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We consider a bipartite transformation that we call self-embezzlement and
use it to prove a constant gap between the capabilities of two models of quantum
information: the conventional model, where bipartite systems are represented
by tensor products of Hilbert spaces; and a natural model of quantum informa-
tion processing for abstract states on C*-algebras, where joint systems are rep-
resented by tensor products of C*-algebras. We call this the C*-circuit model
and show that it is a special case of the commuting-operator model (in that it
can be translated into such a model). For the conventional model, we show that
there exists a constant ¢y > 0 such that self-embezzlement cannot be achieved
with precision parameter less than ey (i.e., the fidelity cannot be greater than
1 — €p); whereas, in the C*-circuit model—as well as in a commuting-operator
model—the precision can be 0 (i.e., fidelity 1).

Self-embezzlement is not a non-local game, hence our results do not im-
pact the celebrated Connes Embedding conjecture. Instead, the significance of
these results is to exhibit a reasonably natural quantum information process-
ing problem for which there is a constant gap between the capabilities of the
conventional Hilbert space model and the commuting-operator or C*-circuit
model.

1 Introduction and summary

In the conventional model of quantum information, separate quantum systems are rep-
resented by Hilbert spaces and joint systems are represented by their tensor products.
Localized dynamics and measurements are operations on the Hilbert spaces of the subsys-
tems.

This model—that we refer to here as the conventional model—is not fully general. In a
more general commuting-operator model, there is one global Hilbert space and the localized
dynamics and measurements act on that space with the requirement that certain operators
on separate subsystems commute. In 2017, Slofstra [20] showed that there are non-local
correlations that can be attained in the commuting-operator model that cannot be obtained
in the conventional model. It remains an open question whether every commuting-operator
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correlation can be approximated to arbitrary precision by a conventional correlation. This
question is equivalent to that of the celebrated Connes embedding conjecture |5, 8, 14].

We consider a broader scenario than non-local correlations, and prove that there is
a task that can be performed in the commuting-operator model (as well as a model of
quantum information processing for abstract states on C*-algebras) that has the property
that it cannot even be approximated to arbitrary precision in the conventional model.

Our task is a variant of embezzlement, which was introduced by van Dam and Hayden
in [3]. Embezzlement is a mapping where, by local operations, an entangled state 9 is
used catalytically to create some other entangled state ¢ with high fidelity. An e-precision
embezzlement scheme for state ¢ using catalyst i with precision parameter € is a set of
local operations that map 1 ® (]0) ® |0)) to ) ® ¢ within fidelity 1 — e. The case where
€ = 0 corresponds to exact embezzlement. In the conventional model, any entangled state
¢ can be embezzled with precision arbitrarily close to 0 but not exactly (even if the Hilbert
spaces of the individual systems are allowed to be infinite dimensional and v has infinite
entanglement entropy); however, in a commuting-operator model, states can be embezzled
exactly [2].

Embezzlement cannot be directly tested experimentally the way non-local correlations
can, because the parties can utilize concealed entanglement. Nevertheless, non-local cor-
relations based on the idea of embezzlement have been discovered that can approximated
to arbitrary precision € in the conventional model, but where the amount of entanglement
required is Q(1/¢€) [7] (see also the earlier related results [16, 12]).

Our new result concerns a task that we call self-embezzlement and which is remark-
able because it can be achieved exactly in the commuting-operator model, whereas it
cannot even be approximated to arbitrary precision in the conventional model. In self-
embezzlement, a second copy of the catalyst state is embezzled. That is, by local opera-
tions, state ¥ ® (|0) ® |0)) is mapped to ¥ ® ¢ within fidelity 1 — e. Here, we don’t have a
specific target state; rather, we allow the catalyst to be any pure state that is non-trivially
entangled in the sense that it can be used to approximately attain the maximal violation
of the CHSH inequality [1] (i.e., by a factor of v/2—¢€). Our main results, stated informally,
are:

Theorem 1.1. There exists an eg > 0 such that, in the conventional model, approximate
self-embezzlement to precision €y is impossible.

Theorem 1.2. In the commuting-operator model, exact self-embezzlement is possible.

We do not know whether there are non-local correlations based on the idea of self-
embezzlement that exhibit a gap between the two models and make no claim of any con-
sequences regarding the Connes conjecture. Instead, the significance of these results is
to exhibit a reasonably natural quantum information processing problem for which there
is a constant gap between the conventional model and the commuting-operator model.
(See [13] for another example of a constant-gap separation between the conventional and
commuting-operator model—for the task of steering.)

An additional contribution of this work is the proposal and development of a natu-
ral model of information processing for abstract states on C*-algebras, that we call the
C*-circuit model, where the reversible gates are (suitably localized) *-automorphisms
(see Appendix A for a brief review of the definitions of C*-algebra, abstract state, and
x-automorphism). In fact, our exact self-embezzlement protocol is expressed in the C*-
circuit model and can be converted into a commuting-operator model by applying the GNS
Theorem [6, 19] to a suitable crossed product of our C*-algebra. Thus, Theorem 1.2 is a
corollary of:
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Theorem 1.3. In the C*-circuit model, exact self-embezzlement is possible.

Theorem 1.3 is similar to something pointed out by Keyl et al. in [11], where they refer
to a “maximally entangled state of infinite entanglement" that is said to be (in comment
“ME 8" of section 5.A) “unitarily isomorphic to two copies of itself". It is important for this
to be with respect to some notion of local operations, and our definition and construction
in terms of C*-circuits is a way of putting this intuition into a rigorous framework.

