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CORRIGENDUM

Corrigendum: A systemʼs wave function is uniquely determined by its
underlying physical state (2017New J. Phys. 19 013016)

RogerColbeck1 andRenatoRenner2

1 Department ofMathematics, University of York, YO10 5DD,United Kingdom
2 Institute for Theoretical Physics, ETHZurich, 8093 Zurich, Switzerland

E-mail: roger.colbeck@york.ac.uk and renner@phys.ethz.ch

In the published version of this article [1] there is an omission in the intermediate calculation in appendixB that
makes it difficult to verify the bound of equation (5). Furthermore, the formof j

kz ñ∣ written in the displayed

equation above equation (B1) in [1] is erroneous.We stress though that the bound(5) is correct and hence the
conclusion of the paper is unaffected.

The issue arises becausewewrite Zd
k
n2( ˆ ) without statingwhich of the roots of Zd

ˆ is taken. Furthermore, not
all choices work. To state carefully a choice that works, we define vshA[ ] to be the number in (−1/2, 1/2] that is
equal to v+m for some m Î and vshB[ ] to be the number in [−1/2, 1/2) that is equal to v+m for some
m Î . For x ä {0,K, d−1} and aä{0, 2,K, 2n−2}, the projectors x

aP are along the vectors
U Z a U xx

a
d n d d,z ñ = ñ∣ [ ] ∣† , where

Z a j d
a

n
j jexp i sh ,n d

j

d

A,
0

1

å p ñá
=

- ⎡
⎣⎢

⎤
⎦⎥[ ] ≔ [ ] ∣ ∣

while for yä {0,K, d−1} and bä{1, 3,K, 2n−1}, the projectors y
bP are along the vectors

U Z b U yy
b

d n d d,z ñ = ¢ ñ∣ [ ] ∣† , where

Z b j d
b

n
j jexp i sh .n d

j

d

B,
0

1

å p¢ ñá
=

- ⎡
⎣⎢

⎤
⎦⎥[ ] ≔ [ ] ∣ ∣

These lead to the bound given in equation (5). For details of the rest of the calculationwe refer to appendixB
of [2].
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Abstract
Weaddress the question of whether the quantum-mechanical wave functionΨ of a system is uniquely
determined by any complete descriptionΛ of the system’s physical state.We show that this is the case
if the latter satisfies a notion of ‘free choice’. This notion requires that certain experimental
parameters—those that according to quantum theory can be chosen independently of other variables
—retain this property in the presence ofΛ. An implication of this result is that, among all possible
descriptionsΛ of a system’s state compatible with free choice, thewave function Y is as objective asΛ.

1. Introduction

The quantum-mechanical wave function, Y, has a clear operationalmeaning, specified by the Born rule [1]. It
asserts that the outcomeX of ameasurement, defined by a family of projectors P{ }x , follows a distribution PX
given by = áY P Yñ( ) ∣ ∣P xX x , and hence links thewave function Y to observations. However, the link is
probabilistic: even if Y is known to arbitrary precision, we cannot in general predictXwith certainty.

In classical physics, such indeterministic predictions are always a sign of incomplete knowledge3. This raises
the question of whether thewave function Y associated to a system corresponds to an objective property of the
system, orwhether it should instead be interpreted subjectively, i.e., as a representation of our (incomplete)
knowledge about certain underlying objective attributes. Another alternative is to deny the existence of the
latter, i.e., to give up the idea of an underlying reality completely.

Despite its long history, no consensus about the interpretation of thewave function has been reached. A
subjective interpretationwas, for instance, supported by the famous argument of Einstein et al [2] (see also [3])
and,more recently, by information-theoretic considerations [4–6]. The opposite (objective) point of viewwas
taken, for instance, by Schrödinger (at least initially), vonNeumann,Dirac, and Popper [7–9].

To turn this debate into amore technical question, onemay consider the following gedankenexperiment:
assume you are providedwith a set of variablesΛ that are intended to describe the physical state of a system.
Suppose, furthermore, that the setΛ is complete, i.e., there is nothing that can be added toΛ to increase the
accuracy of any predictions about the outcomes ofmeasurements on the system. If youwere now asked to
specify thewave function Y of the system,would your answer be unique?

