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Abstract

One of the primary goals of Neutron Star Interior Composition Explorer (NICER)-like X-ray missions is to impose
stringent constraints on the neutron star equation of state by precisely measuring their masses and radii. NICER has
recently expanded the data set of inferred mass—radius relations for neutron stars, including four rotation-powered
millisecond pulsars PSR J0030+0451, PSR J0740+-6620, PSR J0437-4715, and PSR J1231-1411. In this work,
the mass—radius relation and X-ray emitting region properties of PSR J1231-1411 are inferred with an independent
pulse profile modeling based on the spherical star Schwarzschild spacetime and Doppler approximation. With one
single-temperature elongated hot spot and one single-temperature crescent hot spot, the inferred gravitational mass
is M = 1.12 £ 0.07 M and the inferred equatorial radius is Req = 9.911)88 km (68% credible intervals). It
provides an alternative geometry configuration of the X-ray emitting region for PSR J1231-1411 to sufficiently
explain the observation data of NICER and XMM-Newton. The inferred radius is smaller than that derived by
T. Salmi et al. (M = 1.0473% M., R.q = 12.6 £ 0.3 km), and the inferred mass is slightly higher in this work. The
inferred geometry configurations of the X-ray emitting region in both works are nonantipodal, which is not

consistent with a centered dipole magnetic field and suggests a complex magnetic field structure.

Unified Astronomy Thesaurus concepts: High energy astrophysics (739); Neutron stars (1108); Nuclear
astrophysics (1129); Millisecond pulsars (1062); X-ray astronomy (1810)

1. Introduction

The mass (M) and radius (R) measurements of neutron stars
probe the supranuclear density matter within their interiors and
provide constraints on the equation of state (J. Lattimer &
M. Prakash 2001). Many methods are available to constrain the
equation of state through radio, X-ray, and gravitational wave
observations (N. Yunes et al. 2022). Measuring pulsed thermal
emission from hot regions on a rotating neutron star
(K. C. Gendreau et al. 2016) is considered one of the most
promising techniques for providing accurate and precise
constraints on M / R (S. Ascenzi et al. 2024). Recent studies
using the Neutron Star Interior Composition Explorer (NICER)
data on nearby rotation-powered millisecond pulsars, including
PSR J0030+0451, PSR J0740+6620, PSR J0437-4715, and
PSR J1231-1411, have advanced the understanding of the
neutron star structure via pulse profile modeling. NICER fits
the observed energy-resolved pulse profiles and allows for the
Bayesian parameter inference of the mass—radius relation and
X-ray emitting region properties (M. Miller et al. 2019;
T. E. Riley et al. 2019, 2021; M. C. Miller et al. 2021; T. Salmi
et al. 2022, 2023, 2024b, 2024c; D. Choudhury et al. 2024b;
A. J. Dittmann et al. 2024; S. Vinciguerra et al. 2024). These
inferred parameters are helpful in constraining the currently
conflicting equation of state (e.g., A. L. Watts et al. 2016;
M. Miller et al. 2019; G. Raaijmakers et al. 2021; Z. Miao et al.
2024) and providing hints on the magnetic field structure and
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X-ray emission mechanism (A. V. Bilous et al. 2019;
A. Y. Chen et al. 2020; C. Kalapotharakos et al. 2021;
F. Carrasco et al. 2023).

The theoretical framework of the pulse profile modeling
is based on the oblate star Schwarzschild spacetime and
Doppler approximation to track photons from the stellar surface
to the X-ray telescope through the exterior spacetime of
rotating neutron stars (e.g., J. Poutanen & M. Gierliiski 2003;
J. Poutanen & A. M. Beloborodov 2006; C. Cadeau et al. 2007;
S. M. Morsink et al. 2007; M. AlGendy & S. M. Morsink
2014; J. Nattila & P. Pihajoki 2018; S. Bogdanov et al. 2019b).
The radiative model of a geometrically thin atmosphere is also
incorporated to modify the energy spectrum and anisotropic
distribution of the thermal emission from the stellar surface
(W. C. Ho & D. Lai 2001; W. C. Ho & C. O. Heinke 2009). In
recent studies, the fully ionized and nonmagnetic NSX hydrogen
atmosphere has been shown to describe the observation data
adequately (T. Salmi et al. 2023, 2024c; D. Choudhury et al.
2024b). The numerical algorithms following this theoretical
framework are implemented (M. Miller et al. 2019; T. E. Riley
et al. 2019; S. Bogdanov et al. 2021), e.g., the X-ray Pulse
Simulation and Inference software package (T. E. Riley et al.
2023) and another independent pipeline presented in M. Miller
et al. (2019), M. C. Miller et al. (2021), and A. J. Dittmann et al.
(2024). The Bayesian analysis of these four pulsars is mainly
carried out by the two software packages.

