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Abstract

We study a small system with a finite number of energy levels that interchanges energy with
a reservoir, consisting of a bosonic field at temperature 7' > 0. We will study the dynamics
of this system, which is given by a Liouvillian operator.

It has been proven, that if 0 is a simple eigenvalue of the Liouvillian then the system has the
property of return to equilibrium. That means that the system under small perturbations
approaches its unique equilibrium state, as time tends to co.

We will prove that 0 is a simple eigenvalue in leading order perturbation theory and we will
apply these results to spin waves in a ferromagnet.

We will see the principal methods and results used in studying the spectrum of the Liou-

villian.



Chapter 1

Introduction

In this diploma thesis we will deal with two classes of open systems, namely a finite di-
mensional open system coupled to a radiation field and an open system under local pertur-
bations. With ”Open system” we mean that the system energy is interchanged with the
exterior. In our case the exterior consists either of a reservoir of quantized energy, or of a
small perturbation of the dynamics of our system (e.g. a local impurity in a lattice or a local
perturbation of the temperature in a bosonic field). We are interested in the dynamical be-
havior of these open systems. In order to study it we will start with a quantum-mechanical
model for the open system and the exterior, write down a model Hamiltonian for the in-
teraction between the two, and then investigate the evolution of the system as determined
by the complete Hamiltonian. For systems at T' > 0 we will see in chapter 2 that it will be
easier to use Liouvillians instead of Hamiltonians.

We will see that under appropriate conditions on the Hamiltonian/Liouvillian of the open
system and on the Hamiltonian/Liouvillian of the interaction, the system possesses the
property of return to equilibrium. That is to say the initial excited states of the open
system approach a ground state of equilibrium of the coupled system as the time tends to
infinite. These equilibrium states of the system are called KMS states. We will study also

the uniqueness of these stationary KMS states.



1.1 Description of Physical Systems

Our principal model will be an atom or a molecule coupled to a radiation field. We will
study also a model of magnons in a ferromagnet (section 6.4 of chapter 6). As an open
system model under local perturbation we will study a model of a free scalar Bose field

perturbed by a local impurity (section 3.4 chapter 3).

1.1.1 Finite dimensional quantum system coupled to a radiation field

Under ”system” we will understand the system formed by the open system S and by the

reservoir R:

\ \
\ \
S \ R \
\ \
Sytem = Small Open System + Infinitely Extended Reservoir

Fig.1 Diagram of the System

Small System: It consists of a confined atom or molecule with a finite number of energy

levels. The Hilbert space of this small system is:
Hay ~CV N < oo (1.1)
the Hamiltonian of the small system H,; is given by:
Hy=—-A+V(x) (1.2)

We will suppose that V(z) > 0 and V(z) — 0 as © — oo. To this Hamiltonian we will

associate an atomic Liouvillian L,;. We will suppose that:
U(Hat) = {Ez}lj\i_ol Eo < E1 < e < EN_1 (13)

— 0 ———— 00— 00— 06— 00—

E, Fy oo En_g

Fig.2 Spectrum of Hay



We will suppose that the eigenvalues are simple and every eigenvalue E; corresponds to an

eigenvector ¢;:
Harpj = Ejp; (1.4)
These eigenvectors form a complete orthonormal system in H,:, with the scalar product
() on Heyy:
(pi,pj) =6 4,j=0,1...N—1 (1.5)

Reservoir: It consists of the quantized electromagnetic field. The Hilbert space of a photon

is given by:
1
nY = I2(R® @ C?,d%k) (1.6)

The Hilbert space of the reservoir coincides with the Fock space:

Hp=F:=Co@hr"  n"W.=h®"n>1 (1.7)
n>1

h®s™ denotes a symmetric tensor product since we are dealing with bosons. The Hamiltonian

of the reservoir is:
Hy = / dkw(k)a™(k)a(k) (1.8)

To this Hamiltonian we will associate a field Liouvillian L.

We will deal with physical photons, that means that the dispersion relation of w(k) is
w(k) := |k| and the dimension of the photon momentum space is three. Therefore the last
integral is understood as a three dimensional one, but we will write often dk in order to

simplify the notation.

Fig.8 Spectrum of Hy, opp(Hyf) =0 and cac(Hy) = (0,00)

System: Its Hilbert space is:
H="Hau®@Hs (1.9)

On one hand we will consider the uncoupled system (without interaction) with Hamiltonian:

Hy=Hu 1+l H; (1.10)



To this Hamiltonian we will associate a Liouvillian L.

Fig.4 Spectrum of Ho, opp(Ho) = {Eo...En—1}, 0ac(Ho) = [Eo, 00)

As it can be seen in Fig.4 the spectrum of Hy consists of the union of branches [E;, c0)
starting at the eigenvalues F; which are thresholds of continuous spectrum.

On the other hand we have the coupled system (taking into account the interaction I') with
Hamiltonian:

Hy=Hy+gl ¢g>0 (1.11)

where g is the coupling constant. To this Hamiltonian H, we will associate the Liouvillian
of the coupled system L.

Our interaction has the form:
= / dk{G (k) © a* (k) + G*(k) ® a(k)}  G(k) € Myxn (1.12)

where G(k) is a complex N x N matrix. To the term I we will associate a term W (the
Liouvillian of the interaction).

We will suppose that the matrix G fulfil the following conditions, writing G;;(k) = (¢;|G(k)p;):
H1: The functions G;;(e~?k) for 6§ € R extend analytically as functions of , on a domain
in C containing the strip:

2190 = {9 \Im&\ < 190} (1.13)

for some 1y, independent of k€ R? and i,7.
H2: We assume that there exists positive constants g > 0 and M < oo, such that for all
0 € By, and k € R?:
ZN: Gy (e7k)| < eMIBeOly(k)H (1.14)
ij=1
where w(k) = |k|.
For theorem 2.2.11. we will need the following condition, which introduces a cutoff in the

interaction:



H3: There exists a constant 0 < A < oo such that, for all § € Xy,:

N
3 / Gy (k) Plw(k) + w(k)~*]dk < e2MIReOI A2 (1.15)
ij—1

Magnons in a ferromagnet

In this model we study a ferromagnetic material which suffers a perturbation that is shown

under the form of a spin wave. Our Hamiltonian is:

H=Hs+Hy =-JY S Spry— > j(@)50- 5, (1.16)

Ty T
The first term represents the interaction of nearest neighbors between spin sites in the ferro-
magnetic lattice. The second term represents the interaction between the ferromagnet and
the exterior in form of a spin wave. We will see that under an appropriate transformation

the Hamiltonian Eq. (1.16) is transformed to the form of Eq. (1.11).

1.1.2 Open System under Local Perturbations

We will analyze the properties of infinite systems in or close to thermal equilibrium and their

behavior under small perturbations of their dynamics by coupling them to finite subsystems.

——  Open System

Small
Perturbation

Fig.5 Diagram of the System

Free scalar Bose field perturbed by local impurity

In this case we have a lattice and a local perturbation under the form of phonons. We will

use this model to analyze the uniqueness of the equilibrium KMS state.
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1.2 Description of Problems to be Solved

Our principal purpose is to analyze the spectral properties of the Liouvillian of the perturbed
system (Lg).

We know the spectrum of the atomic Liouvillian (L4 ) and the spectrum of the Liouvillian
of the reservoir (L), but we do not know the spectrum of the coupled Liouvillian (L, =
Lo + gW where Ly := Lq + Ly). Therefore, there have been proposed several methods
to derive the properties of the Liouvillian of the coupled system from the properties of the
known Liouvillians.

We will assume that Lg is a self-adjoint operator which is proved in [7] or [56]. We will see
that the spectrum of L, is absolutely continuous on R\0. At the point 0 the spectrum will
be more difficult to analyze. In order to analyze the simplicity of the eigenvalue 0 and the
uniqueness of the equilibrium KMS state there are two methods: the renormalization group
method and the positive commutator method. From the simplicity of the eigenvalue 0 it
follows the property of return to equilibrium. In chapter 6 we will show the simplicity of
the eigenvalue 0 in leading order perturbation theory by computing the level shift operator.
We will also calculate the resonance energies in low-order perturbation theory and we will
apply all these results to the spin relaxation in a magnon environment.

In chapter 3 we will show that the commutator method is also valid for matrix element
functions Gj;(k) that behave as vk and 1/vk as k tends to zero. We will also study the
uniqueness of the KMS state using the positive commutator method.

In chapter 5 we will present the renormalization group method and we will deduce the
expressions for the terms E, T, W contributing to our Liouvillian in low-order perturbation
theory. We will also show, by using the smooth Feshbach map, that the domain of the
spectrum of Ly(#) in the proximity of 0 is cuspidal.

1.3 Summary of Methods to be Used

We will present the different methods used to analyze the spectrum of the Liouvillian of
the perturbed system (Lyg).
In chapter 2 we will present the mathematical formalism of the theory of open systems, the

results of which will be used in successive chapters (above all in chapter 6). In chapter 4



11

we will do a review about the complex deformations and the Feshbach Map. The complex

deformation method is based on the equation (see Eq. (4.21)):

(pl(Lg — 2) ') = (UB)¢l(Lg(8) — )" U(O)%) (1.17)

where L,(6) is the complex deformed Liouvillian, this equation is the analyticity (in 6)
property of the complex deformation. If we show that the right hand side is analytic on
z near the real axis, then the left hand side is also analytic for these values of z. On the
other hand we know that since L is self-adjoint, it has real eigenvalues. Therefore we can
say that in the values of z on the real axis, where we can make an analytic continuation of
L4(8) from the upper half-plane (z +i¢) to the lower one (2 —ic) for z € R, for these values
of 2 (Ly — z)7! exists, with the meaning that the spectrum of Ly is absolutely continuous
for these values of z.

The Feshbach map will permit us to obtain a perturbative analysis for small g of the

spectrum of Ly(#). We will get an expression of the form:
Fp(Ly(0) — 2) = P(Lat — 2)P + gPW (0)P — ¢’ T2 (0, 2) + - -- (1.18)

where the spectrum of L, is known, P is the projection onto the space of the desired
eigenvalue, W is the Liouvillian of the interaction, and I'®)(8, 2) is the level shift operator,
T2(0,2) := —Fp(Ly(0,2))? defined on Eq. (6.26). Using the isospectrality property
(under a Feshbach map transformation the spectrum of our Liouvillian is conserved), we
see from Eq. (1.18) that the spectrum of L, is approximated by P(Lg — 2)P in order g°
and by P(Laqt — 2)P + gPW P — g’T'®(6, 2) in order ¢°.
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Renormalization
Group
A
Isospectrality
Complex Feshbach Analyticity
Deformation Map in6,Eq. (1.17)
(Level Shift
Operator)
Positive
Commutator

Fig.6 Diagram of the methods and properties used for the analysis of the spectrum of Lq

Near 0 we must iterate this method, in other words we apply Feshbach map transformations
successively, which is the essence of the renormalization group method. In order that each
step of the iteration looks like the step before, we add two operations after each Feshbach
map transformation, namely a dilatation and a rescalation of the spectral parameter. The
set of these three operations constitute the renormalization transfomation.

The positive commutator method is based on the inequality:
Ba(Ly)[Lgs A\Ea(Ly) > vEA(Ly) (1.19)

where v > 0, [+, -] is the commutator and Ea(Lg) is the spectral projector of Ly onto the
interval A, which contains only one eigenvalue €; # 0 of Ly. The idea is to construct a
antiself-adjoint operator that fulfills this inequality and together with the virial theorem

permits us to say that in A the spectrum of L, is absolutely continuous.



Chapter 2

Mathematical Theory of Quantum
Open Systems

The purpose of this chapter is to develop the formalism which is necessary in order to
work with the spectral properties of our system. We will use this formalism in coming
chapters when we discuss under which conditions of the spectrum, the states that are local

perturbations of equilibrium states, have the property of return to equilibrium.

2.1 Liouvillian as a Time Evolution Operator

We will work with infinite systems which we will construct as thermodynamic limit of finite
systems. Our C* algebra of observables is given by:

A = gNTAi (2.1)
where Ay, is an algebra of observables of a system confined to A; with Ay, C B(H,)
(B(Ha): bounded operators on Hp) and Hy is a separable Hilbert space with A being a

bounded region of physical space. It is obvious that:
AAi - AAj - .AA for Ai - Aj (2.2)

The dynamics of the system is determined by a Hamiltonian H, which is a semibounded,
self-adjoint operator on H,. A mixed state of the system corresponds to a density matrix

p i.e. to a positive self-adjoint operator on Hy of unit trace, p € L'(H,) where:

13
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Definition 2.1.1. £!(H,) is the two sided-ideal of trace-class operators in B(Hy)

Definition 2.1.2. K = L£2(Ha) is the two sided-ideal of Hilbert-Schmitt operators in
B(Hap).

k= p'/? € K since Tr[x?] = Tr[s*k] = Trlp] = 1. K is a Hilbert algebra (i.e. as a
linear space it is a Hilbert space and as a algebra it is a x-algebra) with scalar product given
by:

(K1|ka) := Tr[k] k2] (2.3)

In chapter 3 we will see that this Hilbert space is isomorphic to Hx ® Ha

Definition 2.1.3. We define a linear representation [ of the algebra A on K by:
llalk :=ak e K ac A,kek (2.4)

Definition 2.1.4. We define an antilinear (r[za] = zr[a],z € C) representation r of the
algebra A on IC by:
rlajk :==ka* e K ac A,kek (2.5)

If we had defined r[a]x = ka (as a linear representation) then we would not have a

representation:

rla]r[blxk = rla](kb) = kba = r[balk # r[ablk (2.6)

To every element x € K we can associate a state of the system given by the density matrix:
p = (k) kK" (2.7)
then the expectation value of an observable a € A, in a state p is given by:
(a), := Trlpa) = (k|x) ' Trke*a] = (k|k) ' Trik*ar] = (k|k) " (k[l[a]k) (2.8)
We define the time evolution of an observable a € A in the Heisenberg picture as usual by:
ai(a) = etHage=ita (2.9)
Let us see now how the states k € K evolve in the Schroedinger picture:

(ki|l[ow(a)]k2) = Tr[rioay(a)ka] = TrlkieHrae™Ha gy = (2.10)

= Tr[(e“HAnle_itHA)*a(e“HAmge_itHA)} = (a—¢(k1)|l[a]a—¢(k2)) (2.11)
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Therefore, we can define the time evolution of an element x € K as:
ke = a_t(k) = e A gitHA (2.12)

Now we define the Liouvillian operator £, on K, which for our physical systems is a self-

adjoint operator (for a proof see [7], [56]):
Lak = [Hp, K] (2.13)

Proposition 2.1.5. The time evolution of an element k € K is also (besides of Eq. (2.12))
given by:

ke = e g (2.14)

The representation on IC of the dynamics of the observables is given by a unitary group
generated by L:
low(a)] = e#al[a]e (2.15)

Proof. We define:
F(t) := e tHageitHa (2.16)

and it follows:

dF(t) i PRt ;
di(f ) = e tHA [k, Hple tHA dt2( ) =e tHA[ [k, Hp], Hple tHa
L) sia( [y, ], H, Hle

then from a Taylor series it follows:

2

e AN gt HA — o it[H A, K] — E[HA[HAa Kl 4= ek (2.17)
the second relation follows from:
eeala) e Ak = etEr[a]a_y (k) = (2.18)

a_¢(k)

and from the definition of [[a]x and Eq. (2.12):

= e"haa_y(k) = ag(aa_i(k)) = au(a)k = Loy (a)]k (2.19)
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2.2 KMS States and GNS Construction

We are interested in knowing what kind of equilibrium states an infinite system possesses.
Therefore we try to find a property of the equilibrium states of a bounded system which
can help us to characterize the unbounded ones.

From quantum statistics we know that the equilibrium states of a bounded system at inverse

temperature (3 are given by a density matrix (big canonical ensemble):

PB,Q ‘= Zﬁ_éefﬁ(HA*Q) (2.20)

where Q is a conserved charge of the system @ € A, where A, is the commutant of A, (i.e.
the von Neumann algebra of all bounded operators on Ha that commute with all operators
in Ap) and Zg ¢ = Tr[e PHA=Q)] < o0,
Taking the square root of p:

koq = Z5g e MA@y (2.21)

where U is an arbitrary unitary operator on Hjy.

The expectation value of an element a € Ay is from quantum statistics:
-1 -1 —B(Hp— *
(a)p.0 = Zﬁ’QTr[pﬁ,Qa] = Z@QTr[e BHA Q)a] =Trlkpqrsoal = (2.22)
=Tr(kj gakpql = (kpglllalrsq) (2.23)
where we have used the cyclicity of the trace and in the last step we have used the definition
of scalar product in K Eq. (2.3)). The most important property of these equilibrium states
is:

(a0u(b))p.q = Zj o Tr(e P qeHrpetHA] = (2.24)

using the cyclicity of the trace and the fact that Hy and b commute with Q

— ZE’éTr[eﬁQeitHAbe—(ﬁ-l-z‘t)HAa] — Z&é?TT[e_B(HA_Q)e(BHt)HAbe_(ﬂ+it)HAa] _ (a—iﬁ+t(b)a>,@,Q

(2.25)

We make now the following definition:

Definition 2.2.1. A state ¢ over B(Hy) is called normal if it satisfies the following prop-

erty. For any bounded increasing net of positive operators A, over B(Hy):

@(Sup Al/) = sup (p(AV) (226)
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In the following proposition we see the equivalence between normal states and states

given by a density matrix:

Proposition 2.2.2. The functional p over B(Ha) (where p is a positive operator with trace

1 and the sum does not depend on the orthonormal bases {e,}):

p(4) = Tr(pA) = 3 leslpAe,) = 3 {pe,|Ac,) (2.27)

v v

is a normal state over B(Hya). Conversely, any normal state ¢ over B(Hp) is of this form

with p uniquely determined by ¢.
For a proof see [5].

Definition 2.2.3. We say that a normal state is a (o, 3)-KMS (Kubo-Martin-Schwinger)
state if it satisfies the KMS condition, namely:

(acy (b)) s, = (a—ip+t(b)a)sq (2.28)

we will denote these KMS states by:

wg.a(a) == (a)pq (2.29)

where we use the parameter A, which is the size of the physical space (we need it in order
to take the thermodynamic limit). We recall that this expectation value depends on A, and
we omit the dependence on Q which is implicit in the definition of p. With this notation

the KMS condition becomes:

wg,a(ac(b)) = wga(a—ig+e(b)a) (2.30)

Proposition 2.2.4. The KMS-states have the following properties:
1. wg a(aay (b)) = wpa(a—i(a)b)

2. wgA(ae(a)) =wpa(a) the KMS-states are time translation invariant.

3. waa(a™b) = wpala_iga(b)a_ig/(a)”)
Proof. the first follows immediately from the cyclicity of the trace:

wa.A(acy (b)) = Z@éTT[e_ﬂ(HA—Q)aeitHAbe—itHA] _ ZEbTT[e—itHAe—,@(HA—Q)aeitHAb} _

ZﬁiéTr[e_ﬁ(HA_Q)e_itHA aetrp] = wg.A(o—¢(a)b)
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the second is a consequence of the first for ¢ = 1l the unit element of A,. The third property

follows from the time translation invariance and from the KMS condition:

wp.A(a”b) = wp a(aigja(a”)) = wp a(aig/a(a”)aig 2 () =

wpA(a_igra(b)aiga(a”)) = wpa(a_ig(b)a_igp(a)”)
O

Remark 1. A KMS state has two parameters, namely the one parametric group of auto-
morphisms oy and the inverse temperature 3 = 1/kT (k: Boltzmann constant). Fort = if3

we can rewrite the KMS condition as:

wg,A(acig(b)) = wga(ba) (2.31)

where we see that the value B = 0 is different from the other values of 3. In this case a

KMS state is a trace state: wgp(ab) = wg a(ba).

As the size of the system increases, we will obtain a KMS state for an unbounded system
as a limit of a KMS state for a bounded system (A; C A; for i < j):

wf(a) = lim wg A, (a) (2.32)

71— 00

using also A = UNAAi we have the following GNS theorem (Gelfand, Naimark and Segal):
[AS

Theorem 2.2.5. For any time-translation invariant state w® over a C* algebra A, there
exists a Hilbert space H®, a representation I[] of A on HP, a unit vector QP and a continuous
one-parameter group of unitary operators {e”"**}icr where L is a self-adjoint operator on
HP, satisfying the following conditions:
1. Foranyac A

w?(a) = (Q°]1[a)Q°) (2.33)
2. l[ay(a)] = e*~l[a]e "~

3. O is a cyclic vector of the representation I[] i.e.

IA]QP = {1[a)Q°; a € A} (2.34)
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is dense in HP. If wP is an az-KMS state then there exists a antiunitary map J from H”

to HP satisfying:

jeitﬁj — eit[,

TP =0f

where r is an antilinear representation.

Aaat>wﬁ

Fig.7 GNS Construction

For a proof see [5], [16], [17].

HP e e QP I[]

2.2.1 Modular Operator and Modular Conjugation

We define the modular operator on H” (GNS Hilbert space) as:

S(U[a]|Q%)) := U[a]*|2%)

(2.35)
(2.36)
(2.37)

(2.38)

for a € A, S is a bounded antilinear operator. We would be also interested in having an

antiunitary operator J on H? which relates the representation 1 and r. The question of

how to define it, is answered in the next proposition:

Proposition 2.2.6. Let be an operator J on HP with

(T1a]Q7|TIBIO7) = (1[a]°[1[0]2°)

then:

Ta)|9%) = e~ #Ei[a]*|0)

The operator J is called modular conjugation.

(2.39)

(2.40)
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Proof.
(TU[a)°|T11Q7%) = (I[a]QP1[6]2%) = (1[b]Q°i[a]2%) (2.41)
recalling now the GNS construction in particular w?(a) = (Q°|[a]Q°):
(T Q| TS = (1] 1[a)Q7) = (Q7I[p*a)Q%) = ¥ (b*a) (2.42)
now we use the KMS condition w”(acy(b)) = wP(a_izi(b)a) a,b € A for t = 0:
WP (b*a) = WP (a_is(a)b®) (2.43)
using now time-translation invariance w®(ay(a)) = w?(a) for t = iB:
W (aig(a)b’) = W’ (aqip(b*)) = (2.44)

recalling now the expression of the time translation operator ay(k) = ek k € K for

t = i and considering that £ is a self-adjoint operator:
W (aaip(b*)) = (Q7[1[a]l[aip(b)]* Q) = (Q7|i[a]e” F1[b]*P20Q7)

— (QP)1]ale PEUB* Q) = (I[a]"Q%)e~ 2L TEUB* QP = (e~ 2E1[a]* Qe 2E1[H]* Q)
where in the first line we have also considered that I[oy(b)] = e™~1[b]e <

t =B lap(b)] = e PLIbleP~. From the first to the second line we have noted that

, in our case for

L] = 0|Q°%) = 0 and we have developed the exponential in a power series.

