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Abstract

We consider two different SU(2)2-invariant cohomogeneity one manifolds, one non-compact
M = R* x $3 and one compact M = §* x §3, and study the existence of coclosed SU(2)2-
invariant G,-structures constructed from half-flat SU(3)-structures. For R* x S3, we prove
the existence of a family of coclosed (but not necessarily torsion-free) G2-structures which is
given by three smooth functions satisfying certain boundary conditions around the singular
orbit and a non-zero parameter. Moreover, any coclosed G;-structure constructed from a half-
flat SU(3)-structure is in this family. For §* x $3, we prove that there are no SU(2)2-invariant
coclosed G;-structures constructed from half-flat SU(3)-structures.
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Mathematics Subject Classification 53C10

1 Introduction

A G;-structure in a smooth seven-manifold M is a smooth positive 3-form ¢, and so defines
a unique Riemannian metric g, and an orientation (i, on M. A G,-structure is called closed
if dp = 0, and coclosed if dx,¢ = 0, where *,, is the Hodge star operator associated to
(8¢, 1y). Seven-dimensional manifolds with a G;-structure have been of great interest in
differential geometry, since if a G;-structure is both closed and coclosed, the metric g, has
holonomy contained in G;. They have also attracted substantial interest in String Theory and
M-theory. In heterotic or type II string theory they give rise to three-dimensional vacua, while
in M-theory to four-dimensional N = 1 Minkowski vacua. Coclosed G»-structures exist on
any oriented spin seven-manifold [9]. They appear in the context of the heterotic G, system,
which is studied both by mathematicians and physicists. When considering compactifications
of heterotic string theory down to 3 dimensions, the heterotic Gosystem is a system for both
geometric fields and gauge fields over a manifold with a G»-structure. The two gauge fields
are G-instantons and have their curvatures related by the so-called heterotic Bianchi identity.
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The heterotic G, system also requires that, after a conformal transformation, the G,-structure
is coclosed. It appears in the broader context of the heterotic systems on manifolds with special
geometry, such as the Hull-Strominger system [27, 38]. The heterotic G system was first
studied in [16-22, 28, 31]. For a full description of the system, we refer the reader for example
to [11].

The main aim of this paper is to find coclosed G;-structures in the cohomogeneity one
setting. A cohomogeneity one manifold is a Riemannian manifold with an action by isometries
of a compact Lie group G having a generic orbit of codimension one. We are interested in
cohomogeneity one manifolds as this is the next step of complexity after Reidegeld studied
homogeneous coclosed G-structures in [36]. In [10], Cleyton and Swann studied coclosed
G»-structures on cohomogeneity one manifolds where the acting Lie group G was simple.
For that reason, we are interested in the situation when G is not simple. Assuming that the
G-action is almost effective and that the manifold is simply connected leads us to consider
G = SU(2)?, up to finite quotients. As torsion-free G, manifolds have been studied in this
case ([3] and see below for references on torsion-free Go-structures on R* x $3), we will
focus on the case when the G-structure is coclosed but not necessarily torsion-free.

In this paper, we consider two different SU(2)2-invariant cohomogeneity one manifolds,
one non-compact M = R* x §3 and one compact M = §* x §3, and look for coclosed
SU(2)2-invariant G,-structures constructed from half-flat SU(3)-structures, i.e. structures
are the induced structures on hypersurfaces of a Ga-manifold. By considering this type of
G-structure, we are able to write them in a simplified way [34, 37]. This will allow us to write
conditions for the structure to be coclosed as a system of linear ordinary differential equations.
We first find a large family of structures with these conditions on R* x §3. The following
Theorem summarizes the existence result (see Sect.4 for a more detailed statement).

Theorem 1.1 On the cohomogeneity one manifold M = R* x §3 with group diagram
SU2)2 > ASUQ2) D {1}, there is a family of SU(2)-invariant coclosed G,-structures which
is given by three positive smooth functions satisfying certain boundary conditions around
the singular orbit, and a non-zero parameter. Moreover, any SU(2)-invariant coclosed G-
structure constructed from a half flat SU(3)-structure is in this family.

On $* x $3, we prove that there are no SU(2)2-invariant coclosed G»-structures con-
structed from half-flat SU(3)-structures.

On the manifold R* x §3, there are two explicit complete G-holonomy metrics: the
Bryant—-Salamon (BS) metric [7] and the Brandhuber et al. (BGGG) metric [4]. The first one
is one of the three asymptotically conical examples constructed by Bryant and Salamon in
1989, while the second one is a member of a family of complete (SU(2)2 X U(l))—invariant
G»>-holonomy metrics found by Bogoyavlenskaya in [5], known as the B7 family. More
recently, Foscolo, Haskins and Nordstrom constructed infinitely many new l-parameter
families of simply connected complete noncompact G;-manifolds [15], which are also
(SU(2)2 X U(l))-invariant. In [35], Podestd proved the existence of a one-parameter fam-
ily of locally defined nearly parallel G;-structures, which are mutually non-isomorphic and
invariant under the cohomogeneity one action of the group SU(2)°.

The family of G;-structures from Theorem 1.1 includes a SU(2)3-invariant subfamily
of explicit structures. It also includes some known families of torsion-free G;-structures as
particular cases: the Bryant—Salamon G;-holonomy metric [7] and the 1-parameter family
of complete (SU(Z)2 x U(1))-invariant G»-holonomy metrics of Brandhuber et al. [4] and
Bogoyavlenskaya [5].
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Layout of the paper

In Sect. 2, we will start by giving a review of the geometry of G»-structures, the associated
splitting of differential forms into irreducible G, representations and the torsion classes of
the structure in 2.1. We also explain how to construct a G,-structure from a half-flat SU(3)-
structure in 2.2. In Sect. 2.3, we will develop the mathematical background on cohomogeneity
one manifolds with two, one or zero ends.

We will start Sect. 3 by describing which seven-dimensional simply connected manifolds
can be of cohomogeneity one for the almost effective action of a compact Lie group. Then, in
Sect. 3.1, we give a description of a Gp-structure on a manifold which is invariant under the
cohomogeneity one action of SU(2)2. In Sect.3.2 we discuss the conditions for the metric
to be extended smoothly to a singular orbit for the two manifolds of our interest. In Sect.3.3
we obtain the systems of equations for the G-structure to be coclosed and write them as
a system of linear ordinary differential equations. Then we consider the special case of
SU(2)3-invariant coclosed G-structures and give some examples in Sect. 3.4.

In Sect. 4 we find a class of coclosed G2-structures on a given seven-dimensional simply
connected manifold under the cohomogeneity one action of SU(2)2. In Sect.4.1 we prove
some existence results for the coclosed equations. We present and prove our results for the
non-compact manifold R* x $3 in Sect.4.2 and for the compact manifold §* x §3 in 4.3.
Finally, in Sect. 4.4, we make a few concluding remarks.

2 Preliminaries
2.1 The geometry of G;-structures

In this section, we will give a summary of the geometry of G;-structures, from a Riemannian
geometric point of view, including a discussion of the torsion. Through the past years, G-
structures have been have been extensively studied. For more details, we refer the reader to
[30, Section 4] and [29, Chapter 11].

