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EXISTENCE THEOREM FOR NON-ABELIAN VORTICES
IN THE AHARONY-BERGMAN-JAFFERIS-MALDACENA
THEORY

RUIFENG ZHANG AND MEILI ZHU

ABSTRACT. In this paper, we discuss the existence theorem for multi-
ple vortex solutions in the non-Abelian Chern—Simons—Higgs field theory
developed by Aharony, Bergman, Jafferis, and Maldacena, on a doubly
periodic domain. The governing equations are of the BPS type and de-
rived by Auzzi and Kumar in the mass-deformed framework labeled by a
continuous parameter. Our method is based on fixed point method.

1. Introduction

Vortices in non-Abelian gauge field theory play important roles in confine-
ment mechanism and are governed by systems of nonlinear elliptic equations
of complicated structures [2, 4, 7, 8, 10, 11, 12, 13, 14, 16, 22, 28, 30]. In this
paper, we will focus on the vortex equations in the non-Abelian Chern—Simons—
Higgs field theory developed by Aharony, Bergman, Jafferis, and Maldacena
[1], known as the ABJM model, on a doubly periodic domain. The govern-
ing equations are of the BPS type and derived by Auzzi and Kumar [5] in
the mass-deformed framework labeled by a continuous parameter. Developing
and extending the methods of [6, 15, 17, 18, 19, 20, 21, 24, 27], we obtain the
existence of a multiple vortex solution.

Recall that the ABJM model [1] is a Chern—Simons-Higgs theory within
which the matter fields are four complex scalars,

(1.1) ! =(QYQ*RR?, I=1,234,

in the bifundamental matter field (N, N) representation of the gauge group
U(N) x U(N), which hosts two gauge fields, A, and B,,. The Chern-Simons
action associated to the two gauge group A, and B, of levels +k and —k is
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given by the Lagrangian density
ko n 2i 2i
(1.2) Leg= - Tr( A,0,A, + gAuAVA7 - B,0,By — gBuBVBv ,

where the gauge-covariant derivatives on the bifundamental fields are defined
as
(1.3) D,C'=9,0" +i4,C" —iC'B,, I=1,2,34.

The scalar potential of the mass deformed theory can be written in a compact
way as [9]

(1.4) V = Te(M*TM* 4 N*TN),
where

2
M = pQ” + Z(2Q1°QLQY + RRLQ™ — Q"R R

(1.5) +2Q°RLR* - 2R*R1,Q7),
2
N = —pR® + T 2RURLRT + QPQLR" - R*QLQ”

(1.6) +2RPQLQ™ — 2Q°QL RP),

where the Kronecker symbol €*? (o, B =1,2) is used to lower or raise indices,
and p > 0 a massive parameter. Thus, when the spacetime metric is of the
signature (+ — —), the total (bosonic) Lagrangian density of ABJM model can
be written as

(1.7) L=—Lcg +T([D D CT) ~ V,

which is of a pure Chern—Simons type for the gauge field sector. The equations
of motion of the Lagrangian (1.7) are rather complicated. As in [5] and [6], we
concentrate on a reduced situation where (say) R* = 0, N = 3. In the static
limit, Auzzi and Kumar [5] showed that these equations may be reduced into
the first-order BPS vortex equations without assuming radial symmetry

(1.8) (01 +102)k = i(ay + iag)k,

(1.9) (01 +102)¢ = —i([a1 +iaz] — [b1 +ibo]) ¢,
(1.10) ar = — 2 (287 — gl ~ 1),

(1.11) biz = =A(|¢]” — 1),

where x is a real-valued scalar field, ¢ a complex-valued scalar field, and a;
and b; are two real-valued gauge potential vector fields, a;, = 0;ar — Ora; and
A = 4p%.