Our result is:

(T1[a]Q°) TP = (e~ 7E1[a]* QP e 2 E1[p]*Q5) (2.45)

and from here it follows the assertion. O

Proposition 2.2.7. The modular operator S and the modular conjugation operator J are
Involutions:

JT =1 SS=1 (2.46)
Proof. From the definition of S Eq. (2.38)

SS(1[a]|Q7)) := Sl[a]*|P) = I[a]|Q°) (2.47)
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Because of the ciclycity of Q9 each vector of H” can be written as I[b]Q° for b € A. Let
Y, = 1[a,]Q° be an orthonormal basis, then from the definition of J Eq. (2.40):
For QF:

QT TP = (Q°0°) =1 (2.48)
For ¥, Yn, Ym = l[am]Qf‘, Uy = l[an]Qﬁ
(Y| T Tbn) = (Uag, ]| T Tlan) Q) = (2.49)
= (T M[ay, )| T1[an)Q%) = (e *£1[an)0° |7 1[0y ]Q°) = (2.50)
= (am]Q°[U[a5)Q7) = @mlton) = bmn (2.51)
L]

In particular for H? (GNS Hilbert space of the electromagnetic field) we will use in the

next chapters the following simple results:

Definition 2.2.8. Let P be the polynomial algebra generated by {a(f),a*(g)|f,g € So(R?)},
where a and a* are the creation and annihilation operators and So(R3) is the Schwartz space

of functions vanishing at the origin of R3.

It is easy to see that P is a * algebra for the operation defined by:

(a(f))" = a™(7f) (2.52)

where 7 is the complex conjugation operator.

Proposition 2.2.9. Let be Jy the modular conjugation operator and Ly the Liouvillian of
the field, then:

JLy=—LsJy (2.53)
Proof. Let be a € P, then:

TpLsllall) = Ty [Hy, lal}[Q) = e QEfZ[[Hfa [a ]H 192y) = (2.54)
where we have considered the definition of the Liouvillian operator L¢la] = [Hy,[[a]] and
Eq. (2.40). Now we see that l[[Hf,l[a]]]* = [Hf,l[a]]*:

_B *
= 5L 1 [Hy, 1[a]]"|y) = e~ S0 l[a)* HAQ7 — e~ 25T Hylla)*|Q) = (2.55)

— —Hye 2101[a]*|Q) = —H Jfl[a)|Qf) = —[Hy, T7llal]|Q) = L T4l[al|Q)  (2.56)
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where we have considered H;|Q2y) = 0 and again Eq. (2.40) O
Proposition 2.2.10. Let be P the x-algebra before defined, then:
TrlQr) = 19f) (2.57)
Proof. the proof is trivial, we use Eq. (2.40) with a =1L; then:
TAALAIR) = e 2501 *10f) == e~24710)) = |0) (2.58)

where we have considered that [[1 f]|Q?> = |Q?) and L f|Q? ) =0 O

2.2.2 KMS States for the System Atom + Reservoir

As an example we will study the KMS state for the system described in section 1.1.1. First
we study the KMS states without perturbation and second with perturbation.
Our algebra would be:

A=Ky P (2.59)

where K4 is the algebra of complex N x N matrices and P was defined in 2.2.8.
Without perturbation the KMS state is the tensor product of KMS states for the atom and

for the reservoir:

wg =’ ® w? (2.60)
where:
N-—
at = Z Fiog) (@5 (2.61)
=0

where {p; }é\f: ]1 are the eigenvalues of Hy; corresponding to the eigenvalues Fy < Fp < -+ <
En_1. And where w? is so defined that the expectation value of the number of photons is

given by (from quantum statistics):

W (a*(k)a(k)) = m (2.62)

where a*(k),a(k) are the creation and annihilation operators for the photon field. From
this equation it is also easy to derive (using the commutation relations for the creation and

annihilation operators):

ok —K) _ SBu(®) §(k —K)

eBwk) _ 1 eBwk) _ 1
(2.63)

Wi(alk)a* (k) = 6(k — k') + w(a* (K )a(k)) = 6(k — k') +
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From these considerations it is easy to see that a KMS vector in Hq ® Hy is given by:

N-1
Of = 2,7 e P00 0y (2.64)
j=0

where )¢ is the vacuum in H; and:

wg (@) = (4 |1a)2f) (2.65)
with a € A.
We define:
L= Lo+ 1[I (2.66)
Ly = Lo—r[l] (2.67)

With perturbation we have the following theorem:

Theorem 2.2.11. Assume that G fulfils hypothesis H3, Eq. (1.15), then the vector Qg is

in the domain of the two unbounded operators e PFai/2 and ePFor/? and the vector:
Of = 7,2 PLail2q] = 73 1/ ePrar 20 (2.68)
defines a KMS state wg on A:=Kq @ P for the time evolution given by of and we have:
L, =0 (2.69)
that is to say Qg is an eigenvector of L4 with eigenvalue 0.

For a proof see [17]

2.3 Return to Equilibrium

The purpose of this section is to establish under which conditions of the spectrum, local
perturbations states (given by normal states) of the coupled system evolve to KMS states
in the course of time. The condition will be, that 0 is a simple eigenvalue of the spectrum
of L.

We have already seen that a normal state can be written as:

p(a) = pultnllfa]tn) (2.70)

n=1
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where a € A, ¢, € Hg an orthonormal system and p, > 0Vn. We know also that from the

GNS construction each of the vectors 1, can be approximated in norm by vectors of the

form l[b]Qg (ie. Qg is cyclic) for a specific b € A.

Proposition 2.3.1. Assume that 0 is a simple eigenvalue of Ly corresponding to the eigen-

vector Qg and that the rest of the spectrum of Ly is absolute continuous. Let p be a normal

state (local perturbation) and a € A. Then:

T

lim p+i(a)dt = wg(a) return to equilibrium in ergodic mean sense
T—00 Jq

If (L4)\{0} is absolutely continuous, then:

lim pi(a) =wP(a) return to equilibrium
t—=+oo

Proof. We begin with the equality (where w denotes weak-limit):

N Y A
w—lim — [ eTFodt = |Qg)<§25|

T—00 T 0

In order to prove it, suppose first a vector ¢ with P ;1 = 0 then it is clear that:

1 (7 L.
lim = [ e adty) =0

T—00 T Jo

and the right side is:
9 1p) =0

Doing the same now with the cyclic vector Qg , then:

1T
lim — [ eFodt|Qf) = |QF)

and the right hand side
1927)(Q51927) = 1927)

where we have used that £g|Qg ) =0.
Now we will prove Eq. (2.71):

T—00 T 0 T—00 T

lim l Tpit( dt = lim / an<¢n|l[ait(a)]¢n>
=1

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)
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and now using that [¢,) = I[a,][Q5):

T—00 T T—00 T

lim — / anwnm%(awmdt: tm © [ an (Uan)2g lilerze(@)l[an}2g)dt =
=1

n=1

hm — an 0° o llan]"l[axi(a)]l [an]Qg)dt

T—00 T

In the integrand we have <Qg\l[an]*l[ait(a)]l[an]ﬂﬁ) <Qﬁ\l[a ayi(a)a ]Qg> = Wi (atasi(a)ay),
let us develop this expression using first the KMS condition and then that Lg\Qg ) =0:

W (apazi(a)an) = w’(aig(an)ayasi(a)) =

= (lan]l[aip(an)] llaxe(a))Qg) = (lan]lais(ar)]Qg] e 1[(a)]25)

and finally we have:

im1 S WP(atas(a)a =
TLOOT/O nzlpn (aposi(a)an)dt (2.78)
Jim ; Z Palllan)l[eus(ag)]Q0 e 41 (a)]QF) dt (2.79)
and using Eq. (2.73):
Jim / an anlllonaa})1%] L 1{(@))0) dt = (2.80)
/ (2.81)
———
an an)llaip(a;,))| QN1 1(a)]2]) = W’ (a—ip(an)as,)w’(a) = (2.82)
WP (akan)w?(a) = wP(a) (2.83)
where we have used Y p, = 1 and:
W (apan) = (Qlaran]]) = (Qg|lay]ian]g) = (2.84)
(an]2g1an]2g) = (¥nlthn) = 1 (2.85)

For the case that o(L£,)\{0} is absolutely continuous we have instead of Eq. (2.73):

w—lim eT*fs = |QBY(QP 2.86
g g

T—00

and the proof would be similar. ]



Chapter 3

Hilbert Spaces. Positive
Commutator Method

3.1 Introduction

In the last chapter we have worked with the Liouvillian of the perturbed system L, on the
Hilbert space Kg ® H? . Now we would like to work on a Hilbert space related with our
initials Hy: and F see Eq. (1.1) and Eq. (1.9). This will be possible with the use of two
isomorphism I and Ip as we will see later. We will see that the Hilbert spaces Ky ® 'H?
and Har ® Har ® F(L2(R3, d%k)) @ F(L?(R3, d%k)) are isomorph.

We will study also the glued Hilbert space F(L?(R x S2,du x dX)) which is isomorph to
F(LA(R3,d%k)) ® F(L*(R3,dk)). In this glued Hilbert space we will analyze the applica-
bility of the Commutator method to interesting physical cases.

In the last section of this chapter we will study the uniqueness of the KMS states with the

help of the positive commutator method.

3.2 The Araki-Woods Hilbert Space

The purpose of this section is to obtain the expression of the Liouvillian L, on

Har @ Har © F(LA(R?, d3k)) @ F(L*(R?, d3k))

26



27

where F(X) is the Fock space over X defined for bosons as:

F(X)=Ce@x;"= (3.1)

n>1
where the s in the tensor product denotes a symmetric tensor product (Bose-Einstein statis-

tics).

Remark 2. The introduction of the polarization of the bosons would be possible with a Fock

space F = @2 o(L*(R3, d%k) @ C*)®" but we will work with a simplified model.
On F ® F we define the creation and annihilation operators:

aj(f) = d*(f) ® 1y (3.2)
HF) =1y @ T ()T =1y @ d(7f) (3.3)

al

where af(f) are the standard creation and annihilation operators which fulfil the following

commutation relations:

[a*(f),a*(9)] = [a(f),a(9)] =0 [a(7f),a"(g9)] = (flg)Lly (34)
where a?(f) ::/d%f(k)aﬁ(k) (3.5)

where 7 is the complex conjugation operator 7f = f for f € L?(R3 d3k). We define an

antiunitary operator T on F the second quantization of 7:
TOQ =Q; Td*(f)T = a*(1f); T=T"=T" (3.6)

where (2 is the vacuum vector characterized by the property:

a(f)|Q) =0 forall fe L*(R3,d%k) (3.7)
Theorem 3.2.1.
The Map: I : Hg — H=F&F (3.8)
defined by: Irlfla(H))I:" = a(\/1+ pf) + ai(v/pf) (3.9)
Ipryla(f)Iz" = af (Vorf) + ar(\/1+ prf) (3.10)
I, =00 (3.11)

s an isometric isomorphism.
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Proof. From this definition it follows that I7l[a®(f)]I-" and Irr[a®(f)]I;" satisfy the same
canonical commutation relations like Eq. (3.4) which we will check with an example, taking

into account Eq. (3.4) and that different representations r and 1 commute :

[rlgla(HE" Irlgla® ('] = (@(VT+ pf) + ai (Vo)) (af (V1 + pf) + ar(v/pf)
—(af (V14 pf) + ar(VoS) (V14 pf) + ai(vVpf)) = al(\/T+ pfaj (/1 + pf
—ai (V1+ pfa(V1+ pf) + al(y/1£pHar/p]) — ar(ypHak/TFpf)
a;(V/plyas f) = i VTFpHar(/of) + a;(v/pf)ar (Vo) — ar(Vpf)a;(Vof) =
(L+p)(f1F) - Ap = plf1f) - Ay = (f1) -1

) =
) =

_|_

It is easy to see the relations:

Iply(p) 17" + Iply(po) It = Irly(py + p2) 17" (3.12)
Irly(p1) I Il (po) 17t = Irlyp(pip) It (3.13)

Vp1, p2 € P where P is the polynomial algebra generated by {a(f),a*(g9)|f,g € L*(R3,d%k)}.
With these relations we see that [;[P] is *-homomorphic to I7l;[P]I;! and in a similar way

7¢[P] is *-homomorphic to Irr;[P]I". We will proof now that I; is an isometry:

Q@ Q|Iplsla* (k) Frlla(K)) 7' Q@ Q) =

Q@0 (af (V1+p) +ar(vp) (a(V1+p) +ai(Vp)2© Q) =

(Q® Qla} (/1 +part/TF p)2 ® Q) + (2 Qfaj (1 £p)a TP © Q) +
(Q® Qar(vp PIA® Q) + (2@ Qar(Vp)ar(vVp)2® Q) =

= VeI~ k) = 2K ot @ yak)) = (@l Rkl (3.14)

likewise we would proof:
(Q® Q|IT7“f[a*(k)][EIITTf[G(k’/)]IJ_wlg ®0) = <Qé]rf[a*(k)]rf[a(k:')]Qg) (3.15)

every vector Y € Hg can be approximated by vectors of the form [ [P]Qg because of the
cyclicity of Qg Therefore the isomorphism between operators on Hg and operators on
F ® F means finally that I is a isometry isomorphism between vectors in ’H/J; and vectors

in FeF. O
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Now we will find the form of the Liouvillians Ly, L4, Ly on F @ F, Har ® Hee and
Hat @ Hat @ F @ F respectively. Afterwards we will obtain the form of the interaction on
the gluing Hilbert space Hot @ Har @ F(L?(R x S?, du x dX)).

Proposition 3.2.2. The Liouvillian of the field Ly on the GNS Hilbert space of the field
HZ; becomes Ly on the Araki-Woods Hilbert space F & F with:

Ly= / dkw(k)laj (k)ai(k) — ay(k)ar (k)] (3.16)
Proof. As an operator Ly transforms like:

QR QLR =(Q@ QLI Qe Q) = (Qe QUIr[HfI;" — Irr[Hf|L:' }Q @ Q)
= (0 Q\{/ dkw(k) ITl[a* (k)a(k)| It — / dkw(k)Irr[a*(k)a(k) ;' }Q® Q) =

l[ab]= [a]l[b]Q®Q|/dk‘w W Irl[a* (k) I Irl[a(k)) 15" — Iprla* (k) I Irrla(k) 171 ) @ Q) =

using now Eq. (3.9) and Eq. (3.10) and the commutation relations (using also that different

representations commute):

Q®Q]/ k)dk{ (a; (/1 + p) + ar(v/p)) (i (/1 + p) + ai( /p)) —
—(a(vp) + a7 (v/1+p)) (0] (VP) + ar(\/1+p)) 22 Q) = (3.17)

@@ 9| [ ko) {ai (VTF P)ailv/TF ) ~ alVP)ai (VP) + ar(V)ai (VP
—ay(\/1+ p)ar (/14 p) + ai (/1 + p)ay(v/p) + ar(Vp)ar(v/1 + p)
—a(VPar(/TTp) — i (/TT )i (VAR e Q) (3.18)

S

3

— (o9 / dkw<k>{<1 + p)ai ()au(k) — pau(K)af () + pa (K)a (k)

~(1+ p)aj + VT Fppertkak) -/ (TF p)petla(k)
—@W+ VOt pparttya (k) }0 © Q) =

= {2 / dkw(k)a; (F)ai(k) — ay(k)ar (k)]Q @ Q)
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We can construct an isomorphism between KCut, the two sided-ideal of Hilbert-Schmitt
operators in B(Hgy) and Hqer ® Hear, where Hy, is the Hilbert space of states of the small
open system. Namely:

Io : Kat — Hat ©® Hat (319)
If Kk = ’¢1><?[)2| € Kqt then

Iok =191 Q Cipg = |77[)1><01/J2‘ € Hat @ Hat (3.20)

where C is an antiunitary involution on Hy, that is to say:

C?=1  (CelCyp) = (vl0) = (d¥) (3.21)

Proposition 3.2.3. The Liouvillian of the atom Ly on the Kq Hilbert space becomes Ly,
on the Hyt @ Hqr Hilbert space with:

Loy = Hy ®1at _lat ® CH,C (322)

Proof. We recall the definitions of the representations of the observable algebra A on K
Eq. (2.4) and Eq. (2.5): l[a]x := ax and r]a]k := ka* we have:

Lot = Ic Lol = Io(1[Hyt) — r[Ha)) 15" (3.23)

IC'Z[—Hvat]"£ = ICHat|¢1><¢2| == |Hatw1><cf‘/}2’ = (Hat ®lat)(|¢1>(0¢2’) = (Hat ®1at)IC"Q

(3.24)
Ior[Halk = Ic|1) (Y2 Ha = [Y1)(CHatpo| = Lat®CHatC)(|1h1)(Cohal) = Lat@CHuC) ok
(3.25)
Lotlck = Io Lol Fok = Io(I[Hat) — r[Hat))k (3.26)
and substituting now Eq. (3.24) and Eq. (3.25)
Latlcli = (Hat ®1at)IC'H — (ﬂat &® CHatC)ICH (327)
O

In particular for C = T because of HyT = THy,; and T? =, we have:

Lat — Hat ®1at _lat ® CHatC — Hat ®1at _lat ® Hat (328)
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The same procedure as in the proof shows us that:
Ic([G) = r[G) It = G @y — ot ® CGC (3.29)
where [, r are defined in Eq. (2.4) and Eq. (2.5).
We will use the following notation:
Gi(k) = Gy (3.30)
Gr(k) :=1u @ TG(k)T (3.31)

We will show now the last step in order to obtain the complete Liouvillian L,. The Liou-

villian of the interacting system is defined on Hy ® F by:

Ly = Lo+ g(llI] —r[I]) (3.32)
where:
_ / dk[G(k) ® a* (k) + G*(k) © (k)] (3.33)
(Z>(lat)®(lf) (3.34)
r Tat rf
Iy :=Ic® Ip (3.35)

Proposition 3.2.4. The Liouvillian of the interacting system L, on the Ky ® Hé Hilbert
space becomes Ly on the Hot @ Hor @ F @ F Hilbert space with:

Ly = Lat + Ly + gLo(U[T) = r[1))15 ! (3.36)
where:
Iol[I / dk G®1® al kE)\/1+ p+ar(k }+G*( A [al(k) 1+ p—i—ai(l{:)\fp}}
(3.37)
Tor[]] / A{ASTCT® o (k) p+ar (k) T+ p| FUCTG TS [af (k)y/p+ar (k)y/T+ ] }
(3.38)
Proof. Using Eq. (3.35):
Lot @Up Iyt = To Lol @1y = Loy @ g (3.39)

Iy ® ,Cffal =y ® IT,Cffjfl =1u® Ly (3.40)
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Using now that:

] = / dk[lat[G(R)] @ Ig[a® (k)] + lat[G* (R)] @ L5 [a(F)]] (3.41)

and a similar equation for r[I]. Transforming this operators with Iy:

Ll = I / Ak Iola GRS @l [a* (k)] + Iola |G (RIS @lsfa(k)] 5! (3.42)
%,_/ —_————
Gy(k) Gy (k)

Lor[NI; ! = Iy / dk{ IeralGURIIS @rfla* (k)] + IeralG* (W15  @rpla(k)]} 5" (3.43)
T am G (k)

using now that It [ dkGy(k)®1s[a* (k)17 = Irlf[a*(Gi(k))]I; " and similar equations. We
make the following definition (analog to Eq. (3.9), Eq. (3.10)):

Irlla(G) I = ai(\/1 + pG) + ai(/pG) (3.44)
Irrila(G) It = af (\/prG) + ar(y/1+ prG) (3.45)

and substituting into Eq. (3.42)) and Eq. (3.43)):

Ll = Irlgla™(Gi(k)z " + Irly[a(GF (k)17 (3.46)
Ior[I)Ig " = Iprsla®(Gy (k)5 + Irrsla(Gy (k) 7" (3.47)

Substituting this expressions and Eq. (3.30), Eq. (3.31) in the last equations give us the

desired results. O

3.3 Glued Hilbert Space

The purpose of this section is to obtain the expression of the Liouvillian Ly on Hyt ® Hat @

F(L*(R x S?, du x dX)).

Theorem 3.3.1. There is a isometric isomorphism that identifies:
F(LAR3, d%k)) @ F(L*(R3,d%k)) ~ F(L*(R x 52, du x dX)) (3.48)

where S% is the unit sphere and d¥ is the element of solid angle.
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Proof. First we see that it exists a trivial isometric isomorphism between F(L?(R3, d*k)) ®

F(L*(R3,d%k)) and F(L?(R3,d%k) @ L*(R3,d3k)) by doing the correspondence:

a*(fr)---a(fm) ® a*(g1) -~ a*(gn) — a”((f1,0)) -+~ " ((fm,0))a”((0,91) - - - a*((0, 9n))
(3.49)
Now we will prove the following isometric isomorphism F(L?(R3, d3k) @& L?(R3,d3k)) ~
F(L*(R x S?,du x d¥)) we define the map j, 4 Vf,g € F(L*(R3,d%k):

Jow : (fr9) — h  where: (3.50)
ePuf(u,a) : if u>0
h(u, ) = , f(w,a) fruz (3.51)
eVug(—u,a) : if u<0
Isometry: Let be
I, D22 = 1122 + llgllZ (3.52)

P17 2 (R xs52 duxasy = / |7 (u, o dudS =
RxS2

:/ e 20| f (u, o) |* dud® +/ e 2u?|g(—u, a) |*dud® =
R4 x.52 R_xS2

- / € P2 f (4, ) Pdud + / %22 g(u, 0) PdudS = ||| + lg]2 (3.53)
R+><52 R+XSQ

Isomorphism: Given a h we look for f, g so that j;ip(h) = (f,9) € L2 (Ry xS?)®L?(R, xS?),

in fact:
_ipl
flu,a) = e " =h(u,a) for u>0 (3.54)
u
o 1
g(u,a) = ef“/’ah(—u, a) foru<0 (3.55)
O

and finally we can write the expression of the Liouvillian L, on Hy ® Her @ F (L*(R x
S2 du x d¥)):

Proposition 3.3.2. The expression of the Liouvillian Lg on Hyy ®’Hat®]:(L2(R x 82, du x
dX)) is given by:

Ly = Lot + L + a*(g1) + a(g7) + a(g2) + a”(g2) (3.56)
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where:
1+ p(w)uG(u,a) @ if u>0
U, ) 1= . 3.57
g1, @) { Vo(—uuG (—u,a) ¢ if u<0 (357
g2(u, @) == plujuGlu, @) Zf w=z0 (3.58)
1+ p(—u)uG*(—u, «) if uw<0

91,92 € F(LA(R x S?,du x d¥2))

Proof. Using Eq. (3.51), and Eq. (3.2), Eq. (3.3) we can write our Liouvillian in the following

form:
Ly = Lat+ Ly + af (VTF pG1) + an(y/5G1) + ar(v/TF 9G] + at(G) —  (3.59)
(a(V/7Gy) + at(y/IF pGy)) — (af (VG + a, (/T pCL)  (3:60)

where we have used the definition:
(@) = / PRC(k) @ af (k) (3.61)

the proof consists simply in transforming each of the eight terms of Eq. (3.60) using Eq. (3.2),
Eq. (3.3) and the gluing transformation:

a?(\/ilerGl)—’(a*(\/71+,0Gl)70)—>{ Tl e

0 : if u>0

. (3.63)
a*(y/puGy) : if u<0

G (FGT) = (0,*(VG;) — {
From these two terms we obtain a*(g7).

ar(\/5G) — (0, a(V/5C1) — 0 : if u=z0 (3.64)
v ’ it a(\/puG) : if w<0 '

al<\/1+pcr>e<a<\ﬁ1+pc¥7>,o>a{ il e e
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From these two terms we obtain a(g7).