The measurement precision available from recent NICER
studies is hindered by features specific to each of these sources.
PSR J0030+4-0451 is an isolated pulsar with no prior
information on the mass and view inclination, which makes it
challenging to perform sufficient and proper sampling in a large
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model parameter space (M. Miller et al. 2019; T. E. Riley et al.
2019; T. Salmi et al. 2023; S. Vinciguerra et al. 2024). The
importance and necessity of the mass and inclination prior
information in the pulse profile modeling have been reported in
D. Choudhury et al. (2024b). PSR J0740+4-6620 is a binary
pulsar with well-constrained mass and inclination prior
information derived from the radio timing observations
(M. C. Miller et al. 2021; T. E. Riley et al. 2021; T. Salmi
et al. 2022, 2023, 2024b; A. J. Dittmann et al. 2024). However,
it is very faint, with the majority of the total NICER energy
spectrum being the nonsource background. The inferred
equatorial radius is still in a wide distribution with the currently
available photon statistics. PSR J0437—-4715 is a binary pulsar
with well-constrained mass, inclination, and distance prior
information (D. Choudhury et al. 2024b). However, a bright
Seyfert II active galactic nuclei (AGN) is present in the
NICER field of view, which provides a nonnegligible
contribution to the nonsource background. The NICER back-
ground model cannot eliminate source contamination inside the
field of view, whose treatment affects the inferred parameters
with the background-marginalized likelihood function. PSR
J1231-1411 is a binary pulsar, but the preliminary radio timing
measurement provides much less tight constraints on the mass
and inclination (T. Salmi et al. 2024c). The distance has
multiple solutions from independent measurements. Addition-
ally, the weak interpulse in the pulse profile complicates the
sampling process in the model parameter space, as noted in
T. Salmi et al. (2024c).

In this work, PSR J1231-1411 is reanalyzed based on the
previous study (T. Salmi et al. 2024c) using an independent
pulse profile modeling with the spherical star Schwarzschild
spacetime and Doppler approximation. The structure of the
paper is organized as follows: the methodology of the pulse
profile modeling is briefly reviewed in Section 2, as well as the
code validation; the processing of PSR J1231-1411 observa-
tions from NICER and XMM-Newton is presented in
Section 3; its inferred model parameters are discussed in
Section 4; finally, the conclusions are given in Section 5.

2. Methodology
2.1. Pulse Profile Modeling

An independent numerical algorithm written in C++ is
implemented in this work with the spherical star Schwarzschild
spacetime and Doppler approximation (e.g., J. Poutanen &
M. Gierliriski 2003; J. Poutanen & A. M. Beloborodov 2006;
C. Cadeau et al. 2007; S. M. Morsink et al. 2007; M. AlGendy
& S. M. Morsink 2014). The neutron star is squeezed into
an oblate spheroid as the rotation speed increases, which
plays a vital role in the pulse profile modeling for rapidly
rotating neutron stars (S. M. Morsink et al. 2007). However,
regarding the millisecond pulsars studied in this work with
the spin frequency being below ~300Hz, the effect of
oblateness is insignificant on the parameter inference of the
gravitational mass and equatorial radius (C. Cadeau et al. 2007;
S. M. Morsink et al. 2007). Though the theoretical framework of
the pulse profile modeling is well established concerning the
relativistic effects due to the strong gravitational field and rapid
spin (e.g., S. Bogdanov et al. 2019b), the crucial steps for
implementing the numerical algorithm are reviewed and presented
in this section for clarity.

Qi et al.

The light-bending and time-delay effects are directly
obtained by calculating the lensing integral instead of
numerically solving the differential equations of motion in
the ray tracing (C. Cadeau et al. 2007; S. M. Morsink et al.
2007). According to special relativity, quantities are converted
from the comoving frame to the static frame, and the radiation
from an area element on the stellar surface is obtained
accordingly.

The thermal emission of hot regions is modified by the
existence of a centimeter-thick atmosphere surrounding neutron
stars, which can be calculated by detailed radiative models,
e.g., the fully ionized and nonmagnetic NSX hydrogen
atmosphere model by W. C. Ho & D. Lai (2001) and
W. C. Ho & C. O. Heinke (2009). It has been widely used in
previous studies and has been proven to reproduce the
observation data set adequately (T. Salmi et al. 2023, 2024a;
D. Choudhury et al. 2024b). The atmosphere model is provided
(nsx_H_v200804 is used in this work; A. L. Watts et al. 2022)
as a precomputed lookup table with four independent variables
to perform the interpolation of the local radiation intensity as a
function of the effective temperature, effective gravity, photon
energy, and cosine of the emission angle.

The observed flux Fy, g on the image plane at the rotation
phase ®; and energy E, i.e., in each phase-energy bin, can be
obtained by numerically integrating the radiation contribution
from all discretized meshes of the hot regions. It then multiplies
an attenuation factor exp(—Nyoas) to account for the
interstellar absorption. The absorption cross section o,,s can
be obtained from a lookup table of the TBabs model (J. Wilms
et al. 2000). Finally, the registered flux Sg, g, measured by the
telescope is obtained by convoluting the flux Fp, with the
instrument response R;;, where the first index i denotes the data
channel and the second index j denotes the model energy bin
number.

