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Abstract We make an analysis of three -loop effects of
the strong coupling constant in the study of masses and
decay constants of the heavy-flavour pseudo-scalar mesons
(PSM) D, D; , B, Bs, B¢, nc and 7 in a non-relativistic
QCD potential model using Dalgarno’s perturbation theory
(DPT). The first order mesonic wavefunction is obtained
using Dalgarno’s perturbation theory. The three-loop effects
of strong coupling constant are included in the wave func-
tion in co-ordinate space and then used to examine the static
and dynamic properties of the heavy-flavour mesons for 25
and 3§ higher states. The results are compared with the other
models available and are found to be compatible with avail-
able experimental values. In V-scheme, the three-loop effects
on masses and decay constants of heavy-flavour mesons show
a significant result.

1 Introduction

The non-relativistic predictions of Potential Models with a
non-relativistic Hamiltonian for the heavy-light and heavy-
heavy mesons are found to be in fair agreement with the
updated experimental data, theoretical results like QCD sum
rule [1,2], Lattice results [3] and relativistic harmonic con-
finement model (RHCM) [53]. The static potential between
the two heavy quarks is a fundamental quantity in QCD [4].
While its one loop corrections are computed in [5,6], the
corresponding two-loop effects were reported in late 1990’s
[7-9]. Numerical results are obtained first for fermionic con-
tributions [10-12], whereas the analytical results are more
recent [12]. Some important hadronic properties are the
pseudoscalar meson mass M p and decay constant fp. Phe-
nomenological study of two-loop effects in the static and
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dynamic properties of heavy-flavour mesons using a lin-
ear cum Coulomb Cornell potential has been reported in
the recent years [14,15]. In this work, quantum perturba-
tion approach [16,17] is used to calculate the approximate
analytical forms of heavy flavored mesons. Here specifically
the linear part of the potential V (r) = — 4301‘3 + br is used as
perturbation.

The most common perturbative method is Dalgarno’s
perturbation theory (DPT) [21,23-25], which is a station-
ary static perturbation theory. The non-relativistic potential
model has been found successful for heavy-heavy B, 1. and
np families. The study of the wave functions of heavy-flavour
mesons like B and D and 7 are important both analytically
and numerically for studying the properties of strong inter-
action between heavy-light and heavy-heavy quarks as well
as for investigating the mechanism of heavy meson decays.
In this work, we have obtained a total first order corrected
wavefunction for 2§ and 3S states using Dalgarno’s method
of perturbation [30] with linear part of the Cornell potential
[19,31] as perturbation in co-ordinate space. This wavefunc-
tion is then used to estimate the masses and decay constants
of heavy-light and heavy-heavy pseudo-scalar mesons in this
improved QCD Potential model approach.

One aim of the present work is to make an analysis of the
contribution of three-loop effects in the improved strong cou-
pling constant ay (}) in V-scheme, which in turn contributes
to the spin—spin interaction [27-29] term present in the
expression of mass and decay constant of the heavy-flavour
meson. In addition, the non-relativistic binding energy effect
between the two quark—antiquark composition of the heavy-
flavour meson is newly incorporated in the expression of
PSM mass, which was absent in our some previous works
[23-25,37,39,41].
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The rest of the paper is organised as follows: Sect. 2
contains formalism, Sect. 3 contains results while Sect. 4
includes the conclusion.

2 Formalism
2.1 V-scheme: three-loop effects

V-scheme is a standard way of taking into account the higher
order effects of QCD, which are expressed as power series
in the running strong coupling constant a;% in M S-scheme.
The two-loop static potential in V-scheme which is also used
as the three-loop static potential defined as [8,33,34],

Crav (;)
r

V(r)=-— ey

Here, ay is the effective strong coupling constant and

. . N2-1
CrF is the color factor, given as, Cr = %, where N¢

is the no. of colors. Generally, the quark—gluon interaction
is characterised by strong coupling constant am(qz) in a
dimensionally independent M S-scheme [7,20]. As discussed
in the introduction , three-loop effects have been reported
numerically first for fermionic contribution [10] followed by
the gluonic counter part [10—12]. Analytic three-loop static
potential have been discussed only in the year 2016 [12].
These effects are invariably reported in momentum space
where the author sets g2 = lez as the renormalization scale to
suppress the infrared logarithmics. For the three-loop effects,
we follow [11] the numerical solution for the potential at
three-loop level in momentum space is given by,