Consider R7 with the standard euclidean metric go, for which the standard basis ey, ..., 7
is orthonormal. Let ;g = e! A ... A €’ be the standard volume form associated to go and the
standard orientation. Define the “associative" 3-form ¢ by

00 = €123 — o167 _ 0527 _ ;563 | 415 _ 426 _ 43T 2.1
where e!, ..., ¢’ is the standard dual basis of (]R7)* and we write ¢/ = ¢’ A e/ A e, giving
a different expression for the associative form. Note that the order of ¢!, ..., ¢’ might change

between references.

Definition 2.1 Let M be a smooth seven-manifold. A G;-structure on M is a smooth 3-form
@ on M such that, atevery p € M, there exists a linear isomorphism 7), M = R7 with respect
to which ¢, € A3 (T;‘M) corresponds to g € A3(R7)*.

A Gj-structure ¢ on M induces a Riemannian metric g, and associated Riemannian
volume form g1, Let #, be the Hodge star operator induced from (g, ity). Then the coas-
sociative form is given by

Y= *40.

A smooth seven-manifold admits a Gp-structure if and only if it is both orientable and spin
[23].
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Let QF = I'(A%(T*M)) be the space of smooth k-forms on M, and let Q;‘ be the irreducible
representation of G of (pointwise) dimension /. We can write a decomposition of £ and
Q3 into irreducible G representations:

2 2 2
27 = Q70 Qy,
@ = Q] 020,
where

Q2 ={(BeQ’|x(pAp) =-28)

QL ={BeQ x(pAB) =B ={BeQ|BAY=0}=g,

Q ={fel feQl, 2.2)
Q) ={X_vy|Xel(TM)),

QG =y e lynp=0y Ay =0}

Let M be a manifold with G;-structure ¢ and let V be the Levi-Civita covariant derivative
associated to the Riemannian metric g,.

Definition 2.2 We can write
Vxo=T(X) . ¥,
for some vector field T(X) on M. Wecall T € T'(T*M ® T*M) the full torsion tensor of ¢.

The following Proposition ([6, Proposition 1], consequence of a classical result of Fernan-
dez and Gray [13]) gives a full description of the torsion of ¢ is in terms of four quantities,
known as intrinsic torsion forms.

Proposition 2.3 For any G,-structure ¢, there exist unique differential forms 1y € Q°(M),
neQ,ne 9%4 and 13 € 52%7 so that the following equations hold:

do = 0¥ + 311 A @ + *13, (2.3)
dy =40 AV + 12 A @ (2.4)

Definition 2.4 The G,-structure ¢ is called torsion-free if Vo = 0. We say (M, ¢) is a
Gr-manifold if ¢ is a torsion-free G,-structure on M.

Hence, ¢ is torsion-free if and only if 7 = 0. Vanishing of the torsion is equivalent to the
intrinsic torsion forms being all zero, so from (2.3) and (2.4) we also have that ¢ is torsion-
free if and only if both dp = 0 and dyy = 0. When ¢ is torsion-free, g, is Ricci-flat and has
holonomy contained in G;. Moreover, if (M, ¢, g,) is compact and ¢ is torsion-free, then
the holonomy Hol(g,) = G if and only if 771 (M) is finite (see [29, Chapter 11]).
We can classify Ga-structures in different types, depending on which components of the

torsion vanish:
(i) Torsion-free (Vo =0) 9 =11 =10 =13 =0;

(i) Closed (dp =0): o =11 =13 =0;

(iii) Coclosed (dy =0): 11 =10 = 0;

(iv) Nearly parallel (dp =AY, A #0): 11 =10 =13 =0.

In this paper, we will be interested in coclosed G2-structures. The principal reason for this
is that for a manifold to admit a solution to the heterotic G, system, it needs to admit a
G -structure with intrinsic form 7o = 0. After a conformal transformation, we can assume
that 7y = 0. As proved by Crowley and Nordstrom in [9], coclosed G;-structures exist on
any oriented spin seven-manifold. Coclosed structures have also been in the past referred to
as cosymplectic.
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2.2 Half-flat SU(3)-structures and G-structures

An SU(3)-structure (g, J, 2) on a six-dimensional smooth manifold M is a Riemannian
metric g and a g-orthogonal almost complex structure J together with a (3, 0)-form of non-
zero constant norm 2 = Q2 + i 2y satisfying the normalization condition:

2 3
QAR = ga) . (25)

We say that € QF(M) is stable if for every p € M, the orbit of « p under the action of
GL(TpM) is open in QF (T M*). An SU(3)-structure on a six-dimensional smooth manifold
can be described in terms of a pair of a 2-form w and a 3-form 2, that are both stable (with
A(22) < 0) and such that they satisfy the compatibility condition:

oA Q2 =0,

provided that the corresponding metric is positive definite and the normalization condition
is satisfied. Given such forms, using Hitchin’s construction [24, Section 2] we may recover
the SU(3)-structure as J = Jq, (where Jq, is an almost complex structure depending only
on 27), g(-, ):=w(-, J-) and Q:=Q1 + i2,, where 21:=J ;. For more details about this
process, see for example [1, Section 2.2]. We say that an SU(3)-structure given by the pair
(w, ) is half-flat if

dQ; =0, dw?=0.

We consider the 7-dimensional manifold M = I x N, where N is a smooth manifolds of
dimension 6 and [ is an interval with coordinate r € R. Let (w(t), 22(¢)) be a 1-parameter
family of SU(3)-structures on N parameterized by ¢ € I. Then, the following forms give a
Go-structure on M:

o =dt ANw(t) + (1),

2
Y= wz(t) —dt A 0(2). 26)

Every G-structure in the principal part of a cohomogeneity one manifold can be constructed
from an SU(3)-structure in the principal orbits. Assume that (w(¢), ©22(¢)) is half-flat. This
G»-structure is closed if the 1-parameter family (w(¢), €22(¢)) is a solution of:

Ql = dw.
The G;-structure is coclosed if (w(t), 22(¢)) is a solution of:
wAo=—d».

Hence, the G»-structure is torsion-free if (w(t), $22(¢)) is a solution of both equations.

Remark 2.5 Note that a coclosed G-structure whose restriction to each principal orbit is
half-flat only requires d€2; = 0 as an extra condition, as dw? = 0 automatically holds.

2.3 Cohomogeneity one manifolds

We will give a description of the structure of cohomogeneity one manifolds and their metrics.
For further details, see for instance [2, 25, 26, 40].
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Definition 2.6 A Riemannian manifold M is of cohomogeneity one for the action of the
compact Lie group G if G is a closed subgroup of the isometry group of M and has an orbit
of codimension one.

