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Abstract Multi-particle correlations between azimuthal
angle and mean transverse momentum are a powerful tool
for probing size and shape correlations in the initial condi-
tions of ultra-relativistic nuclear collisions. These correla-
tions have also been employed to investigate the structure
of the colliding nuclei, including potential nuclear shape
phase transitions at the energy frontier. However, the direct
implementation of these correlations is highly nontrivial, and
prior studies have been mostly limited to lower-order cor-
relations, such as the modified Pearson correlation coeffi-
cient, ρ(v2

n, [pT]). This paper presents a unified framework
that employs a recursive algorithm, enabling the efficient
evaluation of arbitrary-order correlations while maintaining
computational efficiency. This framework is demonstrated
using widely adopted transport models, including AMPT and
HIJING. The proposed unified algorithm for multi-particle
correlations between azimuthal angle and transverse momen-
tum provides a systematic and efficient approach for multi-
particle correlation analyses. Its application in experiments
at the Relativistic Heavy Ion Collider and the Large Hadron
Collider facilitates the exploration of nuclear structure at
ultra-relativistic energies.

1 Introduction

Ultrarelativistic collisions of heavy ions at facilities such as
RHIC and the LHC create a strongly-coupled, deconfined
matter called the Quark-Gluon Plasma (QGP) [1–5]. The col-
lective expansion of the QGP generates anisotropic particle
emission patterns due to the geometry of the overlapping
region of two colliding nuclei [6]. The anisotropy can be
quantified by the anisotropic flow coefficients, vn , defined
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as the coefficients of the Fourier expansion of the angular
distribution of emitted particles [7]:

dN

dϕ
∝ 1 + 2

∞∑

n=1

vn cos[n(ϕ − �n)] (1)

Anisotropic flow measurements at RHIC and the LHC,
together with the systematic comparisons to hydrodynamic
model calculations, have shown that the QGP behaves as
a near-perfect liquid [8–18], with a shear viscosity over
entropy density ratio close to the lowest limit predicted
by AdS/CFT theory [19]. Anisotropic flow studies are
typically performed via multi-particle azimuthal correla-
tions [20], providing insight into various aspects of QGP
dynamics. These flow studies include anisotropic flow coef-
ficients [8–11,13,14,17], event-by-event fluctuations of the
flow coefficient [16,21,22], correlations among different
flow coefficients [23–26], correlations between different
flow symmetry planes [27–31] and flow vector fluctua-
tions/decorrelations [32–37]. Accordingly, anisotropic flow
studies are central to understanding the collective proper-
ties of the QGP [38–42]. All these multi-particle correla-
tions can be efficiently and precisely measured using the
Generic Framework [43], or its advanced version, Generic
Algorithm [44]. A critical aspect of these algorithms is their
ability to properly incorporate detector efficiencies, ensuring
accurate results for high-order correlations under realistic
detector conditions. The vn coefficients (n <= 3) are tightly
correlated with the initial eccentricity, εn , of the initial state
and are, to first-order, a linear hydrodynamic response to the
initial state geometry [45]. This sensitivity to initial condi-
tions makes anisotropic flow a valuable probe of the nuclear
structure of colliding nuclei [46,47], which is imprinted in
the initial geometry due to the low crossing time of the nuclei
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compared to collective degrees of freedom, such as rotational
and vibrational degrees of freedom [48]. For instance, the rel-
ative increase of the measured v2 in central Xe–Xe collisions
compared to central Pb–Pb collisions can only be explained
by a sizeable quadrupole deformation, β2 = 0.207, of the
129Xe nuclei [49].