_ _ a(\/pGy) : if u>0 (3.66)
0 : if u<0

S 0 : if u=>0
ar(\/1+ pG,) — (0,a(y/1 + pGy)) — (T3 Z; w0 (3.67)

From these two terms we obtain a(gs), taking into account that G, =1 @ TGT =1 ® G
and G =1®G".

a*(ﬁ@:) caf o u>0

G (/PGL) — (a*(AGL),0) — , (3.69)
0 : if u<O
_ 0 : if u>0
ay(v/1+ pG,) — (0,a*(\/1+ pG,)) — - (3.69)
a*(V1+pGy) = if u<0
From these two terms we obtain a*(g3). O]

As a last remark we see from Eq. (3.51) that we can multiply by phase factors in the

expression of g; and go:

e\ /1+ p(w)uG(u,a) = if u>0

gi(u,0) == . (3.70)
e /p(—uwuG (—u,a) : if u<0
g2(u, ) = —g1(—u, @) (3.71)
3.4 Positive commutator Method
In this method we look for an antiself-adjoint operator A that fulfils the named
positive commutator estimate (PC estimate):
En(Lg)[Lg, AJEA(Lg) 2 vEA(Lyg) (3.72)

with v > 0 and Ex is the spectral projector of Ly onto the interval A, which contains an
eigenvalue €; # 0 of Ly but no other eigenvalue of Ly. In Eq. (3.72) [L,, A] is understood
in the sense of quadratic forms on D(N'/2) that is Vi, v € D(L,) N D(A)

(V[[Lg, Alp) = (Lgp| Ap) — (AY[Lgp).



36

If Eq. (3.72) is satisfied then L, has not eigenvalues in A, because let us suppose that
Ly = Mp with A € A then Ex(Lgy)Y = 9 and the PC estimate gives (¢|[Lg, Aly)) > v, we
have taken ||¢|| = 1. But on the other hand we have:

(V[[Lg, AlP) = ([[Lg = A Al9p) = ((Lg — N P|Av) + (AY[(Lg — A)b) =
= ((Lg = N¢[AY) + ((Lg — N¢[AY) = 2Re{(Ly — \)¢[AY) =0 (3.73)

which contradicts the PC estimate, that is to say in A there is no eigenvalue of L, the
spectrum of L, is absolutely continuous in A. However this proof is not completely valid
because we are dealing with unbounded operators (Lg and A). The problem is that ¢ could
be in D(Ly) but not in D(A) or viceversa and then [L,, A] = LgA — ALy can not be defined
for 1. Therefore we study the ) € D(Ly) N D(A) and we hope that D(Ly) N D(A) is dense
in our Hilbert space. That is to say in order to study ¢[Ly, AJy) with ¢ € D(Ly) N D(A) we
take 1, € D(Ly) ND(A) so that 1, — .

In case that A contains the eigenvalue 0 we have to exclude this eigenvalue because we
know (see theorem 2.2.11.) that this eigenvalue remains eigenvalue of the perturbed system.
Therefore if {25y is an eigenvector of the eigenvalue 0 and Pq,, is the projector onto this

eigenvector, the PC estimate would be modified as:
EA (LQ)PSJZ_BX [Lg’ A]Pé_ﬁ,\EA<Lg) Z ’YEA<LQ)P§J2_5)\ (374)

with again v > 0.
For further reading see [56], [57]

3.5 Positive Commutator Method for physical cases

In [56], [57] it is proven that the commutator method is applicable for cases in which the
matrix elements of G(u) behave for u — 0 as u” with p > 2. In this section we will see that
we can also apply the commutator method for cases in which our matrix element functions
G behave like y/u or 1/y/u as u tends to zero. These two cases are usual in the physical
applications.

First we will try to simplify a little the expressions of g; and g3 of Eq. (3.70) and Eq. (3.71)
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in the glued Hilbert space. We will take first ¢ = ¢ = 0 and then we will vary these values:

1+ p(w)ug(u,e) = if uw>0

) = 3.75
g1(w, @) Vo(—wug(—u,a) : if u<0 (3.75)
g2(u, @) = —g1(—u,a) (3.76)

where p(u) = , for u > 0 we have:

efu —1

ebu U
g1(,0) = 1+ p(uug(u, @) = || —i—uglu,a) = /2 [ 2 Vug(u,a) - (3.77)

and for u < 0:

1 (,0) = Vo wug(—u,0) = | s ug(—u,0) = |z (~)V=uyug(—u,a) =
= —, /ﬁ\/—iug(—u, o) = —eP/2 | eﬁuui_l\/—iug(—u,a)
that is to say:

u Vaug(u,e) :if  u=0
u, o) = P2 | — '
g1(u, @) \/; _Mg(—u,a) oif u<0 (37%)

h(ua)

1
ﬁu“ - — —=. On the
e —

other hand h(u, «) is an analytic function of u except maybe at 0 where we must study the

by u — 0 we have only problems with A(u,a) because: P2

behavior. This behavior depends on how g(u, ) behaves at 0.

We will deal now with the two cases mentioned before:

1 Case: g(u, a) fma Vu
h( ) o \/ﬁg('m OL) : Zf u=>0 40 \/E\/E : Zf u>0 4
’ —/(—w)g(—u,a) : if u<O0 —/(—u)y/(—u) : if u<0
u—9 u : if u>0 500 (3.79)

—u : if u<O0

In this case for g;(u, @) we do not have problems.

2 Case: g(u, @) i

Vu
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h(u) = \/_ﬂg(uaa) : z:f w=0 g \/ﬁﬁ : z:f u>0 -
—/(—w)g(—u,a) : if uw<O0 - (_u)\/TU L if u<0
ey b= (3.80)
-1 : if u<0

and we have a discontinuity at point 0, which implies that the first derivative does not belong
to L?. Therefore we could not apply the positive commutator method to this case. The
way to repair this problem, is to multiply by a phase factor our function h(u,«) without
changing its norm (this is possible because of the fact that the difference in behavior of
h(u,a) for u > 0 and u < 0 is only a sign).

h(u, o) = eug(u,o) : if u>0 (3.81)

—e¥\/(—u)g(—u,a) : if u<0

and we choose ¢ = 0 and ¢ = 7 then we would have for v — 0:

0 o ——
) — Vaglu.a) ¢ if wz0 o s

—e™\/(—u)g(—u,a) : if u<0

1 : if u>0

3.83
1 if u<0 ( )

in the same way we see:

W ()

1 Case:  g(u, @) w9 Vu
W (u, ) vV—ug(—u,a) : if u>0 .0 ] V-uv—u : if u>0
u, ) = —
(=DVug(u,«) = if u<0 —Vuyu :if u<0
w0 u : oif u>0 u—0

— 0 (3.85)
—u : if u<O0
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In this case for g2(u, @) we do not have problems.

2 Case: g(u, ) i

Nz

vV—ug(—u,a) : if u>0 4,9 1 if u>0
—
—Vug(u,a) : if u<0 -1 : if u<O0

Which implies as before that the first derivative does not belong to L?. We solve again this

() = (3.36)

problem with phase factors ¢ =0 and ¢ = 7:

W (s, ) = V=ug(—u,a) : if u>0 u=0 1 : if u>0 (3.87)

e™(-1)vaug(u,a) : if u<0 1 if u<o0

3.6 Uniqueness of KMS states

With the positive commutator method we will study now the uniqueness of the KMS state

for a model without atomic liouvillian that is to say:
Ly= L+ g([I'] —r[I']) (3.88)

where I’ is a local perturbation.
From theorem 2.2.11. we know that we can construct (by means of a Dyson-series) an

eigenvector of the operator £, for the eigenvalue O:

L) =0 (3.89)

In the same way we construct a vector Qg = IOQg, with Iy := Ic ® I as in Eq. (3.35), in
the Hilbert space Hqt ® Hat ® Hy ® Hy, without interaction we have (g = 0):

N-1
Qg:Z[;éﬂZe‘ﬁEﬁﬂng@cpj@Qf@Qf (3.90)
=0
and with interaction:
O = 732 PLail20] = 77 /2ePLor 20 (3.91)

We have:
0= L0 = Ig'LyIoQ = I L0 (3.92)



40

that means:

Ly =0 (3.93)

That is to say Qg is an eigenvector of L, for the eigenvalue 0.
Let Pg be the orthogonal projector onto Qg .

Suppose that we can construct an antiself-adjoint operator Ag with:
Pg[Lg, Ag)Pg > vPy (3.94)

for a v > 0.

From the relation:

~ ~ e 6/2 T1 Tn—1
(O PLaal200) = 3 g / dn, / dry - - / A Q1) (r2) - (1))
— Jo 0 0
(3.95)
we see that:

©@2100)| = 1- 0(98) (3.96)

Let us suppose that we have more than one KMS vectors Qg’j forj =1...k with Qg’l = Qg
and Q27 =1 ie.:

Ly =0, V) (3.97)
Proposition 3.6.1.
(Q07100)[2 > 1 = const(gB) /v, Vi (3.98)
Proof. Tt is clear that:
(g7 |[Lg, A)¥7) = 0 (3.99)

Using now that Pz + Py =1

0= (Q07|[Ly, Ag)Q2) (3.100)
= (PsQg7|[Lg, AglPs257) (D) (3.101)
+2Re(PgQ0|[Ly, Agl P4 Q07 (I1) (3.102)
H(PFQ2I|[Ly, Ag| Py Q0T (II1) (3.103)
Let us analyze the different terms. We begin with I:
I = (1 — const(gB){ (U |[Lo, Alg) +g( Qg 11I[I) — r[1], Agg) } (3.104)

=0



Now with II:
I = 2Re{ (P3O0 | Ly APy Q0) (I14)
—<PgQ§’j|A5LgPﬁLQg’j>} (IIB)
noting that LOPﬁflg(j) = 0, then:
ITA = 2Re (PsQ)7 | LoAg Py Q) +

=0

(]~ rlI))AsP5 Qg7) = O(g)

+2gRe(P5Q07

using PﬁL =1 - Ps:

IIB = —2Re (P3007| AgL,Q07) +
-0
+2Re( a2y 7 | Ap (Ko + g(I[T] — 1)) PsQ)7) = O(g)

and finally III, applying the commutator estimate:
11T > 7 (Q07| P Q)
Taking all the results together:

O=I+11I+1I1
= 0(g) + O(g) +~[1 — [(Q9108) [

and therefore:
1 = (29105 < const(g)

and finally:
|<Q§J’Qg>|2 > 1 — const(gB3)/y

From this proposition follows that taking an adequate g we can have:

(Q27100)| > Vj

=~
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(3.106)
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(3.109)

(3.110)

(3.111)

(3.112)
(3.113)

(3.114)

(3.115)

(3.116)
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and from this inequality follows the uniqueness of the KMS state with the following reason-
ing:

We have Qg’j = ajflg +x) with x0) L Qg and || > 3 then, we have:

AgilAR - a1 (i 9 D (i
@ 195)] = @i + (O] 2 1 = [P > (3.117)
—_——

16

oo | =

T
<16



Chapter 4

Complex Deformations and

Feshbach Map

In this chapter we will see the method of complex deformations which consists in deforming
the spectrum of our Liouvillian in order to show that some parts of our spectrum are of
absolute continuous nature. The idea is that in case that the spectrum is of absolute nature
in a interval of the axis, we can make an analytical continuation of the matrix elements of
the resolvent of our Liouvillian near the axis in this interval from the upper half plane to
the lower half plane. We will see two of such deformations, namely the complex translations
and the complex dilatations.

Before we begin with the complex deformations, we will present the spectral information
that we know about the Liouvillians. We can deduce the following diagrams from Eq. (3.16)
and Eq. (3.28) and from Fig.2 and Fig.3:

o(Lat) = S S S S Lot = Hyy @1 -1 @ Hy
o(Ly) = > i Ly = [ dkw(k)[a} (k)ai(k) — a;(k)ar (k)]
o(Lo) = ——————————— Lo=Llatly

Fig.8

where the thick lines denote an absolute spectrum of the operator, for example L, has

only pure point spectrum, L; has pure point spectrum at 0 and the rest of the real axis

43
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is absolute continuous. For example if ¢; are eigenvectors of H,; for the eigenvalues F;

i=1...N — 1 then:
Latpi®pj = {Hatp QUL -1 @ Hat }i Q@ = Happi Q0j — i @ Harpj = (Ei — Ej)pi®¢p; (4.1)

which explains why the pure point spectrum of Ly and also for Ly are symmetric.

4.1 Complex Dilatation

For § € R we define the following transformation:

(u(@)f)(z) == e 32 f(e %2) fe L*R3 dx) (4.2)
Proposition 4.1.1. For 6 € R is u(0) an unitary transformation
Proof.

2 2 _ —30 —0 2
@)1 = [ delw@ )@ = [ dee ()

0 0

D
doing the substitution y = e "2 and Jacobian ‘D—I‘ =é’
Yy

D
@)1 = [ do|o]e1f@E = [ dlf)f = 151
0

We define now U (#) as the operator obtained from u(6) by the process of second quan-

tization. Let be:
YEF e = {plnso with ¥ (k1 ka,... k,) € L*(R3, d*"k) (4.3)
In the sector n the dilatation is defined as:
[U(0)0] (K1, ko, . . k) = e G0 (e7ky . e7 k) (4.4)
We now define the group of dilatations on the Araki-woods Hilbert space:
U0) =1 @U@ U@) 2 UB)™! (4.5)
Proposition 4.1.2. Under this unitary transformation the field-Liouvillian transforms like:

A

Ly(0):=U@)L;UO) ' =e Y (H; @y) — (Uy @ Hy) (4.6)
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Proof. Let us see first how H transforms, we recall:

n

[Hpln (ke ko, k) = > K |on (ky, B, - Fn) (4.7)
j=1

[UO)HUB) W]k, ko, - . k) = e~/ H U (0) (e Ok, e Ok, .. e7Oky) =
= e~ BN ek U (0) " Pla(e ke, e hy, . e k) =
j=1

noting that U()™' = U(—6) we have:
= = BIBTN e Ok | BB, (ki kg, k) = €70 [Kjlabn(ky, Ko, ) =
j=1

j=1
= ¢ U\ H |k, ko, .. . k)
and that means:
U)H;U0)" = e H; (4.8)

With this result we have:

UOLUO) ' =1p @l @U@)2U0)! (lat L@ Hy @1 -1y @U@y ® Hf) X

W @ @UB)@UB) ™ =

Ao © 1) ® (U(@)HfU(e)—l QU®B)"U®O) -~ UBU®B) ' @ U(@)—lﬂfU(a)) -
=A@y @ (e Hy @1y —1; @ Hy)

With this expression for L¢(#) we can easily deduce the expression for Lg(6):
Lo(6) = Lag + Ly(0) = Lot + e (Hy 1) — ’(1Ly & Hy) (49)

We recall that the unitary transformation U(#) = u; @y @ U(0) @ U(0) " will not affect
Lg¢ because of the fact that the two first factors are unit operators. We can develop a little

more the expression of Ly using the equation e = cosh @ + sinh 6 then:

Li0) =e(H;21) - Ay @ Hy) = (4.10)

= (cosh 6 — sinh 0)(H ® 1) — (cosh 6 + sinh 6) (1 ® Hy) = (4.11)
=cosh§(H; @1 -y ® Hf) —sinh(H; @1+ ® Hy) = (4.12)
= Ly coshf — Lgy,sinh 6 (4.13)
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where we have defined:

Laux:Hf ®1f +1f®Hf (4.14)

and finally we have:

Lo(0) = Lat + Ly cosh @ — Lyy, sinh @ (4.15)

We will use this last equation in the successive chapters. Let us suppose now that 6 ¢ R,

we take 6 = i with ¥ > 0. We will analyze the spectrum of the different terms of Eq. (4.6):

e (Hy 1) : . o(Hy)
9
o(e W Hp) = e o (Hy)
G(e"Hy) = o (Hy)
9

ew(lf®Hf) : U(Hf)

@

Fig.9 Rotation of the spectrum of Hy. Top: rotated by an angle of —3. Bottom: rotated by an angle of ¥

Superposing both diagrams and taking into account the minus sign of Eq. (4.6) that

makes the second diagram go from the first quadrant to the third one we will have:
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Fig.10 Top: Superposition of diagrams of Fig.1
Bottom: the shaded area corresponds to the spectrum of Ly(0) for Re =0 and Imf =9 >0

The shaded area of figure 10 is the spectrum of Ly (i1). In the same way we would obtain
the spectrum of Ly(i}) by doing the same procedure as before ( before it was done for the

eigenvalue 0) for each of the embedded eigenvalues of Ly.

—&1 —&0 0 €0 €1
AN

Py 7 e
| ] -

] . ] -

L] L} » -

I"' ll‘ '..‘ .-
‘. 'i ..'l -

R O ANV AN

Fig.11 The shaded area corresponds to the spectrum of Lo(0) for Ref =0 and Imf =19 >0

One can see that there is a dense domain P C H with the property that for every ¢ € D,
U(0)1 is an analytic function of 6 for 6 € Yz, ie. for [f] < m/2. We can consider for

example:

D:= Span{@l Q@ pr QY ® ¢r|90l/r € Hat djl/r € DGauss} (417)

where Dgauss consists of translations and dilatations of Gaussians:
Daauss = {a"(11) - a*(f)QU;(F) = exp[=(k = k;)*/207 ,k; € R® ;o3 > 0} (4.18)
We consider now the function:

£(0) = (U@)e|(Lo(0) — 2)"' U (0)¥) (4.19)
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for 8 € R, we see that:

(U(0)¢l(Lo(8) — 2)'TU(0)W) = (p|U(~6)(Lo(8) — 2) "' U(0)¢) =

= (el (T(-0)(Lo(6) = TO)) ) = (LUT (O LoO)T () — =)'} = (l(Lo — 2) )
This equality is valid for all # € R. From the analytic continuation principle it follows that

it is also valid for 8 € C. On the other hand from the equation:

(pl(Lo — 2)'w) = (UB)¢l(Lo(8) — =)' T(9)%) (4.20)

we see that the r.s. is an analytic function of z for z € p(Lo(6) (resolvent of Ly(#)). This
equation permits us to do an analytic continuation in z of the left hand side of Eq. (4.20)
for the values of z in the resolvent set of Lo(f). With these considerations we have proved

the following proposition:

Proposition 4.1.3. Let A be an interval, which does not contain any eigenvalue €; of Ly,
that is to say:

for A beginning on the positive half azis, there exists a j with A C (g5 +9,ej41 — 0)

for A beginning on the negative half axis, there exists a j with A C (—€j41 +6,—; — )
with 0 <0 < min;jle; —ej| 4,5 = —1,0... and where ey = —e_1 = 0 (see Fig.11),

then Lo has an absolutely continuous spectrum on A.

We can do a similar analysis for the operator L, in which case we will have instead of
Eq. (4.20):
(pl(Lyg = 2) ') = (U(B)l(Ly(0) — 2)"' U (0)9) (4.21)

The problem now is that we do not know the spectrum of Ly(0) = Lo(6) + gW (). If we
knew the spectrum of Lg(6) we could formulate a similar proposition as proposition 4.1.3.
for the intervals A on the real axis, which do not contain any eigenvalue of L4(6). In order
to know the spectrum of L,(f) we will use the Feshbach map method. This method will
permit us to know this spectrum except near 0 (see Fig.14), where the Feshbach map only
gives us an incomplete information. In order to know the spectrum near 0 completely we
will use the renormalization group method.

Let us now analyze W (#). The expression of W (#) is given by the following proposition:
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Proposition 4.1.4. The expression of W(0) on the Hilbert space Hot @ Hor @ F @ F is:

W(o) =2 [ a1+ ple e p(e=0 k)G (e~ k) i (k) +

+e39/2/dk{ 14 p(e=%k)Gi (e k) — \/p(e=0k)G, (e k) Yay (k) —

/2 / diefr/1+ p(eR)Gr (k) — \/p(ePR) G} (k) a
—e30/2 / di{\/1 + p(e? —\/p(ePk)Gy(ePk) Yar (k) (4.22)

Proof. The proposition follows immediately from Eq. (3.37), Eq. (3.38) and from U(6) :=
Ly @A @U@B) @ U(B) . =

we try now to write this expression in a easy way, therefore we define:

po(k) ==/ p(e~?k) (4.23)
vo(k) := /(1 + p(e=k) (4.24)
and defining;:
Gy = e P vy (k)Gi(e™ k) — po (k)G (e %K)} (4.25)
G2 = e P vy (k)Gi (e k) — po (k) Gr(e%k)} (4.26)
G, = pu_o(k)Gi (k) — v_g(k)G,(°K)} (4.27)
GY, = e {u_g(K)Gi(e"k) — v_p(k) G (e"k)} (4.28)

and the expression of W (6) becomes:

W() = aj (G%L) + a(GY ) +ay(GY ) +an(GL ) =D Y af(Gr ) (4.29)

o=%r=I,r

We will use this notation in the next chapter with the renormalization group method.
We know the spectrum of Lo(€) but we do not know the spectrum of W (). Being gV (0)
a perturbation, we can hope that a perturbative analysis could help us and so it is. We will

see it in the section of the Feshbach map method.
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4.2 Complex Translation

[ ]
[
[
;
[ ]

oxT

Fig.12 Translated spectrum of Lo

In this case the deformation of the spectrum consists in translating the continuous part of
the spectrum downwards and the pure point spectrum remains on the real axis. We define

the unitary translation group:

(u(a)f)(z) == flx +a)= f's) f¢€ L2(R3,d3x) (4.30)

It is trivial to see that this defines an unitary transformation. We denote by U(a) = I'(u(a))

the second quantization of u(a).

Definition 4.2.1. Let be X5 := {2z € C : [Imz| < &}, we define H*(5,H) as the Hilbert

space of all functions f : X5 — H which are analytic in 35 and satisfy:

||f||%12(57H) ‘= sup / | f(z +ia)||3dx < oo (4.31)

la]<6 J —o0

We need also the following definition:
Definition 4.2.2. Given a function on R® we define a function f on R x S? by the formula:

- u1/2f(u,a) oifu>0
fwa) —|u|Y2f(~u,a) : ifu<0 (432

The principal result with complex translations is:

Theorem 4.2.3. Suppose that the form factor G satisfies:

Hi: (k+k~YHG(k) € L*>(R3)

H2: There exists § > 0 such that G € H2(5, H). Then:

There exists a dense subspace S C H and for each n € (0,9) a constant A(5) > 0 such that
for g € (—A(9),A(0)) and ¢, € S, the functions:

2 (l(Lg —2)7'e) (4.33)
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have a meromorphic continuation from the upper half-plane onto the region:
O:={z:1Im(z2) > —n} (4.34)

Moreover, let ¢; be a simple eigenvalue of Lat, then the eigenvalues of Ly satisfy €j(g) =

€+ g2a? + O(g*), where a; is a number related to the level shift operator.

For a proof see [46].
From this theorem we can formulate a result similar to prop. 4.1.3. for an interval A, which
does not contain any eigenvalue (see Fig.12).
If we write the Liouvillian in the gluing Hilbert space as explained in chapter 3 in Eq. (3.56)
we obtain functions ¢'s of the form (see also Eq. (3.78)):

U Vug(u,) @ if u>0
w, o) = 2 [ ——— :
g1(u, ) \/6/3117_1 —/(~uw)g(~u,0) : if u<0 (4:3)

u 1/2__
T 1) g1(u, @) (4.36)

le.:

or(,0) = P03

where we have used the definition Eq. (4.32) of f. Therefore we see that if §; € H 2(8,H) for
some § > 2m/3 then g1 € H?(§ — ¢, H) for any 0 < e < 27/ but g1 ¢ H*(6 + ¢, H) for any
. Therefore we need 6 < 27 /(3 in order to satisfy the hypothesis of the last theorem. And
that means that our gap 0 (see Fig.12) depends directly proportional on the temperature,
which forbids us the use of a limiting argument to analyze the zero temperature case. This
is one of the problems of this method (the non-uniformity in the temperature). There is
another one, namely the impossibility of applying the last theorem for form factors G(k)
that behave for £k — 0 like:

kY21 small (4.37)

in which case we have to use complex dilatation followed generally by one Feshbach map
or more Feshbach maps (RG). However for form factors which behave when k£ — 0 as |k|“
with a = :I:%, %, %, .-+ we do not need to change the method and the complex translations
with analytic perturbation theory give good results.
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4.3 Feshbach Map

The idea of the Feshbach map Fp is that it permits us to restrict the study of the spectrum
of the operator Ly(f) on H to the study of the operator Fp(Ly(#)) on a smaller space
PH without loss of information in the spectrum. In other words z € o(Ly4(0)) iff 0 €
o(Fp(Lg(0) — z))). Besides, the form of the Feshbach map is quite appropriated in order
to do a perturbative analysis with the perturbation gW (6).

