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Throughout  this article we adopt the notation and conventions of the article [1] 
entitled Atypical modules of the Lie superalgebra g l (m/n)  based on the Colloquium talk 
by Dr J. Van der Jeugt and published elsewhere in these Proceedings. The complex Lie 

superalgebra s l (m /n )  is the subalgebra of gl (m/n)  consisting of matrices x = ( ~ o s ) ,  

with A, B, C and D matrices of size rn x rn, m x n, n × m and n x n, respectively, with 
s t rx  = t r A -  t r D  = 0. G = s l (m/n)  admits a grading G = G-1 $ Go $ G1 with 
Go = sl(m) @ C $ sl(n), the even subalgebra of sl(rn/n).  The universal enveloping 
algebras of G, Go and G_z are denoted by U(G), U(Go) and U(G_I) ,  respectively. 

The weight space H ° is the dual of the Caf tan  subalgebra H of s l (m/n) .  It is 
spanned by the forms e, (i = 1 , . . .  ,m)  and6~ (j = 1 , . . .  ,n) ,  with ~ , '_z  e, -~v'"i=l usx _- 0, 
and is equipped With an inner product such that  (e, [ e j / =  6,~, (e, [6~ ) = 0, (~5, [6j) = -6,~, 
where 6t~ is the usuM Kronecker symbol. The set of simple roots is taken to be the 
distinguished set {e~ - ei+l,i = 1 ,2 , . . .  ,m  - 1; e,, - 61; 5~ - 5~+l,j = 1,2 . . . .  , n  - 1}, 
so that  the sets of positive even and odd roots are given by A0+ = {el -- ej, 1 < i < j 
m; 6, -- hi, 1 < i < j < n} and A+I = {~,~ = e, - 6~, 1 <_ i <. m,  1 <_ j < n}, respectively. 
It is convenient to define p = p0 - pz with p0 = ½ ~ e a ~  or, and Pl ½ E z e A  t ft. 

In the e6-basis a weight A E H" takes the form A = ~ i~l#iei  + ~ "  vj 6j. The j = l  
corresponding Kac-Dynkin labels are defined by ai =/~i  - #,+1 for i = 1, 2~... , m  - 1; 
a., = #m + Vl and am+j = v i - / J i + l  for j = 1, 2 , . . . ,  n - 1. With  these two conventions 
we write A = (#l~u2. • • #., Iv lv2. . .  v . )  = [ala2.. .  am_ 1;am ; a m + l . . .  a.~+._ 1]. The e6- 
notat ion has a built-in redundancy thanks to the identity ~ " " 6 ~=l e~ - E j=l  ~ = O. This 
may be exploited to ensure that  #,, > 0 and Vl _< 0. In what follows it is convenient to 
denote all negative integers - k  by k. 

A weight A E H* is said to be integral dominant  if and only if a~ 6 N for i ~ m and 
a= E C. Corresponding to each integral dominant  weight A there exists an irreducible 
finite-dimensional highest weight module V0(A) = U(Go)vA of s l (m)@C$sl(n) .  Extend- 
ing this to a G 0 $ G + I  module by setting G+IV0(A) = 0 and inducing to G then gives the 
Kac-module [2] "V'(A) of at(re~n). This is isomorphic to U(G_ l )® V0(A) and is generated 
through the action on V0(A) of the exterior algebra over e ( - f i )  with ~ E A~. Thus V(A) 
and V0(A) share the same highest weight vector vA, and dimV(A) = 2 m" dimVo(A). In 
general the Kac-module V(A) of s l (m/n)  is indecomposable but reducible, with com- 
position factors isomorphic to various irreducible modules of 81(re~n). Our aim is to 
present a prescription for determining all these composition factors. First we have two 
theorems: 
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T h e o r e m  1. (Kac [2]) Let M(A) be the unique maximal submodule of V(A), then 
V(h)  = V(A) /M(A)  is irreducible. 

T h e o r e m  2. (Gould [3]) Let ve = IIaeA+c(--fl)VA, then X(A) = U(G)vn is 

irreducible and X(A) = V(F) for some F. 
As pointed out elsewhere [4] a key construct in discussing the structure of V(A) 

is the atypicality matr ix A(A). Its matr ix elements are given by A(A)~ = (A + p[fl~ ) 
with flq = el - 6~ 6 AI+ for i = 1 ,2 , . . .  ,m  and j = 1 ,2 , . . .  ,n .  The integral dominant  
weight A is said to bc typical if A(A) contains no zeros, and atypical of degree r if A(A) 
contains r zeros. With  this definition we have two more theorems: 

T h e o r e m  3. (Kac [2]) If A is typical then V(A) = Y(h)  is irreducible, and thus 
consists of a single composition factor. 