If so then Y is a function of the variablesΛ and hence as objective asΛ. Themodel defined byΛwould then
be calledΨ-ontic [10]. Conversely, the existence of a complete set of variablesΛ that does not determine thewave
function Y wouldmean that Y cannot be interpreted as an objective property.Λwould then be calledΨ-
epistemic (see figure 1)4.
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3
For example, whenwe assign a probability distribution P to the outcomes of a die roll, P is not an objective property but rather a

representation of our incomplete knowledge. Indeed, if we had complete knowledge, including for instance the precisemovement of the
thrower’s hand, the outcomewould be deterministic.
4
Note that the existence or non-existence ofΨ-epistemic theories is also relevant in the context of simulating quantum systems.HereΛ can

be thought of as the internal state of a computer performing the simulation, and onewould ideally like that storingΛ requires significantly
fewer resources thanwould be required to storeΨ. However, a number of existing results already cast doubt on this possibility (see, for
example, [11–13]).
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In a seminal paper [14], Pusey, Barrett andRudolph showed that any completemodelΛ is Y-ontic if it
satisfies an assumption, termed ‘preparation independence’. It demands thatΛ consists of separate variables for
each subsystem, e.g., L = L L( ),A B for two subsystems SA and SB, and that these are statistically independent,
i.e., = ´L L L LP P P

A B A B
, whenever the joint wave function Y of the total systemhas product form,

i.e., Y = Y Ä YA B.
Here we show that the same conclusion can be reachedwithout imposing any internal structure onΛ. In

more detail, our argument relies on the concept of free choice, which can only be definedwith reference to an
ordering, called here a causal order5.More precisely, we prove thatΨ is a function of any complete set of variables
that are compatible with free choice with respect to the causal order offigure 3 (see later formore details). This is
stated as corollary 1. The free choice assumption used captures the idea that experimental parameters, e.g.,
which state to prepare orwhichmeasurement to carry out, can be chosen independently of all other information
(relevant to the experiment), except for information that is created after the choice ismade, e.g.,measurement
outcomes.While this notion is implicit in quantum theory, we demand that it also holds in the presence of6Λ.

The proof of our result is inspired by our earlier work [16] inwhichwe observed that thewave function Y is
uniquely determined by any complete set of variablesΛ, provided that Y is itself complete (in the sense
described above). Togetherwith the result of [17], inwhichwe showed that Y is complete, we can conclude that
thewave function Y is uniquely determined byΛ.

The difference in the present work is that we can circumvent one of the aspects of quantum theory required
by the argument in [17]. In particular, here we prove that Y is determined byΛwithout requiring that any
quantummeasurement on a system corresponds to a unitary evolution of an extended system. Being based on
weaker assumptions, the resulting no-go theorem is stronger. Furthermore, the argument that thewave
function Y is complete is quite involved and a beneficial feature of the present work is that we circumvent it7.

2. The uniqueness theorem

Our argument refers to an experimental setupwhere a particle emitted by a source decays into two, each of
which is directed towards one of twomeasurement devices (see figure 2). Themeasurements that are performed
depend on parametersA andB, and their respective outcomes are denotedX andY.

Quantum theory allows us tomake predictions about these outcomes based on a description of the initial
state of the system, the evolution it undergoes and themeasurement settings. For our purposes, we assume that
the quantum state of each particle emitted by the source is pure, and hence specified by awave function8. Aswe
will consider different choices for this wave function, wemodel it as a randomvariableΨ that takes as values unit
vectors y in a complexHilbert space. Furthermore, we take the decay to act like an isometry, denotedU,

Figure 1.The different possible roles of thewave functionΨ. Amodel that uses a variableΛ to describe a system’s physical state can be
eitherΨ-ontic orΨ-epistemic, depending onwhether or not thewave functionΨ is uniquely determined byΛ (which takes values
denoted by λ). Conversely, the relevant parts ofΛmay be determined byΨ, inwhich caseΨ is complete. Using free choice (with
respect to an appropriate causal order), [17] rules out the right column, [16] rules out the bottom left case, and the present paper (as
well as [14], based on different assumptions) rules out the bottom row.

5
This should not be confusedwith a causal structure as used in e.g. [15].

6
Free choice of certain variables is also implied by the preparation independence assumption used in [14], as discussed below.

7
Note, however, that the assumptions used in this work do not allow us to conclude that Y is complete.

8
We consider it uncontroversial that amixed state can be thought of as a state of knowledge.

2
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from to a product space Ä A B. Finally, for any choices a and b of the parametersA andB, the
measurements are given by families of projectors P Î{ } x

a
x and P Î{ } y

b
y onA andB, respectively. The Born

rule, applied to this setting, asserts that the joint probability distribution ofX andY, conditioned on the relevant
parameters, is given by

y y y= á P Ä P ñY ( ∣ ) ∣ ( ) ∣ ( )∣
†P x y a b U U, , , . 1XY AB x

a
y
b

Tomodel the system’s ‘physical state’, we introduce an additional randomvariableΛ.We do not impose any
structure onΛ (in particular,Λ could be a list of values).Wewill consider predictions lL( ∣ )P x y a b, , ,XY AB

conditioned on any particular valueλ ofΛ, analogously to the predictions based onΨ according to the Born
rule(1).

