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*

Abstract: We demonstrate that the Finite-Time-Path Field Theory is an adequate tool for calculating
neutrino oscillations. We apply this theory using a mass-mixing Lagrangian which involves the correct
Dirac spin and chirality structure and a Pontecorvo-Maki-Nakagawa-Sakata (PMNS)-like mixing
matrix. The model is exactly solvable. The Dyson-Schwinger equations transform propagators of the
input free (massless) flavor neutrinos into a linear combination of oscillating (massive) neutrinos.
The results are consistent with the predictions of the PMNS matrix while allowing for extrapolation
to early times.

Keywords: neutrino; oscillation; finite-time path; quantum field theory

1. Introduction

The evidence for neutrino oscillations, which solve the solar neutrino problem [1],
started with the study of atmospheric oscillations [2]. Evidence has been collected from
various sources and for various distances from the sources over a wide range of neutrino
energies and detectors [3-43].

Neutrino oscillations, as well as similar problems such as kaon oscillations and decays,
suffer from the absence of a proper formalism for the features in which a finite-time
description is essential.

The most important aspect of this paper is to demonstrate that the Finite Time Path
Field Theory (FIPFT) is an adequate tool [44,45] to treat such problems. In particular,
we start with the free Lagrangian £, of massless neutrinos with three flavors; however,
we mix them dynamically through an interaction Lagrangian £;, as in addition to the
standard weak interaction term Lyy it has the term L 4;,, which contains a Pontecorvo-
Maki-Nakagawa—Sakata (PMNS)-like matrix involving neutrino masses. The term Lyy is of
course crucial for the processes of creation and detection of flavor neutrinos. Nevertheless,
we adopt the approximation where the neutrino mixing is fully due to the term Ly,
that is, we neglect the residual influence of Ly on the neutrino masses and mixing. Of
course, we must keep in mind the caveat that not calculating these corrections misses
the contributions from the vacuum condensate, which Blasone et al. [46—48] found to be
important corrections to the PMINS result. Nevertheless, they vanish in the relativistic limit,
while the PMNS result is recovered [46—48]. Because the case of nonrelativistic neutrino
kinematics seems to be far from present experimental capabilities, we proceed to study
neutrino propagators in our aforedescribed framework, which provides us with an exactly
solvable model suitable for studying how FTPFT can be applied to neutrino oscillations.

Through the exact solution of the Dyson-Schwinger equations (DSE), we then obtain
propagators (with the retarded Sk and advanced S 4 components) of oscillating (massive)
neutrinos which couple to the weak interactions. The DSE equation for the Keldysh
component (Sk) of neutrino propagators leads to two possible histories distinguished by
two of three masses (say, m; and m j) for which the interference leads to oscillations. An
equal time limit of Sk provides the number of neutrinos at time t.
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The origin of neutrino masses has not yet been answered conclusively. The variety of
extant approaches includes the Majorana mass term, right-handed neutrinos with a see-saw
mechanism, supersymmetric extensions of Standard model, and more. One intriguing
possibility is the generation of neutrino masses and mixing via the aforementioned flavor
vacuum condensate [46—48]. However, in the present paper we do not address the issue
of the origin of neutrino masses, and focus on demonstrating the calculation of neutrino
oscillations in the FTPFT framework.

Whatever the mechanism of neutrino mass generation, in this paper we assume that it
manifests itself through an additional term in the Lagrangian: the mass mixing term £ py;y.
Here, the interaction Lagrangian contains the mass mixing matrix in a close analogy to
the PMNS matrix except with an explicit Dirac spin and chirality structure. The model is
exactly solvable.

To calculate neutrino oscillations, we use FTPFT; [49,50] in addition, see [51-68],
often called the closed time path (CTP) thermal field theory (TFT). We find this to be an
appropriate tool for calculating a wide variety of problems, including equilibrium and
nonequilibrium TFT problems, for which it was originally constructed [49,50], as well as
scattering processes, decays, and oscillations.

How can field theory describe oscillations? It depends on which version of field theory
is employed (for example, see [69,70] and references therein). If we look at the predominant
field theory approach, namely, the S-matrix approach, it exhibits excellent properties:
adiabatic switching of interaction, Gell-Mann-Low (G-L) theorem, Fermi’s golden rule,
reduction technique, renormalization, etc. However, for time-dependent processes, notably
oscillations, it has nothing to say, in the sense that it includes adiabatic switching (on and
off) of the interaction and acts between the infinite initial time {; = —oo and final time
t f= 0.

FTPFT, on the other hand, uses a finite time path, no adiabatic switching, and no
G-L theorem. The particle states are not exactly the eigenstates of the full Hamiltonian.
Renormalization, as we have indicated in [67,68], is somewhat more involved; nevertheless,
it can be performed in finite time with essentially the same technique of dimensional regu-
larization.

The drawback of this theory is the lack of a Gell-Mann-Low-type theorem. Never-
theless, FTPFT does not contain disconnected subdiagrams owing to the absence of the
maximal-time vertices [61,62,64]. Thus, this drawback may be cured after carrying out all of
the calculations in a proper way by considering the large time behavior of the contributions.
Then, in this limit one can expect the G-L theorem to again be valid.

The particle number is obtained as the equal time limit (ETL) of the re-summed Sk
propagator (or better) as the average of ETL (AETL) for the contributions distinguished by
t1r — tay (see Appendix A, especially Appendix A.7). These processes contribute inclusively
to the particle number. Fermi’s golden rule need not be put in by hand, as it emerges
naturally during calculation of the convolution products (*-products).

