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Radiative corrections in kaon decays
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Centre de Physique Théorique (CPT), UMR 7332 CNRS/Aix-Marseille Univ./Univ. du Sud
Toulon-Var, Marseille, France

E-mail: knecht@cpt.univ-mrs.fr

Abstract. This account provides a brief overview of various non-perturbative methods that
have been developed in order to address the issue of radiative corrections to kaon decays: chiral
lagrangians, non-relativistic effective field theory and dispersive constructions. Only a small
number of applications is mentioned, mainly for illustrative purposes.

1. Introduction

The experimental study of the kaon decay modes has made considerable progress during the last
decade or so. This progress results from an increasing number of high-precision measurements,
performed at several kaon facilities, like Fermilab with KTeV, DaΦne with KLOE, IHEP with
ISTRA+, or the CERN SPS with NA48, NA48/2, and now NA62. In many “classical” (i.e.
usually not considered as rare) decay channels, the number of collected events has multiplied the
size of the existing statistical samples by several factors, sometimes even by one or several orders
of magnitude. Many limits on lepton flavour violation, on violation of lepton flavour universality,
on the violation of CKM unitarity, or on admixtures of non-standard components (e.g. right-
handed or tensor currents) have already been obtained using these recent high-precision data on
kaon decays (see the contributions of A. Buras, L. Tunstall, M. González-Alonso, E. Passemar
to this conference for a survey of some of these aspects from a theoretical perspective).

Besides offering a window into possible new degrees of freedom, the study of kaon decays
also provides information on low-energy constants, which can then be used in order to make
predictions for other observables, or, more generally, to test our understanding of the properties
of QCD in the non-perturbative, low-energy regime. This has been the original motivation for
studying the most frequent decay modes, like the semi-leptonic Kℓn channels, with n = 2, 3, 4,
and even 5. A rather complete description of these theoretical studies can be found in [1].

This very positive evolution allows today to look seriously for far more rare decay channels,
which, due to both their extreme suppression and quite solid theoretical control in the standard
model, offer excellent possibilities to unravel degrees of freedom that describe physics beyond
the standard model. This is the motivation, for instance, for setting up experiments like NA62
at CERN or KOTO at J-PARC, in order to measure the branching fractions of the K± → π±νν̄
and KL → π0νν̄ decay modes, respectively. See the contributions of K. Shiomi (KOTO) and of
G. Ruggiero (NA62) to this conference.

But the increase of the experimental precision has also made it necessary to handle and to
include effects that had so far been neglected. This is the case, for instance, of isospin-breaking
corrections. Isospin-breaking effects have two origins: the differencemu−md of the masses of the
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light up and down quarks, and the electromagnetic interaction, α 6= 0. Theoretical predictions
are often made in a world where α = 0 and mu = md, so that one needs to connect this
“theoretician’s paradise” [2] to the real world, where experiments are made, and where isospin-
breaking effects are definitely present. In particular, the inclusion of isospin-breaking corrections
due to the mass difference between the charged and neutral pions (mainly an electromagnetic
effect!), often turns out to be crucial in order to obtain agreement between theoretical prediction
and experimental measurement [2].

Concerning radiative corrections to total decay rates Γ or to branching ratios, they usually
turn out to be rather small, of the order of a few percents at most,

Γ = Γ0

[

1 +
∆Γ

Γ0

] ∣

∣

∣

∣

∆Γ

Γ0

∣

∣

∣

∣

<∼ 1− 2%, (1)

as expected from the size of the fine-structure constants α. On the other hand, radiative
corrections to differential decay rates can become quite larger in certain regions of phase space,

d2Γ(x, y)

dxdy
=
d2Γ0(x, y)

dxdy
[1 + δ(x, y)] |δ(x, y)| <∼ 10%. (2)

One then recovers the expected size of the correction ∆Γ/Γ0 to the total decay rate only after
the integration over all phase space has produced a certain amount of cancellation between
the values taken by δ(x, y) in different regions. For the same reason, when the decay rate is
measured with experimental cuts on some phase space variables, radiative corrections can also
be more important than mentioned above. It is thus even more important to have an evaluation,
as accurate and as model-independent as possible, of isospin-breaking corrections if one wants
to extract information from, for instance, the dependence of form factors with respect to some
kinematic variable(s).

