (¢) is another

vector, which only depends on the scalar field. In this work
we will suppose that both o, and G, are vectors belonging to
the Minkowski spacetime, with the spatial portions described
within the Cartesian basis. Also, some component of G, only
exists if its corresponding o, also exists. Thus, if one takes
oo = 0, for example, the existence of Gy makes no sense
anymore and one must take Go = 0. The dynamical term
associated to the scalar field in the presence of impurities is
represented by X, and here it has the form

X = % (0.0 + o) (3% +01). ®)
In this new situation, the generalized momentum (2) takes
the form

" = Fx ("¢ +o"), )

where Fy = 0F/0X. Notice that the above momentum
depends explicitly on o#, and the equation of motion (3)
associated to (7) now reads

8, = Fy +0,G (10)

0
¢s
in which we have used the notation Fy = 0F/d¢ and
Gg = dG"/d¢. The components of the tensor (5) for the

Lagrangian density (7) are

T) = Fx (¢ +00) ¢ — F — 0,G°, (11a)
TY = Fx (dﬁ +a°) %, (11b)
Ti = Fy (aqu + a") é, (11c)
Ti = Fy (a"¢+ai) 8j¢ — 8 (F +0,G%), (11d)

where the dot represents derivative with respect to time. Since
the Lagrangian density (7) engender explicit dependence on
the spacetime coordinates due to the presence of o, it is not
invariant under spacetime translations and we cannot get a
conserved energy—momentum tensor anymore. However, we
can work with the tensor (5) to ensure that it has null diver-
gence. The condition required to achieve this is (6), which
leads to

(M + Gu)dvo™ = 0. (12)
This equation is satisfied by I1,, + G, = 0, which can be
combined with Eq. (9) to give

Fx(3u¢ 4+ 04) + G, = 0. (13)

This is a differential equation of first order that is easier to
solve than the equation of motion (10). However, we must
ensure that the above equation is compatible with (10), so we
must also require

G4 G,

= Fy. 14
Fy ) (14)
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Notice that the above equation involves ¢ and X. Neverthe-
less, from the first-order equation (13), one can write

2XF% = G,G", (15)

which is an algebraic equation that relates X and ¢, since Fy
may depend on ¢ and X, and G* depends only on ¢. When
possible, the above equation admits a solution in the form
X = H(¢). This makes the Eq. (14) become a constraint that
dictates how the functions of ¢ must appear in the Lagrangian
density. The first-order equation (13) can be written as
oup =—oy — FL (16)
ﬂx:y@(W)

It is worth to remark that, even though the constraint (14)
ensures that the solutions of the first-order equation (13) are
also solutions of the equation of motion (10), not all solutions
of the equation of motion satisfy the first-order equation. We
can only be sure that the solutions of the equation of motion
which lead to the null divergence of 7", also solve the first-
order equation.

2.1 Static case

The formalism introduced in the previous section is valid
for time-dependent fields and impurities. However, we can
further explore properties of the model if we consider static
system. This includes an important class of models, with
¢ = ¢ (¥) and the Lagrangian density in (4) now having the
form £ = L(¢, V¢, X). In this situation, the components of
the tensor (5) are

T =L, (17a)
T =TI =0, (17b)
T, =M'o;¢— 5L (17¢)

Since the impurity is static, we have a well-defined energy
density with the component ’T% . By integrating it in all
space, one obtains the energy, i.e.,

E:/RDdeT%. (18)

We can follow the lines of Ref. [69] and use the above
expression to study Derrick’s scaling argument and inves-
tigate the stability under contractions and dilations by taking
X — y = AX, which implies ¢(¥) — ¢M(X) = ¢(AX),
with A being a real parameter. We denote the energy of the
rescaled solution as E®). By imposing that the minimum
energy occurs for A = 1, we require that dE?) /9|1 = 0
to get

/ deTi. =0,
RD

@ Springer

(19a)

where the index i has to be summed over. We also require
that 32E™ /922];—1 > 0, to obtain

/RD d’x(2DT'0;¢p — D(D + 1)L + 211 ; x/9;¢p

I
551910 (9;9)

where the subindices in the coordinates, x, stand for the
derivative with respect to their explicit dependences. To
obtain Egs. (19a) and (19b), we have used Eq. (6) to ensure
the null divergence of 7%, . If the solutions satisfy these con-
ditions, they are stable under contractions and dilations.

We may also investigate stability under spatial transla-
tions, X — y = X + E, where k is a constant vector. In
this situation, by defining the energy of the shifted solution
o (X + I_é) as E7, we have found that, to minimize the energy

3¢9 — Lpx'x!) >0, (19b)

for k = 0, one must impose the condition (6) and, also, take
det(H) > 0 and at least one of the diagonal components of
'H to be positive, where

Hij = — / dPx L, (20)
RD

represents the components of the Hessian matrix H.

Since we have found that the Lagrangian density (7) may
support a first-order formalism which relies on the null diver-
gence of 77, , let us now investigate it considering that the
field and impurity are static. In this case, Eq. (16) allows
us to take 00 = G = 0, leading us with the vectors
G = (00 ...,0P) and G = (G',G?,...,GP). The
equation of motion (10) reads

V. (Fx (V¢ — ) = —Fy+5 - Gy, 1)

where the dynamical term becomes simpler, in the form X =
—% |V — 8|2 . The components (11) of TH are now given
by

T) =-F+5 -G, (22a)
79 =TI =0, (22b)
T/ = Fy (af¢+a") 9j¢ — 5 (F—&.é). (22¢)

To obtain a first-order equation in the static case, we must
write X in terms of ¢. This can be done using the static
version of Eq. (15), which reads

—2XF} = |G|,

(23)

where |é| = /G - G. If one can obtain a expression in the
form X = H(¢, é) from the above equation, Eq. (16) leads
us to the following first-order equation

(24)
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Notice that the above expression is, actually, a set of D partial
differential first-order equations. It is a condition to ensure
the null divergence of the tensor 7%, . In order to get com-
patibility of Eq. (24) with the equations of motion (21), we
must impose the constraint

G -Gy
Fx
as expected from Eq. (14).