From now on, we assume that M is a simply connected cohomogeneity one manifold, and
G is a compact, connected Lie group. By the compactness of G, the action is proper and there
exists a G-invariant Riemannian metric g on M this is equivalent to saying that G acts on the
Riemannian manifold (M, g) by isometries. Moreover, we assume that the cohomogeneity
one action is almost effective, i.e. that the set of points of G whose action is trivial is discrete.
Letm: M — M /G be the canonical projection onto the orbit space and equip M /G with the
quotient topology relative to 7. The quotient space M /G is then homeomorphic to a circle
or an interval [2]. As we are assuming that M is simply connected, we have that M /G is
homeomorphic to an interval /. The inverse images of the interior points of the orbit space
M /G are known as principal orbits, while the inverse images of the boundary points are
called singular orbits. We denote by MP""® the union of all principal orbits, which is an open
dense subset of M, and by G, the isotropy group at p € M.

First, we will suppose M is compact. It follows that M /G is homeomorphic to the closed
interval / = [0, 1]. Denote by O_ and O, the two singular orbits 7! (0) and (),
respectively. Let y: [0, 1] — M be a normal geodesic (i.e. geodesic orthogonal to every
principal orbit) between 71 (0) and 7! (1), which always exists. Up to rescaling, we can
always suppose that the orbit space M /G is such that m o y = Id|o,1;. Then, by Kleiner’s
Lemma, there exists a subgroup K of G such that G, ) = K forallt € (0,1) and K is
subgroup of G (o) and G (1).

For M non-compact, M /G is homeomorphic either to an open interval or to an interval
with one closed end. In the former case, M is a product manifold M = I x G/K . In the latter
case, there exists exactly one singular orbit, and M /G = I where I = [0, c0). Analogously
to the compact case, there exists anormal geodesic y : [0, c0) — M suchthaty (0) € 1)
and we can suppose 7 o y = Id[o o). In addition, there exists a subgroup K of G such that
Gy = K forallt € (0, 00) and K is a subgroup of G (o).

Up to conjugation along the orbits, when M is compact we have three possible isotropy
groups H_:=G (), H1:=G 1) and K:=G ), t € (0, 1). When M is non-compact and has
one singular orbit, instead, we have two possible isotropy groups H:=G () and K:=G (1),
t € (0, 00). From all of the above, we have that

MPC =~ [ G/K,

and so, by fixing a suitable global coordinate system, we can decompose the G-invariant
metric g as

gy = dt* + g, 2.7)

where dr? is the (0, 2)-tensor corresponding to the vector field &:=y’ (r) evaluated at the
point y (), and g; is a G-invariant metric on the homogeneous orbit G - y (¢) through the
pointy (1) € M.

Now, we will assume M is compact. By the density of MP"" in M and the Tube Theorem,
M is homotopically equivalent to

(G XH_ D,) Ug/k (G X H, D+) s (2.8)

where the geodesic balls D4 :=exp (B.= (0)), B.- (0) C Ty (G -y ont, B+ (0) C
T, (G -y (1))*, are normal slices to the singular orbits in y (0), y(1). Here, G xy, D+
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is the associated fiber bundle to the principal bundle G — G/H; with type fiber Dy. By
Bochner’s linearization theorem, M is also homotopically equivalent to

(G xH_ B~ (0)) Ug/k (G xp, Ber (0)). 2.9

The isotropy groups H. act on B+ (0) via the slice representation and, since the boundary
of the tubular neighborhood Tub(O4):=G x g, B+ (0), is identified with the principal orbit
G /K and the G-action on Tub(QO4) is identified with the Hy -action on B+ (0), then H4 acts
transitively on the sphere S%:=3 B+, [+ > 0 still having isotropy K. The normal spheres
S’ are thus the homogeneous spaces Hy /K.

The collection of G with its isotropy groups G O H_, Hy D K is called the group
diagram of the cohomogeneity one manifold M. Viceversa, let G D H_, Hy D K be
compact groups with Hy /K = S+ By the classification of transitive actions on spheres
one has that the H.-action on S'* is linear and hence it can be extended to an action on B,=
bounded by S%. Therefore, (2.9) defines a cohomogeneity one manifold M. Analogously,
if M is a non-compact cohomogeneity one manifold with one singular orbit, we define the
group diagram of M to be the collection of G and the isotropy groups G D H D K, where
the homogeneous space H /K will be a sphere. The converse is also true: the group diagram
defines a non-compact cohomogeneity one manifold M. In these cases, M is homotopically
equivalent to G X g Be(0), where B¢ (0) € T, (0)(G - ¥ (0))T as before.

3 Gy-structures on cohomogeneity one manifolds

Let M be a seven-dimensional simply connected manifold of cohomogeneity one for the
almost effective action of a compact connected Lie group G. Let ¢ be a G»-structure on
M which is preserved by the action, and denote ¥ = *,¢. Let K be the principal isotropy
group.

We require that the action of G preserves the G»-structure, so the principal isotropy group
K acts on T, M with K C G, for any principal point p in M. If we denote ¢ = Lie(K),
then ¢ C g,. Let & = 9/0¢, where ¢ is the cohomogeneity one parameter. The subgroup of
G that fixes the subspace (§],) of T, M is SU(3). Hence, the requirement that G acts on M
with cohomogeneity one preserving ¢ implies that the representation of the isotropy group
K = K on the tangent space of the principal orbit is a subgroup of SU(3). Therefore at the
Lie algebra level £:=Lie (K) is {0}, R, su(2), 2R, u = su(2) @& R or su(3). Note that s1(2)
has two different embeddings in su(3).

As dimg — dim € = 6, we can write an initial list of possible possible decompositions
of the Lie algebra g into simple summands. This list can be reduced if we assume that the
manifold M is simply connected, using [25, Proposition 1.8] for the compact case and [1,
Proposition 3.1] for the non-compact case. If £ C g is an ideal, then the principal isotropy
would act trivially on M and the action would not be almost effective. Then, up to finite
quotients, the principal orbits are one of the following types:

SUQ2)? x U(l)  SUQ2)*.

(D) $3x $3=8sU)? =

u() RN
5 1 SU3) x U(l).
2) 2 xS§ S;J 73 SUQ) ;
() Fla= o5 (=2 g =su ()
Sp(2
4) CP(3) = ﬁgm (t=su() BR, g = sp2));
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G,

6 __
) 5°= SU@3)

(E=5u(3),9=gm).

For the last three cases, and up to a finite quotient, the group G acting is SU(3), Sp(2) and
G2, respectively. In [10], Cleyton and Swann studied G,-structures with a cohomogeneity
one action of a compact Lie group G. They only consider the case when the group G acting
is simple, so they consider acting groups SU(3), Sp(2) and G,. Later, they studied the
coclosed (or cosymplectic, as they call them) structures and determined the topological types
of manifolds admitting such structures. They also found new examples of compact manifolds
with coclosed G,-structures. On account of this, our focus will be on the first case, where
there is an invariant action of SU(2)2. We will also consider situations where there are extra
symmetries, such as extra SU(2).