Let Ly (6) be a closed operator on a Hilbert space H and let P be a closed bounded projection

operator whose range is in the domain of Ly(6). We define:
Ly(0):=PLy,(0)P P=1-P (4.38)

Let z belong to the resolvent set of Ly(0)|p,,. We assume that the operators PLg(6)P|Lg(0)—
2|7Y2 and |L,(0)—z|~Y/?PL, () P are bounded. Then we can define an operator Fp(L,(6)—

z) at Lg(0) — z associated to the projection P as an operator acting on the Hilbert space

PH:
Fo(Ly(6) — 2) = Pl(Ly(6) — 2) — °PLy(O)P(L(0) — ) 'PLyO)P  (4.39)

The following theorem characterizes the important property of the isospectrality of the

Feshbach map:

Theorem 4.3.1. Assume that Ly(0) = PLy(0)P is invertible on PH and that
(PLy(0)P)=tP, PWP(PLy(0)P)~t, (PLy(0)P)"*PW P, PWP(PL,(0)P)"*PWP, PWP
all extend to bounded operators on Hy @ (Hat ® Hat), then:

a) z is an eigenvalue of Ly(0) iff 0 is an eigenvalue of Fp(Lg(0) — 2) and the multiplicity
of z € opp(Ly(8)) is the same as the multiplicity of 0 € o,y (Fp(Lg(8) — 2)).

b) The operator Fp(Lg(8) — z) is invertible on PH iff Ly(0) — z is invertible on H. In this
case [Fp(Ly(0) — 2)]71 = P(Ly — 2)7 P and for p,¢» € PH and z & o(Ly4(0)):

(pl(Lg(0) — 2)7'0) = (ol[Fp(Ly(6)) — 2]~ '9). (4.40)

I ]
i 1

For a proof see [14] or [8].
As projection, we will use:

P:=P* @ P/ (4.41)
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where ¢ is any eigenvalue of Ly (we recall ¢ = E; — E; where E; are eigenvalues of H,; for

j=0...N—1)and Py"* is defined by:
P = x[Laux < p] p>0
where x is a characteristic function:

1 ¢+ Ly <p
X[Laum < p] = e .
0 : otherwise

(4.42)

(4.43)

We define now a family of subsets which will help us studying the spectrum of L4(6). In

the next figure (Fig.13) all the domains are represented.

in v
S = {z € C‘Imz > —SIZ po}
we will use:
poi=g""c  pri=got?

with e small.

We divide this domain in different parts:

8> = {Z (= S’ diSt(Rez,U[Lat]) 2 @

Sij = {z ES‘ |Rez — E; + Ej| < %}

sin 9 00
2

SO> = {ZGS‘

It is evident that:
SCS. U (Uiijsij U So> U So<)

The easiest way to visualize these domains is to look at the next figure:

So<

Ss S> S
S12 \(_S\

p1§\2’\<?

: 0> 321

Fig.13 The subsets Ss,So>,So< and S;j

(4.44)

(4.45)

(4.46)
(4.47)
(4.48)

(4.49)

(4.50)
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We will now expose the principal results of the analysis of the spectrum of Ly(0) (o[Ly(i0)]).
For a proof refer to [7].
We will take:

=i 0<I)<VI<Ip<7/2 (4.51)

Theorem 4.3.2. For g > 0 sufficiently small and for any z € S~
o[Lg(i?)| NS> =0 (4.52)

Theorem 4.3.3. For g > 0 sufficiently small and for any z € S;;, it exists a positive
constant v > 0, such that:

SijN{z € C[Imz > —g*y} C p[Ly(0)] (4.53)

Theorem 4.3.4. For g > 0 sufficiently small and for any z € So=\C(¥') where C is the
cone:

C() :={|Rez| < —cot?Imz} ¥ <9 (4.54)

then:
S0 1 {2 € S0 \C(W)} € plLy(0)] (4.55)

The mechanism of proving these last three theorems is always the same. We prove first,
by means of a Neumann series expansion, that in the desired domain the Feshbach map is
well defined. Then we analyze the invertibility of the Feshbach map (i.e. [Fp(Ly(0)—2)]71)
in this domain. The values of z where the FM is invertible belong to the resolvent set of
Ly(0), p[Lg(8)] (theorem 4.3.1.). The values of z where the FM is not invertible belong to
the spectrum of L, (6), o[Ly(0)] (theorem 4.3.1.).

With these results we infer that the spectrum of Ly(f) in S is of the following form (where
the points indicate that the spectrum continues to the left and to the right in the same

form):

Fig.14 The spectrum of Ly (0) after the application of Theorems 4.8.2., 4.8.3., 4.3.4.
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From this diagram and similarly to the deduction of proposition 4.1.3. we deduce the

following proposition:

Proposition 4.3.5. The spectrum of Ly is absolutely continuous in each interval A (see
Fig.14) on the real axis, if this interval does not contain the point zero and is sufficiently

far away from it (see Fig.14).

In order to analyze the domain D of Fig.14 we need new methods (the positive com-
mutator method and the renormalization group method). The question is to know whether
the N-fold eigenvalue 0 of Ly displaces also downwards or remains in the same position
under the complex deformation. In the next chapter we will show that the spectrum near
0 is cuspidal. We will also show in second order perturbation theory (in chapter 6) that 0
is a simple eigenvalue of L,(6). Therefore N-1 of the eigenvalues equal to 0 of Lo displace
downwards by the process of complex dilatation and one remains in the same position as

by Lo(0) (see next figure).

¢ - posind/4

"
l|-+-|l!ll|-l|-+!ll|l.

x +
IFFI%%+FF1 N
i -
l. o
M +

Fig.15 The spectrum of Ly(0)



Chapter 5

Renormalization Group Method

5.1 Introduction

We have seen that the values z € Sy~ \C(¥') are in the resolvent set of Ly(¢). Now the
question is, what is the spectrum of Ly(#) near 0 (forz € Sp<) like? To answer this question
we use successive Feshbach maps and rescalations of z that permit us to analyze the spec-
trum of Ly(#) in the proximity of 0. This structured set of operations repeated iteratively
is known as renormalization group method (RG), which we will present in this Chapter.
Mainly we will see it for T' > 0 and we will see the differences with 7' = 0. Also we will define
the smooth Feshbach Method (SFM) and use it to show that the domain of the spectrum
of Lg(8) is cuspidal near 0.

5.2 General Procedure for 7' > 0

The RG is an iterative process, that is to say, in each step we will repeat the same operations
as we did in the step before, over our in each moment effective Liouvillian. In this section
we will present this operations for the two first steps and for the case that 7" > 0. The
purpose is to enumerate both the operations and the generated terms. In the next section
we will make for the effective Liouvillian of step 0 a perturbative analysis in order g2 and

we will see how these terms generate.

o6
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1 Fezhbach Map 2,3 Rezcalation!Dilatation ' . 1 Fezhbach Map 2,3 RezcalationdDilatation
Lol2] Lol] |4 L[] L[2] 5
L) W 2 ™ — R —
EOTOWO EoToWo H : E1T1W1 E1T1W1 ]
atep atep 1

Fig.16 Renormalization Group Method

5.2.1 Step 0

Each step of the renormalization Group consists of the same three operations. In this sub-
section we will show them for the step 0:

1 Feshbach Map

Fry(Lg(0) — 2) = Po[(Lg(0) — 2) — g PBoW (0) Po(Lg(0) — 2)~ " PoW (6)] Py (5.1)
where:
Py := P{" @ X[Lauz < po) (5.2)
N-1
Pyt = Z loi ® i) (s @ il (5.3)
i=0

With this transformation we obtain a new effective Liouvillian Lg|z] see Eq. (5.5). This is an
operator on a smaller vector space Py’H. This means that this transformation is a decimation
of degrees of freedom of particle and photons with energies > pg, where 0 < py < 1 was
defined in Eq. (4.45).

Because of the isospectrality condition z is eigenvalue of Ly(#) if and only if 0 is eigenvalue
of Fpy(Lg(0) — 2).

This Feshbach Map is only defined where (Ly(0) — 2)~! exists. Now we develop Eq. (5.1)

using a Neumann series. The details will be presented in the next section:

Fro(Ly(8) — 2) = (Lo(i0) — 2)Po + Z(—l)”-lg”Pow<Lo(§f_ZWPo>”—l (5.4)

v=1
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defining;:
Lo[z] — z := Fp,(Ly(0) — 2) (5.5)

denoting L = (L, Lauz) and r = (7, 7quz); after doing a Wick ordering (see appendix), we

get an expression of the form:

Lo[2] = Po(Eolz] + Tolz, L] + Wolz]) Po (5.6)
with:
Eolz] := AEolz] = (2, 0] (5.7)
Tolz, L) = Ly(8) + ATz, L] = Ly(6) + {& o[z, ] — & o[z, 01} (5.8)
Wolz] = gW + AWy[z] = gW + Y W), (5.9)
m+4n>1

where Ey[z] € C is a number, Toz, L ] is a function of Ly and Wolz] is a sum of Wick

monomials of the form:

WO [2] = / dk™ dk™at (k)0 [z Ly K0 E™]a (k™) (5.10)

)
m,n

where we use the notation:

and @), ,, is given by:

o[z L KM & Z > Z / dz'P) S, p{Fylz®) | 2@ kM g1 gzP)

p=0b€EBm n,p ¥1.--0—1
(5.13)

where By, ., denotes the set of partitions b = (b, by, by, bz) of {1,2,...,m 4+ n + 2p},
such that the number of elements of by, is m , |bx| = m, |bz| = n and |b;| = |bz| = p.
by, bj, by, bz are pairwise disjoint subsets of {1,2,...,m +n + 2p} the union of which give
{1,2,...,m+n+ 2p}. Denoting J := m + n + 2p the matrix valued function Fj is defined

as:

Fb[x(l’)vm(mk(m)’ k(”)] — X( )thl) . X((;ufl)x((g/) <Q|Gg(17){(p,p)7 Kv(m,n))><
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@ (1, X0, K) for (Lot r] e fo, o [Lo+ 2GR, X BP, KOl (7, X B2, K0M)Q)

(5.14)
where:
GY (ki) if j is the 1th member of by
9 7 . .. ~
GO(j, X0 pelmm) G (ky) if j is the Ith member of b; (5.15)
GY.(z)) if j is the 1th member of b,
G (i) if j is the 1th member of bz

The expressions for G%. were given in Eq. (4.29) and related equations, where we take:

GhLi=) Gi, (5.16)
T=I,1
and finally:
1+ ifjebUb;
ab(j, X@P) Kmmy .= & g+(2)) ¢ ifjis the lth member of b, (5.17)

a—(x;) : ifjis the lth member of bz

and where S, ,, denotes the symmetrization operator:

1 -

Sm,n = m Z F[X(p’p), kﬂ(l) R kw(m); k;fr(l) B kﬁ-(m)] (5.18)
TESm
TESH

In section 5.3. we will deduce these equations in order ¢g? which can help to understand

them. 2 Dilatation and Rescalation of energies and momenta

Like in Eq. (4.2) we can define a general dilatation as:

(wof)(@) = p**f(pz) [ € LX(R?, d*x) (5.19)

like in case of complex dilatation (p = e~?) it is easy to see that this is an unitary trans-
formation. We will take 0 < p < 1. We can define now U, by the process of second

quantization as:
(U] (1, Ky - Fen) i= p/ 2 (pky . . . pkey) (5.20)

and as in Eq. (4.8) we have:
U,H;U, ' = pHy (5.21)
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It is easy to see that the same transformation is defined by:

U,a*(K)U = p~2a*(p™"k) (5.22)
Uya(k)U: = p~2a(p™'k) (5.23)
U,y = Q (5.24)

The interaction Eq. (1.12) transforms to:
Loy © UMl ® U = / dk{G(k) © U,a*(k)U* + G(k)* © Uya(K)U*} =
- / dk{G(k) @ p~2a* (p~ k) + G(k)* @ p~2a(p™'k)}

making the substitution ¥’ = p~'k and taking into account that the integrals are three-

dimensional:
T ® Ul @ U = / PPk {G(pk') @ p~2a*(K) + G(pk')* @ p~2a(k)} =
_ / PRdk{G(pk) @ a*(k) + G(pk)* ®a(k)}  (5.25)
and the Hamiltonian H, transforms to:
UpyHoU' = Hy @1 + plloy © Hy + / p2dk{G(pk) ® a*(k) + G(pk)* ® a(k)}  (5.26)

In the same way we can also dilate the Liouvillian L, and we would obtain results similar
to the ones obtained in chapter 4. With these examples we can see that the effect of this
dilatation is to rescale the photon momenta as k — pk.

We apply now these results to Lo[z] Eq. (5.5), additionally we apply a rescalation by dividing
the result of the dilatation by pg. The new effective Liouvillian after the dilatation and

rescalation is:

Pat ® Legglz] = ploUpo [(Fpy(Lg(0) = 2) + 2x(Ly < po)|Up, (5.27)

where U,, is the dilatation operator.

3 Rescalation of the spectral parameter

7z z— %z and the new effective Liouvillian is:

Put @ Lolz] := ploUp0 [(Fro(Lg(0) = Z71(2)) + Z7 (2)x(Ls < po)] U, (5.28)
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The reason of this rescalation is that under a dilatation and a rescalation of 2, the process of
transformation of T would be Dilat,,(T') = poT and Resc,,(T) = piODilatpO (T'") = T but the
way in which E transforms is not adequate since Resc,(E-1l) = p—IODz'latpo (E-A) = p%E A
and with pgp < 1 we would have problems. Namely E/p{ would diverge after a big enough
number n of steps of this RG.

Applying these two operations 2 and 3 to Eq. (5.6) we obtain:

Lo [Z} = Po(Eo [Z] + Ty [Z,L] + Wy [Z])Po (529)
where:

Eolz] = ABolz] = py ‘@002 1(2),0]  (5.30)
Tolz, L) = Ly + ATolz, L) = Ly + py {@00[2 71 (2), por] = @002 1 (2), 0]} (5.31)
Wolz] = gW + AWo[z) = gW + > WP,  (5.32)

m+n>1

(0)

where in the same way as in Eq. (5.25) we can calculate the relation between wpm, ), and

~0 .
Winn'

~ 3 m=4n)—1 __ ~
D KO E0) = pg TGO (27 (2); pos pok ™ pok ) (5.33)

m,mn

W) .= / dk™ dk™ g (k)0

)

2373 K5 k) |a(K™) (5.34)

h
The idea behind this RG is to repeat these three operations in a number of steps obtaining
after each step a new effective Liouvillian L,[z], containing a term W), [z] which is becoming
smaller. Because of the isospectrality condition of the renormalization group, the spectrum
of our initial Liouvillian Ly(¢) is the same as the spectrum of Ly[z] which is much easier
to analyze with the vanishing term W, [z]. By decimating the degrees of freedom of the
system with this RG, the dynamics of the remaining degrees of freedom is approximated by

the free photons dynamics.

5.2.2 Step 1

In this step we apply the three operations formerly defined to the effective Liouvillian of
step 0 Lo[z]. The problem to be discussed now is the possibility of doing a new FM. If we

realize a new Feshbach Map (FM) onto our new Liouvillian Lg[z], that is to say:

-7:P1 (Lo[Z] - Z) == P]_[(LO[Z] - Z) - g2P1W(9)P1 (Eo[z] - Z)_1P1W(0)]P1 (535)
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with:

Py = P @ X[Lauz < p1] (5.36)
where p1 := ¢?+¢/2 (see Eq. (4.45)) and k = SN e BEn/2p, @ p, and in theorem 6.3.3.
we prove that Kerl'o = Ck, where I'y is the level-shift operator.
This FM would be defined only for the values of z where Lo[z] — 2 is invertible.

_ _ _ _ -1
(P1Lo[2]Py — 2)"! = (PlPo(Eo[z] + Tolz, L] + Wol2]) Po Py — z) (5.37)
using the polar decomposition, with R = |Fy[z] + Ty[z, L] — 2|~}

Eol2] + Tolz, L] — 2 = U|Eylz] + Tolz, L] — 2| = UR™! (5.38)
(FlLo[Z]Fl — Z)_l = Rl/z(U + Rl/gﬁlp()W()[Z]Po?lRl/z)_lﬁlpoRl/z =
= R'?[Y U*(—RY?*P,PyWy[o] Py P\ R*U*)"|R/?  (5.39)
n=0

oT[z; ]
0T qua

Lemma 5.2.1. Let be Ty|z; 7| with || Th[z;] — 1ljec < 0 < 1/6 and 0 < reugy < 1 then for

and denoting by T"[z;+] := we have:

any z so that |z — Ey[z]| < p/2 we have:
1
|T0[Z;f] + EO[Z] - Z| > E(Taux + p) (540)

Proof. from ||T{[z;] — 1]|lcc < & we have —(T{) — 1) < § and Tp > rqus(1 — &) and therefore:

1-6 1 1
|To[z; r]+Eolz]—2| = |To[z; r]|—|Eolz]—2| > (1*5)%%*% > (T*Z)(Taux+/)) > E(Taux+p)
(5.41)
O

Lemma 5.2.2. Assume that |wy n[r; kKD kN < egM+N Hj]‘ilw(kj)a ijzlw(zj)a then
for any 0 < p <1 we have:

2

H (Tau:v + p)71/2P1P0W0?1P0(Tau:L’ + p)il/zu S 01/2 €

(5.42)
For a proof see [14]

Theorem 5.2.3. For any z so that |z — Ey[z]| < p/2 the operator (P1Lolz|P1 — 2) is

invertible on P1P,.



Proof. With these two lemmas and Eq. (5.39) we have:

|RY2P, PoWo [2]P1 PoRY?|| < ||(raus + p) ™Y *P1PoWoP1 Po(Taus + p) /2| x
Tauzr + P 2e%c 1

XHT[)[Z;f] + Eolz] — zH = pl/21/6

With this theorem we have the justification for doing a next FM Fp, (Lo[z] —

then writing it in a Wick ordered form:

Fp,(Lolz] — 2) := L1[z] + Eolz] —

Wickstheorem ~1
z — WM,N

where

L1[2] = Pi(Ey[z] + Ti[z, L] + Wil2)) Py
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O]

z) and

(5.43)

next we apply a dilatation and rescalation of the spectral parameter and we define the

Renormalization Map by:

Ry (Lo)[2] = 2 := p~ ' Up Fpy (Lol Z7(2)] = Z71(2))U,

where U,, is a dilatation operator. We define:
Life] - 2 = Ry, (Lo)le] - =
and substituting Eq. (5.43):

Lilz] = 2 = p; ' Up (La[Z7H ()] + Bol 271 (2)] = 271 (2)U;,

Applying now the Wick’s theorem:

Ll[z} = Pl(El [Z] + T [Z,L] + Wi [Z])Pl

(5.44)

(5.45)

(5.46)

(5.47)

where we obtain again a number Fj[z], a function of L, Ti[z, L] and a sum of Wick’s

monomials:

Eilz] = ABylz] = py 3¢ o[ 271 (2), 0]
Tilz, L) = py "To[Z 72 (2); prr] + AT [z, L] =
P To[Z7 1 (2); par] + p1 @027 (2), prr] — @h (27 (2), 0]}

Wilz] = gW + AWi[z] = gW + > Wiy
M+N>1
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5.3 Step 0 of the RG in Second Order in g for 7" > 0

The purpose of this section is to see the specific form in order g2 of the expressions E,T, W
seen in the last section (that is to say step 0 without dilatation and rescalation). In order
to do that we will develop the Feshbach Map in powers of g. We will restrict us to order g2,
afterwards we will see how the terms E, T , W mentioned in the last sections are generated
(until order g?), using Wick’s theorem and lemma A.0.3 of Appendix A. We will use the
projector Py := P§* ® X[Lauz < po] = P§* ® xp, with P§t = Zfi_ol loi ® @i){pi ® ¢;| and
Harpi = €ipi

We proceed now to develop the FM:

Fry(Lg(0) — 2) = Po[(Lg(0) — 2) — g*PoLy(0) Po(Lg(0) — 2)~ " PoLy(0)| Py =
= Py[(Ly(0) — 2) — g* POW Po(Ly(0) — 2) " PoW]Py  (5.51)
where we have used PyL.Py = 0 and now we use PoLo(0)Po = Lo(6)Pq to develop the

second term of Eq. (5.51) in a Neumann series expansion:

-1

(Ty(0) = )7 = (To(0) — 2+ gW(O) ™ = [(To(6) — 2) (1 + (To(6) — )77 (6)) |
= (1+ (To(0) — =) g (6) " (To(6) — =)'

using now the Neumann series of (1 4 (Lo(0) — 2) " 1gW (#)) !