The remainder of this overview is devoted to the description of the main theoretical tools that
have been developed in order to address the issue of radiative correction, or, more generally, of
isospin-breaking effects, in kaon decays, and to illustrate them with a few applications. Section
2 is devoted to the low-energy effective framework using chiral lagrangians. Section 3 addresses
the use of non-relativistic effective theories for the treatment of the cusp effect in K → πππ
decays, and Section 4 describes the use of more dispersive-oriented approaches. The focus will
definitely be on the effective theory techniques. Another way to deal with the issue of radiative
corrections would be to rely on calculations from lattice QCD. This aspect is covered by the
contribution of G. Martinelli to this conference.

2. Computing radiative corrections to kaon decay modes with chiral lagrangians

At energies well below the electroweak scale, the ∆S = 1 non-leptonic transitions are described
by an effective lagrangian involving a set of four-fermion operators Qi(µ), modulated by Wilson
coefficients Ci(µ). The latter sum up perturbative QCD corrections from MW down to a scale
µ <∼ mc. In the absence of radiative corrections (α = 0), the description of the semi-leptonic
transitions involves a similar structure, but since there are no short-distance QCD corrections,
it actually takes a simple factorized form, (leptonic current)×(hadronic current).

2.1. Structures of the chiral lagrangians

The description of semi-leptonic decays thus amounts to the evaluation of form factors of the
relevant hadronic currents. This evaluation can be addressed in the following way. At the energy
scale µ << Λhad ∼ 1GeV, where kaon physics takes place, the relevant degrees of freedom are no
longer quarks, but the lightest pseudo-scalar mesons that become the Goldstone bosons of the
spontaneous breaking of chiral symmetry in the limit mu,d,s → 0 of massless light quarks. It is
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possible to construct an effective lagrangian that describes the interactions among these pseudo-
scalar mesons in a systematic low-energy expansion. The structure of the effective lagrangian
involved in the computation of the hadronic currents is fixed by the symmetry properties of the
QCD lagrangian in the chiral limit, and is given by [3, 4, 5, 6]

Lstr
eff = Lstr

2 (2 + 0) + Lstr
4 (10 + 0) + Lstr

6 (90 + 23) + · · · . (3)

It describes the coupling of the pseudo-scalar mesons to the hadronic currents, as well as the
strong interaction effects among the mesons themselves. The low-energy expansion starts at
order O(E2) and proceeds systematically to higher orders [6, 7, 8, 9, 10, 11, 12, 13, 14]. At each
order of the expansion, a certain number of low-energy constants, which are not fixed through
symmetry considerations, and which contain the true information on the dynamical aspects of
the strong interactions at long distances, need to be introduced. The number of these low-energy
constants is indicated between parentheses, the first (second) number being the number of low-
energy constants describing the sector of even (odd, from NLO onwards) intrinsic parity. The
effective description of the ∆S = 1 non-leptonic transitions of the kaons takes a similar form
[15, 16, 17, 18]:

L∆S=1
eff = L∆S=1

2 (1 + 1) + L∆S=1
4 (22 + 28) + · · · . (4)

The numbers between parentheses now indicate, at each order, the number of independent
low-energy constants with flavour quantum numbers corresponding to the octet or the 27-plet
representations. At lowest order, there are just two such constants, G8 and G27. At order
O(E4), the number of counterterms corresponds to the sector of even intrinsic parity only. The
contribution from the sector of odd intrinsic parity to L∆S=1

4 is discussed in Refs. [19, 20, 21].
The description of strong interactions and non-leptonic transitions among the light pseudo-

scalar mesons given so far does not account for radiative corrections. Adding electromagnetic
interactions requires to also include the photon as a low-energy degree of freedoms in the effective
lagrangian [22, 23]. But this is not yet sufficient in order to provide an adequate description of
semi-leptonic transitions. Since virtual photons can connect the quark and lepton currents, the
factorized structure mentioned above is in fact lost. The light charged leptons, e± and µ±, and
the corresponding neutrinos must then be included as well among the light degrees of freedom
[24]. At the level of the Fermi interaction between quarks and leptons, these modifications
have been investigated and described in Refs. [25, 26, 27]. At the level of the low-energy
effective description in terms of pseudo-scalar mesons, the low-energy effective lagrangian for
semi-leptonic processes becomes more involved,