It is noteworthy that the construction in Theorem 1.3 uses the so-called CAR algebra
(an acronym of “canonical anti-commutation relations"), a particular C*-algebra that is
hyperfinite, which is a property that permits it to be built up in a natural way from finite-
dimensional C*-algebras. It is known that no constant gap can be obtained for non-local
correlations with a hyperfinite C*-algebra [18|. That is, for any hyperfinite C*-algebras, A
and B, the non-local correlations attainable with the corresponding C*-circuit model are
limit points of non-local correlations attainable in the conventional model. The proof of
this uses the fact that, for hyperfinite C*-algebras, A @max B = A Qmin B. A consequence
of this is that no constant gap between the conventional model and the C*-circuit model
for non-local correlations can be obtained by a simple black-box reduction to our self-
embezzlement transformation.

Returning to the separation between models in [20], this can also be expressed as a
difference between the C*-circuit model and the conventional (circuit) model, albeit not
by a constant-gap. In that case the C*-algebras involved in the construction do not appear
to be hyperfinite (rather, they are a star-crossed product of the CAR algebra with a group
action).

In summary, we obtain a constant-gap separation in capability between the C*-circuit
model (with the CAR algebra) and the conventional model for a natural problem. We
believe that the C*-circuit model is a natural model for capturing the capabilities of quan-
tum information processing for infinite-dimensional systems represented as abstract states
on C*-algebras, and that its capabilities merit further investigation.

2 Definitions

2.1 The conventional model and the C*-circuit model

The quantum circuit model is the underlying paradigm in which almost all quantum com-
putations and protocols are expressed.

In the conventional circuit model, registers are represented by Hilbert spaces and com-
pound registers' are represented by tensor products of Hilbert spaces. The states of a
register are the density operators on its Hilbert space. The states of (possibly compound)
registers can be transformed by a series of reversible gates, which are unitary operations on
the associated Hilbert spaces; and also they can be measured by POVMs (positive-operator
valued measures) on the Hilbert spaces.

The C*-circuit model is a natural analogue of the conventional model for abstract
states on C*-algebras?. In the C*-circuit model, registers are represented by C*-algebras
and compound registers are represented by tensor products of C*-algebras. The states
of a register are the unital positive linear functionals on its C*-algebra. The states of
(possibly compound) registers can be transformed by a series of reversible gates, which are

"We are using the terminology for registers in [22] (including compound registers).

2See Appendix A for definitions and some basic properties of C*-algebras and abstract states on them.
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x-automorphisms of the associated C*-algebras; and also they can be measured by POVMs
with elements from the C*-algebras.

The following table compares the conventional quantum circuit model and the C*-
circuit model.

Conventional quantum circuit model C*-circuit model (®p;, version)

Register R: associated Hilbert space Hr | Register R: associated C*-algebra Ag

Compound register (Ry,R2): Hg, ® Hr, | Compound register (Ry,R2): Ar, ®min Ar,

States of R: density operators on Hg States of R: unital positive linear functionals on Ag

Dynamics of R: unitary operators on Hg | Dynamics of R: *-automorphisms of Ag

Measurements of R: POVMs on Hg Measurements of R: POVMs with elements from Ag

Figure 1: Conventional quantum circuit model vs. C*-circuit model

The gates acting on a register are the reversible dynamics of the register and the *-
automorphisms are the most general such operations that preserve the algebraic structure
and norm of a register’s C*-algebra (in analogy with unitary operations in the conventional
model, which are the most general operations that preserve the algebraic structure and
norm of a register’s Hilbert space). Our framework resembles that of C*-dynamical systems,
which are C*-algebras combined with sets of *-automorphisms acting on them?; however,
in the C*-circuit model there are various localization conditions imposed on the dynamics
(i.e., each gate acts on a subset of the registers).

The above definition is a basic model where the gates are reversible and where measure-
ments produce classical outcomes but no residual (or “collapsed") quantum states. This
model is complete in that channels and measurements that produce residual states can be
defined in a Stinespring form (as *-automorphisms on a larger system). Kraus operators
(that need not be elements of the C*-algebra) can also be defined, though we do not do
that here.

2.2 Informal definition of self-embezzlement

Alice and Bob each have two quantum systems, call them A;, Ay and By, By (respec-
tively). In computer science terminology, we call these registers. First, we define exact
self-embezzlement, followed be e-approximate self-embezzlement.

Definition of exact self-embezzlement:

e There is some catalyst state ¢ that satisfies a nontriviality condition that rules out
product states and states close to product states. The condition is that 1 can be
used to maximally violate the CHSH inequality by a factor of v/2. The catalyst state
1) is allowed to be any pure state that satisfies this property.

e The initial joint state of Alice and Bob’s respective first registers (A; and By) is the
catalyst ¢. The initial joint state of their respective second registers (A2 and Bj)
is some product state, such as ¢4 @ ¢p. So the initial state of (Aj, B, Ag,Bg) is

Y ® (pa @ PB).

3More precisely, a C*-dynamical system is a triple of the form (R, G, ), where R is a C*-algebra, G is
a locally compact group, and « is a continuous action of G on the *-automorphisms of R.
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e Alice and Bob are each allowed to perform operations that are local to their registers.
For Alice, this is the compound register (Aj,Ag). For Bob, this is the compound
register (B1, Ba).

e The final state of (A1, B1, Az, Bs) (after they apply their local operations) is ¢ ® 1.
(That is, (A1, B1) is in state ¢ and (Ag, B2) is in state v.)

A; — —

o o [T

Sy i
e R

B: — o

B, p— 0

Figure 2: Circuit diagram for self-embezzlement. In the conventional model, O4 and
Op are unitary operators acting on registers (A1, A2) and (B1, Bs2), respectively. In
the C*-circuit model, @4 and Op are *-automorphisms acting on A; @uin A2 and
B1 ®min Bz (the C*-algebras associated with (A1, As) and (B1, By)), respectively.