In certain applications, the solution of DSE can be written in a closed form. The
solution of DSE is illustrative: conserving energy and momentum along the chain, the chain
of retarded functions extends from the final time f towards the earliest time t,,;,, > 0. There,
it meets a Sk propagator containing the initial distribution function. At that time, there
is a (single) convolution product, which does not conserve energy. Instead, it creates just
enough oscillating deviations from the energy-conserving value to satisfy the uncertainty
relations. From the lowest time, another chain of advanced functions progresses back to
the final time. It conserves energy and momentum as well; however, the energy of the
advanced chain differs from the energy of the retarded chain. With the help of this energy
difference, the convolution product creates oscillations. It is easy to see that with increasing
time the uncertainty in energy becomes smaller, which is in the full agreement with the
uncertainty relations.

In certain special cases, energy is conserved at the remaining *-product. For instance,
this is the case when Fermi’s golden rule emerges.
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The remainder of this paper is organized as follows: first, we provide a short overview
of the PMNS-approach; then, we define the dynamics of our approach through the mass
mixing interaction Lagrangian £y, (9).

Our calculation is based on the DSE (12)—(15) and their closed form solution. This
solution defines the oscillating neutrino which possesses flavor as massive and weakly in-
teracting.

The equal time limit of the Sk propagator is directly connected to the neutrino number,
as it is measured at time f. In the process of calculation, we show how the number of
complicated *-products appearing in the formal solution simplifies to a single *-product,
which is necessary for the time evolution and energy-time uncertainty relations.

As a result of this calculation, we obtain the neutrino number at time ¢. Projection to
the flavor degree of freedom exhibits oscillating behavior. This result is consistent with
Heisenberg’s uncertainty relations between time and energy. We reproduce the PMNS
result exactly within the limit of ultrarelativistic neutrinos and large time.

Finally, we discuss prospects for further research.

Further details and calculation can be found in Appendix A.

2. PMINS Theory of Neutrino Oscillation

In the PMNS theory of neutrino oscillation [71-75], three flavor neutrino states that
interact weakly are mixed to three different superpositions of the neutrino states of definite
mass (for mixing in gauge theories, see [6]). In the flavor states, neutrinos are emitted and
absorbed through weak processes; however, they travel as mass eigenstates.

This is mathematically expressed as

|U0€> = Zuai|vi> ’ |Vi> = Zu;i|1/uc> ’ D

where & = ¢, i, T are the flavor indices, respectively, e-electron neutrinos, y-muon neutrinos,
and T-tauon neutrinos, that label neutrinos with definite flavors, while m;, i = 1,2,3, are
the indices of the neutrino mass states. To describe antineutrinos, it is necessary to use
complex-conjugate matrices Uy,; <> Uy;. The matrix U,; is the PMNS-matrix, introduced in
a way analogous to the CKM matrix describing the mixing of quarks.

The size of the matrix depends on theory. For the standard three-neutrino theory, the
matrix is 3 X 3. For more neutrinos (including sterile ones), the matrix could be larger.
There are anomalies [4,5,76-86], suggesting that the model requires further refinement.

The 3 x 3 PMNS matrix (2), for example, is provided in [22]:

U, U, U,
uﬂl Uﬂz Uﬂs @)
U, U, Uy

0 0 ci3 0 sjze ™ ¢ spp 0\ [e™/2 0 0

3 S73 0 1 0 —s1p ¢1p O 0 ei2/2 p

—S23 (23 —513€i5 0 C13 0 0 1 0 0 1

where ¢;; = cost;j and s;; = sin6;;. The phase factors a; and a; are relevant only if
the neutrinos are Majorana particles, i.e., if the neutrino is identical to its antineutrino,
otherwise they can be ignored. The phase factor § measures the degree of violation of CP
symmetry, which has not yet been observed experimentally.

Note that Relation (1) is valid only approximately, as particles with the same energy
and momentum but different masses cannot simultaneously be on the mass shell. The same
feature appears in the usual treatment of neutrino oscillations in field theory, where it is
known as mass-shell approximation [69,70,87,88].

A neutrino travels through space as a massive neutrino. Its time evolution is described
(in units ¢ = 1,7 = 1) by [v;(t)) = e~ H{Eit=Fi-%)|1,(0)) for each mass- and energy-eigenstate
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|v;) with mass m; and eigenenergy E; = 4/ p? + mz2 . However, weak processes actually
produce flavor states |v,), which are, in accordance with Equation (1), superpositions
of these mass- and energy-eigenstates |v;). Due to their energy differences E; — E;, such
superpositions have an energy uncertainty AE (5).

In the quantum mechanical treatment of neutrino oscillations, it is standard to assume
(for example, see [89,90]) that all mass eigenstates |v;) have the same momentum, i.e., their
energies E; differ by their masses m; and the flavor neutrino state |v,) is determined by
the momentum.

In the ultrarelativistic limit, |p;| = p; > m;. Thus, p; = E, the neutrino energy in the
limit m; — 0, such that Vi:

mi M -
Ei:pi—}—z—mNE—}—ﬁ, and t~1L, 3)

where t is the time from the beginning of evolution and L is the distance traveled.

In the process of measurement, the neutrino is projected back to the flavor states. The
probability that the initial neutrino with flavor a will be detected later as having flavor j is

defined as )

2L

Pysp = ’(vﬁ(L)]va>’2 _ ‘Zi u;iuﬁiefi%

This can be written as

Pyp = bup —42Re(uaiuﬁiuajuﬁj) sin? | —
i>]

i L [AmEL
42 glm(uﬂduﬁiuﬂjuﬁj) sin{ —2— |, @
where Am%j = mlz — m2.