(Lg(0) — )" = (Lo(0) — 2)™" = (Lo(0) — 2) " gW (0) (Lo () — 2) ™" +
(Lo(0) = )" gW(O)(Lo(0) — 2) " gW (0)(Lo(6) — 2) " F ... =

(Lo(0) = 2)7" Y (=gW(O)(Lo(6) —2)~1)" (5.52)
n=0
noting that (Lo(f) — z) ™! = Lg(ﬁl)—zpo and Pg = Py we have:
L)~ 2 = P Y (- WPy (5.53
g Lo(g) —Z "0 Lo(a) —Z
inserting this result in Eq. (5.51) and using PyL Py = 0: \
—_——

Fp,(Lg(0) — 2) = Po(Ly(0) — 2) Py — > PoW (0)Po (Ly(0) — 2)  PoW Py =
1

(La(0) =)o+ AW ()R = AW O) === Po S (= aW(0) == Po) W (0) Py =
n=0



65

and reordering the terms:

Fpy(Lg(0) — 2) = (Lo(0) — 2)Po + gPoW (0) Py —

1 — 1 — 1 —
2
—g°F 97P—7P 0)———Pp+--- 0)Py =
PR >[L0(9) o G O gy WO
1
= ) —2)P, 1)Y= g" PaW (0)(———PoW(0))" ' Py (5.54
( Z 0+Z OW )(Lo(e)—z 0 ()) 0 (55)
. : : Po : : :
This Neumann series converges if HWW(H)POH < 1. We will work with the interac-
0(6) —

tion Liouvillian:

W = [I]—r[I] = l[a*]®(GRL)+[a]|@(G* @) - Jfl[a*] J;@(UARTGT) - Jfl[a) J;@(ARTG*T)
(5.55)
and in the same way as by deducing Eq. (5.26), using Eq. (5.22) and Eq. (5.23) (for p = e~%)

We can see:

W) = UO)WU*(0) = / dke3{la* ()] @ (Gle k) @ 1) + l[a] @ (G*(e k) @11)}—

- / dbe=30(r[a* (k)] @ (1L G(e~k)) + rla(k)] ® L@ T (k) (5.56)

and defining;:

Go(k) = e 2°G(e k) (5.57)
Gy (k) == e 2°G*(e k) (5.58)
Go(k) == e 29G(e k) (5.59)
Gy(k) = e 29G" (e 7%k)) (5.60)
we can write it as:
_ / dk{i[a* (k)] @ (Go(k) @) + l[a] ® (G(k) 1)} —
- / dk{rla* ()] @ (L. ® Go(k)) + rla(k)] @ (1 ® Ga(k))} (5.61)

For the convergence of the Neumann series we will need the following lemma:

Lemma 5.3.1. With the assumption on G:

Ar = (/ dk(1 +w(k)’1)\G(k)\2)1/2 <o (5.62)



66

we have:

(L + p0) "W (6) (Laus + po) 2| < 4A1p5 "> (5.63)

Proof. We have that:
la(G)y|1* = (a(G)pla(G)y) = / dkdk'G (k)G (K') (a(k)¥la(k')i) <

/‘G( )| ’G( )| /
dkdk kla(k K'|a(k

applying now the inequality of Cauchy-Schwartz-Buniakovski:

6 [,
< [ SV ot [ e Wlaww <

([ SO0y Rawo( [ i/ Fawol?) =[S [ arotiia ke )

1/2

15, |12
and recalling that Ly, = Hy ® 1y + Iy ® Hy, then we have:
a@wl < | 1zzvl (5.64)
and taking ¢ := L;u%?x where x is a characteristic function we have:
la(@) Jﬁr<H¢]\ (5.65)
and therefore:
_ _ G
I(Lawe + p0)~?a(G) (Laua + po) ™2 < mH@HQ (5.66)

for ||[a*(G)v|| we have:

la*(@)l1* = (Wla(G)a*(G)y) = IG311¢1* + (Wla*(G)a(@)p) = |GI5[¢]? + la(@)y?
(5.67)

then for both creation and annihilation operators we have:
1(Laua + po) ™/%0*(G) (Laua + po) ?| < — / dk(1+ —75 IG( )| ) (5.68)

and taking into account the four terms of Eq. (5.61) we obtain Eq. (5.63). O
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€

Proposition 5.3.2. Let z be so that |Rez| < po/2 and |Imz| > —1pgsind where py := g*~
for € small and 0 < ¥ < /2. For these values of z and Py = P{" ® x,,, we have:

auz+p0 H < 4

[l am < 4 oo

Proof. Using Eq. (4.15) with 6 = i9:
Lo(0) = Lat + L cos ¥ — i Ly sin® (5.70)
and:

PO == P(Lat 7é 0) ®X(Laux S pO) +P(Lat - 0) ®X(Laux > pO) +P(Lat 7é 0) ®X(Laux > pO)

(5.71)
defining:
Ql = P(Lat 7’é 0) @ X(Laux < pO) (572)
Q2 =1Lt @ X(Lauz > po) (5.73)
then we have:
Py=Q1+ Q2 (5.74)

We will suppose that [Lo(0), Q1,2] = 0. We have:

| (Lauatp0) (Lo(0) —2) ™ Poll = max (|| (Laus+p0)(Lo(0) =) Q1| | (Laus+p0)(Lo(6) =) Q2]
(5.75)

We use now the inequalities: |z| > |Imz| and |z| > |Rez|. Let us analyze each of the two

expressions |[(Lauz + p0)(Lo(¢) — 2) Q1| and ||(Lauz + p0)(Lo(0) — 2) ™ Qa|l:

Let A be the set of values (74t,7f, Tauz) Of (Lat, L ¢, Laus) so that:

Tat € O'(Lat\{()})
(S R, ‘Tf| < Tauz (5-76)
0 < Tauz < 0o

Tauz + PO
Tat + 7§ COSY — iTque sint — 21 —

||(Lauw + PO)(LO(Q) - Z)_lQIH = Sup
(T’ahrfﬂ"auz)eA

Tauz + PO ‘
Tat + 7 costV — Rez

sup (5.77)

(T'at ST f 77"auz)eA
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Looking at Fig.13 we see that in A:

|Tat + 7¢ cos¥ — Rez| > |rqy — Rez| — |rycos?| > gpo —po = %po (5.78)
and:
|Tauz + po| < 2po (5.79)
and then:
I+ ) (Ea(6) = 2)7'Qull < —2p = 4 (580)

Let B be the set of values (7at,7f, Tauz) Of (Lat, L, Lausz) so that:

Tat € O'(Lat)

Ty € Rv |Tf| < Tqux (581)
Tauz = PO
_ Tauz + PO
L Lo(0) — 2)'Qu| = e
[ Laue + p0)(Lo(6) = )| (raz,rfs,l:iz)eg Tat + 7§ COSV — iTque Sint — 21—
Tauz + PO
sup - 5.82
(rat,r 4 raus)€B | Tauz sint + I'mz ( )
Looking at Fig.13 we see that Imz > —%p() siny and in B:
Tauz + PO ‘ > Tauz + PO N Tauz + PO _ Tauz + PO
Tauz SINY + Imz| = reyesind + Imz = ry,sind — %po sind  sinY(rauz — po/2)
(5.83)
and then:
Tauz + PO Tauz + PO
su - < su - 5.84
(Tat7rf,Tiz)€B Tauz SINY + Iz (Tam"'fﬂ"iz)eB sin ¥ (raue — po/2) (5.84)
defining now y := rquy — po/2 we have:
1 2 1 2
sup . Tauz + PO __ sup y+po/2+po0 _ ‘ sup [1+p0/ +,00] _
(rat,rf raus)€B S HTrguz — po/2)  sind y>p0/2 Yy sin v y>po/2 Yy
5.85)
1 Po/2+ po 4
Sin29( + po0/2 sin ¢ (5-86)
_ 4
H(Lauz + po)(Lo(@) - Z) 1Q2H < sin v (587)
and finally:
— 4 4
Lo(6) — 2) 1Py < 4, —) = 5.88
I(Zo(6) — =)™ Poll < max (4, =) = (589)
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And now we can see the convergence of the Neumann series expansion:

Theorem 5.3.3. Let z be so that |Rez| < po/2 and |[Imz| > —%po sin v where pg := g>~¢ for
€ small and 0 < 9 < /2. For these conditions and g sufficiently small Po(L — g(0) — 2)Pg
is invertible on RanPgy. That implies that for these conditions and g sufficiently small the

Feshbach map Fp,(Ly(0) — z) with Py = P§* @ X,, is well defined. The series expansion
Eq. (5.54)

Fro(Ly(8) — 2) = (Lo(8) — )Py + Z(—l)”_lg”PoW(H)(Lg(el)_ZPoW(G))”_lPo
v=1

is for these conditions convergent.

Proof. The Feshbach map Eq. (5.51):
Fry(Lg(0) = z) = Po[(Lg(0) — 2) — 92P0Lg(9)F0(zg(9) - Z)_IFOLQ(G)]PO

is well defined for all the values of z where the inverse of (Ly(6) — z) exists.
We will analyze the term Eq. (5.53) Po(Ly — 2) "' Py :

Pu(Ly(6) ) Po = 1P > (- W) )" =

1/2__
_ (Laux + pO) PQX
Lo(e) —Z

3 - - Loz + pO)* n 1
Lous 12— W) (Lauz 1/2 (7P e 5.89
2 { (ot o) ™20 L+ 00)™7) (7= P0) | () 959
this equation can be checked (for n=0 is trivial),

forn=1:

1

/2_ —
e T IOV B (i) W TErp0)12) (L 00, )

Lo(0) — 2 Lo(0) — 2 0)1/2)

auxr

for n = 2:

1/2__ _
MLO(Q){O) Po((LarzF o)~/ 2(—gW ) Tazz—po)™/2) (MLZZE?%— V) -

x ((Tapo) ™ (~gW ) ke T po) /%) (%pg)%) @mlfpo)l/?)
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and then we have

(Lauz + po) 4 16

Laux 12— wi(e Lau$ e ( P) < (49A = —gA 1
(s 0) ™ 2(=gW (0) Lot po)72) (V2520 ) | < (h0) () = srgos <
(5.90)
which is <« 1 for g sufficiently small. O
We will restrict us to the term in second order in g of Eq. (5.54):
P,
2 0
—g " PoW(0) ———W(0)F 91
we see that:
- —at at — — —at —
PO :l—POZPO ®XPO+PO ®XPD+P0 ®Xp0 -
—at — a — —at a —
=Py @ (Xpo +Xpo) + B8 ©X, = Py @A+ P @ %, (5.92)
we define:
B M
Po:=) X% ©X}(0) (5.93)
0
A, : fora=1,2---M
where  Xf[w] = ! (5.94)
X[ Lauz +w > po] : fora=0
X = P2 = Xeo[Lat) (5.95)

and {eg---enm} = {F; ;|0 <i,j <N —1} with g :=0and M < N(N — 1), that is we have
N zero eigenvalues (see Eq. (4.1)). These correspond to the differences E;; = E; — Ej when
E; = E; and N2> — N = N(N — 1) non-zero eigenvalues.

Py

—92P0W(9)WW(9)P0 = _92X2tXPUW(9)W)O_ZW(‘9)X2tXPO
Mo oo o
= — 9" XarXpo W (6) 2o szz;)@_x; (O)W(e)xthpo = _92i::thXPOthW(H)L;Eg)(O_)ZW(e)thXPO
Let us analyze the term le(iz;()_)zw with the interaction Eq. (5.55), considering that
TGT = G = (G*)T:
W(H)L:E;;EO) ZW(@) =
=1(I) L;(i;o—) ZZ(I) +r(I) L())?;) _) ZT(I) —1I(I) L;E(J;;O_) Zr(I) —r(I) L;?;)O—) zl(I)
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We will develop now the different terms I, II, III, IV each of which will result in four terms
more and each of these will give also four terms. That is to say in total we will have
4 x 4 x 4 = 64 different terms but fortunately many of them are zero.

Taking into account Eq. (5.61), we have:

—3(0
I=l[a"] ®(Gg @) +[a] ® (G ®l)]LO>E§)(_)Z[l[a*] ®(Gypa) +a] ® (Gyo)] =
dkdll[a* (k)] ® (Go(k) ®1)L()X(Z§O_)Zl[a*(l)] ® (Go(l) 1) + (A1) (5.96)
+/dkdll[a*(k)]®(Gg(k)®l)1£§0_zl[a(l)]®(G§(l)®l)+ (By) (5.97)
+/ dkdl la(k)] ®(G*(k)®l)L(0)l[ D] @ (Go(l) @1L) + (C1) (5.98)
“ 0 LO 0) -z “ o ! ’

+ / dkdl [ja(k)] @ (G30k) & 1) —L 1) @ (Go(t) © 1) (D1) (5.99)

In order to become expressions like Eo, TVO, WO we will need the lemma A.0.3 of Appendix
A.

We will use the following notation:

r= (Tf, Taux) (5100)
L= (LfaLaum) (5101)
L(0) +1(0) :== (Ly +ry)coshd — (Lauz + Tauz) sinh 0 (5.102)

Applying lemma A.0.3 and the Pull-trough formula (lemma A.0.1) and with the Eq. (4.15)
Lo(0) = Lat + Ly cosh @ — Ly, sinh 6:

X% (0
QE) lla*(1)] @ (Go(l) @) =

A = / dkdla* (6) @ (Go(k) 8 1) 7,

_ % % Xf(raum + w(l))
—/dkdll[a 8)ia (l)]<Qf|G9(k:)®lLat+L(9) ORI 9(1)®mf> Lt (3103
« Y?(Tauw) "
+/ dk l[a (kz)]<Qf\G9(k:)®1Lat+L(9)+£(0) _Z/dll[a (1)]G9(1)®mf> L, (B0
Y? (raug: + w(l))
/dll Qﬂ/dkl (k) ® 1Lat+L(9)+£(6)+w<l>_zcg(l)®mf> Lt
B (5.105)
+<Qf|/ dkl[a*(k)]Ge(k)®lLLat+2<(9(;6I3;)(9)_z/dll[a*(l)]Gg(l)®1LQf>’T: (5.106)
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From these terms Eq. (5.104), Eq. (5.105) and Eq. (5.106) are zero because of (Q|l[a*(1)]Q2) =
(Ql[a*(k)|Q2) = (Ql[a*(k)])l[a*(1)]2) = 0. Doing the same procedure with Bj:

X7 (0)
Lo(g) —Z

By = / dkdl l[a* (k)] (G (k) @ 1) lla(D)] ® (G5(0) @) =

Y? (Tauz)

/dkdll[a*(k)]<Qf\G9(k)®1Lat+L(0)+r(6)_zGZ(l)®‘Jle>l[a(l)] b (5.107)

/dl ny/dkz BG(k) 01 o) G3() @10, )ila)]| _ + (5.108)

Tui +L(0) +2(0) — = L
(o] / dilla” (1) Ga(k) &1 2‘{ 0(; ‘_’tj)( 9) - / dll[a(l)]G*(l)®19f>FL+ (5.109)
/dk:l N(21Go(h) & lLat+2<f Taus) _z/dll s() ©10;) _, (6110)

because of the reasons mentioned before, there are vanishing terms and they are Eq. (5.108)
and Eq. (5.110), the term Eq. (5.109) do not vanish if k£ = [.

From now on we will write only the non-vanishing terms:

Y?(Taux +w(k) +w(l))

4 :/dkdll[a*(Z)]<Qf|G9(k)®1L

at + L(O) +1(0) + w(k) +w(l) — 2 " 111)£

+<Qf\/ dk a(k)]Go(k) ® 1L at+2‘{(;““x)(0) /dll[a*(l)]Gg(l)®lLQf> .
- (5.112)
Dy = / akdl { 0]Gi (k)L — f{(;) - (;)“j i)(k) ~Go(1)&12; )lfa(k)la() T
5.113

Using now the representation r(a) = Jyl[a]Jy and that G = TGT:

— — X7(0 — —*
IT=[rla"]® (Lo Gy) +rla ® (Lo Ge][%(_)z[r[a*] Al @Gy) +rld e Lled =
dkdl rla* (k)] @ (1 @ Go(k)) ’EZ;O) rt (D] AeGl) + (A)  (5.114)

_ X5 (0 —
+/dkdlr[a*(k)]®(l®G9( ))Lo(fé; ) rla]® L@ Gy) + (By)  (5.115)
. X2 (0
+ / dksza(k)]®<1®G9<k>>L§‘(§§ )Z @) e LG+ (C2)  (5.116)

X7 (0)

Loy o W@ AeT®) (D) (5.117)

+/ dkdlr[a(k)] © AL @ Gy(k)) 2
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Ay = / dkdlvla” () rla” (D) 2 Lo (k) 1 +2‘?9()T e (_9)‘" Elzj e AeGty)|
(5.118)
By = / dkdlr[a*(k)]<Qf]1®§9(k) Lat+2‘?9(; T;)w)_}@e;(z)@fy[a(zn Lt e
el [ avri o G0 g G [ v o) oo
Cy = / dkdlrla” (D)9 Lo Ty (k) Lat+§9(; e (_9)” sz(;;” fliz e 1®G9(l)9f>v;[a.(k)])
5.121

Y? (Taux)
Lat + L(e) + ﬂ(e) -z

Qf|/dkr L @ Gy(k

Y?(Taux —w(k))
Lat + L(0) +1(0) — w(k) — =

Dy = / dkdl <Qf|1®é;(k;) 1@62(Z)Qf>r[a(k)}r[a(m

Doing the same with III and maintaining the non-vanishing terms:

IIT = [l[a*"] ® (G @) + l[a] @ (G ®1)]LOX<Z§0_) Z[r[a*] @A ®Gy) +rla] @ (L® G,y =
X% (0 _

/ dkdl l[a* (k)] @ (Go(k )®1)L0(9)( ) rla )@ e Gol)+  (4s)  (5.124)
Oé 0 —

/dkdll )®1)L0(9§ )Zr[a(l)]®(1®G9(l))+ (Bs)  (5.125)

+/ dkdll[a(k)]®(G9(k)®l)LO(9) _zr[a Do Ao Ge()+ (C5)  (5.126)

X5(0 o
—i—/ dkdlla(k)] ® (Gy(k) ®1L)L(i;)()zr[a(l)] ® (AL ® Gy(l)) (D3) (5.127)
0(0) —
Now we are dealing with different representations | and r and therefore we must be careful

because of the relation:

rla* 0]9) = ila()]e 20 12y) (5.128)
and other similar relations, see Eq. (6.53), Eq. (6.54), Eq. (6.55) and Eq. (6.56).
Taking into account Eq. (6.55):

XF(Tque — w(l _
Az = / dkdll[a*(k)]r[a*(l)]<Qf]G9(k)®1Lat +2‘{9() ) EB(z) - Z1®Gg(z>9f>

=L
5.1

13

29)

/ dir[a*(D)]L ® GQ(Z)Qf> (5.122)
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H{(oy| [ ko (0)Ga(t) 01 X?(Tau?(e)_z/dlr(a*(l))l@Gg(l)Qf>

Lat + L(0) + £=%5 150)
Taking into account Eq. (6.53):
* ya<raux) —x
Bs = / dkdl ia (k)]<Qf\G9(k) ely— L{@) R Gg(l)Qf>7“[a(l)] L+
B - -~ (5.131)

Taking into account Eq. (6.55):
Y?(Tauw —w(k) +w(l))

Cy = / dkdlr[a*(l)]<Qf|G§(k:)®lLat T ORI SR Zl®69(5)9f>u ab]| _,+
B - (5.132)
Taking into account Eq. (6.53):
XG (rous + w(k
Dy —/dkzdl <nyG;(k>®1Lat+2‘(9()H(;)il)(k) 16 Gy (O Ya(k)rla@)|
- (5.133)
+<Qf\/ Ak lla(R)G3 (k) @ Ly zg;;fj)(e) — / dirla@l e G0y
T T (5.134)
_ B 1(1
IV =rla*] ® AL ® Gy) +rld @ Al G(,)]Lox(gg z . l[a*] ® (Gg @) +[a] ® (G @1)] =
* ral Y?(O) *
dkdirla” ()] (L& Go(h) = r— " D] @ (Go) @)+ (A0)  (5135)
+ / dkdlr[a* (k)] @ (1L ® Go(k)) L:Ezgo_)zl[a(l)]®(G§(l)®l)+ (By)  (5.136)
- XF(0)
+/ dkdl r[a(k)] <§9(1®G9(k:))L0((9> _zl[a D@ (Ge() @)+ (Cy)  (5.137)
X3(0)

+ / dkdirla(k)] ® (L® é;(k))mz[a(m@(c;;u)@l) (D)) (5.138)

Once more we deal with different representations r and 1 therefore we take into account
again Eq. (6.53), Eq. (6.54), Eq. (6.55) and Eq. (6.56).
Taking into account Eq. (6.54):

_ XGF(Tque + w(l
Ay = / dkdlr[a*(k)]l[a*(l)]<Qf]1®G9(k)Lat+2<{9() M(;) izj(l) _zGG(1)®mf> )

Qf|/dkr })1L @ Gl )Lat_i_z((e(;:quw)_z/dll[a*(l)]Gg(l)®1LQf> )

=3



75

Taking into account Eq. (6.54):

Y% (Taua:)
Lat + L(G) + f(e) -z

Gi(0) ®mf>1[a(5)] )

B4:/dkdlr[a*(kz)]<Qf]1®G9(k)

Taking into account Eq. (6.56):

Y?(Taux —w(k) +w(l))

Cy = / dkl1]a* (1){ ;Lo (k) G0 Yrla(k)]| _ +

Lot +L(0) +1r(0) —w(k) +w(l) — 2 r=L
(5.142)
Taking into account Eq. (6.56):
. XG (rous — w(k
Dy = / dkdl <Qf]1®G9(k) I zé‘ 9() 0 fu)))(k) - ZGZ(Z)@le>T[a(k:)H[a(l)] _
- (5.143)
+<Qf\/ dkrla(R)1 ® Gy(k) 7 - 5{9(;‘1”;)(9) — / di 1[a()]GE(1) ®mf>(rzL
T T (5.144)
Recalling the expressions Eq. (5.7), Eq. (5.8), Eq. (5.9) and Eq. (5.10):
Eylz] = AEy[z] = @o[z, 0] (5.145)
Tolz, L] = Ly + ATolz, Ly] = Ly 4+ {@o.0[z, 7] — To[z, 0]} (5.146)
Wolz] = gW + AWl = gW + Y W), (5.147)
m—+n>1
WO, l2] == / dk™dk™ ot (K™)&0, [z Lys K™ k™]a™ (kM) (5.148)

In order to identify the different terms of these equations we will transform Eq. (5.109),
Eq. (5.112), Eq. (5.120), Eq. (5.122), Eq. (5.130), Eq. (5.134), Eq. (5.140) and Eq. (5.144).
The purpose of this transformation is to fix the point of reference for Tinr= 0, that is in
T[z,r] we would have T[z,0] = 0 and doing this we obtain the terms of E. We will show
the procedure with the Eq. (5.112). For the other three the procedure would be the same.

X¢ T‘CLU.’E X% O
<Qf|/ dkl[a(k‘)]Ge(k)®l{ Lat+g(9()+r)(9) — j-(i:((e)) —+ (5149
ATy
)
+ Latj-(fL((e))—z }/ il (1)]Go(1) © 10y ) . (5.150)
——

AEq
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In this way the terms Eq. (5.109), Eq. (5.112), Eq. (5.120), Eq. (5.122), Eq. (5.130),
Eq. (5.134), Eq. (5.140) and Eq. (5.144) make contributions to AEy and ATy. The contri-
butions to AW |z] are the following:

Aﬁ//[z] = Wh1 + Wy + Wpe (5.151)
with:
W11 = Eq. (5.107) + Eq. (5.111) 4+ Eq. (5.119) + Eq. (5.121) + (5.152)
+Eq. (5.131) + Eq. (5.132) + Eq. (5.141) + Eq. (5.142) (5.153)
Wy = Eq. (5.103) + Eq. (5.118) + Eq. (5.129) + Eq. (5.139) (5.154)
Woo = Eq. (5.113) + Eq. (5.123) + Eq. (5.133) + Eq. (5.143) (5.155)

5.4 RG for T=0

The principal difference with respect to the case T' > 0 is that we have to work with

Hamiltonians instead of Liouvillians and that the spectrum is a little different. That is:

L= (Ly, Lauz) — H; (5.156)

ARRNA

In Fig.16 we see that instead of triangles like in Fig.10 and Fig.11 we have now lines because

Fig.17 Spectrum of Ho(6)

of the fact that in Eq. (4.6) we had a difference of two terms but now with the Hamiltonian
we have only one, which means only one rotation. We have considered that our model
in this section consists of an atom with different levels: the ground state Ey, the excited
levels Fq, Fs..... which could be degenerated and an ionization energy ¥. Until now we
have avoided degenerated eigenvalues and ionization energies in order not to complicate the

problem. We will consider them only in this section. We recall that 6 = v



77

Fig.18 Spectrum of Hgy(6)

In Fig.17 we see the effect of including the perturbation in the Hamiltonian. As in the case
of T'> 0 (but with other geometry) it produces a displacement of the eigenvalues to the
bottom half plane (movement associated with the Fermi-Golden’s rule) and to the sides left
or right (movement associated with the Lamb shift). The ground state remains on the axis
(but displaced to one side). In the Fig.17 we have supposed Es is double and splits into

two different domains and that F4 is simple and all displaces to the left.

