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Fig. 1. (a) Rainbow scar state with each bond a distributed four-qubit GHZ state |[I) and |Z); (b) illustration for the preparation

of rainbow scar states by modulating four-body ring-exchange interactions R and gate operations 6% .
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Fig. 2. (a) The bipartite von Neumann entanglement entropy of the rainbow scar state (red circle) and the ground state (blue dia-
mond), with the length of subspace a being L, € [0,L]; (b) the bipartite entanglement entropy of the eigenstates of the fracton
model under periodic boundary conditions with Lo = L/2, where the red star represents the result of the rainbow scar state;
(c) the overlap between the rainbow scar state and each energy eigenstate after breaking the internal symmetry of the rainbow scar
state with h, =2,J; = Jap = 1; (d) the quench dynamics of fidelity with rainbow state (blue), rainbow scar states (red) and
rainbow scar states without subsystem (1) symmetry (green); (e) periodic oscillation behavior of rainbow scar states under ex-

ternal fields at long-time scales. The above results were obtained through exact diagonalization calculations on a 2 x 8 ladder lattice.
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Fig. 3. (a) Time evolution of the fidelity with the distributed GHZ state through modulating the ring-exchange interaction linearly

between each plaquette. (b) The von Neumann entropy Sa between two sides increases until L/2log2. The red curve represents

the noise-free case, while the blue curve represents the average of three simulations affected by Gaussian noise A(1,0.22) , with the

blue shadow indicating the corresponding standard deviation. (¢) Two-site and four-site spin-spin correlations between centrosym-

metric sites develop during the evolution. The geometry of the ladder is 2 x 12.
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Abstract

The eigenstate thermalization hypothesis describes the nonequilibrium dynamics of an isolated quantum
many-body system, during which a pure state becomes locally indistinguishable from a thermal ensemble. The
discovery of quantum many-body scars (QMBS) shows a weak violation of ergodicity, characterized by coherent
oscillations of local observables after a quantum quench. These states consist of the tower of regular eigenstates
which are equally spaced in the energy spectrum. Although subextensive entanglement scaling is a primary
feature widely used to detect QMBS numerically as entropy outliers, rainbow scars exhibit volume-law scaling,
which may challenge this property. In this work, we construct the rainbow scar state in the fracton model on a
two-leg ladder. The fracton model is composed of four-body ring-exchange interactions, exhibiting global time-
reversal symmetry 7 = Kig¥ and subsystem U) = Hje crowieat) P (ig&ﬂ symmetry. The subsystem symmetry
constrains particle mobility, hindering the establishment of thermal equilibrium and leading to a series of
anomalous dynamical processes. We construct the rainbow scar state with distributed four-body GHZ states
whose entanglement entropy follows the volume law. By calculating the eigenstates of the fracton model with
exact diagonalization, the rainbow scar state consists of a series of degenerate high-energy excited states that
are not significant outliers among other eigenstates in the spectrum. By introducing the on-site interaction to
break the time-reversal symmetry, the degeneracy of rainbow scar states is lifted into an equally spaced tower of
states, ensuring the revival of the initial state. However, when subsystem /(1) symmetry is broken, the scar
state is quickly thermalized, indicating that the weak thermalization may be protected by subsystem U(1)
symmetry. Additionally, we propose a scheme for preparing the rainbow scar state by modulating the strength
of the four-body interaction and &* operations, analyzing the influence of noise on the strength of the four-body
interaction. This work provides new insights into the weak thermalization processes in fracton model and aids in

understanding the nature of ETH-violation in various nonequilibrium systems.
Keywords: four-body ring exchange interactions, fracton model, many-body scar states
PACS: 03.65.Ud, 03.65.Vf, 03.67.Bg, 42.50.Dv DOI: 10.7498/aps.74.2025006 1
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