The second term is related to CP asymmetry:

(aB) - - * %\ o Amisz
AU — P(vy — vg) — P(7y — 1) = 421m(u,xiu,5iu,xjuﬁj) sin| —p— |
i>j

With the help of the Jarlskog invariant Im(ll,xl. Ugi U,jfj Uﬁj) = J X k€apytijk» the CP

asymmetry is expressed as

2 2 2
(ap) . [ Amz L\ - (Amg, L\ [ Am5 L
Acp’ = 16];80‘57 sm( ir sin T sin —E |

Note that CP asymmetry in neutrino oscillations has not yet been observed.
Because

2
AE < max (E—E)~ ———»
~ij=123 2E '

2
— m“
]

©)

Equation (4) satisfies the time—energy uncertainty relation AE At 2 1 of Heisenberg (and of
Mandelstam and Tamm, as discussed in [90]) for

t2 —5. 6
2 an ©)
]
For times shorter than (6), the uncertainty relations are fulfilled with the help of
neutrino production processes. Specifically, they produce the flavor states |v,), which are
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superpositions (1) of |v;), the eigenstates of neutrino masses m;, which are so close that
they cannot be resolved in a time shorter than (6) [90].

The ultrarelativistic limit applies to all currently observed neutrinos, as it is known
that the differences of their squared masses are of the order 10~* eV? and their energies are
at least 1 MeV. Measured oscillation distances L are on the order of kilometers.

3. Neutrino Oscillation as a Dynamical Process
3.1. The Mass Mixing Term in the Interaction Lagrangian

In order to treat neutrino oscillation as a dynamical process, we start with the neutrino
mixing interaction £, of the Dirac spinor Lagrangian, defined by:

ZV“ )iBuy (x )

Ly = Lw + Lpmix 8

Lvix (x ZV'J‘ JUy ;M;iUp jv(x) + antineutrinos 9)
mq 0 0

M = 0 np 0 s (10)
0 0 ms

where U, ; is a 3 X 3 matrix analogous to the PMNS-matrix. Here, v, are neutrino spinor
wave functions for flavor « and m; represents the propagating neutrino masses. The
initial conditions are fixed through the neutrino distribution function (including either the
chirality or a handedness projection operator) which are built in the S¢ x component of the
flavor neutrino propagator. The massless chiral “flavor neutrinos” (with propagators S¢(p)
and weak interaction) enter the DSE. The self-energy is identified from the next-to-lowest
order to the DSE through the use of (9) and (10), and is simply the constant matrix

Zix,ﬁ = Za,ﬁ,R = Za,ﬁ,A = — u;,iM,‘leg,j, sz,ﬁ,K =0 (11)

The DSE for fermions and their formal solutions are provided in Appendix A, specifi-
cally, (A15)-(A19).
The DSEs for oscillating neutrinos are

Sga,R = SpROpa +1SpR * gy R * SyaR (12)
gﬁ,lx,A = Sﬁ,A‘SB,IX + iSﬁ,,],R * Xy 2 A X gg,a,A (13)
Spak = SpxOpa  ilSpy R * Tyt R * Stak (14)
+Spk * Zyga* Sgaa+ Spy R * Ty gk Spanl, (15)

where S denotes the lowest-order Green function and the same symbol with a tilde (S)
denotes the corresponding re-summed Green function, as explained in Appendix A.6.

3.2. Solution of the Dyson—Schwinger Equations for Oscillating Neutrinos
The formal solution for (12)—(15) is

Spar = [1—1'51{*21{]5 * Sy R —SﬁqR*[l—lZR*SR]MI
S”g,a,A = [1_iSA*ZA]f5 *SWaA —S,BqA*[l_ZZA*SA]qw

Spak = =Spaia* (1= i%a % Sa) 0+ (1 —iSg * ZR) 5, * SpakR
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+i(1—iSR ¥ ZR) g * [Sy R * Zwk * Sw,a = SpiR * ZiwR * Sw kA

+577,(,,K,R * Zg,w,A * S(U,9/A] * (1 — IZA * SA)B_,olt (16)

The solution simplifies owing to the following three reasons:

1.  The self-energy is a simple matrix, not a retarded or advanced function;

2. The *-products among the bare propagators turn to algebraic products except for the
case where one factor is retarded (R or K,R) and the other is advanced (A or K,A);

3. The matrix U is unitary.

Next, we calculate (1 —iXg(4) * Sgr(a ))
obtain

o the matrix inversion is simple, and we

2
p°+ mip
1 —i%* Sg) E u,,;. 17
( 12, % R - ‘sz 12 ipoe o, ( )

Then, we obtain the re-summed retarded propagator component:

~ m +¢))
ﬁ,a,R(P) ( DI R)/g r]sz ; i 0 w,i ( )

and the resummed advanced propagator component

(m; +p)

Spa,a(p) = (1—1Z*SA);37] na,A(P Euﬁlm

Uy ;. (19)

We now have an important conclusion. Relations (18) and (19) express the re-summed
flavor propagator through the linear combination of “propagating” neutrino propagators.
This should be contrasted to the “similar” (mathematically ill-defined) relations between
wave functions of flavor and propagating neutrinos.