4w Cra;(Ig2))

Vql) = "

2
+(2) (28.5468 — 4.1471n; + 0.077207 )
3
()" (200.884 — 51.4048n,
T
2

+2.9061n% — 0.0214n})] )

The corresponding expression in co-ordinate space will
be,

cro .
V() = —=Lay ) [1+ () 25833 - 027780 )
r g

o\ 2 5
+ (—) (28.5468 — 4.1471n s + 0.0772n%)
n ;
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+ (;) (209.884 — 51.4048n

+2.9061n% — 0.0214n})] 3)

Using Eq. (1), we obtain the relationship between the
improved strong coupling constant av(}) and the standard
leading order strong coupling constant in M S-scheme at
N3L O level is given by:

1 &) O
av (=) = a(? [1 n (—) (2.5833 — 0.2778n )
r T
2
+ (&) (28.5468 — 4.1471n 7 +0.0772n%)
- .

og\3
+ (;) (209.884 — 51.4048n

+2.9061n% — 0.0214n})] )

From the above equation, it is observed that at one-, two-
and three-loop order, a large screening of the nonfermionic
contributions by the 7 y terms which is most prominent in the
case of az forny = 5.

2.2 Dalgarno’s perturbation theory
2.2.1 28 state wave-function of the heavy-flavour mesons

For shell L, we take n = 2 and [ = 0 ; the 2S state normalized
wave-function [42] is given by:

-G £ o
20 2427 ) \ao 2ag

In Dalgarno’s perturbation theory, we make a small defor-
mation to the Hamiltonian of the system as ,

H=Hy+H (6)

where H is the Hamiltonian of the unperturbed system and
H' is the perturbed Hamiltonian. The approximation method
is most suitable when H is close to the unperturbed Hamil-
tonian Hy, i.e. H' is small. The standard potential is [19],

40lV
Vr) = 3 + br. @)

This Coulomb-plus-linear potential, called Cornell poten-
tial is an important ingredient of the model which is estab-
lished on the two kinds of asymptotic behaviours: ultraviolet
at short distance (Coulomb like) and infrared at large distance
(linear confinement term).

The Schrodinger equation takes the form as,

H|y) = (Ho + H)|Y) = Ey) ®)

so that the first-order perturbed eigenfunction ¥ (! and eigen
energy W (D can be obtained using the relation,

H()I/f(l) + H’w(o) — W(O)I/f(l) + W(l)l//(o) )
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where Hy and H' are the parent and perturbed Hamiltonian
defined as,

Ho — —2_22 4 (10)
H =br an
and

WO = Holy®) = —’LTAZ (12)
W = Oy @) (13)

With Cornell potential we get two choices in DPT:

1. Coulomb Parent, Linear Perturbation (CP).
2. Linear Parent, Coulomb Perturbation (LP).

In our present analysis we consider the first option. The
radial Schrodinger equation for / = 0 and n = 2 is,

T 1 (d* 2d Il+1) A |
I R _ - W(O) 6]
i 2/L(dr2+rdr>+ 2 r ]I//

= [br = w®]y) (14)
i d2 2 d 2[LA 2.2 (1)

e iy
_dr2 rdr H :| V20

=2 [br = WOy (15)

where wég) is unperturbed wave function and is defined in

Eq. (5) and 1//2((1)) is the first order correction to the wave
function.
To solve the above equation, let us start from [24],

vl = brR(r) (16)

With this substitution, Eq. (15) takes the form as:

d*R dR 2bR 2bR brR
(br) gr) 4 4b (r) n (r) n (r) br 2(")
dr dr r ap agy
= K(br —wD) (1 - L) ¢ %o (17)
2ap
with,
3
K = Qu)— (1) (18)
=Y Jar \ao
1
_ 1
ag WA (19)
4
A= ﬂ (20)
3
Putting as in [24],
R(r) = F(r)e o 1)

Equation (17) becomes,

” br ’ 2b 3br
(br)F (r) + <4b — —) F(r)+ (— — —2> F(r)
agp r 4a0
= K(br — WD) (1 - L) 22)
2ap

The method of Frobenius [56] is a power series solution.
Considering the only four terms in the series and neglecting
the higher order terms for 2.5 state,

A_q 2
F(r)=T+A0+A1”+A2” (23)

with this the final form of the Eq. (22) is obtained as,

bA_\ 1 3bA_
<2bao + 1) = <6bA1 = _21> r°
ap r dag
bA|  3bA 2bA; | 3bA
+ 1204y - =L - 200 (22 4 200 2
ap dag ap dag