Besides the study of anisotropic flow phenomena using
multi-particle azimuthal correlations, the mean transverse
momentum [pT] and its fluctuations can also be anal-
ysed through multi-particle transverse momentum corre-
lations [50,51]. These correlations provide an alternative
approach to probing the initial conditions of heavy-ion colli-
sions. More specifically, the [pT] fluctuations, resulting from
variations in the initial size of the fireball, provide insight into
how energy is transferred from the colliding nuclei to the sys-
tem formed in the early stages of ultra-relativistic nuclear col-
lisions [52]. These fluctuations are strongly correlated with
the initial energy density [53]. The [pT] fluctuations can be
estimated by the fluctuations in the initial transverse size, d⊥,
of the system via δpT/[pT] = δd⊥/d⊥ [45,54]. Measure-
ments of the lower orders (mean and variance) of the event-
by-event [pT] fluctuations at RHIC [55–58] and LHC [59–
62] and comparison to theoretical models confirm that ini-
tial state density fluctuations are necessary to describe the
observed [pT] fluctuations. Measurements of higher-order
moments of the [pT] distribution, such as the skewness and
kurtosis [60–62], offer additional insight into the early stages
of the ultra-relativistic nuclear collisions by constraining the
initial-state fluctuations and even disentangling geometrical
and intrinsic sources of fluctuations [63,64]. The [pT] fluc-
tuations can be studied efficiently to arbitrary order using the
generalised multi-particle pT correlations introduced in [65].

The correlation between v2
n and δpT probes the correla-

tion between the initial size and shape, providing a more
comprehensive probe of the initial state. This correlation,
in the form of a modified Pearson correlation coefficient,
ρ(v2

2, δpT) [66], has been measured at RHIC [67] and the
LHC [68,69]. The ρ(v2

2, δpT) has the distinct advantage that
it is mostly insensitive to final state effects but instead directly
reflects the correlations of the initial shape and size [68]. In
addition, ρ(v2

2, δpT) observable show a strong sensitivity to
the nucleon width used in initial state models [70] and was
used to resolve a conflict in the description of the initial state
between competing heavy-ion models [71].

Given the strong connection between vn-δpT correlations
and the initial-state geometry, these measurements serve as
a promising tool for studying nuclear structure at TeV ener-
gies. Due to the short crossing time of the colliding nuclei,
heavy-ion collisions effectively capture an image of the over-
lap region between them. In central collisions, where the
principal nuclear axes are aligned, this image reflects the
ground-state nuclear structure. The anisotropic flow coef-
ficients from two-particle correlations suffice to measure

the quadrupole deformation, β2; however, a nucleus such
as 129Xe is expected to exhibit triaxiality, γ , where all
three principal axes differ in length. Fully resolving such
three-dimensional nuclear structures requires at least a three-
particle cumulant. Comparison of measurements of the low-
est order vn-δpT three-particle correlation, ρ(v2

2, δpT) to the-
oretical calculations using the framework of energy-density
functional methods [72], has suggested that the 129Xe nuclei
are triaxially deformed with a fixed γ = 27◦ [73]. So far,
nuclear structure studies in high-energy heavy-ion collisions
have assumed rigid structures with fixed parameters of β2

and γ for 129Xe. However, 129Xe exists within a region of
suspected phase transition on the nuclide chart. Within the
interacting Boson Model [74] and under the E(5) symme-
try group [75,76], the Xenon nuclei undergo a shape phase
transition around 128-130Xe associated with β-soft and γ -soft
deformation [77–81]. Higher-order moments of the joint v2

and δpT distribution not only provide further insight into the
initial-state properties of heavy-ion collisions but can also be
used to explore the nuclear shape phase transition at the TeV
energy scales [82].

Traditionally, the lower-order correlation between azimuthal
angle and transverse momentum has been measured using
the sub-event method to suppress the non-collective contam-
ination. Meanwhile, higher-order cumulants, which involve
correlations among multiple particles, are expected to be
less biased regarding such non-collective effects. Measur-
ing these cumulants within the entire available phase space
significantly increases the statistical precision by utilising
the increased number of available particle tuples. This paper
presents a unified algorithm to obtain any correlation between
arbitrary moments of a set of observables. Recursive for-
mulae to generate the cumulants in specific cases are also
presented. The algorithm is showcased through heavy-ion
models such as HIJING and AMPT.

2 Unified algorithms for the multi-particle correlations

2.1 One algorithm to rule them all

Two components are involved in computing multi-particle
correlations. The first component is the computation of
moments of the distribution of various observables. In gen-
eral, this is 〈O1 ·O2 · · ·ON 〉, where Oi is a specific observ-
able. Care must be taken when computing each observ-
able, as each must be computed from a different particle.
Doing so ensures that only dynamical fluctuations are con-
sidered and self-correlations are removed. This requirement,
when applied naively, drastically increases the necessary
computing time. Techniques are then applied to optimize
this, but they become progressively more complicated as
higher-order moments are investigated. The second compo-
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nent is to compute the actual correlation from the moments,
C(O1,O2, . . . ,ON ). In general, this is done using the cumu-
lant formulation[83]. Cumulants reveal whether a correlation
is genuine in that it cannot be reduced to any lower-order set
of correlations. Again, the formulae used to compute higher-
order correlations become increasingly more complicated to
calculate.