To ensure stability under contractions and dilations, we
impose Eqs. (19), which leads us to

= —Fy, (25)

/;{Dde(D(F—8-é>+é~V¢>:0. (26)

Let us now suppose that the energy density in Eq. (22a) can
be written as a divergence, by taking

—F+6-G=V-W, 27)

in which W = (Wl, w2, ..., WD) depends only on ¢, such
that the energy (18) reads

E:/ dPxv . w, (28)
RD

where W must be chosen to lead to localized structures with
finite energy. We highlight that not all the functions which
solve the constraint in Eq. (14) can be used, as a constant
of integration usually appears and leads to infinite energy.
Considering Eq. (27), we get from Eq. (22c) that 7 ’) =
—G'9;¢+8" V- W, whichleadsusto T/ = (DWy—G)-V¢.
Therefore, we see that, to get localized Tﬁ , both é and Vfﬂp
must vanish asymptotically. We then take

G =Wy, (29)

which leads to 7% = (D — 1) V- W. By combining this with
Egs. (26) and the energy density (27) we obtain the condition

(D-1) | dPxv-w=o0. (30)
RD

This is required to get solutions which are stable against
rescale of argument. Since the energy is given by Eq. (28),
the above expression is equivalent to (D — 1)E = 0. This
shows that the energy must be null for D > 1. The case
D = 1 1is special, as the above equation becomes an identity,
such that the energy may have any value, depending on the
specific model under investigation. These consequences are
compatible with the results obtained in Refs. [38—41,45] and
are related to the choice in Eq. (29). Moreover, from the
expression below Eq. (29), one can see that the stress is null
for any solution in D = 1. For arbitrary dimensions, one can
take advantage of the Egs. (24) and (27) to write the energy
density (22a) as

T = Fx (V¢ —G) -V, (31)

in which the eventual dependences on ¢ that may arise due
to the presence of Fx must be substituted in terms of V¢
and o with the use of Eq. (23). There is another equivalent
expression, given by

- 2\ -
7Y = (F_x W, +o> - W. (32)

In this situation, one must use Eq. (23) to write the above
equation explicitly in terms ¢ and .

The stability against contractions and dilations require not
only Eq. (30), but also Eq. (19b), which reads

/ de{FX(V¢ +@E-V)5)
]RD
2
—FXX[(qu —5)- (Vo + (x- V)Zr)] } > 0, (33)

where we have used Eqs. (24), (29) and (30). The notation
X= (xl X2, ... , xD) was used. This condition ensures that
the solution ¢ (X) is stable against rescale of argument. A
way to satisfy it is by considering models with Fx > 0 and
Fxx < 0. There are, however, other possibilities; one of
them will be presented in Sect. 3.3.

We are also interested in the stability under spatial trans-
lations, as our model now does not support translational
invariance. As we have commented right above Eq. (20),
it is ensured by the condition (24), necessary to get the null
divergence of 7", , and also by det(#) > 0 and by requiring
that at least one of the diagonal terms of H is positive, where
the components of the Hessian matrix 7{ in Eq. (20) are now

Hyj = / dPx Fx Mudio*d;0", (34)
RD
where we have defined the matrix M, such that
Fxx
Ml’j=8ij—F—X i@ + oi) (3j¢+(fj). (35)

We then investigate the behavior of a static solution ¢ (X)
of Eq. (21) around small fluctuations n(x*). By taking the
field as ¢ (x#*) = ¢(X) + n(x*) in Eq. (10), we get that the
contributions in powers up to first-order in 1 lead to

O ((Fx8! + Fxx (3" + o) (0vg + 6,))3"n)
- (_au (Fxp(@" + o) + Fpp + auGg¢) n. (36)

Considering that the fluctuations have the form n(x,t) =
>k me(X) cos(wgt), we get

0 (Fxymo) = 0 Fxx (<05 + o) (@9 — o)1)
= ((Fro@id — ")) + Fop—0" Glyy ) R Fx.

37)

@ Springer
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This expression can be written in the form
1 -

= 2o (Fx Mijdjme) + U@ = o, (38)
X

where M;; is given by Eq. (35) and

0 (Fxg (3¢ + 01)) + Fpp — ' Glyy
Fx

URX) = — (39)
represents the stability potential. The expression in (38) is
a partial differential equation in arbitrary dimensions whose
solutions determine the allowed eigenfunctions and eigen-
values. For more on this issue, see Refs. [70,71]. It may also
be written in the form Ln; = w,% Nk, where the operator L is

1 -

L=——0;FxM;;jd; + U(x). (40)
Fx

If the first-order equation (24) is considered, the above

expression can be factorized in terms of adjoint operators,
in the form L = SiT S;, where

Si = Aij (=0, + Pj),
=1 __ +
5 = A, (31 + P+ A Felo; (FXAk,-)) ;

(41a)
(41b)

in which A;; represents the coordinate-dependent compo-
nents of the matrix .A. It must obey M,; = Al Ay, with
M,;; as in Eq. (35). Also, A" is the conjugate transpose of
Aand A" is the inverse of A" Unfortunately, finding the
components of the matrix A is not an easy task. However, we
have found that, in three spatial dimensions (D = 3), they
can be written in the form

Aij = Al =81+ a2 @i+0)> + i €ji (dep+01),
(42)

where i = «/—1 and &> = —Fxx/Fx. The vector function
P; is defined through the equation P;dj¢p = 9;(0;¢ + 07) .
By using Eqgs. (24) and (29), it can be obtained explicitly, in
the form

d W

:% Fx|

—_— 43)
x=H(¢,W¢)

i

Therefore, the operators S; and Sf are defined in terms of the
static solutions ¢ (¥) of the first-order equation (24). The zero
mode, must obey the equation S;jng = 0, or d;ng = Pino.
Notice that this defines a set of partial differential equations,
so we cannot ensure that the zero mode will exist in gen-
eral for Lagrangian densities with the form (7) in arbitrary
dimensions. Itis worth remarking that the factorization of the
operator (40) in terms of the product of the adjoint operators
(41) does not ensure that negative eigenvalues are absent, as
S; and SIT may engender divergences that lead to instability.