Next we define e-approximate self-embezzlement as the following relaxation of the above.
First of all, the violation of CHSH need only be by a factor of v/2 — ¢ (as opposed to the
maximum violation of \/§) Second, when Alice and Bob apply their local operations to
the initial state 1) ® (¢4 ® ¢p), they need only obtain an approximation of the state 1) ® ¥
within fidelity 1 — e.

In the next two subsections, we present precise definitions of approximate self-embezzlement
(to match the results in section 3) and exact self-embezzlement (to match the results in
section 4).

2.3 Definition of approximate self-embezzlement in the conventional model

Define an e-precision self-embezzling scheme to be a tuple (Ha, Hp, ¥, d4,05,Ua,UB),
where:

1. H4 and Hp are Hilbert spaces. (Alice has two registers, which we call A; and Aq,
associated with H 4, and Bob has two registers, which we call By and Bs, associated
with Hp.)

2. 1 is a normalized vector in H4 ® Hp such that state ¢ can be used to violate the
CHSH inequality by factor v/2 — e. We call 4 the catalyst.

3. ¢4 and ¢p are normalized vectors in H 4 and Hp respectively (with no restriction).

4. Uy is a unitary operation on Ha ® H4 and Up is a unitary operator on Hp ® Hp.
Applying Uy ® Up to system ((A1,A2), (B1,Bs2)) has the following property: in the
context of system (A, B1, Az, Bg), it maps state ¥ ® (¢4 ® ¢p) to state ) ® ¢ within
fidelity 1 —e.

2.4 Definition of exact self-embezzlement in the C*-circuit model

Define an self-embezzling scheme to be a tuple of the form (A, B, v, ¢, ¢, s, ap), where:

1. Aand B are C*-algebras. (Alice has two registers, which we call A; and Ag, associated
with 4, and Bob has two registers, which we call B; and Bg, associated with B.)
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[\)

. Y A®min B — C can be any pure state which has the property that ¢ can be used
to maximally violate the CHSH inequality* (by factor v/2). We call ¢ the catalyst.

3. p4: A— C and ¢p : B— C are states (with no restriction).
4. a4 is a *-automorphism on A ®uin A and ap is a *-automorphism on B Qmi, B.

5. Applying as®ap to system (A1, Az, By, B2) has the following property: in the context
of system (A1, B1, Az, Ba), it maps state 1) ® (¢4 ® ¢p) to state 1 @ 1.

3 There exists g > 0 such that, in the conventional model, self-embezzlement
with precision < ¢ is impossible

3.1 The case of unitary operations

Without loss of generality, a pure catalyst state is of the form

6= Mlk) @ k), 1)

k=1

where A\; > Ao > --- and >, |\¢|? = 1, and the initial states of ¢4 and ¢p are |1).
The initial state of (A1, B1,Az,Bs) is

Vinitial = ¥ ® (64 ® 95) = (i Melk) @ |k>> @ (I e). (2)
k=1

In a purported self-embezzlement scheme, Alice applies a local unitary Ua on register
(A1,A2) and Bob Up on register (Bi,B2). We shall bound the fidelity between (Us ®

UB ) 7#initial and

¢target:w®¢: <i>‘]|3>®|3>> ® (i )‘kk>®‘k>> : (3)
j=1 k=1

Theorem 3.1. There exists a constant eg > 0 such that, for any 1 that is (v/2 — €g)-
CHSH wiolating, for any local unitary operations Ua and Upg, the trace distance between
(Ua ® Up)¥initial and Yrarges is at least 3.

Proof. If 4 can be used to violate the CHSH inequality by a factor of v/2 — € then, by
the rigidity results in [17], there exist local unitary operations that map v within distance
O(y/€) from a state of the form (%|OO) + %Hl)) ® 1’. This implies that the largest

Schmidt coefficient of 1) satisfies A} < % + O(y/€). Set €y > 0 to be sufficiently small® so
that )\1 < \/2/3.

Using the fact that \; < /2/3, we shall show that, for any local unitaries U4 and Up,
the trace distance between (Ua ® UB)¥initial and Yyarget is at least %.

4CHSH in the framework where Alice is allowed to perform POVM measurements with elements in A,
and similarly for Bob with B.

®Using the bounds in [10], it can be calculated that it suffices to set eg < 2.
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Expressed as states on ((A1,As), (B1,B2)), the initial state and target states are

Y = 323 Niba (11 0 11)) @ (1) @ 1) @)

j=1k=1

Yrarger = 35 A (19 0 1) © (1) @ 1)), 5)

j=1k=1

where ¢; ; is the Kronecker-delta function.

By Lemma 1 in [21], the fidelity is maximized when the Schmidt-basis states are the
same and the Schmidt coefficients are lined up in terms of magnitude (i.e., largest with
largest, second largest with the second largest, etc.). Thus, we need only consider unitary
operations U4 and Up that each apply a permutation of the basis states {|j) ® |k)};x (Ua
on register (A1, Az) and Up the same permutation on register (By, B2)).

To analyze this, we first consider a related statement about probability distributions.
Let p = (p1,p2,...) be a probability distribution on N (possibly of finite support) and
assume that p; > po > .... We consider how close a rearrangement of the probabilities in
p can be to p® p. A rearrangement can be defined as a bijection 7 : N x N — N where 7p
is the probability distribution on N x N defined as (7p)(j, k) = pr(j p)-

Recall that the variation distance between distributions p and ¢ is defined as %Hp —
alli = 5 Xk [Pk — al-

Lemma 3.2. If p; < % and m: N X N = N is any bijection then the variation distance
between mp and p @ p is at least 2/9.