5.5 Smooth Feshbach Map. Cuspidal Domains of the Spec-

trum for 7' > 0

In this section we will present the Smooth Feshbach map (SFM) and then we will use it to
show that the spectrum of L,(6) is cuspidal near zero.

The SFM is a variant of the FM in which instead of using projections one uses smooth
partitions of unity on Hilbert space. We choose a smooth positive operator y bounded

above by the identity Al on H and we define:
X :=vV1—x? (5.157)

Taking into account the analysis done before we can write our Liouvillian in each step of
the RG as:
L=TIL,z| — Elz] -1 + gW|z] (5.158)

where E[z] € C is a number which is a purely conventional factor. T[L,z] is a closed
operator function of L, and W][z] (sum of Wick monomials) is a perturbation defined on the
entire domain of T. Our purpose is to understand the spectrum of Ly(6) near 0. We will use

the isospectrality of the renormalization transformation and after a enough number of steps
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of the RG the term W/[z] tends to zero, simplifying the analysis of the spectrum of Ly(9).
The domain of the operator T is assumed to be invariant under y and . T is assumed also
to commute with x and . We define L, := T + xWx and Ly := T 4+ YW, we assume
that both are bounded invertible on the range of x and ¥ respectively. Let Ly = U|Ly| be
the polar decomposition of the operator Ly. We assume also that |LY|_1/ 2U~'XWyx and
XWY\LYFU 2U~! extend to bounded operators on H. With these assumptions we define
the smooth Feshbach map as:

Fy(L) =Tz L] — E[z] + gxWx — ¢>xWXLy ' XWx (5.159)

For a more complete analysis of the SMF see [6]. The reason why we use SFM is the
smoothness of the derivative of these smooth characteristic functions. In contrast, by taking
derivatives of projections (case of the FM) we obtain d-distributions and the calculations

are much more involved.

Fig.19 Approzimative spectrum of Lg(0) near 0

Now we will use this SFM to show that the spectrum of L4(6) is cuspidal near 0. In
Fig.19 we show it in a graphical form after the application of three steps (step 0,1,2)
of the renormalization group method. We begin with the curve 1 which represents an
approximation of domain D of Fig.14. In the domain below of this curve we place the
center of the new circle C1. This circle correspond to U* = {z € Dy | |z| < po/2}. Now

we do the step 0 of the RG for values of z inside of the circle C1. For these values of z we
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have proven in Theorem 5.3.3. that the FM is well-defined. We analyze now the values of
z inside the circle C1 where Rg is invertible. Because of the isospectrality property of the
RG, these values of z are in the spectrum of L,(#). We deduce based on Theorem IV.2 of
[14] that above the curve 2 the FM is invertible. The invertibility of F above the curve 2

can also be seen in the following intuitive way, we know that:
Fy(L) :=T[z; L] — E[z] + gxWx — ¢*XWx L 'XWx (5.160)

T[z; L] — E[z] corresponds in the step 0 to Lo(f) — z and we know that this has a spectrum
like in Fig.11, i.e. Lo(f) — z above the curve 2 is invertible, the other two terms gxWy and
gszyL%lny are small in comparison with the first one (order O(gp*) and O(g?pH),
> 0 where p is the parameter of the energy scale). We take a point below of the curve 2
and this will be the center of the circle C2. Using Theorem 5.2.3. the FM is well-defined
for the points inside of U{" = {z € Dy ||z — Eg| < p/2}. We do the step 1 of the RG
and we analyze where R is invertible. Based again on theorem IV.2 of [14] we obtain that
the values of z above the curve 3 are in the resolvent set of L,(f). We take a point below
of curve 3 and draw the circle C3, etc. In this way we obtain, after an enough number of
steps, a cuspidal domain as shown in Fig.19.

We will use the following smooth characteristic function:

X = Py ® Xp[Laua] (5.161)
where:
T
XplLaua] = Sm[§@(Law/P)] (5.162)

where P is the orthogonal projection onto the space corresponding to the eigenvalue 0 and

© is a smooth, positive function on the interval [0,00), with0 < © <1, © =1 on [0, %] and

© =0 on [1,00). We make the following definition:

XolLaus) = \/1 = XplLaua)? (5.163)

Xp [Lauz] is smooth as well. Doing the same analysis as with the FM we can make a Neumann

series expansion of the SFM, Eq. (5.159):

Fr(L) := Tz L] = Blz] + xW [e]x = xW [2Ix(T[z; L] — E[2] + XW [2]x) "' xW[e]x =

XWizlx

Tles L] = Ble) +xW I —xWIR(T [ L) = BED ™ U+ =

)XW [z]x =
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ﬂz;L] — Elz] + ){(I]V[z]x — XWﬁX(T[z;L] _ E[Z])—l »
XWlz[x XW[z]x W zlx B

= T[z; L] — Elz] + xW[z]x — xW[z]x(T[2; L] — E[z])~" x
XWERWx | XWERWx | XWEEWE WX )
T[z; L] — E[z]  T|z;L] — E[7] Tz L] — E[2] o

(xWlzlx +
and the result is:
= L1 X L=1
= T12 Laue] = Ble) + Y (~0) W (e = W) x (5.164)
L=1
Let us analyze the expression of 2:
Y2 = ?0 ® X/QJ [Laux] +FP® Y?; [Laux] + FO ® X,Q; [Laux]
where we have considered x? = PZ ® X% [Lauz] and P? = Py, and we obtain:
Y2 = P0 ® X% [Lauac] + (FO + PO)Yg[Laux]
defining X2 and X3 as:
x> =P 2L Lot @ X2 Laus] = X5 + X3 5.165
X 0®Xp[ auz) + at@Xp[ auz) = X1 + X2 (5.165)

We will also use the following expressions already seen ( see Eq. (5.93), Eq. (5.94) and

Eq. (5.95)) but now x, is a smooth characteristic function:

M
X =Y P.@X}(0)
0

1y : fora=1,2---M
where  Xf[w] = !

X%[Laux +w] : fora=0

where P, is the projection onto the space generated by the eigenvector of the eigenvalue €,
and {eg---enm} = {F; ;|0 <i,j <N —1} with g :=0and M < N(N — 1), that is we have
N zero eigenvalues. These correspond to the differences F;; = E; — Ej when E; = F; and

N2 — N = N(N — 1) non-zero eigenvalues. Now we do the same procedure (Wick ordering)
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as in Eq. (5.7), Eq. (5.8) and Eq. (5.9) and explained also in order g? in a past section (see
section 4.3). That is to say:

Lolz] — 2 := Fy(Ly(0) — 2) = x(Eolz] — 2 + Tolz; L] + Wol2])x (5.166)

The terms W are becoming smaller under successive steps of our RG analysis. That means
the process tends to E,[z] + Ty[z; L]. We are interested in knowing if each of the terms
E; +T; generated in this process are bounded, otherwise we could not know the spectrum of
L;[z], which because of the isospectrality condition of the FM coincides with L, (). Let us
analyze wether T is bounded. From the past sections Eq. (5.8), Eq. (5.13) form=n =10
and with the notation of Eq. (5.15) and Eq. (5.17) we know that the expression of T has

the following form:
Tolzr) = Pol@ (Fi(Lg(0) +74(6) = 2) = F(Lg(0) = 2) )W Po =

—r0)-S(o"  Y / Ak PyGO. (k1) Pay ... Pa, 1GY. (k) Pox

o1...opn=%
ay...apy_1=0...M

x(Q{a” (k) far L+ 1] - fan o [L A 1]a” (kn) — a® (k1) faa [L] - -+ fo, 1 [L]a7" (k) }$2)

r=L
(5.167)

and taking into account the notation of Eq. (5.8):
Tolzor] = 14(0) + (@012 1] — [z, 0]} = r7(6) + AT gl 1] (5.168)

where:
L := (L, Loua) r = (T, "quz) (5.169)
r(0) :=rfcost — irgu, sind (5.170)
Y? (Taua:) Y? (Tauz)
« y Tauz| “— = - ; 5.171
falrs:Tau] catrp(f) —2z eq+rpcost —irgsing —z ( )
Ofa [Tf, Tauz) B aY? (Tauz) /O quz n Y? (Tauz)(—1)(—isind) (5.172)
OT quz " Ea +rpeost —irgupsind —z - (g4 +7pcosV — irgyy sing — )2

where €, are the eigenvalues of L.

" ) 950 o
In proposition 5.5.3 we will see that || “oolz ]

| < O(¢°) but before that, we need several

Orauz

lemmas:
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Lemma 5.5.1. Let z be so that |Rez| < po/2 and |Imz| > —3posind (in particular for
z € So<, see Fig.13) where py := g*=¢ for € small and 0 < ¥ < /2. For these values
of z and x = P§" ® Xpo[Lauz], where Xpo|Laus] is a smooth characteristic function as in

Eq. (5.162), then we have:

aux + P0 QH < 4
T L 1
H Lo( ~ sind (5.173)
Proof. we use x> = X1+ from Eq. (5.165):
Y? = P0 & X?)[Laux] (5174)
72 = lLat ® Y?) [Laux] (5175)

The proof is the same as the proof of Proposition 5.3.2. using Yf and yg instead of (1 and
Q-. O

From this lemma and Eq. (5.171) we see that:

H(Lauw + 0 foc H < blnl? (5176)
We will use this result in the next proposition.
In the same way we would prove:
Lemma 5.5.2. With the same conditions as before, then:
| L £ P00 O | (5.177)
Ly(0) — sin
H (Lauz + po)*x%isin H .16 (5.178)
(Lo(0) — 2)? sin 9
From this lemma we see using Eq. (5.172) that:
OfalL] 20
L 2 5.179
H( auz + p0) OTquz Il — sin?d ( )

which we use in the following proposition:

Proposition 5.5.3. Assume that z € So < (see Fig.13) and g > 0 sufficiently small, then:

Hawoo z,1] H _ HaTg z,r]  Orp(0)

0T qua

O(¢°) (5.180)

0T qua 0" qua
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Proof. If we take derivatives in Eq. (5.167)

ITolz, 1] Ors(0) 0 = / ( 0 0
I _ E_ n §: k™ PyGY (k) Py, ... Pa k)P,
87"aux 67"aum a’l“au:v n:2( g) 0q...on=% o ! ’ 01( 1) ' ! 1Gan( ) 0
OélA“a,rLil:O.“

x(Q{a” (k1) far L+ 1] - fan o [L A 1]a” (kn) — a® (k1) far [L] - -+ o, 1 [L]a7" (kn) }$2)

r=L

recalling that r(0) = 77 cos ¥ — irgy, sind and 6 = id, we have:

82’0[3,7‘] = —¢sin¥ — Z(_g)n Z / dk(n)poggl(kl)pal o Pan—ngn(kn)Po %
Tauz — oo
n=2 aluég_l:riM
n—1
o o afa[L‘i‘Z] o
x Y (Q{a” (k1) foy [L+ 1]+ a J(kl)éri oo fa 1 [L A 1)@ (k) 1) _

J=1

We analyze now one term (the n?) of the sum 20, >~ 5, ..,—+ , taking absolute value
M

ap...ap_1=0...

of it:
n—1
" - o Ofoy; L+ 1] >
(=9)" D (U™ (Go) fan [L 1]+ a7 (GE) =5 ==+ fa y[L+ 2]a™ (GF,)})| '
j=1 auxr r=L
n—1
po|(=9)" D _(Q(Laua + PO)_I/z{aol (Ggl)(Laux + PO)_1/2 (Lauz + po) fou [L + fl(Laux + PO)_1/2 T
j=1 Eq. (5.176)
0 ol L+ T
(Lau:v + po)—l/Qan (ng)(Laux + ,00)_1 (Lauz + PO)Qf(.;?E](Laux + PO)_I e
Eq. (5.179)

(Laoua + PO)_1/2(Laux + p0) fan—r [L + r](Lauz + 100)_1/2a0n (ng)(Laux + PO)_1/2}9>‘ L
r=L

(5.181)

we can check this equation in the same way as with Eq. (5.89), where the pg at the beginning

of the last equation comes from the following consideration:

AN Uz F po) ™% L T po) 20| (5.182)
and Lg,z|?) = 0. Using now Eq. (5.176) and Eq. (5.179):
4,20 o _
(5.181) < po(n —1)g (m) 2sin19H(LaW + po) Ya J(ng)(Lauw +p0) I X

n

Lo+ p0) a6, )L+ 00) ™ TT 1L+ ) ™20 (G8,) L+ o)™
i=1
i#5,5+1
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that is to say:

)" = H(Lauz + pO)_l/2a0j (ng)(Laua: + pO)_l/QH ”(Lauz + pO)_1H
| (Laua + pO)_l/QaUHl(ngH)(Laux + PO)_l/QH X

H H(Laux + pO)il/Zagi(Ggi)(Laux + pO)il/QH

i=1
i#5,3+1

= po(n —1)g"(=—

taking into account the estimate Eq. (5.63) of lemma 5.3.1.:

1(Zaue + po) ™07 (G ) (Lawe + po) 2| = O(p™ /%) (5.183)
we obtain finally:
HTM"—ZSIHﬁH ZKpop 1/2) (5184)
where K = (n—1)(525)" 22 Considering that py = ¢2~%, then (-Z3)? = ggi = ¢° that
Po
is to say:
T
HW + zs1m9H < O(¢) (5.185)
aTQUI
O

In the same way we would prove (see [7]):

Proposition 5.5.4. Assume that z € So . Then there exists a constant, C' < oo, such
that, for g > 0 sufficiently small:
HEg[z] +ig°To|| < Cg*T¢  (5.186)
mon SR s S
< .
T [ e ) ]le WQ Aoy 190

dk;
(0) m,n) j < man
/ngﬁ 10r g0 [z, 7, K¢ H 3/2 . 1:[1 e C(Cyg) (5.188)

where By := {k|w(k) <}

Similar bounds can be established for the step 1.

After each step of the RG we have expressions of the form:

Ln = Fy(Ln-1) := Po(Tylz; L] — Enlz] + Wy2]) Py (5.189)



85

and then we handle W, [z] as a perturbation. We develop L, in a Neumann series and
we study the convergence of this Neumann series. The convergence will be secured for

sufficiently big values of T,,[z; L] — E,[z]. Taking into account that:
Tl L) = Tl L + {wfly ' (2,L) —wip (2,00} (5.190)

and that we have seen in theorem 5.5.3.:

or {w(()?g(zvé) - w8,0(270)} < O(g€> =1Ag (5.191)

we could prove inductively that:

0
0T qua

where the bound A,,_; depends only on:

wip (2, L) = iy (2,0)} < Ancy (5.192)

sup [ Wip | < CoPom (5.193)
N+M>1
From these considerations we can also prove inductively that:
1

|T[2; L)| > sin?(1 — 6p,) Laux |0n] < 3 Vn (5.194)

From Eq. (5.185), we have:
1
1o [va] > sin9rgyz — §Lauaz (5195)

Suppose that it is true for n — 1:

(T 1]z L)| > sin9(1 — 64 1) Lo (5.196)

then from Eq. (5.192) and Eq. (5.190):

JAV
Tz L]| > sind(1 = 6p—1 — ") Laug = sin (1 — 6n) Laus (5.197)
sin 9
that is to say :
Anfl
Sy =01+ Ag=g¢ bp=1/2 1
1+ 0=9° do=1/ (5.198)

this is the renormalization group flux equation.

Being the meaning of W,[z] a perturbation and having seen that after the application of
an enough number of steps this W), [z] becomes small (see Eq. (5.187) and Eq. (5.188)), we
see that our L,, tends to an unperturbed Liouvillian, the domain of which we have seen in

chapter 4 is cuspidal.



Chapter 6

The Level Shift Operator

6.1 Introduction

To uniformize the notation and make it applicable to the magnons in a ferromagnet we
will work on the Hilbert space (Hpp @ Hpp) ® H? , where Hf is the Hilbert space formed
by the GNS Hilbert space of the hamiltonian with an absolute continuous spectrum (that
would be the electromagnetic field hamiltonian H? in the case of the atom coupled to a
radiation field) and by H,, ® Hpp, the latter is the Hilbert space obtained from C through
the isomorphism I¢ : K —— Hy, ® Hyp, where Hp, is the Hilbert space of the hamiltonian
whose spectrum consists of isolated eigenvalues (that would be the atomic Hilbert space Hgs
in the case of the atom coupled to a radiation field). We take a general (minimal coupling

and dipole approximation) interaction of the form:

I— / dK[G(k) @ a* (k) + G* (k) @ a(k)] (6.1)

CNXN

where G(k) is an operator on H,, i.e. a -matrix or in a shorter notation I = a*(G) +

a(G*) our Liouvillian is:

Ly= Lo+ gW (6.2)
Lo=L. ®lpp +1.® Lpp (6.3)
Lyp = Hpp ®1pp - 1pp ® Hpp (6'4)

L.= / dkw(k)[1(a* (k)l(a(k) — r(a*(k)r(a(k))] where r(a*) = J.l[a*]T. (6.5)

86
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where [ and r are two representations of P on HZ. We know (see chapter 2) that these
two representations are related by r(a*) = J.l[af]J. where J. is the modular conjugation

operator on HP. This antiunitary operator was defined in Eq. (2.40) as:

Tol[a)|QF) = e~ 2Eel[a)*|F)

W =1[I] — r[I] (6.6)
I =1a*] @ (G®l) +la @ (G* 21) (6.7)
r[I] = Jel[a*]Te @ (L @ TGT) + Jel[a]J. ® (L @ TG*T) (6.8)
We will write TGT = G = (G*)!
o(Lpp) = —x 3% % 3% x x x
0
o(Ly) = x
0
o(Lo) = —x 3% 3% 3¢ x % %
0

Fig.20

We will try to understand the stability of these eigenvalues.
- First we do a complex deformation, the equality Eq. (4.21):

(pl(Lg — 2) ') = (UB)¢l(Lg(8) — )" U(0)%) (6.9)

permits us to do an analytic continuation of the left side from the upper half-plane to the
lower half-plane for all the values of z where the right side exists. From now on we will take
0 = iv, with ¥ € RT.
- Next we use a Feshbach Map to explore the properties of o(Lg4(i1)),0 < ¥ < 9y with the
help of a perturbative method, provided that we know o(Lg(i1)).
As Projection we take:

P = P(Lp = Eij) ® P, (6.10)
where E;; = E; — Ej; 1,7 = 1... N —1 are the eigenvalues of L;, and where 2 is the KMS
state on H? .

We will use:

Ly(0,z) :=Ly(0) — 2 (6.11)
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also:
Ly(0,2) := Lpp(z) + Lc(0) + gW (0) (6.12)
Lo(0,2) := Lypp(2) + Lc(6) (6.13)
Lyp(2) := Ly, — 2 (6.14)

With these notations and from Eq. (4.39) the Feshbach Map results in:
Fp(Ly(0,2)) = PLy(0,2)P — g*PW(0)P(Ly(0,2)) ' PW(0)P (6.15)
where we have taken into account that:
PLy(0,2)P = gPW ()P (P commutes with Lg) (6.16)
and P=1—P, Ly0,2)=PLy0,2)P (6.17)
From the form of W, see Eq. (6.7), Eq. (6.8) we see that PW P = 0 also PL.(f)P = 0 and:
Fp(Ly(0,2)) = PLyy(2)P — > PW (0)P(Ly(0,2)) ' PW(0)P (6.18)
writing now Lg(6,z) = Lo(0, z) + gW (#), we have:
Ly(6,2)" = (To(0,2) + oW ()" = [Lo(0,2)(1 + To(6.2) W (0))] (6.19)
(14 Ta(6. W) To(0,2) ! = Lol Y (~aWOTo0.57) " (620)
Substituting this in Eq. (6.18):

Fp(Ly(0,2)) = PLyy(2)P — g2PW(6) [ZO 0, ) 12 0)Lo(6,2)" )”} PW(0)P

(6.21)
One can show that the resolvent on the r.h.s. exists provided P is replaced by P’ = P(Ly, =
Eij) ® Pr,,.<p for some small p > 0 and Imz > —% p and then we use a limit argument as
p — 0. From now on we will set z = E;;. The lowest order of Eq. (6.18) is from Eq. (6.21)
Lo(6,2)7 ! ie. (recalling Eq. (6.13) and Eq. (4.15)):

!/

Lo(0,2) = P(Lyp + Lecos 9 — iLgygp sin®d — z) P (6.22)
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with:
/

P = P(Lyp # Eij) @ Pry<p + 1 ® P(Lauz > p) := Q1 + Q2 (6.23)

with ()1 we have:
_ d
Q1Lo(8,2) = Q1(Lpp + LecosO —iLgyzsin€ — 2)Q1 = Q1(Lypy — 2) > 3 (6.24)

where d is the minimal distance between eigenvalues of Ly, therefore we have ||Q1Lo(6, 2)|| <
%. For Q7 is easy to see that Q2Lo(6, 2) is bounded.

We consider now only the term in second order in g of Eq. (6.21):

Fp(Ly(0,2))® = —PW(0)P(Lo(6, 2)) " PW(§)P (6.25)

This term is defined as the Level-shift operator:

T® = —Fp(Ly(0,2))? = PW(O)P(Ly(6,2)) ' PW ()P (6.26)

We see that since PW (0)P = 0 then PW (0)P = PW(0) and PW (0)P = W ()P and we
have:

PW(6)(Lo(8,2) "' W(O)P = lim PW(O)(Lo(0) — = —ie) 'W(EO)P  (6.27)

This last function is analytic in 6, therefore:

PW(0)(Lo(0,2)'W ()P = lim PW (Lo — z —ie) ‘WP (6.28)

We are interested in the imaginary part of I'®), which will yield information on life times

of resonances:

Im(Fp(Ly(0,2))?) = lim { - gQQlipW[(ZO —z—ie) = (Lo -2+ is)_l]WP} =

e—0+
1 2ie
— 1 — 27— = — 2 —
= PW z—:hI(I)lJr ( 95 Lo 22— 62) WP g PWmndé(Lo — z2)WP (6.29)

where z = E;;. In the last equality we have used:

1 €

—0
o =0 5(2) (6.30)

See for example [35].

In the next sections we will calculate:

ImI® = —Im(Fp(Ly(0,2))?) = nPW(Lo(2))W P (6.31)
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6.2 General Calculation

ImI'® corresponds to an operator £ on Hpp ® Hpyp given by:

3 = (QAW (L + Lypp(2))WQ,) . (6.32)

and with Eq. (6.6) we obtain:

2@ = (Q|I(I)(Le + Lyp(2))I(1)Q) . I (6.33)
+(Qe|r(L)6(Le + Lpp(2))r(1)Qe) " 17 (6.34)
—(QJU()S(Le + Lypp(2))r (1)) " —III (6.35)
—(Qe|r(L)6(Le + Lpp(2))U(1)2) " -1V (6.36)

Now we develop Eq. (6.33), Eq. (6.34), Eq. (6.35) and Eq. (6.36):

I = (Qc|l(I)d(Le + Lpp(2)) (1)) o,

= QNG L)@ [a"]+ (G* @) @[a]}d(Le + Lpp(2)) %
x[(Gol) @]+ (G* o) @ l[a]]2) " (6.37)

pp
From these products we have only to consider the products that contain one a and one a*,

all the others vanish because of:

Lemma 6.2.1.

(Qellfa(k)]l[a(k)]Qe) = (Qcllla”(k)]i[a" (K)]Qc) = 0 (6.38)
(Qelrla(k)]rla(k)]Qe) = (Qclr[a”(k)]r[a” (K)]Qe) =0 (6.39)
(Qellfa(k)]r[a™(K)]Qe) = (Qcfla”(k)]r[a(k)]Qe) = 0 (6.40)
(Qelrla(B)]lfa” (K)]Qe) = (Qell[a” (k)]r[a(k")]Qc) = 0 (6.41)

and k,k" can be equal or different.