@ Springer

Further analysis is required depending on the system under
investigation.

2.2 Single spatial dimension

Even though our procedure allows for the presence of first-
order equations in arbitrary dimensions, Eq. (30) shows us
that the static case with a single spatial dimension (D =
1) is special, as the energy depends on the specific model
under investigation. In this situation, both the impurity and
the auxiliary function become scalars, so we denote them
simply by o (x) and G(¢). The equation of motion (21) now
takes the form

(Fx (¢ —0)) = —Fy + oGy, (44)

where the prime indicates derivative with respect to x, and
X = —%((p/ — 0)%. Notice that the above equation is an
ordinary differential equation. The first-order equation (24)
reads

G

¢ =0+ (45)

FX|X=H(¢,G).

To make this equation compatible with the equation of motion
(44), we must consider the constraint (14), which reads
GGy /Fx = —Fy. We also remark that in the case D = 1,
the above equation is not a set of partial differential equations
as in the case of arbitrary dimensions. Instead, the first-order
equation is just an ordinary (although nonlinear) differential
equation.

As we have previously commented, the value of the energy
in a single spatial dimension depends on the model under
investigation. Indeed, the expression in Eq. (28) simplifies to

E = W($(00)) — W(p(—00)), (46)

depending only on the auxiliary function calculated at the
asymptotic values of the solutions of the first-order equation
(44).

We then investigate the stability against contractions and
dilations. Since (45) makes the v7?% having null diver-
gence, one can show that 7° 1" — C, where C is a constant.
From the condition (19a), we get C = 0, which leads to
F —2X Fx = 0. Notice that this equation is local, whilst the
one in Eq. (19a) for arbitrary dimensions is global. More-
over, if Fy is positive, we must have F negative to get stable
solutions. The condition (19b) simplifies to

“+00 5
f dxFx A2 (@' + xo')? = 0, (47)
—00
where
F
A2 =1 42ox XX (48)
Fx
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which is equal to M; in Eq. (35) for D = 1. The stability
under spatial translations requires that the first-order equation
(45) is used and that H 11 from Eq. (20) is positive. The latter
condition becomes simpler, in the form

+00
/ Fy A% dx > 0. (49)
—00

Furthermore, for D = 1, the Eq. (38) that describes the
linear stability simplifies to an eigenvalue equation of the
Sturm—Liouville type,

1 /
~ & (@Fn) + U@m= o, (50)

where AZ is as in Eq. (48) and

(Fxg (¢ =0))' + Fpp — Gy

Fx '
To preserve the hyperbolicity of the stability equation (50),
we impose that A? > 0and Fx > O. Interestingly, these
conditions make Eqgs. (47) and (49) become identities, which
ensure stability against translation and rescale. The linear
stability, however, is not guaranteed. Nevertheless, if the
first-order equation (45) is satisfied, we can factorize the
Sturm-Liouville operator associated to the eigenvalue equa-
tion Ln; = a),% Nk in Eq. (50) as a product of adjoint operators.
We then write L = STS, where

Ux)=—

(D

B _i ¢//_0/

S_A< =+ ) (52a)
d ¢//_U/ (AFX)/

oAl =

S_A(dx+ 7 AFX>. (52b)

By using Sng = 0 we get that the zero mode is given by

nox) = ¢le” ! V. (53)

We then see that the application of our formalism to the case
of a single spatial dimension generalizes the results obtained
inRef. [68], where the linear stability of impurity-free models
(o = 0) was investigated. Since the impurity is, in principle,
arbitrary, we cannot be sure how the above zero mode will
behave. Nevertheless, the linear stability is ensured if 7o (x)
does not engender nodes.

3 Examples

In the previous Sect. 2 we have organized the general results
of the present study. There, the model was defined and inves-
tigated, showing the possibility of finding first-order differ-
ential equations that solves the equation of motion on general
grounds. This was achieved under the presence of a new ten-
sor, 7" , whose divergence can be made to vanish under the
presence of a constraint. We have also considered the case

of static solutions, including a full examination of stability
under rescaling and translation of the spatial coordinates,
and the addition of small fluctuations to the field configura-
tions. Due to the importance of these results, in this section
we illustrate the general findings investigating some specific
possibilities, as the canonical model and two others, having
kinematic modifications of the k-field and Born—Infeld type.

3.1 Canonical model

Let us now consider the canonical Lagrangian coupled to
impurities, such that

F(g, X) =X =V(¢9). (54)

The impurity-free case, in which o, = 0, recovers the stan-
dard case, L = %8,@8“(;5 — V(¢). The general aspects of
this model were investigated in Ref. [69], where one finds
the equation of motion, the first-order equation that arises
from the condition (6) and the potential which satisfies the
constraint (14). Here, we go straight to study of the stability
of the solutions. To do so, we consider static field and impu-
rity whose associated first-order equation obtained from (24)
with (29) is

Vo =5 + Wy. (55)
It is compatible with the equation of motion (21)

V2=V -G+ Wpp Wy +37 - Wy, (56)
if the potential has the form

2

1, -
V(¢)=§!W¢ : (57)

where |W¢| =/ W¢ . Vf/q, and we have taken zero for the
integration constant to avoid infinite energy as we have com-

mented in the discussion below Eq. (28). The presence of W
allows us to calculate the energy as in Eq. (28). We high-
light that, as shown in Ref. [69], this model supports a BPS
bound in the lines of Refs. [5,6]. If the potential has the form
(57) and the first-order equation (55) is satisfied, then the
energy is minimized to the value given by the expression
in Eq. (28). This confirms the stability of the solution. It is
worth pointing out that our procedure recovers the results
obtained in Refs. [38—41] for static field in a single spatial
dimension, with the very same first-order equation and poten-
tial. In higher dimensions, our model generalizes Ref. [45],
since we can take the vector Vfﬂp with different components,
to account for distinct self-interactions, one for each spatial
direction.

