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CORRIGENDUM

Corrigendum: A system’s wave function is uniquely determined by its
underlying physical state (2017 New J. Phys. 19 013016)

Roger Colbeck' and Renato Renner”

! Department of Mathematics, University of York, YO10 5DD, United Kingdom
* Institute for Theoretical Physics, ETH Zurich, 8093 Zurich, Switzerland

E-mail: roger.colbeck@york.ac.uk and renner@phys.ethz.ch

In the published version of this article [ 1] there is an omission in the intermediate calculation in appendix B that
makes it difficult to verify the bound of equation (5). Furthermore, the form of | ¢ ’;) written in the displayed
equation above equation (B1) in [1] is erroneous. We stress though that the bound (5) is correct and hence the
conclusion of the paper is unaffected.

The issue arises because we write (Z;)> without stating which of the roots of Z,is taken. Furthermore, not
all choices work. To state carefully a choice that works, we define shy [v] to be the number in (—1/2,1/2] that is
equaltov + mforsome m € Z and shg[v]to be the numberin[—1/2, 1/2) thatis equal tov 4 m for some
m € Z.Forx € {0,...,d — 1}anda € {0,2,...,2n — 2}, the projectors II{ are along the vectors
1€%) = UiZy,alal UlJ|x), where

d-1

Zualal = 3 exp [wi shal j/d] g] 1)l

j=0
whilefory € {0,..., d — 1}andb € {1,3,...,2n — 1}, the projectors Hi are along the vectors
|CZ> = Uer:,d[b] U;|)/>,Where

d—1
Z, 41b] = > exp I:’]Ti shg[j/d] %]U}(]l

j=0

These lead to the bound given in equation (5). For details of the rest of the calculation we refer to appendix B
of [2].
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Abstract

We address the question of whether the quantum-mechanical wave function W of a system is uniquely
determined by any complete description A of the system’s physical state. We show that this is the case
if the latter satisfies a notion of ‘free choice’. This notion requires that certain experimental
parameters—those that according to quantum theory can be chosen independently of other variables
—retain this property in the presence of A. An implication of this result is that, among all possible
descriptions A of a system’s state compatible with free choice, the wave function W is as objective as A.

1. Introduction

The quantum-mechanical wave function, ¥, has a clear operational meaning, specified by the Born rule [1]. It
asserts that the outcome X of a measurement, defined by a family of projectors {I1, }, follows a distribution Px
givenby Py (x) = (U|IL|¥), and hence links the wave function U to observations. However, the link is
probabilistic: even if W is known to arbitrary precision, we cannot in general predict X with certainty.

In classical physics, such indeterministic predictions are always a sign of incomplete knowledge”. This raises
the question of whether the wave function W associated to a system corresponds to an objective property of the
system, or whether it should instead be interpreted subjectively, i.e., as a representation of our (incomplete)
knowledge about certain underlying objective attributes. Another alternative is to deny the existence of the
latter, i.e., to give up the idea of an underlying reality completely.

Despite its long history, no consensus about the interpretation of the wave function has been reached. A
subjective interpretation was, for instance, supported by the famous argument of Einstein et al [2] (see also [3])
and, more recently, by information-theoretic considerations [4—6]. The opposite (objective) point of view was
taken, for instance, by Schrodinger (at least initially), von Neumann, Dirac, and Popper [7-9].

To turn this debate into a more technical question, one may consider the following gedankenexperiment:
assume you are provided with a set of variables A that are intended to describe the physical state of a system.
Suppose, furthermore, that the set A is complete, i.e., there is nothing that can be added to A to increase the
accuracy of any predictions about the outcomes of measurements on the system. If you were now asked to
specify the wave function ¥ of the system, would your answer be unique?

If so then W is a function of the variables A and hence as objective as A. The model defined by A would then
be called W-ontic[10]. Conversely, the existence of a complete set of variables A that does not determine the wave
function ¥ would mean that ¥ cannot be interpreted as an objective property. A would then be called U-
epistemic (see figure 1),

For example, when we assign a probability distribution P to the outcomes of a die roll, Pis not an objective property but rather a
representation of our incomplete knowledge. Indeed, if we had complete knowledge, including for instance the precise movement of the
thrower’s hand, the outcome would be deterministic.

* Note that the existence or non-existence of W-epistemic theories is also relevant in the context of simulating quantum systems. Here A can
be thought of as the internal state of a computer performing the simulation, and one would ideally like that storing A requires significantly
fewer resources than would be required to store W. However, a number of existing results already cast doubt on this possibility (see, for
example, [11-13]).

©2017 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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Figure 1. The different possible roles of the wave function W. A model that uses a variable A to describe a system’s physical state can be
either W-ontic or U-epistemic, depending on whether or not the wave function ¥ is uniquely determined by A (which takes values
denoted by \). Conversely, the relevant parts of A may be determined by U, in which case W is complete. Using free choice (with
respect to an appropriate causal order), [17] rules out the right column, [16] rules out the bottom left case, and the present paper (as
well as [14], based on different assumptions) rules out the bottom row.