Proof (of Lemma 3.2). Define m = max{m € N:p; +---+p,, < %} and S ={1,...,m}.
Then

1 2

- <plS) < 5. 6

S <p(S) < ()
The first inequality follows because, if p1+- - -+ pm < % then p41 < %, SOp1+-  F+Pm1 <
2

5.
Define p = p(S). Consider the set T', defined as the m largest components of p ® p.
We next show that p(T') < u?. To see why this is so, note that

(pep)({1,...,m} x{1,...,m}) = (pr+pa+ - +pm)PL+p2+--+pm)=p" (7)

and also that it is straightforward to show that
TC{{(j,k) eNxXN:j+E<m+1} C{1,...,m} x{1,...,m}. (8)

This is because, if (j/, k") & {(j,k) € NxN: j+k < m+1} then there are at least j'k' — 1
elements of 1" that are larger than pj py.

Therefore, the variation distance between the m largest components of p ® p and 7p
is at least 3(u— p?) = $pu(l—p) > 2(3)(3) = §. It follows that the variation distance
between (all components of) p®p and mp is at least &(u— p?)+ $((1—p?) — (1 —p)) = 2.
This completes the proof of Lemma 3.2. O

Returning to the proof of Theorem 3.1, Lemma 3.2 implies that if U4 and Up are
permutations of the basis states of ¥initia] then one particular way of distinguishing between
(Ua®UB)Yinitial and Yiarget (based on first measuring the state in the computational basis)
distinguishes with probability at least § This implies that the trace distance between

(Ua @ UB)Winitial and Yrarget is at least 5 This completes the proof of Theorem 3.1. [
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Corollary 3.3. There exists a constant eg > 0 such that, for any v that is (v/2 — €g)-
violating, for any local unitary operations Uy and Ug, the fidelity between (Ua Q@ Up)Yinitial

and Prargetr 15 at most /1 —(2/9)? < 0.974996 < 39/40.

3.2 The case of channels

It turns out that even if Alice and Bob are allowed to use channels (completely positive
trace preserving maps) instead of unitaries, they are still not able to perform approximate
self-embezzlement. More formally, using the same notation as the previous subsection, and

let M4 be a channel on (A1, Az), N be a channel on (By, B2), we have

Lemma 3.4. If ¢ is a (v/2 — €9)-CHSH violating state for some constant ¢g > 0, then
there exist some threshold € > 0, where no local channels Na and N can achieve

<wtarget7 NA ® NB (winitialip;nitial)¢target> >1—e (9)

Proof. The proof is by contradiction. Let Uy and Upg be the Stinespring form of N4 and
Np, and call the registers holding the extra qubits from Stinespring dilation P; and P5. Let

! itial = Vinitial @ [0) @ |0) be ¢initial extended to Py and Py with |0), such that tracing out
Py and Py on U ® U, iia1 SiVves us Na @ NB(Vinitial Vinitial)- L€t Vainal = Ua @ UBY! i1
If Eq. (9) holds, then

<1;Z)targeta TrPl,Pg (¢ﬁna1¢§nal>¢target> >1-—c¢ (10)

We show that since the partial trace of 1gna1 is close to Yiarget, there exists a state ¢ in
register (P1,P2) such that |(¢fnal, (@ @ Yrarget))|* > 1 — 2¢ with the following proposition.

Proposition 3.5. Let ¢ € H and ¢ € H' @ H, where

(0, Tra (pd*)) > 1 — . (11)
Then there exists 1o € H' such that
{0, (o @ ))> > 1 = 2¢ (12)

Proof. Let ¢ = >_; \/pit ® |v;) be a Schmidt decomposition of ¢ across H' and H, where
|i) € H'. Then we have

Zpi<¢,vi><’vi,¢> >1—e (13)

Without loss of generality, assume |vg) is the state closest to v, so that (1, v)|> > 1 —e.
Since {[v;)}’s are orthonormal to each other, >, |(,vi)|* < e. We use this to get a
bound on pg:
1—e < pol{d,v0)|* + D pil(h, vi)[* < po + (1 — po)e = po(1 — €) + ¢, (14)
i>0

therefore py > 1=2¢. Now let ¢y = [0), then [(¢, (o ® ¥))|*> = po(vo, ¥) > 1 — 2e. O

Returning to the proof of Lemma 3.4, since U4 and Upg are local unitary operations for
Alice and Bob, the Schmidt coefficients of g, are the same as the Schmidt coefficeint
of Yinitial, which are {1, Ao,...}. Let {71,72,...} be the Schmidt coefficients of ¢ across
register P1 and Py. Then the Schmidt coefficient of ¢ ® 9target across Alice and Bob’s
registers are {A\;A;j vk }ijk-

Since, for each k, 0 < v, < 1, the largest m entries of {A\;\jvi}ijr must be less or
equal to the largest m entries of {\;\;}; ; for any m > 0. Following the same the proof of
Lemma 3.2, if ¢ is (v/2 — ¢g)-violating for some constant ey > 0, it is not possible to have
the fidelity between 9fna and ¢ ® Yrarger be 1 — 2¢ for arbitrary € > 0. ]

Accepted in {Yuantum 2019-05-27, click title to verify. Published under CC-BY 4.0. 8



4 In C*-circuit model, exact self-embezzlement is achievable

4.1 The CAR algebra

The C*-algebra used is the so-called CAR algebra (where CAR is an abbreviation of
“canonical anti-commutation relations"). (See [4, 15] for more background information.)

