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Abstract: The technique of functional Legendre transforms is used to develop an effective method for

calculating the characteristics of critical phenomena in quantum field theory models in the Euclidean

space of dimension d. Based on the diagrammatic representation of the second Legendre transform

in the theory with a cubic interaction potential, the construction of self-consistent equations is carried

out, the solution of which makes it possible to find the dimensions not only of the main fields, but also

of the quadratic on the composite operators within the 1/n-expansion. Application of the proposed

methods in the model F has given the opportunity to calculate in the main approximation by 1/n the

anomalous dimensions of both scalar and tensor composite operators quadratic on the fields φ. For

them, as functions of the spatial dimension d, we obtained explicit analytical expressions in the form

of relations of two polynomials with integer coefficients.

Keywords: theory of critical phenomena; scale invariance; functional Legendre transforms; skeleton

diagrams; critical dimensions; 1/n-expansion; composite operators

1. Introduction

One of the most popular calculation methods in quantum field theory and statistical
physics is perturbation theory. However, there are problems for which such methods are
not applicable. An example of this is the problem of calculating the characteristics of critical
phenomena. In this field, there emerged methods for obtaining approximate results in the
form of initial parts of power series, but the interaction constants are not their expansion
parameters. Such approaches can be considered as a modification of the perturbation
theory based on the use for its construction of quantities that can be viewed as small in the
considered physical situation.

Models of quantum field theory in Euclidean space are often applied to quantitative
description of critical phenomena and their characteristics are calculated within ǫ—or
1/n—expansions. The parameter ǫ is the deviation of the space dimension d from some of
its critical value dcr specific to each model, and n is the number of field components [1–5].
Many results of various investigations obtained by such methods are presented in [6].

In order to construct an effective perturbation theory for the description of critical
phenomena the symmetry properties of systems are of great importance. In quantum-
field models, besides invariance with respect to translations and rotations in Euclidean
d-dimensional space, scale and conformal invariance appear also very important.

An element Sλ of the continuous abelian group of scale transformations is given by
the number λ > 0.We call the parameters of the model its constants, which can be set
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in different ways. They can, in particular, change with scale transformations. For the
parameter α, by definition

Sλα = αλ = λ∆α α

where the number ∆α is called the dimension of α. If ∆α 6= 0, then α is called a dimensional
parameter, and if ∆α = 0, it is dimensionless. By definition, λ which defines the Sλ

transformation is assumed to be dimensionless.
For the function F(α1, . . . , αn)

SλF(α1, . . . , αn) = Fλ(α
1, . . . , αn) = F(Sλα1, . . . , Sλαn) = F(α1

λ, . . . , αn
λ).

Therefore,

Sλ

(

n

∏
k=1

αk

)

=
n

∏
k=1

αk
λ = λ∆

(n)
α

n

∏
k=1

αk, ∆
(n)
α =

n

∑
k=1

∆αk ,

Sλ2

(

Sλ1
α
)

= λ∆α
1 Sλ2

α = λ∆α
1 λ∆α

2 α = (λ1λ2)
∆α α = Sλ1λ2

α.

Thus, the dimension of the product of the parameters is equal to the sum of their dimensions,
and Sλ2

Sλ1
= Sλ2λ1

= Sλ1
Sλ2

. For λ = 1 the transformation S1 = 1 is identical and
(Sλ)

−1 = Sλ−1 .
Functions F(α1, . . . , αn) for which

SλF(α1, . . . , αn) = F(λ∆
α1 α1, . . . , λ∆αn αn) = λ∆F F(α1, . . . , αn), (1)

are called generalized homogeneous. They play an important role in the theory of critical

phenomena. If in (1) we put λ = |αk|−1/∆
αk , then we get

F(α1, . . . , αn) = |αk|
∆F
∆

αk F(k)(a1, . . . , an),

where aj = αj|αk|
−

∆
αj

∆
αk and F(k)(a1, . . . , an) = F(a1, . . . ak−1, 1, ak+1, . . . , an) is a function of

n − 1 variables.
For description of critical phenomena, we will employ models of quantum field theory

in Euclidean space of dimension d . Scale transformation of coordinates xi, i = 1, . . . , d, of
its points we will define as follows: xi

λ = xi/λ, that is, ∆xi = −1, and xλ = x/λ, ∆x = −1
for vector x = {x1, . . . , xn}.

The generating functional of Green’s functions in the quantum field theory model
with the action S(ϕ) = S0(ϕ) + Sint(ϕ) is written as

G(J) = c
∫

eiS(ϕ)+JϕDϕ, c−1 =
∫

eiS0(ϕ)Dϕ,

where S0(ϕ) is the free theory action and the functional Sint(ϕ) describes the interactions
in the model. Differentiating G(J) with respect to J and setting J = 0, we get the Green’s
functions

Gn(x1, . . . , xn) = c
∫

eiS(ϕ)ϕ(x1) . . . ϕ(xn)Dϕ.

If the action functional S(ϕ) is local and ̺ = {̺ . . . ̺k} is the set of its parameters, then
it is assumed that there is a scaling transformation SK

λ ̺ of parameters SK
λ ̺i = λdi ̺i, and

replacement ϕ(x) → SK
λ ϕ(x) = λdϕ ϕ(λx) is defined by the dimensions dϕ, d̺i

for which
SK

λ S(ϕ, ̺) = S(SK
λ ϕ, SK

λ ̺) = S(ϕ, ̺). In this sense, the action is said to be scale-invariant
and dimensionless. The dimensions dϕ, d̺i

, as well as the transformation SK
λ are called

canonical.
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The composite operator V(ϕ̂(x)) of the field ϕ̂ in the framework of the functional
approach corresponds to the local functional V(ϕ(x)), from fields ϕ and its derivatives.
The properties of the system associated with the composite operator V(ϕ̂) are characterized
by the functions

Gn(V, x, x1, . . . , xn) = c
∫

V(ϕ(x)) eiS(ϕ)ϕ(x1) . . . ϕ(xn)Dϕ.

In this paper, we restrict ourselves simply to the study of related functions of the form

Gn(V, x1, . . . , xn) =
∫

Gn(V, x, x1, . . . , xn)dx.

Their generating functional is written as

G(V, J) = c
∫

V(ϕ) eiS(ϕ)+JϕDϕ, V(ϕ) =
∫

V(ϕ(x))dx.

If we denote

S′(V, ϕ) = S(ϕ) + ρV(ϕ), G′(V, J) = c
∫

eiS′(ϕ)+JϕDϕ, G′
n(V, x1, . . . , xn) =

δkG(V, J)

δJ(x1) · · · δJ(xn)
,

then

G(V, J) = −i
∂

∂ρ
G′(J)

∣

∣

∣

ρ=0
.

We assume that the action functionals S(ϕ), S′(V, ρ, ϕ) are local and dimensionless. If
ρ′ = {ρ, ρ1, . . . ρp} is the set of all parameters of the functional S′(ϕ), by making the change

variables ϕ(x) → Sk
λ ϕ(x) we obtain, due to the dimensionlessness of S′(ϕ),

G′
n(λx1, . . . , λxn) = c

∫

eiS(ϕ, ρS)V(ϕ, ρV)ϕ(λx1) . . . ϕ(λxn)Dϕ =

= λ−ndϕ−dV c
∫

eiS(ϕ, SK
λ ρS)V(ϕ, SK

λ ρV)ϕ(x1) . . . ϕ(xn)Dϕ.