First, to ensure stability against contractions and dilations,
we must analyze Eq. (33), which reads fRD dPx (V¢ + (¥ -
V)&)? > 0. This expression is an identity, so the stability
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against rescale is ensured in arbitrary dimensions for solu-
tions of (55) obeying Eq. (30). Second, we look into the sta-
bility against translations by using Eq. (34), which becomes

H;j =f dPx 85 - 9;0. (58)
RD

This Hessian matrix must have positive determinant and at
least one positive component in the diagonal in order to avoid
instabilities. This condition must be analyzed for each impu-
rity given. Third, and by last, to guarantee that the solution
remains stable under small fluctuations, we analyze the linear
stability. It is governed by Eq. (38), which reads

= Vo + U@ = o, (59)
where the stability potential has the form

- A 5 =
UE) = Wep|" + Wo - Wogs +6 - Wogp. (60)

with |V_f/¢¢} =,/ W¢¢ . V_VW . This equation can be written in

the form Hny = a),% Nk, where the Schrodinger-like operator
His

H=-V>+U®). 61)

If the field solves the first-order equation (55), this operator
can be factorized in terms of adjoint operators, as H = S .S,
where

S=-V + WM,, St=v + W¢¢. (62)

Supposing that these operators are smooth everywhere, the
stability equation (59) does not support negative eigenval-
ues. This ensures that the solutions are stable against small
fluctuations. The zero mode (when exists) obeys the equation
§n0 = 0, which leads us to

Vno = W¢¢ no- (63)

This is a partial differential equation that not always admits
solution, so the zero mode may not exist.

To illustrate the above results, let us investigate local-
ized structures in two spatial dimensions. In this situation,
both the impurity and W have two components. We then
use the solution obtained in Ref. [69] which arises for
W = (W (). W(¢)). where

_ 3553 9
Wg) =3¢ 7977 (64)

and for the impurity vector having the form

o(x,y) = (6x—1,6y—1) tanhz()c2 + y2) sec:hz()c2 + yz).
(65)

The first-order equation (55) admits the solution

¢ (x,y) = tanh’ (x* + y?). (66)

@ Springer

Fig. 1 The lowest bound state allowed by the stability equation (59)
with the potential (67), whose eigenvalue is w? ~ 0.884

We have shown that, regardless the impurity, the stability
against rescale of the solutions is ensured. However, we
still have to deal with the stabilities with respect to transla-
tions and small fluctuations. To ensure that our solution has
the energy minimized at its location, i.e., there is no other
point of the space with less energy, we must use the Hessian
matrix in (58). This calculation cannot be done analytically
for the impurity (65). By using numerical procedures, we
have shown that its determinant is positive. Therefore, the
solution (66) is stable against translations in the space.

We then turn our attention to the linear stability, governed
by Eq. (59). The stability potential (60) can be written as

Uis. v) 8 — 4 (9x + 9y + 8) sech?(x? + y?)
X, =
Y 9 tanh?(x2 + y2)
8 (3x + 3y + 4) sech*(x2 + y?)
9 tanh?(x2 + y2) '

(67)

This potential diverges at the origin and has a minimum
at (x,y) = (0.223,0.223), such that U(0.223,0.223) =
—6.031. Asymptotically, we have U (x, y) ~ 8/9 4+ 16(x +
y)e_z(x2+y2), so it tends to a constant far away from the
origin. Therefore, the possible eigenvalues associated to the
bound states must be in the interval [—6.031, 8/9]. The zero
mode must be calculated from Eq. (63), which leads us to the
set of equations

ano  9Ino
—— = =W . 68
o oy b 10 (68)

This requires that n9 = no(£), where & = x + y. So, the
above set of equations can be written in the form dng/dé =
Wapno(&). Since Wy does not depend exclusively on &, this
equation does not admit solutions. Therefore, the zero mode
does not exist in this model. This conclusion is valid not
only for the auxiliary function in (64), but also to any W (¢)
such that W = (W(¢), W(¢)). In Fig. 1, we have displayed
the lowest bound state allowed by the stability equation (59)
with the potential (67), whose eigenvalue is @® ~ 0.884.
The zero mode is absent and only positive eigenvalues are
allowed, ensuring that the solution (66) is linearly stable.
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3.1.1 Single spatial dimension

Next, we investigate solutions of the first-order equation (55)
in D = 1, with the auxiliary function and impurity given by
the same form studied in Ref. [69],

1
Wg) =¢-¢", (69)
(«/1 +a—+1+4+a tanhz(x)) sechz(x)

(1 + atanh?(x))"?

ox) = ) (70)

where a is a real parameter that obeys a > —1. The
expression in Eq. (57) combined with the above function
W (¢) leads us to the well-known ¢>4 model, i.e., V(¢) =
(1 — ¢>)?/2. The first-order equation (55) combined with
the above functions supports the solution

/1 + a tanh(x)
V1 +atanh?(x)’

where we have used the condition ¢ (0) = 0 to determine the
constant of integration that arises in the process. The study
of the linear stability depends on the potential (60), which
reads

P (x) = (71)

_ 4(1 + a) tanh?(x) ~ 2/1+a sech?(x)

U . 72
) 14+a tanhz(x) (1 +a tanhz(x))3/2 (72)
The zero mode in Eq. (53) is
N, sech?(x)
no(x) = ,
2/(1+a)(1 +aT?(x)) +a(l + T2(x)) +2
(73)

where N, = azﬁ/Ja(6 +a)—2Qa+3)In(a+1)isa
constant of normalization and 7 (x) = tanh?(x).