In a seminal paper [14], Pusey, Barrett and Rudolph showed that any complete model A is W-ontic if it
satisfies an assumption, termed ‘preparation independence’. It demands that A consists of separate variables for
each subsystem, e.g., A = (A, Ap) for two subsystems S, and S, and that these are statistically independent,
i.e,, Py,a, = Pa, X Py, whenever the joint wave function W of the total system has product form,

e, V=", @ Vs

Here we show that the same conclusion can be reached without imposing any internal structure on A. In
more detail, our argument relies on the concept of free choice, which can only be defined with reference to an
ordering, called here a causal order’. More precisely, we prove that W is a function of any complete set of variables
that are compatible with free choice with respect to the causal order of figure 3 (see later for more details). This is
stated as corollary 1. The free choice assumption used captures the idea that experimental parameters, e.g.,
which state to prepare or which measurement to carry out, can be chosen independently of all other information
(relevant to the experiment), except for information that is created after the choice is made, e.g., measurement
outcomes. While this notion is implicit in quantum theory, we demand that it also holds in the presence of® A.

The proof of our result is inspired by our earlier work [16] in which we observed that the wave function W is
uniquely determined by any complete set of variables A, provided that W is itself complete (in the sense
described above). Together with the result of [17], in which we showed that W is complete, we can conclude that
the wave function W is uniquely determined by A.

The difference in the present work is that we can circumvent one of the aspects of quantum theory required
by the argument in [17]. In particular, here we prove that W is determined by A without requiring that any
quantum measurement on a system corresponds to a unitary evolution of an extended system. Being based on
weaker assumptions, the resulting no-go theorem is stronger. Furthermore, the argument that the wave
function ¥ is complete is quite involved and a beneficial feature of the present work is that we circumvent it”.

2. The uniqueness theorem

Our argument refers to an experimental setup where a particle emitted by a source decays into two, each of
which is directed towards one of two measurement devices (see figure 2). The measurements that are performed
depend on parameters A and B, and their respective outcomes are denoted X and Y.

Quantum theory allows us to make predictions about these outcomes based on a description of the initial
state of the system, the evolution it undergoes and the measurement settings. For our purposes, we assume that
the quantum state of each particle emitted by the source is pure, and hence specified by a wave function®. As we
will consider different choices for this wave function, we model it as a random variable U that takes as values unit
vectors ) in a complex Hilbert space H. Furthermore, we take the decay to act like an isometry, denoted U,

This should not be confused with a causal structure as used in e.g. [15].

5

Free choice of certain variables is also implied by the preparation independence assumption used in [14], as discussed below.

7 . . . .
Note, however, that the assumptions used in this work do not allow us to conclude that ¥ is complete.

8

We consider it uncontroversial that a mixed state can be thought of as a state of knowledge.

2



10P Publishing

NewJ. Phys. 19 (2017) 013016 R Colbeck and R Renner

/N
|
v

!

Ny

Figure 2. The experimental setup. The proof of the uniqueness theorem relies on a thought experiment where a source takes as input a
description of a wave function ¥ and prepares a particle in a corresponding state (which, in a general model, is described by a variable
A). The particle then decays into two parts, which are measured at separate locations. A and B determine the measurements that are
applied to the two parts, and X and Y are the respective outcomes.

from H to a product space Hy ® Hp. Finally, for any choices a and b of the parameters A and B, the
measurements are given by families of projectors {II%} ¢ v and {Hl;} yey on H, and Hp, respectively. The Born
rule, applied to this setting, asserts that the joint probability distribution of X and Y, conditioned on the relevant
parameters, is given by

Pxyjasu (%, yla, b, ¢) = (YU (11§ @ T19) Ul). ey

To model the system’s ‘physical state’, we introduce an additional random variable A. We do not impose any
structure on A (in particular, A could be alist of values). We will consider predictions Pxy|apa(x, yla, b, A)
conditioned on any particular value A of A, analogously to the predictions based on ¥ according to the Born
rule (1).

To define the notions of free choice and completeness, as introduced informally in the introduction, we take as
motivation that any experiment takes place in spacetime and therefore has a causal order’. For example, the
measurement setting A is chosen before the measurement outcome X is obtained. This may be modelled
mathematically by a preorder relation'’, denoted ~+, on the relevant set of random variables. While our
technical claim does not depend on how the causal order is interpreted physically, it is intuitive to imagine it
being compatible with relativistic spacetime. In this case, A ~+ X would mean that the spacetime point where X
is accessible lies in the future light cone of the spacetime point where the choice A is made.

For our argument we consider the causal order defined by the transitive completion of the relations

UsA, A~A A~B A~X, B~Y )

(see figure 3). This reflects, for instance, that W is chosen at the very beginning of the experiment, and that A and
Bare chosen later, right before the two measurements are carried out. Note, furthermore, that A <Y and
Bx<X. With the aforementioned interpretation of the relation in relativistic spacetime, this would mean that the
two measurements are carried out at spacelike separation.