T h e o r e m  4. (Van der Jeugt et al. [5]) If A is singly atypical of type fl then 
V(A) is the semi-direct sum of V(A) = V ( A ) / M ( A )  and V(q') = X(A) = M(A). The 
algorithm for determining ¢ is as follows: Construct the sequence S~ = (f l l f l2. . .  flk ) of 
positive odd roots with fll = fl, such that  (A + Plfli) = 0 with A - fli non-dominant;  
(A + p - flllfl2) = 0 with A - fll - f12 non-dominant; and so on, until  the sequence 
terminates with (A + p - fll - f12 . . . . .  ilk-11fl~) = 0 with A - fll - f12 . . . . .  flk 
dominant.  Then • = A - S(fl), where S(fl) = fll + f12 + " "  + ilk. 

This procedure can be implemented diagramatically [1,4,5], see for example the 
singly atypical case A = (76631113355) = [103; 2; 02020] of 8/(4/6) illustrated in [1] for 
which ¢ = (55331112227~) = [020; 2; 01002]. S(fl) defines, and is defined by, the removal 
of a continuous boundary strip of boxes from each portion of the composite Young 
diagram F~";" with the row lengths of F "  and the column lengths of F ~' determined 
by the parts of the partit ions # = ( # 1 # 2  . . . .  #m ) and ~ = ( - v  . . . .  - v2 - ~l). 

The problem is to find the generalisation of these results appropriate to the multiply 
atypical case. Consider the case for which A is doubly atypical of type fll = e, - 6~ and 
~2 = ek - 6t, with k < i and j < l, so that  (A + p[fl) = 0 for fl 6 A1 + if and only if 
fl = fll or f12. Let A(A)k~ = x = -A(A)~, and h = i - k + l - j - 1, the hook length 
between the two zeros of the atypicality matrix,  then A is said to be normal if x > h + 2, 
quasi-critical if x = h + 1 and critical if x = h. On the basis of extensive investigations 
we conjecture the following: 

C o n j e c t u r e  5. (i) If A is doubly atypical and normal then V(A) contains four 
composition factors isomorphic to irreducible modules with highest weights A, A-S( f l l ) ,  
A - S(fl2) and A - S(fll) - S(fl2). 

(ii) If A is doubly atypical and quasi-critiCal then V(A) contains five composition 
factors isomorphic to irreducible modules with highest weights A, A - S(fll), A - S(fl2), 
A - S(fll) - S(fl2) and A - S(fllLfl2), where S(fllLfl2) is defined by the removal of 
continuous boundary  strips start ing from the position specified by f12 a~ld continuing 
until they link with and include the strips associated with S(fll). 

(iii) If A is doubly atypical and critical then V(A) contains three composition factors 
isomorphic to irreducible modules with highest weights A, A - S(fll)  and A - S(fllWfl2),  
where S(fl lWfl2) is obtained by first removing the strips defined by S(f l l )  and then 
removing further strips start ing this time from the positions specified by f12 which wrap 
around the first strips and continue until  the resulting diagram is once more regular. 

These three possibilities are illustrated in the following examples: 
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(i) The a/(2/3) case h = (521~71) = [3; 0; 11] is doubly atypical of type #1 = ~21 
and f12 = ill4. The atypicality matrix and the starting points of the strips to be removed 
ave indicated in the following diagram: 

a 2 ol I I I 121 
o 2 ~1 Ill 

A is normal since x = 4 and h = 2. In this case S(fl l)  =/921 and S(fl2) = /3~.4. The 
four composition factors have highest weights: (521~71) = [3; 0; 11], (5 l li3Y~ ) = [4; 0; 21], 
(421999) = [2; 0; 10] and (411199) = [3; 0; 20] corresponding to the strip removals: 

~~oOoOl II Ii I I I o ~ o o  I I I I I o o 21 I I I 121 I I I 121 
1 o ol I l l  o o o l l  I 1 o ol I l l  

(ii) The s/(2/2)  case A = (32123) = [1; 0; 1] is doubly atypicaa of type # = #21 and 
# = #12: 

% 
In this case A is quasi-critical since x = 2 and h = 1. Now S(fll) = h i ,  S(fl2) = fl12 

and S(fllL/~2) = ~11 + B12 + ~22. The five composition factors have highest weights 
(321~.~) = [1;0; 1], (31113) = [2;0; 2], (221~) = [0;0;0], (211i~) = [1; 0; 1] and (111ii) = 
[0; 0; 0] corresponding to the strip removals: 

i oL__~ o 2L .2~  

(iii) Finally, the si(314) case A = (4321~9) = [II; 0; 010] is doubly atypical of 
type fll = fl31 and/~2 = fl14: 

I I I I  
4 3 1 I I  121 

0 1 3  

A is critical since x = 4 and h = 4. This time S(fll)  = fl31 and the usual method of 
determining S(~2) leads to a strip which reaches and wraps around that associated with 
ill. There ave now only three composition factors with highest weights (4321~33) = 
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[11; 0; 010], ( 4 3 1 l i ~ )  = [12; 0; 110] and ( 4 3 2 l ~ 3 )  = [11; 0; 010] obtained by means of 
the strip removals: 