Now, we turn to the S g,a,k Propagator. Insertion of (17)~(19) into (16) provides us with

~ 1
paK fa Z PEZT D2 2 —ipge

< {1~ f<ﬁ>1”°|+p'|’"< olfl =77) — 1= 20, (DI ol + )} 5

é u; U, ————
+ /S'le.: PAZ0 52— m2 1 ipge

120y (7 B (051 = 77) = 1 = 20y (- ol 77) -5

2
, « p-+mp . .
) Uz . U, ;[—im;(—
B fz] M7~ ipae) (7 ipoe) )

o + |7 o N
{1 204(B) PP 51— 7p)

2|
(—py PPl 1—7s
~[1 =205 (=P) 5 (olpl + 7P 5
|

|
{1 - 200(7)]P |p|ﬁ|(70|?7| 75)
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1= 2y ) PP ol 370 5 i)

xU* . pZ +mp
I (p? — m? — ipoe) (p? — ipoe)

Ug,;, (20)

where f is the flavor of the initial neutrino beam.

The resummed Keldysh component S pak Of the neutrino propagator consists of two
contributions: (a) terms without *-products (which we call algebraic) and (b) the terms
with a single *-product (which we call convolutional).

This propagator carries the information which, after the equal time limit, provides the
number and momentum distribution of all types of flavor neutrinos measured at time .

3.3. The x-Products and the Average of Equal Time Limits

The remaining *-product in (20) between the retarded and advanced functions is
expressed (see Equation (A2) for details) as follows:

p) = po1 + Po2 Le*iXO(Pm*POzHe)_l
Salpod) 7/ ApodpoaPxy (o ) o e

sin(2Xo(po — pp))
Po — Py

Aco,R(P01, P)Beo, 2 (P02, P),

Px, (po, po) = %®(Xo) , (1)

where the label co means that the values of A and B should be taken at infinite time. After
time ¢, the number of oscillating neutrinos is expressed through the average equal-time limit
of the re-summed Keldysh component S g0,k Of the neutrino propagator (see Appendix A):

1—(Np(t))
— — [ K - —ipoA Ty 10 & L=7s
27 [0<11Argo+o>hArgo] /dpoe Tr| 4 Sﬁ'ﬁ'K't(p) 2 ) (22)

where A = sg1 —sgp and Xo = (sp1 +Sp2)/2 = t. In this expression, we have taken
into account that the initial condition (A13) contains only flavor neutrinos of type f, not
antineutrinos, and we calculate number of flavor neutrinos of type . The equal time limit
removes projector P from the above *-product:

i e~ t(po—po2) — 1

1. i - - -
;ilin}o/dpoe ZApocsoz:t(POrP) = /deldPOZEWAw,R(POLP)Boo,A(POLP)- (23)

3.4. Contributions to Neutrino Oscillation

To calculate neutrino oscillation, we start with chiral fermion number (22) and insert
the solution of the Dyson-Schwinger Equation (20).

Upon managing all *-products appearing in (20), we end up with two types of
contributions:

1.  Contributions without any *-product. These contributions (the first pair in (20)) are
independent in time. They should reproduce the initial (input) density of neutrinos.
By calculating geometrical series term by term, one would obtain the lowest order
providing the input neutrino density. All the higher term would vanish, as they
are equal time limit of the product of two or more retarded functions (or two or
more advanced functions). The re-summed propagator is nonperturbative, and
consequently the result renormalizes the initial density. Nevertheless, we obtain
the input neutrino density.
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1 i
IScanv,SK,R = ZTTr)/Oﬁ /dp()ldp()z

2. Contributions containing S, x (the second pair in (20)). These refer to the initial input
of flavor neutrinos of type a. They contribute to oscillation.

3.5. The Algebraic Term

Note here that we have to decide whether we approach equal time from above
or from below. The final result does not depend on our choice; however, for our choice
A = sy1 — sp2 > 0 the advanced contribution should vanish.

We calculate the contribution of [1 — iSgZg] 'S, k r (at nf(—ﬁ) =0

- i ' —ipo(sg1—
leatg =1 = (Nuaig(F)(8) = = lim _ [ dppe~mlm=s)
1 ) i PPl a1
STryod s Y UL Uy i——————[1 -2 )2
4 Yo a,f; o, Dc,lpz_miz_'_ipoe[ nf(p)] 2|;—9»| (’YO'p‘ 'YP) 5

1 L »
1 1r70(8 + 1) (0l Pl + TP)[1 = 75] = 6]

= i —ipo(so1—so2) et 1 Po+ |7
sz,alg smgrs]é)lz:t/dpoe ; |u0¢,1| P2 — mlz + iPOG [1 an(p)} 27T (24)
Finally, we find
Ia,ulg = 504,f[1 - nf(ﬁ)] (25)

This contribution is the only time-independent contribution to neutrino yield. As we
will see, it confirms the conservation of the total number of neutrinos in our model. It
indicates that the eventual (finite) wave function renormalization is not necessary.