In Fig. 2, we display the solution (71) and the above zero
mode for some values of a. We have only takena < Obecause
positive values of a only modify the thickness of the solution.
Notice that, as a approaches —1, the solution tends to get
an inflection point with null derivative at the origin and the
peak of the zero mode goes down. As expected from the
general investigation of the stability, the zero mode does not
present nodes, regardless the value of a; this confirms that
the solution is linearly stable.

3.2 k-field

We then apply our formalism to generalized models. In this
context, we may consider the so-called k-defects, in which
the kinetic term is generalized to a function of the standard
one. In particular, one can consider a power law of X, as
introduced in the study of topological structures in Ref. [8],
and later investigated in Refs. [59—61,66]. Inspired in these

77777

o o n, s

Fig. 2 The solution (71) (left) and the zero mode (73) (right) for
a = —0.99999, —0.9999, —0.999, —0.99, —0.9 and 0. The thickest
line represents the case a = 0 in each panel

works, we take

n—1

F($,X) = X|IX[" = V(g), (74)

where 7 is a positive integer number. In this situation, Eq. (9)
leadsus to IT* = [2X|"~! (3*¢ + o) . Therefore, the equa-
tion of motion (10) for the case in Eq. (74) can be written in
the form

9, M" = 0,,Gly

b= Vs, (75)

To obtain a divergenceless 7" K, we take Eq. (16). However,
to write it, we must relate X and ¢ via Eq. (15), in the form
X = %(—GMG”)I/(Z"_I). By substituting into Eq. (16),
we have

b = O 76
n = —ou — |G, Go|n-D/Cn—D" (76)
By combining this with the constraint (14), we obtain
2n — 1 _
V(g) = ”2 (-GG Y 1 ¢ (77)
n

As before, we impose G, to be a spacelike vector and C is
an integration constant.

3.2.1 Static case

Let us now focus on static configurations in the model (74).
From Sect. 2.1, we obtain that the first-order equation (24)
combined with (29) takes the form

Vo =0 + —qd) (78)
o — — —,
‘qu’z(n D/@2n—1)

where we have used X = —% |W¢|2/(2"71) from Eq. (23)

and ]V%] is as given below Eq. (57). The above equation

is compatible with the equation of motion if the potential is

written as

2n —1
2n

where we have taken the integration constant to be zero in

order to avoid infinite energy, similarly as in the previous

2n/(2n—1)

Vig) =

| W (79)
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section. The energy density obtained from Egs. (31) and (32)
take the form

Th = 12X|" ' (V¢ —5) - V¢

2n/(2n—1) (80)

= |W¢| +0- Wq;.

Since we got the equations describing k-fields, we turn
our attention to the stability of the static solutions. First, we
look into the stability against contractions and dilations using
Eq. (33), which one can show is an identity because Fy > 0
and Fxx < 0 in this case, so the stability against rescale is
ensured in arbitrary dimensions for the generalized model
(74). In this case, the components in Eq. (35) becomes

iw/
Mij =8 +2n — H—2-2. (81)
| Wyl

Second, we look into the stability against translations by
using Eq. (34), which reads

H,‘j =/ de |VT/¢|2("71)/(2"71)B,~& . 3]'3
RD

wEwl
+2n—1) | dPx o9

)
o |W¢|2”/(2”—1) 0jc"djo". (82)

This Hessian matrix must have positive determinant and at
least one positive component in the diagonal in order to avoid
instabilities. The linear stability is governed by Eq. (38),
whose stability potential (39) now takes the form

2 — 2n - 6—8n - - 2
2 Vol (W - Wao)

R . A=) = -
+ W[ (|W¢>¢} +Wo - W¢¢>¢~)

Ux) =

2—-2n

+HWo 71 G - Wogy. (83)
To illustrate our procedure in this case, we show specific
models in two and one spatial dimensions. For D = 2,

we consider the impurity given by Eq. (65) and W(¢) —
(W(p), W(¢)), with

_ 3.20! (n+1)/3
@) = dn +1 ¢

3 1 3.3
HF 1 2n,2n+2,2n+2,¢ , (34)

where the > Fj(a, b; c; z) represents the hypergeometric
function of argument z. The potential is given by Eq. (79),
which can be written as

on-l 2n—1) _ 2n
Vig)= T (9 =T )T 89)
n
This potential engenders minima at ¢ = £1 and ¢ = 0

independently of n. In this situation, the first-order equation
(78) admits the very same solution in Eq. (66). The energy

@ Springer

density can be calculated from Eq. (80), which takes the form

7Y (x,y) = 3-2"(x+y) tanh* (x> 4 %) sech (x> 4 y?).
(36)

The behavior of the above energy density is similar to the
one obtained in Ref. [69]. The parameter n only changes its
thickness, so we do not display the behavior of the above
expression here.

To analyze the stability, we must consider the Hessian
matrix in Eq. (82) for the impurity (65) and the solution
(66). The calculation is numeric, but we have checked that
its determinant is positive and H1; > 0 forn < 50, ensuring
stability against spatial translations. We are also concerned
with stability under small fluctuations, which is described by
Eq. (38) with (29) and (81). The stability potential is given
by (83), which can be written as

_8@2n—D(6n - Dx+y)+1)
B 9 tanh?(x2 + y2)
_4@n = 1)BU6n — 13)(x +y) +8) S2(x, y)
9tanh?(x2 + y2)
82n — DBBn —T)(x +y) +4) S*(x, y)
_l’_
9 tanh?(x2 + y2)

Ux,y)

(87)

where have used the notation S(x, y) = sech(x?+ yz). In this
situation, we must be careful, as the behavior of the stability
potential is U(x, y) o« (x 4+ y) for n > 2. In addition, all
the components of the matrix M;; in (81) are non-negative.
Since the potential ranges from —oo to +o0, there is a con-
tinuum of negative states, which leads to instability.