2.2. Parameter Estimation and Model Evaluation

Bayesian analysis is usually more efficient and robust in a
high-dimensional problem compared to the maximum like-
lihood estimation. Since the number of free parameters
typically ranges from 15 to 30 in the pulse profile modeling,
Bayesian analysis is more suitable to fit the observation data set
and test the model. The widely used Bayesian techniques in
astrophysics include Markov Chain Monte Carlo (MCMC;
D. Foreman-Mackey et al. 2013) and nested sampling Monte
Carlo (NSMC; J. Skilling 2004). Though a hybrid approach
combining NSMC and MCMC methods was proposed in
M. Miller et al. (2019), only the NSMC method is used in this
work due to limited computation resources. The publicly
available nested sampler MultiNest (F. Feroz et al. 2009) is
adopted.

2.3. Validation

The accuracy of the numerical algorithm implemented in this
work is validated by reanalyzing the NICER observations of PSR
J0030+0451, PSR J0740+6620, and PSR J0437-4715. Two
important aspects need to be clarified, including the hot-spot
geometry and nonsource background. First, the properties of the
X-ray emitting regions, i.e., the shape and temperature distribu-
tion, remain uncertain. A series of simplified geometric models
have been proposed motivated by the physics of magnetospheric
return currents (A. K. Harding & A. G. Muslimov 2001),
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including circles, rings, crescents, ovals, and their combinations
with single- or dual-temperature distribution (T. E. Riley et al.
2019; M. Miller et al. 2019). In this work, the recommended
geometric model for each source is selected for the validation,
ie., one single-temperature circular region and one single-
temperature crescent region (ST-+PST) for PSR J0030+0451
(T. E. Riley et al. 2019), two single-temperature circular regions
(ST-U) for PSR J0740+6620 (M. C. Miller et al. 2021;
T. E. Riley et al. 2021), one single-temperature annulus region
and one dual-temperature overlapping region (CST+PDT) for
PSR J0437-4715 (D. Choudhury et al. 2024b).

Second, these sources are very faint, such that the
contribution from the pulsar is comparable to or even less
than the nonsource background in the registered energy
spectrum. The nonsource background mainly includes the
diffuse X-ray background, instrumental background, and
nearby source contamination. To better infer the mass—radius
relation and X-ray emitting region properties with reasonable
computation speed, M. Miller et al. (2019) and T. E. Riley et al.
(2019) proposed the background-marginalized likelihood,

B,
Dnicer(DI6, M) o j; Iaicer(DIO, A, B)dB, (1)
1

where D is the observation data, 0 is the model parameter of a
given model .#, and B is the expected background counts. In
each channel of the energy spectrum, the likelihoods corresp-
onding to each possible number of backgrounds are numeri-
cally integrated. The possible number of backgrounds in each
channel can be estimated based on the NICER background
model with a lower limit B, and an upper limit B,. The
background limits can be important for parameter inference,
especially in the case of PSR J0437—4715 with nonnegligible
source contamination in the field of view (D. Choudhury et al.
2024b). The Poisson likelihood function is used considering
the limited number of counts in each phase-energy bin (®;, Ej),

ln ENICER(Dla, fﬂ, B) - ZZ Dl] ln(M,J —|— B‘])
¢ E
— (M + By) — In|l'(Dy + 1),
2

where I' is the gamma function. Additionally, the energy
spectrum of XMM-Newton observations can be used to
constrain the nonsource background better because the
focusing telescopes have a much higher source-to-background
ratio. Thus, a joint fit is usually performed for the NICER and
XMM-Newton observation data set. The total log-likelihood,
which takes the model parameters as input and returns its value
to the sampler MultiNest, is defined as follows (M. C. Miller
et al. 2021; T. E. Riley et al. 2021),

In Lota = In Lnicer + In Lxvvi—Newtons (3)

where #MM-_Newton €an be EPIC-pn, EPIC-MOS, or multiple
detectors.

Unless specified otherwise in this work, a joint fit to the
NICER and XMM-Newton data is performed with the
suggested geometric model for each source. The lower bound
of the NICER background is set to zero, and the upper bound is
set to the maximum possible number of counts in each channel.
The background prior is uniformly distributed between the
lower and upper bound. A single-background likelihood
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Figure 1. 2D marginalized posteriors of masses and radii of three rotation-
powered millisecond pulsars PSR J0030+4-0451, PSR J0740+6620, and PSR
J0437-4715. The contours in the 2D marginalized posterior denote the 68%
and 95% credible intervals. The inferred result of T. E. Riley et al. (2019) for
PSR J0030+4-0451 is plotted with purple lines, which uses the NICER-only
data. The inferred result of T. Salmi et al. (2024b) for PSR J07404+6620 is
plotted with black lines, which uses the NICER+XMM data. The inferred
results of D. Choudhury et al. (2024b) for PSR J0437-4715 are plotted with red
lines and blue lines for the NICER-only and NICER-XMM data, respectively.
In comparison, the inferred results using the spherical star Schwarzschild
spacetime and Doppler approximation in this work are plotted in shaded areas
with different colors. The data are from S. Vinciguerra et al. (2023), T. Salmi
et al. (2024a), and D. Choudhury et al. (2024a), respectively. The numerical
details are summarized in Table 1.