We shall look for solutions of these equations so that x never vanishes but
¢ vanishes exactly at the finite set of points

(1.12) Z ={p1,p2,--Pn}-
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Set u = Inx? and w = In|¢[? and note that |¢| behaves like |z — ps| for =

near ps (s =1,...,n). We see that v and w satisfy the equations [6]
(1.13) Au = A(2e" — e — 1),
(1.14) Au+ Aw =2X\(e" — 1)+ 47 Y 5y, (2),

s=1

where we have included our consideration of the zero set Z of ¢ as given in
(1.12).

Chen, Zhang and Zhu [6] studied vortex equations in a supersymmetric
Chern—Simons—Higgs theory in the ABJM model. They obtained a series of
existence and uniqueness theorems for multiple vortex solutions of the ABJM
model, over R? and on a doubly periodic domain using the methods of calculus
of variations.

In the present paper, we are going to discuss the non-Abelian BPS vortex
equations of the ABJM model on a doubly periodic domain. We shall show
how to approach the existence problem by a fixed point method via the Leray—
Schauder theorem. Our approach is of independent interest because the a priori
estimates obtained in the process may provide additional information on the
governing equations. It’s interesting that, our method is completely applicable
to the self-dual equations governing multiple vortices in a product Abelian
Higgs model may be regarded as a generalized Ginzburg-Landau theory [25,
26, 29].

2. Fixed point method

In this section, we approach the existence problem of the multiple vortex
solutions in a doubly periodic domain §2 by a fixed point method where we
apple the maximum principle and the Poincaré inequality to derive suitable a
priori estimates. We introduce a background function wq satisfying

(2.1) Awoz—%wLKMZés(z),
s=1

where d,, is the Dirac distribution concentrated at the point p. Using the new
variable v so that w = wy + v, we can modify (1.13) and (1.14) into

(2.2) Au = \(2e" — ™0t — 1),

4
(2.3) Av = A(3e™0H — 2¢" — 1) + ﬁ
which are now in a regular (singularity-free) form. Note that, since the singu-
larity of wo at ps is of the type In |z —ps|?, the weight function e™° is everywhere
smooth.
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Let (u,v) be a solution of (2.2) and (2.3). Then (u,w) solves (1.13) and
(1.14). We first derive a necessary condition for the solvability of (2.2) and
(2.3). Integrating (2.2) and (2.3), we have

2
(2.4) / evotvdy = 10 - 28 = ) > 0,
Q A
u 1 wo+v 1 1
(2.5) etde == [ e dr+ -|Q = = (Cy +19]) = C2 > 0.
0 2 Ja 2 2

Of course, the conditions (2.4) and (2.5) imply that the existence of an n-vortex
solution requires that C; > 0 and Cy > 0, which is simply

2
(2.6) Q| - % =) >0,

since Cy > 0 contains Cy > 0.

We now proceed to prove that (2.4) and (2.5) are also sufficient for the
existence of a solution to the equations (2.2) and (2.3).

We use W12(£) to denote the usual Sobolev space of scalar-valued or vector-
valued Q- periodic L?-functions whose derivatives are also in L?(2). For this
purpose, we rewrite each f € W12(Q) as follows

f=f+r,
where f denotes the integral mean of f, f = ILQ\ Jo fdz and [, f'dz = 0. We
can derive from (2.4) and (2.5) the expressions

(2.7) v=InC; —1In (/ ew°+vldx),
Q

(2.8) u=1InCy;—In (/ e“,d:c).
Q

For X = ¢ f/ € W12(Q)
T:Y — Y be setting
(2.9) U,V =T ), W, ey,
where (U’, V') € Y is the unique solution of the system of the equations
20,ev B Crewotv’ B )
Joe¥dr [, evotvdy ’
3016“’0*”, 202(3“/ 47n
Jo ewotv da a Jo e dx a > + Ik
The existence and uniqueness of a solution of the system of equations (2.10)
and (2.11) may easily be seen since the right-hand sides of (2.10) and (2.11)

have zero average value on §) as a consequence of the definitions of (2.7) and
(2.8). By the Poincaré inequality [23], we may define the norm of Y as follow

(2.12) @', 0)lly = IVe/lL2 () + [Vl 20

fQ fldr = 0} and Y = X x X define a operator

(2.10) AU’ = )\(

(2.11) AV’ = /\<
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Theorem 2.1. The system of equation (1.13) and (1.14) has a solution if and
only if the conditions (2.4) and (2.5) are valid.