3.6. x-Product, Term Containing Sk r

In the terms with a convolution product, the chirality projector (1_275) appears twice:

once to select chiral neutrinos in initial distribution function, and a second time to be
selected by the weak interaction measurement device:

e—i(Po1—po2)t _q
Po1 — P02

i[1 —i%SR) 'Sk R} (por1) {ZSall — iZSa] ™ H(po2)[1 — 5] /2

i
- a,fZug,iua,iu:,juﬁ,jp"m@ / dpo1dpoz
ij

e~ i(por—po2)t _ 1 p% +mpq
) 2 2.
Po1 — Po2 (py —m; + ipor€)(py + ipoi€)

10— 20, () PSP o — ) — 1= 2 (=) P2 ) ) — sl (i)

2|7 2|7
y p3 + mipa 1— 175
(p3 — m? — ipoae) (P — ipoae) 2
p1 = (po1, P), p2 = (poz, P)- (26)

The trace is

1 o B
1 Trv0(Pt + mipn) [yl Bl F VP11 — 5] (m; + p2)[1 = 7s) = 2Pl (27)

Now, we have
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' . i imJZ e—i(po—po2)t _ 1
ISCOWSK,R = i0q,f 121" uﬁriu""iu""juﬁ’jrﬂ /dp01dp02 Po1 — Po2
{1 =2n(F)l(por + |P]) — [L = 2np(=P)](por — |P)} 28)

(p — m2 +ipor€) (p3 — m]2 — ippe)

The integrals are performed by closing the integration path from below for dpg;
and from above for dpg.

i(po1=po2)t _ 1 Po1 + |ﬁ| _ (eii(/\iwiipozﬂ - 1)((4], + Al|ﬁ|)
P01 R = —im ), Noco:
por —Ppo2  py—m;+i€por A—=1 w;(Aiwi = poz)
—i(Ajwi—pop)t _ 1 e iMiwi—Ajwp)t 4
po2 . =in A (29)
/ (Miw; = Poz)(P% —m — ippe) /\/_Zil " wi(Aiw; = Ajey)
Here, w; = [|ﬁ|2 + mlz]l/z and wj = Hﬁ‘z + m]2]1/2

Thus, the contribution consists of contributions from all singularities (four terms):

m]2 —i(Ajwi—Ajwpt 4
ISconv,SK’R == T(S’X/f Z ugri u""i u;r] uﬁ] Z A
1

l ]7

Twiwj(Ajw;i — Ajwj)

[Ailpl = ng(P)(wi + AilBl) + np(=P)(wi = Ail )] (30)
After setting n_,(—p) = 0, the integral is

()\iw,-—/\-wj)t _ 1

IScmw,SK/R - "‘fzuﬁlu u* uﬂ] Z )\

AAm1 ) w; w](/\ w; — /\]-wj)

[Ailpl = ng(P)(wi + AilB])
= (11 +mi)' 2, wj = (1P +mi]' 2. (31)

3.7. x-Product, Term Containing Sk 4 and i <> j Terms

This integral is similar to the previous one:

mz (/\iwif)L*W')t _ 1
ISconv,SK,A - 4 5”‘rf ; U,B,l u“zluﬂt,] U,B] Z A ()\ w; — A (U])

(APl = g (P)(wj+ Al P]]- (32)

With i and j interchanged, the contributions are

m2 —i(/\-wj—)\'w-)t 1
*

Isconv,SK,Rji = _Zléarf Z uﬁ,] u”‘] o IUBI Z A

g

wiwi(Ajw; — Aiw;)

[AB| = np(P)(wri + Ail )] (33)
and

m2 —i(Ajwj—

IScnnv,SK,Aji == ’szuﬁ]u u* u,Bl Zi]A
A, ]—

Ajwi)t _q

wiwi(Ajw; — Ajw;)
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[Ailpl = ng(P)(wki + Al P])]- (34)

3.8. The Dominant Contribution

The results of the previous section are consistent with Heisenberg’s uncertainty condi-
tion between energy and time. In our further calculations, we assume that the time is large
compared to the energy differences |w; — wj|. Together with the fact that the measured
neutrinos (m; << |p|) are mostly ultrarelativistic, with || ranging from 1 MeV to 10 MeV,

the following approximations are justified:
j = = = =
—E o witepl, witlpl~2pl and i plx

N

i
- (35)
2|l
Owing to the above, all contributions proportional to [1 — 2n¢(7)] are dominated by
Ai = Aj = +1, while the contributions proportional to [1 — 2n,,— (—7)] are dominated by
Ai = Aj = —1. The contribution from the constant 1 in [1 — 2#] is killed by this procedure.

(JJZ‘—C()]'Q‘J

Notice, however, that for short times (¢ < 4#, i # j) the approximations are not
TT|w; _w]‘

justified, and it is necessary to deal with the full expression. in order to satisfy Heisenberg’s
uncertainty relations among time and energy.
The above contributions then become

m%—mz
2 * * eii 2/pl t_'l —
Isconv,SK,Kd = m] 50{,f Z uﬁ,i Uoc,i U,X,j Uﬂ,]an(P) (36)
ij i j
m?—m?
2 * * eii ﬂﬁ“ t_'l —
ISL‘DY!‘U,SKAd = mi 60‘,]( Zuﬁ,iu“/iua,juﬁ,j mz _ m2 nf(p) (37)
’ 7 P
m?—m?
2 * * 6i ﬂﬁl]t‘_ 1 —
Isconv,SK,Rjid = mi éa,f Zuﬁ/ju“rjuﬂé,iuﬁ/i mz _ mz nf(p) (38)
i i j
and
m2—m?
2 * * ei ﬂﬁ‘]t'_ 1 —
ISconv,SK,Ajid =mj 50(,f Z uﬁ,]'u“/j U, ;Up,i 2 — 2 nf(p) . (39)
1y 1 ]

By adding the contributions, we obtain

IScunv,SK = ISch‘U,SK’Rd - ISconv,SK,Ad + Isconv,SK'R]'id - Iscnnv,SK,A]'id

mlzfmz 17112*"]2»