3bA Kw!
—( 2);’3:—(KW1)VO+<KIJ+ 5 )r

4a§ ag

Kb\ ,
~(5) 29

The expectation energy (eigen energy) is easily obtained
using mathematica-9 as ,

<W(1)> — foo4nr2w0H/1//0 = 6bay (25)
0

Equating co-efficients of r~!,r0 r and r? on both sides of

Eq. (24), we get the values of constants as:

40K a}
-1 = (26)
3
20K a3
0= (27)
3
2K
Ay = 3“0 (28)
Ay =0 (29)
Hence Eq. (16) becomes,
i) = K(Ki — Kor + Ksr¥)e %0 (30)
3 2
with, K| = 40}3”10, Ky = 20}3”10, K3 = 21)%.

Hence, using Dalgarno’s perturbation theory with Coulom-
bic parent, we get the total wave-function of the form cor-
rected up to first order,

VIO = v O+ 0
=N[P—Qr+Rr2] ¢ %0, 31)

P=K [i + Kl] (32)
2p
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1 2r 22
O=K|—+K> (33) =Lr—wD)y[1-— + (42)
4uag 3ag 27a8
R = KK; (34)

where the normalization constant is,

1
N = . (35)

[J52amr2 [P = 0r + R e war |

where, ap = /%A . the value of b is b = 0.183 GeV? is

. ommy
the confinement parameter [5,9]. © = Fr—
mass.

is the reduced

2.2.2 3S state wave-function of the heavy-flavour mesons

Forshell M, wetaken = 3and/ = 0 ;the 3 state normalized
wave-function [42] is given by,

400 ( 1 )(1)3 R s
r) = — - e 4
0 337/ \ao 2ap  27ag
(36)

represents the unperturbed wave function for 3§ state. For
I = 0 and n = 3, the corresponding Eq. (15) for 3S state
becomes,

d2 2 d ZI,LA 2.2 (1)
et e
=2 [br = WOy (37)

where 1ﬁ3((1)> is the first order correction to the wave function.
Similarly, as in Eq. (16) Let,

viy) = brR(r) (38)

with this substitution the Eq. (37) takes the form as,

d*R dR 2bR 2bR brR
(br) gr) iy (r) n (r) + (r) br 2(r)
dr dr r ap ag
Crpr—wy (1= 2 2 o (39)
- 3ag 27a8
with,
3
L=Q2u) ! <1>2 (40)
=3 A @

The corresponding substitution as in Eq. (21);
R(r) = F(r)e ™ (A1)

Therefore, Eq. (39) is obtained as,

" 2b / 2b  8b 2b
(br)F (r) + <4b — 7}’) F (r)+ < - 7; + ) F(r)
3ag 3ag 9a; r
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Similar way, the corresponding only four terms in the
method of Frobenius [56] for 3§ state,

/

A ! !/ !’
F(r)= —;1 +Ag+ A+ Ayr? 43)

With this, the final form of the Eq. (42) is obtained as,

. 2bA.  8bA_
+ 0 _ _21 40
3ap 9(10

. 8bA, 2bA5  8bA|\ ,
12bA, — r— +—|r
9a} 3ag 9a}

2
(Zwo)e (Z) ]
3ag 27ay
The expectation energy is obtained using mathematica-9
as,
4b

— 4
- (45)

(wih) =

Equating the co-efficients of r~Lr, r2and r3, we get the
values of the constants as:

A 27La3 L oL 46)
R 2
: 9Laj 3L
Ay = — U 47
- (% %) @
’ 39La0 L
Al="——+— 48
T 3a3 @9
P (49)
T2
Hence, Eq. (38) yields,
Wiy = b(A] + Agr + Ayr? + Ayrd)e (50)

Therefore, the total wave-function corrected up to first
order using Dalgarno’s perturbation theory is,