Here, ρS, ρV are the parameter sets of the action functional S(ϕ) and V(ϕ), respectively.
Thus, the asymptotic of large distances is determined by the action with large values of
the interaction constants of S(ϕ), the dimensions of which are non-negative due to the
renormalizability of the theory, which is assumed. Therefore, to analyze the asymptotic
of the Green functions, it is necessary to sum the contributions of the perturbation theory
series. As a result of such summations, it turns out that, in a critical state, the system is
described by the functions with generalized homogeneous asymptotic of the form

Gn(V, λx1, . . . , λxn) = λ−n∆ϕ−∆V Gn(V, x1, . . . , xn)

with critical indices ∆ϕ, ∆V not coinciding in canonical dimensions dϕ, dV . The difference
between the critical and canonical dimensions is called the anomalous dimension.

In this paper, we will consider quantum field models in Euclidean space with lo-
cal action functional and composite operators of polynomial form. We will obtain self-
consistency equations for calculating the anomalous dimensions of composite operators and
demonstrate their application in the model of the n-component scalar field with On(ϕ2)2

interaction .
Choosing as the action of the most general form,

S(A, ϕ) = −
n

∑
k=1

1

k!
Ak ϕkDϕ.
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With functions of k arguments Ak = Ak(x1, . . . , xk), which we will call potentials, we will
use the expression

G(A) =
∫

e−S(A,ϕ)Dϕ =
∫

exp

{

n

∑
k=1

1

k!
Ak ϕk

}

Dϕ.

as a generating functional of Green’s functions [6]. Denoting A = {A1, . . . , An} the set of
potentials of the theory, we consider them as arguments of G(A).Here, we do not suppose
that the potentials A1, ..., An are local functions. We propose for a composite operator of
the most general form, a local functional written as V(ϕ) = ∑

n
k=1 Vk ϕk/k! = S(V, ϕ), and

denote A′ = {A1 + ρV1, . . . , An + ρVn} = A + ρV.
The functional G(A) satisfies the equations

δ

δAk
G(A) =

1

k!

δk

δAk
1

G(A), k = 2, . . . , n, (2)

n

∑
k=2

Ak
δ

δAk−1
G(A) + A1G(A) = 0. (3)

where the relations (2) express the relationship between derivatives with respect to different
potentials, and (3) is the Schwinger equation [6,7].

In terms of perturbation theory, G(A) is the sum of all Feynman diagrams with lines
∆ = −A−1

2 and vertices Ak, for 1 ≤ k ≤ n , k 6= 2 multiplied by c−1 = exp( 1
2 Tr ln ∆) . The

functional W(A) = lnG(A) is the connected part of G(A), i.e., the sum of all connected
diagrams G(A) with the usual symmetry coefficients and 1

2 Tr ln ∆. The same holds for the
diagrams of W(A′) = lnG(A′) with vertices A′

k, k 6= 2 and lines ∆′ = −(A′
2)

−1.
Using the Wick-Hory theorem, one can write G(A) in the form

G(A) = exp

{

1

2
Tr ln ∆ +

1

2

δ

δϕ
∆

δ

δϕ

}

e−SI(A,ϕ)
∣

∣

∣

ϕ=0
,

where SI(A, ϕ) = S(A, ϕ)|A2=0 is the action of interaction [6,7]. Thus,

G(V, A) = −
∂

∂ρ
G(A + ρV)

∣

∣

∣

ρ=0
= −

∂

∂ρ
exp

{

1

2
Tr ln ∆′ +

1

2

δ

δϕ
∆′ δ

δϕ

}

e−SI(A+ρV, ϕ)
∣

∣

∣

ρ=0,ϕ=0
=

=

(

∆V
δ

δ∆
+

n

∑
k=1,k 6=2

Vk
δ

δAk

)

exp

{

1

2
Tr ln ∆ +

1

2

δ

δϕ
∆

δ

δϕ

}

e−SI(A+ρV, ϕ)
∣

∣

∣

ρ=0,ϕ=0
=

=

(

∆V
δ

δ∆
+

n

∑
k=1, k 6=2

Vk
δ

δAk

)

G(A) =

(

∆V
δW(A)

δ∆
+

n

∑
k=1, k 6=2

Vk
δW(A)

δAk

)

exp{W(A)},

where

∆V =
∂

∂ρ
∆′
∣

∣

∣

ρ=0
= −

∂

∂ρ
(A2 + ρV2)

−1
∣

∣

∣

ρ=0
= ∆V2∆.

Hence, the functional

W(V, A) = e−W(A)G(V, A) = ∆V
δW(A)

δ∆
+

n

∑
k=1, k 6=2

Vk
δW(A)

δAk

is the sum of 1
2 Tr∆V and connected diagrams W(A), with one line ∆ replaced by ∆V and

one vertex Ak, k 6= 2 replaced by Vk in all possible ways. With this replacement, the
diagrams remain connected. Since all diagrams W(V, A) are connected, as follows from
the equality W(V, A) = exp{−W(A)}G(V, A) they have the same symmetry coefficients
as the connected diagrams of G(V, A).
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For the considered model, W(A) is the generating functional of the connected Green’s
functions and we will call W(V, A) the generating functional of V(ϕ)-composite connected
Green’s functions. For their derivatives, connected and connected composite Green’s
functions we will use the notation

Wk(A) =
δk

δAk
1

W(A), WVk(A) =
δk

δAk
1

W(V, A).

We suppose that the asymptotic of connected and connected V-composite Green’s
functions at the critical point are generalized homogeneous. Knowing their form at k = 2,
one can easily obtain the anomalous dimensions of the main field ϕ and the composite
operators V(ϕ). Therefore, we construct equations for the full propagator W2 and V-
composite full propagator WV2 for finding their asymptotic at the critical point, and we
will use these equations to calculate the characteristics of critical phenomena of interest.

2. Functional Legendre Transforms

To construct equations that are satisfied by the Green’s functions that characterize
composite operators, it is convenient to use the formalism of functional Legendre trans-
forms. In statistical physics it was used firstly in [8–10] and then began to be applied to the
problems of quantum field theory as well.