To define the CAR algebra, we can start with the infinite tensor products of Pauli
operators of finite weight, where the Pauli operators are I = (}9), X = (9}), Z = (§ _{),
XZ = (97}) and the weight of such an infinite tensor product is the number of instances
of X, Z, or XZ. For example, I @ X @ (XZ) @I ® Z I ®I® --- has weight 3.
We can denote each such operator as X®Z°, where a,b € {0, 1}*, where it is understood
that each string is padded on the right with an infinite sequence of 0s. Thus, X*Z° =
(X1"@X2®-..)(Z"®2%®---). The above example is X*Z° where a = 011 = 011000 ...
and b = 00101 = 00101000. ... Define the set of generators G = {X?Z" : a,b € {0,1}*}
and CG to be the set of all (finite) linear combinations® of elements of G. CG is closed
under multiplication and is a x-algebra. (Note that {£X°Z% : a,b € {0,1}*} C CG is a
multiplicative group that we can think of as an infinite version of the Pauli group; however,
G itself is not closed under multiplication.)

For each element A € CG, there is an m € N and M € C2"*2" gsuch that A =
M®I®I®---. Define a norm on CG as ||A|| = || M]| (i.e., the spectral norm of M as an
operator on C2"). The CAR algebra is the completion of CG with respect to this norm.

4.1.1 Notation for the CAR algebra and some of its basic properties

Henceforth we denote the CAR algebra by R.

Also, since R @min R = R ®max R (a consequence of R being hyperfinite [4]), we can
unambiguously refer to the C*-algebraic tensor product as R @ R.

Note that, in the aforementioned description of the elements of the generating set G
as X2Z° we have used N as the index set for the bits of a = ajag... and b = byby.. .3
however, any countably infinite set may be used. It is sometimes convenient to use Z as the
index set, which corresponds to thinking of the infinite tensor products of Paulis as two-
way infinite strings. (An alternative way of thinking about the equivalence between using
N and Z as the index sets in the specification of the generators of R is as a *-isomorphism
between R and R ® R, where the index set can be {0,1,2, ...} for the first copy of R and
{=1,-2,...} for the second copy.)

An example of a x-automorphism o : R — R is conjugation by some unitary u € R
(where unitary means uu* = u*u = I). That is, ay(a) = u*au. These are called inner
automorphisms. Automorphisms that are not inner are called outer automorphisms. An
example of an outer automorphism is the bilateral-shift operation that maps X®Z? (where
a,b: 7 — {0,1}) to X% Z", where a; = aji1 and b} = bj1. Note that any permutation
of the index set corresponds to a *-automorphism.

4.2 The self-embezzlement scheme

We first define a state that can be intuitively thought of as a countably infinite tensor
product of states of the form ¥ = %\O) ®10) + %]1) ®]1). It is impossible to express such
a state as a vector in the tensor product of two Hilbert spaces (even if the Hilbert spaces are
allowed to have uncountably infinite dimension; a proof of this is in [2], whose Appendix A

5This is well-defined because there are finitely many terms, each of which has all but finitely many
factors of 1.
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shows that states in the tensor product of two Hilbert spaces have a Schmidt decomposition,
with a countably number of Schmidt coefficients). However, as was essentially pointed out
in [11], such a state can be defined as an abstract state sg : R ® R — C such that

— 0o
su((X°2%) @ (X¥27) = [ (®|(x%2b) @ (X 2%)|¥) = H Oayat Op 05 (15)
j=—1 j=—1

where § is the Kronecker delta function (and, solely for convenience later on, we are using
—N = {-1,-2,...} as the index set). In [11], such a state is described as an example of
the notion of an “infinitely entangled state" and several of the properties of this state are
explained. By Proposition A.6, the abstract state sy is a pure state.

We also define an abstract state sgpg : R®R — C that corresponds to an infinite tensor
product of [00) = |0) ® |0) states as

so0((X°2%) @ (X 2%)) = JJ(00(x% %) & (X% Z%)|00) = H 1—a;)(1—d}). (16)
J=0 i=0
We set the catalyst state, the initial state of (A1, B1), to be the combination of sgg and
sy, expressed as ¥ : R ® R — C, where

[e.e]

V(X2 @ (XY ZY)) H (1—a;)(1—dj H Gaa!,O0,.01 - (17)
: J——]_

A schematic picture of ¢ is illustrated in Figure 3.
We set the initial state of Ay and of By to each be ¢ : R — C, defined as

o0 o

p(X°2% = [ ©ol(x4z%)j0)y= [ (1-ay). (18)

j==o0 j=—o0

Thus, the initial state of (Az, B2) is the product state (¢ ® ¢) : R ® R — C, where

(6 ® ) (X2 @ (X9 2%)) = ﬁ (00[(X% 2% ® X% Z%)|00) = ﬁ (1—aj)(1 - d)).
j=—o0 j=—00

(19)

A schematic picture of ¢ ® ¢ is illustrated in Figure 4.

Q OO 2 g 2 OO0O000O0

O OO OO0OO00O00O
Figure 3: schematic of ¢, the initial Figure 4: schematic of ¢ ® ¢, the ini-
state of (A1,B;), with infinitely many tial state of (Ag, B2), with infinitely many
|00) states on the left and infinitely many |00) states on the left and the right. This
¥ states on the right. is a product state over (Ay, Ba).

The self-embezzlement scheme is based on a *-automorphism o : R®R — R R,
where the same « is applied to (A, Ag) as well as to (By, Ba).

Intuitively, a moves infinitely many of the entangled pairs from (A;,B;) to (Ag, Bg)
while preserving the entangled pairs in (A1, B;). The |00) states are present so that this
can be accomplished by a permutation of the qubits.