0
VA ) = 930 (1) + 3y ()
=N [Ll 4 Lor 4+ Ly + L4r3] ¢, (51)
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Wlth, « |:87n§i.§j33(}’) + r% <3(Si<fr)2(sj~f) _ §z§/>:| (IE}F_/)
3
/ 1 1 Z
K = — (52) | | | (o1
3\/3_]1, ap HS.O.(,.) — H‘S’O'(("m')(}')-‘y—H‘S'O'(['p)(r) (65)
_ ’ ! S.0.em) (py — as(r) (L L) <£ i) -
Ll_[l( +bA 1] (53)  Hoeme = S0 (r F) (e L) L) (66)
r , ’ ’ 1 5HCon‘/' Si S
Ly = |ba, - 2K (54 HUT0=-57 (P T ) L ©7)
361() i J
., 2K Here, S; and S; are the spins of the i'" and j" quarks
Ly =|bA; + 2742 (55) separated by a distance r. For ground state (I = 0), only the
- 0 contact term proportional to 83 (r) contributes and the Hamil-
Ly= bAz] (56)  tonian takes the simpler form as:

where the normalization constant is obtained from,

/ 1
N =

1"
2

2r
|:f000 A r? [Ll + Lor + L3r? + L4r3]2 e_3“0dr:|

(57)
2.3 Wave function at origin (WFO)
At origin, r = 0; WFO for 2S state (E¢".31) is given by,
1 40ba}
total 0
0)=NP=NK|— 58
Yoo - (0) ( o + 3 ) (58)

Similarly, WFO, for 3S state (Eg".51) is given by,

, N 27La3 9L
Yoy =N'Ly =N |:K +b( 8“°+7>} (59)

2.4 The expression of mass and decay constant of
pseudo-scalar meson

Fermi—Breit Hamiltonian: We take the non-relativistic two
body Schrodinger equation (8) viz.,

H|y) = (Ho+ H)IY) = Ely),

Where Hj is the free Hamiltonian for two quarks of masses
m; and m ; and three momenta P; and P;. Hy is defined as,

(60)

2 2
B

Hy = —
0 2m,~

T 61)

and H is the Fermi—Breit Hamiltonian with confinement
which is defined as [51,55],

H(r) = HE" (r) + H"P (r) + HSO(r) (62)
Here,
HCnnf(r) — <_ lefr) + 34ﬂ + %) (EF_J) (63)

as(r)

mim;

Hhp r) = —

3 (68)

4 1 8 S;.S;
H=_% <_— - —”33(r)#> tbr+c
r 3 m;m
In the present work, ¢ sets to be zero. To compute mass of
the pseudoscalar mesons the spin—spin interaction possessing
the form given by [49,50],

8 Ky 8 s
T G OP = ——2 ()
mimy

Hy) = —
(Hys) 3mimj 3

(69)

The mass and the decay constant of heavy-flavour pseudo-
scalar meson including only spin—spin interaction are given
in [26,27] as:

Mp =m; +m2+En,l+<Hss> (70)

where, m| and m; are the masses of quark—antiquark and o
is the strong coupling constant identified as oy in the present
work, E, ; is the non-relativistic binding energy between the
quark—antiquark composition and the van Royen—Weisskopf
formula [54] for the decay of pseudo-scalar meson is,

2o
PEN T M,

Here, ay is the improved strong coupling constant in V-
scheme defined by Eq. (4) and | (0)] is the wave function at
origin (WFO).

The non-relativistic binding energy is given by [29,30,32],

(71)

3 —2pA?
TR =D+ D24+ QI+ D24+ @nm =D +2)QI+ 1)
(72)

En,l

S-waves states: For the S-wave state [ = 0 , we have;

o —2uA?
T 2D+ DI @G- +2)+1
Now, for 2§ state (n = 2) and for 3 state (n = 3), the
E,; takes the form as:

(73)

—2uA?
16

Ero = (74)
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and

—2nA?
Eszo= 75
3,0 36 (75)
3 Results

3.1 Input parameters used in the calculation

With the formalism developed in Sec.2, we calculate the
masses and decay constants of pseudo-scalar heavy-flavour
mesons using Egs. (70) and (71) in 2§ and 3S states,
which are shown in Tables 6, 7, 8 and 9 respectively. The
input parameters are taken as in [24,36,37,52]; my,q =
0.336 GeV, mp = 4.95 GeV, m, = 1.55 GeV, my =
0.483 GeV, and b = 0.183 GeVZ2. Also we calculated the
effective strong coupling constant in V-scheme and found
ay(})=0.73forn; =4anday (1) = 0.303 forn; =4 at
N3LO level respectively. We make a comprehensive com-
parison of our results with QCD sumrule [1,2], Lattice results
[3,19,43,44] other models like [24], RHCM [53] and the
recent experimental values [36].

