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Abstract. We suggest a new platform for examination of quantum statistical phenomena in
many-body interacting systems — a multi-qubit Bose-Einstein-condensate (BEC) trap. Ideally,
it is suitable for demonstrating manifestations of quantum supremacy of such systems through
atomic boson sampling of excited-state occupations. This is wholly different than the linear-
interferometer platform which uses Gaussian boson sampling of non-interacting non-equilibrium
photons rather than interacting atoms in equilibrium. We present a basic model of the multi-
qubit BEC trap and illustrate its essential properties by means of numerical simulations.

1. Introduction

Much of the current work on quantum computing is dedicated toward demonstration of its
quantum supremacy over classical computing. Various techniques have been discussed and
employed to try to achieve this goal which has so far been elusive [1]. Here we present a
new platform suitable for such research; a multi-qubit BEC trap [2]. It stems from the fact
of computational fP-hardness of atomic boson sampling of excited-atom numbers in a Bose-
Einstein-condensed interacting equilibrium gas proven in [3]. This comes as an alternative to the
well-known optical interferometer platform which makes use of non-interacting photons, supplied
in squeezed states by external sources, rather than massive atoms in equilibrium [4, 5, 6, 7].

1.1. Computational §P-hardness and quantum supremacy of photonic boson sampling in a
linear interferometer

Both boson sampling problems, photonic in the linear interferometer and atomic in the BEC trap,
are fP-hard for computing. This stems from the fact that both derive their complexity from the
hafnian (or indeed the permanent) of some n x n matrix composed from a correlation matrix G of
the creation and annihilation operators of associated bosons [3, 8]. The hafnian and permanent
constitute a universal tool for studying nature’s complexities [9] and their computation is a
fP-hard problem [10], requiring ~ n32"/2 and ~ n22" operations, respectively.

Until now the most promising was Gaussian boson sampling in a linear interferometer [5, 6, 7.
Squeezed photons enter an optical network which scatters them as they pass through different
channels. Ideally this process is described by a unitary U which encodes all of the information
about the system. The issue then is to produce a sufficiently varied sample of outputs.

There are, however, some limiting factors that have halted proving quantum supremacy with
such a system. The most serious one is photon loss that grows exponentially with the size of
the system. Another complication is a necessity to prepare a new set of photons before running
each “shot” of the experiment. These issues are not present in the proposed BEC-trap platform.
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1.2. Atomic boson sampling of massive interacting atoms in a BEC trap

Rather than using non-interacting photons, atomic boson sampling takes atom number
measurements of subsets of excited states in an equilibrium BEC gas. This remarkably leads to
the same #P-hard complexity that is present in the optical system, with a number of possible
benefits. In particular, rather than having to load the system for each “shot” with prepared
photonoic states, the atomic system “squeezes itself” once loaded requiring no sophisticated
external sources of bosons in quantum states. Likewise it is possible that multiple measurements
can be taken for the same system over a period of time rather than just one.

The complexity of atomic boson sampling comes from the combination of the squeezing and
interference between bare-atom states due to their coupling into quasiparticles. Both phenomena
occur naturally in the system due to interparticle interactions. It is paramount that both are
present, as one without the other is not sufficient for the computational fP-hardness.

Multi-qubit trap Single—qubit cell

Figure 1. 2D model of a BEC trap made up of multiple single-qubit cells each of size L, x L.
Each has at least two lower energy levels. They contribute to the lower-energy miniband
separated from the higher energy levels by an energy gap AFE larger than the lower-energy
splitting §F.