Proof. Egs. (6.38) are trivial, for example (Qc|l[a*(k)]l[a*(K")]Q) = (Qc|(k+K)) = 0, where
we have considered that l[a*(k')]|Q2) = |K).

Egs. (6.39) are similar deduced, for example:

(Qelr[a(B)]r[a(E")]|Q0e) = (Qel Tella(k)] TeTel[a (k)] Te|Ce) (6.42)
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where we have used Eq. (2.40) and now we use Eq. (2.57) J.|Q) = |Q) and Eq. (2.46)
JeJe=1:

(Qelt[a(k)] TeTella(k)][Q) = (Qellla(k)]la(k)]|Qe) = ((k + &)[Q) = 0 (6.43)

Egs. (6.40) and Egs. (6.41) are similar deduced. We will deduce one of them, for the other

the procedure is similar:

(Qellla(k)]rla®(D)]2e) = (Qellla(k)] Tel o™ (K)] TeLe) =
= (e (B)]e™ 25l (K)]02%) = (Qeltla* (k)]ifa” ()] 2 ErD0 ) = 0

where we have used (Q.|l[a(k)]T. = <chl[a*(k)}e_gﬁc O
Therefore from Eq. (6.37):

I= [ k[ (G() © LN QeNla" (R)B(Le + Lipl:)aD]20) (G () 91)

ot (6.44)
} (6.45)

+(G" (k) @) (Qeflfalk)]0(Le + Lypp(2))l[a™ (D] (G(1) @1
Now we apply Lemma Appendix A 3.1.2, f(L.)|Q%) = f(0)|€2), Eq. (2.62) and Eq. (2.63):

PP

(Qellla®(RF)]6(Le + Lpp(2))la(D)]2e) = (Qeld(Le — wlk) + Lpp(2))l[a” (F))la(D)]2) =

= D(Lpp(2) — ()@l (RNMa0)}0) = D(Lpp(2) — ()3l — ) i —

in the same way:
(Qe|l[a(k)]S(Le + Lypp(2))a* (D)]Qe) = (Qe]d(Le + w(k) + Lypp(2))l[a(k)|l[a* (1)]Q0) =
= (L (2) + (k) (Qeltla” (WD) = 8Ly (=) + w(k)3(k — DB — =

eBwlk) _ 1
and finally we get:
I— / Ak [(G(k) ©1)5(Lyp(2) — w (k)60 ~ Z)W(G*(l) ®1)}pr + (6.46)
o Buo(k)

+ / dkdl [(G*(k) @ 1)S(Lip(2) +w (k) — ) (G ®1)]pr (6.47)

and using polar coordinates:
I— /R | doAmA(GR) 1L (2) - w(k))WG*(k) o1, + (6.48)
¢ B(k)
+ /R o 4m?(G(R) © )3 (Lyp(2) + (k) g — (G (k) @ 1) ; (6.49)
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Let us make the same procedure for IT Eq. (6.35) now with the right representation on H? :

1T = (Qlr(D3(Le + LD,

= ([l & TGT) & Zia') 7. + AL & TC'T) @ Jul[a) 7.
(Lo + Lyp()) [(1 ® TGT) ® J.la*]J. + (Lo TG*T) ® jcua}jc} Q) = (6.50)

Because of Eq. (6.39) only cross products are different from 0:

7= / dkdl [(1 ® G (k) (Qelrla* (k)]6(Le + Lpp(2))rla(l)] Q) (L @ é*(z))] ot (6.51)

+ / dkdl[(1L @ G (k) (lrla(R]O(Le + Ly(2)rla D)2 Lo GW)] (6.52)

pp

We have used that r[a] = J.l[a]J.. Now we use the following calculation:

r[a(l)]Qc> = jcl[a(l)]jcm<3> = jcl[a(l)”QC> = eigccl[a(l)]*MJ =
= l[a()]*e ~2CteO|Q.) = t[a(l)]*e ~7°V|Q,) (6.53)

where we have used J.|Q2) = |Q), Tlla]|Q) = € _gﬁcl[a]*m(), the pull-through formula
and £o)Q.) = 0.

In the same way we have:

(Qlrla” (B)] = (QelTella* (k)] T = (Qell]a” (k)T =
= (Qellfa(k)le "5 = (Qle ~ 2t Mifa(k)] = (Qele =2 M 1a(k)] (6.54)

the other two similar results that we need are:

rla* (D)%) = la(l)]e 7°010,) (6.55)
(Qelrla(k)] = (Qele 2®lla(k)]" (6.56)

with these results it follows from Eq. (6.51) and Eq. (6.52):

7= / dkdl[(l@é(k))<QC\5(£C+w(k)+Lpp(z))l[a(k)]l[a*(l)](lc>e’%(w(k)w(l))(l@é*(l))} +
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and now with Eq. (2.62) and Eq. (2.63):

17 = / ke [(L © GR))I(Lyp(2) + wo(k))e ~ 50

+ / dkdl [(1 @G (k)5 (Lyp(z) — w(k))e

using polar coordinates:

1= [ dotma @0 GA(Ln(2) + w(k))eﬁw(k%_l(l 0G0, (6.61)
. o Beo(h) B
+ [ dotm? (L G R)AEyp(2) —wb) g — L@ T, + (6.62)
For the term III, Eq. (6.35):
111 = QUDS(Le + Lip(Nr(D)| =
= (©[(G o) © 1] +(G" 1) @ )]
(Lo + Lyp(2)) [(1 ® TGT) ® Jul[a*]J. + (L ® TG*T) ® Jcl[a]jc] Q) (6.63)

P
We use now Eq. (6.40) and Eq. (6.41), therefore the only surviving terms are the ones that
contain both creation operator or both annihilation operators:

11 = / dkdl[(c(k,-)@1)(941@*(@)]5(50+Lpp(z))r(a*(z))szcm®é(l))} + (6.64)

pp

+ / dkdl[(G*(k)®1><QC|1[a(k)]5(zc+Lp,,(z))r(a(n)szc>(1®é*(1))} (6.65)

We take into account now the equations r[a(l)] = Jcl[a(1)]Te, Te|Qe) = 0, Tel[a(D)]|2) =

8 . : .
e 2%<1[a*(1)]|Q) and similar equations for the creation operators:

11 = / k| (G(R) @ 1)(Ql(Le + Lyp(2) — w(k))e 2Ol (R)a]2) A0 G|+

+ / Akl | (G (k) @ )N (Q|(Le + Lyp(2) + w(k))e ~ 2 Olfa(k) 1" (]2 (L@ G ()]
(6.67)
considering now Eq. (2.62) and Eq. (2.63):

¢ S

eﬁw(k) —1
eﬁw(k) —1

7= / ki [(G (k) © 1)5(Lyp(2) — wlk) Sk-DASGW)]  +  (6.68)

pr

+ / dledl [(G*(k:) @ )6 (Lpp(2) + w(k))e 24 Sk — 1)(1@96*(;))} (6.69)

Pp

(6.59)

(6.60)
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and finally using polar coordinates:

17 = /R+ dwinw? (G (k) @A)6(Lyp(2) — w(k))

+  (6.70)

+/ dwinw? (G* (k) @ )6 (Lyp(2) + w(k)) (6.71)
R+

The last term of the operator £(?) is Eq. (6.36):

IV = (Qe|r(I)6(Le + Lpp(2))I(T)S2)

HPP
— (] [(1 ® TGT) ® Jul[a*]J. + L ® TG*T) @ jcl[a]Jc] X

X6(Le+ Ly(2) (G @) @ a*] + (6" @) @ l[a] | )

= (6.72)

pp

From Eq. (6.40) and Eq. (6.41) we see that the only surviving terms are the ones that contain
both creation operator or both annihilation operators. We also use (Q|J:l[a*(k)]T. =
<Qc\l[a(k)]e_§£° = (che_g([:”“’(k))l[a(k)] = <Qc\e_§‘”(k)l[a(k:)} and similar equations for

the annihilation operator:

v = / dkdl [(1®é(k))<fzc|e “39M§( Lo+ Lyp(2) +w(k))[a(k)]ia* ()] (G(1) ®1)}H +

(6.73)

+ / dkdl| (L ® G (k) (Qele 3*P8(Lc + Lyp(2) = w(k)lla* (BaIQNG D) ©D)]

(6.74)
using now Eq. (2.62) and Eq. (2.63)

o (k)

IV = / dkdl [(l@@(k))é(Lpp(ZHw(k))e_gw(k)m

S(k=D(GOEL)|  + (6.75)

o (k)

+/ dkd [(1@6*%))5(%(2)—w(’f))e gw@)m

3(k — QNG (1) ®1)] (6.76)

HPP

and finally expressing it in polar coordinates:

_ e Sw(k)
IV = /]R+ dwdrw? (L ® G(k))5(Lyp(2) +w(k)) 5w (GK) ®1) o T (6.77)
- e 3w(k)
~¥-/R+ dwdrw* (AL ® G (k)6 (Lyp(2) _w(k))m(G*(k‘) 21) i (6.78)

So far we have considered projections onto a general H,, atomic Hilbert space. Now we
will restrict our atomic projectors to smaller spaces in the two next sections. In our model

H,p is finite dimensional as explained in chapter 1.
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6.3 Application to the Eigenvalue £; — E; # 0 of the Atomic

Liouvillian

We will analyze in this section the stability of an eigenvalue E; — E; of Ly, with ¢ # j. We
will suppose that F; — E; is non-degenerated.

We will calculate the four terms I, I, ITI, IV and then we will see that our level-shift operator
is positive, which implies the instability of these eigenvalues (for i,j =1... N i # j).

We begin with I:

We have to project Eq. (6.46) and Eq. (6.47) onto {¢; ® ¢;} for i,j fixed (the space of
eigenvectors of E; — F; is one-dimensional because of the non-degeneracy of the eigenvalues

different from zero and we have:

(i @ pjilIp; ® pj) = (6.79)
-y / dk{: @ ;1 (G(k) ® 1)5(Lyp(2) — w(k))m © 0p) X
m,p

X(om ® ol G () @ W)t ) i+ (6.50)
+ 3 [ bl 0 0,1(G"(6) 8 O (Lyp(2) + 0(E)om © ) X
o Buo(k)

X (om @ p|(G(I) @ )i @ SDJ>W (6.81)

1
now we use that (Hpy @ 1 — A @ Hyp)lom @ 0p) = Emlpm) @ [p) — lom) @ Eplep) =
(Em = Ep)lom @ ¢p), and therefore f(Lpp)lpm @ p) = f(Em — Ep)lom © pp) writing the
matrix elements of G(k), Gi;j(k) = (@i|G(k)y;), we use also that Ly,(z) := Ly, — 2z with
2= Fk; — Ej:

1 *
(i@ Ipi®pj) = Z/ deim(k)@)fsjp‘S(Em—Ep—Ei+Ej—W(k?))mei(k‘)®5pj+
m,p
(6.82)

taking into account that (G*)ni(k) = Gim(k):

1

(0i ® @jlli ® g5) = Z/ dk|Gim (R)° 550 —

(B~ Bi—w(k) +  (6.84)

+ Z/ dk‘\Gmi(k)’mes(Em — Ei +w(k))) (6.85)
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and finally expressing the result in polar coordinates and using the dispersion relation for

phonons, which will be used in the next section w(k) = k2, we have:

1
m>1
e/B(Ez_Em)
+ D |Gmil B = Epn) P 5 2n(B; — Bn)'/? - (6.87)
m<t

from w(k) > 0 and if at least one of the elements G (Em — E;)|m>i or at least one of the

elements G (F; — Ep)|m<; is different from zero, then:
(0i @ @jllpi @ pj) >0 (6.88)
Now we calculate the second term II of 3> from Eq. (6.59) and Eq. (6.60):
(0 ® 5| 110; ® pj) = (6.89)
=Y [ dhleor © o311 TUNILynlz) + (k)i © o)
m,p

1

x(p ® om|(L ® G*(k))p;i ® @j>m + (6.90)

3 / dk(; © 93| (L ® G* (k)6 (Lpp(2) — w(k))pp @ pm) X

x(pp @ om|(AL @ G(k)) g ®¢j>m (6.91)

taking into account f(Lpp)|em @ ¢p) = f(Em — Ep)|om @ ¢p) as seen before, (¢; @ ;|1 ®

G(k)p @ m) = 0ip(G (k) jm and (G*(k))m; = G(k)jm :

— 1
(pi ® ;11 @ p5) = Z/ kG jm (k)0ipd (Ep — Em — Ei + Ej + w(k)) 5255 Gm (k)dpi+
7p
eBwk)
+> / Ak G (K)Sip0 (Ep — B = B + Bj = (k) 55— Gy ()0 (6.92)
7p

finally using polar coordinates it becomes:

1
JE— . p— . 2—
(i ® @jlIpi ® 9j) = Y |Gim(Em — Ej)| CAEE) ]
B(E;—Em)
5 €

. -1
m<)

21(Em — Ej)Y2+ (6.93)

m>j

21 (E; — En)Y/? (6.94)
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from w(k) > 0 and if at least one of the elements G, (Eym, — Ej)|m>; or at least one of the

elements Gp,;(Ej — Ep,)|m<; is different from zero, then:
(i ® j|I1p; ® pj) >0 (6.95)
If we assume G;; = 0, Vi then we see that:
(0i @ il TTp; @ pj) = (i @ ;| IVpi © pj) =0 (6.96)

We will show it for example for III, from Eq. (6.68) and Eq. (6.69):

(i ® | I1Ip; @ pj) = (6.97)
-y / dk{pi ® 93|(G(k) © 1)S(Lyp(2) — w(k))pm ® ) X
P e "

x(om ® p| (L ® G(k)) i @ ;) + (6.98)

eBw(k) _ 1
S / A5 © 95(G*(K) ©1L) % 8(Lpp(2) + w(k))pm © 9p) X

Buw(k)

—* (&
(om @ op|(L® G (k))p; ® ¢j>m = (6.99)
taking into account the same considerations as for I and II:
Sw(k)
e 2 _
-y / ARG (K)65p8(B: — By — (k) Gy ()i + (6.100)
7p
Sw(k)
_ e 2 _
7p

It vanishes because of the fact that all the matrix elements G;; in this expression are diagonal
(i =J).

Taking all the results together we have:
(E®); >0  i#j (6.102)

and that means instability of the eigenvalue E; — E;. That is to say when we add the
interaction to our atomic Liouvillian, the non-degenerated real eigenvalues of L, different
from zero, move to the lower half plane. They become complex numbers with a negative

imaginary part which implies instability.
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6.4 Application to the Eigenvalue 0 of the Atomic Liouvillian

Let us consider now the eigenvalue 0 of L,, and the N-dimensional Hilbert space H,, =

{902®<Pz FA 1

In this case we have the matrix elements (see Eq. (6.46) and Eq. (6.47)):

Iij = (pi Q @illp; @ pj) = (6.103)
-3 / (@i ® @l (GUR) @ 1) (Lyp(2) — w(k))pm © ) X

1

X (om @ pp|(G*(1) @ N)p; ® %)m + (6.104)
+ 3 [ b (67 () L Linlz) + () iom © 3}
: o Bek)
x{om ® pp|(G(1) @ N)p; ® ¢j>m (6.105)

taking into account f(Lypp)|em @ ¢p) = f(Em — Ep)|em @ ¢p) and (¢; @ @;|(G*(k) @) om @
ep) = (G*(K))imIip:

1
7 o Bus(k)
+ Z / ARG (K)0ip (B — B = (k)5 G ()3 (6.107)

now we use polar coordinates and integrate:

1 _
= 0ij Z Gim(Em — Ej Wm—E.)_lGjm(Em — Ej)2m(Ep, — Ej)1/2 + (6.108)
_ ¢ BE;~En) s
+0ij Y Gmi(Ej — ) 5, —my —1 Omi(Bi = Em)2m(Ej = Ep)'/? = (6.109)

and that becomes:

1

=D Gim(Em — B 5 —py— 2 (B — B/ + (6.110)
m>1
o ePFimEm) 1/2
m<t

and our result is:

I = { Eq. (6.110) + Eq. (6.111) : if i=3j (6.112)

0 : otherwise
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In a similar way we calculate II;; (from Eq. (6.59) and Eq. (6.60)):

11 = (pi @ pil [1p; @ ;) = (6.113)
- Z/ dk(pi @ i (L ® G(k))S(Lpp(2) + w(k))pp @ ©m) X
X(op ® ol ® G* (k)i ® ) i — + (6.114)

3 / dk(i; © pil (AL @ G ())S(Lpp(2) — w(k))gp © ) X

_ ¢ (k)

taking into account f(Lpy)|om @ wp) = f(Em—Ep)|om@¢p), (0i @i (L@ G(k))pm® @p) =

8im(G(k))ip and similar relations:

_ 1
;=% / kG (3ip3 (s — B+ () == Gm (i + (6.116)
m,p
oBolh)
7p

taking polar coordinates and integrating:

_ 1
;= 6i Y Gim(Ep — Ei) 5=y 1 Cim(Bm — E)2m(Em — E)Y?2 4+ (6.118)

eﬁ(Ei*Em) _
5 3 o s~ B) gy s~ E2(F, — B (6119

our result is:

le.:

1

m>i
o €S Bm) 1/2
m<z

II;; = (6.122)

Eq. (6.120) + Eq. (6.121) : if i=j
0 : otherwise
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We note that Eq. (6.122)=Eq. (6.112).
In the same way we calculate I1];; from Eq. (6.68) and Eq. (6.69):

I1L; = (i @ il [11p; ® @) = (6.123)
-3 / (s © Gil(G k) 8 1)(Lyp(2) — (k) om @ ) %
_ e Jw(k)
X<me®90p|(1®G(/€))90j ®@j>m + (6.124)

+Z / (s @ @il (G* () &1L) X 8Ly (2) + w(k))om © 9p) %

(6.125)

. ¢ 5w k)
(om @ op|(L® G (k))9; © ¢j) 5

eﬁwk)_l

taking into account f(Lpp)|om @¢p) = f(Em—Ep)|lom @¢p), (pi @il (G(k) @) pn @ pp) =

(G(k))im0ip and similar relations:

L == / dkGim (k)3ipd(Em — Ep — w(k))

m?p

Goi(R)omj +  (6.126)

After some simplifications with the ¢ of Kronecker:

Buw(k)
ez
111, = / K|y (K)o 0By — i — (k) + (6.128)
, € Sw(k)
taking polar coordinates and integrating:
e g(Ej_Ei)

|GZJ(EJ — Ez)|2 27T(Ej — E‘i)l/2 : Zf j >4

eBE—E) _ 1
e g(Ei_Ej)

II1;; = (6.130)

|Gji(Ei_Ej)|2 ZTF(Ei—Ej)I/2 : Zf 7 <1
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and finally IV:

IVij = (i ® pillVp; ® pj) = (6.131)
=Y [ ikl ® @il 0 GONILn(2) + (W) © 03 %
m?p
¢ Sw(k)
x(pm ® pp|(G(k) @L)p; ® %‘)m + (6.132)

£ [ e LT W l2) sl )

Suw(k)
* €2

taking into account f(Lyp)|om @wp) = f(Em—Ep)|lom @ vp), (0i@@i|(LG(k))om®@@p) =

Sim(G(k))ip and similar relations:

Suw(k)
_ e 2
;=% / NG ()i (B — By + () G (R)og + (6.134)
m,p
e Jw(k)
+ Z / kG (k)Sim (B — B, — (k) 5= Gns ()05 (6.135)
simplifying:
Bu(k)
= )P (B — B — w(k)) + (6.136)
]VZJ - dk|Gl](k)| eﬁw(k) 1 ? J :
- Sw(k)
taking polar coordinates and integrating:
9 € 2 (E —Ei) 1/2 . . .
ij = e g(Eiij) '

‘sz(Ez — Ej)‘Q 27T(l?Z — Ej)1/2 : Zf j<t

e/B(Ej_Ei) —_ 1

We introduce a set of functions and another notation for the projection of the level shift

operator:
9 e /B(Em*Ez) 1/2
M :=x® » (6.140)
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We can write the matrix elements of M from Eq. (6.112), Eq. (6.122), Eq. (6.130), Eq. (6.138):

M =Ly + IL;; = 21; =
1

— ) N N
+2 Z< |Gim (Ei — Ep)| W%T(Ei - En) = (6.142)

=Y e Em) g (B — Bi) + Y ¢mi(Ei — Em) > 0 (6.143)
m>1 m<i

M;j = —I11; — IVij = —2I11;; =
e g(Ej_Ei)

_8(5,E,
W%(Ej—f%)m = —e 2T g (B~ Bi) <0 (6.144)

= 2|Gyy(B; - B

e S(Bi-Ey)

_B(E._E.
m?ﬂ(Ei—Ej)lﬂ = —¢ (B Ej)gbij(Ei—Ej) <0 (6.145)

2 2(Gyi(E— By

e My Mzl i=y (6.146)
N M;; <0 : otherwise

Let us see now an easy example:

N = 27E17E2
My = e B Bg (B — Er) +0
Moy = 0+ ¢12(F2 — Ev)
¢ 5(B2—E1)

M12 = —2‘G12(E2 — El)’2 27T(E2 — E1)1/2

e B(E2—E1) _1q
e 8 (B2—En)

CAEE) 1 127r(E2 - E1)1/2

My = =2|Gh2(Ez — En)?
M is symmetric.

Definition 6.4.1. A bounded operator G on L? is called positivity preserving if Gf is

positive whenever f € L?(x,du) is positive.

Definition 6.4.2. A bounded operator G on L? is called ergodic if and only if it is positivity

preserving and for any u,v € L? that are both positive there is some n > 0 with (u|G™v) # 0.
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Theorem 6.4.3. Let be M = 2(2)

N-1

with Hyppi = Ejp; 1 =0...N —1, then:
a) M has an eigem)ector k corresponéli;%é);f)ol t(}Le etgenvalue 0 and
k= ZlNole 5 Eip; ® s
b) (Perron-Frobenius) There is a v € Rt positive number that satisfies the condition M +
AL >0 d.e. ()| M+~0p;) >0Vi=0...N—1. Assume G := (M +~1)~! is ergodic then

0 is a sitmple eigenvalue of M and k is unique.