To define the notions of free choice and completeness, as introduced informally in the introduction, we take as
motivation that any experiment takes place in spacetime and therefore has a causal order9. For example, the
measurement settingA is chosen before themeasurement outcomeX is obtained. Thismay bemodelled
mathematically by a preorder relation10, denoted, on the relevant set of randomvariables.While our
technical claim does not depend on how the causal order is interpreted physically, it is intuitive to imagine it
being compatible with relativistic spacetime. In this case, A X wouldmean that the spacetime point whereX
is accessible lies in the future light cone of the spacetime point where the choiceA ismade.

For our argument we consider the causal order defined by the transitive completion of the relations

Y L L L ( )    A B A X B Y, , , , 2

(see figure 3). This reflects, for instance, thatΨ is chosen at the very beginning of the experiment, and thatA and
B are chosen later, right before the twomeasurements are carried out. Note, furthermore, that A Y and
B X .With the aforementioned interpretation of the relation in relativistic spacetime, this wouldmean that the

twomeasurements are carried out at spacelike separation.
Using the notion of a causal order, we can now specifymathematically what wemean by free choices and by

completeness.We note that the two definitions below should be understood as necessary (but not necessarily
sufficient) conditions characterising these concepts. Since they appear in the assumptions of ourmain theorem,

Figure 2.The experimental setup. The proof of the uniqueness theorem relies on a thought experimentwhere a source takes as input a
description of a wave functionΨ and prepares a particle in a corresponding state (which, in a generalmodel, is described by a variable
Λ). The particle then decays into two parts, which aremeasured at separate locations.A andB determine themeasurements that are
applied to the two parts, andX andY are the respective outcomes.

9
In previousworkwe sometimes called this a chronological structure [18].

10
A preorder relation is a binary relation that is reflexive and transitive.

3
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our result also applies to anymore restrictive definitions.We remark furthermore that the definitions are
generic, i.e., they can be applied to any set of variables equippedwith a preorder relation11.

Definition 1.Whenwe say that a variableA is a free choice from a set (w.r.t. a causal order) thismeans that the
support ofPA contains and that =


P PA A A where A is the set of all random variablesZ (within the causal

order) such that A Z .

In other words, a choiceA is free if it is uncorrelatedwith any other variables, except those that lie in the
future ofA in the causal order. For a further discussion andmotivation of this notionwe refer to Bell’s work [19]
aswell as to [20].

Crucially, we note that definition 1 is compatible with the usual understanding of free choices within
quantum theory. For example, if we consider our experimental setup (see figure 2) in ordinary quantum theory
(i.e., where there is noΛ), the initial stateΨ as well as themeasurement settingsA andB can be taken to be free
choices w.r.t.Y Y   A B A X B Y, , , (which is the causal order defined by equation 2withΛ
removed).

Definition 2.Whenwe say that a variableΛ is complete (w.r.t. a causal order) thismeans that12

=L L L LL  ∣ ∣P P

where L denotes the set of random variablesZ (within the causal order) such that L  Z and L denotes the
analogous set such that LZ .

Completeness ofΛ thus implies that predictions based onΛ about future values L cannot be improved by
taking into account additional information L available in the past

13. Recall that this ismeant as a necessary
criterion for completeness and that our conclusions hold for anymore restrictive definition. For example, one
may replace the set L by the set of all values that are not in the past ofΛ.

We are now ready to formulate ourmain result as a theorem.Note that, the assumptions of the theorem as
well as its claim correspond to properties of the joint probability distribution ofX,Y,A,B,Ψ andΛ.

Theorem1. LetΛ andΨ be random variables and assume that the support ofΨ contains twowave functions, y and
y¢, with y yá ¢ñ <∣ ∣ ∣ 1. If for any isometryU andmeasurements P{ }x

a
x and P{ }y

b
y , parameterised by Î a and

Î b , there exist random variables A, B, X and Y such that

1. YPXY AB satisfies the Born rule (1);

2. A and B are free choices from and  , w.r.t.(2);

Figure 3.The causal order. Free choice is onlywell defined if one specifies a causal order, i.e., a preorder relation on the set of variables
relevant to the experiment. The causal orderwe use ismotivated by the arrangement of variables in the experiment depicted byfigure 2
in relativistic space time.

11
They are therefore different fromnotions used commonly in the context of Bell-type experiments, such as parameter independence and

outcome independence. These refer explicitly tomeasurement choices and outcomes, whereas no such distinction is necessary for the
definitions used here.
12

In other words, L  L  L  is aMarkov chain.
13

Using statistics terminology, onemay also say thatΛ is sufficient for L given data L.

4
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3.Λ is complete w.r.t.(2)

then there exists a subset  of the range ofΛ such that y =L Y ( ∣ )P 1and y¢ =L Y ( ∣ )P 0.