1.3. Why multi-qubit trap? Necessary requirements for the BEC trap
To make atomic boson sampling nontrivial, the multi-qubit trap must be designed in such
a way as to ensure spreading of the condensate across the entire trap while still allowing for
Bogoliubov coupling to occur between a large number of bare-atom excited states. It is desirable
that the excited states should belong to a miniband, a group of states, which are separated from
further excited states by a sufficient energy gap AE. Simultaneously, there must be sufficient
variability possible to ensure that a large array of quantum-statistically correlated occupations of
bare-atom excited states, significantly squeezed and coupled into quasiparticles, can be observed.
Otherwise, the hafnian could be degenerate (as in [11]) and computable in polynomial time by
some approximation algorithm. So, it is imperative that the model is built with multiple possible
avenues for customization, such as varying the trapping potential, temperature, interaction, etc.
It is thus nontrivial to determine how one would best go about designing such a system. In
this paper, we discuss an example of such a trap, the multi-qubit BEC trap sketched in figure 1,
and its basic model. First, we explore the single-particle energy spectra and eigenstates. Then,
the many-body properties are described numerically by solving the Gross-Pitaevskii equation
for the condensate wave function and finding the Bogoliubov couplings required for estimates of
the multimode squeezing parameters via Bogoliubov transformation diagonalizing Hamiltonian.
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2. A model for the BEC trapping potential

The model we will use for the multi-qubit BEC trap is one of many adjacent single-qubit
potentials in the form of rectangular cells with a single delta-function potential near its center.
We consider either one- or two-dimensional (1D or 2D) configurations of the single-qubit cells.
The reason we choose this system is because of its simplicity while still representative and
providing a number of parameters which can be tuned to achieve a wide variety of outcomes.

Figure 2. An example
of a 2D multi-qubit BEC
trap containing 3 x 3 single-
qubit cells and a pedestal
background potential (shown
in yellow) as per the model in
Eq. (2). The inter- and intra-
cell delta-function potentials
are shown by the purple and
green semi-transparent sheets,
respectively. For clarity, the
infinitely high outer walls of
the trap are not shown. The
dimensions are 3L, X 3L,,.

Let us enumerate the structure of a 1D trap. The base is an array of ) adjacent cells, each
of which contains a single intra-cell delta potential at a location x4. These cells are separated
themselves by another, inter-cell delta potential at location X, which can be independently
controlled. The magnitudes of these potentials are given by pfl and pg, respectively. Each cell
also has background flat potentials, with their magnitudes given by Us,_1 and Uy, for either
side of the intra-cell delta potential. This in total leads to the following trapping potential

Q

U(z) = Z[ﬁ%—l(x) + ﬁZq(x) + P;‘S(x —zq) + pgd(z — Xg)] if z € (0,QL); (1)
q=1

Ulx)=o00 if 2<0 or z>QL,

where Usy—1 = Usg1[0(x — Xy—1) — 0(x — x4)] and Uay = Ugy[0(x — x,) — O(x — X,)], with &(x)
representing the Dirac delta function and 6(z) the unit step function. We ensure here that the
choices of x4, and X, are such that 0 = Xo <27 < X; <29 <--- < Xg_1 <29 < Xg = QL.
Note how the borders of the trap are fixed such that the total length is Q L, but there is freedom
to choose the exact location of each delta potential in the cell. Likewise the sets of parameters
Pqs ,051, Uaq—1, and Uay could also be changed independently.

This model can be easily expanded for a 2D trap such as that seen in figure 2. Consider a 2D
array of @, x @y cells. The potential can now be decomposed into separate x and y components
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such that U(z,y) = U® (x) + U® (y). Each component has a form similar to the 1D form in
Eq. (1),

Qu
U@ (2) = 3085 + 032 + p§7"6(x — ) + p§70(x — Xg)] if @ € (0,QuLa),
q=1
UP(z) =00 if <0 or z>QuLy; 0
o (2)
UW(y) = S (0, + 05 + p"5(y — yg) + p¥6(y — Yo)] if g € (0,QyLy),
q=1

UW(y) =00 if y<0 or Yy > QyLy.