Formally, o permutes the generators of R®R, which are each of the form X¢Zb@ X¢Z9.
We define « as a reordering of the bits of (a,c) and of the bits of (b, d). Such a reordering
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is a permutation on the index set. The index set of (a,c) is two copies of Z, which can
be denoted as Z x {1,2}. Similarly, for the index set of (b,d). By a cardinality argument,
there exists a bijection p : Z x {1,2} — Z x {1,2} such that

p({—-1,-2,...} x {1}) =p({-1,-2,...} x {1,2}). (20)

We define a(X2° @ X°Z%) = X9 2" @ X Z% where (d’,¢) is the permutation of the
bits of (a,c¢) corresponding to p, and (¥,d’) is also the permutation of the bits of (b, d)
corresponding to p. (This can be expressed as (a', )¢ = (a,¢)yp) and (V,d), = (b,d) ),
for all £ € Z x {1,2}.)

Since any permutation on the indices is a *-automorphism, « is a *-automorphism on
R ® R. Also, o has been designed so that applying this « to (A, A2) and to (By,B2)
transforms ¢ @ (¢ ® ¢) to P @ .

5 Exact self-embezzlement in the commuting-operator model

The purpose of this section is to make the statement of Theorem 1.2 more precise.

We begin by sketching a definition of a multi-register commuting-operator framework.
There is one Hilbert space H and, for registers Ry, ..., R,,, there are corresponding algebras
of observables, which are C*-algebras A, ..., A, C B(H), with the requirement that, for
each j # k, A; and A, commute. Intuitively, if Alice has register R; in her lab then she can
perform any POVM measurement with elements in A;. Moreover, for a compound register
of the form (Ry,,...,Rg,), the associated algebra of observables is defined as Ay, . i) =
Ap, U---U Ay, (where the bar denotes the C*-algebraic closure). If the global state of the
system is ¢) € H then the state of register (Rg,,...,Ry,) is s : Aw, . k) — C defined as
s(A) = (¢, Ay) (for all A € Aw,, i)

We can incorporate the reversible dynamics of a register in this model. Define a unitary
U € B(H) to act on register (Ry,,...,Rg,) if:

e U is localized to register (Rg,,...,Ry,). Technically this is stated as, for all j ¢
{k1,...,ki} and A € A;, U*AU = A. (In other words, for all for all j & {k1,..., ke},
U centralizes A;.)

o U preserves the C*-algebra of (Rg,,...,Rg,). Since applying U to a state is equiv-
alent to conjugating the POVM elements of a subsequent measurement by U, this
requirement is technically expressed as U* A, . k) U = A(i,,... k). (In other words,
U normalizes A, ... k,)-)

1,

Furthermore, in a scenario where there are multiple unitaries acting on distinct regis-
ters, we impose an additional requirement that they commute with each other. Thus, if U
acts on register (Ry,,...,Ry,) and V acts on register (R;,,...,R;,.), where {k1,...,k;} N
{j1,--,Jm} =0 then U and V commute.

5.1 Definition of self-embezzlement in the commuting operator model

There are four basic registers Aq, B, Ao, Bo with respective C*-algebras Ay, By, As, By C
B(H), where H is the underlying Hilbert space. There is an initial state ¢y € H and
unitary operations Uy and Upg, in the reversible dynamics of registers of registers (A, Aa)
and (Bq, B2), respectively. The final state is ¢’ = UqUp1.

The following properties are relevant to being a self-embezzlement scheme:
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1. The initial state 1) is a product state over the three registers (A1,B1), A2 and Bs.
Technically, this can be expressed as, for all X € 41 UB1, Y € Ay, and Z € Bo,

(, XY Z1p) = (b, X0) (), Y) (b, Z)). (21)

2. Register (A1,B;) incurs no net change when U4Up is applied. Technically, for all
X e A UBy,

(¥, X¢) = (¢, X9)). (22)

3. For the final state ¢/, the bipartite state of register (A, By) is the same as the bipar-
tite state of register (Ag, By). Technically, there exist unitary operations Wy, Wg €
B(H) acting on registers (A1, Az), (B1,B2) (respectively) that map between the two
registers. That is, Wi A1 W4 = Az and W5B1Wp = By. And, for all X € A; and
Y € 81

(W', XY)') = (', (WAXWA)(WEY Wp)y'). (23)

Thus, for ¢/, measurements of (Aj,B;) are equivalent to measurements of (Ag, Bs),
under the unitary transformation W4Wp.

5.2 Converting from C*-circuit model to commuting-operator model

We begin with an exact embezzlement protocol in the C*-circuit model (A, B, 1, ¢4, ¢p, aa, ap)
from section 4. The C*-algebra of the entire system (A1, B1,A2,B2) is C = A Qmin B @min
A ®min B. Define the initial state s : C — C as

s(z @y @z) =(x)Paly)on(z), (24)

forx € Ay ® By, y € Az, z € Ba.

The *-isomorphisms a4 and ap are outer automorphisms of C of infinite order that
commute with each other. Using the x-crossed construction [4], we can extend C to C x
(Z x Z), where the *-crossed product is with respect to the group action generated by a4
and ap. We can regard the crossed-product C x (Z x Z) as the C*-algebra generated by C
together with two unitaries, u4,up corresponding to the group elements (1,0) and (0,1),
so that

wh(ar @by ® az @ ba)ug = a) @by ® ay @ by, where a] ® ay = aa(ar ® az),  (25)
and
up(a1 @by @ ag @ by)up = a1 @b} ® az @ by, where b) @by = ap(b @ by). (26)

From these equations one sees that u4 commutes with all elements of the form I®b; QI Rbsy
and, similarly, up commutes with all elements of the form a1 ® I ® as ® I.

The state s extends to C x (Z x Z) by setting s to 0 on all terms that contain a non-
zero power of either uy or upg. To see that this is a well-defined state, one uses the usual
representation of the reduced crossed-product.