We use the usual expression for strong coupling constant
in M S scheme for lowest order (LO level) is given by [40]

4
oy (q?) = agrs(q?) = ————
Boln ( e )

2
Agep

(76)

Here, mg is the mass of the heavy quark and Aocp
is the QCD scale parameter having values 0.292 GeV and
0.210 GeV for ny = 4 and ny = 5 respectively.

3.2 ay, E, and different parameters used in V-scheme

3.2.1 Calculation of effective strong coupling constant
1
ay (;)

Using Eq. (4), we tabulate the values of av(%) taking into
account one-loop (NLO), two-loop (N?L Q) and three-loop
(N3LO) in Table 1 for ny=4andny = 5. It shows that for
ny = 4, the enhancements are respectively 21%, 48% and
62% while for ny = 5, the corresponding enhancements are
8% , 14% and 17% respectively. The anti-screening effects
of gluons seem to play an important role for n s = 5.

Table 1 Values of ay (%)

ny LO NLO N2LO N3LO
4 0.45 0.5445 0.67 0.73
5 0.259 0.28 0.297 0.303

3.2.2 Calculation of non-relativistic binding energy E, |

Following Eqgs. (74) and (75) along with Eq. (20) we obtain
the non-relativistic binding energy E,; (in GeV) of the
heavy-flavour pseudo-scalar mesons D, Dy , B, By, B, 1
and 7, respectively and tabulated them in Table 2 below.

It is seen that from the above Table 2, the magnitude of the
non-relativistic binding energy is always greater for 2.5 state
than 38 state, which indicates, the non-relativistic binding
energy decreases with increasing higher states.

3.2.3 Calculation of parameter A

Using Eq. (20) with the values of oy from Table 1, we cal-
culate the parameter A for the same heavy-flavour pseudo-
scalar mesons given in the Table 3 below.

3.2.4 Calculation of different parameters used in the
expression of mass M p

For the mentioned seven heavy-flavour pseudo-scalar mesons
D, Dy , B, By, B., n. and n,, respectively, the Egs. (18), (19),
(20), (32), (33), (34) and (35) along with Egs. (58), (69) and
(70) yield the values of the following parameters (Table 4):
Similarly, for the same heavy-flavour pseudo-scalar mesons,

the corresponding Eqgs. (19), (20), (52), (53), (54), (55), (56),
(57) along with Egs. (59), (69) and (70) yield the following
Table 5.

Table 2 Values E, ; in GeV for 25 and 35 states

Meson State Exo State Ej3o
D(cii/cd) 28 —0.03 3S —0.0145
D; (cs) 28 —0.0432 3S —0.0194
B(ub/db) 28 —0.0064 3S —0.00285
B (sb) 28 —0.009 3S —0.004
B.(bc) 28 —0.0241 3S —0.011
ne(cc) 28 —0.0158 3S —0.00703
5 (bb) 28 —0.051 3S —0.002245

Table 3 Values of parameter Aat LO, NLO, N 210 and N3L O level

Meson A(LO)  A(NLO)  A(N’LO)  A(N3LO)
D(cii/cd)  0.53 0.72 0.89 0.97

Dy (c¥) 0.53 0.72 0.89 0.97
B(ub/db) 0345 0.373 0.396 0.404

B, (sb) 0.345 0.373 0.396 0.404
B.(bc) 0.345 0.373 0.396 0.404
1e(b%) 0.345 0.373 0.396 0.404

1 (bb) 0.345 0.373 0.396 0.404
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e S S S ST
25 State Diciijed) 372 001529 1948 03 0.007 0.042 0.0066
D(c5) 2.80 0.03134 1.72 0307 0.017 0.055 0.00895
B(ub/db) 7.88 0.00566 5.98 0.45 0.006 0.0083 0.0025
By (sb) 5.62 0.0132 5.73 0.510 0.0091 0.0096 0.003
B.(be) 2.10 0.15498 3.556 0.8495 0.0404 0.064 0.052
ne(c?) 13256 0.2026 1.282 0.4836 0.033 0.32 0.168
7 (bD) 1.0001 0.98745 2.61 1304 0.1205 0.2425 0.401
Table 5 Values of parameters / , 2
used and [ (0|2 (in GeV?) in Meson a K L Li L Ls Ly N v O
38 state D(ci/cd) 372 001514 0008358 0289 008 00053 0.00009 0.114  0.0011
Dy(c5) 280 002318 001706 02685 0079 00066 0.00014 0.14  0.00165
Bub/db) 7.88  0.0049 000308 094 0088 0.0032 0.00004 0053  0.00249
Bysh) 562 000815 0007174 0803 0.2 00064 00001 0064  0.00262
B.(bc) 210 0035688 008422 059 02 0028 0001 01032 0.0038
76 (c?) 13256 0071159 0.110297 0.854  0.180 0.0289 00014 0.2  0.0105
15 (bb) 1.0001  0.108589 05375  0.89  0.59 0.125 0007  0.19  0.030