= G, p Y {U U U3 Upg e 2 " — 1] — [Uj Uy U5 Ug e 27 ' —1]}ne(F),  (40)

i<j

which can be further written as

Isconv,SK = —Tlf (ﬁ) Z

i<j

2 2 2

m; — m2 my — ms
L+ 2 Im(Uj U, ;U5 U ) sin Lt]. (41)

8,15 (P)[ — 4Re(Up Uy Uy Uy ) sin® T T
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4. Final Result

From the preceding section, notably Equation (22), and from Appendix A, notably
Appendix A.8, it can be seen that at time ¢t the total number of particles of the flavor
stemming from the initial flavor « is

mz‘ - m24
s — * * . k l
(Npf(t)) = dupma () + np(F)op ) [ —4Re(Up U,y Up,) sin® 7;| 7 Lt
i<j
m2 — m?
* * . 1
+ 21m(uﬁ,jua,jualiuﬁ,i)smWt]. (42)

Let us point out a few features of this expression:

1.  The result (42) is identical to the standard PMNS expression (4). The ultrarelativistic
relation (3) reveals the equality of the arguments of the sines, while division by the
initial distribution of the number of particles n recasts (42) in terms of probability, as
in (4). Thus, with the same presently available inputs, our result (42) would provide
the same numerical results as, for example, [86].

2. If we sum over f, the oscillating contribution vanishes. This reflects the fact that the
total neutrino number is conserved within the realm of chiral neutrinos; notably, the
sterile neutrinos are not involved! Notice that our conclusion is valid for low energy
neutrino beams as well; this is easily verified by looking at (31)—(34).

3. The results are valid for moderate energies, although it is necessary to skip the
simplifications in (3) and (35) and include all contributions.

Conclusions

In this paper, we apply the Finite Time Path Field Theory (FTPFT), originally de-
signed to deal with out-of-equilibrium many-body statistical ensembles, to the problem
in particle physics. We demonstrate that FTPFT is an appropriate tool for the treatment of
neutrino oscillations.

We calculate neutrino oscillation within a simple model, with the interaction La-
grangian containing the term £ y;, built as mass mixing through the PMNS-matrix with a
built-in Dirac spinor and chirality structure. The model is exactly solvable. This is an
extension of standard PMNS-case, as it involves sterile neutrinos, at least those with the
same mass as flavor and propagating neutrinos. Of course, more sophisticated sterile
neutrinos would require additional model building.

The result is consistent with Heisenberg’s uncertainty relation between energy and
time. The flavor neutrinos are chiral spin 1/2 particles, though a massive neutrino propa-
gator should additionally contain the right-handed component along with the re-summed
oscillating propagator. Nevertheless, the result is chirally invariant, as it is dictated from
the weak interaction Lagrangian (L) taken into account through the factors (1 — 7s)
appearing at the beginning (production) and end (detection) stages. The sterile neutrinos
do not contribute to oscillations, even for low energy beams. Our result coincides with
the PMNS-formula for large times and for the ultrarelativistic case.

In the derivation of our result, the PMNS relation (1) is not used. Instead of using the
relation which mixes flavor and propagating neutrino states (and in which at least one state
cannot be on mass shell), the mass mixing Lagrangian through DSE provides an equally
significant relation among the oscillating neutrino propagators obtained from DSE (18) and
(19). They enable the calculation of the Keldysh component of the propagator S gk (20),
which by application of AETL provides measurable particle numbers (42).

The FTPFT approach successfully passes the test of neutrino oscillations, in the sense
that we demonstrate how to perform calculations of these oscillations using the presented
approach. We reproduce the standard PMNS results in the present model, which introduces
the neutrino masses precisely through the PMNS-matrix in the mixing part of the model
Lagrangian. This means that while the present approach does not address the issue of the
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origin of neutrino masses, and in general does not provide answers about the dynamics
and physics of processes, the existing knowledge can be used as an input in the form of
masses, matrices, self-energies, etc.

The application of the FTPFT approach to neutrino oscillations shows that it is an
interesting candidate for a complementary tool to the S-matrix, which is formulated for
infinite times and involves switching interactions on and off adiabatically. In the case
of phenomena where finite times are essential, such as the presently pertinent neutrino
oscillations as well as the oscillation of kaons and B and D mesons, decays, and symmetry
violations, it has been necessary to use largely heuristic methods, such as elementary
quantum mechanics in the PMNS approach and the Gell-Mann-Pais approach for kaons.
In such cases, the FIPFT approach is obviously a candidate for a more rigorous description.

Further tests of the FTPFT approach could proceed along the following main lines:

1.  Improving the model by taking into account the eventually-confirmed anomalies.

2. If suitable for considering decays of heavier neutrinos, the model could be easily
adapted to build these features in. In this case, the self-energies should again be
provided through an adequate calculation.

3. Applying the formalism to other oscillating and decay processes (e,g., decays of K°,
DY, and B° mesons, positronium, the Cabbibo angle,etc.). This work is in progress and
almost completed. It roughly confirms the Gell-Mann-Pais results. The factor which
limits the predictive power is the rudimentary knowledge of the self-energies in the
existing literature. Authors have mostly been concerned with obtaining the imaginary
parts (decay rates), while the real parts (mass shifts) often involve renormalization.

