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The coupling between superconductors and oscillation cycles of light

pulses, i.e., lightwave engineering, is an emerging control concept for
superconducting quantum electronics. Although progress has been

made towards terahertz-driven superconductivity and supercurrents,
theinteractions able to drive non-equilibrium pairing are still poorly
understood, partially due to the lack of measurements of high-order
correlation functions. In particular, the sensing of exotic collective

modes that would uniquely characterize light-driven superconducting
coherence, inaway analogous to the Meissner effect, is very challenging
but much needed. Here we report the discovery of parametrically driven
superconductivity by light-induced order-parameter collective oscillations
iniron-based superconductors. The time-periodic relative phase dynamics
between the coupled electron and hole bands drives the transition to
adistinct parametric superconducting state out-of-equalibrium. This
light-induced emergent coherence is characterized by a unique phase-
amplitude collective mode with Floquet-like sidebands at twice the

Higgs frequency. We measure non-perturbative, high-order correlations
of this parametrically driven superconductivity by separating the
terahertz-frequency multidimensional coherent spectrainto pump-probe,
Higgs mode and bi-Higgs frequency sideband peaks. We find that the
higher-order bi-Higgs sidebands dominate above the critical field, which
indicates the breakdown of susceptibility perturbative expansion in this
parametric quantum matter.

Alternating ‘electromagnetic’bias, in contrast to d.c. bias, isemerging
as a universal control concept to enable dynamical functionalities
by terahertz (THz) modulation' ™. THz-lightwave-accelerated super-
conducting (SC) and topological currents®*"'® have revealed exotic
quantum dynamics, for example, high harmonics®"'” and gapless quan-
tum fluid states®, and light-induced Weyl and Dirac nodes"". How-
ever, high-order correlation characteristics far exceeding the known

two-photon light coupling to superconductors are hidden in conven-
tional single-particle spectroscopies and perturbative responses,
where a mixture of multiple excitation pathways contribute to the same
low-order responses®*>. A compelling solution to sensing light-induced
SC coherence far from equilibrium is to be able to identify their cor-
relations and collective modes®**2%, The dominant collective excita-
tions of the equilibrium SC phase range from amplitude oscillations
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Fig.1|Lightwave parametrically driven superconductivity in FeSCs.

a, Schematic of THz-MDCS via THz-pulse-pair excitations and detections. The
schematic of a time-dependent phase-driven Anderson pseudo-spin canting is
shown (top right) where the pseudo-spin components are defined by density
matrix Ap (the ‘Gauge-invariant theory and simulations of THz-MDCS signals’
section). The equilibrium anti-parallel pseudo-spin configuration (top left) is
non-adiabatically driven by the light-induced time dependence of the order-
parameter e-hrelative phase A@ at the Higgs frequency. b, Temporal waveforms
ofthe nearly single-cycle THz pulse pair used in the experiment (red and blue
lines). ¢, Spectra of the used pulses centred at w, = 4 meV (vertical dashed arrow);
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the purple horizontal dashed line indicates the broadband frequency width Aw.
d, Temporal dynamics of the measured coherent nonlinear transmission Ey, (¢, )
(pink) = E,g(¢, T)(black) — Eo(t)(red) — Ex(¢, T)(blue) as a function of gate time tata
fixed delay time between the two pulses, namely, -7 = 6.5 ps, under THz driving
fields of 229 kV cm™ at atemperature of 5 K. e, Temporal dynamics of the Ey, (¢, 7)
amplitude decay below (red diamond, 5 K) and above (black cross, 40 K) T, as a
function of pulse-pair delay time runder THz driving fields of 333 kV cm™. The
correlated nonlinear signal £y, (¢, ) (red) decays over timescales much longer
than the pulse duration.

(Higgs mode) to oscillations of interband phase differences (Leggett
mode) of the SC order parameter. Althoughamplitude modes have been
observed close to equilibrium when external a.c.””” and d.c.'®**fields
breakinversion symmetry (IS), the order-parameter phase-amplitude
coherentoscillations have never been observedin spite of their fascinat-
ing opportunity to parametrically drive quantum phases.
Figurelaillustratesthe parametrically drivenSCstate, whichis char-
acterized by distinct phase-amplitude collective modes arising from
strong light-induced couplings between the amplitude and phase chan-
nelsiniron-based superconductors (FeSCs). The ground state of FeSCs
is known to have s,, rather than Bardeen-Cooper-Schrieffer (BCS),
pairing symmetry, whichis determined by strong coupling between the
electron (e) and hole (h) bands. The state can be viewed as the relative
orientation of correlated Anderson pseudo-spins located at different
momentum points K (ref. °). Up and down pseudo-spins correspond
to filled and empty (k, —-k) Cooper-pair states, whereas canted spins
are the superposition of these up and down pseudo-spins. In FeSCs,
the pseudo-spins are anti-parallelly oriented between the e-h bands
with order-parameter phase difference of 1t (red and blue arrows,
Fig. 1a (top left)) (the ‘THz-MDCS of Anderson pseudo-spin canting
states’ section). The THz-driven dynamics causes time-dependent
deviationsinthiss, relative phase and leads to the precession of the cor-
related pseudo-spins, which, in turn, parametrically drives pseudo-spin
canting (Fig. 1a, top right) from the equilibrium anti-parallel con-
figuration. The latter results from the different dynamics of the
SC phase in each band, which leads to different e-h pseudo-spin

rotations. Consequently, the strong light-induced coupling between
the pseudo-spins (Ap) in each band and the relative phase between
them (A6) (Fig.1a) canlead to phase-amplitude collective oscillations
and emergent nonlinear sidebands, absent for either d.c. currents or
weak field driving.

Terahertz-frequency multidimensional coherent nonlinear spec-
troscopy (THz-MDCS)>*'*¢ represents a correlation tomography and
control tool to distinguish between different many-body response
functions and collective modes. Unlike for THz-MDCS studies of semi-
conductors™***** magnets** and molecular crystals®, Fig. 1a illus-
trates three distinct features of our THz-MDCS scheme applied for
the first time here on superconductors, to the best of our knowledge.
First, our approach is based on measuring the phase of the super-
current coherent nonlinear emission, in addition to the amplitude,
by using phase-resolved coherent measurements with two intense
phase-locked THz pulses of similar field strengths. Taking advantage
of bothreal-time and relative phase of the two THz fields, we separate
in two-dimensional (2D) frequency-space spectral peaks generated
by light-induced correlations and collective mode interactions from
the conventional pump-probe (PP), four-wave-mixing (FWM) and
high-harmonic-generation signals®**. This 2D separation of spectral
peaks arising from high-order nonlinear processes achieves a ‘super’
resolution of higher-orderinteractions and collective modes in highly
non-perturbative states. This capability is not possible with tradi-
tional single-particle or PP spectroscopies”®**. Second, as a result of
lightwave condensate acceleration by the effective local field inside a
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thin-film SC induced by THz pulse pairs and electromagnetic propa-
gation effects’, the Cooper pairs (K, -k) of the equilibrium BCS state
experience SC pairing with finite centre-of-mass momentum ps(¢) (Fig.
1a). Precisely, this phase persists well after the two strong pulses and
exhibits (k + ps(¢)/2, -k + ps(¢)/2) Cooper pairing, due to dynamical
symmetry breaking of the centrosymmetric pairing states’. Third,
the finite-momentum-pairing quantum state with supercurrent flow
that is directly proportional to ps(¢) controllable by two-pulse inter-
ference can host distinct collective modes that parametrically drive
the time-dependent pseudo-spin oscillators. This process triggers
the phase-amplitude dynamicsillustrated in Fig. 1a, whose nonlinear
interactions determine the THz-MDCS spectral profile®.