function is used for the XMM-Newton data due to a high
source-to-background ratio. The main settings of MultiNest are
the same for each source as follows: the sampling efficiency of
0.01, evidence tolerance of 0.1, live points of 1000, and the
multimodal option turned off. The only exception is the case of
PSR J0437—4715, where the lower and upper bounds of the
NICER background consider the 3C50 model and the AGN
spectrum. The recommended model by D. Choudhury et al.
(2024b) for PSR J0437-4715 does not include the XMM-
Newton constraints. The 2D marginalized posteriors of masses
and radii of three rotation-powered millisecond pulsars are
plotted in Figure 1. The corresponding inferred and best-fit
parameters are summarized in Table 1.

A good agreement can be seen in the case of PSR J0740
+6620. Though the inferred masses and radii of PSR J0O030
40451 and PSR J0437-4715 differ from previous analyses
(M. Miller et al. 2019; T. E. Riley et al. 2019; T. Salmi et al.
2023; D. Choudhury et al. 2024b; S. Vinciguerra et al. 2024),
the results are still consistent with their works. The possible
reason for the discrepancies is the use of the spherical
Schwarzschild spacetime instead of the oblate Schwarzschild
spacetime (S. Bogdanov et al. 2019b). The inferred hot-spot
geometries of PSR J0740+6620 are closer to the equator and
thus less sensitive to this approximation. Additionally, the
MultiNest settings differ from other works, which may be
sensitive to the inferred parameters (S. Vinciguerra et al. 2024).
A minimal sampling efficiency of 0.01 is used in this work
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Table 1
Summary of the Inferred and Best-fit Masses and Radii of the Three Rotation-powered Millisecond Pulsars PSR J0030+-0451, PSR J0740+6620, and PSR
J0437-4715 in This Work

PSR J0030+0451

PSR J0740+6620

PSR J0437-4715 PSR J0437-4715

NICER+XMM NICER-+XMM

NICER only NICER+XMM

Parameter Clese Best-fit Clgse

Best-fit

Cles Best-fit Clesa Best-fit

Fo (Hz)
M (M)
Req (km)

205.53, fixed
1267313 1.39
11.8249%1 13.48

346.53, fixed
2.074007
12.667113

11.58 11.009:5¢ 11.60

173.69, fixed 173.69, fixed
1.41+9% 1.46 144004 1.47
9.98%041 10.18

instead of a large number of live points because it decreases the
computation time during the convergence test on the data of
PSR J07404-6620. Though the proper MultiNest settings are
usually problem-dependent, the settings are much finer than the
recommended ones (F. Feroz et al. 2009) and are used for
different celestial sources in this work. In addition, a single-
background likelihood function is used for the XMM-Newton
data instead of a background-marginalized likelihood function.
Concerning the results of PSR J0030+4-0451, the solutions are
discrepant and exhibit multimodal structures. The solution of
T. E. Riley et al. (2019) is used as the reference in Figure 1,
while the data of S. Vinciguerra et al. (2023) are used for the
Bayesian inference in this work. Thus, the observation data,
instrumental response, model parameter space, and inclusion of
XMM-Newton data can modify the inferred parameters. It
should also be noted that it is very challenging to sample the
model parameter space thoroughly in high-dimensional and
multimodal problems, especially in the case of PSR J0030
40451, where no prior information on the mass and inclination
is available. Overall, the validation demonstrates a proper
implementation of the numerical algorithm and the parameter
inference process for pulsars with a spin frequency below
~300 Hz.

3. Observation Data Processing
3.1. NICER

The NICER X-ray Timing Instrument data set (K. C. Gendr-
eau et al. 2016) is used for the Bayesian analysis of the mass—
radius relation and hot-spot properties of PSR J1231-1411. The
observation used in this work starts at 57930 MJD (ObsID
0060060101) and ends at 60512 MJD (ObsID 7060060734).
The data processing follows the standard way suggested by the
NICER group via nicerl2 (data analysis software HEAsoft
version 6.33 and calibration database version CALDB
xti20240206). The undershoot range is selected between 0
and 50 to minimize the effect of optical loading® on the
measured energy spectrum. The overshoot range is selected
between 0 and 2 to reduce the impact of particle events on the
measured energy spectrum (R. A. Remillard et al. 2022). Based
on S. Bogdanov et al. (2019a), a further data filtering process is
performed on the cleaned data events to enhance the data
quality, which excludes those with a counting rate (20 s bins)
above 1.5 counts per second in the energy range between 0.3
and 1.5keV. Consequently, the final effective exposure is
reduced to 2.23 Ms, and the final spectrum contains 1156031
counts in the energy range between 0.3 and 1.5 keV.