The functional Legendre transform of order m of the generating functional of the
connected Green’s functions W(A) is the functional

Γ(m)(α, Ā) = W(A)−
m

∑
k=1

∫

αk(x1, . . . , xk)Ak(x1, . . . , xk)dx1 . . . dxk, (4)

whose arguments are a set of functions α = (α1, . . . , αm) and potentials Ā = (Am+1, . . . , An).
It is assumed that m ≤ n and the potentials A1, . . . , Am on the right side (4) are expressed
in terms of arguments (α, Ā) so that the equalities

αk =
δW(A)

δAk
, k = 1, . . . , m,

are fulfilled. Thereby,

δΓ(m)(α, Ā)

δαk(x1, . . . , xk)
= −Ak(x1, . . . , xk), k = 1, . . . , m,

and the functional

Φ(m)(α, A) = Γ(m)(α, Ā) +
m

∑
k=1

∫

αk(x1, . . . , xk)Ak(x1, . . . , xk)dx1 · · · dxk

can be considered as an effective action, the stationarity point of which is the set of complete
unconnected Green’s functions without vacuum loops

αk =
δ

δAk
W(A) =

1

G(A)

δ

δAk
G(A) =

1

k!G(A)

δk

δAk
1

G(A), k = 1, . . . , m,

in the considered model. They are solutions of the system of stationarity equations

δ

δαk
Φ(m)(α, A) = 0, k = 1, . . . , m

for Φ(m)(α, A). By substituting them into Φ(m)(α, A), we obtain the generating functional
of connected Green’s functions W(A).
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To calculate the anomalous dimension of the operator V(ϕ), we obtain self-consistency
equations for the Green’s functions of the form

G(V, x, x′) =
∫

e−S(ϕ)V(ϕ)ϕ(x)ϕ(x′)Dϕ. (5)

We assume that the system is at a critical point and the asymptotics of its Green’s functions
at large distances are scale invariant. We also assume the translational invariance. In this
case, the mean values of the local operators are equal to zero, and the two-point Green’s
function is nonzero only for fields of the same dimension, and up to a constant amplitude,
it is a power function of the distance between the points. Thus, for the function (5) we get

G(V, x, x′) =
CV

(x − x′)2(∆ϕ+∆V /2)
, (6)

where ∆ϕ is the total dimension of the field ϕ and ∆V is the total dimension of the functional
V(ϕ).

Now, it should be said that in the most general case by introducing auxiliary fields,
the calculation of the integral in (5) can be presented as a problem in the model of triple
interaction of fields and the quadratic form of the functional V(ϕ). So, for example, for
V(ϕ) = ϕ6 with S(ϕ) = 1

2 (∂ϕ)2 + g
4! ϕ4,

∫

e−
1
2 (∂ϕ)2−

g
4! ϕ4

ϕ6 ϕ(x)ϕ(x′)Dϕ =

=
∫

e−
1
2 (∂ϕ)2−

g
4! ψ2

1 ψ1ψ2δ(ψ1 − ϕ2)δ(ψ2
1 − ψ2)ϕ(x)ϕ(x′)DϕDψ1Dψ2 = (7)

= (c′)2
∫

e−
1
2 (∂ϕ)2−

g
4! ψ2

1+iχ1(ψ1−ϕ2)+iχ2(ψ
2
1−ψ2)ψ1ψ2 ϕ(x)ϕ(x′)DϕDψ1Dψ2Dχ1Dχ2.

where (c′)−1 =
∫

exp{iψχ}DψDχ.
Thus, as the most general, we can consider the problem of calculating the anomalous

dimensions of functions of the form

∫

e
1
3! A3 ϕ3+ 1

2! A2 ϕ2+A1 ϕ1
ϕVϕ ϕ(x)ϕ(x′)Dϕ =

∂

∂ρ

∫

e
1
3! A3 ϕ3+ 1

2! A2 ϕ2+A1 ϕ1+ρϕVϕ ϕ(x)ϕ(x′)Dϕ
∣

∣

∣

ρ=0
.

To describe critical phenomena in this model, it is convenient to use the second Legendre
transform.

3. Model with Cubic Interaction Potential

For functional Legendre transforms of an arbitrary order, there are representations in
the form of an infinite sum of Feynman skeleton diagrams. In the theory with Ak-potentials
of order k ≤ 4 for Legendre transforms of no higher than the fourth order it was developed
in [10]. Generalization of these results to the case of models with an arbitrary number of
potentials Ak for the third and fourth Legendre transforms based on the analysis of their
equations of motion is presented in [11–13]. The solution to the problem of constructing a
diagrammatic technique for Legendre transforms of any high order in the theory with any
number of potentials in a polynomial action is given in [14,15].

The diagrammatic technique for Γ(2)(α, A3) turns out to be the simplest if instead of
the arguments α1, α2 of this functional we use the functions β1, β2 connected with α1, α2 by
the relations [7]

α1 = β1, α2 =
1

2
(β2 + β2

1).

Since G2(x, x′) = 1
2 (W2(x, x′) +W1(x)W1(x′)), the solutions of the stationarity equa-

tions for Φ(2)(β, Ā) are the full connected Green’s functions: βk = δkW(A)

δAk
1

for k = 1, 2 in
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the theory with action S(ϕ) = ∑
3
k=1

1
k! Ak ϕk. These functions are the average field W1 and

the full propagator W2.
The second Legendre transform for the considered model has the form

Γ(2)(β, A3) =
1

2
Tr ln β2 +

1

2
β1 A3β2 + Γ̃(2)(β2, A3).

The diagrams of Γ̃(2)(β2, A3) contain an even number of A3-vertices. In them, lines corre-
spond to β2, they have the usual symmetry coefficients and are 2-irreducible. A diagram
with third-order vertices is 2-irreducible, if it is connected and remains connected when
no more than two lines are removed from it. In the lowest approximation in terms of the
number of vertices, Γ̃(2)(β2, A3) has one diagram that looks like two points connected to
each other by three lines. Its contribution, including the symmetry coefficient is 1

2·3! A3β3
2 A3.

Thus, we obtain for the functional Φ(2)(β, A) the expression

Φ(2)(β, A) =
1

2
Tr ln β2 + S̃(β, A) + Γ̃(2)(β2, A3),

where S̃(A, β) = S0(A, β1) + S̃int(A, β), S0(A, β1) = 1
2 β1 A2β1 + A1β1 and S̃int(A, β) =

1
2 β1 A3β2 +

1
2 A2β2.

Stationarity equations for the functional Φ(2)(β, A) have the form

δS̃

δβ1
= A1 + A2β1 +

1

2
A3β2

1 +
1

2
A3β2 = 0, (8)

1

2
β−1

2 +
1

2
A2 +

1

2
A3β1 +

δ

δβ2
Γ̃(2)(β2, A3) = 0. (9)

It follows from the assumption of scale invariance of their solutions that in this case
A1 = β1 = A3β2 = 0 and the Equation (8) is satisfied in a trivial way. On the left side (9), in
addition to 1

2 A3β1, the term A2 should also be discarded if we assume that the inverse full
propagator has a non-trivial anomalous dimension, which A2 does not. Thus, we obtain
the equation

β−1
2 + 2

δ

δβ2
Γ̃(2)(β2, A3) = 0. (10)

This is the skeleton Dyson-Schwinger equation

D−1 = ∆−1 − Σ(D)

for the full propagator D, in which the contribution of the bare propagator ∆ is discarded
due to the difference in its dimension from the dimension of the asymptotics D and the
self-mass operator Σ(D) at the critical point.

The result is the equation

D−1 + Σ(D) = 0, (11)

describing the manifestation of self-consistency of the critical behavior of the system in its
pair correlations. It follows from (10) that the self-mass operator Σ(D) has the form

Σ(D) = 2
δ

δβ2
Γ̃(2)(D, A3),

and the knowledge of the diagram technique for the second Legendre transform makes it
possible to obtain an approximation for it with an arbitrarily high accuracy.