Using the notion of a causal order, we can now specify mathematically what we mean by free choices and by
completeness. We note that the two definitions below should be understood as necessary (but not necessarily
sufficient) conditions characterising these concepts. Since they appear in the assumptions of our main theorem,

9 . . . .
In previous work we sometimes called this a chronological structure [18].

10 .o . . . . s
A preorder relation is a binary relation that is reflexive and transitive.
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Figure 3. The causal order. Free choice is only well defined if one specifies a causal order, i.e., a preorder relation on the set of variables
relevant to the experiment. The causal order we use is motivated by the arrangement of variables in the experiment depicted by figure 2
in relativistic space time.

our result also applies to any more restrictive definitions. We remark furthermore that the definitions are
generic, i.e., they can be applied to any set of variables equipped with a preorder relation'".

Definition 1. When we say that a variable A is a free choice from a set A (w.r.t. a causal order) this means that the
support of P, contains .4 and that P, 4 = Py where Ay is the set of all random variables Z (within the causal

order) such that A~ ~Z.

In other words, a choice A is free if it is uncorrelated with any other variables, except those that lie in the
future of A in the causal order. For a further discussion and motivation of this notion we refer to Bell’s work [19]
aswellas to [20].

Crucially, we note that definition 1 is compatible with the usual understanding of free choices within
quantum theory. For example, if we consider our experimental setup (see figure 2) in ordinary quantum theory
(i.e., where there is no A), the initial state ¥ as well as the measurement settings A and B can be taken to be free
choicesw.r.t. ¥ ~» A, ¥ ~» B, A ~» X, B ~» Y (which is the causal order defined by equation 2 with A
removed).

Definition 2. When we say that a variable A is complete (w.r.t. a causal order) this means that'”

Ppja = Pajan,

where A; denotes the set of random variables Z (within the causal order) such that A ~~ Z and A| denotes the
analogous set such that Z ~» A.

Completeness of A thus implies that predictions based on A about future values A; cannot be improved by
taking into account additional information A, available in the past'’. Recall that this is meant as a necessary
criterion for completeness and that our conclusions hold for any more restrictive definition. For example, one
may replace the set A; by the set of all values that are not in the past of A.

We are now ready to formulate our main result as a theorem. Note that, the assumptions of the theorem as
well as its claim correspond to properties of the joint probability distribution of X, Y, A, B, W and A.

Theorem 1. Let A and U be random variables and assume that the support of W contains two wave functions, 1\ and
', with | (YY) | < 1. Iffor any isometry U and measurements {113} , and {H’;} y» parameterised by a € A and
b € B, there exist random variables A, B, X and Y such that

1. Pxy|apy satisfies the Born rule (1);

2. A and B are free choices from A and B, w.r.t. (2);

11 . . . . .

They are therefore different from notions used commonly in the context of Bell-type experiments, such as parameter independence and
outcome independence. These refer explicitly to measurement choices and outcomes, whereas no such distinction is necessary for the
definitions used here.

12 . .
In other words, Aj — A — A;isaMarkov chain.
13 . . . . . .
Using statistics terminology, one may also say that A is sufficient for A; given data A,.

4
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3. Niscompletew.r.t. (2)
then there exists a subset £ of the range of A such that Py ¢ (£|t)) = 1and Py ¢ (L]¢)) = 0.

The theorem asserts that, assuming validity of the Born rule and freedom of choice, the values taken by any
complete variable A are different for different choices of the wave function W. This implies that ¥ is indeed a
function of A.

To formulate this implication as a technical statement, we consider an arbitrary countable'” set S of wave
functions such that | (¢)[¢)')| < 1for any distinct elements 1), ¥’ € S.

Corollary 1. Let A and ¥ be random variables with U taking values from the set S of wave functions. If the conditions
of theorem 1 are satisfied then there exists a function f such that U = f (A) holds almost surely.

The proof of this corollary is given in appendix A.

3. Proof of the uniqueness theorem

The argument relies on specific wave functions, which depend on parameters d, k € Nand £ € [0, 1], with
k < d.Theyare defined as unit vectors on a product space Hy ® Hg, where H, and Hyp are
(d + 1)-dimensional Hilbert spaces equipped with an orthonormal basis {| 7) } ?:o o,

1 el
= —_— , 3
¢ 7 j§:0|]>|]> (3)

k—1
o = —=[@010) + Tiiti) + T €ld)ia) | @
j=1

Lemma 1. Forany 0 < o < 1thereexistk, d € Nwithk < dand £ € [0, 1]such that the vectors ¢ and ¢'
defined by (3) and (4) have overlap ($|¢') = a.