4 hitps:/ /heasarc.gsfc.nasa.gov /docs /nicer /analysis_threads/light-leak-

overview/

— NICER data 42000
20000 ---- background of 3C50

40000

15000
38000

Counts
Counts

10000 36000

5000 34000

32000
0.4 0.6 0.8 1.0 1.2 1.4 0.0 0.5 1.0 15 2.0
Energy (keV) Phase
Figure 2. Total NICER energy spectrum of PSR J1231-1411 with the
background estimation from the 3C50 model (left panel). Energy-integrated
pulse profile of PSR J1231-1411 in the range between 0.3 and 1.5 keV with 32
phase bins (right panel). Two rotational cycles are plotted for clarity.

The background and instrumental responses are extracted by
a single pipeline task nicerl3-spect. Multiple models are
available for the background estimation, including the
SCORPEON, 3C50, and Space Weather models. The back-
ground estimation of the 3C50 model (R. A. Remillard et al.
2022) is plotted in the left panel of Figure 2 in comparison with
the total NICER energy spectrum. The instrumental responses
include the effective area curve of the optics system (ancillary
response files, ARF) and the mapping from incident X-ray
energy to the registered channel of the detection system
(redistribution matrix files, RMF), which will be used in the
later-on pulse profile modeling.

The pulsar rotation phase of each photon is calculated by
event folding (S. Zheng et al. 2024) using the timing model in
Table 1 of P. S. Ray et al. (2019). The timing residuals are then
analyzed using tempo2 (G. Hobbs et al. 2006) based on the
extracted average time of arrival and the timing model. The
residuals are clustered around zero with only white noise
remaining, and the root mean square is less than 10 us, which
demonstrates a proper timing model. The energy-integrated
pulse profile in the range between 0.3 and 1.5 keV is plotted in
the right panel of Figure 2. It is characterized by a prominent
primary peak and a weak interpulse at ~0.55 rotation phase
relative to the primary peak. The energy-dependent pulse
profiles, aka phase-resolved energy spectra, are plotted in
Figure 3. These are the data to be fitted in the later-on pulse
profile modeling.

3.2. XMM-Newton

PSR J1231-1411 was in the field of view of the XMM-
Newton (F. Jansen et al. 2001) observation on 2009 July 15,
with a duration of 29.8 ks (ObsID 0605470201).° The

3 https: //www.cosmos.esa.int/web/xmm-newton /xsa
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Figure 3. Energy-dependent pulse profiles of PSR J1231-1411 in the range
between 0.3 and 1.5 keV with 32 phase bins. Two rotational cycles are plotted
for clarity.

observation data of EPIC-pn (L. Striider et al. 2001) is used for
the later-on pulse profile modeling because it has a high source-
to-background ratio in the energy spectrum. Since the timing
resolution of the extended full-frame imaging mode prohibits
the phase folding of PSR J1231-1411, only the phase-averaged
spectral data of EPIC-pn will be used. EPIC-MOS1 and EPIC-
MOS?2 are not used in this work due to lower statistics than that
of EPIC-pn. The data processing uses the XMM-Newton
Science Analysis System (SAS version 18.0.0 and calibration
database Update 2021 December 9). The observation data files
are first resolved to event files through epproc. To reduce the
impact of background flares, an additional selection criteria of
TIME > 364045000 is used in evselect along with the standard
filtering expressions PATTERN <4, PI € [200,15000],
#XMMEA_EP, and FLAG==0. The final effective exposure
is reduced to 13.43 ks after data filtering. The source spectrum
is extracted within a 20” radius circle centered at R.A.
(J2000) = 187.79768, decl. (J2000) = —14.19546 (see the
left panel of Figure 4). The scaling factor is calculated as
0.1075 (BACKSCAL) to correct the background estimation.
The corresponding total energy spectrum and background
estimation are plotted in the right panel of Figure 4. The ARF
and RMF products of EPIC-pn are generated using the rmfgen
and arfgen tools in SAS.

4. Result and Discussion

The numerical algorithm and the parameter inference process
are validated in Section 2. They are applied to the extracted
observation data of PSR J1231-1411 (Section 3) with the same
configurations and settings except for the prior information and
geometric model of the X-ray emitting region. The selection of
geometric models follows the procedure in T. E. Riley et al.
(2019), which starts from the simplest model of two single-
temperature circular spots to more complex models concerning
the geometric shape and temperature distribution. A few
geometric models are tested until a proper fit to the data is
achieved. The preferred geometric model includes one single-
temperature elongated region and one single-temperature
crescent region. The definition of elongated hot spots inherits
from the work of M. Miller et al. (2019) to explain the data of
PSR J0030+0451. It provides an alternative hot-spot geometry
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Figure 4. Zoomed-in image of PSR J1231-1411 with EPIC-pn filtered events
(left panel). The source region is denoted in the blue circle. The background
region is denoted in the green circle. Total XMM-Newton energy spectrum of
PSR J1231-1411 and the measured background (right panel).

possible for PSR J1231-1411 to explain simultaneously the
observation data of NICER and XMM-Newton, complemen-
tary to more complex hot-spot geometry of two dual-
temperature overlapping regions in T. Salmi et al. (2024c).