3.1 G,-structures on SU(2)2-invariant cohomogeneity one manifolds

In this section we construct an SU(2)2-invariant half-flat SU(3)-structure on the principal

part IO, x N of a cohomogeneity one manifold M, where I; is either [0, co) or [0, 1], and
N = G/K. We will describe the SU(3)-structure, the associated G»-structure given by
equation (2.6) and the corresponding metric on M in terms of six real valued functions, by
using an orthonormal basis given by a Milnor frame. This follows from the work by Schulte-
Hegensbach in his PhD thesis [37] and Madsen and Salamon in [34]. Here we will follow the
reformulation by Lotay and Oliveira from [32, Section 2]. We note that the induced SU(3)-
structures (w(?), 22(¢)) on the hypersurfaces of the manifold N do not need to be half-flat
(this is guaranteed when M is a Gz-manifold, but when the G-structure is coclosed only the
condition dw? = 0 is guaranteed). We make this assumption in order to use the description
below to facilitate the search for new examples coclosed G,-structures.

We can construct a basis of su(2) @ su(2) written as su(2) @ su(2) = sut(2) @ su=(2).
Let {T,-}i3:1 be a basis for su(2) such that [T;, T;] = 2¢;x Ty. Then

T =(T,.T)., T, =(T;,-T)),

define a basis for su™(2) and su™(2) respectively. Let {n;r}?zl and {ni_}?=1 be dual basis to

{Tﬁ'}?: | and {Ti_}?=1 respectively. Then the structure equations are

dn” —fijk(nj+ A+ n; A )s

dn; = =2eijen; Ay

We will denote nij;. = nfb A njﬂ and Witz3 = n?t A nzi A r)3i. A generic SU(2)2-invariant
half-flat SU(3)-structure on the principal bundle is given by

w=4Y7| AiBin; A nf,%
Q1 =8B ByB3ny,; —4Y ;i  €ijrkAiAjBin; A 77;r ANy s (3.1)
Qp = —8A1A2A377T23 +4 Z,-le €ijkBiBjAxn; A 77]'_ A 77/:_,

for six real-valued functions A;, B; : I; — R, i = 1,2,3, A;(t), Bi(t) # 0 for ¢ in the
interior of /;. The compatible metric determined by this SU(3)-structure on {t} x N is:

3 3
g =Y QA nf @nf +> @B @7,
i=1

i=1
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and the resulting metric on /; x N, compatible with the G>-structure ¢ = df A w + 2y, is
given by

g=d’ +g. (3.2)

Hence, we can see the functions A; (z) and B;(¢) as describing deformations of the standard
cone metric.

Remark 3.1 For a G,-structure given by a half-flat SU(3)-structure as before, using the pre-
vious expressions and equation (2.6), we have that ¢ _ d¢ = 0, so

70 =0.
This means that for all of the G,-structures considered, the scalar curvature is zero.

Remark 3.2 In seven dimensional heterotic string theory, we say that the flux is a 3-form
given by

1
HZg‘C()(/J-‘E]_.Iﬂ—‘Q.

One of the equations of the heterotic G system, known as the heterotic Bianchi identity
or anomaly free condition, relates the exterior differential of the flux to the curvatures of
two gauge fields. If the G»-structure is coclosed as before, and using that 7gp = 0O from the
previous remark, we get

dH = ¢ TT;-, 14 Bil
[16(—4A By + (B1B2B3)" — (A2A3B1) + (A3A1B2) + (A1A2B3) )y A gy
+16(—4A2B; + (B1B2B3) + (A2A3B1) — (A3A1B2) + (A1 A2B3) )n3 A
+16(—4A3B3 + (B1B2B3) + (A2A3B1) + (A3A1By) — (A1A2B3) )iy, Ayl

This expression will be relevant when looking for solutions of the heterotic G, system for the
SU(2)2-invariant cohomogeneity one manifolds and the described coclosed G,-structures.
This will be subject of future work.

3.2 Extension to the singular orbits

The union of the principal orbits MP"" of the manifold M is a dense subset of M. Hence, it
is possible to extend the metric on the principal part to singular orbit(s) to give a metric on
the manifold M. However, there are some extra conditions that we need to impose in order
to ensure that this extension is smooth. These conditions follow from a method developed
by Eschenburg and Wang [12] to find when a metric (or more generally, a tensor) extends
smoothly to a singular orbit. In [39], Verdiani and Ziller gave an efficient way of checking
the conditions for a smooth extension of the metric. To use this method, we need to fix our
cohomogeneity one manifold. We will consider two situations, one of a compact and one of
a non-compact manifold.

As explained in Sect.2.3, a non-compact cohomogeneity one manifold is given by a
homogeneous vector bundle, while a compact one by the union of two homogeneous disc
bundles. We are interested in the smoothness conditions near a singular orbit, so we restrict
ourselves to only one such bundle.

The non-compact manifold that we are going to consider is M = R* x S3, seen as a
cohomogeneity one manifold with group diagram SU(2) x SU(2) D ASU(2) D {1}. In
particular, we consider the embedding R* x §3 < H x H and let SU(2) x SU(2) act via
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(a1, a2) - (p, q) = (a1 p, a1qaz).

R* x §3 is diffeomorphic to the total space of the spinor bundle S — $> over the 3-sphere,
which can be described as the quotient
SU(2) x SU(2) x R*
ASU(2)

)

where SU(2) is acting on the right diagonally. One of the reasons why we are interested in
this manifold is that it admits torsion-free G,-structures [4, 5, 7] and G,-instantons [8, 32].

The next Lemma tells us the conditions on the functions from the previous section A;, B;,
i =1, 2,3, for the metric to extend to the singular orbit Q = SU(2)2/ASU(2) ~ g3,

Lemma 3.3 [32, Lemma 8] The metric g in (3.2) extends smoothly (as a metric) over the
singular orbit Q = SU(Z)Z/ASU(Z) if and only if A;, B; are non-zero fort > 0 and:

(i) the A;’s are odd with A;(0) = 1/2; ) ) )
(ii) the B;’s are even with B1(0) = B>(0) = B3(0) # 0 and B1(0) = B>(0) = B3(0).

Note that condition (i) says that the metrics have to be almost round near to the singular
orbit, while condition (ii) guarantees that the singular orbit is totally geodesic.

Remark 3.4 There is another inequivalent action of SU(2)> on R* x §3, with group diagram
SUQ2) x SU2) D SUQ2) x {1} D {1}. Moreover, there are infinitely many distinct seven-
dimensional cohomogeneity one manifold with one singular orbit and an inequivalent action
of SU(2)2. They have singular isotropy group K, , = {(e!%1, ¢102) € T2|elmOitnt) — 1)
where m, n are co-prime (this guarantees that the manifold is simply connected), and principal
isotropy group isomorphic to Z;+,|. The manifolds constructed from that action are denoted
by M, . In [15], Foscolo, Haskins and Nordstrom constructed 1-parameter families of
torsion-free G2-structures on these manifolds, known respectively as the D7 family and the
infinite extension of the C; family. It would be interesting to study coclosed G-structures
on those manifolds as well, for which the (different) conditions for a smooth extension to the
singular orbit can be found in [15, Proposition 4.1].

For a compact manifold, we consider the cohomogeneity one manifold M = §* x §3
with group diagram SU(2) x SU(2) D ASU(2), ASU(2) D {1}. We consider the embedding
§3 x §% < H x (H x R), then $3 x $3 acts on M via

(@1, @) - (p,q,1) = (a1pay ', axq, 1).