To compute multi-particle correlations, C(O1,O2, . . . ,

ON ), we must first calculate the necessary moments,
M(O1,O2, . . . ,ON ), defined in Eq. 2.

M(O1, · · · ,ON )

=
∑

i1 �=···�=iN ω1,i1 · · · ωN ,iNO1,i1 · · ·ON ,iN∑
i1 �=···�=iN ω1,i1 · · · ωN ,iN

. (2)

The requirement that i1 �= · · · �= iN creates consid-
erable complication (necessary though to remove self-
correlations). One must actually compute 2N − 1 differ-
ent sums of the various observables to remove these self-
correlations without manually performing the calculation
with nested loops. One must first fill an array (which
we will call S here) with all the various combinations of
observables summed over all particles. This is, for example,∑Nparticles

i=1 w j,iwk,iwl,iO j,iOk,iOl,i , if observables j , k, and
l are considered. Another array,SW, contains only the weights
for the denominator. To accomplish this, we use bits to rep-
resent whether a variable is or is not included in a sum. So
S[0]=S[1-1] is

∑Nparticles
i=1 w1,iO1,i , because 1 only has

the lowest bit on. If we want
∑Nparticles

i=1 w1,iw3,iO1,iO3,i ,
this is held in S[5-1] as 5 has the binary representation
of 101. To fill S and SW, we use an array N elements
long, called O here, and fill it with each element being
’weight’ × ’observable’ for S or just ’weight’ for SW. Then,
the following C++ code can be executed for each considered
particle in an event to fill S and SW from those arrays.

void fill_array(complex* S,
complex* O,
unsigned int n) {

for (unsigned int i=(1<<n)-1; i>0; --i)
{complex val = 1.; //assign 1

initially
for (unsigned int iobs=0; iobs<n;
++iobs) {

if ((i>>iobs)&1) val *= O[iobs];
}
S[i-1] += val;

}
}

Note that the complex type has to be chosen from whatever
is available in someone’s code base and could change how
initialization works.

Now that S and SW are filled, two new arrays, also with
2N − 1 elements each, called M and MW are made to hold
the moments with all self-correlations removed. The relevant
recursion relation used to accomplish this is:

∑

i1 �=···�=iN

A1,i1 · · · AN ,iN

=
⎛

⎝
∑

iN

AN ,iN

⎞

⎠ ·
∑

i1 �=···�=iN−1

A1,i1 · · · AN−1,iN−1

−
∑

i1 �=···�=iN−1

(
A1,i1 · AN ,i1

) · A2,i2 · · · AN ,iN

...

−
∑

i1 �=···�=iN−1

A1,i1 · · ·N−2,iN−2 ·(AN−1,iN−1 · AN ,iN−1

)

This recursion relation must be applied many times to pro-
duce the algorithm. The following C++ code exploits this
relationship in a slightly optimized way to accomplish this.
One must run com_corrs(n,S,M) and
com_corrs(n,SW,MW) after filling S and SW for all par-
ticles in the event, where n is the number of observables.

unsigned int com_fac(unsigned int mask)
{

//Compute (n-1)! where n
// is the number of set bits in mask
unsigned int fac = 1, bit_count = 0;
while (mask &= (mask-1)) fac *=

(++bit_count);
return fac;

}

complex com_corr(unsigned int mask,
complex* S) {

//Find min val with largest bit set
unsigned int mask_hold=mask, maskmin

= 1;
while (mask_hold >>= 1) maskmin <<= 1;

complex c = -1*com_fac(mask)*S
[mask-1];

for (unsigned int i=(mask-1)&mask;
i>=maskmin;
i=(i-1)&mask)

c -= com_fac(i)*S[i-1]*com_corr((˜i)
&mask, S);

return c;
}

void com_corrs(unsigned int nobs,
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complex* S,
complex* M) {

for (unsigned int i=(1<<nobs)-1; i>
0; --i)
M[i-1] = (i&1?-1:1)*com_corr(i, S);