In this Article, we reveal a parametrically driven SC state by
time-periodiclight-induced dynamics of the order parameter phasein
aBa(Fe, ,Co,),As,superconductor. Such an effect parametrically drives
time-dependent Anderson pseudo-spin canting and precession from
the anti-parallel equilibrium orientation, consistent with our quantum
kinetic simulations. Such parametric drivingbecomesimportant when
the phase dynamics is amplified by a unique phase-amplitude collec-
tive mode that develops with increasing THz pulse-pair driving and
gives rise to the drastic nonlinear shift from w,ee, t0 20y, Floquet
sideband peaks.

THz-MDCS of FeSCs

We measured Co-doped BaFe,As, (Ba-122) epitaxial thin film (60 nm)
atthe optimal doping with 7, =23 K and lower SC gap of 2A, = 6.8 meV
(the ‘Sample preparation and quality’ section). We used THz-MDCS to
measure the responses to two phase-locked, nearly single-cycle THz
pulses Aand B of similar field strength (Fig. 1b), with a central frequency
of w, =4 meV (Fig. 1c, black arrow) and broadband frequency width of
Aw =6 meV (Fig. 1c, purple dashed line). Representative time scans of
these THz-MDCS experiments driven by laser fields Fr,y, 5 s =229 kV cm™
are shown in Fig. 1d. The measured nonlinear differential emission
correlated signal, Ey, (¢, T) = Exg(t, T) — Ex(€) — Eg(t, T), was recorded as a
function of both gate time ¢ (Fig. 1d) and delay time 7= ¢; - £, between
the two pulses A and B (Fig. 1e). We note three points. First, as dem-
onstrated by £y, (¢, 7) (Fig. 1d, pink cross), measured at a fixed delay of
-7=6.5ps, the electric field in the time domain allows for simultane-
ous amplitude-/phase-resolved detection of the coherent nonlinear
responses induced by the pulse pair and has negligible contributions
fromtheindividual pulses. Thisis achieved by subtracting theindivid-
ualresponses, E£,(t) and Ey(¢, 7) (Fig. 1b, red and blue solid lines, respec-
tively), fromthe full signal obtained in response to both phase-locked
pulses, namely, E,g(¢, 7) (Fig. 1d, black solid line). Second, £y, (¢, 7) in
Fig.le vanishes above T, as seen by comparing the 5K (red diamond)
and 40 K (black cross) traces. Third, the THz-MDCS signals persist even
when the two pulses do not overlap intime, for example, at-7= 6.5 ps
(Fig.1d,e). The long-lived correlated signal Ey, (¢, 7) indicates that the
twosubgap laser excitations, centred below 24, (Fig. 1c), have generated
robust supercurrent-carrying macroscopic states persisting well after
the pulse.

Figure 2 compares the 2D THz temporal profile of the coherent
nonlinear signal Ey, (¢, ) for relatively weak (Fig. 2a), intermediate
(Fig.2b) and strong (Fig. 2c) driving fields. The £y, (¢, ) dynamics reveals
that pronounced coherent temporal oscillations last much longer than
the temporal overlap between the two driving pulses (Fig. 1b). One can
introduce frequency vectors characterizing the two pulses A and B,
namely, w, = (W, + Aw, 0) and wy = (W, + Aw, —w, ¥ Aw), respectively,
which are centred around w, = 4 meV (Fig. 1c, black arrow). Following
these notations, the observed long-lived coherent responses generate
sharp THz-MDCS spectral peaks visible up to -8 meV below substrate
absorption (the ‘Sample preparation and quality’ section). These spec-
trawere obtained by the Fourier transform of Ey, (¢, T) with respect to
both¢(frequency w,) and 7 (frequency w,) (Fig. 2d-f). We observe multi-
ple distinguishing and well-defined resonances with unique lineshapes

thatdrastically change withincreasing field strength. These £, (w,, @)
spectrastrongly differ fromthe conventional ones measured, for exam-
ple,insemiconductors>*>**, where peaks are observable at multiples of
the THzdriving pulse frequency w, = 4 meV (Fig. 2d-f, magenta dashed
line), as expected in the case of arigid excitation energy bandgap. The
observed peaksin FeSCs are much narrower than the excitation pulse
width Aw (Fig. 1c, purple dashed line). This result implies that £y, (¢, 7)
oscillates with the frequencies of SC collective mode excitations that
liewithin the Aw value of the few-cycle driving pulses. The width of the
THz-MDCS spectral peaksis determined by the SCmode damping and
not by Aw of the driving pulses.

The normalized Ey, (w,, w,) experimental spectra (Fig. 2g-i)
visualize the nonlinear couplings of SC collective mode resonances and
their field dependences. For the weaker pump field of £, =229 kV cm™
(Fig. 2g), Eyni(w,, w,) shows four dominant peaks. Intriguingly, the
two strongest peaks, roughly (6, 0) and (6, — 6) meV, are located at
higher frequencies, whereas the weaker peaks, slightly below (2, 0)
and (2, -2) meV, are located at lower frequencies. This observation
is in strong contrast to the expectation from conventional harmonic
generation that high-order nonlinear signals should be weaker than
lower-order ones. For the intermediate field of £, = 333 kV cm™ (Fig. 2h),
En (0, w;) shows several peaks close to each other (red and greenlines),
centred at new frequencies of -(5, 0) and (5, -5) meV, which exhibit clear
non-perturbative behaviour as the dominant high-order THz-MDCS
spectral peaks over low-order ones. This observation indicates the
breakdown of the susceptibility perturbative expansion that is valid
around the SC equilibrium state. The spectral profile changes again
withincreasing THz driving: four peaks are observableinthe THz-MDCS
spectrum for the highest studied pump field of E,=475kV cm™. The
two strongest THz-MDCS peaks are roughly located at (2.3, 0) and
(2.3, -2.3) meV, whereas two weaker peaks become detectable at (6.2, 0)
and (6.2, -6.2) meV (Fig. 2i). These high-field peaks should be distin-
guished from the low-field ones at similar frequencies (Fig.2g), asthe
latter have redshifted withincreasing field due to the SC gap reduction.
The evolution of THz-MDCS spectral peaks reflects the emergence of
different collective modes withincreasing driving field, which charac-
terizes the transition to different non-equilibrium SC states.