Potentials U ]@, U ](y) are defined analogous to that in Eq. (1). For simplicity’s sake, we consider

only symmetric traps: L, = L, = L,pﬁf’ = g-y) = pq,p((f)’ = S-y)’ = s UJ(I) = U;y) = ﬁj Vg, 7.
3. Energy spectrum and solutions to the single-particle Shrédinger equation

3.1. One-dimensional multi-qubit trap

We present the results derived from the eigen-energy solutions to the 1D Schrodinger equation

2mdx

2 2
< n” d +U(x)>wn(x):£n¢n(x), n=0,1,2..., (3)

by means of numerical plots, although analytical solutions for the model (1) also can be found.

Figure 3. The first 12 single-
particle energy levels for a
1D 3-qubit trap with =zero
background potential as they
depend on the inter- and intra-
cell potential strengths p; =

p2 and py = ph = pf.

Gap - to - bandwidth ratio

Figure 4. The ratio of the
energy gap to the miniband
width for the symmetric two-
(solid), four- (dashed), and
six- (dotted) qubit traps as a
function of the equal dimen-
sionless delta potentials p; =

po = = ph = fh.

Potential

It is convenient to introduce dimensionless quantities for various parameters of the system,
such as the background potential Uj, energy €,, and delta potential strengths pq, p;, as follows

g - 2mL?

2mL? _ 2mL L, 2mL
J 7 =

Uj, €n T em Pq = ~p5 Par Pq = 33 Pa (4)
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In all cases, the value of L is taken to be the length of a single-qubit cell in the overall trap.

As a representative example, consider a chain of Q = 3 single-qubit cells. The energy
spectrum for such a trap is shown in figure 3 for various values of the inter- and intra-cell
potentials. Note how for very low potential barriers, the spectrum is just that of the uniform
box trap, with quadratic spacing between each level. As the delta potentials are increased, the
expected mini-band structure emerges, where there is a tight grouping of the first 2Q = 6 levels,
a large gap in energy before the next, seventh level and a tight grouping of the second 6 levels.

The figure of merit here is the ratio of the width of the first energy miniband to the gap
between the first two energy minibands. This is plotted in figure 4 for different delta-potential
magnitudes. Note how in all cases higher potential barriers lead to a stronger separation of the
minibands. However, one must be conscious of the fact that should the barriers become too high
that an even spreading of the condensate will be impossible. Thus, a balance must be struck
between a large energy gap and low enough barriers.

a b
N /\/\/ " /W Figure 5. The first 3 sub-
' /f \ 05 / minibands of the eigenfunc-
P e e e P = S tions ¢, ,, for the 1D 3-qubit
05 -05 trap. The first row is the low-
B 10 est subminiband m = 0, fol-
10 15 lowed by the next ones m = 1

and m = 2. In blue is ¢ = 1,
yellow is ¢ = 2, and green is

) Y x
"\ B v g = 3. In both figures a and
0 / 1o b the delta potential strengths

are p1 = pg = 22 and p} =

10 . py = py = 8, though in fig-
0s /\ /\ /\ ure a there is no background

/ ' ‘ 1 \ potential and in figure b the
. °5 b \f/ P \7 po N\ / VA A background potentials in each
- \J cell are U; = 15,0, 30, respec-
e tively.

In order to see how the flat background potentials Uj affect the system, it is enlightening to
look at the eigenfunctions themselves rather than just the energy levels. The eigenfunctions are
shown in figure 5. We enumerate each eigenfunction v, 4() with two integers labeling its eigen
energy in increasing order. One for which subminiband it is a part of as m = 0,1, ... and one for
the order of the eigen energy within that subminiband g = 1,2, ..., ). Note how the introduction
of a background potential in some area serves to in general exclude the eigenfunction from this
area. This is a useful tool to have access to in order to tune the shape of the eigenfunctions, in
particular, to ensure an even spreading of the condensate.