We will prove Theorem 2.1 in terms of two lemmas as follows.

Lemma 2.1. The operator T : Y —— Y is completely continuous.

n» ' n

strongly in LP(Q) x LP(Q2) (p > 1). The Egorov theorem imply that for any
€ > 0 there is a sufficiently large number K. > 0 and a subset 2. C Q such
that |ul|, |v),| < K.,z € Q— ., Q] <e.

Set (U}, V) =T(ul,v,) and (U}, Vy) = T(ug,v}). Then
(2.13)

Proof. Let (ul,,v),) — (ug, v)) weakly in Y asn — co. Then (ul,,v},) — (ug, v()

7’ ! ’ !
20C5¢e%n Clewo—H}” 2C5¢e%0 Clewo—H}U )
b)

AU, -U) =X - - 7 7
(U = Us) (fQ evndr [ evotindr [ evodr [, evotvoda

—205etn 3, ewotn 20,et0 30 ewo+vo
nvo’)A< et e T — >
fQ eUndx er wdx fQ evodr fﬂe ot dy

Multiplying (2.13) and (2.14) by U, — U/, and V,) — V{j, and integrating by parts,
respectively, we obtain

/ V(WU — U)[2de = /}\ 205e"0  2C5e"n

O " 0 O fQ 6“6 d.CC fQ €u/n dZE
Clewo—i_vil Clewo-ﬂjé

Jo evotvnde B Jq evotvoda

205" 205e%

L= vppas = [ af 255 - 2

O o | Jgeundr [, evodr
3t scpenl \
" Tpewrids + om0 Vo

Note that the boundedness of {(u},v,)} in ¥ and the Trudinger-Moser in-
equality [3] imply that

(2.15) +

}(U; ~U)de,

(2.16)

(2.17) sup/ endr < C < o0,
n Q

(2.18) sup/ eVndr < C < o0.
n Q

For any € > 0, let . be a neighborhood of the points p1,ps,...,p, so that
ps € Q:(Ve) and Q| < . On the other hand, since there is a constant €9 > 0
such that e®o®) > ¢4 for all z € Q — Q..

Therefore, from (2.15), we obtain

4C =
(v - vPde < i [ el =il ~ Uil
Q
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201 =/
+ f ewo-H%d.T /Qewo—i_vnw;l - U(I)”U'rlz - U6|d.’L'}
Q

4 ~7
< A{ﬁ/ e lul, — [T, — Uplde
9l Jo

2C 5
ot [ e, — o, - Ujlas .
Kae Jo

where @, and 0/, lie between u/ , v/, and wy, v, respectively. In (2.19), we have

n’-n
used the inequalities

/ 1
/e“ndx > |Q|eXp(—/ u%dm) =19,
0 12 Jo

/ W0ty > / et dy > g0l — Qc|exp(—K.) = Kqp.
Q Q-Q.

(2.19) +

and

Applying the Cauchy inequality and Holder inequality, and (2.17), we have

- 1 _
/e“n|u;—u6||U;—U6|dx§ 2—/62“nr|u;—u6|2d9€+§/ \U! — U 2da
Q € Ja Q

1 , 3 3
< = (/ e4und$) (/ lul, — u6|4x)
2¢e \Ja 0

CgE
+ THV(Ufz — Up)llZ2 0
Cg&'
(2.20) < Cellun, = ugllzsio) + < IV(UL = Upl72(0)-
Similarly,
(2.21)

~/ C4€
e vy, — |0y, = Uglda < Cellvr, = vgllLa0) + -1V (UL = Up72(0)-

Inserting (2.20) and (2.21) into (2.19), and letting € > 0 be small enough, we
have