The metric g in (3.2) extends smoothly (as a metric) over the singular orbits Q12 =
SU(2)2 /ASU(2) if the conditions for A;, B; from the previous lemma, which are now defined
on the closed interval [0, 1], are satisfied around both singular orbits. Note that in Lemma 3.3,
t is the arclength parameter along a geodesic intersecting the principal orbits orthogonally,
but we assume that the length of the interval /; is 1 instead of an arbitrary positive number, as
it does not affect the discussion, and in order to be consistent with the notation of Sect.2.3.

Remark 3.5 For the two previous situations, the corresponding normal sphere(s) H /K have
dimension 3. It would be interesting to explore another example where there is a normal
sphere with dimension 1, such as the Bazaikin-Bogoyavlenskaya manifolds [3], which have
group diagram SU(2)? > U(1) D Z/4.
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3.3 Coclosed equations

We derive equations for the functions A;, B; such that the G;-structure obtained via (3.1) is
coclosed. Recall from Sect. 2.2 that they will be derived from

wAd = —dQ. (3.3)

Using the expression for @ and 2, from equation (3.1), we obtain the system of ODEs that
will give us the coclosed conditions. We present it in the following Proposition.

Proposition 3.6 Let M be a seven-dimensional simply connected cohomogeneity one
manifold under the action of SU(2)%, with a G-structure constructed from a half-flat SU(3)-
structure. Let the SU(3)-structure (w, 21, Q22) be written as in (3.1). Then, the equations for
the Gy-structure to be coclosed are:

A2By(A3B3 + A3B3)+ A3B3(A2Br + ArB)) =

A1A2A3 — BaB3A| + B1B3As + B1 B A3,
A1B1(A3Bs + A3B3)+ A3B3(A1Bi + A1B)) =

A1AyA3+ BoB3A| — BiB3Ay + BBy A3,
A\Bi(AyBy + Ay By)+ A3By(A1By + A1 By) =

A1A2A3 + BaB3A| + B1B3Ay — B1 B As.

34

If we define

Dy = Ay By A3 B3,
D; = A1B1A3B;3,
D3 = A1B1A2B;,

then we can write (3.4) as a system of ODEs for the functions D1, D;, D3, where the coeffi-
cients depend on free functions A, A», A3. To ensure that the induced metrics are smooth,
Lemma 3.3 leads us to consider A;’s which are non-zero (positive, more precisely) for ¢ in
the interior of I, and satisfy certain boundary conditions. Hence, this system will be well
defined in the interior of /; and we will study the behaviour for the boundary points, where
the A;’s are zero. Note that the initial conditions from Lemma 3.3 correspond to the following
conditions for the functions D;

bZ
Di(t) = 1> + 0, (3.5)
and D; even,i = 1, 2, 3. The system is
X A’D A3D AZD
Dy = A1ArAs — 11— 22 35
A1§2A3 A11242A3 A11242A3
. A7D A5D A3D
Dy = AjApAs + A 22 33 (3.6)
A1A2A3 A1Ar2A3 A1AxA3
. A3D; A3D, A3D;
D3y = A1AyA3 + — .
A1A2A3 A1A2A3 A1AxA3z
Writing D = (D1, D>, D3)7 the system of equations now becomes
1 I —A? A A}
D=|1]A1424; + ——- A} —A} A5 | D. 3.7
1 1293\ A7 A3 —A3
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We will write it with matrix notation. Let

) —A? A} A3 1
M=———/| A2 —A2 A2 |, N=AAA3]1 (3.8)
Adads \ 4 42 4 !
Then our system is
D= M(@)D + N(1). (3.9)
Remark 3.7 We would like to recover the B;’s from the D;’s with:
. DDy
B; (t) = sign(bp) Do A2 ,t >0, B;(0)= by, (3.10)

L)

where D; 0) = b% /2 and {i, j, k} is a cyclic permutation of {1, 2, 3}. We can only do that if
D;D;j/Dy > 0fort > 0.

3.4 SU(2)3-invariant coclosed G,-structures
We now study some special cases of coclosed G2-structures, more concretely by considering
the case where the G-structure enjoys an extra SU(2)-symmetry, i.e. A; = Ay = A3 and

B = B, = Bsz. We will also study explicitly the case A} = Ay = Az and show that the
extra SU(2)-symmetry follows.

3.4.1 CaseA1 = Az = A3 and B1 = Bz = B3

We only have one equation:

1 A2 + B?
AB) = -1 ——1
(A1B1) 37 B
IfwedeﬁneD:A%Blz,weget
. D
D=A+ . (3.11)
Ay

Example 3.8 If we take A| = /2, our equation is

7 2D

8+t'

This has solutions depending on one constant, which we denote c:

D

D=ct’ + i
16
Hence renaming 4c¢ by c:
2
B] = Z +c.
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This is an even function, and B;(0) # 0 if and only if ¢ # 0. For ¢ > 0, since it is well
defined for ¢ € [0, 00), we can smoothly extend the metric to the singular orbit at # = 0. The
corresponding metric is

3 3
g=di* +12) nfent+ @+ 0 @n;.
i=1 i=1

In the limit ¢ — 0, the metric is conical.

Example 3.9 One of the first examples of a torsion-free G;-structure with a complete metric
is the one that gives the Bryant—Salamon metric on R* x S3 from [7]. The G;-structure is then
coclosed. The Bryant—Salamon metric is actually SU(2)3-invariant, and it can be realised as
a cohomogeneity one manifold with group diagram SU2)? o SU2)? > SU(2) (where
SU(2) is embedded in SU(Z)3 as 1 x 1 xSU(2) and SU(2)2 as A1 2SU(2) x SU(2)), as well
as with an action of SU(2)? in multiple inequivalent ways. The extra symmetry means that
A| = A> = Az and B| = B; = B3, and the torsion-free equations reduce to

| A3 . A
Ai=-(1-=). Bi=—.
2 B; B

Al=-V1-r3, B =

3

There is a solution

Sl

where r € [1, 400) is a coordinate defined implicitly by

‘) f r ds
r) = _,
1 V1—573
and ¢ denotes the arc length parameter. When t — oo, A1(t) ~ ¢/3 and B (t) ~ t/ﬁ. The
metric will then be

2 N b A
g=di* + 5 A= @uf + =07 @n ).

i=1
The asymptotic cone over of this metric is the standard homogeneous nearly Kéhler structure
3 3
on §7 x §7.

The general solution to equation (3.11) is

t
D = celin me® 4 Jinma® /0 e N mw% gy, (3.12)

As lim;_o D(#)#? = 4c, and we are only interested in positive solutions, we rename ¢ by
bg /16 so that the behaviour of D for small ¢ agrees with (3.5). Let f4, be the function defined
by

t 1
fa, it PUCEGES

b3 _
we conclude that D = 1% fa, (1) + fa, (1) f(; A3 (n)fAll(n)dr; and

_ -2 5 "3 -1
Bi= |A°(®) 16fA1(t)+fA1(t) A Ay fa, (mdn |.
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For these solutions, there is an extra SU(2) symmetry, and hence they are not only SU(2)3-
invariant but actually SU(2)3-invariant.
If we consider R* x §3 and assume a linear asymptotic behaviour of Ay, i.e.