The main effect of the delta function potentials on the eigenfunction comes in two flavors.
Firstly, if the unperturbed eigenfunction has less natural zeros than the number of delta
potentials, some of the delta functions will “dig down” into the eigenfunction trying to create
new zeros under the delta-function potentials. However, sometimes if there is an existing zero
nearby, instead of digging a new hole, the delta potential will simply drag an existing zero
underneath it. Both of these effects can be observed in figure 5.
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Figure 6. The first 48 energy
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8.2. Two-dimensional multi-qubit trap

Expanding this model for the multi-qubit trap to two dimensions is quite easy: The seperable
potential (2) leads to seperable solutions for the 2D Schrédinger equation. Thus, analysis of the
energy levels and eigenfunctions can be done in a similar fashion to the 1D case.

To get the energy spectrum of the 2D system all additive combinations of the existing energy
levels for each of two 1D traps have to be taken. This leads to an interesting situation where
different combinations of energy levels may “cross” each other as you explore different values
of the delta-function potentials, as can be seen in figure 6. The effect of the flat background
potentials Uj on the ground-state eigenfunction ¥y (z,y) in two dimensions is shown in figure 7.

S
a0
7y

()
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Figure 7. The ground-state eigenfunction ¢y(x, y) for the (3x3)-qubit trap with 2—y symmetric
1D inter- and intra-cell delta potentials py = p = 4 and p) = pl, = py = 8, respectively, for
the case of a central pedestal of a flat background potential with the strength U; = 0 (Left), 6
(Center), 12 (Right) localized within the central square |z —3L/2| < L & |y —3L/2| < L.

4. Condensate wave function versus single-particle ground state
The next logical exploration in this design is to see how the ground state is affected by the
interpatricle interactions through solving the Gross-Pitaevskii equation for the condensate

4drh2a

ReA U N, 249 =0 = 5
~ o T (r) + gNo|go(r)]” + 2gnez(r) — i | o =0, g= - (5)
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(We use standard notations [3].) The strength g of interaction depends on the healing length

& =h/\/2mgN/V =1//8maN/V . (6)

As the interpatricle interactions increase, the condensate begins to more evenly spread itself
throughout the trap. When & > L the gas acts almost as an ideal gas. The reverse is also true,
where a small healing length relative to the trap size will mean that the interaction between
atoms to become significant. This works in opposition to the trap itself which is created to
partition the condensate into separate cells. The effect of interaction is shown in figures 8, 9.

Figure 8. The ground state wavefunction for the 1D 3-qubit trap with zero (blue), moderate
(L/& = 2, yellow) and strong (L/ = 10, green) interaction. The left graph is for a symmetric
trap with no background potential while the right is for an asymmetric trap with background
potentials U; = 8 for 1 < x/L < 2.5. In all cases p1 = p2 = 16, p} = ph = ph = 8.
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Figure 9. The ground state wavefunction for the 2D (3 x 3)-qubit trap with zero background
potential and zero (left), moderate (L/¢ = 5, middle) and strong (L/¢ = 20, right) interaction.
1D z—y symmetric inter- and intra-cell delta potentials are po = 291 = 10, g3’ = 292’ = 4p7" = 8.

Firstly, it can be seen that with increasing interaction, the regions near the inter- and
intra-cell delta potentials where the wavefunction is suppressed tend to shrink. The repulsion
experienced by the atoms pushes them into the previously unoccupied region. This is favorable
for the appearance of the f{P-hardness of boson-sampling computing as it increases the number
of coupled bare-atom excited states in the system. This is also useful as it provides yet another
metric outside of the background potential that can be used to “shape” the condensate.