Proof. a)
(ME); =Y Mk = Mik; + > Myjk; =
J JjF#i
- Z € _ﬂ(Em_Ei)gbim(Em - Ei)e _gEi + Z (Z)mz(Ez - Em)e _gEi +
m>i m<i
+ Z(—l)e 7B(Ej7Ei)¢ij(Ej — EZ)e 7§Ej + Z e 7ﬁ(Ei7Ej)¢ji(Ei - Ej)e 7§Ej =0
J>i j<i

b) We have seen in Eq. (6.4) that M;; > 0 and M;; < 0 fori # j. We can write M =
M®+ M°? with:

1=7

(M%) = (6.147)
iFJ
i=j

(Mo, = ' #{ (6.148)
iF#J

It is easy to see that it exists a  so that M+~1l > 0. It is enough to take v = [min;.;{M;;}|.
From the definition G := (M +~1)71, M;; is symmetric consequently G is also symmetric:

G=M"+ A+ MY = (M 4+ A)A A+ (M 4+ A1) M)~ = (6.149)
= (M4 (=Mt (M A2 and : (6.150)
Gij = T;) (Md + 71)1_141 (_MOd)lﬁkQ (Md + ’Yl)];lkg, s (_MOd)ankzn-H (Md + fylbkz 1]
>0 >0 >0 >0 =0
(6.151)

that is Gij >0 VZ,j

G is symmetric, therefore we can diagonalize it and then |G| € o(G) in fact |G| =
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max; |g;| = max; g; where g; € o(QG).
Let be 9 an eigenvector corresponding to the eigenvalue ||G|| then taking into account

that:

[(WGP)| =D wiGighsl < Wil Gijlbs| = (|| Gl]) we have
1G] = (@ OGp©) < (jpD|Gp ) < |Gl = GO = |G|l (6.152)

Assume now that Elwgo), ¢§0) eigenvectors to the eigenvalue ||G]|. |1[)§0)|, |¢§0)| linear inde-
pendent, G™ symmetric and <\w§0) l, \@Déo)b =0

0 0 0 0
0 = [lG) (2], 15”)) = (1”1, G s”)) > 0 (6.153)
which is a contradiction, that is to say there is a unique wgo) and
|G|| = max |eigenvalues of G| = min |eigenvalues of M + 1| (6.154)

and we already know from part a) that 0 is eigenvalue of M and therefore it is simple. [

6.5 Magnons in a Ferromagnet

We will begin now with an application of the last sections. Our Hamiltonian is :

H=Hs+Hy=-JY 8 Sopy— > j(@)- 5 (6.155)
Ty x

where S, and S, are atomic-spins operators, with J > 0 and j(z) > 0 which means that the
configuration of minimum energy corresponds to all the spins oriented in the same direction,
which we will take as z-axis. The first term of Eq. (6.155) represents the interaction of
the nearest neighbor between spins of the ferromagnet, y indicates precisely that the sum
runs over the nearest neighbors of each site x. The second term represents the interaction
of the external spin wave with the ferromagnet, in which j(x) is the amplitude of this
wave and sg is an unit vector that shows the direction of the spin wave. At first we
make a Holstein-Primakoff transformation. We know that the spin-operators satisfy the

commutation relations:

(5%, 9% = ie*M57,  a,8=1,2,3 [§F,57] =25 (6.156)
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where «, 3,7 = 1,2, 3 the later being the three directions of the space and €7 represents

the antisymmetric tensor. We recall the relations:

St =81 4+482, S- =81 —is? (6.157)

xT

On the other hand we know that a spin wave in a spin lattice is a kind of boson called
magnon, the creation and annihilation operators of which obey commutation relations
[a,a*] = 1. The relation between these last operators and the spin operators is the Holstein-

Primakoff transformation (see [3]):

S = 5+ iS5 = (29)/2(1 - £ 2, (6.158)
S =81 —i82 = (29)2ax(1 — %)W (6.159)
S3 =8 —aa, (6.160)

where S is the spin of our system (typically 1/2) and where the square roots are to be

understood purely formally as infinite series in powers of a;gz It is only in the subspace

*«
ayag

of the eigenvectors of the operator =2c* which belongs to those eigenvalues of this operator

which are smaller or equal to unity, where Eq. (6.158), Eq. (6.159) and Eq. (6.160) can

be interpreted as the atomic-spin operators. Since it is there where the operators S’;F , S’;
are hermitian conjugates while the operator S is self-adjoint. Our system is periodic and
we had better characterize the spin waves by a definite momentum, therefore we use the

Fourier transformed variables of a,, a}:

1 ik
Ge = 1173 Zk:e KTy (6.161)

* 1 k-2 *
0=~ > e (6.162)
k

where N is the number of unit cells in the body and the wave vector k lies in the first
Brillouin zone. It is easy to verify that the operators by, b} satisfy the same commutation

relations like a, and a}:
[bg, b7r] = Oprr bk, b)) = [bF, bj] =0 (6.163)

The operators by and b} create and destroy a magnon or spin-wave excitation of the fer-

romagnet. These turn out to be excitations where the spins locally deviate only a small
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amount from their ground state values as the spin wave passes by. See figure 16:

y

} /

Fig.21 Top: Ordered ground state. Bottom: Spin deviations in a magnon

Therefore it seems plausible taking into account that S% = S — a’a, considering a%a, as a

small perturbation of S in a series expansion of Eq. (6.158), Eq. (6.159):

N * S>ayay
SF=(29)"2(1 - %)”2% = (29)1/2q, (6.164)
R * S * -
S, = (29)"%a;(1 - ag—?)m T 98) 1202 (6.165)
From S = S! 4452, S, = S1 —i52 we see that:
S Sy = SiShiy + 92804y + 1835 — IS5, (6.166)
SiiySe = SiiySa + 554y Ss — iS40 + Sy (6.167)
That is to say:
o o 1 A, A N
S:}:S;—i-y + Sgsi—&-y = §<S;Sx+y + S;—i-ysx ) (6'168)
. 1 o, o~ A o
Sy Spiy = g(sjsx vy + S, S) + 9888, (6.169)

Taking into account this result, we will proceed to arrange our Hamiltonian Eq. (6.155) to

the typical form :
H =0 Y80 8y = S50 5 =

Y
IS SSL, 8252, + S5 ) - 3 ) (sh S + 538+ a5
Ty T
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We note now the result of Eq. (6.169):

_ A 43 & . 1 . A A
H = =7 3 {58580, + 85, 50) + 8382, ) = 3 () st — 5 Y do)(sf S + 53 8)
zy

Taking into account now the Holstein-Primakoff transformation for S > ala,, Eq. (6.164),
Eq. (6.165) and Eq. (6.160):

- —JZ{ [(29)2a,(25)/%a%,, + (29) 20, 1,(25)/%a%] + (S — a%a.)(S — a;+yax+y)}—

—josdM — = Z] 29)Y2a% + 55(29)%a,) (6.170)

and simplifying:

H = —JZ {5’2 — Sayay — Say, Gpty + Sazay, + Sazyyay + a;awa;‘cﬂaﬁy} -

Ty
, /S ) -
—joso M — 5 Ex J(@)(sgak + s az). (6.171)

We can neglect the last term of the first line in comparison with the others because of

S > agay, and taking into account that Sagzay,, = Saz, a, and Sagiyay = Sazaziy:

H = —JZ {52 — Saya; — Say,apty + Sag, 0. + Sa;aHy} -

y
. /S : . -
—josoM — 5 Ex J(@)(sgak + s az). (6.172)

The last step in the way of obtaining our desired Hamiltonian expression, is to change the

creation and annihilation operators following Eq. (6.161) and Eq. (6.162):

— 7(]2 {SQ . S% Z ezgsz Z vy :Eb S <l Z w—i—y b* Ze—igl-(f-l-g)bk/ +
Yy

kl
1S Z ik-(Z+7) b Z —ik’ Th + Sﬁ Zeikdjbz Ze—z‘fé’.(ﬂg)bk,}_
k! k k!

—jos3M — \f Z iz \; 3 e Ty sg\/lﬁ 3 e’i’g'fbk) (6.173)
k

k
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If n is the number of nearest neighbors and N the number of spin places, we have:

-

He_ JNnS 475t ZZZ kk/)mb*bk/+JS ZZZ i(K—K')-(Z+7) bib —

k' xy k' xy
NN Gy nN6kk/
—JS% SNSRI E S Ry, g5 Z Z Z RE N = Ty |
kK = Y - Y
Noy o Ny

—josaM \/ (x)e“;'fsgbz + j(x)e*“g'fso_ba (6.174)

We define now the magnon dispersion function, which in this approximation depends only

on the positions of the nearest neighbor spins:
Ty = 1 3 i (6.175)
"y

We assume that T = T_j, which is true for lattices with inversion symmetry. For example

for the simple cubic lattice (n = 6) in three dimensions with lattice constant a:

1 1
— Z ’kla—i—e ikia y gikza | o—ikya 4 oiksa | o— ’k3“) = g(cos k1a+-cos kaa-+cos ksa)
y

3

(6.176)
which is evidently a even function of k.

We insert now this function in the expression of the Hamiltonian:

- _JNnS

+nJS Z bibr + nJS Z bib, — nJS Z Tibiby —nJSS T kbkbk}
k

—josa M — \/72 Z k3 sqby + j(x)e” E'fsgbk) (6.177)

which can be simplified as:

I— _JNnS2

+2nJ8 > " [(1 = Yr)bibe] —
k

. S . ik-E 4k | —ik-& —
—josoM — ”ﬁzz (](:E)e'C sgbp 4 j(x)e ks bk) (6.178)
k T
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The most important magnons will be those with momenta close to the center of the Brioullin
zone, k ~ 0 so we need to examine the small k-dispersion function. For a Bravais lattice,

like simple cubic, we obtain from Eq. (6.176):

1 fo—s 1 k 2
Ty = g(COS kia + cos kza + cos k3a) i~ 53 coska=1— ( ;)

(6.179)

and the expression of the Hamiltonian becomes:

JNnS? )
H=—"—+2n JSZ bibr] —

oM — (]2 i(2)em s bt + j(x)e R Esg b (6.180)
J0%0 ON zk:zx:@ kT 0 ’“)

That is to say:

JNnS? S ki
H=— 2” +na2JS§k2b,§bk—jong—\/2N;;(j( s b+ (x)e” ’”S&bk)

(6.181)
\%4 1
Doing the substitutions — d®k and — — / d3z we have finally:
; 2~ Gy / Z v '
JNnS? na’JSV
H=— —josaMA+——— | dkk*b*(k dk: *(k)+5(k)sg bk
P dostas S [ ) o o [ (s R0
(6.182)
where:
/ dzj(z)e®E (6.183)
3(h) = / drj(x)e %7 (6.184)
since j(z) € R.
We can split our Hamiltonian into the following terms:
H=Hy+H.+1 (6.185)
JNnS? )
Hyp = == A — joMs} (6.186)
na’?JSV
H.= ——"2— [ dkk*b*(k)b(k 6.187
| Ak (6.187)
[=——1 S/ dk:(j’(k)s*b*(k) +j'(k:)s’b(k)) (6.188)
(27T)3 IN 0 0 :



we recall:
0 1 0 —i 1 0
st = 2= 5=
10 ) 0 0 -1
10 01 00
1= sy = Sg =
01 0 0 10
and then:
_JN;ISQ o jOM 0
Hpp = JNnS? | -
0 —==== + joM
that is to say:
) JNnS? JNnS?
U(HPP) = {_]OM - 2 7]0M - 2 } = {E(]:El}

110

(6.189)

(6.190)

(6.191)

(6.192)

and our ”atomic” Liouvillian is Ly, = H,, ® Il — 1 ® Hy,, operator on C? with spectrum:

0(Lyp) = {Eo — Eq,0(twofold), E1 — Ep} = {—2joM, 0(twofold), 2jo M }

We recall our general form of the interaction Eq. (6.1):
[ / kG (k) ® b (k) + G* (k) ® b(k)

and comparing with Eq. (6.188):

Eigenvalue 250 M
In this case i = 1,5 = 0, considering Eq. (6.86) and Eq. (6.87):

e B(E1—Eo)

(1 @ pollp1 @ o) = 0+ |Go1 (Ey — EO)IZeﬁ(El——Eo)_l

1 1 .~ . L, eBioM) s
— WWU@]OMN s 2" (20 M)!? > 0
considering now Eq. (6.93) and Eq. (6.94):

1

<801 X SOO’II(,DI () 800> = |G01(E1 — E0)|265(E1*—E0)127T(E1 — E0)1/2 —+ 0 f—

27T(E1 - E0>1/2 =

(6.193)

(6.194)

(6.195)

(6.196)

(6.197)
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1 1

A 1
= mp an M e

2m(2joM)? > 0 (6.198)

Both I and II are positive. This means that when we introduce the perturbation this
eigenvalue of Ly, becomes a complex eigenvalue of L, with a negative imaginary part which
implies the instability of this new eigenvalue.
Eigenvalue —2joM
In this case i = 0,5 = 1, considering Eq. (6.86) and Eq. (6.87):

1

(0 @ 11100 © 1) = |Gon(Br — Fo) [Py — 2 (B — E)/2 0=  (6.199)
= LL]A M An\1/2
(2m)0 4NV (230 M) —ggoany —2m(250M) 7 > 0 (6.200)
considering now Eq. (6.93) and Eq. (6.94):
¢ B(E1—Eo)

(po ® p1|1Tpg @ 1) = 0+ |Go1(E1 — Eo)|? 21 (Ey — Ep)'/? (6.201)

e ﬁ(EI*EO) — 1
1 1 e B(2jo M)

A e 9

om(2joM)Y? > 0 (6.202)

Both I and II are positive. As for the eigenvalue 25y M this means that when we introduce
the perturbation this eigenvalue of L,, becomes a complex eigenvalue of L, with a negative
imaginary part which implies the instability of this new eigenvalue.

FEigenvalue 0

Using Eq. (6.112):

1
o _ o 2 . 1/2
Iy = Eq. (6.110) + Eq. (6.111) - = |G01(E1 E[))| —eﬁ(El—Eo) — 127T(E1 Eo) +0
(6.203)
) eB(E1—Eo) 1/
(6.204)
Lo =1Io1 =0 (6.205)

Using Eq. (6.122):

1
Iy = Eq. (6.120) + Eq. (6.121) i |Go1(Er — E@szw(& —Ep)Y?2 40
(6.206)
5 eP(E1—E) 12

(6.207)



Using Eq. (6.130):
Iy = Eq. (6.130)

11Ty = Eq. (6.130)

Using Eq. (6.138):
Vo1 = Eq. (6.138)

IVio = Eq. (6.138)

1=0
j=1

1
0

7
J

0
1

7
J

i=1
Jj=0

= |Go1(E1 — Ep)

= |Go1(E1 — Eo)|

= |Go1(E1 — Eo)?

= |Go1(E1 — Ep)|?

Ihy=1Ip =0

B/2(E1—Ep)
2 € 1/2
| eﬂ(El——EO)_127T(E1 — Ey)Y/

, eP/2(Er—Fo)
eB(E1—Eo) _ 1

Illyo=111;; =0

27T(E1 - E0)1/2

eP/2(E1—Eo)
m?ﬂ(El - E0)1/2

eB/2(E1—Eo)
@ﬁ(El——EO)_127T(E1 - EO)1/2

IVoo =1Vi1 =0

and then we have the imaginary part of the level-shift operator Eq. (6.31),
ImT®) .= —Im(Fp(Ly(0,2))?) = tPW§(Lo(2))W P:

ImIr®

=T

4nt(Ey — Ep)Y/?

2|Go1(E1 — Ey)|?

—2|Go1(E1 — Eo)?

_ 2|Go1(Er — Ey)|?
o eﬂ(El—Eo) —1
writing o = ef/2(E1—Eo)

matrix as:

1—A

—Q

eB(Er—Eo) _ 1
eB/2(E1—Ep)

A B 1

Am(Ey — Eo)Y/?

—

0[2—

47T(E1 - E0)1/2

A

—I11Ly—IVio

—I1Iyy — IV
Iy + 11,

B/2(E1—Eo)
—2|Go1(Er — Eo)P—

eB(E1—Ep)

eﬁ(El_EO) -1

1 _eB/2(E1—Eo)

—eB/2(E1—Eo)  B(E1—E))

=0=(1-XN@®=N)—-a?>=0

A= A= da? N = 0= A= (14 0%) =0

A B _ 1

112

(6.208)

(6.209)

(6.210)

(6.211)

(6.212)

(6.213)

(6.214)

(6.215)

47T(E1 - E0)1/2

2|Go1(E1 — Eo)|> ——=+——4n(E1 — Eo)l/2

(6.216)

and o? = eP(E1=E0) we can calculate the eigenvalues of this last

(6.217)

(6.218)
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with solutions A\; = 0 and \y = 1 + o2 and the time of decay of these excitations is:

in(Ey — E )1/2)_1i _ I H) 1 1
1 0 )\2 o 87T‘G01(E1 - EO)P(El — E0)1/2 1 + a2 -

S (2’G01(E1 — E0)|2
o eB(E1—Eo) _ 1

" 8n|Go1(E1 — Eo)|2(Ey — Ep)'/2 1 4 e8(E1—Fo) :
substituting now the values of €9, &1 and Go1(E1 — Ey) we obtain finally:
ezﬁjOM —_ 1 1
T= . (6.220)
2 ) 1 + e2650M
87r< B (271r)3 \/%) 3B — Eo)[2(2joM)*/?
BN e (6.221)

T=— 4
S17(250M)|2(jo M )12 1 + e2Pi0M
We could also write the KMS states for free dynamic and for the coupled dynamic on the

Hilbert space Hpp @ Hpp @ HZ @ HP. For the free dynamic, see Eq. (3.90):
1
Of = 252> e PERg 0 00 0.0 O (6.222)
=0

where Ey and Fj are given in Eq. (6.192) and (g and ¢ are the corresponding eigenvectors.

With interaction we have Eq. (3.91):

O = 732 PLail20] = 7 [2ePLor 20 (6.223)
where:
Lg,l = Lpp + L+ IOZ[I]I[)_l (6224)
Lgr = Lpp+ Le — 107"[[][0_1 (6.225)
Ly, =Hp @l -1 ® H,y, (6.226)
L.= / dk:k:Q[af(k:)al(k:) —ay(k)a, (k)] (6.227)

where now the dispersion relation is:

w(k) = k? (6.228)



Appendix A

Algebraic Techniques

This appendix is an adaptation of some results of the appendix of [14] for the case T > 0.

We will use the following notation: suppose that o; € {+1,—1} and that 7; € {{,r}

at = 7[a*], a~! = 7[a], where a*, a are the creation and annihilation operators and

l,r are the left and right representation given by the GNS construction. We denote with

a; = (04,7j), so that a® = al?3%) = 7;[a%]. We define:

W(T){O : forT=1 (A1)

1 : forT=r

Lemma A.0.1. (Pull-through Formula): Let f : R™ — C be a measurable function,
obeying f[r] = O(r). Then f[Ly] is defined on D(Ly) and for all k € R%:

flLslrla* (k)] = Tla* (k)] f1Ls + (~1) T (k)] (A.2)
Tla(k)f1L5] = FIL5 + ()™ Dw(k))7[a(k) (A.3)

in the sense of operator-valued distributions. Moreover, extending f to the whole real line

by setting f =0 on Ry Eq. (A.2) and Eq. (A.3) extend to:

Tla* (R)1L5] = FIL5 — ()™ PDw(k))7[a* (k)] (A.4)
flLslrla(k)] = Tla(k)] fILs — (=1 Dw (k)] (A.5)

or in an even more compact notation we can write Eq. (A.2), Eq. (A.3), Eq. (A.4), Eq. (A.5)

114



115

FILf1a% (kj) = a® (k) FIL5 + (=)o (k)] (A.6)
a® (k) f[Lg] = fILs — (=)™ ojw(k;)]a® (k)) (A7)

Proof. We know that:

Lp=I[Hy] —r[Hf] = / dkw(k){lla*(k)a(k)] — r[a”(F)a(k)]}

For the second equation Eq. (A.3) the proof is:

l[a(k’)]ﬁf=/de(k){l[a(k’)N[a*(k)a(k)]—l[a(k’)]r[a*(k)a(k)]} (A-8)

using that the [ and r representations commute and using the commutation relations, i.e.
Ha(K)]la™(k)a(k)] = la(K')a*(k)a(k)] = l[a" (k)a(K")a(k) + 6(K — k)a(k)] = {l[a”(k)a(k)] +
d(K' — k)}[a(K")], then:

la(k)]Ly = / dkw(k){l[a" (k)a(k)] + 0(k" — k) — r[a”(k)a(k)|H[a(K')] = (Ls +w(k))l[a(k)]
(A.9)
We can develop the function f(Ly) in a power series of L. We prove the equation for one

term of this series:
l[a(k’)]ﬁ? =(Ls+ w(k:))l[a(k:')]ﬁ}‘_l =...=(Ls+ w(k))"[a(k)] (A.10)
d

We Denote by a double point the normal ordering, that is to say the creation operators
are placed to the left of the annihilation operators. Taking also into account that different

representations commute, we have the following theorem:

Lemma A.0.2. (Wick’s theorem) Denote N := {1,2,...,N} and [[;c4 = Hévzl xlj €
Al for any A C N. Then for any (o1,09...05) € {+1, =1} and (1,7 ...7n) € {I,7}V,

a;j = (0, 7))
I e ) => < 11 aaj(kj)>: [] a% k))z (A11)

JEN OCN  jeM\Q jeQ
Proof. For a proof we refer to [14], considering in this case that different representations

[, commute. ]
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Lemma A.0.3. Denote N :={1,2,..., N} and let be f;[r] = O(r+1) a measurable function
on R for any j = 1,2,...,N. Let Qf be the KMS state of the GNS field Hilbert space,
then:

H{a Dilesy = 3 11 af

QCN jeQ,
J N
x () Y (k)XUED Ly + 1+ —1)" (k) + —1)" " w (k)] 10 x
f!H{ Hlertr+ Y (=1 Mwk) 2;( W)
1€Q_ 1€Q
< I a5 (k) (A.12)
JEQ-
where [a?j(kj)] x(£Q) — a M(kj) for j ¢ Q and [ I (k))XUEQ =1 forj € Q
Proof. Using the Pull-through formula (lemma 6.1.1.)Eq. (A.6):
N N
H{a ) filLe]} H H L+ Z Viow;| = (A.13)

applying now the Wick’s theorem (double point denotes normal ordering):

= Z < H a;"j(k:j)>: Hf] s+ Z Viojw;] = (A.14)

QCN  jeN\Q jeQ i=j+1
= > T are( IT a7 >Hfj Lt S (s Y (<0l T o ()
QCN jeQ, JEN\Q i=j+1 1€Q_ JjEQ_

(A.15)
now we move the f]’-s into the vacuum expectation value using that f[Lf] = (f[Ls+7])|r=c,

and finally we note that:

N N N
SYRIIEE SJRIEHED SR VRIS STRIe
1=j+1 €Q_ i=j+1 i=j+1 i€Q_
i€Q 1€Q 1€Q_
N J
= 2 (DMwi+ 3o (-1)7wi (A16)
i=j+1 i=1
'LGQ+ i€EQ_



Appendix B

Operator Algebras

Definition B.0.4. A set A is called a C* — algebra if it has the following properties:

1. A'is an algebra (Two intern operations, with the first it is a commutative group, and with
the second it is a semigroup. One extern operation so that with the first intern operation it
is a vector space.).

2. One can define on A a bijection a € A —— a* satisfying the following properties, where

ac A ceC:
(c1a1 + c2a2)* = c1a] + coas (B.1)
(ar1a2)* = asaj (@) =a (B.2)

(a algebra with such an map is called a * — algebra)
3. We have a norm ||al|, and A is complete with respect to this norm (a complete normed

algebra is a Banach algebra).

4. The norm has the following property (the property of a C* norm):
la*a]| = [|a]l? (B.3)

Definition B.0.5. A set of bounded linear operators N on a Hilbert space H satisfying the

following conditions is called a von Neumann algebra:

1. N is a x — algebra.
2. N is closed in the weak operator topology. Namely, if a net of operators a, € N has a
weak limit a, satisfying:

lim(4, and) = (1, a0) (B.4)
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for any vectors ¥, ¢ € H, then a € N.(We write a = w — limay,)
3. 1eN

B(H): Algebra of all bounded operators on H

Positive operator: A with (¢|Ay) > 0 for each ¢p € H. AA* is a positive operator and also
A] = (447)12

Trace class operator: A with ||Al|; := Tr|A| < oo, we write A € L1(H)
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