3.2.2 Single spatial dimension

In a single spatial dimension (D = 1), both the first-order
equation (78) and the energy density (80) become simpler,
in the form

Wy

[
$=c+ | W [2n=D/Cn=1) (88)
and
TO — |2X|n—1 (]5/—0' ¢/

; (¢ ~o) )

— |W¢|2n/(2n—l) +O’W¢.

The only remaining component in Eq. (81) is M1 = 2n +
1, which is positive. This ensures the hyperbolicity of the
Sturm—-Liouville eigenvalue operator (38), whose potential
is now given by

BT 2
1" T W
3-2n 2(1—-n)

—i—W;nil W¢¢¢ + W¢2n71 GW¢¢¢. 90)

Ux) =
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Fig. 3 The energy density p = ’T% in (92) with a =
—0.99999, —0.9999, —0.999, —0.99, —0.9 and 0, for n = 2 (left) and
10 (right). In both panels, the thickest line represents the case a = 0

To illustrate this case, we take the auxiliary function

1 3
W (@) = ¢ 2Fi <5,—2n+1;5;¢2), o1
where ; F (a, b; c; z) is the hypergeometric function of argu-
ment z, and the same impurity as given in Eq. (70). In this
case, the first-order equation (78) leads to the same solution
in Eq. (71). The energy density in Eq. (80) is

1 h4n
70 = /14 asech™ (x) 92)

(1 4 a tanh?(x)) V7%

In Fig. 3, we display the above energy density, with the nota-
tionp =T % for some values of the parameters. Notice that
the behavior is quite similar to the canonical model (n = 1),
with an internal structure arising as we have a — —1, but
the thickness gets smaller as n increases.

The energy can be obtained by integrating the above
expression in all space; itis £ = 241=112(20) / T (4n).

The stability potential (83) reads

42n — 1)(a + l)tanhz(x) _ 2Q2n — Da/a + 1
1+ a tanh?(x) (1 —}—atanhz(x))3/2

Ux) =

. ((4a(n — 1) 4+ 4n — 3)sech?(x) — 4(n — 1)(a + 1)) .
(93)

The above expression recovers the corresponding one for the
standard case in Eq. (72) forn = 1. Since the solution and the
impurity do not depend on n, the zero mode (53) associated
with the above stability potential also does not. Moreover,
no is the very same as in Eq. (73). It does not present nodes,
as we have seen in the previous section, ensuring the linear
stability of the solution.

3.3 Born-Infeld

In the previous section, we have considered that the dynam-
ical term in the Lagrangian density is of power-law type,
without coupling to functions of the scalar field. In this sec-
tion, we investigate the Born—Infeld-like model described in

Ref. [54], but now coupled to impurities, in the form
F(¢,X)=-V(p)(1-2X)", (94)

where a > 1/2. In the above expression, the field and its
derivatives are coupled. From Eq. (9) for the above function,
one gets [T* = 2aV (1 —2X)*~1(3"¢ + o*). The equation
of motion (10) associated to this model is

9" = =V (1 = 2X)* + 0, Gly. (95)

To have null divergence in the tensor (5), we take the con-
straint in Eq. (14), which reads

—2a(1 =2X)*"1(V?)y = (GL.GM)y. (96)

This constraint must be solved together with Eq. (15), which
we now write as

842X (1 —2X)*72V? = G,GM. (97)

Solving the last system formed by the last two equations to
determine X and V (¢) is not easy. However, one can show
that a possible solution is to take

20 — 1 2a—1
V2(¢) = _% G, G" (98)
and

1

These expressions allow us to get the first-order equation (16)
as

Gu
V=Q2a —1)G,G%
Notice that the case @ = 1/2, which represents the so-
called tachyonic dynamics [53,55-57], is not compatible

with Egs. (98)—(100). In this specific situation, the constraints
(96) and (97) are satisfied by

1
V() =/-G,Gt+C and X = EG“GM’ (101)

where C is a constant of integration. The first-order equation
(16) associated with this model is

VC(0,¢+0,)+G,=0.

9 = —0,, — (100)

(102)

Notice that the integration constant is present in the latter
expressions.

3.3.1 Static case

Let us now consider the case of static configurations. Here,
the equations which describe the model also depend on a.
For a > 1/2, the first-order equation (100) simplifies to

-

Vo =5 + L &, (103)
V2a -1 |Wy|

@ Springer



836 Page 12 of 17

Eur. Phys. J. C (2025) 85:836

where Eq. (29) was used. To ensure its compatibility with
the equation of motion, we impose that the potential has the
form (98), which reads

ey Ca=DE
(@) = W' 5-

The energy density obtained from Eqgs. (31) and (32) take the
form

(104)

1 - N
70 = ———|w, o - Wg. 105
0 a __1)‘ ol +0 W (105)

The stability against contractions and dilations requires the
condition in Eq. (33), which reads

/ dPx v2a =1 ‘Wd)‘{(V(j) +(-V)5)?
RD
—%[(W) —5)- (Vo + G- v)g)]z} >0,
(106)

To analyze the stability against spatial translations and small
fluctuations, we must consider the matrix components in
Eq. (35), which take the form

a—1 Wlw]
M,’j=5ij+—a f ;b
|Wol

(107)

To ensure that the minimum energy is attained at the location
of the solution, i.e., the solution is stable under spatial trans-
lations, we must take the Hessian matrix (34) into account,
whose components are now given by

Hi,:f de\/za—1|vT/¢|[a,~a.aj&
. -

1—a (W 85) (%.aj&)}
a [Wol* .