(2.22) VU, - U(I))H%Z(Q) < C(H% - U6||%4(sz) + [loy, — Ué”%%(z)),

where C' > 0 is a constant.
For (2.16), we have

223) VOV V) < c(nu; By + I — va||%4<m)-
From (2.22) and (2.23), we arrive at

(2.24) (U, = U, Vo = Vo)lly < C(llU% — up|lTagq) + llvn — Ué|%4<sz>)a
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where C' > 0 is a constant. This proves that (U], V,)) — (U}, Vy) strongly in YV’

n? n

and the lemma follows. ([
We now study the fixed point equation labeled by a parameter ¢,

(2.25) (uy,vy) = tT(up,vy), 0<t<1.

Lemma 2.2. There is a constant C' > 0 independent of t € [0,1] so that

(2.26) [(ut,v)lly <C, 0<t <1

Consequently, T has a fized point in Y .

Proof. When t > 0, it is straightforward to check that (uj,v;) satisfies the
equations

(2.27) Aug — ( 2026,% B Cl€w0+j’; ),
ettdx eWotvidy
Q Q
*2026“2 3016“10-“12 4mn
2.28 Av, = Mt - — — 1)+ —t.
(2.28) e (fQ evtdr [ evotvide )+ |2

Set w; = wp + v;. Then the equations (2.27) and (2.28) are modified into
26&6“2 C’le“’;

7 - 7 - 1)7
Joettde [, evidx

*2026“2 3016“4 4mn .
G T P S O
Joetide [, evide |2 s:zl

(2.29)  Aul = t(

(2.30)  Aw, = t(

where Awy = 74‘%’ +4my " 6y, (2).

In the doubly periodic domain €2, we let p, g € € so that

uy(p) = max{u;(z)|z € Q}, wi(q) = max{w,(x)|r € Q}.
To facilitate our computation, we adopt the notation
o Cge“; o Cle“’;
" oot " Joertar
Then from (2.29), we have
0 > (Auy)(p) = M (2hi(p) — gi(p) — 1)

(2.31) hi(z) g:(x)

Therefore
/ / C’1QW;’(Q) /
2hy(p) < gi(p) +1 < m 1=g(q) +1.
Q
Hence, for any = € 2, we have
(2.32) 2h(z) < gi(q) +1, Vz e
From (2.30), using (2.32), we obtain
2 1-—t
(2.33) g1(q) <1+ ik 0<t<l.

NQ
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In view of (2.32) and (2.33), for any = € 2, we have

™m 1—t

(2.34) gi(z) <1, hi(z) <1+ —— ——, z e

Q|

Multiplying (2.27) and (2.28) by wu},v; and integrating by parts, respectively,
and using (2.34), we have

(Vg VUQ)H%Z(Q)xLz(Q)

205 et Cewotvi
/ )\t( 26, S — — 1) -y |dx
Q Joetdr [, ewotvidy
v
Q

{)\t —20, et 30, ewot 47mt} ,
, dn |, ,
QT4+1+2)Auy|+ | (T+3+2)A+ o |vg| pdx
Q

7 v —1 —_— d
er“tdz er“")*”td:c )+ 1Y) e 4
él/ |u;|dx+C~’2/ vy |da

Q Q

IN

"Vt

IN

IN

(2.35) < Ce + Cel|(Vug, Vy)lI7 20y x L2 (-
Let € > 0 be small enough, we have
(2.36) [[(ug, vp)lly = [[(Vug, Vo)l L2 )xr2@) < C,

where C' > 0 is a constant. The existence of a fixed point is a consequence
of Lemma 2.2, the apriori estimate (2.26) and the Leray—Schauder theory. In
particular, the existence of a fixed point of T', say (u,v’), follows. O

Set u =u+u" and v = v+ v'. We see that (u,v) is a solution of the system
of equations (2.2) and (2.3). This completes the proof of Theorem 2.1.
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