A1(t) ~ at,

a > 0, whent — oo, we have linear asymptotic behaviour of Bj (as in the Bryant—Salamon
metric, for which a = 1/3) where a > 1/4 (but only in this case). Specifically,

2
4a — 1

Bi(t) ~ t.

3.4.2 Case A1 = A, = A3

We will now see what happens when A; = A, = Asz. Writing D = (D, D>, D3)7 the
system of equations (3.3) is

-1 1 1
-1 1 |D+|1]A5.
I 1 -1
We will solve the system for a generic smooth A;(7), with Aj(t) # 0if r # 0. By first

solving the homogeneous system and then using variation of parameters for the the general
solution to the in-homogeneous system, we find that the general solution is

—fal O =120 fa D (e far @) fo A3 £ (nydn
D= 0  —f20 fa0 |||+ ]| fa @ fy A £ (ydn |
—fa0 0 fa0) \a Fa @) Jo A3 £ )
for some real constants ¢, ¢2, c3. We observe that although 1/A1(¢) might not be locally
integrable in a neighborhood of 0, the exponential of the integral + f 1’ P Al_1 (£)dé& need not
present a singularity at O (see examples below). Similarly for

fa @) [y A3 £ Gndn,
As motivated from the conditions from Lemma 3.3, we now suppose a Taylor expansion
of A (t) of the following form

1

D=—
Aq

Ay = L 3 5
1(1) = 2 +aist’ +apst + ...

‘We have then

S| ) oaizE taisg + ..
7@2/ —d§+/ - . dé =2Int + f(1).
/1/2 A1(§) 12§ 12 5+ BRET 4 BEd

The second term is the integral of a smooth function, and we have denoted it by f(¢). Hence

fa ) =02 fr2) = 2O,

Imposing D;(0) = 0 so that conditions from Lemma 3.3 can be satisfied, we see that we
must have c; = ¢; =0, so B = B> = B3 and we are in special case of 3.4.1. Renaming c3
as b(z) /16 as before, the general solution becomes

%fm(t) + fa ) fo A3 £ (mdn
D= | a0+ a0 fy A0D £ ey
B a0+ fa, () fy A3 £ and
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4 Class of coclosed G,-structures over a SU(2)2-invariant manifold
4.1 Existence and uniqueness results

The main tool that we are going to use to get existence and uniqueness results for coclosed
G»-structures is the following theorem ([33, Theorem 7.1] and [14] for this statement).

Theorem 4.1 [14, Theorem 4.7] Consider the singular initial value problem

1
y= M)+ M y), y0) = o, 4.1)

where y takes values in R¥, M_y : R — R is a smooth function of y in a neighbourhood
of yoand M : R x R — R¥ s smooth in t, y in a neighbourhood of (0, yo). Assume that

(i) M—i1(y0) =0;
(ii) hld — dy,M_ is invertible for allh € N, h > 1.

Then there exists a unique solution y(t) of (4.1). Furthermore y depends continuously on yq
satisfying (i) and (ii).

Note that this result only gives a short-time solution. However, we will be able to further
extend the solution (see Remark 4.2).

We will write our system as in this theorem. Let A, A2, A3 : [0, L) — R be smooth
functions, where L is either infinity or 1, that satisfy the corresponding conditions from
Lemma 3.3 (i), i.e. with A;(z) > O fort € (0, L), and such that

@) A; ’s are odd,

(i) A;(0) = 1/2.

Let Dy = (0,0, 0)7, as D; (0) must be 0 if we want an extension to a singular orbitin t = 0.
Then we can write (3.7) as

1
D= ;M—I(D) + M(t, D),

where
-1 1 1
Moy=2(1-11]:R >R,
1 1 -1
and
1 ! —A} A3 A} 1
M(t, D) = AtArAs [ 1| + ——— A? —A3 A |D- ~M_1(D)
14243 2 427 _ 42
1 A7 A5 —A3
is smooth in 7, D. The condition (i) from Theorem 4.1 holds as M_{(Dg) = 0. However, (ii)
does not hold as dy, M_ has one positive eigenvalue: dy,M_; — hld is not invertible for
h=2:
-1 1 1

doM_; =21 -1 1
11—l
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Dividing (3.7) by 12, we get

DLy (B pur(n2
2T e T12)”

where M_; is as before and

! 1 ! —A? A3 Ag aRER
Mt y) = FA1AAs [ 1| + AT —A3 A] y=2| b=ty
1 123\ A7 AT —A3 11 -1

The function M’(z, y) is smooth in (¢, y) in a neighborhood of (0, Dy). Then
d (b —1(M 21d) b + M’ tD
ac\2) ~ ! 12 " 12
1, D , D
= Mg) M\ n)

My=21-21|:R >R

where

Now dy, M’ , only has non-negative eigenvalues. Fix
Eo = (b§/4,b%/4,b5/M)T for some by # 0. Note that M’ | (Eg) = 0. The new singular
initial value problem for E(¢) = D(t) /t2 is:

E = %MLI(E) +M'(t, E), E() = Ej. 4.2)

It satisfies the conditions from Theorem 4.1, meaning there exists a unique solution E(¢)
in a neighbourhood of 0. Furthermore it depends continuously on Ey. Then we can define
D1, Dy, D3 by D(t) = t*E(¢).

Remark 4.2 As for every i = 1, 2,3 we have that A; is smooth and positive on (0, L), the
function (D, t) — M(t)D + N(t) (with M and N are as in (3.8)) is Lipschitz in D on any
closed interval contained in (0, L). Hence, using Picard—Lindelof Theorem we know that we
can extend the solution in a neighbourhood of 0 to [0, L).

We have proved the next Proposition.

Proposition 4.3 Ler Ay, A, Az : [0, L) — R be smooth functions with A;(t) > 0 for
t € (0, L), where L is either infinity or 1, such that
(i) A,- ’s are odd;
(ii) A;(0) =1/2.
Let by # 0. Consider the singular initial value problem
AID, A3D, A3D;3
A1A2As  A1A2A3  AjA2A3]
AiDi  A3Ds A3Ds
A1ArAs  A1Ar2A3  A1ArA3°
A2D, A3D; A3D;
A1A2As  A1A2A3 A1A2A3°

Dy = A1A2A; —

Dy = A1A2A5 +

D3y = A1A2A3 +
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with
D;(0) = Di(0) =0, Di(0) = bj/4.

Then, there exists a unique solution on [0, L) for this system of ODEs, that depends contin-
uously on by.

We need to check whether we can recover B, B, B3 using equation (3.10) to obtain
a coclosed G»-structure in the principal part. We can only do that if Dy D>D3 > 0. The
following Lemma guarantees that this is true.