Proof.If & = 0,setk = 1,d = 2and ¢ = 0. Otherwise,setd > 1/(1 — a?), k = [a’d]and
&= avkd — k + 1,sothat§ € [0, 1]and (p|¢') = «. Furthermore, the choice of d ensures that
a?d + 1 < d,whichimplies k < d. O

Furthermore, forany n € N, we consider projective measurements {II}} ¢ x, and {H?} yex,on Hy and
Hp, parameterisedbya € A, = {0, 2, 4,...,2n — 2}and b € B, = {1, 3, 5,...,2n — 1}, and with outcomes
inX; = {0,...,d}.Forx, y € {0,...,d — 1}, the projectors are defined in terms of the generalised Pauli
operator, X; = Zf;&ll) (I ® 1|(where @ denotes addition modulo d) by

2 = (Rg)inlx) (x| (X)%, )
I = Ra)¥1y) (PR )

Wealso set I1% = I = |d) (d|.
The outcomes X and Y will generally be correlated. To quantify these correlations, we define'®

d-1 d-1
Lia(Pxyiap) =21 — > Pxyjap(x, x © 1|0, 2n — 1) — > > Pxyjap(x, xla, b).
x=0 ab  x=0

la—bl=1

For the correlations predicted by the Born rule for the measurements {113} ¢ x, and {H’;} yex, applied to the
state ¢ defined by (3),1.e., Pxyap (%, yla, b) = (9|1 @ Hﬁ’,l@, we find (see appendix B)

14 A . . . . . C e
The restriction to a countable set is due to our proof technique. We leave it as an open problem to determine whether this restriction is
necessary.

13 We use here the abbreviation [7)17) for |7} @ |j).

16 Note that the first sum corresponds to the probability that X & 1 = Y, conditionedonA = 0and B = 2n — 1. The terms in the second
sum can be interpreted analogously.
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2
T
I,a(PxyjaB) < —. 7
6n

The nextlemma shows that I,, ; gives an upper bound on the distance of the distribution Py 4 from a
uniform distribution over {0, ...,d — 1}. The bound holds for any random variable A, provided the joint
distribution Pyy A |p satisfies certain conditions.

Lemma 2. Let Pxypa be a distribution that satisfies Pxsjap = Pxpja» Pyajap = Pyag and Papy = Py Py with
supp(Py) 2 A, and supp(Pg) 2 B,. Then

d—1
[anny
x=0

(Although our proof deals with the general case, the main ideas can be seen by working through the analogous
argument in the slightly simpler, but less general, case in which A is discrete, so that ‘ f dPy(\) isreplaced

bY‘Z,\ PA(N))

1 d
Pxjaa(x]0, A) — p < Eln,d(PXYMB)-

The proof of lemma 2 is given in appendix C. It generalises an argument described in [17], which is in turn
based on work related to chained Bell inequalities [21, 22] (see also [23, 24]).
We have now everything ready to prove the uniqueness theorem.

Proof of theorem 1. Let o, v € R such that e"av = (3|¢)’). Furthermore, let k, d, & be as defined by lemma 1,
sothat (¢|¢’) = a. Then there exists an isometry Usuch that Uy = ¢ and Uy = e7¢’ (seelemma 3 of
appendix D). Nowlet n € NandletA, B, X and Y be random variables that satisfy the three conditions of the
theorem for the isometry U and for the projective measurements defined by (5) and (6), which are
parameterisedbya € A, and b € B, respectively. According to the Born rule (condition 1), the distribution
Pxyjasy = Pxyjapu (G <|'» > ¥) conditioned on the choice of initial state W = 1) corresponds to the one
consideredin (7),i.e.,

2
T

L,a (Pxyjapy) < —. )
6n

Notethat Pyjpy Pyajapw = Pava|pv = PajsyawPyajse- Freedom of choice (condition 2) implies that
Pajpw = Pajpyaw- Itfollows that Py apy = Py pw. By asimilar reasoning, we also have Py apy = Pxajaw. The
freedom of choice condition also ensures that Py ;¢ = P4 Pyjy with supp(Py) 2 A, and supp(Pp) 2 B,. We
can thus apply lemma 2 to give, with (8),

-1
f dPyjp (M)
x=0

Considering only the term x = k (recall that k < d) and noting that the left-hand side does not depend on 7, we
have

1 dn?
P x|0, A, - — | < —.
xjaAw (%] ) y ‘ o

fdPAl’L/'(/\)‘ Pxianw (K|0, A, ) — é ‘ -0

(otherwise, by taking # sufficiently large, we will get a contradiction with the above). Let £ be the set of all
elements A from the range of A for which Pxaag ([0, A, 1) is defined and equal to %. The above implies that

Pyjw (L]y) = 1. Furthermore, completeness of A (condition 3) implies that for any A € £ for which
Pxjanw (K]0, A, ) is defined

1
Pxjaaw (K]0, A, ¥) = Pxjaaw(k[0, A, ) = 7

Thus, using Py|4y = Pyjw (which is implied by the freedom of choice assumption, condition 2) and writing 02
for the indicator function, we have

Pxiaw (k|0, ¢') = fdPA|xp(/\|¢/)PX|AA\1:(k|0a A )
> [ 6Py ) Prane (KO, A, )

= = [ 8e00dRw ) = <Puw (L1, ©

17 . . .. . . . . . . . .
If H has alarger dimension than H, ® Hg (e.g., because H is infinite dimensional) then we can consider an (infinite dimensional)
extension of Hp, keeping the same notation for convenience.