4.  In a classical out-of-equilibrium problem, the damping rates are the first thing to
address. Braaten—Pisarski re-summation has provided a good start. Even for this case,
two-loop self-energy diagrams contain minimal time vertices, and possible “upgrades”
could be very tricky. This is another area where work is in progress.
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draft, D.K. All authors have read and agreed to the published version of the manuscript.
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Appendix A
Appendix A.1. Finite Time Path Field Theory

To calculate neutrino oscillations, we use Finite Time Path Field Theory (FTPFT), often
called the closed time path thermal field theory (CTP-TFT). “Thermal” is used here for
historical reasons, as the theory was first constructed to treat ensembles at the thermal
equilibrium or very close to it. Now, we find it to be an appropriate tool for calculation of a
wide variety of problems, including equilibrium and nonequilibrium TFT problems (within
the linear response approximation) as well as scattering processes, decays, and oscillations.
There are a number of specific features distinguishing it from S-matrix theory:

1. The time path C is closed and finite: C = (0+ie, t +ie)U(t + i€, t —ie)U(t — i€, 0 — i€).

2. The subject of the S-matrix is amplitude (“wave function”), while in FTPFT it is a
two-point function.

3. The product of two point functions is not algebraic, instead being a convolution
product (see Appendix A.2); only under special conditions does it become an alge-
braic product.

4. Instead of Feynman propagators, matrix propagators Sl-j, i=1,2,j=1,2are ob-
tained. These are linearly transformed into Sg (retarded), S4 (advanced), and Sk
(Keldysh) propagators. Our method further separates Sk into its retarded and ad-
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Cx,(po, P) = /dpm dpoz2 Px, (po, 5

vanced pieces (Sk = Sk .r — Sk 4); Sk contains single particle distribution functions of
the unperturbed system (i.e., as they are determined at ¢ = 0).

5. Ameasured quantity is obtained as an equal time limit of Sx. Compared to a scattering
matrix, these measured quantities are more inclusive: one particle is separated (and
measured), while the others are integrated over. This is equivalent to the exclusive
S-matrix approach. In addition, the calculated quantities correspond to a yield, i.e., the
number of particles found at time ¢, while the equivalent in the S-matrix approach is
the cross-section, i.e., related to the time derivative of the yield.

6.  While primarily developed for thermal equilibrium and out-of-equilibrium (partic-
ularly “almost equilibrated”) ensembles, nothing prevents it from being applied to
decays and oscillations (as in this paper), or to scattering processes.

7. For application to scattering processes, it is necessary to choose initial single parti-
cle distributions (i.e., for incoming particles) as two plane waves of extremely low
intensities. After calculation it is then necessary to carry out the f — oo limit. In our
experience, the results are physically equivalent to S-matrix calculation. Adiabatic
switching (on and off) of the interaction is not possible in finite time. With an infinite
time limit (f — o0), the lack of adiabatic switching does not matter.

Appendix A.2. Convolution Product of Two Two-Point Functions

The convolution product [61] of two Green functions is defined as
C=A«B<C(xy) = /dzA(x,z)B(z,y). (A1)

In terms of Wigner transforms (see [61] for more details), it becomes

+ i e~ iXo(po1—portie) . .
Pt Poz)ﬂ Por — Poa + 7€ Aco(po1, P)Beo(po2, F) s (A2)

where the projector Py, is

: : /2X0 iso(po—p) — 1 sin(2Xo(po — po))
= — = — A
Px, (po, po) 27r®(X0) %, dspe 0 7T®(X0) po— 1 (A3)
and
Eiisopé@(XO)@(ZXO + S())@(ZXO — SO) = /dpoeiisopopxo(po, p(/)) (A4)
It is important to note that
. . 1 Sin(ZX()(po - p/ ))
lim P 0) = lim — 022 = 6(po — pp)- A5
m_Pxy(po,po) = lim == (Po = po) (A5)

The retarded (advanced) function is supposed to satisfy the following properties [61]:

(1) The function of pg is analytic above (below) the real axis;
(2) The function vanishes as |pg| approaches infinity in the upper (lower) semiplane.

If A is an advanced projected operator, we can integrate the expression (A2) even
further. After closing the pg; integration contour in the lower semi-plane, we obtain

Cx,(po, P) = /dpmpxo(r’m Po1)Aco (P01, 7) Beo (P01, P)- (A6)

If B is a retarded projected operator, we can achieve the same result by closing the pg
integration contour in the upper semi-plane.
In the Xy — oo limit (A5), Equation (A6) becomes the simple algebraic product

Coo(po, P) = Acs(po, P) Beo(po, P)- (A7)
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Note that Equations (A6) and (A7) are valid for combinations A4B4, AsBr, ArBR,
but not for AgrB4.

For Ag (retarded) and B4 (advanced), the Equal Time Limit (ETL) of the convolution
product is obtained as follows:

i e~ Xolpo1—po2) — 1

—_ lApO — —
- ilgio/dpoe Cx, (po, P) /dP(n po25 — F— Aco,r (P01, P)Beo,a (P02, P) (A8)

where A = sg; — spp and Xy = (sg1 + S02) /2. The ETL is finally changed to AETL (the
average of ETL), where limp_, is replaced by %[limo< A0+ limgsa_0]. From the numera-
tor, the constant term (—1) could have been subtracted, because for this term it is possible
to close the integration path dpg; from below (or to close the integration path dpg, from
above), in order to find that the contribution vanishes. The resulting “kernel” is not singular,
and we omit the ie prescription.

From now on, we skip the index « as self-understandable.