4.1. ST-U

The single-temperature-unshared (ST-U) model is usually
used first to fit the data, motivated by the physics of
magnetospheric return currents with a dipole magnetic field
(A. K. Harding & A. G. Muslimov 2001). It is also relatively
simple and computationally inexpensive with a limited number
of model parameters.

Inspired by the previous work (T. Salmi et al. 2024c), the ST-
U model in this section defines the uniform priors on the radius
in a range of [8,16] km, distance to Earth [100,700] pc, hydrogen
column density [0,5] X 10 cm ™2 cosine of the center
colatitude [—1,1], angular radius [0,90] deg, effective temper-
ature [0.011,0.3] keV, and center phase of the hot-spot [a,a+0.2]
(a and 0.2are profile-dependent numbers). According to
T. Salmi et al. (2024c) and the reference therein (concerning
the preliminary Shapiro delay measurement), a Gaussian prior
probability density function (PDF) is defined on the mass and
cosine of view inclination. The mean of the mass prior PDF is 1
M., and the standard deviation is 0.93 M, which is not a tight
constraint. The Gaussian distribution is then truncated between 1
and 2 M., which is different from that of T. Salmi et al. (2024c;
between 1 and 3 M.). Based on their inferred masses and the
mass distribution of millisecond pulsars with a bimodal
distribution (J. Antoniadis et al. 2016), PSR J1231-1411 is
more likely to be a low-mass neutron star. The mean p and
standard deviation o of the cosine of view inclination are
polynomials as a function of the mass (T. Salmi et al. 2024c),

©
+0.01118702, 4

2
Heosy M) = 0.00835942(1”) + 0.10890304(M)
M M

2
Ocos(iny (M) = 0.00097777(M) + 0.01013241( M )
M@ M(‘\

+0.01509739. 5)

A Gaussian prior PDF is also defined on the energy-
independent effective area scaling factor a (u = 1, o = 0.05)
for NICER and XMM-Newton, respectively.

The inferred model parameters with 68% credible intervals
are summarized in Table 2. The detailed 1D and 2D
marginalized posteriors of the model parameters are plotted



Table 2
Summary of the Bayesian Parameter Inference of PSR J1231-1411 Using the ST-U and STS-PST Geometric Models
ST-U STS-PST
Parameter Description Prior Clesa Best-fit Prior Clesa Best-fit
Fy (Hz) spin frequency 271.45, fixed 271.45, fixed
M (M) gravitational mass M ~ Gaussian (1, 0.93) 1367048 1.91 M ~ Gaussian(1, 0.93) 1.1253%7 1.08
truncated between 1 and 2 M, truncated between 1 and 2 M,
Req (km) equatorial circumferential radius Re.q ~ Uniform (8, 16) 9.8979-%8 15.50 Req ~ Uniform(8, 16) 9.917088 11.42
cos(i) cosine of view inclination cos(i)~ Gaussian (u(M), o(M)) 0.1559%4 0.26 cos(i)~ Gaussian(u(M), o(M)) 0.1273:% 0.10
D (pc) distance to Earth D ~ Uniform (100, 700) 573.7553083, 659.56 D ~ Uniform(100, 700) 621.727387 676.65
Ny (10 em™?) hydrogen column density Ny ~ Uniform (0, 5) 178508 1.63 Ny ~ Uniform(0, 5) 2311048 2.21
ONICER NICER effective area scaling anicer ~ Gaussian (1, 0.05) 0.981903 0.84 anicer ~ Gaussian(1, 0.05) 1.0253% 1.02
xXMM XMM-Newton effective area scaling axmm ~ Gaussian (1, 0.05) 1.0259% 1.15 axmm ~ Gaussian(1, 0.05) 0.97700% 0.95
0, (deg) center colatitude of primary spot cos(f,)~ Uniform (-1, 1) 1240313323 23.59 cos(f,)~ Uniform(-1, 1) 59.84F1433 39.69
Ab, (deg) angular radius of primary spot Af, ~ Uniform (0.01, 90) 10.08%33¢ 8.69 Af, ~ Uniform(0.01, 90) 5244131 5.89
KTt (keV) effective temperature of primary spot KT, ~ Uniform (0.011, 0.3) 0.100+3:95¢ 0.092 KT osrp ~ Uniform(0.011, 0.3) 0.084+3:002 0.084
bp center phase of primary spot ¢p ~ Uniform (a, a+0.2) a+0.154 13012 a+0.176 ¢p ~ Uniform(a, a+0.2) a+0.11613902 a+0.113
f5p shape factor of primary spot J5p ~ Uniform(1, 20) 6.593_‘22 4.46
6, (deg) center colatitude of secondary spot cos(f;)~ Uniform (-1, 1) 96.8452:20 106.17 cos(6,)~ Uniform(-1, 1) 61.55%93 56.85
Ab; (deg) angular radius of secondary spot A, ~ Uniform (0.01, 90) 27.0753%7 5.77 Af, ~ Uniform(0.01, 90) 58.551353 52.50
kT egr 5 (keV) effective temperature of secondary spot kTeg;s ~ Uniform (0.011, 0.3) 0.071+3:006 0.066 kT g5 ~ Uniform(0.011, 0.3) 0.077+3:9% 0.077
bs center phase of secondary spot és ~ Uniform(a+0.45, a+0.75) a+0.586- 908 a+0.712 ¢¢ ~ Uniform(a+0.45, a4+0.75) a+0.5697930 a+0.562
I angular radius ratio of secondary spot fs ~ Uniform(0.001, 1.999) 1047592 1.04
pa angular separation of secondary spot 2 ~ Uniform(0, 1) 0.0257518 0.022
s (deg) azimuthal offset of secondary spot s ~ Uniform(0, 360) 175.36ffj§2 176.86
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Figure 5. Comparison between the best-fit energy-integrated pulse profile and
the observation data for the ST-U (left panel) and STS-PST (right panel)
models, respectively. The energy range of integration is from 0.3 to 1.5 keV.
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Figure 6. Schematic view of the hot-spot geometry according to the best-fit
model. For the exact geometric parameters of the hot spots, refer to Table 2.