Lstr
eff −→ Lstr

eff + Lstr+EM
eff + Llept

eff . (5)

Loops involving virtual photons and/or leptons will then produce their own divergences, which
in turn require, at each order in the low-energy expansion, an additional set of low-energy
constants. For the electromagnetic interactions of the pseudo-scalar mesons only, the structure
at leading and at next-to-leading orders reads

Lstr+EM
eff = Lstr+EM

2 (1) + Lstr+EM
4 (13 + 0) + · · · (6)

where [28, 22, 23]

Lstr+EM
2 = e2C〈QU †QU〉 Lstr+EM

4 (13 + 0) =
13
∑

i=1

KiOstr;EM
i . (7)

Finally, adding the light leptons requires some additional structures [24]:

Llept
eff = Llept

2 (0) + Llept
4 (5) + · · · Llept

4 =
5
∑

i=1

XiOlept
i . (8)
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The same thing happens for the description of electromagnetic corrections to the ∆S = 1 non-
leptonic transitions,

L∆S=1
eff −→ L∆S=1

eff + L∆S=1+EM
eff , (9)

with [29, 30]

L∆S=1+EM
eff = L∆S=1+EM

2 (1) + L∆S=1;EM
4 (14+?) + · · · (10)

L∆S=1+EM
2 = e2G8F

6
0 gweak〈λ23U †QU〉 L∆S=1+EM

4 = e2G8F
4
0

14
∑

i=1

ZiO∆S=1;EM
i . (11)

2.2. Determination of the low-energy constants

As we have just seen, including virtual photons and leptons in the low-energy description of
semi-leptonic and non-leptonic transitions involves new low energy constants. We briefly discuss
how these new low-energy constants have been determined. Those already present in Lstr

eff and in
L∆S=1
eff , i.e. in the absence of electromagnetic interactions, will not be addressed here. A recent

update of the determination of the low-energy constants in the mesonic sector, for instance, can
be found in Ref. [31].

The low-energy constant C appearing in Lstr;EM
2 (1) can be determined by a sum rule involving

the spectral densities of the vector-vector and axial-axial two-point correlators [32],

C = − 1

16π2
3

2π

∫ ∞

0
ds s ln

s

µ2
[ρV (s)− ρA(s)] . (12)

Saturating this sum rule with narrow-width vector and axial resonances, and using the Weinberg
sum rules [33], gives C = 3/(32π2)M2

VM
2
A/(M

2
A −M2

V ) ln(M
2
A/M

2
V ). The low-energy constants

Ki appearing in Lstr;EM
4 (13 + 0) have been determined along similar lines in Refs. [34, 35]. One

first needs to express the Ki’s in terms of suitable QCD correlators in the chiral limit (in this
case one needs also to consider three- and four-point functions), convoluted with the free photon
propagator. From the study of the short-distance properties of these correlators, one can then
establish spectral sum rules similar to the one given above for C, and saturate them with the
lowest-lying resonances in the various relevant channels.

The low-energy constants Xi appearing in Llept
4 have been determined in Ref. [27] using

a two-step matching procedure. One first computes the radiative corrections to the process
q̄q′ → ℓν in the SM and in the four-fermion theory. Then one matches the radiatively corrected
four-fermion theory to the chiral lagrangian, by identifying the QCD correlators (convoluted
with the free photon propagator) that describe the Xi’s. Finally, the resulting spectral sum
rules can be saturated with the lowest-lying resonance states.