By applying the GNS Representation Theorem [6, 19] to the state s, we obtain a Hilbert
space H, a unit vector n € H, and a unital x-homomorphism 7 : C x (Z x Z) — B(#H) such
that s(c) = (9, m(c)n) for all ¢ € C.
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Now we define

Al =1(ARI®I®I) (27)
Ar=1(I@I®A®I) (28)
Bi=n(I®@B®I®I) (29)
Bo=n(I®I1I®I®B), (30)
the initial state ¥ =7, and
Uyg =7(ug) (31)
Up = m(up). (32)

It is straightforward to check that conditions 1, 2, 3 in section 5.1 hold for H, A1, B1, A, Bo,
¥, Ua, and Up. To establish condition 3, we can set Wy (u’j‘ug(al ® b1 ® az ® by)) =
b us(az ® by ® a1 @ by) and Wi (uhub(ar @ b1 ® ag @ ba)) = uhul (a1 @ by ® ag @ by).
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Some basics of C*-algebras

In this appendix, we supply a few basics of the theory of C*-algebras.

Given a Hilbert space H, by a concrete C*-subalgebra A, we mean any subset of the

bounded linear operators on H, B(H) that is a subalgebra, is a closed subset in the operator
norm and has the property that if A € A, then its adjoint A*(sometimes denoted AT) is
also in A. Such algebras also have an abstract characterisation.

Definition A.1. Let A be an algebra over the complex numbers, with a norm || - || and a
map, a — a*, satisfying (a + b)* = a* +b*, (Aa)* = Xa*, VA € C and (ab)* = b*a*. Then
A is called a C*-algebra provided:

o A is complete in the norm || - ||,

labll < fla[[[oll

la*a]] = ||a]]?.
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A C*-algebra is unital if it contains an identity element with respect to multiplication.
Given two C*-algebras, A and B a linear map 7 : A — B is called a *-homomorphism
provided that it is a homomorphism, i.e., w(ab) = w(a)7(b), and w(a*) = w(a)*. A *-
homomorphism that is one-to-one and onto is called a *-isomorphism, and a *-isomorphism
from A to A is called a *-automorphism. A *-homomorphism is automatically contrac-
tive, and hence, a *-isomorphism is isometric.

By a state on a unital C*-algebra A, we mean any complex linear functional s : A — C
that satisfies s(I) = 1 and s(a*a) > 0 for all a € A. (Intuitively, any such s defines the
outcome probabilities of all possible POVM measurements: for a measurement element of
the form b, where 0 < b < I, s(b) is the probability of outcome b.)

The celebrated Gelfand-Naimark-Segal theorem [6, 19] tells us that every abstract
C*-algebra A is #-isomorphic to a concrete C*-subalgebra of B(H) for some Hilbert space.
The key element of this theorem is a result about states. Given a unital C*-algebra A
and a state, s : A — C, its GNS representation consists of a Hilbert space Hs and a
*-homomorphism,

s : A— B(Hs) and ns € Hs such that s(a) = (n, m5(a)ns).

Conversely, given a 7 : A — B(H) and unit vector n we obtain a state by setting s(a) =
(n,m(a)n). We call this the induced state. The following identifies when a triple (7, H,n)
is really the same as the GNS representation.

Given a representation 7 : A — B(H) a unit vector 7 € H is called cyclic if the set of
vectors {m(a)n : a € A} is dense in H.

Proposition A.2. Let m: A — B(H), let n € H be a unit vector, let s(a) = (m(a)n,n) be
the induced state and let ms : A — B(Hs) and ns be the GNS representation. If n is cyclic,
then there is a unitary U : Hs — H with Uns = n such that U*n(a)U = 7s(a) for all a.

Let S(A) denote the set of all states on A. This is a convex set and a state is pure if
and only if it is an extreme point of this set.

Proposition A.3. Let s € S(A). The following are equivalent:
1. s is pure,

2. if f: A — C is a positive linear functional such that f(p) < s(p) for allp € AT,
then there is a constant ¢ > 0 such that f(a) = cs(a) for all a,

3. if ms : A — B(Hs) is the GNS representation, then ws(H) = C - Iy,.

Because these three statements are the same, some books use one of these other prop-
erties as the definition of pure. Combining the two results we see that:

Proposition A.4. Let 7 : A — B(H) be a representation and let n € H be a cyclic vector.
Then the induced state is pure if and only if 7(A)' = C - Iy.

A.1 Tensor Products of C*-algebras

In this paper we needed some properties of tensor products of C*-algebras, especially in
defining the CAR algebra and its properties. Here we provide a very brief explanation of
some of these facts/ideas.
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Let A and B be two unital C*-algebras, and let A® B be their algebraic tensor product.
Forx =3 ;a;, ®b; and y =3, ¢; ®d; in A® B we set

Ty = Z aiCj @ bidj,

i?j
which defines a product, and we define a *~map by

=Y a; @b}
i

These two operations make A ® B into a *-algebra.

Note that the *-subalgebra {a ® 1 : a € A} can be identified with A and similarly,
{1®0b:b € B} can be identified with B. Also (a®1)(1®b) =a®b=(1®b)(1®a) so
that these “copies" of A and B commute.

There are two important ways to give this x-algebra a norm. Once we have a norm, it
can be completed to become a C*-algebra.

Given x € A® B we set

|1z |lmax = sup{||7(z)||: 7: A® B — B(H) is a unital *-homomorphism},

where the supremum is taken over all Hilbert spaces H and all unital *-homomorphisms,
i.e., homomorphisms such that m(x)* = 7(2*). The completion of A ® B in this norm is a
C*-algebra denoted A ®max B.