The theorem asserts that, assuming validity of the Born rule and freedomof choice, the values taken by any
complete variableΛ are different for different choices of thewave functionΨ. This implies thatΨ is indeed a
function ofΛ.

To formulate this implication as a technical statement, we consider an arbitrary countable14 set  ofwave
functions such that y yá ¢ñ <∣ ∣ ∣ 1 for any distinct elements y y¢ Î , .

Corollary 1. LetΛ andΨ be random variables withΨ taking values from the set  of wave functions. If the conditions
of theorem 1 are satisfied then there exists a function f such that Y = L( )f holds almost surely.

The proof of this corollary is given in appendix A.

3. Proof of the uniqueness theorem

The argument relies on specificwave functions, which depend on parameters Î d k, and x Î [ ]0, 1 , with
<k d. They are defined as unit vectors on a product space Ä A B, whereA andB are
+( )d 1 -dimensional Hilbert spaces equippedwith an orthonormal basis ñ ={∣ }j j

d
0
15,

åf = ñ ñ
=

-

∣ ∣ ( )
d

j j
1

, 3
j

d

0

1

åf x x¢ = ñ ñ + ñ ñ + - ñ ñ
=

-

∣ ∣ ∣ ∣ ∣ ∣ ( )
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

k
j j d d

1
0 0 1 . 4

j

k

1

1
2

Lemma1. For any a <0 1 there exist Î k d, with <k d and x Î [ ]0, 1 such that the vectors f and f¢
defined by(3) and(4) have overlap f f aá ¢ñ =∣ .

Proof. If a = 0, set k=1, d=2 and x = 0. Otherwise, set a-( )d 1 1 2 , a= ⌈ ⌉k d2 and

x a= - +kd k 1, so that x Î [ ]0, 1 and f f aá ¢ñ =∣ . Furthermore, the choice of d ensures that
a + d d12 , which implies <k d. ,

Furthermore, for any Î n , we consider projectivemeasurements P Î{ } x
a

x d and P Î{ } y
b

y d
onA and

B, parameterised by Î º ¼ -{ }a n0, 2, 4, , 2 2n and Î º ¼ -{ }b n1, 3, 5, , 2 1n , andwith outcomes
in º ¼{ } d0, ,d . For Î ¼ -{ }x y d, 0, , 1 , the projectors are defined in terms of the generalised Pauli

operator, º å ñ á Å=
-ˆ ∣ ∣X l l 1d l

d
0
1 (where⊕ denotes additionmodulo d) by

P º ñ á( ˆ ) ∣ ∣( ˆ ) ( )†
X x x X , 5x

a
d d

a
n

a
n2 2

P º ñ á( ˆ ) ∣ ∣( ˆ ) ( )†
X y y X . 6y

b
d d

b
n

b
n2 2

Wealso setP = P = ñá∣ ∣d dd
a

d
b .

The outcomesX andYwill generally be correlated. To quantify these correlations, we define16

å å åº - Å - -
=

-

- =
=

-

( ) ( ∣ ) ( ∣ )∣ ∣

∣ ∣

∣I P n P x x n P x x a b2 , 1 0, 2 1 , , .n d XY AB
x

d

XY AB
a b

a b
x

d

XY AB,
0

1

,

1
0

1

For the correlations predicted by the Born rule for themeasurements P Î{ } x
a

x d
and P Î{ } y

b
y d

applied to the

state f defined by(3), i.e., f f= á P Ä P ñ( ∣ ) ∣ ∣P x y a b, ,XY AB x
a

y
b , wefind (see appendix B)

14
The restriction to a countable set is due to our proof technique.We leave it as an open problem to determinewhether this restriction is

necessary.
15

Weuse here the abbreviation ñ ñ∣ ∣j j for ñ Ä ñ∣ ∣j j .
16

Note that thefirst sumcorresponds to the probability that Å =X Y1 , conditioned onA=0 and = -B n2 1. The terms in the second
sumcan be interpreted analogously.

5

New J. Phys. 19 (2017) 013016 RColbeck andRRenner



p( ) ( )∣ I P
n6

. 7n d XY AB,

2

The next lemma shows that In d, gives an upper bound on the distance of the distribution LPX A from a
uniformdistribution over ¼ -{ }d0, , 1 . The bound holds for any random variableΛ, provided the joint
distribution LPXY AB satisfies certain conditions.

Lemma2. Let LPXYAB be a distribution that satisfies =L LP PX AB X A, =L LP PY AB Y B and =L LP P PAB A with
Ê( ) Psupp A n and Ê( ) Psupp B n. Then

ò ål l -L
=

-

L( ) ( ∣ ) ( )∣ ∣P P x
d

d
I Pd 0,

1

2
.

x

d

X A n d XY AB
0

1

,

(Although our proof deals with the general case, themain ideas can be seen byworking through the analogous
argument in the slightly simpler, but less general, case inwhichΛ is discrete, so that ‘ò lL( )Pd ’ is replaced
by ‘ lål L( )P ’.)