Lemma4.4 Let Dy, Dy, D3 : [0, L) — R be the unique solutions from Proposition 4.3, for
some L which is either a positive number or infinity. Then D;(t) > 0 fort € (0, L).

2
Proof By construction D;(¢) = %‘)tz + 0(3),s0ina neighborhood around 0 they are all
positive. Suppose the statement is not true, and let ' > 0 be the smallest positive real number
where one of the D;’s is 0. Then

A D;(1) AR () D ()

Di(t) = A1 (t) Ay () As(t’
() = A A A1) + A T A At AsE)

where {i, j, k} is a cyclic permutation of {1, 2, 3}. However, D; cannot be increasing at ¢/,
so this is a contradiction. O

Corollary 4.5 Let Ay, A2, A3 : [0, L) — R be smooth functions with A;(t) > 0 fort €
(0, L), where L is either infinity or 1, such that

(i) A;’s are odd;
(i) A;j(0) =1/2.

Let by # 0. Then there exist unique functions By, By, Bz : [0, L) — R that, together with
Ay, As, Az, will give a solution for the system of ODEs (3.4) with B; (0) = bg, and the B;’s
depend continuously on by.

We could also study the system (3.6) without appealing to the theory of singular initial
value problems. We may do so using the same procedure of Sect. 3.4.2, by first solving it using
the general theory of linear systems of ordinary differential equations and then introducing
the boundary conditions of the functions A1, Az, A3. We describe the main points but omit the
details, as it follows the same steps as in Sect. 3.4.2. If A1 (¢), A2 (t), A3(¢) are the eigenvalues of
M (1), then the general solution will be equal to a particular solution plus a linear combination
of ¢ exp flt/z (&), crexp flt/z A2(£), and c3 exp flt/z A3(&), where ¢y, ¢, c3 are arbitrary
constants. Near the singular orbit and without loss of generality, we have A1 = —4/t 4+ O(t),
Ay = —4/t + O(t), and A3 = 2/t + O(t), so imposing D;(0) = 0 we getc; = ¢ = 0.
Finally, c3 will be uniquely determined by b% and the desired boundary conditions for the
solution (3.5) also follow. While this alternative method requires long computations that the
solution above avoided, we note that this can be used to get an explicit solution to (3.6),
which will therefore lead to explicit expressions of the G-structure and the metric.

4.2 Extension on R* x §3

In this section we consider the seven-dimensional non-compact simply connected cohomo-
geneity one manifold M = R* x §3 with group diagram SU(2)> D> ASU(2) D {1}. From the
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last section, we know that on the principal part of that manifold there is a family of coclosed
G,-structures. They are constructed from a half-flat SU(3)-structure which is invariant under
the cohomogeneity one action. The next step is checking whether it is possible to extend this
structure to the singular orbit.

The functions A; that, together with the constant by # 0, give us our family of G-
structures, satisfy the conditions (i) from Lemma 3.3 by construction. Recall the expression

of the B;’s:
) DDy
B (t) = sign(bo) | ——=,t € (0, L), B;(0) = by,
D; A;

where {i, j, k} is a cyclic permutation of {1, 2, 3}. Note that B;(¢) is continuous at t = 0.
We will check whether they satisfy the conditions (ii) from Lemma 3.3 for the metric to be
extended to a singular orbit Q = SU(2)2/ASU(2) = 3. First, a direct consequence from
Lemma 4.4 is that B;’s are sign definite for + > 0. The next two Lemmas guarantee that,
under the same boundary hypothesis for A, Az, A3, the remaining conditions from Lemma
3.3 hold.

Lemma 4.6 The functions By, B2, Bz from Corollary 4.5 are even.

Proof Recall that we can write (3.6) in matrix form as dD/dt = M(t)D + N(t), where
D = (Dy, D3, D3)T and both M, N are matrices of odd functions. Let D(¢) be the unique
solution of this equation in a neighbourhood of 0, say [0, &). We extend M and N to (—e¢, 0)
by setting M (—t):=— M(t) and N(—t):=— N(¢),t € (0, ). Then, since D(¢) is a solution
of the equation dy(t)/d(t) = M(t)y(t) + N(t), which is equivalent to dy(t)/d(—t) =
M(—t)y(t) + N(—t), we can therefore set D(—t):=D(t), which makes D into an even
function. Finally, as the D;’s are even, the B;’s are even too. m]

Lemma 4.7 The functions By, B2, Bz from Corollary 4.5 satisfy B1(0) = B»(0) = B3(0).

Proof We denote by a; 3 the coefficient accompanying #3 in the Taylor expansion of A; (1),
b; » the coefficient accompanying 2 in the Taylor expansion of B; () and d; 4 the parameter
accompanying ¢* in the Taylor expansion of D; (t). We can then write:

t
Aj(n) = 5 +ai 37+ 0(),
B;(t) = by + b,‘,glz + 0([4),
b2
D;i(t) = Zotz + di 4t* + 0 ().
The parameters d; 4 depend on a; 3, and we can compute this dependence from the ODEs for
D(t) by considering the Taylor expansion of both sides of
A1A2A3D; = (A1A2A3)” — ATD; + ATDj + A; Dy,
where {i, j, k} is a cyclic permutation of {1, 2, 3}. After a direct computation we get that

1 1

dl'.4 = T6 - Eb%aj’?,.

Now, as

Di(1) = Aj(t)Bj(1)Ax(1) B (1),
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we can also write

b} bo
di4 = 7(@',3 +ag3) + Z(bj,Q + b 2).

Putting these two together, we get

1
bip=byp=b33=——Dbolar3 +az3+a33).
8bg

Hence, the condition B, 0) = 32(0) = B3 (0) is always true. O
We can now write the following Proposition.

Proposition4.8 Let M = R* x S3 be the seven-dimensional non-compact simply con-
nected cohomogeneity one manifold with group diagram SU(2)> > ASU?2) > {1}, with
a Gy-structure constructed from a half-flat SU(3)-structure which is invariant under the
cohomogeneity one action. Let the SU(3)-structure (w, 21, Q22) be written as in (3.1). Let
A1, Az, Az : [0, 00) — R be smooth functions with A;(t) > 0 fort € (0, 00) such that

(i) A;’s are odd;
(ii) A;(0) =1/2.
Let by # 0. Then there exist unique functions By, B, B3 : [0, 0c0) — R that, together with

A1, Az, Az, will give a solution to (3.4) with B;(0) = by, and the B;’s depend continuously
on by # 0. The metric g given by (3.2) extends smoothly over the singular orbit.

Proof By Corollary 4.5, there exists unique functions Bj, By, B3 : [0,00) — R that,
together with Ay, A, Az, will give a solution to (3.4) with B;(0) = bg, and the B;’s
depend continuously on by # 0. Note that the B;’s are smooth functions in [0, co), and
B1(0) = B2(0) = B3(0) # 0. By Lemma 4.6, the functions B; are even, and by Lemma
47, By 0 = I§2(O) = B3 (0). They are also sign definite. Hence, by Lemma 3.3, as the
conditions for the functions A; are satisfied by construction, the metric g extends smoothly
over the singular orbit. O

The next Theorem summarizes the results from the previous Proposition.
Theorem 4.9 On the cohomogeneity one manifold M = R* x S with group diagram
SU2)2 > ASUQ) D {1}, there is a family of SUQ2)*-invariant coclosed G-structures
which is given by three positive smooth functions Ay, Az, Az : [0, 00) — R satisfying the
boundary conditions att =0

! 3
Ai(t) = >+ o),

and a non-zero parameter. Moreover, any SU(2)*-invariant coclosed Gy-structure con-
structed from a half flat SU(3)-structure is in this family.