in the Appendix Figure 9. The posterior distribution has
multiple distinct modes. It indicates that the estimated mean
value of some parameters cannot fully represent the complexity
of the underlying distribution. In particular, the inferred radius
is very close to the prior boundary, which usually suggests that
the Bayesian inference probably does not converge in the
specified prior range. A forward calculation is performed to
find the best-fit parameters and the background using the
generated posterior samples by MultiNest. The best-fit
parameters with the maximum log-likelihood value are also
summarized in Table 2. It provides a one-way test about how
well the model ﬁts the data by inspecting the residual
distribution and x* of the energy-resolved pulse profiles,
energy-integrated pulse profile, and total energy spectrum
(M. Miller et al. 2019). The comparison between the best-fit
energy-integrated pulse profile and the observation data is
plotted in the left panel of Figure 5. The zigzag pattern is seen
in the discrepancies between the model and the data.
Additionally, the weak interpulse is not well reproduced by
the model. These indicate an apparent model deficiency of ST-
U for PSR J1231-1411.

4.2. STS-PST

Though the model deficiency of ST-U is found, its inferred
parameters provide implications for possible hot-spot geome-
tries. In the ST-U model, the best-fit parameters show that the
primary hot spot with a slightly higher temperature is very close
to the north pole to be more visible in a rotation cycle. This is
mainly due to the broad, prominent, and slightly asymmetric
primary peak in the data, spanning over ~(.7 phases. The
secondary hot spot is very close to the equator with a small
radius to reproduce the weak interpulse in a much narrower
phase range. To better fit the data within the prior range of mass
[1,2] M, and radius [8,16] km, more complicated geometric
models are needed in terms of the shape and temperature
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Figure 7. Residuals of the energy-resolved pulse profiles between the best-fit
model and the NICER data (left panel). Comparison of the total energy
spectrum between the best-fit model and the NICER data (right panel). The
background with the maximum log-likelihood value is also plotted.

distribution. For example, the geometric model PDT-U (parsed
as protruding-dual-temperature-unshared) was proposed in
T. Salmi et al. (2024c) to explain the data with two dual-
temperature overlapping regions. As a supplement, a single-
temperature elongated hot spot is used to fit the broad and
prominent primary peak, and a single-temperature crescent hot
spot is used for the narrow and weak interpulse in this work.

The definition of the elongated hot spot is based on
M. Miller et al. (2019) by introducing a colatitude-independent
shape factor fs to increase the longitudinal extent instead of a
pure spherical cap, i.e., single-temperature with a shape factor
model (hereafter, STS). It should be noted that this definition
produces oval spots in most cases, but it can also give ring-
shaped hot spots when the longitudinal extent is larger than 27
or fan-shaped hot spots when they are centered at the poles.
The definition of the crescent hot-spot PST (parsed as
protruding-single-temperature) follows T. E. Riley et al.
(2019) with the angular radius ratio f, angular separation s
and azimuthal offset ¢ between the superseding and ceding
member. The uniform prior PDFs are defined on the shape
factor fs in a range of [1,20], angular radius ratio f
[0.001,1.999], angular separation s [0,1], and azimuthal offset
© [0,360] deg. The prior PDFs remain unchanged for the other
parameters in comparison to those defined in the ST-U model
(see Table 2).

The inferred model parameters with 68% credible intervals
are summarized in Table 2. The detailed 1D and 2D
marginalized posteriors of the model parameters are plotted
in the Appendix Figure 10. With STS-PST, the inferred
mass is M = 1.12 + 0.07 M., and the inferred radius is

= 9917088 km, which is consistent with previous
analysis of NICER targets. A schematic view of the inferred
hot-spot geometry is plotted in Figure 6, with both hot spots
located in the northern hemisphere. The inferred geometry
configuration is nonantipodal and suggests a complex magnetic
field structure instead of a pure centered dipole magnetic field.
To inspect the model adequacy of STS-PST for PSR
J1231-1411, the comparison between the best-fit energy-
integrated pulse profile and the observation data is plotted in
the right panel of Figure 5. The discrepancies are decreased in
comparison with those of the ST-U model, and the weak
interpulse is reproduced by the STS-PST model. No apparent
systematic structure is found in the residual distributions of the
energy-resolved pulse profiles and the total energy spectrum
(Figure 7). Additionally, Figure 8 shows that the best-fit model
can reasonably explain the XMM-Newton data.
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Figure 8. Comparison of the total energy spectrum between the XMM-Newton
data (EPIC-pn) and the best-fit model.