The proof of lemma 2 is given in appendix C. It generalises an argument described in [17], which is in turn
based onwork related to chained Bell inequalities [21, 22] (see also [23, 24]).

We have now everything ready to prove the uniqueness theorem.

Proof of theorem1. Let a g Î , such that a y y= á ¢ñg ∣ei . Furthermore, let xk d, , be as defined by lemma 1,
so that f f aá ¢ñ =∣ . Then there exists an isometryU such that y f=U and y f¢ = ¢gU ei (see lemma 3 of
appendixD)17. Now let Î n and letA,B,X andY be random variables that satisfy the three conditions of the
theorem for the isometryU and for the projectivemeasurements defined by(5) and(6), which are
parameterised by Î a n and Î b n, respectively. According to the Born rule (condition 1), the distribution

yºy Y (· ·∣· · )P P , , ,XY AB XY AB conditioned on the choice of initial state yY = corresponds to the one
considered in(7), i.e.,

p
y( ) ( )∣ I P

n6
. 8n d XY AB,

2

Note that = =Y L Y L Y LY L YP P P P PA B Y AB AY B A BY Y B . Freedomof choice (condition 2) implies that
=Y LYP PA B A BY . It follows that =L Y L YP PY AB Y B . By a similar reasoning, we also have =L Y L YP PX AB X A . The

freedomof choice condition also ensures that =L Y L YP P PAB A with Ê( ) Psupp A n and Ê( ) Psupp B n.We
can thus apply lemma 2 to give, with(8),

ò ål l y
p

-yL
=

-

LY( ) ( ∣ )∣ ∣ P P x
d

d

n
d 0, ,

1

12
.

x

d

X A
0

1 2

Considering only the term x=k (recall that <k d) and noting that the left-hand side does not depend on n, we
have

ò l l y - =yL LY( ) ( ∣ )∣ ∣P P k
d

d 0, ,
1

0X A

(otherwise, by taking n sufficiently large, wewill get a contradictionwith the above). Let  be the set of all
elementsλ from the range ofΛ for which l yLY ( ∣ )P k 0, ,X A is defined and equal to

d

1 . The above implies that
y =L Y ( ∣ )P 1. Furthermore, completeness ofΛ (condition 3) implies that for any l Î  for which

l y¢LY ( ∣ )P k 0, ,X A is defined

l y l y¢ = =LY LY( ∣ ) ( ∣ )∣ ∣P k P k
d

0, , 0, ,
1

.X A X A

Thus, using =L Y L YP PA (which is implied by the freedomof choice assumption, condition 2) andwriting d
for the indicator function, we have

ò
ò
ò

y l y l y

d l l y l y

d l l y y

¢ = ¢ ¢

¢ ¢

= ¢ = ¢

Y L Y LY

L Y LY

L Y L Y

( ∣ ) ( ∣ ) ( ∣ )

( ) ( ∣ ) ( ∣ )

( ) ( ∣ ) ( ∣ ) ( )

∣ ∣ ∣

∣ ∣

∣ ∣ 







P k P P k

P P k

d
P

d
P

0, d 0, ,

d 0, ,

1
d

1
. 9

X A X A

X A

17
If  has a larger dimension than Ä A B (e.g., because  is infinite dimensional) thenwe can consider an (infinite dimensional)

extension of B, keeping the samenotation for convenience.
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However, because the vector f y¢ = ¢ge Ui has no overlapwith ñ∣k (because <k d) and because the
measurement P Î{ } x

a
x d

for a=0 corresponds to projectors along the ñ ={∣ }x x
d

0 basis, we have
y¢ =Y ( ∣ )P k 0, 0X A by the Born rule (condition 1). Inserting this in(9)we conclude that y¢ =L Y ( ∣ )P 0. ,

4.Discussion

It is interesting to compare theorem1 to the result of [14], whichwe briefly described in the introduction. The
latter is based on a different experimental setup, where n particles withwave functions Y ¼ Y, , n1 , each chosen
froma set y y¢{ }, , are prepared independently at n remote locations. The n particles are then directed to a device
where they undergo a jointmeasurement with outcomeZ.