The Dyson-Schwinger self-consistency equation enables one to find the critical di-
mension ∆ϕ of the field ϕ. Knowing it, one can obtain equations for the functions (6)
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characterizing composite operators. To do this, denote S′(ϕ, ρ) the action functional of
the form S′(ϕ, ρ) = S(ϕ) + ρV(ϕ), where S(ϕ) is the action of the model, in which the
propagator and the mean field are solutions of the Equations (8) and (9). For quadratic with
respect to the field ϕ functional V(ϕ) = 1

2 ϕV2 ϕ and given function V2, the equations

A1 + (A2 + ρV2)β1 +
1

2
A3β2

1 +
1

2
A3β2 = 0, (12)

1

2
β−1

2 +
1

2
(A2 + ρV2) +

1

2
A3β1 +

δ

δβ2
Γ̃(2)(β2, A3) = 0, (13)

obtained by replacing A2 → A2 + ρV2 in (8) and (9), describe the full propagator β2(ρ)
and the mean field β1(ρ) in models with action S′(ϕ, ρ). The main approximations β′

i =
∂

∂ρ βi(ρ)|ρ=0, i = 1, 2, for deviations of function βi(ρ) from their values at ρ = 0 satisfy

the equations that are obtained by differentiating (12) and (13) with respect to ρ and then
putting ρ = 0:

V2β1 + A2β′
1 + A3β1β′

1 +
1

2
A3β′

2 = 0, (14)

1

2
β−1

2 β′
2β−1

2 −
1

2
V2 −

1

2
A3β′

1 −
δ2Γ̃(2)(β2, A3)

δβ2
2

β′
2 = 0. (15)

If we look for solutions to this system of equations at the critical point, assuming
that the translational and scale invariance are not violated by the functions β′

1, β′
2, then

all dimensional mean local characteristics of the system must be equal to zero. Therefore,
all terms in (14) are equal to zero, and this equation is fulfilled in a trivial way. In the
Equation (15), one should discard the term containing β′

1 and the function V2 without

anomalous dimension, assuming that it has 1
2 β−1

2 β′
2β−1

2 .
Thus, under the assumptions made, the functions β′

2 satisfy the equation

β−1
2 β′

2β−1
2 = 2

δ2Γ̃(2)(β2, A3)

δβ2
2

β′
2.

Its solution for a specifically chosen functional V(ϕ) is a correction DV to the critical
asymptotics D of a propagator satisfying Equation (12). It is the solution to the equation

D−1DV D−1 =
δΣ(D, A3)

δD
DV . (16)

It is universal for all V(ϕ) and does not depend on the function V2, which plays the
role of a bare term for DV , just as the Equation (11) does not contain the potential A2, which
determines the leading approximation for the propagator in the framework of perturbation
theory. Thus, to find the anomalous dimensions of the field ϕ and compound operators,
we have the self-consistency Equations (11) and (16). Now, we demonstrate methods that
can be used to solve them.

4. Calculation of Anomalous Dimensions in a Simple Model

As an example, let us apply the self-consistency equations to calculate the anomalous
dimensions in the On ϕ4- theory of a massless scalar n-component field ϕ = (ϕ, . . . , ϕn) in
d-dimensional Euclidean space with action functional

S(ϕ) =
1

2

d

∑
µ=1

(∂µ ϕ)2 +
1

8
g(ϕ2)2

where the following notations are used: (∂µ ϕ)2 = ∑
n
k=1

(

∂ϕk
∂xµ

)2
, ϕ2 = ∑

n
k=1 ϕ2

k .
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4.1. Derivation of Basic Equations

In this model, Feynman diagrams with vertices of the fourth order are used to perform
calculations within the framework of the standard perturbation theory. Therefore, we use
the equality

exp
{

−
g

8
(ϕ2)2

}

= c̄
∫

exp

{

−
1

2g
ψ2 + i

1

2
ϕ2ψ

}

Dψ,

where c̄ =
(

∫

exp
{

− 1
2g ψ2

}

Dψ
)−1

, to go to a theory of interaction of the field ϕ and scalar

field ψ, which is described by an action of the form

S(ϕ, ψ) =
1

2
(∂ϕ)2 +

1

2g
ψ2 +

i

2
ϕ2ψ. (17)

The Green’s functions of the field ϕ of this model and of the original On ϕ4-theory
coincide. Therefore, using the self-consistent equations constructed for the fields ϕ and ψ
basing on (11), (16) and action S(ϕ, ψ) (17), we can find their anomalous dimensions and
anomalous dimensions of the quadratic on ϕ or ψ composite operators.

We assume that the system is homogeneous, isotropic and invariant with respect
to On-rotations of the field ϕ. In this case, the propagator of field ϕ, which depends on
two numbers k, l of its components and coordinates x, y of two points of space, has the
form of an identity n × n-matrix in k, l-components of ϕ multiplied by the scalar function
Dϕ((x − y)2), and the propagator of field ψ is a scalar function Dψ((x − y)2).

The arguments of the functional Γ(2), which defines the self-mass operator Σ, in our
case are the functions Dϕ, Dψ and local potential A3(x, y, z) = iδ(x − y)δ(y − z). The

contribution of Tr ln β2 to the functional Φ(2)(β, A) has the form nTr ln Dϕ + Tr ln Dψ. So
we have 2 equations for Dϕ, Dψ

D−1
ϕ + Σϕ(Dϕ, Dψ) = 0, D−1

ψ + Σψ(Dϕ, Dψ) = 0 (18)

and two equations for the corresponding functions DϕV , DψV

D−1
ϕ DϕV D−1

ϕ =
δΣϕ(Dϕ, Dψ)

δDϕ
DϕV +

δΣϕ(Dϕ, Dψ)

δDψ
DψV , (19)

D−1
ψ DψV D−1

ψ =
δΣψ(Dϕ, Dψ)

δDϕ
DϕV +

δΣψ(Dϕ, Dψ)

δDψ
DψV . (20)

Here, the self-emergy operators Σϕ, Σψ are defined by the functional Γ̃(2)(Dψ, Dψ, A3)

Σϕ(Dϕ, Dψ) =
2

n

δ

δDϕ
Γ̃(2)(Dϕ, Dψ, A3),

Σψ(Dϕ, Dψ) = 2
δ

δDψ
Γ̃(2)(Dψ, Dψ, A3).