(108)

The solution is stable if det(H{) > 0 and at least one of the
components of the diagonal of H;; is positive. Lastly, we look
into the stability under small fluctuations, which is governed
by the eigenvalue equation (38) for M;; in Eq. (107) and the
stability potential (39) given by

U@_#.[W _<%W>]
Vaa—1|We| L\ ),
(109)

This stability potential is null in the absence of impuri-
ties, agreeing with the impurity-free case investigated in
Ref. [58]. The first-order equation (103) is quite intricate
in arbitrary dimensions; its last term presents sign function
which depends on the solution itself. This investigation will
not be done here.

@ Springer

3.3.2 Single spatial dimension

To illustrate our procedure, we only deal with the case D = 1
explicitly, where this issue can be avoided by considering the
case in which Wy, is non negative, so the first-order equation
(103) admits the solution

¢(x) =

dx o(x), (110)

X
]
V2a—1
in which a constant of integration always arises. It is worth
commenting that this solution can be used in Eq. (53) to get
that the zero mode of the stability equation is always constant.
In the absence of impurities (o = 0), the above expression
also shows us that the solution is always a straight line. The
energy density is

|Ws|
v2a—1
We then see that the solution and the energy density depend

on the auxiliary function and the impurity. To illustrate the
model, we take

7Y = + 0 (x) Wy. (111)

o

W(¢) = tanh(¢p) and o(x) = T3 2 (112)

so the potential (104) has the form

V(p) = M h2(¢) (113)
o) = (2a)% sech” ().

By using the functions in Eq. (112) into the general solution
(110), we get

d(x) = + « arctan(x). (114)

X
V2a—1
The case @ = 0 recovers the impurity-free (¢ = 0) model.
Near the origin, for x ~ 0 one can show that it has the form
¢(x) ~ (a+ 1/+/T—=2a)x — ax’/3 + O[x°]. Therefore,
the impurity modifies the slope of the solution at the origin via
the parameter o. Asymptotically, for x — o0, the solution
behaves as ¢ (x) ~ x/v/2a — 1 an/2 Fa/x + O[1/x3].
The energy density associated to the above solution is

To(x)=< ! + ¢ )
0 V2a—1 1+x2 a1s)

- sech? (% + arctan(x)) .
By integrating the above expression, we get that the energy
is E = 2, as expected from Eq. (46), being independent
of a and «. For ¢ > o, = —1/+/2a — 1, the solution is
monotonically increasing and the energy density has a bell
shape. If o = «, the solution gets null slope and the energy
density presents a hole at x = 0 with two peaks around
this point. The case @ < s presents an exotic feature: the
slope of the solution is negative; this makes the hole in the
energy density become deeper, and the peaks go away from
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the origin. In Fig. 4, we display the impurity in Eq. (112), the
solution (114), and the above energy density for some values
of the parameters.

The stability of the solution (114) against rescaling of
argument is given by Eq. (106). By using numerical meth-
ods, we have shown that it is satisfied, so the solution is sta-
ble against contractions and dilations. The stability against
translations in the space is related to Eq. (108). Since we
are working in a single spatial dimension, the only surviving
component of the Hessian matrix is H;; = [0 dx ((2a —
132 /a) Weo' 2, which is positive for the auxiliary function
and the impurity in Eq. (112). This ensures that the solution
(114) will not translate in the space spontaneously.

The stability potential in Eq. (109) associated to the sta-
bility under small fluctuations gets the form

6a 1

v = V2a—1 (1+x?)

+ arctan(x)) . (116)

2 X
tanh ( Neresi
The zero mode is given by Eq. (53). For the solution (114),
one can show that even though it exists, it is uniform in all
the space, so one cannot normalize it.

We remark that the solution in Eq. (114) was obtained for
the spatially localized impurity in Eq. (112). However, the
first-order equation for general Wy and o opens other pos-
sibilities up, in which the impurity does not vanish asymp-
totically and Wy calculated in the solution may change the
sign. This can lead to solutions with other features, such as
distinct asymptotic behavior.

For a = 1/2, we obtain from Egs. (102) and (101) the
following first-order equation and potential, respectively,

V¢=&+%W¢, V() =/C + | Wyl|*. (117)

The energy density can be calculated from Eq. (22a), which
reads

TO = V(N1 —2X 45 - Wy. (118)

By using the above first-order equation and potential, one
can show that ’T% =V. W + \/E . Therefore, to ensure
that the energy is finite, we impose C = 0. Interestingly,
one can show by similar arguments that the absence of C
is also required by Eq. (19a) to avoid instabilities against
contractions and dilations. We highlight that we now have
V(o) =| qu | and we must analyze Eq. (97) as the first-order

equation is not valid for C = 0. We then get
W,

% =0. (119)

14|Vep —o]

The only way to satisfy this equation is by taking |V¢—c | —
oo in the region where Wy # 0 and |[V¢ — 6| = constant
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Fig. 4 The impurity in Eq. (112) (top), the solution (114) (middle)
and the energy density p = 7 % in Eq. (115) (bottom) for a = 3/4 and

o = —Zﬁ, —ﬁ, 0, \/E and 2+/2. The thickness of the lines increases
with o
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where W¢ vanishes. For D = 1 and o = 0, this gives rise to
the so-called tachyon kink [53,55-57]. The study of linear
stability of singular tachyon kinks is already intricate in the
absence of impurities. We do not investigate this issue here,
as it may require a special approach that differs from the one
that we have used.

4 Final remarks

In this work, we have investigated the conditions that must be
imposed in Lagrangian densities associated to a single real
scalar field with explicit dependence on the spacetime coor-
dinates to get the tensor (5) with null divergence. We have
introduced the class of models (7) that engenders impurities
but still allows for 8, 7", = 0. Interestingly, the formalism
have led us to a first-order equation which is compatible with
the equation of motion if a constraint is satisfied.