3.3 285 State masses and decay constants of heavy-flavour
mesons and their comparison

Following Egs. (58), (70), (71) and (76) along with the results
of Tables 1, 2, 3 and 4; we calculate the masses M p and decay
constants fp (in GeV) of the heavy-flavour pseudo-scalar
mesons D, Dy , B, Bs, B., n. and n; and tabulated them in
Tables 6 and 7 respectively with the comparison of results
of the other models like QCD sum rule [1,2], Lattice results
[3,19,43,44], relativistic harmonic potential model (RHPM)
[53] and experimental data [36,45-47].

3.4 3S State masses and decay constants of heavy-flavour
mesons and their comparison

Using Egs. (59), (70), (71) and (76) along with the results of
Tables 1, 2, 3 and 5; we calculate the masses M p and decay
constants fp (in GeV) of the same heavy-flavour pseudo-
scalar mesons and tabulated them in Tables 8 and 9.

Comparative analysis of pseudo-scalar meson mass spec-
tra from Tables 6 and 8 provides a well agreement of our
results in both 25 and 3S states while the decay constants
from Tables 7 and 9 are found to be in better harmony only
for 2 state with experimental values and other models avail-
able.

3.5 Sources of uncertainties and possible future
improvements

Let us discuss the sources of uncertainties in the calculation
and the possible future improvements. The sources of uncer-
tainties arise mainly:

(a) Due to the numerical values of quark masses. But for
heavy-light meson, the uncertainty in the light quark mass
does not play any significant role for mg > my. ie.,
when the heavy quark mass is very large compared to the
light quark mass.

(b) Another uncertainty is in the definition of strong cou-
pling constant in the M S-scheme for lowest order (LO
level) defined by Eq. (76). Here the possible uncertainty
is in preferring the choice of scale Q% = mZQ , Where

sz is the square of the mass of heavy quark. However,

even in an alternative choice of the scale Q% = m%wwn,

the differences in the predictions are still insignificant
for heavy-light mesons as mg > m,. For heavy-heavy
mesons like 1, and np, where both the quarks are heavy,
there will be a very minor change in the predictions of
mass spectra and decay constants.
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Table 6 Mass (Mp) in GeV

Meson Mp(Our) RHCM [53] Ref. [24] Lattice [3] Q. sum rule [1,2] Exp. Mp [36,45-47]
D(cit/cd) 1.80 2.653 2.378 1.885 1.87 1.869 + 0.0016

Dy (cs) 1.886 2.778 2.500 1.969 1.97 1.968 4 0.0033
B(ub/db) 5.2717 6.192 5.798 5.283 5.28 5.279 £ 0.0017

B (sb) 5.420 6.264 5.902 5.366 5.37 5.366 & 0.0024
Bc(bc) 6.45 6.929 6.810 6.278 6.277 £ 0.006
ne(cc) 291 3.626 2.980 4+ 0.0012

5 (bb) 9.80 10.012 9.461 £ 0.0026

Table 7 Decay constant (fp) in GeV

Meson fp(our) RHCM [53] QCD sum [1,2] Latt. [3,19,43,44] Exp. fp

D(cii/cd) 0.209 0.336 0.206 + 0.002 0.220 + 0.003 0.205 + 0.085 + 0.02545:46]
Dy (c5) 0.238 0.387 0.245 £0.015 0.258 £+ 0.001 0.254 + 0.059145-46]
B(ub/db) 0.100 0.581 0.193 4+ 0.012 0.218 £ 0.005 0.198 + 0.014[47]

By (sb) 0.107 0.600 0.232 £0.018 0.228 £ 0.010 0.237 £0.0171471

B.(bc) 0.311 0.607 0.5621481

1¢(cc) 0.832 0.420

np (bb) 0.699 0.711

Table 8 Mass (Mp) in GeV

Meson MpOur) RHCM [53] Ref. [24] Lattice [3] Q.sum rule [1,2] Exp. Mp [36,45-47]
D(ctifcd) 1.860 3.162 2.378 1.885 1.87 1.869 & 0.0016
D(c5) 1.997 3.264 2.500 1.969 1.97 1.968 + 0.0033
B(ub/db) 5.279 6.732 5.798 5.283 5.28 5.279 4+ 0.0017