In the leading two-vertex approximation, Γ̃(2)(Dϕ, Dψ, A3) = − 1
2 nD2

ϕDψ self-mass
operators and their derivatives have the form

Σϕ = −DψDϕ, Σψ = −
1

2
nD2

ϕ,
δ

δDϕ
Σϕ = −Dψ,

δ

δDψ
Σϕ = −Dϕ,

δ

δDϕ
Σψ = −nDϕ. (21)

We will show that, for large n, this approximation makes it possible to find the leading
term of the asymptotic of order 1/n for the anomalous dimensions of the fields ϕ, ψ, as
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well as all composite operators, and obtain explicit analytic expressions for them. Using
the form of the action S(ϕ, ψ) (17), we find the canonical dimensions dϕ, dψ, dg

dϕ = ̟ − 1, dψ = 2, dg = 2(2 − ̟),

where we introduced the notation ̟ = d/2 for half of the dimension of the space, which we
will use in what follows. Now, choosing the traditional expression η/2 for the anomalous
dimension of field ϕ and denoting σ the anomalous dimensions of field ψ , we present the
solutions of Equation (18) with self-mass operators (21) in the form

Dϕ(x, y) =
Cϕ

(x − y)2(̟−1+η/2)
, Dψ(x, y) =

Cψ

(x − y)2(2+σ)

where Cϕ, Cψ are dimensionless constants.
We will carry out all calculations in the coordinate representation, using the well-

known relations for integrals in a space of dimension d

∫

eipxdxd

x2α
= π̟ H(α)

(

4

p2

)α′

, (22)

∫

dzd

(x − z)2α(z − y)2β
=

π̟ H(α, β, d − α − β)

(x − y)2(α+β−̟)
. (23)

Here, p, x, y, z are vectors of d-dimensional space, ̟ = d/2, α′ = ̟ − α. If it does not
lead to any confusion, we will give this meaning to the stroke in the notation in what
follows. The function H(α) is the ratio of two gamma-functions H(α) = Γ(α′)/Γ(α),
and H(α1, . . . , αn) = H(α1) · · · H(αn). These notations will be useful in the future for
simplifying formulas. We will also use the abbreviated notation for products of gamma
functions Γ(α1, . . . , αn) = Γ(α1) · · · Γ(αn).

From (22) we get the representation for delta-function

δ(x) =
1

(2π)d

∫

eipxdpd =
1

(4π)̟
lim
α→0

H(α)

(

4

x2

)̟−α

=
1

π̟
lim
α→0

H(α)

x2α′
.

Using (23), for the integral operators K, K̄ in the coordinate representation with kernels

K(x, y) =
c

(x − y)2α
, K̄(x, y) =

1

c(x − y)2(d−α−ǫ)
,

where c, α, ǫ are the given numbers, we obtain

lim
ǫ→0

∫

K(x, y)K̄(y, z)dyd = π̟ H(α, d − α) lim
ǫ→0

H(ǫ)

(x − z)2ǫ′
= πd H(α, d − α)δ(x − z).

Therefore, the kernel of the inverse to K operator has the form

K−1(x, y) = p(α)K̄(x, y) =
p(α)

c(x − y)2(d−α)
, p(α) =

1

πdH(α, d − α)
=

H(α′,−α′)

πd
.

Because Γ(x,−x) = Γ(x)Γ(−x) = −π/(x sin(πx)), the function p(α) can be written also as

p(α) = −
α′ sin(πα′)Γ(α, d − α)

πd+1
. (24)
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In the leading one-loop approximation (21), the Equation (18) in the coordinate repre-
sentation read

p(̟ − 1 + η/2)

Cϕ(x − y)2(d−(̟−1+η/2))
=

CϕCψ

(x − y)2(̟−1+η/2+2+σ)
, (25)

p(2 + σ)

Cψ(x − y)2(d−2−σ)
=

n

2

C2
ϕ

(x − y)4(̟−1+η/2)
. (26)

From the equality of the exponents (x − y)2 in the denominators (25) and (26), it
follows that

σ = −η, C2
ϕCψ = p(̟ − 1 + η/2), nC2

ϕCψ = 2p(2 + σ), np(̟ − 1 + η/2) = 2p(2 + σ). (27)

Writing σ as σ = −η and using (24), (27), we get the equation

n(1 − η/2) sin(π(1 − η/2))Γ(̟ − 1 + η/2, ̟ + 1 − η/2) =

= 2(̟ − 2 + η) sin π(̟ − 2 + η)Γ(2 − η, d − 2 + η).

For large n, its solution with respect to η tends to zero and we obtain the following
asymptotic estimates by powers of 1/n

η = η1
1

n
+O

(

1

n2

)

, σ = −η1
1

n
+O

(

1

n2

)

, C2
ϕCψ =

η1Γ(̟ − 1, ̟ + 1)

2

1

n
+O

(

1

n2

)

where

η1 =
4(̟ − 2) sin(π̟)Γ(d − 2)

πΓ(̟ − 1, ̟ + 1)
=

2(̟ − 2) sin(π̟)Γ(2̟)

(2̟ − 1)π̟Γ(̟)2
.

With this result, we can find leading approximations of 1/n-expansion for anomalous
dimensions of composite operators.

4.2. Anomalous Dimensions of Composite Operators

In the one-loop approximation (21) for the self-mass operators, the Equations (19) and (20)
have the form

D−1
ϕ DϕV D−1

ϕ = DϕDψV + DψDϕV , (28)

D−1
ψ DψV D−1

ψ = nDϕDϕV . (29)

Not limited to scalar composite operators, we will also consider tensor ones. We will
obtain equations for composite operators of rank k in a Euclidean space of dimension d, for
which the functions DϕV(x), DψV(x) have the form

C
t
(k)
µ1 ...µk

(x)

x2γ
,

where C is a constant factor and t
(k)
µ1 ...µk

(x) is a symmetric tensor of rank k in d-dimensional
Euclidean space defined as follows. It has dimension −k, and can be represented as a
polynomial in x2

t
(k)
µ1 ...µk

(x) = xµ1
· · · xµk

+
{k/2}

∑
i=1

x2it
(k,i)
µ1 ...µk

(x),



Symmetry 2023, 15, 132 12 of 19

where {n/2} is the integer part of n/2. In addition, it is assumed that the trace of the tensor

t
(k)
µ1 ...µk

(x) on any pair of indices with the numbers i, j is equal to zero:

Tr(ij)t
(k)
µ1 ...µk

(x) =
d

∑
µi ,µj=1

δµiµj
t
(k)
µ1 ...µk

(x) = 0

where δµiµj
is the Kronecker symbol. These conditions define the tensor t

(k)
µ1 ...µk

(x) uniquely.

If ∂x is a vector ∂x = {∂1, . . . ∂d}, where ∂µ = ∂
∂xµ

, then

t
(k)
µ1 ...µk

(x) =
(−1)kx2(γ+k)Γ(γ)

2kΓ(γ + k)
t
(k)
µ1 ...µk

(∂x)
1

x2(γ)
=

(−1)k+1x2k

2kΓ(k)
t
(k)
µ1 ...µk

(∂x) ln x2. (30)

It is also easy to verify, using (23) and (30), that

∫ ∫

dx
(d)
1 dx

(d)
2

1

(x − x1)2a

t
(k)
µ1 ...µk

(x1 − x2)

(x1 − x2)2b

1

(x2 − x′)2c
=

=
(−1)kΓ(b − k)

2kΓ(b)
t
(k)
µ1 ...µk

(∂x)
∫ ∫

dx
(d)
1 dx

(d)
2

1

(x − x1)2a

1

(x1 − x2)2(b−k)

1

(x2 − x′)2c
= (31)

=
(−1)kπd H(a, b − k, c, 3̟ − a − b − c + k)Γ(b − k)

2kΓ(b)
t
(k)
µ1 ...µk

(∂x)
1

(x − x′)2(a+b+c−k−d)
=

=
πd H(a, b − k, c, 3̟ − a − b − c + k)Γ(b − k, a + b + c − d)

Γ(b, a + b + c − k − d)

t
(k)
µ1 ...µk

(x − x′)

(x − x′)2(a+b+c−d)
.