}

Now that M and MW are filled, the analyser can decide
how to average the moments over many events. This can
be achieved with unit weighting, multiplicity weighting,
or any other weighting method chosen by the analyser.
The result averaged separately for each element in the
array must end up in some final array (of length 2N − 1),
which we will call EM here. Then, one can use the fol-
lowing code to calculate the cumulant from this by calling
com_cumulant((1«n)-1,EM) where the first parame-
ter produces a bit mask with alln bits on. Note that(1«n)-1
produces the value 2N − 1.

complex com_cumulant(unsigned int mask,
complex* EM,
unsigned int depth=0) {

//Find min val with largest bit set
unsigned int mask_hold = mask,

maskmin = 1;
while (mask_hold >>= 1) maskmin <<= 1;

complex c = 0;
if ((mask-1)&mask)

for (unsigned int i=(mask-1)&mask;
i>=maskmin;
i=(i-1)&mask)

c += EM[i-1]*com_cumulant((˜i)
&mask,

EM,
depth+1);

return EM[mask-1]-(depth+1)*c;
}

This code is essentially a direct implementation of the fol-
lowing equation from [83], also written in [43]:

Cum({n}) =
n∑

l=1

(l − 1)!(−1)l
∑

∑l
i=1{mi }={n}

l∏

i=1

Mom({mi })

where
∑l

i−1{mi } = {n} represents all ways to divide {n} in
l subsets and Mom({mi }) is the moment mentioned in Eq. 2
with the number of elements being mi .

One can additionally define a new array C of length 2N −1
and use the following code to compute the N observable
cumulants and all lower order cumulants.

void com_cumulants(unsigned int nobs,
complex* EM,
complex* C) {

for (unsigned int i=(1<<nobs)-1;
i>0;
--i)

C[i-1] = com_cumulant(i, EM);
}

Note, other approaches for the development of higher
order cumulants involving multiple observables are also
available, please refer to Ref. [84].

2.2 New observables of multi-particle cumulants of
azimuthal angle and transverse momentum

Among many different multi-particle correlations between
azimuthal angle and transverse momentum, specific multi-
particle cumulants of azimuthal angle and transverse momen-
tum (no flow symmetry plane is involved) that we will inves-
tigate here are:

C(ein(ϕ1−ϕ2), δpT) = C(v2
n, δpT) = 〈v2

nδpT〉 (3)

C(einϕ, e−inϕ, δpTi , δpT j ) = C(v2
n, δpT

2)

= 〈v2
nδpT

2〉 − 〈v2
n〉〈δpT

2〉 (4)

C(ein(ϕ1−ϕ2), δpTi , δpT j , δpTk) = C(v2
n, δpT

3)

= 〈v2
nδpT

3〉 − 3〈v2
nδpT〉〈δpT

2〉 − 〈v2
n〉〈δpT

3〉 (5)

C(ein(ϕ1+ϕ2−ϕ3−ϕ4), δpT) = C(v4
n, δpT)

= 〈v4
nδpT〉 − 4〈v2

nδpT〉〈v2
n〉 (6)

C(ein(ϕ1+ϕ2−ϕ3−ϕ4), δpTi , δpT j ) = C(v4
n, δpT

2)

= 〈v4
nδpT

2〉 − 4〈v2
nδpT

2〉〈v2
n〉 + 4〈v2

n〉2〈δpT
2〉

− 4〈v2
nδpT〉2 − 〈v4

n〉〈δpT
2〉 (7)

All of these can be computed using the generic algorithm
presented in this section. One should note that every power
of vn or δpT represents a separate variable that must be
computed from individual particles in the same event. Addi-
tionally, the notation of v

p
n , where p is some even power,

just represents the expected flow coefficient being measured.
The actual observable for v2

n comes from one observable
of einφ and another of e−inφ . The cumulants can be nor-
malised by some appropriate choice of denominator [85].
In this paper, the normalisation of C(vmn , δpT

k) is done
by the mth-order anisotropic flow cumulant cn{m} and the
pT variance, 〈δpT

2〉k/2. This choice is based on the con-
sideration to normalize the correlator (numinator) by the
genuine multi-particle correlations (cumulant) in the mth-
order and variance of kth-order pT correlations. This also
allows for avoiding lower-order few-particle correlations
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(non-collective effects). Thus, one has