Light-induced drastic changesin collective
modes
Wefirstintroduce some basic principles to classify the observed peaks
in (w,, w,) space.First, the non-equilibrium SC state driven by the THz
pulse pair is characterized by a quenched asymptotic value of the
time-evolved SC order parameter, which defines the Higgs frequen-
cieswy;=2A..;, wherei=1(i=2) denotes the h (e) pocket of the FeAs
band structure. The above Higgs mode frequencies decrease from
their equilibrium values of 2A,; with increasing field, which leads to
aredshiftin the THz-MDCS spectral features (Fig. 2g-i). Note that we
only probe the lower Higgs mode, w,;; ~ 6.8 meV, whereas the higher
Higgs frequency, w, , 19 meV, lies outside the measured spectral range
(Fig.1c).Second, the THz pulses drive the Anderson pseudo-spin oscil-
lators®** at different momentak (the ‘Pseudo-spin canting driven para-
metrically by phase oscillations’ section). The pseudo-spin dynamics
is dominated by frequencies ~w,; ;4 = (@y;, 0) and ~wy ;5 = (Wy;, — W),
that s, field-dependent Higgs and quasi-particle pair excitations, or
~2w, g, thatis, quasi-particle excitations driven at the laser frequency.
Toidentify which nonlinear process generates each peak measured
in Fig. 2g-i, we use our quantum kinetic simulations (the
‘Gauge-invariant theory and simulations of THz-MDCS signals’ section)
and the above three principles. Lightwave propagation inside an SC
thin-film geometry determines the effective driving field
E(t) = Erp,(0) - ’;lcj(t), which is obtained from Maxwell’s equations’®
and differs from the applied field Eq,,(¢) (nis therefractive indexand ¢
isthe speed of light). This effective field drives the nonlinear supercur-
rent/(t), described self-consistently by solving the gauge-invariant SC
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isindicated by the vertical dashed magenta lines. g-i, Normalized £y, (w,, ,)

Bloch equations®**® (the ‘Gauge-invariant theory and simulationsof  interaction. We directly simulate the Ey, (¢, 7) temporal dynamics meas-
THz-MDCS signals’ section) for a three-pocket SC model with strong  uredinthe experiment (Fig.3a) and then obtain the £y, (w,, w,) spectra
e-h pocket interaction U far exceeding the intraband pairing (Fig. 3b-e). These simulations are fully consistent with the observed
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Fig.3| Gauge-invariant quantum kinetic simulation of THz-MDCS. a, Example
of calculated Ey, (¢, 7) as a function of gate time t and delay time rfor 250 kV cm™
pump field. b-e, 2D Fourier transform of Ey, (¢, ) for THz pump electric fields of
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black (blue) lines indicate the PP w, = w,;, — w, (bi-Higgs frequency sideband

,= 2wy, - W,), whereas IS-breaking signals at Higgs w, = wy, (bi-Higgs frequency
sideband w, = 2wy, ; - 2w,) are marked by the vertical dashed green (red) line;

PP peaks at w, = w, are indicated by the vertical dashed magentaline.f,
Field-strength dependence of the dominant peak in the spectrum of the
interband phase difference A6(w). g, Field-strength dependence of the bi-Higgs
frequency sidebands at 2wy, ; — w, follows the AB(w) behaviour in f, which
identifies the importance of light-induced time-periodic phase dynamics at the
wy, frequency indriving anon-equilibrium SC state. Three excitation regimes are
marked (main text).

drastic change in the THz-MDCS spectra, where non-perturbative
spectral peaks emerging withincreasing field (Fig. 2g-i) are indicative
of a transition to light-driven SC states with different, emergent col-
lective modes.

We elaborate the above quantum state transitions by identifying
three different excitation regimes. They are marked in Fig. 3f (black
dashed lines) and distinguished by the field-strength dependence of
the interband phase difference AGB(w) peak: regime (i), the perturba-
tive susceptibility regime; regime (ii), the non-perturbative state with
dominant Higgs amplitude mode; regime (iii), the parametrically
driven SC state determined by phase-amplitude collective mode. We
first examine regime (i), where the Higgs frequency wy, ; remains close
toits equilibrium value, 2A, = 6.8 meV, similar to the ‘rigid’ excitation
energy gap in semiconductors. The simulated THz-MDCS spectrum
(Fig. 3b) then shows several peaks (Table 1 and Methods) splitting
alongthe w, vertical axis, at w, = w, (dashed magentaline) and w, = wy,
(dashed green line). The conventional PP signals are observed at
(wo, —w,) and (w,, 0) (Fig. 3b), generated by the familiar third-order
processes w, — W, + Wy and wg — Wy + W,, respectively. FWM signals are
also observed at (w,, ®,) and (w,, —2w,), generated by the third-order
processes 2w, — wz and 2w, — w,. However, the perturbative behaviour
inthisregimeisinconsistent with the dominance of higher-order peaks
(Fig. 2g) for the stronger fields used in the experiment (to achieve the
necessary signal-to-noise ratio).

Table 1| Third-order nonlinear processes contributing to the
THz-MDCS spectra

Signal Nonlinear process Frequency space
PP -0+ W, (wo,0)

PP 0~ W+ (o, ~Wo)

FWM 20,0, (o, ~2w0)

FWM 20, - @y (w0, @o)

By increasing the field strength (Fig. 3c-e), the calculated signals
along the w, vertical axis and at (w,, —@,) and (w,, 0) diminish. Only
peaksalong (w,, 0) and (w,, —w,) are then predicted by our calculation,
consistent with the experiment shown in Fig. 2g-i. For the lower field
strength of 250 kV cm™ (Fig. 3¢), our calculated £y, (@,, @,) Shows two
weak peaks at w, =2 meV (black dashed line) and two strong broken IS
peaksatw, = wy; =~ 6 meV (greendashed line) similar to the experimental
THz-MDCS peaks (Fig. 2g). The weak peaks at w, = 2 meV (black dashed
line) arise from the high-order difference-frequency Raman processes
(Methods and Table 2, PP), which generate PP signals at w, = w,;; — @,
(Fig. 2g). The strong peaks at the Higgs frequency w, = w,;; = 6 meV
(Fig. 2g,h, green dashed line) dominate for intermediate fields up to
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Table 2 | High-order nonlinear processes contributing to the
THz-MDCS spectra

Signal Nonlinear process Frequency space

IS Higgs 014 (04— 0,) + (2005 - 2005) (@447, 0)

IS Higgs W15+ (05— 05) + (200, —20,) (@447, ~047)

Bi-Higgs 20,14+ (2005~ 2005) ~ W, (2047~ wo, 0)

Bi-Higgs 20,5 (200, ~2w,) - 0y (20047~ W0, ~204y 1+ Wo)
IS bi-Higgs (@10~ 20,) + @14+ (2005 2005) (200447~ 2w, 0)
ISbi-Higgs  (01,5~205) + 01,5+ (200,—203,) (204720, — 244, +20,)
PP O+ (04~ 0,) + (2005 - 2005) - W, (@447~ wo, 0)

PP @15+ (005~ 05) + (200, ~20,) ~ g (@447~ o, =~ Wy + W)

~400 kV cm™ (Fig. 3f, regime (ii)). However, they vanish if we neglect
the electromagnetic propagation effects, as discussed later. The BCS
ground state evolvesinto a finite-momentum-pairing SC state, which
is determined by the condensate momentum ps generated by non-
linear processes (Supplementary Fig. 4c and Supplementary Note
4). This condensate momentum persists well after the pulse. Higgs
frequency peaks then arise from ninth-order IS-breaking nonlinear
processes generated by the coupling between the Higgs mode and
lightwave-accelerated supercurrent /(¢) (Methods and Table 2, IS
Higgs). The superior resolution achieved for sensing the collective
modes by using THz-MDCS with 2D coherent excitation is far more
than that achieved by using a static IS-breaking scheme using a direct
current (Supplementary Fig. 9 and Supplementary Note 7).