We consider the Equations (28) and (29) in the coordinate representation and are
looking for a solution of them in the form

DϕVµ1,...,µk
(x, y) = D

(k)
ϕV(x − y)t

(k)
µ1 ...µk

(x − y), D
(k)
ϕV(x) =

C
(k)
ϕ

x2γϕ
, (32)

DψVµ1,...,µk
(x, y) = D

(k)
ψV(x − y)t

(k)
µ1 ...µk

(x − y), D
(k)
ψV(x) =

C
(k)
ψ

x2γψ
, (33)

where C
(k)
ϕ , C

(k)
ψ , γϕ, γψ are constant parameters. Due to (31), substituting the contribution

of tensor composite operators (32), (33) into (28), (29), we get in both parts of them expres-

sions that are proportional to the tensor t
(k)
µ1 ...µk

. By comparing its coefficients, we obtain
the equations

C
(k)
ϕ p(α)q(k)(α, γϕ)

C2
ϕ(x − y)2(d−2α+γϕ)

+
CψC

(k)
ϕ

(x − y)2(2+σ+γϕ)
+

CϕC
(k)
ψ

(x − y)2(α+γψ)
= 0, (34)

C
(k)
ψ p(2 + σ)q(k)(2 + σ, γψ)

C2
ψ(x − y)2(d−2σ−4+γψ)

+
nCϕδC

(k)
ϕ

(x − y)2(α+γϕ)
= 0, (35)

where α = ̟ − 1 + η/2 is the critical dimension of the field ϕ. Here, we have used the
notation q(k)(ζ, χ) for the function

q(k)(ζ, χ) =
H(̟ − ζ, d − ζ, χ − k, 2ζ − χ + k − ̟)Γ(χ − k, d − 2ζ + χ)

Γ(χ, d − 2ζ + χ − k)
=

=
Γ(ζ, ζ − ̟, ̟ − χ + k, d − 2ζ + χ)

Γ(̟ − ζ, d − ζ, 2ζ − χ + k − ̟, χ)
.
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For the Equations (34) and (35) to have a solution, the following conditions must
be fulfilled

γψ = γϕ + 2 + σ − α = γϕ + d − 3α (36)

C
(k)
ϕ p(α)q(k)(α, γϕ) + C2

ϕCψC
(k)
ϕ + C3

ϕC
(k)
ψ = 0, (37)

C
(k)
ψ p(2 + σ)q(k)(2 + σ, γψ) + nCϕC2

ψC
(k)
ϕ = 0. (38)

Here, the equalities (36) ensure that the exponents of (x − y)2 in (34) and (35) coincide,

and (37), (38) is a system of homogeneous linear equations for constants C
(k)
ϕ , C

(k)
ψ . The

condition for its solvability is written as

p(2 + σ)q(k)(2 + σ, γψ)(p(α)q(k)(α, γϕ) + C2
ϕCψ)− nC4

ϕC2
ψ = 0.

Using (27) and substituting here p(α) = C2
ϕCψ, p(2 + σ) = nC2

ϕCψ/2, we get
the equation

q(k)(2 + σ, γψ)(q
(k)(α, γϕ) + 1) = 2. (39)

Denoting α − γϕ = 2 + σ − γψ = ρ = −∆V/2, and substituting into (39) γϕ = α − ρ,
γψ = σ − ρ, we write (39) as an equation for dimension ρ of composite operator

Q(k)(2 + σ, ρ)(Q(k)(α, ρ) + 1) = 2, (40)

where we used the notation

Q(k)(ζ, ρ) = q(k)(ζ, ζ − ρ) =
Γ(ζ,−ζ ′, d − ζ − ρ, ρ + k + ζ ′)

Γ(ζ ′, d − ζ, ζ − ρ, ρ + k − ζ ′)
.

For k = 0 we get

Q(0)(ζ, ρ) = H(̟ − ζ, d − ζ, ζ − ρ, ρ + ζ − ̟), Q(0)(ζ, 0) = 1,

and (40) is fulfilled by k = 0, ρ = 0.
To analyze solutions of the Equation (40), it is convenient for us to write it in the form

Q(k)(α, ρ)−
2

Q(k)(2 + σ, ρ)
+ 1 = 0, (41)

and to represent Q(k)(α, ρ), 2/Q(k)(σ, ρ) as products of two functions:

Q(k)(α, ρ) = u
(k)
1 (α, ρ) u

(k)
2 (α, ρ),

2

Q(k)(2 + σ, ρ)
= v

(k)
1 (σ, ρ) v

(k)
2 (σ, ρ),

where for α = ̟ − 1 + η/2, σ = −η

u
(k)
1 (α, ρ) =

(η − 2ρ + 2̟ − 2)(η − 2ρ + 2̟)(η + 2(ρ + k − 1))(η + 2(ρ + k))

(η + 2̟ − 2)(η + 2̟)(η − 2)η
, (42)

u
(k)
2 (α, ρ) =

Γ(1 + η/2, 1 − η/2 + ρ + k, 1 + η/2 + ̟, 1 − η/2 − ρ + ̟)

Γ(1 − η/2, 1 + η/2 + ρ + k, 1 − η/2 + ̟, 1 + η/2 − ρ + ̟)
, (43)

v
(k)
1 (σ, ρ) = Γ(2 − η − ρ, 2 − η + ρ + k − ̟), (44)

v
(k)
2 (σ, ρ) =

2Γ(η + ̟ − 2, η + 2̟ − 2)

Γ(2 − η, 2 − η − ̟, η + ρ + k + ̟ − 2, η − ρ + 2̟ − 2)
. (45)

We are looking for a solution to the Equation (41) in the form ρ = ρ(η) = ρ0 + ρ1η +
O(η2). Here, two situations are possible: at η = 0, the first and the second terms in the left



Symmetry 2023, 15, 132 14 of 19

part of (41) are singular or both are finite. In the first case, as we will see, the values of ρ0

are determined by the singularity points of 1/Q(k)(2, ρ0); in the second case, the canonical
values of ρ can be found from the condition that Q(k)(α, ρ0) is finite at η = 0.

For η = 0, the function u
(k)
1 (α, ρ) can be singular, and u

(k)
2 (α, ρ) for small η is finite:

u
(k)
1 (α, ρ) =

2(ρ0 + k − 1)(ρ0 + k)(ρ0 − ̟)(1 + ρ0 − ̟)

η(1 − ̟)̟
+O(η0), u

(k)
2 (α, ρ) = 1 +O(η).

The function v
(k)
1 (α, ρ) is singular at the point η = 0 for ρ0 = 1 + l and ρ0 = ̟ − 1 −

l − k, where l ≥ 1 is an integer number:

v
(k)
1 (α, ρ)

∣

∣

ρ0=1+l
=

(−1)lΓ(3 + k + l − ̟)

η (l − 1)!(1 + ρ1)
+O(η0),

v
(k)
1 (α, ρ)

∣

∣

ρ0=̟−1−l−k
=

(−1)lΓ(3 + k + l − ̟)

η (l − 1)!(1 − ρ1)
+O(η0).