NC(v2
n, δpT) = C(v2

n, δpT)

cn{2}
√

〈δpT
2〉

(8)

NC(v2
n, δpT

2) = C(v2
n, δpT

2)

cn{2}〈δpT
2〉 (9)

NC(v2
n, δpT

3) = C(v2
n, δpT

3)

cn{2} (〈δpT
2〉)3/2 (10)

NC(v4
n, δpT) = C(v4

n, δpT)

cn{4}
√

〈δpT
2〉

(11)

NC(v4
n, δpT

2) = C(v4
n, δpT

2)

cn{4}〈δpT
2〉 (12)

3 The models and setup

The a multi-phase transport (AMPT) model [86] is a widely
used tool for studying high-energy nuclear collisions; it
consists of four key components. The HIJING model [87]
simulates the spatial and momentum distributions of mini-
jet partons and soft string excitations in the initial con-
ditions. Then, Zhang’s parton cascade (ZPC) model [88]
simulates the parton cascade, describing parton scatterings
based on a screened two-body cross-section. The hadroniza-
tion occurs through a quark-coalescence particle produc-
tion mechanism [89], where nearby partons recombine into
hadrons. In the end, the hadronic rescatterings are mod-
elled using a relativistic transport (ART) model [90], with
the interaction strengths controlled via the time steps. The
string melting version of AMPT is used in this paper, where
the partonic degree of freedom is enabled. The AMPT-string
melting model successfully reproduces particle production
and anisotropic flow observed in heavy-ion collisions, which
provides valuable inputs for the understanding of the trans-
port properties of QGP [43,91–94]. In addition, it captures
the response of final-state collective expansion to the ini-
tial state properties (i.e., shape, size and their event-by-event
fluctuations), making it a valuable tool for investigating the
structure of the nuclei colliding at RHIC and the LHC [65,95–
100]. In this paper, the multi-particle correlations (cumu-
lants) between flow coefficients and transverse momentum,
C(vmn , δpT

k), are investigated using AMPT simulations for
Pb–Pb and Xe–Xe collisions at the LHC. Notably, calcula-
tions of higher-order correlations between azimuthal angle
and transverse momentum are presented for the first time.
These results can serve as baseline predictions, as they do
not account for specific nuclear shapes of 208Pb or 129Xe.

The Heavy Ion Jet INteraction Generator model, HIJING,
was developed to study hadron production in high-energy
nucleon-nucleon, nucleon-nucleus, and nucleus-nucleus col-
lisions [87]. With additional modifications to the string con-

figuration, this model can also describe bulk hadron spectra
and high pT hadron suppression in ultra-relativistic nuclear
collisions [101]. At the same time, HIJING has also been
used as an initial condition generator for hydrodynamic mod-
els [102–104] or parton cascade models like AMPT [86].
However, a key limitation of HIJING is its lack of collec-
tive effects, meaning it fails to reproduce the anisotropic flow
measurements in ultra-relativistic nuclear collisions at RHIC
and the LHC. Because of this, HIJING simulations serve as
a baseline study where collective effects are absent, help-
ing to investigate remaining experimental biases originating
from non-collective effects [43,44,94,105,106]. This paper
employs HIJING simulations to investigate potential biases
arising from non-collective effects in the newly proposed
multi-particle cumulants of flow coefficients and transverse
momentum.

For the AMPT and HIJING model studies on the multi-
particle correlations between azimuthal angle and transverse
momentum, both the standard and sub-event methods are
used. The former one takes the correlated particles from the
entire phase space in the pseudorapidity acceptance, such
as 0.2 < pT < 3.0 GeV/c and |η| < 0.8, while the latter
one takes the azimuthal angle from sub-event A of −0.8 <

ηA < −0.4 and sub-event B of 0.4 < ηB < 0.8, while the
particles for the pT correlations are taken from sub-event C
of −0.4 < ηC < 0.4.

4 Results and discussion

It has been established that the higher-order cumulants con-
structed in this work have the ability to provide unique
insights into the structure of colliding nuclei. Their specific
sensitivities to the quadrupole deformation β2 and the triaxi-
ality parameter γ can be predicted by calculating an estimate
from the liquid drop model, displayed in Table 1. From this
comparison, a statement can be made about the information
that is possible to extract from each cumulant.