Also of note in these solutions to the Gross-Pitaevskii equation is how asymmetric traps are
affected. Increasing the interparticle interaction tends to homogenise the condensate not only
in terms of its overall occupation, but also its shape. As seen in figure 8, although the two traps
have different background step potentials, one symmetric and one asymmetric, both begin to
look nearly identical for the sufficiently strong interparticle interaction, i.e., large ratio L/ > 1.
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5. Bogoliubov couplings and quasiparticles — causes for squeezing and interference
Statistics of atomic boson sampling and its computational §P-hardness are determined by a
covariance matrix G which is expressed via the matrix R of the Bogoliubov transformation [3]:

B at\ /at\ 7 +  RR—1 D 0 1
G:<.(é)(a). — RDR +T,1D—[O D], D_@m. (7)
J

Here E; is an energy of the j-th quasiparticle. The matrix R performs the transformation

af bf U* 0][ coshr (e?sinh r)*
<é)_R<B>’ R_[O U] [ewsinhfr cosh r* |’ (8)

from quasiparticle creation and annihilation operators b = (IA)I, 5;, ...)T and b= (131,132, )T

to bare-particle operators 47 and & in the representation of the excited-particle field operator

Yex(r) = Y dr(x)ar = > (uj(x)b; + v (x)b). (9)

k£0 j

The matrix R is determined by the condensate wavefunction and Bogoliubov couplings [3]

Busr = 9N [ 610 60(6) P o) e, B = gNo [ 036) Go()? diu(r) e, (10

Here excited states ¢y, are orthogonal to the condensate wavefunction ¢g. They can be obtained

|
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Figure 10. Matrix of Bogoliubov couplings (10) between the first 12 excited states for the
asymmetric 1D 3-qubit trap shown in figure 8. Excited states are set by the Gram—Schmidt
orthogonalization from the condensate ¢ and (upper row) the sine functions sin(krz/(4L)), k =
1,...,12, or (lower row) the first 12 eigenfunctions of the single-particle Schrodinger equation (3)
in the case of zero (left), moderate (% = 2, middle), and strong, (% = 10, right) interaction.

by means of the Gram—Schmidt orthogonalization from the condensate wavefunction ¢y and any
basis in the single-particle Hilbert space. Typical couplings are shown in figure 10.

It clearly illustrates very interesting, nontrivial patterns in the distribution of couplings. Due
to the traps asymmetry, the essentially non-zero Bogoliubov couplings extend outwards past the
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main diagonal even in the case of a weak interaction, L/§ < 1. When the interaction becomes
strong, L/€ > 1, and suppresses the asymmetry, the main diagonal becomes uniformly occupied
by anomalously large couplings and simultaneously a checker-board pattern appears along with
an anti-diagonal of almost zero couplings. The maximum spread and mess in the distribution
of couplings arises in the case of a moderate interaction, L/& ~ 1, that supports the idea of a
moderate interaction being optimal for the computational fP-hardness of boson sampling.
Another important fact is that changing the detectors’ basis from the sine functions to those
of single-particle eigenfunctions has a large impact on the structure of couplings. Though some
of the major features remain, the nuances of the essentially non-zero entries changes drastically.
The overall takeaway of this is that the proposed multi-qubit structure for the BEC trap
provides sufficient complexity and variability to ensure a wide variety of matrix hafninans is
envolved, potentially leading to the computational fP-hardness of atomic boson sampling.

6. Conclusions

We described the properties of a multi-qubit BEC trap for the purpose of atomic boson sampling
which manifests fP-hard complexity. In particular, we elaborated on the single-particle eigen
functions and energies using the Schrodinger equation and on the effects of the interparticle
interaction through the condensate wavefunction, described by the Gross-Pitaevskii equation,
and Bogoluibov couplings. Throughout both 1D and 2D multi-qubit BEC traps were considered
for both symmetric and asymmetric trapping potentials.

The multi-qubit BEC trap as described above offers a robust platform for atomic-boson-
sampling experiments. Creation of such a system looks feasible in view of recent advances
in the BEC trapping, cooling and detecting technologies. Compared to the experiments on
fluctuations of the total noncondensate occupation [12; 13], one should just additionally split
the noncondensate into many parts associated with different groups of excited states and measure
their occupation numbers. Although initial experiments will be limited in scope, it is likely with
enough effort quantum supremacy could be demonstrated.
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