The function v
(k)
2 (α, ρ) is finite for these values ρ0 and η = 0 and

Q(k)(α, ρ)
∣

∣

∣

ρ0=1+l
=

2F
(k)
1 (̟, l)

η
+O(η0), Q(k)(α, ρ)

∣

∣

∣

ρ0=̟−1−l−k
=

2F
(k)
1 (̟, l)

η
+O(η0),

1

Q(k)(2 + σ, ρ)

∣

∣

∣

∣

∣

ρ0=1+l

=
F
(k)
2 (̟, l)

η(1 + ρ1)
+O(η0),

1

Q(k)(2 + σ, ρ)

∣

∣

∣

∣

∣

ρ0=̟−1−l−k

=
F
(k)
2 (̟, l)

η(1 − ρ1)
+O(η0),

where

F
(k)
1 (̟, l) =

(k + l)(1 + k + l)(1 + l − ̟)(2 + l − ̟)

(1 − ̟)̟
,

F
(k)
2 (̟, l) =

(−1)lΓ(3 + k + l − ̟, ̟ − 2, 2̟ − 2)

(l − 1)! Γ(2 − ̟, l + k + ̟ − 1, 2̟ − l − 3)
.

From the cancellation of the singularity in η for ρ0 = 1 + l and ρ0 = ̟ − 1 − l − k, we
get two equations for ρ1

F
(k)
1 (̟, l)−

F
(k)
2 (̟, l)

1 + ρ1
= 0, for ρ0 = 1 + l,

F
(k)
1 (̟, l)−

F
(k)
2 (̟, l)

1 − ρ1
= 0, for ρ0 = ̟ − 1 − l − k.

Solving them, we obtain the following result for the dimension ρ of the composite
operator within the 1/n-expansion

ρ(k)(̟, l) = 1 + l −
1

n
ρ
(k)
1 (̟, l)η1 +O

(

1

n2

)

,

ρ(k)(̟, l) = ̟ − 1 − l − k +
1

n
ρ
(k)
1 (̟, l)η1 +O

(

1

n2

)

,

where

ρ
(k)
1 (̟, l) = 1 +

(−1)lΓ(̟ − 2, 2̟ − 2, 3 + k + l − ̟)

(l − 1)!(k + l)(k + l + 1)(1 + l − ̟)(2 + l − ̟)Γ(k + l + ̟ − 1, 2̟ − 3 − l,−̟)
.
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If ρ0 = 1 − k, ̟ − 1, −k, ̟, then u
(k)
1 (α, ρ) is finite by η → 0 and ρ1 is defined

by substitution ρ = ρ0 + ρ1η in (41) and the requirement that the obtained equation is
fulfilled in this way up to O(η). Using (42)–(45), it is easy to verify that if ρ = ρ0 +

ρ1η, and ρ0 = 1 − k, ̟ − 1, −k, ̟, then Q(k)(α, ρ) = u
(k)
1 (α, ρ) is non-singular by η = 0

and 1/Q(k)(σ, ρ) = 1/Q(k)(2, ρ0) + O(η). Taking into account these functions in the
approximation η = 0, we obtain 4 equations for ρ1

(1 + 2ρ1)(k + ̟ − 2)(k + ̟ − 1)

(1 − ̟)̟
+

2k!Γ(2̟ − 2)

Γ(2̟ + k − 3)
+ 1 = 0, by ρ0 = 1 − k,

(1 − 2ρ1)(k + ̟ − 2)(k + ̟ − 1)

(1 − ̟)̟
+

2k!Γ(2̟ − 2)

Γ(2̟ + k − 3)
+ 1 = 0, by ρ0 = ̟ − 1,

(1 + 2ρ1)(1 − k − ̟)(k + ̟)

(1 − ̟)̟
−

2(k + 1)!Γ(2̟ − 2)

Γ(k + 2̟ − 2)
+ 1 = 0, by ρ0 = −k,

(1 − 2ρ1)(1 − k − ̟)(k + ̟)

(1 − ̟)̟
−

2(k + 1)!Γ(2̟ − 2)

Γ(2̟ + k − 2)
+ 1 = 0, by ρ0 = ̟.

Solving them, we get the following result:

ρ = 1 − k +
1

n
ρ′1η1 +O

(

1

n2

)

, ρ = −k +
1

n
ρ′′1 η1 +O

(

1

n2

)

,

ρ = ̟ − 1 −
1

n
ρ′1η1 +O

(

1

n2

)

, ρ = ̟ −
1

n
ρ′′1 η1 +O

(

1

n2

)

,

where

ρ′1 =
1

2(k + ̟ − 2)(k + ̟ − 1)

(

(1 − k)(k + 2̟ − 2) +
̟k! Γ(2̟ − 1)

Γ(2̟ + k − 3)

)

,

ρ′′1 =
1

2(k + ̟ − 1)(k + ̟)

(

(1 − k)k + 2̟(1 − k − ̟) +
̟(k + 1)! Γ(2̟ − 1)

Γ(2̟ + k − 2)

)

,

and k = 0 or a positive integer number. Note that if ρ(k)(̟, l) is a solution to Equation (41),
then ρ̄(k)(̟, l) = ̟ + k − ρ(k)(̟, l) is also its solution. The characteristic feature of the
solution is that itis a rational function whose numerator and denominator are polynomials
on ̟ with integer coefficients.

Thus, our calculations made it possible to supplement the currently available list
of results obtained in the framework of 1/n -expansions on the characteristics of critical
behavior in the On ϕ4- model [6,16–18] with anomalous dimensions of composite operators
quadratic in the field ϕ. Their approximations of order 1/n are uniquely determined
by the canonical dimensions of operators, which are found in the process of solving the
self-consistency equations.

In the model with action (17), not all possible canonical dimensions of the composite
quadratic on the fields ϕ and ψ operators can be obtained in such a way. The reason for
this is that we used the one-loop approximation of the skeleton Equations (18)–(20). It is
unsuitable for the calculations of the anomalous dimension of the composite operator if
it is small compared to 1/n when n is large. In this case, the self-consistent equation is
unsuitable for finding both anomalous and canonical dimensions.

4.3. Ultraviolet Divergences and Renormalizations

When carrying out calculations within the one-loop approximation in the skeleton
equations for full propagators, the problem of ultraviolet divergences does not arise. If we
impose on the asymptotics of the renormalized propagators normalization conditions of
the form

Dϕ(x) =
1

x2∆ϕ
, Dψ(x) =

1

x2∆ψ
,
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then the problem of matching the degrees of homogeneity of propagators and self-energy
operators Σϕ(x), Σϕ(x) is solved in the one-loop approximation by the simple relationship
∆ψ = d − 2∆ϕ between the dimensions of the fields ϕ and ψ. This results in equations that
do not contain the coordinates x

p(̟ − 1 + η/2) = g, 2p(2 − η)/n = g,

where g = C2
ϕCψ can be considered as a non-renormalized interaction constant. The

consequence of these equations is the equality p(̟ − 1 + η/2) = 2p(2 − η)/n, which
links the anomalous dimension η of the field ϕ, the number of its components n and the
dimension of the space d.