For even higher field strengths of 350 kV cm™ (Fig. 3d) and
700 kV cm™ (Fig. 3e), the THz-MDCS spectra change above the excita-
tion threshold where the order-parameter phase dynamics becomes
substantial (Fig. 3f, regime (iii)). In this regime, new dominant
THz-MDCS peaks emerge at w, = 2wy — w, (Fig. 3d,e, blue dashed ine),
referred to as bi-Higgs frequency sideband. Satellite peaks are also
observed atw, = 2w, ; - 2w, (Fig. 3d,e, red dashed line). Figure 3g dem-
onstrates athreshold nonlinear behaviour of these bi-Higgs frequency
sideband peak strengths, which coincides with the development of
strong phase dynamics (Fig. 3f). These theoretical predictions are fully
consistent with our experimental observations (Fig. 2h,i). For the inter-
mediatefield (Fig. 3d), the THz-MDCS peaks at w, = 2w,;; — 2w, = 4 meV
(red dashed line) and w, = w,;; = 6 meV (green dashed line) are close to
eachother. Asaresult, they merge into asingle broad resonance around
(5,0) and (5, -5) meV, which agrees with the measured broad, overlap-
ping THz-MDCS peaks of -5 meV (Fig. 2h). The calculated w, = 2w,;; — @,
peak (Fig. 3d, blue line) is not experimentally visible due to substrate
absorption. For the highest studied field strength (Fig. 3e), the calcu-
lated THz-MDCS signals are dominated by the bi-Higgs frequency non-
linear sidebands at w, = 2w,;; - W, = 6 meV and w, = 2wy ; — 2w, = 2 meV
(wy; redshifted to ~5 meV with the highest driving field used). Both
sidebands peaks now fall into the substrate transparency region and are
clearlyresolvedinFig.2i. The emergence of these new THz-MDCS peaks
in regime (iii) is a direct manifestation of the phase-driven Anderson
pseudo-spin canting (Fig. 1a), as further discussed later.

Figure 4 demonstrates the strong temperature dependence and
redshiftinthe observed peaks as we appoach T.. The THz-MDCS spec-
trum £y, (w,, w,) at a temperature of 16 K is shown in Fig. 4a for the
intermediate field of £, =333 kV cm™. It is compared in Fig. 2h with
the spectrum at 7=>5K for the same excitation. The broken IS signals
observed at the Higgs mode frequency w, = w,,; redshift withincreasing
temperature, from (5.0, 0) and (5.0, -5.0) meV peaks at 5 K to broad
peaks slightly below (2.5, -2.5) and (2.5, 0) meV at 16 K (Fig. 4a, green
line). This redshift arises from the thermal quench of the SC order
parameter 2A,; with increasing temperature. However, unlike for the

case of THz coherent control of the order parameter (Fig. 2h), athermal
quench does not produce any obvious bi-Higgs frequency THz-MDCS
peaks, expected at ~1 meV, which is indicative of the coherent origin
of the latter. Figure 4b,c shows the temperature dependence of the
measured differential coherent emission £y, (¢, 7) and corresponding
En (w,, T) at a fixed pulse separation of -7 = 6.5 ps. By comparing the
5K (blackline) and 22 K (grey) traces (Fig. 4b,c), itis evident that when
approaching T.from below, the coherent nonlinear emissions quickly
diminishand redshift. Finally, Fig. 4d,e shows adetailed plot of £y, (w,, T)
up to100 K. Theintegrated spectral weight (Fig. 4d) correlates with the
SCtransition at T. (grey dashed line).

Phase-amplitude mode and parametric driving

Figure 5 offers more insights into the physical mechanism behind the
observedtransitioninthe THz-MDCS spectrawithincreasing field. First,
we compare Ey, (w,, @) for afield strength of 250 kV cm™ between (1) the
full calculation that includes electromagnetic propagation and inter-
ference effectsleading to slowly decaying ps(¢) after the pulse (Fig. 5a)
and (2) a calculation without electromagnetic propagation effects
where ps(¢) oscillates during the THz pulse and vanishes afterwards
(Fig. 5b). The w, = wy; peaks vanish in Fig. 5b (green dashed line) and
Ey (0, @;) isdominated by broad PP peaks at w, = @, = 4 meV. This result
suggests that the peaks at w,;;, which dominate the PP peaks in nonlin-
ear regime (ii) (Fig. 2g (experiment) and Fig. 5a (theory)), provide the
coherent sensing of non-perturbative Higgs collective modes underpin-
ning the finite-momentum-pairing SC phase (Supplementary Note 7).

Next, we turn to the transition from Higgs to dominant bi-Higgs
signals at w, = 2wy ; — w,. We associate this transition with the develop-
ment of a time-dependent pseudo-spin canting from the equilibrium
anti-parallel pseudo-spin directions, which is parametrically driven by
amplified relative phase dynamics at frequency wy; (the ‘Pseudo-spin
canting driven parametrically by phase oscillations’ and ‘Phase-ampli-
tude collective mode and bi-Higgs frequency sidebands’sections). If the
interband Coulomb coupling exceeds the intraband pairinginteraction,
the Leggett-mode phase oscillations lie well within the quasi-particle
continuum (regime (i) for weak THz fields; Fig. 3f), so they are over-
damped. Above the critical THz driving (Fig. 3f, regime (iii)), however,
the THz-modulated superfluid density of strongly Coulomb-coupled
e-h pockets (the ‘Phase-amplitude collective mode and bi-Higgs fre-
quency sidebands’ section and Supplementary Note 4) enhances the
nonlinear coupling of the order-parameter phase and amplitude oscil-
lations. Thisleads to phase oscillations at the same Higgs frequency wy; ;
astheamplitude oscillations, which we refer as to the phase-amplitude
collective mode. The latter interacts with quasi-particle excitations at
an energy of ~wy, ;, which amplifies the THz-MDCS sideband peaks at
frequencies ~2wy (Fig. 3e). This amplification is at the expense of the
Higgs mode peak at w, ;, which dominates in regime (ii) (Fig. 3f).

To further corroborate the transition from Higgs amplitude to
phase-amplitude collective mode, we compare (Fig. 5c¢,d) the
THz-MDCS spectra obtained from the full calculation for 700 kV cm™
driving with those obtained by turning off the pseudo-spin canting
around the s, equilibrium state driven by the w, ; time-periodic phase
oscillations (Supplementary Figs. 4d and 6 and Supplementary Note
4).Our formulation of the gauge-invariant SC Bloch equationsin terms
of two coupled pseudo-spin nonlinear oscillators (the ‘Pseudo-spin
canting driven parametrically by phase oscillations’ section) shows
that non-adiabatic pseudo-spin canting is parametrically driven with
the time-dependent strength of ~ | A;|2 sin(2A8)Ap; ,, where Ap, and
Ap,arethe THz-driven deviations of thexand y Anderson pseudo-spin
components from equilibrium, respectively. Such phase-dependent
contributionto the nonlinear response is amplified by the strong THz
modulation of the superfluid density characterized by light-induced
changes in |A,|°. Consequently, the threshold nonlinear field depend-
ence of this coupling (Supplementary Fig. 4d) leads to the strong field
dependence of the ~2w,;, sideband (Fig. 3g). By comparing Fig. 5c,d,
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and for a calculation without interband interaction, U= 0 (E, =100 kV cm™) (e).
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we see that the signals at frequencies w, = 2wy — w, (blue dashed line)
and w, =2w,;; - 2w, (red dashed line) are absent when the order param-
eter phase can be approximated by its equilibrium value. We also com-
pare the full result with a calculation without interband Coulomb
interaction between the e and h pockets (Fig. 5e), which again dimin-
ishes the bi-Higgs frequency signals.