6
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However, because the vector "¢/ = U’ has no overlap with |k) (because k < d) and because the

measurement {II{} . x, fora = 0 corresponds to projectors along the {|x) } d_ basis, we have
Pxaw (k|0, ¢") = 0 by the Born rule (condition 1). Inserting this in (9) we conclude that Py (L])") = 0. O

4. Discussion

Itis interesting to compare theorem 1 to the result of [ 14], which we briefly described in the introduction. The
latter is based on a different experimental setup, where n particles with wave functions W, ..., ¥, each chosen
fromaset {1), ¢'}, are prepared independently at n remote locations. The n particles are then directed to a device
where they undergo a joint measurement with outcome Z.

The main result of [14] is that, for any variable A that satisfies certain assumptions, the wave functions
Uy, ..., U, are determined by A. One of these assumptions is that A consists of n parts, Ay, ..., A,,, one for each
particle. To state the other assumptions and compare them to ours, it is useful to consider the causal order
defined by the transitive completion of the relations'®

U~ AV, (Ay..,A) ~ A, A~ Z (10)

Itis then easily verified that the assumptions of [ 14] imply the following:

1. Pyy,...w, satisfies the Born rule;
2.W,..., U, are free choices from {1, '} w.r.t. (10);

3. Ais complete w.r.t. (10).

These conditions are essentially in one-to-one correspondence with the assumptions of theorem 1."” The main
difference thus concerns the modelling of the physical state A, which in the approach of [14] is assumed to have
an internal structure. A main goal of the present work was to avoid using this assumption (see also [25, 26] for
alternative arguments).

We conclude by noting that the assumptions of theorem 1 and corollary 1 may be weakened. For example,
the independence condition that is implied by free choice may be replaced by a partial independence condition
along the lines considered in [27]. An analogous weakening was given in [28, 29] regarding the argument of [ 14].
More generally, recall that all our assumptions are properties of the probability distribution Pyyspys. One may
therefore replace them by relaxed properties that need only be satisfied for distributions that are e-close (in total
variation distance) to Pxyapwa. (For example, the Born rule may only hold approximately.) It is relatively
straightforward to verify that the proof still goes through, leading to the claim that ¥ = f (A) holds with
probabilityatleast1 — §, with 6 — 0in thelimit where e — 0.

Nevertheless, none of the three assumptions of theorem 1 can be dropped without replacement. Indeed,
without the Born rule, the wave function ¥ has no meaning and could be taken to be independent of the
measurement outcomes X. Furthermore, a recent impossibility result [30] implies that the analogous theorem
with the second assumption omitted does not hold. It also implies that the statement of theorem 1 cannot hold
for a setting with only one single measurement. This means that there exist ¥-epistemic theories compatible
with the remaining assumptions. However, in this case, it is still possible to exclude a certain subclass of such
theories, called maximally U-epistemic theories [31] (see also [32]). Finally, completeness of A is necessary
because, without it, A could be set to a constant, in which case it clearly cannot determine W.
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18 . . . . . . . .
Note that this causal order captures the aforementioned experimental setup. In particular, we have W; >+ A; for i = j, reflecting the idea
that the n particles are prepared in separate isolated devices.
19 . . . . . .
The choice of a measurement setting may be encoded into the state of an extra system that is fed into a fixed measurement device. We

hence argue that there is no conceptual difference between the free choice of a state, as implied by the assumptions of [14] (in particular,
preparation independence), and the free choice of a measurement setting, as assumed in theorem 1.
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Appendix A. Proof of corollary 1

Forany distinct 1, ¢' € S, let L, ;v be the set defined by theorem 1, i.e.,
Prjo (Lypr|p) =1
Prjw (Ly,p|Y") = 0,
and forany ¢ € S define the (countable) intersection L, = [)yres\ ) Ly, This satisfies
Py (LylY) = {1 if ¥ :.W
0 otherwise.

(Here we have used that for any probability distribution Pand foranyevents L, L', P(L) = P(L') = 1implies
that P(LNL) =1.)
To define the function f, we specify the inverse sets

P'ES\ (¥}

f‘l(w)Zﬁw\[ U Ew’]-

The function fis well defined on | Jyes f ' (¥) because, by construction, the sets f ! (1)) are disjoint for
different ¢ € S.Furthermore, it follows from the above thatforany ¢ € S

Pro(f' @)y = 1.

This implies that f (A) = W holds with probability 1 conditioned on W = ). The assertion of the corollary then
follows because this is true forany ¢ € S. O

Appendix B. Quantum correlations

The aim of this appendix is to derive the bound (7) used in the proof of the uniqueness theorem.