In solving these equations within the 1/n -expansion, there are no mathematical prob-
lems that could be considered to be a manifestation of ultraviolet divergences. Therefore,
there is also no need to eliminate them by a nontrivial renormalization of the interaction
constant g. It means that in this approximation we can consider it as renormalized: g = gr.
In contrast to the situation outside the critical point, gr cannot be arbitrary, since by virtue
of gr = p(̟ − 1 + η/2), it is a function of only n and d.

In a passing to approximation in skeleton equations with a number of vertices greater
than two, direct substitution of single-loop results for propagators Dϕ(x), Dψ(x) turns out
to be impossible since this leads to ultraviolet divergences of every non-point triple ϕϕψ
subdiagram in any d-space dimension.

However, if κ = d − 2∆ϕ − ∆ψ 6= 0 the contributions of all diagrams of the self-energy
operators Σϕ, Σψ are finite. The divergences arising at κ = 0 appear in them as poles on κ.
They can be eliminated by renormalizing g = grZg(κ, gr) the interaction constant g within
the minimal subtraction scheme with renormalization constant

Zg(κ, gr) = 1 + ∑
i,j>0

cij
gi

r

κ j

where the κ and gr-independent coefficients cij are chosen such that all singularities over κ
in the self-energy operators are canceled. Due to renormalizability of the model, such a
procedure is feasible. Multiplying by z−2κ = exp{−2κ ln z} the equation for Dψ we obtain
the equations of the form

p(̟ − 1 + η/2) = −Σϕr(gr, κ, η, ln x), 2p(2 − η − κ)/n = −Σψr(gr, κ, η, ln x). (46)

both the left and the right parts can be expanded in series on κ in the neighborhood of
κ = 0 . Taking this into account, and assuming that

κ = κ(gr) =
∞

∑
n=0

κngn
r ,

we choose the coefficients κn so that the right-hand sides of Equation (46) do not depend on
ln x. Thus, for this concrete function κ(g) we obtain self-consistent equations of the form

p(̟ − 1 + η/2) = −Σ
(r)
ϕ (gr, η, n, d), 2p(2 − η − κ)/n = −Σ

(r)
ψ (gr, η, n, d). (47)

where Σ
(r)
ϕ (gr, η, n, d) = Σϕr(gr, κ(g), η, ln z), Σ

(r)
ψ (grη, n, d) = Σψr(gr, κ(g), η, ln z). Thus,

The anomalous dimension of the field ϕ and the interaction constant gr at the critical point
depend only on the number of components of the field ϕ and the dimension of space.

In order to construct Σ
(r)
ϕ (gr, η, n, d), Σ

(r)
ψ (gr, η, n, d) in the skeleton representation of

the self-energy operators with not more than 2n vertices, one has to carry out the above
procedure using polynomials on gr of order n − 1 for the vertex renormalization constant
Zr(gr) and the function κ(gr), discarding all values exceeding the precision gn

r in the
renormalized self-energy operators. The obtained results are also valid to a precision of
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gn
r .The first correction to the one-loop self-consistency equations constructed in this way

was used to calculate η2 and ν2 [6,16,17].
The presented method of constructing the self-consistency equations for the fields ϕ

and ψ makes it possible to obtain similar equations for the composite operators as well.
They are written as a system of homogeneous linear equations for constants A and B

A(Q(k)(̟ − 1 + η/2, ρ) + Ξ
(kr)
ϕϕ (gr, ρ, n, d)) + Ξ

(kr)
ϕψ (gr, ρ, n, d)B = 0 (48)

B(Q(k)(2 − η − κ, ρ) + Ξ
(kr)
ψψ (gr, ρ, n, d)) + Ξ

(kr)
ψd (gr, n, d)A = 0 (49)

with functions Ξ
(kr)
ϕϕ , Ξ

(kr)
ϕψ , Ξ

(kr)
ψϕ , Ξ

(kr)
ψψ similar to renormalized operators of self-energy in (46).

The solvability condition of Equations (48) and (49) is written as

(Q(k)(̟ − 1 + η/2, ρ) + Ξ
(kr)
ϕϕ )(Q(kr)(2 − η − κ, ρ) + Ξ

(kr)
ψψ ) = Ξ

(kr)
ψϕ Ξ

(kr)
ϕψ (50)

In the one loop approximation Ξ
(kr)
ϕϕ = Ξ

(kr)
ϕψ = 1, Ξ

(kr)
ψϕ = 2, Ξ

(r)
ψψ = 0.

The nearest to the leading approximation for (48-50) allows us to calculate directly
the indices κ1 = d(2d − 5)η1/(4 − d) (anomalous dimension of the operator ϕ2) and
ω1 = −(d − 1)2η1 (anomalous dimension of the operator ψ2). For κ1, it is possible to
calculate it using single-loop results:

κ1 = 2ρ1 − η1 = −2ρ′1 − η1 = ((d − 1)(d − 2)/(d − 4)− 1)η1 = d(2d − 5)η1/(4 − d).

For the exponent ω1, this is impossible. To calculate it, one must take into account the
contributions to the self-consistency equation of the skeleton diagrams with four and six
vertices [6].

In this paper we present only the results of one-loop calculations for the anomalous
dimensions of the composite operators. In the cases when it is necessary to calculate
corrections for them in the main 1/n - approximation, they can be obtained by solving the
corresponding modified self-consistency equations derived on the basis of the additional
contributions of multiloop diagrams.

5. Discussion

Using an approach based on the formalism of functional Legendre transforms, we de-
rived self-consistent equations that can be applied for calculations of anomalous dimensions
of composite operators in models of quantum field theory and statistical physics.

This made it possible in the On(ϕ2)2- model to calculate the anomalous dimensions of
both scalar and tensor composite operators quadratic in the fields ϕ. Results are obtained
up to corrections of order 1/n2. The methods developed and used for this purpose can be
applied to other models as well.

It is important that the values of anomalous dimensions of different composite opera-
tors are solutions of the same equations. The diagrammatic technique of the second Legen-
dre transform in the theory with cubic interaction was used to construct the self-consistent
equations. By introducing auxiliary fields, similar to what we did in the On − (ϕ2)2-model
and shown in (7), one can obtain corresponding modifications of the self-consistency
equations for other models with interactions and composite operators of polynomial form.

In this case, the number of fields will increase, but the interaction will be cubic
and anomalous dimensions of quadratic on field-composed operators can be calculated
by solving the self-consistency equations. To determine the anomalous dimensions of
polynomial composite operators of degree n > 2, one needs multi-loop calculations; so,
one should expect a value of order 1/nm at m > 1 as a result in the main approximation.
If this is true, then the results we have obtained represent the anomalous dimensions of
all composite operators, which in the main approximation at large n are quantities of the
order of 1/n.
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We hope that the proposed method will find application in studies of behavior of
quantum field models at a critical point. It would be interesting to apply the proposed
approach to the gauge field theory, where, as it is known [19,20], at a critical point there
appears a dependence of anomalous dimensions of basis fields on the choice of gauge and
it is important to reveal the gauge invariant characteristics of critical phenomena.
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