Conclusion

We demonstrate parametrically driven superconductivity enabled
by light-induced phase-amplitude coupling and by time-periodic
relative phase dynamics. Higgs coherence tomography of the
lightwave-induced high-order correlations and entanglementin para-
metric quantum matter is of direct interest to quantum information,
sensing and superconducting electronics.
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Methods

Sample preparation and quality

We measure optimally Co-doped BaFe,As, epitaxial single-crystal thin
films* (Supplementary Note 8 and Supplementary Figs.10-12). They
are 60 nmthick, grown on 40-nm-thick SrTiO; buffered (001)-oriented
(La;Sr)(Al;Ta)O; single-crystal substrates. The sample exhibits an SC
transition at T, = 23 K (Supplementary Fig. 11). THz spectra are visible
up to ~-8 meV below substrate absorption (Supplementary Fig. 12).
The base pressure is below 3 x 107 Pa and the films were synthesized
by pulsed laser deposition with a KrF (248 nm) ultraviolet excimer
laser in avacuum of 3 x 10~ Paat 730 °C (growth rate, 2.4 nms™). The
Co-doped Ba-122 target was prepared by a solid-state reaction with a
nominal composition of Ba/Fe/Co/As =1.00:1.84:0.16:2.20. The chemi-
cal composition of the thin film is found to be Ba(Fe,,C0 05),AS; s,
whichis close to the stoichiometry of Ba-122 with 8% (atomic percent-
age) optimal Co doping. The pulsed laser deposition (PLD) targets
were made in the same way using the same nominal composition of
Ba(Feg.,,C00,05),AS;-

The epitaxial and crystalline quality of the sample were con-
firmed by four-circle X-ray diffraction, complex THz conductivity
and other extensive chemical, structural and electrical characteriza-
tions (Supplementary Figs. 10-12). Equilibrium low-frequency elec-
trodynamics measurements show that the superfluid density n;
vanishes above 7. = 23 K and that the lower SC gap is ~6.2-7.0 meV, in
agreement with the values quoted in the literature**. We measured
temperature-dependent electrical resistivity for SC transitions by the
four-point method (Supplementary Fig.11). Onset 7.and T at zero resis-
tivity areashighas23.4 and 22.0 K, respectively,and AT is as narrow as
1.4 K.These are the highest and narrowest values for Ba-122 thin films.
Inour prior papers, we also checked the zero-field-cooled magnetiza-
tion T, and clearly showed a diamagnetic signal by superconducting
quantum interference device magnetometer measurements.

THz-MDCS of Anderson pseudo-spin canting states
Following the early work of Anderson*’, an SC state can be viewed
in terms of an N-spin/pseudo-spin state, with one 1/2 spin at each
momentum pointinteracting with all the rest. The spin texture result-
ing from this long-range spin interaction, determined by the rela-
tive orientation of the different correlated spins located at different
momentum points, describes the properties of the SC state. Unlike in
one-band SCs with BCS order parameter, the properties of the multi-
band iron pnictide superconductors studied here are determined by
the strong coupling between the e and hbands and the corresponding
pseudo-spins. The ground state is known to have s, order parameter
symmetry. This means that, inequilibrium, the Anderson pseudo-spins
are anti-parallelly oriented between the e and h bands (Fig. 1a). This
anti-parallel pseudo-spin orientation between different bands reflects
aphase difference of Tt between the e and h components of the order
parameter. Collective excitations of the SC state may be described
as magnon-like collective excitations of the Anderson pseudo-spins,
whereas quasi-particle excitations correspond to flipping a single spin.
THz excitation leads to precession of the correlated pseudo-spins
around their equilibrium positions. The new light-driven dynamics pro-
posed here causes time-dependent deviationsin the order-parameter
relative phase between the e and h bands, which, inturn, parametrically
drive Anderson pseudo-spin time-dependent canting from the equilib-
rium anti-parallel orientation corresponding to the e-h phase differ-
ence of . Such canting from the anti-parallel pseudo-spin orientation
between the e and hbands results from the different dynamics of the SC
phaseineachband, whichleads to different e-h pseudo-spinrotations.
Closeto equilibrium, time-dependent oscillations of the e-hrrela-
tive phase that drives pseudo-spin canting resultsin the Leggett-phase
collective modes. These collective modes are additional to the Higgs
amplitude modes. However, the Leggett linear response modes are
dampediniron pnictides, as their energy lies within the quasi-particle

excitation continuum, higher than the frequency of the lower Higgs
amplitude mode that coincides with twice the SCgap 2A,. Our numeri-
cal results presented in the main text show that strong light-induced
time-dependent nonlinear coupling of the order-parameter phase and
amplitude oscillations leads to phase oscillations at the same Higgs
frequency as the amplitude oscillations. We refer to such phase-ampli-
tude simultaneous oscillations at the same frequency of twice the
SC energy gap as the phase-amplitude collective mode of the highly
driven non-equilibrium state. This phase-amplitude collective mode
replaces the Higgs amplitude and Leggett-phase collective modes,
which describe the perturbative low-order responses to the THz driv-
ing electric field. Since the relative phase of the order-parameter e-h
components determines the anti-parallel pseudo-spin configuration
that defines the SC equilibrium state of iron pnictides, the develop-
ment of relative phase oscillations around  at the same frequency as
the amplitude Higgs oscillations non-adiabatically drives an ultrafast
spin canting from the equilibrium anti-parallel pseudo-spin configu-
ration. Such phase-driven Anderson pseudo-spin canting (Fig. 1a)
corresponds to a time-dependent change in the relative pseudo-spin
orientation between the e and hbands. This ultrafast canting from the
anti-parallel orientation oscillates at the Higgs rather than Leggett
frequency above the THz excitation threshold. It is in addition to the
collective pseudo-spin precession within eachindividual band, which
describes the hybrid-Higgs light-induced collective mode of iron pnic-
tidesintroduced inour previous work*. The relative phase oscillations
around the equilibrium value of mare long lived when their frequency
shifts tothe Higgs mode frequency of twice the SC energy gap, whichis
below the quasi-particle continuum leading to the damping of the Leg-
gett phase mode. Therefore, this frequency shift,induced by the strong
light-induced coherent coupling of the order-parameter phase and
amplitude oscillations above the threshold field, parametrically drives
anon-equilibrium state characterized by time-dependent pseudo-spin
canting from the anti-parallel equilibrium configuration. The nonlinear
couplingbetween the pseudo-spin and phase oscillations at the Higgs
frequency resultsin THz-MDCS sidebands at twice the Higgs frequency,
whichis confirmed by our numerical results in the main text.