Note that the state ¢, defined by (3), has supporton H ® H, where H = span{|0), |1),...,|d — 1) }. Since
the projectors 17 and H’;, defined by (5)and (6),fora € A,andb € B,andfor x, y € {0,...,d — 1}alsoact
on H, we can restrict to this subspace.

For j € {0,...,d — 1}and k € {0,...,2n — 1} the projectors H’; are along the vectors

I¢h) = Kayel),

where X, denotes the generalised Pauli operator (defined in the main text). To write these vectors out more
explicitly, we consider the diagonal operator Z; = Z?:—ge“if/ 41 ) ( jland the unitary U = %ijez’”jk/ 9 7y (k.

These have the property that Xy = UiZy UJ, and hence it follows that (}A(d)zkn = U (Zd)zkn U}. Thus, we can write

Z:1 1 — exp [Ik%]

¢ =13 -
d ol — exp[%l(m + k/2n —j)]

m),

for k = 0. Note that (¢ ’;IC ’;,) = ¢;j» implying that, for each k, {H’;} jisa projective measurement on .
Recall that the probability distribution in (7) is obtained from a measurement of ¢ with respect to these
projectors, i.e., Pxyjas (%, yla, b) = [({{}] (CZ;D |¢) |*. We are now going to show that

sinzzi
> Pxvias(x, xla, b) = ﬁ, (BD)
- sin® -
for|la — b| = 1,and
sin22l
> Pxyiap(x, x @ 100, 2n — 1) = - (B2)
. d* sin i
n

For this it is useful to use the relation that for any operator C, (1 ® C)|¢) = (CT @ 1)|¢), where CT denotes
the transpose of C in the |i) basis. Thus, noting that U; = Uj, we have

(CUCEDIO) = —= (UZF (U2ZF Uylx).

NE]
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Then, using

(U} = = Y 0 A ] Z|k k@ d),
jkm
we find
i 1 1— éiab
[((CA(CED19) If—Zed (a=b) _

4372 432 _ e%(ufb).

We canhenceuse|l — e¥|> = 4sin? % to obtain
sin2 *@—b)

S Pl s by —
xv|aB (%> X4, - 0
P d?sin2 7Y

2dn

from which (B1) follows. Equation (B2) can be obtained by a similar argument. These two expressions
immediately imply

sin? >
I,a(Pxyiap) = 2n|1 — —znﬂ .
Using x2 — x*/3 < sin*x < x?for 0 < x < 1leads to thebound (7).

Appendix C. Proof of lemma 2

In the following we use the abbreviations Pxy|apy = Pxyjasa(s |+ » A) and Pyy|apn = Pxyjapa (- -|a, b) for the
distributions conditioned on A = Aand (A, B) = (a, b).
The inequality in lemma 2 can be expressed in terms of the total variation distance, defined by

D(Py, Qx) = 7L IPx(x) — Qx ()} as
JAROD a1/ < L)

where 1/d denotes the uniform distribution over {0, ...,d — 1 }, and where ay = 0. Furthermore, using
Pxyiap = f dPy(N) Pxyjay (which holds because Py 45 = Py)and that I, 4isalinear function, we have

Ina(Pxsyan) = [P L (Prviany)

It therefore suffices to show that, for any A,
d
D (Pxjan 1/d) < an,d (Pxy|aB))-

For this, we consider the distribution Pxe;,), which corresponds to the distribution of X if its values are

shifted by one (modulo d). According to lemma 5 and using %[%ZJ < % we have
d
D (Pxjaon 1/d) < ZD (Pxo1jaoh Pxjagh)-

The assertion then follows with

Lia(Pxyjap)) = 21 — > Pxvlaghor (6 X & 1) — > Pxyjapr (%, x)

x x,a,b
la—b|=1

> D(Pxa1jagbors Priaghe) + > D (Pxjabrs Pyjany)
a,b
la—bl=1

2 D(Pxaijaor Pxlagh)s

where we have set by = 2n — 1; the first inequality follows from lemma 4; the second is obtained with
Pxjabx = Pxjarand Pyjgp\ = Pyjpy (which are implied by the conditions stated in the lemma) as well as the
triangle inequality for D (-, -). O

Appendix D. Additional lemmas

Lemma 3. For any unit vectors i, ¢/ € Hyand ¢, ¢’ € H,, where dim(Hy) < dim(Hy) and (Y|') = (Pl@’),
there exists an isometry U : Hy — H, such that Uiy = ¢ and Uy’ = ¢'.
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Proof. With o = (¢|¢)') = (¢|¢/)and 8 = /1 — |a|* wecanwrite )/ = arp + Bytand ¢/ = ap + Bp*
with unit vectors ¢+ and ¢+ orthogonal to 1) and ¢, respectively. The isometry U can be taken as any that acts as
|9) (] + |¢) (1] on the subspace spanned by ¢ and v’ 0