Alternatively, if m : A — B(H1) and m2 : B — B(H2) are unital *-homomorphisms,
then setting 7(a®b) = m1(a) @ m2(b) € B(H1 ® Hz) and extending linearly, defines a unital
s-homomorphism from A ® B into B(H1 ® Hz) denoted by 7 = 71 @ ma.

Given z € A® B we set

|2 ||lmin = sup{||m1 ® m2(z)|| : m : A— B(H1), m2: B— B(Hsa)

are unital *-homomorphisms}.

The completion of A ® B in this norm is a C*-algebra denoted A @puin B.

Some C*-algebras A have the property that for every C*-algebra B the min norm and
the max norm on A ® B are equal. Such algebras are called nuclear. For example, every
matrix algebra is nuclear.

Once we have seen these definitions for pairs of algebras it is easy to see how to extend
it to define a min and a max norm on the tensor product of any finite collection of C*-
algebras. To extend these definitions to tensor products of infinitely many C*-algebras, one
first defines the infinite algebraic tensor product of unital algebras to consist of elements
that are formal infinite tensor products that are equal to the identity in all but finitely
many components. This is the construction used to build the CAR algebra, which is known
to be a nuclear C*-algebra.

A good source for the above material is [9].

Here is an application of these ideas.

Theorem A.5. If s1 : A1 — C and s2 : As — C be pure states then the state s; ® So :
A1 ®min A2 — C defined as

51 ® s2(a ®b) = s1(a)s2(b) (33)

is also pure.
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Proof. Let m; : A; — B(H;), and n; be a GNS for s;,7 = 1,2. Then we have that
51 @ s2(a®b) = (m1(a) @ m2(b)m @ n2,m & n2).

Given any vector in u € H; ® Hz it can be approximated by a finite sum »; h; ® k;.
But since 7n; are both cyclic vectors, we can approximate h; ~ 1 (a;)n; and k; ~ w2 (b;)n2.
Thus,

wr~m @) a; ©bi)(m @ ng).
J

This proves that m ® w9 is the GNS representation for s; ® s3. So to show that it is
pure we need to show that (1 ® ma(A; ® Az)) = C- (I ® ).

We can use operator matrices to do this. If we fix a basis {f;} for Hs, then we can
identify

Hi1 @ H ~ Z?‘h ® fj ~ ®jH1.
J
With respect to this identification every X € B(H; ® Hs) is represented by a matrix,
X = (X, ), with X; ; € B(Ha1).

Note that 71 @ m2(a® 1) becomes the diagonal matrix whose diagonal entries are 7 (a).

Now for X = (X; ;) in the commutant, we have

(Xm-m(a)) = X(7T1 ®7r2(a® I)) = (7T1 ®7r2(a® 1))X = (Wl(a)Xi,j).

Thus, each X; ; € m1(A;) and since s; was pure, we have X; ; = A jIy,.

So X = Iy, ® T where T' = ()\; ;) is its matrix representation with repsect to the onb
{fi}-

But now the fact that X = I ® T commutes with every I ® mo(b) and the fact that so
is pure, implies that 1" = Aly,. ]

The following results are good for showing that the states on the CAR algebra that we
are interested in are pure.

Proposition A.6. Let M,, C M,, C --- C A be matriz algebras with A equal to the
closure of their union, let s : A — C be a state and let sy, : My, — C be its restriction. If
sk is pure for all k, then s is pure.

Proof. We show that if s is not pure, then there exists a k so that s is not pure. If s is
not pure, then there exist states 0 < ¢t < 1 and states p,o on A such that s = tp+ (1 —1t)o
and s # p.

If we let pg, oy be the restrictions to M, then s = tp;+(1—1t)o. So we need to show
that for some k, s; # pr. But since s # p there exists a € A with |s(a) — p(a)| =7 > 0.
By density we can find a k and a;, € My, with |ja — ag|| < /2. Then

|s(arx)=p(ar)| = [(s—p)(ar—a)+(s—p)(a)| = [s(a)—p(a)|=[(s—p(a—ar)| = r=2[a—ar]| >0,
hence sy, # py. O

As an application consider our state on the CAR algebra defined by taking an infinite
tensor product of (C2,4). At the k-th level this is the vector state induced by 11 ® - - - ®
Yr € C2" on My = B(C2"). Since My contains all linear transformations on this vector
space, the vector is cyclic so this is the GNS representation of the induced state. But since
the commutant of My, = B (Cgk) is trivial, this state is pure. Thus, since s is pure for all
k, the induced state on the CAR algebra is pure.
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A.2 Actions and crossed-products

Some of our constructions use the concept of the crossed-product of a C*-algebra by an
action of a group, which we briefly outline below. A good source for this material is [15].

Given a C*-algebra A and a unitary u € A, the map a — u*au is a *-automorphism
of A, but generally, not every s-automorphism can be obtained in this fashion. However,
given a collection of x-automorphisms of A, there is always a C*-algebra B, containing A,
such that each of these x-automorphism of A is given as conjugation by a unitary in B.
More precisely, let Aut(A) denote the group of *-automorphisms of A, let G be a (discrete)
group, and let o : G — Aut(A), be a homomorphism. Then there is a C*-algebra, denoted
A X, G which is generated as an algebra by 4 and a set of unitaries, Uy, g € G with the
properties that

e AC Ax,G,
e UjaU, = a4(a),Va € A, g € G,

e whenever B is a C*-algebra, 7 : A — B is a one-to-one *-homomorphism and there ex-
ist unitaries V; € B satisfying V'm(a)V,; = m(ay(a)), then there is a x-homomorphism
IT: Axy G — B with II(a) = (a) for all a € A and II(Uy) =V, for all g € G.
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