By (sb) 5.425 6.764 5.902 5.366 5.37 5.366 + 0.0024
B.(bc) 6.48 7.308 6.810 6.278 6.277 £ 0.006
1¢(cT) 3.08 4.047 2.980 % 0.0012

5 (bD) 9.87 10.319 9.461 + 0.0026

Table 9 Decay constant (fp) in GeV

Meson fpour) RHCM [53] QCD sum [1,2] Latt. [3,19,43,44] Exp. fp

D(cii/cd) 0.100 0.336 0.206 + 0.002 0.220 + 0.003 0.205 + 0.085 + 0.02545:46]
Dy (c5) 0.110 0.387 0.245 +0.015 0.258 4+ 0.001 0.254 4 0.059[43-461
B(ub/db) 0.085 0.581 0.193 4+ 0.012 0.218 £ 0.005 0.198 + 0.014[47]

B, (sb) 0.087 0.600 0.2324+0.018 0.228 +0.010 0.237 £ 0.017147

B.(bc) 0.09 0.607 0.5621481

1¢(cT) 0.205 0.420

15 (bb) 0.200 0.711
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Letus now discuss about the possible future improvements
and their applications: In the present work we have not intro-
duced the relativistic effect in the light quark. For the future
improvement the light quark can be considered relativisti-
cally with the Hamiltonian H = M-+4+./p? + m2+V (1),
where M is the mass of heavy quark and m is the mass of
light quark as in [33,37,57]. Similarly, the QCD correction
factor 62 (ay) [37,58] can also be introduced in van Royen—
Weisskopf formula [37,54] for the decay of pseudo-scalar
meson. The improved model then can be applied in the study
of Branching ratio, Oscillation frequency, Leptonic decay as
well [37].

4 Conclusion

The spectroscopic properties of heavy-light and extended
heavy-heavy favour system mesons are studied as a potential
scheme with Dalgarno’s Perturbation Theory. The study of
mass spectroscopy and decay properties of the heavy-flavour
mesonic states considering only spin—spin interaction pro-
vides us a fruitful results of the dynamics of quarks and glu-
ons at the hadronic scale. The values of masses are found to
be 1.80, 1.886, 5.277, 5.420, 6.45, 2.91 and 9.80 GeV and
decay constants are found to be 0.209, 0.238, 0.100, 0.107,
0.311, 0.832, and 0.699 GeV for D, Dy, B, B, B., n. and np,
respectively for pseudo-scalar mesons in 25 state. The cor-
responding masses and decay constants of the above seven
pseudo-scalar mesons for 3§ state are found to be 1.860,
1.997, 5.279, 5.425, 6.48, 3.08, 9.87 GeV and 0.100, 0.110,
0.085, 0.087, 0.09, 0.205, 0.200 GeV respectively. The val-
ues of Mp and fp are in close agreement with the values
available from other models and experimental data for 25
state. For 3§ state the Mp values are in close proximity
with other models but some of fp values are smaller than
the other models and experimental data. The success sug-
gests the importance of the effects of three-loop contribution
and the non-relativistic binding energy between the quark
composite and the choice of renormalization scale parame-
ter used as well as the potential forms for the understanding
of the dynamics of the light-heavy and heavy-heavy quark
systems. However, although mass spectroscopic results are
quite good for 3 state, the values of decay constants fp are
smaller due to the small WFO values. It suggests limitation of
the van Royen—Weisskopf formula (E¢".71). Proper incor-
poration of QCD corrections 62 (ay) [37,58] and relativistic
effects at least minimally [37] are expected to improve the
results.

In conclusion, the Dalgarno’s Perturbation approach with
the option of linear perturbation and three-loop effects
employed here is found to be successful in the study of heavy-
flavour mesons with a Coulombic plus linear potential. More-

over, our results suggest, the treatment of light-flavour rel-
ativistically and heavy-flavour non-relativistically seems to
be appropriate in light of the successful predictions of the
various properties of heavy-light and heavy-heavy systems.
The parameters and the results obtained here can be useful in
the study of the leptonic and semi-leptonic decays of these
mesons.
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