Finally, the low-energy constants gweak and Zi have been estimated in the large-Nc limit in
Ref. [36]. In this approximation, one finds, for instance,

(g8e
2gweak)

∞ = −
(

〈ψ̄ψ〉
F 3
0

)2 [

3C8(µ) +
16

3
e2C6(µ)(K9 − 2K10)

]

. (13)

The dependence on the short-distance scale µ vanishes at leading-order in the large-Nc limit.
A scale dependence remains at subleading order in 1/Nc, but the subleading contributions to
gweak and Zi cannot be computed in general. In the case of gweak, the subleading contribution
induced by Q7 has however been obtained in Ref. [37],

(g8e
2gweak)

1/Nc;Q7 = − 9

8π2
C7(µ)

M2
ρ

F 2
0

[

ln
µ2

M2
ρ

+
1

3
− 2 ln 2

]

, (14)
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but this does not completely remove the residual scale dependence.
One may worry about the uncertainties on the values of the low-energy constants Ki, Xi and

Zi that come from saturation by lowest-lying narrow-width resonances, or from using the large-
Nc limit (the former being itself an approximation to the latter). Typically, one should ascribe
an uncertainty of about 30% to the values obatined as described above. This might not look as
very precise, and it would certainly not be precise enough in order to make sufficiently accurate
predictions for the dominant contributions, involving the low-energy constants of, say, Lstr

4 or
even Lstr

6 . However, radiative corrections represent only small effects, for which a precision of
30% in the corresponding low-energy constants is most of the time sufficient.

Radiative and isospin breaking corrections have therefore been computed within the low-
energy expansion described above for many semi-leptonic and non-leptonic processes, for
instance: π → ℓνℓ(γ) and K → ℓνℓ(γ) [24, 38, 39, 40], K → πℓνℓ(γ) [41, 42, 43, 44], π

+ → π0eνe
[45], K+ → π+π−ℓνℓ [46, 47, 48, 49], K → ππ [50, 36, 51], K → πππ [52, 53, 54]. This list is
certainly not extensive, and a more complete account can be found in Ref. [55].

3. Non-relativistic effective field theory

The high-precision experimental study of the decay modeK → ππ0π0 has revealed an important
experimental feature, namely a cusp at M00 = 2Mπ (Mπ denotes the mass of the charged pion)
in the invariant mass distribution M00 of the two neutral pions. This cusp was first observed by
NA48/2 [56] in a sample of 2.3 ·107 K± → π±π0π0 events. It was promptly interpreted [57] as a
final-state rescattering effect [58] π+π− → π0π0 (Mπ 6=Mπ0) corresponding to the combination
a0 − a2 of S-wave scattering lengths. But simple phenomenological parameterizations [59, 60],
or one-loop calculations in the low-energy expansion including isospin breaking [52, 53, 54],
either do not reproduce the correct analyticity properties, or do not give a sufficiently accurate
description of the cusp. A better description can be obtained by combining a non relativistic
EFT framework, where |p|/Mπ ∼ O(ǫ), and a systematic expansion in powers of the scattering
lengths, treated as free parameters, including orders ǫ2, aǫ3 and a2ǫ2 [61, 62]. Radiative
corrections were also treated within this non-relativistic framework [63]. This theoretical work,
when applied to the data, allows for a very accurate determination of the relevant combination
of scattering lengths, a0−a2 = 0.2571±0.0056 [65]. This theoretical study was also extended to
theKL → π0π0π0 mode [64], for which the KTeV collaboration had collected a sample of 6.8·107
KL → π0π0π0 events. But the rescattering effect is quite smaller than in the K± → π±π0π0

mode, so that the combination of scattering lengths can only be determined with significantly
less accuracy, a0 − a2 = 0.215 ± 0.031 [66].

4. Dispersive construction of form factors and amplitudes

The systematic use of general properties like relativistic invariance, unitarity, crossing and
analyticity, combined with the low-energy counting allows to construct, in a dispersive way,
representations of scattering amplitudes or of form factors that include up to next-to-next-
to leading order effects in the low-energy expansion. This “reconstruction theorem” was first
proven in Ref. [67] for the ππ scattering amplitude in the isospin limit, and was subsequently
implemented in order to obtain an explicit two-loop representation of the ππ amplitude [68].
But it actually is of a more general validity and, in particular, it is also applicable when
isospin symmetry is explicitly broken, as has been discussed, for instance, in Ref. [69]. This
“reconstruction theorem” also furnishes a convenient representation of amplitudes and form
factors, which in turn provides a convenient starting point for studies that go beyond the strict
framework of the low-energy expansion, when it becomes necessary to account for important
final-state rescattering effects in ππ final states. For an illustration of the later aspect in the case
of the Kℓ4 form factors in the isospin limit, see the contribution of P. Stoffer to this conference,
as well as [70].
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The example that will be used as an illustration here concernsMπ 6=Mπ0 effects in the phases
of form factors describing the amplitude for the Kℓ4 decay mode K± → π+π−e±νe. Standard
angular analysis of these form factors [71, 72] provides information on low-energy ππ scattering
(thanks to Watson’s theorem) through the difference [δS(s)− δP (s)]exp of the phases of the ππ