Generally, the degree of sensitivity that any given cumu-
lant has to β2 approximately scales with the number of
correlated particles used in its calculation. However, the
unique combinations of two- and four-particle azimuthal
angle correlation components with different orders of δpT

across cumulants induce different levels of dependence on
γ . Notably, the four-particle cumulant C(v2

2, δpT
2) is com-

pletely insensitive to γ in the liquid drop formulation. The
six-particle cumulant C(v4

2, δpT
2) has the most significant

sensitivity to the γ fluctuations, making it particularly valu-
able in the context of the potential shape phase transition
of the 129Xe nucleus. Due to its increased sensitivity, this
cumulant should be sufficient to distinguish between a rigid
structure with a fixed triaxiality and the γ fluctuations that
would indicate the phase transition.
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Fig. 1 Centrality dependence ofC(vkn , δp
n
T) in Pb–Pb collisions at 5.02

TeV from AMPT (azure squares) and HIJING (green diamonds) mod-
els. Similar calculations in Xe–Xe collisions at 5.44 TeV from HIJING

(red circles) are also presented. Calculations from the standard and sub-
event methods are shown in solid and open markers, respectively

4.1 Baseline predictions for the collective behaviour

Most of the cumulants derived from the AMPT model have
an overall negative trend, with the exception of the three-
particle cumulant C(v2

2, δpT), which shows a positive corre-
lation between v2

2 and [pT]. For the non-normalized cumu-
lant presented in Fig. 1, C(v2

2, δpT) in panel (a) appears to
have a strong dependence on centrality, increasing linearly
before reaching a plateau around a centrality of 60%. This
behavior is not reflected in the normalized cumulants (see
Fig. 4 in the appendix), which have a relatively weak depen-
dence on centrality. There is, therefore, an indication that
this strong centrality dependence is mainly due to the con-
tribution of the two-particle azimuthal angle correlation (or
v2
n) dominating the three-particle cumulantC(v2

2, δpT). Such
a dominant contributions from two-particle azimuthal angle
correlation in the centrality dependence C(v2

2, δpT) is not
seen seen in the higher order cumulants C(v2

2, δpT
2) (b) and

C(v2
2, δpT

3) (c), where an equal or greater number particles
are included in the calculation of the cumulant’s transverse
momentum component. In these cumulants, very little cen-
trality dependence is observed until the region of 60–80%,
where both undergo an exponential increase in magnitude
with a negative trend.

For the five-particle cumulant C(v4
2, δpT), shown in panel

(d), the centrality dependence has almost mirrored the trend

observed inC(v2
2, δpT) up to the 60% region, but with a nega-

tive correlation. The magnitude is once again attributed to the
domination of the four-particle azimuthal angle correlation in
the five-particle cumulant. Unlike in the three-particle case,
this five-particle cumulant does not go on to reach a plateau
but instead reaches a peak between 60 and 70%.

Furthermore, the six-particle cumulantC(v4
2, δpT

2), shown
in panel (e), is of special interest due to its aforementioned
sensitivity to the γ fluctuations. In the AMPT model, it can be
seen thatC(v4

2, δpT
2) exhibits a negative trend in mid-central

collisions but undergoes a change in sign in the centrality
range of 60–70%, and then increases exponentially for more
peripheral collisions. There is clearly a strong dependence
on centrality in this cumulant.

4.2 Non-collective contamination

As discussed in Sect. 3, the HIJING model provides a
baseline study that can be used to assess the contamina-
tion of cumulant measurements by non-collective effects,
as these are not accounted for within the model. This esti-
mation applies exclusively to experimental measurements
and should not be considered a dependable measure of non-
collective contamination in the above-discussed AMPT cal-
culations. The HIJING calculations show that all presented
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cumulants are consistent with zero in central and mid-central
collisions.

In peripheral collisions, non-collective contributions start
to present in the HIJING calculations. The magnitude of
the contamination varies across the cumulants presented.
In cumulants involving correlations of two azimuthal angle
observables, a non-zero magnitude is always seen above a
centrality of 60–70%, similar to the standard two-particle
azimuthal angle correlations.