To create and characterize the Anderson pseudo-spin canting
states, the FeAs SC film is excited with two broadband THz pulses
of similar amplitudes, with a centre frequency of ~1.0 THz (4.1 meV)
and broadband frequency width of Aw = 1.5 THz (Fig. 1c). The meas-
ured nonlinear coherent differential transmission Ey, (¢, T) = Exg(t, T) —
EA(t) - Eg(t, 7) is plotted as a function of gate time ¢ and the delay time
between the two pulses Aand B, thatis, 7. The time-resolved coherent
nonlinear dynamics is then explored by varying the interpulse delay
T between the two THz pulses. Measuring the electric fields in the
time domain through electro-optic sampling by a third pulse allows
the phase-resolved detection of the sample response as a function of
gatetime¢. The signals arise from third- and higher-order nonlinear PP
responses of the SC state, which are separated from the linear response
background to obtain anenhanced resolution. Details of our THz setup
can be found elsewhere”?*#344,

Gauge-invariant theory and simulations of THz-MDCS signals
Details are presented in Supplementary Notes 1 and 2. In thin-film
SCs, electromagnetic propagation effects combined with strong SC
nonlinearity leads to an effective driving electric field and Cooper-pair
centre-of-mass momentum that persist well beyond the duration of the
laser pulse. To model both effects in agauge-invariant way, we use the
Boguliobov-de Gennes Hamiltonian**®

H=Y [fd&xy ,x)

X [&(p + eAX, 0) - — e(X, ) + 1y (X) + p " ()] Yoy () (1)
-2/ Ex[A009] ,008] 00 +hc],
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where the fermionic field operators wZ_v(x)create anelectron character-
izedbyspinindexaand bandindexv; & (p + eA(x, t)) isthe band disper-
sion, with momentum operator p =-iV,, vector potential A(x, ) and
electron charge —e; u denotes the chemical potential; and ¢(x, t) is the
scalar potential. The complex SC order parameter componentin band
vis given by

Ay(X) = =23 8y, A (0P 1 (X))
1 @
=]A,(x)[el00

The Hartree and Fock energy contributions are

w00 =23 / X VX =Xy (X) 3

and

ﬂg‘v(x) = _gv,vna,v(x) B “4)

respectively, where n,,(x) = (¢} ,()¢,,(x)). Here V(x - X’) is the
long-ranged Coulomb potential, with Fourier transform V, = €%/(£,g),
which pushes the in-gap Nambu-Goldstone mode up to the plasma
frequency according to the Anderson-Higgs mechanism*2. The Fock
energy ug"(x) ensures charge conservation. Also, g, describes the
effective interband (A1 # v) and intraband (A = v) pairing interactions.

The multiband Hamiltonian (1) is gauge invariant under the general
gauge transformation®’

U, (X) — ei5AM2y, (x), 5)

when the corresponding vector potential, scalar potential and SC order
parameter phases transform as

AKX) — AX) + Z—IeVA(x),

Hx) —>
6,() = 6,(x) + A(X).

PO - 5 2 AMX), ©

Here we introdyced the field operator in Nambu space,
U, (X) = ((/)I’V(x), ¥, ,(x)),and the Paulispinmatrix o, = ( 0 -1 } However,
the density matrix p™(x,x’) = (@M (x,X")) = (&,(x)%, (x')depends on the
specific choice of the gauge. To obtain gauge-invariant SC equations
of motion, we introduce centre-of-mass and relative coordinates
R=(x+x’)/2andr=x - x’and define the transformed density matrix®

pY(r,R) = exp [—iefoE dAAR +Ar,£) xr 0y

7)
x pY(r,R) exp[—ie/_og dAAR +Ar, 1) x r03] ,

where pM(r,R) = (&, (R + < )sp”r R- —))) By applying the gauge trans
formationin equation (5) the densnty matrix p™(r, R)transforms as*

PV, R) - expliosA(R)/2] ®)
xpM(r,R) exp [—io3 A(R)/2] .

After applying a Fourier transformation with respect to the relative
coordinate r, we perform an additional gauge transformation,

PV, R) = e7 190 R250) (| R) %0 ®/2 9)

toeliminate phase 6, of the SC order parameter for reference band v,,.
The equations of motion then depend on the phase difference,

66, = 6,, — 6,, of the order parameter components between different
bandsv #v,. Thelatter relative phases also determine the equilibrium
symmetry of the multiband SC order parameter (for example, s, ors,).

Assuming that the multiband SC system is only weakly spatially
dependent®**®, we express the gauge-invariant density matrix in terms
of Anderson pseudo-spin components at each wavevector k:

3
POK =Y 5 K)o, (10)

n=0

Hereo, n=1,...3, are the Pauli spin matrices, g, is the unit matrix
and p (k)are the pseudo-spin components of band v. We then straight-
forwardly derive gauge-invariant SC Bloch equations of pseudo-spins,
thus generalizing the data from another work*® to the multiband case:

255000 = —eE®) - Vipy ()

—|A,|[sin 86,5 (1) - B (1) + 05 86,(p5 (4 - P (k)|

20710 = —E,(0p3(K) — | A, | sin 86,N, (K),

25000 = E,(0p" () — | A, | c0s 86,N, (K,

2000 = —eE® - Vipy ()

~14|[sin 66,1 (k_) + 51 (K,) + cos 66,25 (K,) + 55 (k)]
an

where k, =k + ps/2. The above equations were solved numerically
coupled to Maxwell’sequations to compare with the experiment. Three
differentsources drive light-induced pseudo-spin motionin the above
equations: condensate centre-of-mass momentum ps, effective chemi-
cal potential u.and order-parameter phase difference between dif-
ferent bands v, namely, 66, = 6,, — 6,. The coupling of the laser field
leads to the time-dependent band energy

Ey(K) = §(ko) + §,(Ky ) + 2(0efr + 1) (12)

This time dependence comes fromthe light-induced condensate
momentum ps(t), the effective chemical potential p. and the Fock
energy

]1 = % (IIF +p|: ) = _gv,vz [1 +ﬁg‘,)(k):| ‘ (13)
3

The spin-1 and spin-¥ electron populations determine the
phase-space filling contributions:
Ny(K) = 3 (k) = p (k) = pY(K,) — B3V (k). (14)
Compared withthe conventional pseudo-spin modelsusedinthe
literature before, the gauge-invariant SC Bloch equations (equation
(11)) include quantum transport terms proportional to the laser electric
field, suchas eE - V5% (k) which also lead to +p(¢)/2 k-space displace-
ments of the coherences and populations in the
finite-momentum-pairing SC state. Dynamically induced IS breaking
leads to the coupling between p,(k)and p;(k) described by equation
(11). As already discussed in other work®*?°?¢* by also including the
lightwave electromagnetic propagation effects inside the SC system,
described by Maxwell’s equations, the above IS breaking persists after
thedriving pulse.
We obtain the experimentally measured signals by calculating the

gauge-invariant supercurrent®

Jo = eZ Vi&110py 1) (15)
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with pseudo-spin component p{’(k). The nonlinear differential trans-
mission measured in the experiment is obtained in terms of J(¢) by
calculating the transmitted electric field after solving Maxwell’s equa-
tions. For a superconducting thin-film geometry, we obtain the effec-
tive driving field*®