Themain result of [14] is that, for any variableΛ that satisfies certain assumptions, thewave functions
Y ¼ Y, , n1 are determined byΛ. One of these assumptions is thatΛ consists of n parts, L ¼ L, , n1 , one for each
particle. To state the other assumptions and compare them to ours, it is useful to consider the causal order
defined by the transitive completion of the relations18

Y L " L ¼ L L L( ) ( ) ( )   Zi , , , , . 10i i n1

It is then easily verified that the assumptions of [14] imply the following:

1. Y YPZ n1 satisfies the Born rule;

2. Y ¼ Y, , n1 are free choices from y y¢{ }, w.r.t.(10);

3.Λ is complete w.r.t.(10).

These conditions are essentially in one-to-one correspondence with the assumptions of theorem1.19 Themain
difference thus concerns themodelling of the physical stateΛ, which in the approach of [14] is assumed to have
an internal structure. Amain goal of the present workwas to avoid using this assumption (see also [25, 26] for
alternative arguments).

We conclude by noting that the assumptions of theorem1 and corollary 1may beweakened. For example,
the independence condition that is implied by free choicemay be replaced by a partial independence condition
along the lines considered in [27]. An analogousweakeningwas given in [28, 29] regarding the argument of [14].
More generally, recall that all our assumptions are properties of the probability distribution YLPXYAB . Onemay
therefore replace themby relaxed properties that need only be satisfied for distributions that are ε-close (in total
variation distance) to YLPXYAB . (For example, the Born rulemay only hold approximately.) It is relatively
straightforward to verify that the proof still goes through, leading to the claim that Y = L( )f holds with
probability at least d-1 , with d  0 in the limit where e  0.

Nevertheless, none of the three assumptions of theorem 1 can be droppedwithout replacement. Indeed,
without the Born rule, thewave functionΨ has nomeaning and could be taken to be independent of the
measurement outcomesX. Furthermore, a recent impossibility result [30] implies that the analogous theorem
with the second assumption omitted does not hold. It also implies that the statement of theorem1 cannot hold
for a settingwith only one singlemeasurement. Thismeans that there existΨ-epistemic theories compatible
with the remaining assumptions. However, in this case, it is still possible to exclude a certain subclass of such
theories, calledmaximallyΨ-epistemic theories [31] (see also [32]). Finally, completeness ofΛ is necessary
because, without it,Λ could be set to a constant, inwhich case it clearly cannot determineΨ.
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Note that this causal order captures the aforementioned experimental setup. In particular, we have Y Li j for ¹i j, reflecting the idea

that the n particles are prepared in separate isolated devices.
19

The choice of ameasurement settingmay be encoded into the state of an extra system that is fed into a fixedmeasurement device.We
hence argue that there is no conceptual difference between the free choice of a state, as implied by the assumptions of [14] (in particular,
preparation independence), and the free choice of ameasurement setting, as assumed in theorem 1.
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AppendixA. Proof of corollary 1

For any distinct y y¢ Î , , let y y¢ , be the set defined by theorem1, i.e.,

y
y

=
¢ =

y y

y y

L Y ¢

L Y ¢

( ∣ )
( ∣ )

∣

∣





P

P

1

0,
,

,

and for any y Î  define the (countable) intersection ºy y y y y¢Î ¢⋂ ⧹ { }  , . This satisfies

y y y¢ = = ¢
yL Y ( ∣ )∣ 

⎧⎨⎩P
1 if

0 otherwise.

(Herewe have used that for any probability distribution P and for any events ¢L L, , = ¢ =( ) ( )P L P L 1 implies
thatP(L∩L′)= 1.)

Todefine the function f, we specify the inverse sets

y = y
y y

y
-

¢Î
¢( ) ⧹ ⋃

⧹ { }
 



⎛
⎝
⎜⎜

⎞
⎠
⎟⎟f .1

The function f is well defined on yyÎ
-⋃ ( ) f 1 because, by construction, the sets y- ( )f 1 are disjoint for

different y Î  . Furthermore, it follows from the above that for any y Î 

y y =L Y
-( ( )∣ )∣P f 1.1

This implies that L = Y( )f holds with probability 1 conditioned on yY = . The assertion of the corollary then
follows because this is true for any y Î  . ,

Appendix B.Quantum correlations

The aimof this appendix is to derive the bound(7)used in the proof of the uniqueness theorem.
Note that the statef, defined by(3), has support on Ä¯ ¯ , where = ñ ñ ¼ - ñ¯ {∣ ∣ ∣ } dspan 0 , 1 , , 1 . Since

the projectorsPx
a and Py

b , defined by(5) and(6), for Î a n and Î b n and for Î ¼ -{ }x y d, 0, , 1 also act

on ̄, we can restrict to this subspace.
For Î ¼ -{ }j d0, , 1 and Î ¼ -{ }k n0, , 2 1 the projectorsP j

k are along the vectors

z ñ = ñ∣ ( ˆ ) ∣X j ,j
k

d
k
n2

where X̂d denotes the generalised Pauli operator (defined in themain text). Towrite these vectors outmore
explicitly, we consider the diagonal operator º å ñáp

=
-ˆ ∣ ∣Z j jed j

d j d
0
1 2 i and the unitary º å ñáp ∣ ∣U e j kd d

ijk d1
jk

2 .