Table 3
Summary of the Bayesian Parameter Inference of PSR J1231-1411 Using the
STS-PST Geometric Models, Where the Secondary Hot Spot is Restricted in
the Southern Hemisphere

Parameter aag% Best-fit
Fy (Hz) 271.45, fixed

M (M) 1214340 1.16
Req (km) 10.4940:28 11.25
cos(i) 0.1470:% 0.16
D (pc) 632.52748% 673.51
Ny (10%° cm™3) 2387938 2.23
QNICER 1.01 fgfgi 0.97
axMM 0985004 0.95
8, (deg) 80.33131-7¢ 124.05
Af, (deg) 3.737907%4 3.74
KTt (keV) 0.0853:003 0.087
bp a+0.114+99%¢ a+0.102
15 10.1043:33 10.15
0, (deg) 143.687530 153.50
A, (deg) 43454428 36.62
KT g5 (keV) 0.083 3003 0.088
by a+0.551799%¢ a+0.541
£ 1.0875:04 1.04
% 0.091+3:032 0.25
@, (deg) 4651118 5.34

The inferred hot-spot geometry is similar to that of PSR
J0030+4-0451, with both spots located in the same hemisphere
(M. Miller et al. 2019; T. E. Riley et al. 2019). However, it is
not consistent with that inferred by PDT-U in T. Salmi et al.
(2024c¢). Another Bayesian inference is performed in this work
to test the geometric model STS-PST by constraining the
secondary hot spot in the southern hemisphere, i.e., cos(fs)~
Uniform (—1, 0). The inferred results from the partial
parameter space are summarized in Table 3 and Appendix
Figure 11. The mass and radius are slightly increased but still
consistent with those from the full parameter space calculation.
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Table 4
Summary of the Bayesian Evidence and Chi-square Statistic of ST-U and STS-
PST Geometric Models

Model Log-evidence Y2/d.of.
ST-U —15670.24 3.88
STS-PST full parameter space —15621.85 0.96
STS-PST partial parameter space —15623.01 0.95

The model calculation with the best-fit parameters also has a
good agreement with the data, and no apparent systematic
structure is found in the residual distributions. The Bayesian
evidence and chi-square statistic of ST-U and STS-PST
geometric models are summarized in Table 4. It depicts the
model adequacy of STS-PST, which provides an alternative
hot-spot geometry possible for PSR J1231-1411 to explain
simultaneously the observation data of NICER and XMM-
Newton.

5. Conclusions

A numerical algorithm for pulse profile modeling is
implemented in this work based on the spherical star
Schwarzschild spacetime and Doppler approximation. The
accuracy of the code is validated by reanalyzing three rotation-
powered millisecond pulsars, including PSR J0030+0451, PSR
J0740+6620, and PSR J0437—4715. The inferred mass—radius
relations and X-ray emitting region properties are consistent
with other works, which allows the application of the numerical
algorithm to PSR J1231-1411. Additionally, it can be modified
and used to generate input data for performing end-to-end
observation simulations of future NICER-like X-ray missions,
e.g., the enhanced X-ray Timing and Polarimetry (A. L. Watts
et al. 2019; S. Zhang et al. 2019).

According to T. Salmi et al. (2024c¢), the Bayesian parameter
inference in this work uses similar prior information, including
the mass, radius, inclination, distance, hydrogen column
density, and instrumental scaling factor. On the other hand,
an alternative geometry configuration of X-ray emitting
regions, i.e., one single-temperature elongated region and one
single-temperature crescent region, is adopted to fit the
observation data of NICER and XMM-Newton jointly. The
model with the best-fit parameters can explain the data with
acceptable residuals. The inferred gravitational mass is
M = 1.12 + 0.07 M., and the inferred equatorial radius is
Req = 9.9170%8 km. The inferred mass is slightly higher, and
the inferred radius is smaller than that derived by T. Salmi et al.
(2024¢) with two dual-temperature overlapping regions and an
informative radius prior. Both analyses can properly fit the
bolometric and energy-resolved pulse profiles and recover the
weak interpulse. It is probably due to less tight constraints on
the mass and inclination prior from the preliminary radio pulsar
timing analysis, uncertainties of the distance measurements,
and a weak interpulse in the pulse profile. The inferred
geometry configuration is nonantipodal and suggests a complex
magnetic field of PSR J1231-1411 instead of a pure centered
dipole magnetic field.
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Appendix

The 1D and 2D posterior distributions of the model
parameters in this work are presented in Figures 9-11.
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