EO) = Eny, (0 = 52000, (16)

where Eq,,(¢) istheapplied THzelectricfield, cis the speed of light and
nis therefractive index of the SC system. THz lightwave propagation
inside the SCthinfilmisincluded inour calculation by self-consistently
solving equation (16) and the gauge-invariant SC Bloch equations
(equation (11))*%. Using the above results, we calculated the nonlinear
differential transmission-correlated signal measuredin the THz-MDCS
experiment, whichis given by

Eny = Eg(6, 1) — Ex(8) — Eg(L,T) 17)

for the collinear two-pulse geometry used in the experiment (Fig. 1a).
E,s(t, 7) is the transmitted electric field induced by both pulses A and
B, which depends on both gate time ¢t and delay time between the two
pulses, 7. E,(¢) and Eg(t, 7) are the transmitted electric fields resulting
from separate driving by pulse A and pulse B. The THz-MDCS spec-
tra are obtained by the Fourier transform of Ey, (¢, T) with respect to
both ¢ (frequency w,) and 7 (frequency w,). To analyse the spectra, we
introduce ‘time vectors’t’ = (¢, ) and ‘frequency vectors’ (w,, w,), such
that the electric fields used in the calculations can be written as E,(¢)
sin(w,t’) and Ez(6)sin(wgt’). In these calculations, we assume Gaussian
envelope functions E, z(¢'). The corresponding frequency vectors of
the two pulses A and B are w, = (w,, 0) and w; = (w,, —®,), where w, is
the central frequency of the pulses.

We solve the gauge-invariant optical Bloch equations (equation
(11)) for a three-pocket model with an h pocket centred at the I'-point
andthetwo e pocketslocated at (1, 0) and (0, ). Weinclude theinter-e—
h pocket interactions (g, = g, .) as well as intrapocket interactions
(V3=g») and neglect the inter-e-e pocket interactions for simplicity.
We use aninterband-to-intraband interactionratioof U=g,,/V,=3to
model the dominance of interband coupling between the e-h pockets
over theintraband interactionin FeSCs. The pockets are described by
using the square lattice nearest-neighbour tight-binding dispersion
&.(k) =-2[J,cos(k,) +J,,cos(k,)] + u, with hopping parameterJ,; and
band offset u,. We choose a circular h pocket with/,, =/, ,=25.0 meV
and p; =-15.0 meV. We introduce the known particle-hole asymme-
try between the e and h pockets in our system**~° by considering
elliptical e pockets with/,,=/;,=-25.0 meV, /,,=/;,=-80.0 meV and
U, = 13 =15.0 meV. Such asymmetry strongly suppresses the higher
Higgs mode in the spectra of £y, in our calculation, as discussed else-
where?*. We assume s, pairing symmetry with equilibrium SC order
parameters A, = 3.4 meV for theh pocketsand A, = A;=9.7 meVfor thee
pockets. The multiband SC system is excited with two equal broadband
pulses with centre frequency w,=1THz.

Pseudo-spin canting driven parametrically by phase
oscillations

Toidentify the physical origin of the THz-MDCS peaks, we derive non-
linear oscillator equations of motion from the full gauge-invariant
equations of motion (equation (11)). Details are discussed in Supple-
mentary Note 3. First, we express the density matrix 5 (k)describing
the non-equilibrium SC state as

PV K) = pMO(K) + ApM (K), (18)

where p™-0(k)is the density matrix of the equilibrium (stationary) state
and Ap™ (k)is the non-equilibrium change induced by the strong driving

fields. We consider s, symmetry in the SC ground state, asin the studied
iron pnictide system. Then, 669 = 0, = defines the equilibrium
pseudo-spin orientations in the different bands, whereas [J;")’O(k) =0
and [)i")’o(k) # 0,thatis, the pseudo-spins point along the xaxisand are
anti-parallel between the e and h bands. By taking the second time
derivative of equation (11), we obtain the deviations of the xand y
pseudo-spin components from equilibrium, namely, A[)i”)(k) and
A,ng)(k), respectively, in terms of equations of motion for two nonlin-
early coupled oscillators:

32 A5 (K) + [E2(K) + 44, 2 sin” A8, ] 450 )
+[0E,(K) + 2|4, 7 sin246,] A (k)
= SO — [0,64, — SAE,M)|Ny(K),

19)
02 8P (K) + [E2(K) + 4] A, 2 cos?A8,] 45 (k)

+[-0E,(K) + 2| A, ? sin246,] 45" (k)
= SPK) — 8,54, + 64, E,(K)] Ny(K).

The above coupled oscillator equations of motion describe
light-induced pseudo-spin canting parametrically driven by long-lived
time-dependent phaseoscillations A8, = 66, — 669 Also, A, = A}, — Al
and 64, = A, describe the light-induced order-parameter collective
dynamics, where we introduced the real and imaginary parts of the
complex-valued order parameters

A, =14,|cos 86, = —2 Azkgv,m?%k),

. (20)
Al = |A,|siné8, = 2Azkgmpg )(K).

Thefirst terms on the right-hand side of equation (19), s (k), describe
pseudo-spin driving by sum- and difference-frequency Raman and
quantum transport processes, previously discussed in another work*®,
modified hereby A6, # 0 (Supplementary Note 3). The second termon
theright-hand side of equation (19), proportional to the light-induced
order parameter deviations from equilibrium 6§ A, and 6 A,, describes
the collective modes arising from the non-perturbative coupling of
the different k pseudo-spins.

The main new effect here comes from the parametric driving of
the nonlinear oscillator equations of motion (equation (19)) by the
time-dependent order-parameter relative phase A6,(¢). This parametric
driving resultsin non-adiabatic canting of the pseudo-spins from their
equilibrium directions defined by 669 = 0, z. It originates from the
dependence of the left-hand side of equation (19) on A8,(¢), which is
enhanced by the phase-amplitude collective mode of the driven
non-equilibrium SC state, discussed in the next section. By expanding
the nonlinear-coupled-oscillator equations of motion to the lowest
orderindriving A6,(t) and ps(t), we show that pseudo-spin canting from
the equilibrium direction, A5’(k)#0, is described by the
time-dependent coupling to

[0.E,(K) — 4|14, 7A6,(0)]Ap", @1
whered,E,(k) = e (E(f) - V,)(Ps - Vi) (k) isapproximated by expandingthe
band dispersions in powers of the centre-of-mass momen-
tum ps. Equation (21) drives light-induced pseudo-spin canting
determined by the competition between condensate momentum
and order-parameter relative phase dynamics oscillating at ~wy, ;. In
particular, ,E,(k) drives pseudo-spin canting via difference-frequency
Raman processes w, s — w, s = 0 and sum-frequency Raman processes
Wapt+ Wap= 200> wy,;. On the other hand, the time dependence
of the interband phase difference is dominated by strong oscilla-
tions close to the Higgs frequency w,,,, rather than the Leggett mode
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frequency well within the quasi-particle continuum, when a phase-
amplitude collective mode develops above the critical field (Supple-
mentary Fig.1).