I I I I 0 [  
o o o  I I I  
° ° ° ~ t - - I  o o o  

lit m 
Iol I Io[ I I I I o  o 
° ° ° ° ~ Z d - I  
l O O  

12121 12 
o o 2 I 12l~.t 
2 22  ~ 
1 2 0  

To deal with cases for which the degree of atypicality is greater than two an algo- 
r i thm has been developed, based on the notion of a strip removal scheme in which the 
question of linking and wrapping is determined from a criticality matrix. The whole 
process is codified, and an algorithm has been constructed and implemented on a com- 
puter. Many checks have been carried out covering cases of atypicality degree as large 
as five, for which the number of composition factors rises as high as 132. 

The converse problem of determing all those Kac-modules V(A) which contain a 
specific irreducible module V(~) as a composition factor turns out to have a simpler 
solution. The algorithm for its solution starts from the atypicali ty matr ix A(~).  The 
first step is to determine those fl's which belong to a set /ks (~) __ ~ + .  This may  be 
done in several ways [4] but for our purposes here a diagramatic way is preferable. It is 
illustrated in the following diagram in which the entries * specify the fl's belonging to 
A s ( ~ )  for si(3/4) with ~ = (43212233) = [11; 010]. 

[ I ~T~ .I .10 0 
I I I I I  . I o o o  
4 3 1 o l  I I  I I o o . .  
2 i i ~ . ~ J _ J  l 

The entries • are those covered by boxes of F ~ and F ~' positioned so that  the ith row 
of F~ and the j t h  column of F ~' terminate just to the left and just below the position 
of the leftmost 0 in A(~..). If overlapping had occurred it would have been necessary to 
t runcate the diagram and reposition a new portion around the position of the next zero 
in the atypicality matrix. In the case of no overlap~ as above, the top boundary  of F "  
and the right hand boundary  of F z' are extended until  they meet. 

The algorithm is then as follows. Each connected set of zeros in the matr ix of 
• 's and O's constructed as above is renumbered consecutively step by step in a shifting 
process whereby at every stage F"  and F ~' either slide one step south and one step 
west~ respectively, or one step east and one step north, respectively. In these two cases 
the zeros covered in this way are all to be renumbered either 1 or 1 ~, appropriately. The 
process is then repeated until  all zeros are covered. At each stage there is a choice of a 
south-west (SW) or north-east (NE) slide leading to new unprimed and primed entries. 
The process terminates after precisely r steps, leading to a total  of 2 r distinctly labelled 
matrices CF(~C). The significance of this labelling lies in the following: 

C o n j e c t u r e  6. Let ~ be multiply atypical of degree r. Each of the 2 r matrices 
CF(~..) defines A such that  V(~) is a composition factor of V(A). A is found by adding 
to ~ those fl's associated with the positions of the unprimed numbers. 
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The procedure is exemplified as follows in the doubly atypical M(3/4)case  P, -~ 
(43212233) = [11; 0; 010]. 

* * 1' 2' 

N E  * 1' 1' 1' 
* * I'  0 / I '  I '  * * 

* i '  1 1 

/ 1' 1' * * \ 

\ 

N E  

• • 0 0 
• 0 0 0 
0 0 * * 

* * 1' 2 

S W  * 1' 1' 1' 
1' 1' * * 

S W  

N E  
• • 1 1~ / 
• 1 0 1 
1 1 • • ",~ 

S W  

• • 1 1 

• 1 2' 1 

1 1 • • 

• • 1 1 

• 1 2 1 
1 1 • • 

It  can be inferred from the final four diagrams that V(P.), with 1i2 = (43212233) = 
[11; 0; 010], is a composition factor of four Kac-modules V(A) having highest weights: 

( 4 3 2 1 ~ : ~ )  + (00010000) = ( 4 3 2 1 ~ )  = [11; 0; 010]; 
(43212233) -t- (10010001) = (5321~23a.) = [21; 0; 011]; 
( 4 3 2 1 ~ . ~ )  q- ( 2 2 2 1 ~ i ~ )  = (654]~afi.5) = [11; 1; 101]; 
(4321'2'233) -b (2321T222) = (664137t55) = [02; 1; 110]. 

This procedure is very easy to program and all our checks to date indicate that 
the results are entirely consistent with the determination of composition factors of Kac- 
modules by means of the algorithm based on criticality and strip removals. Indeed 
it was the nice combinatoriM features of this algorithm in its identification of/~'s to 
be subtracted from A to give E that led to the discovery of the very simple converse 
procedure just described for obtaining all 2 r possible A from a knowledge of the r-fold 
atypicM P.. 
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