Conversely, in the six-particle cumulant involving four-
particle azimuthal angle correlations, the HIJING baseline is
consistent with 0 across the full centrality range in the stan-
dard case. This demonstrates the additional suppression of
non-collective effects associated with using a higher-order
azimuthal angle correlation. It further suggests that the com-
ing measurements of this cumulant will be largely unbiased
due to non-collective effects across all centralities. This is
particularly beneficial, as it motivates to use of the larger
sample accessible through the standard method in the search
for potential γ fluctuations using the six-particle cumulant.

Though it has been noted that the HIJING model is most
relevant as an estimator of the non-collective contamination
in experimental measurements, the presence of this exponen-
tial dependence on centrality in the HIJING baseline regions
indicates a general contribution from non-collective effects in
the peripheral regions, which cannot be entirely disregarded
in the AMPT model. These effects are possibly the source
of the exponentially increasing trend seen in the peripheral
region of the cumulants obtained from the AMPT model.

The cumulants are also presented with and without apply-
ing the sub-event method. In the cumulants extracted from
HIJING, the method is observed to have the expected effect,
consistently reducing the magnitude across the central-
ity range. However, it must be noted that even when the
sub-event method is included, the cumulants C(v2

2, δpT),
C(v2

2, δpT
2) and C(v2

2, δpT
3) all maintain their divergence

from zero in peripheral collisions. This suggests that the sub-
event method is not effective in removing all contributions
from non-collective effects within this range of centrality.
However, the sub-event method is almost entirely effective
at suppressing the non-collective effects in the five-particle
cumulant of C(v4

2, δpT).

5 Summary

In this work, we have developed a unified algorithm to study
multi-particle correlations between the azimuthal angle and
transverse momentum. This algorithm provides a precise
and efficient method for computing correlations in any arbi-
trary order. The technique provides a systematic approach
to analysing correlations in complex many-body systems,
making it highly relevant for high-energy nuclear physics

studies. We introduce several key observables involving
multi-particle cumulants of flow coefficients and transverse
momentum, denoted as C(vmn , δpT

k). Based on the imple-
mentation of the unified algorithm, these new observables
have been validated using the AMPT and HIJING mod-
els. The AMPT results, exhibiting characteristic centrality
dependence and sign changes, establish a baseline for study-
ing the collective behaviour of these higher-order correla-
tions. Meanwhile, the HIJING results and their deviations
from zero serve as an essential reference for understanding
non-collective effects in future experimental measurements.

Given the remarkable sensitivity of multi-particle cor-
relations in azimuthal angle and transverse momentum to
the initial conditions of heavy-ion collisions, the proposed
algorithm emerges as a powerful tool for constraining the
uncertainties in the transport properties of the QGP, the key
objective of ultra-relativistic nuclear collisions at RHIC and
the LHC. Furthermore, by exploiting the close connection
between these new correlations and the initial state, the pre-
sented algorithm supports the investigation of the structure
of the colliding nuclei and enables the exploration of nuclear
shape phase transitions in high-energy nuclear collisions,
opening new avenues for research at the energy frontier.
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Appendix A: Additional plots

To verify that the algorithm returns the expected moments, a
comparison is performed between a nested loop approach–
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Fig. 2 Comparison of AMPT calculations of all real moments calcu-
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with six nested loops and with the algorithm presented in this paper.
Using the algorithm, the moments correspond to bitsets 010000,
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enforcing the i1 �= · · · �= in requirement–and the algorithm
under study, using a single event from AMPT. Figure 2 shows
the comparison between the nested loop calculations and the
algorithm. As expected, the resulting values are identical.

Figure 3 shows the cumulants of flow coefficient and trans-
verse momentum zoomed in on 0–30% centrality. Figure 4
shows the normalized cumulants from Eq. (8)–(12).
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Appendix B: Liquid-drop model estimates

The sensitivity of the multi-particle cumulants of flow coef-
ficient and transverse momentum can be estimated by the

liquid drop model [107]. These estimates are shown for the
observables presented in this paper in Table 1.

Table 1 Selected multi-particle cumulants of flow coefficients and transverse momentum in a liquid-drop model potential averaged over random
orientations

Final state cumulant Initial state cumulant Liquid-drop model

C(v2
2 , δpT)

〈
ε2

2
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〉
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√
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