Lemma 4. For two random variables X and Y with joint distribution Py, the total variation distance between the
marginal distributions Px and Py satisfies

D(Px, Py) <1 =) Pxy(x, x).
X

Proof. Consider Py = Pxy|xy, the distribution of Xand Y conditioned on the event that X = Y, as well as
P;Y = PXYlX:Y SO that

Pxy = p.Piy + (1 — p.)Pxy
where p.=1 — > Pxy (x, x). The marginals also obey this relation, i.e.,
Px=pPx + (1 —p)Px
Py=pP;y +(1 —p)Py.
Hence, since the total variation distance is convex,
D(Px, Py) < p.D(PF, PY) + (1 — p)D(PE, PY)
< B

where we have used the fact that the total variation distance is at most 1, as well as D (Py, Py ) = 0in thelast
line. O
Lemma 5. The total variation distance between any probability distribution with range {0, 1,...,d — 1} and the
uniform distribution over this set, 1 /d, is bounded by

1| d?
D(PX) l/d) < g Z D(PXEBD PX)

Proof. Using %Z?;ol Pye; = 1/d and the convexity of D, we find

pd=1 =l
D(Px, 1/d) = D(— > Px, — pr@i)
dim  diz

=
< 2 > -D(Px, Pxsi).

i=0
Because D (Pxg(i—1) Pxai) = D (Pxo1, Px) foralliwehave fori < d/2

D (Px, Pxei) < D(Px, Pxai-1)) + D(Pxai-1) Pxei)
= D(Px, Pxg(i-1)) + D(Pxs1, Px).

Using this multiple times yields D (Px, Pxq;) < iD (Pxq1, Px). Similarly, fori > d/2, we use

D (Px, Pxai) < D(Px, Pxogi+1) + D(Pxogi+1)y Pxei)
= D(Px, Pxg(i+1)) + D(Pxa1, Px)

multiple times to yield D (Py, Pxg;) < (d — i)D (Pxg1, Py). Thus,

-1 1d/2] -1
> D(Px, Pxe) < (D i+ Y, (d—1)D(Pxe1 Px)
i=0 =0 i=|d/2)+1

gy
= LZJD(PXEBI) Px).

Combining this with the above concludes the proof. O

Note that there are distributions that achieve the bound of lemma 5, as can be seen for d even and the
distribution Py = (2/d, 2/4d,...,2/d, 0, 0, ...), for which D (Py, 1/d) = 1/2 and D (Pxg, Px) = 2/d.

References

[1] BornM 1926 Zur Quantenmechanik der Stof3vorgange Z. Phys. 37 8637

[2] Einstein A, Podolsky B and Rosen N 1935 Can quantum-mechanical description of physical reality be considered complete? Phys. Rev.
47 777-80

[3] Einstein A, Letter to Schrodinger (1935), Translation from D Howard 1985 Stud. Hist. Phil. Sci. 16 171

10


http://dx.doi.org/10.1007/BF01397477
http://dx.doi.org/10.1007/BF01397477
http://dx.doi.org/10.1007/BF01397477
http://dx.doi.org/10.1103/PhysRev.47.777
http://dx.doi.org/10.1103/PhysRev.47.777
http://dx.doi.org/10.1103/PhysRev.47.777
http://dx.doi.org/10.1016/0039-3681(85)90001-9