When the quasi-particle excitations are resonantly driven by the
pulse E* spectrum, as is the case for the broad pulses used here, the
Api")(k) spectra are dominated by amomentum-dependent peak cen-
tred at the quasi-particle excitation energy,

2
EY = 2\/ (600 + e + 1] +]Arool2, 2)

determined by the quenched order-parameter asymptotic value |A, ..|.
The dominant contribution of the pseudo-spin oscillations that deter-
mine the time dependence ofA[)iV)(k)comes from quasi-particle excita-
tions close to the excitation energy minimum, which is located close
to the Higgs mode energy w,;, (Supplementary Fig. 2). As a result,
Ap{ (k) mainly oscillates close to wy,,. We thus obtain, through the
nonlinear coupling (equation (21)), THz-MDCS sidebands centred at
the sum of the frequencies of A8,(t) oscillations (phase-amplitude
collective mode frequency close to wy;) and A iv) oscillations
(quasi-particle excitations close to w,, ;). Above critical driving, this
nonlinear coupling is amplified by the light-induced quench of the
superfluid density (Supplementary Fig. 4d), as discussed in more detail
inSupplementary Notes 3 and 4.

Phase-amplitude collective mode and bi-Higgs frequency
sidebands

To clarify therole of the phase-amplitude collective mode in enhanc-
ing the parametric pseudo-spin driving, we have studied the field
dependence of the order-parameter amplitude spectrum |A,(w)| and
the spectrum of the relative phase AB(w) for strong Coulombinterband
coupling as in FeSCs studied here (Supplementary Fig. 4a,b). At low
fields, |A,(w)| is dominated by a peak at -w,;;, whereas Af(w) shows a
peak located within the quasi-particle continuum, corresponding to
the Leggett mode. This low-field result reproduces previous collec-
tive mode results obtained by using susceptibility expansions. With
an increasing driving field, nonlinear coupling between the phase
and amplitude moves the relative phase mode towards wy;; by creat-
ing phase-amplitude collective modes. The emergence of a strong
Af(w) peak at the Higgs frequency w,,, results from a light-induced
phase-amplitude collective mode at w,;;. This collective mode dis-
plays strong phase oscillations at w,,;, which allows the resonant
parametric driving of the coupled nonlinear harmonic oscillators
(equation (19)). The resulting time-dependent pseudo-spin canting
leads to the sideband signals at twice the Higgs energy w,,
(Supplementary Fig. 4e).

Toclarify the transition from the Higgs collective mode to coupled
phase-amplitude mode with energy wy, ;, we compare the field depend-
ence of the persisting superfluid momentum ps (Supplementary Fig.
4c¢), which breaks the IS and characterizes the strength of the Higgs
modesignals at @, = w,;;, and the maximum of the |A,|>sin2A8 spectrum
(Supplementary Fig.4d), which drives pseudo-spin canting inresponse
to the time-dependent changes in the relative phase. Here pg arises
fromthe coupling between SC nonlinearity and electromagnetic propa-
gation effects, which determines the effective driving field (equation
(16)) dependent on supercurrent/(t). At low driving fields, the increase
in ps is proportional to E3, since in this regime, it is generated to the
lowest order by third-order nonlinear processes when lightwave propa-
gation effects areincluded®®. Thisinitial excitation regime is, however,
followed by another excitation regime, where in a two-band SC, the
quench of the SC gap is only slightly modified as the driving field
increases (Supplementary Fig. 4a). This behaviour is unlike the
one-band case'**® and results from the strong interband coupling
betweenthe e and h pockets leading to the formation of a hybrid-Higgs
collective mode?. In this non-perturbative excitation regime, the

contribution of Higgs collective effects to the nonlinear response
dominates over quasi-particle excitations, whichresults in the different
nonlinearincreasesin p;compared withtheinitial regime (Supplemen-
tary Fig.4c). Above 600 kV cm™driving, afurther increase in the driving
field leads toacomplete quench of the SC gap (results are only shown
up to anorder parameter quench of25%; Supplementary Fig.4), which
resultsinastronger nonlinear increase in p;compared with the onein
the initial excitation regime (Supplementary Fig. 4c). This behaviour
isinagreement with the resultsin one-band superconductors discussed
elsewhere'*®, Compared with the increasing superfluid momentum
Ps, the maximum of the |A,[’sin2A0 spectrum (Supplementary Fig. 4d)
remains near zero inthe perturbative excitation regime. In this suscep-
tibility regime, parametric time-periodic driving of pseudo-spin cant-
ing by the phase dynamics is negligible, and we recover previously
obtained results without any bi-Higgs frequency sidebands. However,
abovethe critical laser field, Supplementary Fig. 4d shows a (two-step)
nonlinear increasein |A,|*sin2A0, up to 400 kV cm™ excitation. In this
regime, the coupled phase-amplitude mode emerges when therelative
phase mode gets close to w,;; (Supplementary Fig. 4b). A further
increase in £, leads to a strong increase in the maximum of the
|A,I>sin2A0 spectrum, which coincides with the emergence of the
non-perturbative bi-Higgs frequency sidebands in the THz-MDCS
spectra (Supplementary Fig. 4e). In this high-excitation nonlinear
regime, the SCorder parameter is quenched, whichleads to astronger
increaseintherelative phase oscillation amplitude, enhanced by 1/|A,|.
Dueto the strong nonlinear increase above the driving field threshold
(Supplementary Fig. 4d), the pseudo-spin canting driven by |A,|*sin2A0
dominates over that dueto theincreasein ps (Supplementary Fig. 4c).
Thisisin contrast to the behaviour at lower fields, where psincreases
whereas |A,|’sin2A0 remains small. As a result, the THz-MDCS signals
generated by the phase-amplitude mode at w, = 2wy, - w, and
.= 2wy, — 2w, dominate over the nonlinear signals at w, = w,;; in the
Higgs collective mode.

Nonlinear processes contributing to the THz-MDCS spectra
Inthis section, we summarize all the nonlinear processes that contrib-
ute tothe THz-MDCS spectra (Figs. 2 and 3 and Supplementary Notes
5-7).First, welist the conventional PP and FWM signals already known
from THz-MDCS spectroscopy experiments on semiconductors. Such
peakssignificantly contribute to the THz-MDCS spectrahere onlyinthe
perturbative excitationregime (Fig. 3b) and result from the nonlinear
processes summarizedin Table 1.

With increasing field strength, new high-order correlated
wave-mixing signals emerge, which dominate over the above con-
ventional PP and FWM signals. In particular, lightwave propaga-
tion inside the SC system leads to dynamical IS breaking persisting
after the pulses. As a result, new wave-mixing signals (IS wave mix-
ing) emerge at w, = wy;, which are generated by nonlinear processes
involving amplitude Higgs mode excitation. Bi-Higgs frequency
and IS-breaking bi-Higgs frequency (IS bi-Higgs) sideband peaks
emerge with increasing field strength and exceed the Higgs signals
at elevated E,. In addition, difference-frequency Raman process
assisted by quasi-particle excitations leads to high-order corre-
lated PP signals. All the high-order correlated wave-mixing spectral
peaks and corresponding nonlinear processes are summarized
inTable 2.
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