These have the property that =ˆ ˆ †X U Z Ud d d d , and hence it follows that =( ˆ ) ( ˆ ) †X U Z Ud d d d
k
n

k
n2 2 . Thus, we canwrite

/
åz ñ =

-

- + -
ñ

p

p
=

-

∣
( )

∣
⎡⎣ ⎤⎦

⎡⎣ ⎤⎦d m k n j
m

1 1 exp

1 exp 2
,j

k

m

d
k

n

d
0

1
i

2 i

for ¹k 0. Note that z z dá ñ =¢ ¢∣j
k

j
k

j j, , implying that, for each k, P{ }j
k

j is a projectivemeasurement on ̄.

Recall that the probability distribution in(7) is obtained from ameasurement offwith respect to these
projectors, i.e., z z f= á á ñ( ∣ ) ∣( ∣ ∣)∣ ∣P x y a b, ,XY AB x

a
y
b 2.We are now going to show that

å =
p

p( ∣ ) ( )∣P x x a b
d

, ,
sin

sin
, B1

x
XY AB

n

dn

2
2

2 2
2

for - =∣ ∣a b 1, and

å Å - =
p

p( ∣ ) ( )∣P x x n
d

, 1 0, 2 1
sin

sin
. B2

x
XY AB

n

dn

2
2

2 2
2

For this it is useful to use the relation that for any operatorC, f fÄ ñ = Ä ñ( )∣ ( )∣ C CT , where CT denotes
the transpose ofC in the ñ∣i basis. Thus, noting that =U Ud d

T , we have

z z fá á ñ = á ñ( ∣ ∣)∣ ∣ ˆ ( ) ˆ ∣†

d
x U Z U Z U x

1
.x

a
x
b

d d d d d
2

a
n

b
n2 2
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Then, using

å å= ñá = ñá- Åp- +

=

-

( ) ∣ ∣ ∣ ∣† ( )U
d

k m k k d
1

e ,d
jkm

j k m d

k

d
2 2 i

0

1

wefind

åz z fá á ñ = =
-
-

-
-

-

p
p

p∣( ∣ ∣)∣ ∣ ( )
( )

( )d d

1
e

1 1 e

1 e
.x

a
x
b

j

a b
a b

a b3 2 3 2

j
dn

n

dn

i
i

i

Wecan hence use - =∣ ∣1 e 4 siny yi 2 2
2
to obtain

å =
p

p

-

-
( ∣ )∣

( )

( )P x x a b
d

, ,
sin

sin
,

x
XY AB
n d

a b

n
a b

dn

,
2

2

2 2
2

fromwhich(B1) follows. Equation (B2) can be obtained by a similar argument. These two expressions
immediately imply

= -
p

p( )∣

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟I P n

d
2 1

sin

sin
.n d XY AB

n

dn

,

2
2

2 2
2

Using -  x x x x3 sin2 4 2 2 for  x0 1 leads to the bound(7).

AppendixC. Proof of lemma 2

In the followingwe use the abbreviations lºl L(· ·∣· · )P P , , ,XY AB XY AB and =l l (· ·∣ )P P a b, ,XY ab XY AB for the
distributions conditioned on lL = and =( ) ( )A B a b, , .

The inequality in lemma 2 can be expressed in terms of the total variation distance, defined by
º å -( ) ∣ ( ) ( )∣D P Q P x Q x,X X x X X

1

2
, as

ò l lL( ) ( ) ( )∣ ∣P D P d
d

I Pd , 1
4

,X a n d XY AB,0

where d1 denotes the uniformdistribution over ¼ -{ }d0, , 1 , andwhere =a 00 . Furthermore, using

ò l= lL( )P P PdXY AB XY AB (which holds because =L LP PAB ) and that In d, is a linear function, we have

ò l= lL( ) ( ) ( )∣ ∣I P P I Pd .n d XY AB n d XY AB, ,

It therefore suffices to show that, for anyλ,

l l( ) ( )∣ ∣D P d
d

I P, 1
4

.X a n d XY AB,0

For this, we consider the distribution lÅPX a1 , which corresponds to the distribution ofX if its values are

shifted by one (modulo d). According to lemma 5 and using ⎢⎣ ⎥⎦d

d d1

4 4

2

wehave

l l lÅ( ) ( )∣ ∣ ∣D P d
d

D P P, 1
4

, .X a X a X a10 0 0

The assertion then followswith

å å

å

= - Å -

+

l l l

l l l l

l l

- =

Å

- =

Å

( ) ( ) ( )