amplitude in the S and P waves, which is measurable in the interference of the F+− and G+−

form factors (for the notation, see [1]). Comparison with solutions of the Roy equations [73]

[δS(s)− δP (s)]exp = fRoy(s; a
0
0, a

2
0), (15)

allows to extract the values of the ππ S-wave scattering lengths in the isospin channels I = 0, 2.
The Roy equations themselves follow from dispersion relations (analyticity, unitarity, crossing,
the Froissard bound), ππ data at energies

√
s ≥ 1 GeV, and isospin symmetry. Solutions of

these equations can been constructed [74, 75] as long as the scattering lengths a00 and a20 lie
within some range called the Universal Band.

Once standard radiative corrections have been taken care of, it is still important to take
isospin-breaking corrections due to Mπ 6= Mπ0 into account before analyzing data [2]. These
effects were evaluated to order one loop in the low-energy expansion in Ref. [76], and they
amount to replace the equation above by

[δS(s)− δP (s)]exp = fRoy(s; a
0
0, a

2
0) + δfIB(s; (a

0
0)

LO
ChPT, (a

2
0)

LO
ChPT). (16)

Since the correction factor results from a one-loop calculation, it depends on the scattering
lengths only through their lowest-order expressions, whereas they occur as free parameters in
the solutions to the Roy equations. This could possibly constitute a drawback: if the radiative
corrections depend stronly on the actual values of the scattering lengths, analyzing the data
with the above determination of the correction factor could introduce a bias. This drawback is
shared by other studies devoted to isospin breaking in Kℓ4 decays [46, 47, 48, 49]. The issue
whether it is actually possible to compute the correction factor in a way that it also involves the
scattering lengths as free parameters,

[δS(s)− δP (s)]exp = fRoy(s; a
0
0, a

2
0) + δfIB(s; a

0
0, a

2
0), (17)

was successfully addressed in Ref. [77]. A reanalysis of the NA48/2 data [78, 79] using the
correction factor obtained in Ref. [77] leads to the following determination of the scattering
lengths:

a00 = 0.221 ± 0.018 a20 = −0.0453 ± 0.0106. (18)

Apart from slightly larger error bars, these values show no significant difference from those
obtained [78, 79] using the correction factor with scattering lengths fixed at their lowest-order
values [76],

a00 = 0.2220(128)stat(50)syst (37)th a20 = −0.0432(86)stat(34)syst(28)th. (19)

5. Conclusions

The high precision reached by the data concerning non-leptonic and semi-leptonic decay modes
of the kaons has made the treatment of isospin-breaking effects (mu 6= md and α 6= 0) an
unavoidable issue. A lot of activity has been going on in this field, extending the scope of the
low-energy effective field theory in order to meet this necessity (inclusion of photons, leptons).
Only a tiny fraction of the many applications has been mentioned in this overview. The good
news is that the issue of additional low-energy constants that this extension brings with it has
been dealt with in a rather satisfactory manner, although some progress on estimates of the Zi’s
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would be welcome. The effects due to Mπ 6= Mπ0 were found to be important, especially for
the description of the unitarity cusp in the K → πππ mode, or for the extraction of the π − π
scattering lengths from Ke4. The low-energy expansion at next-to-leading order is then not
always sufficient, and more elaborate or better adapted approaches, like non-relativistic effective
field theory or dispersive representations, need to be implemented in order to achieve the required
precision. Finally, although it has been checked not to be the case for the determination of the
phase difference δS(s)−δP (s) from Ke4 data, one should in general watch out for possible biases
if the radiative corrections to form factors and/or decay distributions are computed for fixed
values of the parameters one actually wants to extract from data.
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