I0OP Publishing NewJ. Phys. 19 (2017) 013016 R Colbeck and R Renner

[4] Jaynes E'T 1990 Probability in quantum theory Complexity, Entropy and the Physics of Information ed W H Zurek (Reading, MA:
Addison-Wesley)
[5] Caves CM, Fuchs C A and Schack R 2002 Quantum probabilities as Bayesian probabilities Phys. Rev. A 65 022305
[6] Spekkens R W 2007 Evidence for the epistemic view of quantum states: a toy theory Phys. Rev. A75 032110
[7] von Neumann J 1955 Mathematical Foundations of Quantum Mechanics (Princeton, NJ: Princeton University Press)
[8] DiracP AM 1958 Principles of Quantum Mechanics 4th edn (Oxford: Oxford University Press)
[9] Popper K R 1967 Quantum mechanics without ‘the observer’ Quantum Theory and Reality ed M Bunge (Berlin: Springer) ch 1
[10] Harrigan N and Spekkens R W 2010 Einstein, incompleteness, and the epistemic view of quantum states Found. Phys. 40 125-57
[11] HardyL 2006 Quantum ontological excess baggage Stud. Hist. Phil. Mod. Phys. 35 267-76
[12] Montina A 2008 Exponential complexity and ontological theories of quantum mechanics Phys. Rev. A77 022104
[13] Montina A 2012 Epistemic view of quantum states and communication complexity of quantum channels Phys. Rev. Lett. 109 110501
[14] Pusey M F, Barrett J and Rudolph T 2012 On the reality of the quantum state, Nat. Phys. 8 475-8
[15] Pearl] 2009 Causality (Cambridge: Cambridge University Press)
[16] Colbeck Rand Renner R 2012 Is a system’s wave function in one-to-one correspondence with its elements of reality? Phys. Rev. Lett. 108
150402
[17] Colbeck R and Renner R2011 No extension of quantum theory can have improved predictive power Nat. Commun. 2411
[18] Colbeck R and Renner R 2015 On the sufficiency of the wavefunction The message of Quantum Science: Attempts Towards a Synthesis ed
P Blanchard and ] Fréhlich (Berlin: Springer) ch 4
[19] Bell] S 2004 Free variables and local causality Speakable and Unspeakable in Quantum Mechanics (Cambridge: Cambridge University
Press) ch 12
[20] Colbeck Rand Renner R 2013 A short note on the concept of free choice arXiv:1302.4446
[21] Pearle P M 1970 Hidden-variable example based upon data rejection Phys. Rev. D 2 1418-25
[22] Braunstein S L and Caves C M 1990 Wringing out better Bell inequalities Ann. Phys. 202 22-56
[23] Barrett], Hardy L and Kent A 2005 No signaling and quantum key distribution Phys. Rev. Lett. 95 010503
[24] Barrett], Kent A and Pironio S 2006 Maximally non-local and monogamous quantum correlations Phys. Rev. Lett. 97 170409
[25] Hardy L2013 Are quantum states real? Int. J. Mod. Phys. B 27 1345012
[26] Aaronson S, Bouland A, Chua L and Lowther G 2013 ¢-epistemic theories: the role of symmetry Phys. Rev. A88 032111
[27] Colbeck R and Renner R 2012 Free randomness can be amplified, Nat. Phys. 8 450—4
[28] HallM J W 2011 Generalisations of the recent Pusey—Barrett—Rudolph theorem for statistical models of quantum phenomena
arXiv:1111.6304
[29] Schlosshauer M and Fine A 2012 Implications of the Pusey—Barrett—Rudolph quantum no-go theorem Phys. Rev. Lett. 108 260404
[30] LewisP G, Jennings D, Barrett ] and Rudolph T 2012 Distinct quantum states can be compatible with a single state of reality Phys. Rev.
Lett. 109 150404
[31] Maroney O J E 2012 How statistical are quantum states? arXiv:1207.6907
[32] Leifer M S and Maroney O J E 2013 Maximally epistemic interpretations of the quantum state and contextuality Phys. Rev. Lett. 110
120401

11


http://dx.doi.org/10.1103/PhysRevA.65.022305
http://dx.doi.org/10.1103/PhysRevA.75.032110
http://dx.doi.org/10.1007/s10701-009-9347-0
http://dx.doi.org/10.1007/s10701-009-9347-0
http://dx.doi.org/10.1007/s10701-009-9347-0
http://dx.doi.org/10.1016/j.shpsb.2003.12.001
http://dx.doi.org/10.1016/j.shpsb.2003.12.001
http://dx.doi.org/10.1016/j.shpsb.2003.12.001
http://dx.doi.org/10.1103/PhysRevA.77.022104
http://dx.doi.org/10.1103/PhysRevLett.109.110501
http://dx.doi.org/10.1038/nphys2309
http://dx.doi.org/10.1038/nphys2309
http://dx.doi.org/10.1038/nphys2309
http://dx.doi.org/10.1103/PhysRevLett.108.150402
http://dx.doi.org/10.1103/PhysRevLett.108.150402
http://dx.doi.org/10.1038/ncomms1416
http://arxiv.org/abs/1302.4446
http://dx.doi.org/10.1103/PhysRevD.2.1418
http://dx.doi.org/10.1103/PhysRevD.2.1418
http://dx.doi.org/10.1103/PhysRevD.2.1418
http://dx.doi.org/10.1016/0003-4916(90)90339-P
http://dx.doi.org/10.1016/0003-4916(90)90339-P
http://dx.doi.org/10.1016/0003-4916(90)90339-P
http://dx.doi.org/10.1103/PhysRevLett.95.010503
http://dx.doi.org/10.1103/PhysRevLett.97.170409
http://dx.doi.org/10.1142/S0217979213450124
http://dx.doi.org/10.1103/PhysRevA.88.032111
http://dx.doi.org/10.1038/nphys2300
http://dx.doi.org/10.1038/nphys2300
http://dx.doi.org/10.1038/nphys2300
http://arxiv.org/abs/1111.6304
http://dx.doi.org/10.1103/PhysRevLett.108.260404
http://dx.doi.org/10.1103/PhysRevLett.109.150404
http://arXiv.org/abs/1207.6907
http://dx.doi.org/10.1103/PhysRevLett.110.120401
http://dx.doi.org/10.1103/PhysRevLett.110.120401

	1. Introduction
	2. The uniqueness theorem
	3. Proof of the uniqueness theorem
	4. Discussion
	Acknowledgments
	Appendix A.
	Appendix B.
	Appendix C.
	Appendix D.
	References
	njp_20_3_039501.pdf
	Acknowledgments
	References