( ) ( )

( )

∣ ∣

∣ ∣

∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣





I P n P x x P x x

D P P D P P

D P P

2 , 1 ,

, ,

, ,

n d XY AB
x

XY a b
x a b

a b

XY ab

X a b Y a b
a b

a b

X ab Y ab

X a X a

,
, ,

1

1
,

1

1

0 0

0 0 0 0

0 0

wherewe have set º -b n2 1;0 thefirst inequality follows from lemma 4; the second is obtainedwith
=l lP PX ab X a and =l lP PY ab Y b (which are implied by the conditions stated in the lemma) as well as the

triangle inequality for (· ·)D , . ,

AppendixD. Additional lemmas

Lemma3. For any unit vectors y y¢ Î , 1 and f f¢ Î , 2, where ( ) ( ) dim dim1 2 and y y f fá ¢ñ = á ¢ñ∣ ∣ ,
there exists an isometry  U : 1 2 such that y f=U and y f¢ = ¢U .
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Proof.With a y y f f= á ¢ñ = á ¢ñ∣ ∣ and b a= - ∣ ∣1 2 we canwrite y ay by¢ = + ^ and f af bf¢ = + ^

with unit vectors y^ and f^ orthogonal to y and f, respectively. The isometryU can be taken as any that acts as
f y f yñá + ñá^ ^∣ ∣ ∣ ∣on the subspace spanned by y and y¢. ,

Lemma4. For two random variables X and Ywith joint distribution PXY, the total variation distance between the
marginal distributions PX and PY satisfies

å-( ) ( )D P P P x x, 1 , .X Y
x

XY

Proof.Consider º¹
¹P PXY XY X Y , the distribution ofX andY conditioned on the event that ¹X Y , as well as

º=
=P PXY XY X Y so that

= + -¹
¹

¹
=( )P p P p P1XY XY XY

where º - å¹ ( )p P x x1 ,x XY . Themarginals also obey this relation, i.e.,

= + -
= + -

¹
¹

¹
=

¹
¹

¹
=

( )
( )

P p P p P

P p P p P

1

1 .
X X X

Y Y Y

Hence, since the total variation distance is convex,

+ -¹
¹ ¹

¹
= =

¹

( ) ( ) ( ) ( )


D P P p D P P p D P P

p

, , 1 ,

,
X Y X Y X Y

wherewe have used the fact that the total variation distance is atmost 1, as well as == =( )D P P, 0X Y in the last
line. ,

Lemma5.The total variation distance between any probability distribution with range ¼ -{ }d0, 1, , 1 and the
uniform distribution over this set, d1 , is bounded by

Å( ) ( )
⎢
⎣⎢

⎥
⎦⎥D P d

d

d
D P P, 1

1

4
, .X X X

2

1

Proof.Using å ==
-

ÅP d1
d i

d
X i

1
0
1 and the convexity ofD, wefind

å å

å

=
=

-

=

-

Å

=

-

Å

( )

( )

⎛
⎝⎜

⎞
⎠⎟D P d D

d
P

d
P

d
D P P

, 1
1

,
1

1
, .

X
i

d

X
i

d

X i

i

d

X X i

0

1

0

1

0

1

Because =Å - Å Å( ) ( )( )D P P D P P, ,X i X i X X1 1 for all iwehave for i d 2

+
= +

Å Å - Å - Å

Å - Å

( ) ( ) ( )
( ) ( )

( ) ( )

( )

D P P D P P D P P

D P P D P P

, , ,

, , .
X X i X X i X i X i

X X i X X

1 1

1 1

Using thismultiple times yields Å Å( ) ( )D P P iD P P, ,X X i X X1 . Similarly, for i d 2, we use

+
= +

Å Å + Å + Å

Å + Å

( ) ( ) ( )
( ) ( )

( ) ( )

( )

D P P D P P D P P

D P P D P P

, , ,

, ,
X X i X X i X i X i

X X i X X

1 1

1 1

multiple times to yield -Å Å( ) ( ) ( )D P P d i D P P, ,X X i X X1 . Thus,

å å å+ -

=

=

-

Å
= = +

-

Å

Å

( ) ( ( )) ( )

⌊ ⌋ ( )

⌊ ⌋

⌊ ⌋
D P P i d i D P P

d
D P P

, ,

4
, .

i

d

X X i
i

d

i d

d

X X

X X

0

1

0

2

2 1

1

1

2

1

Combining this with the above concludes the proof. ,

Note that there are distributions that achieve the bound of lemma 5, as can be seen for d even and the
distribution = ¼ ¼( )P d d d2 , 2 , , 2 , 0, 0,X , for which =( )D P d, 1 1 2X and =Å( )D P P d, 2X X1 .
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