Remark 4.10 The volume of the singular orbit at # = 0 is proportional to bS.

4.3 Extension on $* x $3

In this section we consider the seven-dimensional compact simply connected cohomogeneity
one manifold M = §* x $3 with group diagram SU(2)2 D ASU(2), ASU(2) D {1}. From
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Sect.4.1, we know that on the principal part of that manifold there is a family of coclosed
G-structures constructed from a half-flat SU(3)-structure. In the last section, we saw that it
is possible to extend the structure to one singular orbit SU(2)%2/ASU(2).

The next Proposition shows that the previous structure cannot be smoothly extended to
two singular orbits of type SU(2)%2/ASU(2).

Proposition 4.11 On the cohomogeneity one manifold M = S* x S* with group diagram
SU2)2 5 ASU(2), ASU2) D {1}, there are no SU(2)2-invariant coclosed Go-structures
constructed from half-flat SU(3)-structures.

Proof Suppose that M has a G-structure constructed from a half-flat SU(3)-structure on
its principal part, which is invariant under the cohomogeneity one action. Then the SU(3)-
structure (w, 21, £22) can be written as in (3.1), and there are Ay, Ay, A3 : [0,1] — R
smooth functions with A; () > 0 for ¢ € (0, 1) such that

@) A,- ’s are odd around ¢t = 0;
(i) A;(0)=1/2.

Let by # 0. By Proposition 4.3 we know that there exists a unique solution of the system
(3.6), D; : [0,1) — R with initial conditions D;(0) = D,- ) =0, B,- ) = b(2)/4, for
i = 1,2, 3. Then, there exist unique functions Bj, Bz, B3 : [0, 1] — R that, together with
Ay, Az, Az, will solve (3.4). Also, by Proposition 4.8 the metric (3.2) can be extended to the
singular orbit at # = 0. Hence, this solution can be extended to the interval [0, 1). It remains
to check whether we can extend the solutions to t = 1. In equation (3.6), we add

A%D] + A%Dz + A%D3
A1ArA3

In Lemma 4.4 we proved that for ¢ € (0, 1), D;(t) > 0,i = 1,2,3s0d(D1+ D>+ D3)/dt >
0. In particular, as D; + D> + D3 vanishes at ¢t = 0, it cannot be 0 at + = 1. Therefore,
there cannot be an extension to the singular orbit at # = 1. This is because the B; functions
obtained from the D;’s blow up at this orbit.

Alternatively, this result also follows from the smoothness conditions for A;,i = 1,2,3
around both singular orbits. From the symmetry of equations (3.4), we deduce that the
smoothness conditions at ¢+ = 1 require that A; (1) = 0, Ai(l) = 1/2. This, together with
Ai(0) =0, A;(0) = 1/2, implies that there is a point in (0, 1) where the A; vanishes. This
gives a contradiction with the fact that A; is sign definite in (0, 1). O

’

d
E(Dl + Dy + D3) =3A1A2A3 +

4.4 Conclusions and future directions

The first thing that we observe is that on M = R* x S3 there are many more G,-structures
constructed from half-flat SU(3)-structures that are coclosed than that are torsion-free (in
general, one can perturb a coclosed G;-structure by adding a small exact 4-form to construct
another coclosed G»-structure). In particular, Lotay and Oliveira give a two-parameter family
of torsion-free G,-structures constructed from half-flat SU(3)-structures [32, Remark 21].
The coclosed family described in this chapter depends on three smooth functions satisfying
certain boundary conditions and a non-zero parameter. More generally, known examples of
torsion-free G,-structures constructed from half-flat SU(3)-structures have an extra U(1)-
symmetry. With our previous notation, this means that A, = A3 and By = B3. We showed
that if we relax the torsion-free condition to coclosed, the A;’s only need to be equal at orders
lower or equal than 1 in the Taylor expansion of the cohomogeneity one parameter around
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the singular orbit, and the B;’s at orders lower or equal than 2. Our families of structures
contain the Bryant—Salamon G;-holonomy metric [7] and the 1-parameter family of complete
(SU(2)2 X U(l))—invariant G>-metrics of Brandhuber et al. [4] and Bogoyavlenskaya [5],
also known as the By family. In particular, we deduce from [15, Theorem 6.16] that if we have
an extra U(1)-symmetry and impose that the metric is G, and complete, we get precisely
this family.

While the objective of this paper is the construction of new examples of coclosed G-
structures which are invariant under the cohomogeneity one action of SU(2)?, we outline
future directions for a systematic study of these structures which could be made by relaxing
some of the assumptions made in this paper. We first recall that coclosed G2-structures do not
need to be half-flat. While this condition is guaranteed to hold for torsion-free G»-structures,
when our structures are coclosed we only need a weaker condition: dw? = 0. Therefore,
we may consider families of SU(3)-structures (w(), Q22(¢)) such that dw? = 0 instead of
being half-flat, but this would require a different analysis as the description of the structure
from equation (3.1) would no longer hold. It would also be interesting to consider seven-
dimensional manifolds with a G;-structure invariant under a cohomogeneity one action of
SU(2)? which is different than the one considered in this paper and described in Sect. 3.2 (see
Remark 3.4 for other inequivalent actions). As the coclosed equations (3.6) do not depend on
the action, these will remain valid for a different action of SU(2)2, while the conditions for a
smooth extension to the singular orbit will be different. A similar analysis of the ODEs with
the new boundary conditions could be done for these cases, potentially providing new families
of metrics containing D7 family and the infinite extension of the C; family as particular cases.

In [1], A. and Salvatore showed that if M is a six-dimensional simply connected cohomo-
geneity one manifold under the almost effective action of a connected Lie group G, then M
admits no G-invariant balanced non-Kihler SU(3)-structures. As in this paper, the search for
balanced SU(3)-structures was also motivated by heterotic string theory; in particular, the
Hull-Strominger system. This means that on most cases (and possibly always), the existence
of a balanced structure (which can be seen as the six-dimensional analogue to a coclosed
G-structure) in the cohomogeneity one setting forces the structure to be Kéhler. We observe
that the existence of a class of coclosed G»-structures, not necessarily torsion-free, in the
cohomogeneity one setting contrasts with this result, as in the 7 dimensional analogue, the
cohomogeneity one hypothesis does not force coclosed Ga-structures to be torsion-free.

Given the structures found in this paper, the question that arises is what are the G-
instantons over R* x $3 with these structures. Another question is whether it is possible to
find solutions to the heterotic G, system over them. At the present time, the author is working
on these problems (see Remark 3.2).
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