Our formalism can be applied to time-dependent fields
and impurities. However, to better understand how it works,
we considered the case with static field and impurity. In this
situation, we have investigated the stability against contrac-
tions and dilations, which is associated to the pressures and
requires the conditions (19), and also, the stability against
spatial translations, which is related to the Hessian matrix
(20). These stabilities can only be attained if the condition
which ensures the divergenceless character of the tensor 7%,
is satisfied.

In the specific class of models (7), our formalism has led
to introduce the auxiliary vector function W(¢) that allows
us to write the energy as the integral of a divergence. By con-
sidering that G = W¢, we have shown that stable solutions
require null energy for D > 1. The case D = 1 is special and
the value of the energy depends on the specific model under
investigation. We have also analyzed the stability of the static
solutions against small fluctuations in arbitrary dimensions.
It is governed by a partial differential eigenvalue equation
whose associated operator can only be factorized in terms of
adjoint operators if the static field solves the first-order equa-
tion that emerges from our formalism. We have shown that
the zero mode may not exist, as it is described by a partial
differential equation that may not support solutions.

The static case in the model (7) was also investigated in
a single spatial dimension. Interestingly, Derrick’s scaling
argument lead to a local condition, contrary to the case in
higher dimensions. Moreover, the conditions required to pre-
serve the hyperbolicity of the eigenvalue equation that gov-
erns the stability under small fluctuations makes the require-
ments to get stability against translations or contractions and
dilations become identities. Even so, the linear stability is
not ensured; it depends on the model of interest. We have
used the first-order equation to factorize the Sturm-Liouville
operator associated to the eigenvalue equation in terms of
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adjoint operators to show that the zero mode can be obtained
analytically. The solution is stable only if the zero mode does
not present nodes.

To show that our procedure is robust, we have first devel-
oped it for the canonical model coupled with impurities.
We have constructed the potential that allows for the pres-
ence of the first-order equation which ensures the equality
BMT’f, = 0 for time-dependent field and impurity in arbi-
trary dimensions. In the static case, the conditions that ensure
stability against rescaling become identities. It is worth to
highlight that the model supports a BPS bound if the static
versions of the aforementioned potential and first-order equa-
tions are used. In this situation, the operator that dictates
the linear stability can be factorized explicitly in terms of
adjoint operators. If these operators do not present diver-
gences, then the negative eigenvalues are absent and the
model is linearly stable. We illustrate the method for the
specific set of potential and impurity considered in Ref. [69]
in two spatial dimensions, in which an analytical solution is
possible. It connects the minima of the potential and engen-
ders null energy, as required by stability conditions. Also,
we have shown numerically that the condition for avoiding
instabilities against translations is satisfied. In a single spa-
tial dimension, we have also considered the solution studied
in Ref. [69]. The energy is finite and does not depend on
the aforementioned parameter. We have studied the linear
stability, obtaining the stability potential and calculating the
zero mode explicitly; it does not have nodes, confirming the
stability of the solution.

Since our formalism allows us to study non-canonical
models, we have considered a model in which the potential is
not coupled to the derivatives of the field in the Lagrangian
density, but the dynamical term contains a generalization,
known as k-fields, similar to [8,59,60], described by a term
of a power-law type of exponent n. In this case, we have
shown the explicit form of the potential that satisfies the
constraint required to compatibilize the equation of motion
with the first-order equation that leads to the null divergence
of 7% in the time-dependent (D, 1)-dimensional scenario.
To study the properties of the model, we then have consid-
ered the static case, presenting the general equations with the
auxiliary function defined in Eq. (29). In two and one spatial
dimensions, by considering specific forms for the auxiliary
function W(¢), we have shown that the same solutions of the
canonical model can be obtained, provided that the impurity
is also the same. The energy density, although has a simi-
lar profile, depends on the parameter n, which changes the
thickness of the solutions. We have shown that the stabili-
ties against spatial translation and rescale of argument are
ensured. The D = 2 case has an issue: the stability potential
ranges from —oo to oo, with a continuum of negative modes
being present. This leads to instability. In a single spatial
dimension, we have obtained the potential that describes the
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linear stability and the zero mode, which is the very same of
the canonical model; it does not engender modes, ensuring
the stability under small fluctuations.

Another generalized model which we have considered was
of the Born—Infeld type. It couples the field to its derivative
in a non-trivial manner, with the presence of the parameter a.
We have found a class of models that allows for 3, 7", = 0.
In the static case, we have investigated the aforementioned
instabilities and showed that the first-order equations become
quite intricate when compared to the impurity-free scenario.
However, we have investigated the model with a > 1/2 in
a single spatial dimension and obtained analytical solutions
for a spatially localized impurity. The results show that the
impurity modifies the slope of the solution, which may break
the monotonic profile, leading to an interesting internal struc-
ture to the solution and energy density. In this situation, the
zero mode is uniform in all the space.

There are several distinct possibilities of continuation of
the present study. In particular, we can consider the case
of time-dependent field and impurities and also, the use of
several fields. Further investigation of the linear stability
of impurity-doped models in arbitrary dimensions are also
desirable. For instance, one may consider other W and o
in the context of k-field models to seek linearly stable solu-
tions in D = 2 and D = 3. It is also of interest to describe
time-dependent complex scalar field, to examine if the above
methodology can be extended to Q-balls. We may also think
of using complex scalar fields coupled to a gauge field engen-
dering local U (1) symmetry to investigate vortices in the
plane along the lines of Refs. [16-22] and also, models with
SU (2) symmetry coupling triplets of scalar and gauge fields
to describe magnetic monopoles in space. Moreover, if one
considers two scalar fields, one complex and the other real, it
is possible to examine generalization of the Friedberg—Lee—
Sirlin model [72] to incorporate impurities in three spatial
dimensions. Another line of investigation concerns study-
ing fields and impurities on curved backgrounds [73] and
also, extensions including the Einstein-Friedberg—Lee—Sirlin
model, which has been recently considered to investigate
black holes, Q-balls, and boson stars [74—76].
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