Appendix A.3. Massive Neutrino Propagator

The massive neutrino propagators with masses m; # 0,7 = 1, 2,3 for the case when
the fermion and antifermion distribution are equal:

ni(wp, p) = n_(wp, —p) is simple,

Dr(p) = (p+m)Gr(p,m),

Da(p) = (p+m)Ga(p,m),

—1i
p? — m? + 2ippe

Dk(p) = Dxr(p) — Dx,a(p),

Gr(a) (p,m) =

Dxr(p) = —[1 —2n(wp)] (P+ = Wy 0\ Gr(p,m),

Dy alp) = —[1 - 2n(wp)] (P + =2 @, P0) Galp,m),

b=7"pu p = (p0.B), P=7"Bu P = (wp, £2B), wp =[P+, (A9)
P
where 1(w)) is the initial fermion distribution function.

Appendix A.4. “Flavor Neutrino” Propagator

Flavor neutrinos v, v, and v are, by assumption, massless and chiral; only left-
handed flavor neutrinos and right-handed antineutrinos exist:

S¢r(p) = pGr(p,0),

Sra(p) = pGa(p,0),

—i
GR(A)(PIO) = m ’

b =7"pu p=(po,F), P="Py, P=(|fl, {%ﬁ) . (A10)
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For unequal flavor neutrino and flavor antineutrino distributions, we have

n(po ) =+ 20Gu) ()~ -5 00(-pon (-F),  (AID

where n(py, P) is now a 4 x 4 matrix.
Now, we decompose Keldysh propagator into its retarded and advanced parts:

Srx(p) = Srrr(p) — Srxalp),

Srxr(p) = —Gr(p,0) Lf(po, P) ,

Srxa(p) = —Ga(p,0) Ls(po, P) , (A12)
where
_, _, + |7 N
Li(pop) = (1= 2n I (ol — 7)1

1—1s
5

. 2”f(—ﬁ)]m_ﬁ||r)|(70ﬁ| +75)

o (A13)

We define the propagator for flavor antineutrinos by &, which is obtained from S via
the replacement of ny > n 7- These propagators satisfy the following properties under
inversion:

Srr(=p) = =Sr,a(p), Srxr(=p) = =Srralp).

Appendix A.5. Oscillating Neutrino Propagator

In addition to flavor and propagating neutrinos, we have defined “oscillating neutri-
nos” above by solving Equations (12)-(15) through partial re-summation of DSE over the
powers of the mixing mass interaction self-energies.

Appendix A.6. Dyson—Schwinger Equation for Fermions

Here, S is the lowest order Green function and S is the re-summed Green function:

[ST1—ix]«S§=1, (A14)
where
_ (Sr Sk _ (Zr Xk
s= (% ) == (T 2
= (S S:K
S(o SA) (A15)

or in components,

gR:SR+iSR*ZR*§R
SAa=S4+iSpxX4%54
gK:SK+i[SR*ZK*S~A

+SK*ZA*§A+SR*ZR*§K]- (A16)
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The formal solution is

Sr=[1—-iSg*Zg] ' % Sgp = Sg * [1 —iXg * S|},
Sa=[1—iSa+%a] 1 %S4 =Sa%[1—iZs%S4]7},

gK = +i§RZKS~A + gRSElSnglgA (A17)

Sk =—Ska*x(1—iZg*Sa) 1+ (1 —iSg*Zg) ' *Skr
+i(1 —iSg *ZR)*l % [SR*Xg*S4 — SR*LRr* Sk A

+SkR*ZA*Sa] % (1—iZa%S4)7}, (A18)

where we have used
Sk = Sk,R — Sk,A, ZK = ZKR — LKA (A19)

Appendix A.7. Fermion Particle Number

The number of fermions of momentum p at the time ¢ is obtained from the time
evolution of the of number operator, which is the Average of the Equal Time Limit (AETL)
of the propagator Sk s, s,,- The average is necessary because we must distinguish the limit
from above syp; —sp; = A > 0 and the limit from below A < 0. If the propagator S K,so1,502 (P)
has a pole which is apart from the real axis for the finite imaginary part, these two limits
will be different, in which case we take the average. Using AETL, we are able to understand
the limit:

1
AETL==[ lim + lim ]. (A20)
20<A—0 0>A—0

The particle number is defined as

(Nz(t)) = (27)3 dN / (d3xd®p) (A21)

and

1= (Npp(t)) = 5[ tim + tim ] [dpoe 0 T 05, ()], (a22)
where A = 51 — spp and X = (sg1 +502)/2 = t.

The contribution (A22) corresponds to a single polarization. To sum over the polariza-
tions, an additional factor of 2 is necessary.

When acting on the momentum and spin eigenstates of fermions |+, 7,s) and an-
tifermions |—, —p,s ) (both normalized to (&, +7,s|+, £p,s) = 1/m), the projectors A+

satisfy
A (wp, )|+, P,5) = |+, F,5) and A _(wp, p)|+,p,s) =0, while
As(wp, p)l=, —p,s) =0 and  A_(wp, P)l— —=P,5) = |- —P,s).

In the rest of this paper, the distribution functions are assumed to depend on ||
and not on the direction of . The lowest order contribution (N? LT ﬁ(t)) is identical to the
initial distribution (for n f(wp) =0):

1= (N2s(t)) = 1—nyp(wp) . (A23)
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Appendix A.8. Massless Chiral Fermion Particle Number

For a massless chiral particle there is one more helicity projector (1 — v5)/2 with
respect to the trace in Equation (A22). The particle number becomes (22):

1 — (Ngg(t))
- Ly - —~ipoA [ V0 & 1=
27 [o<hAn—1>o+0>hAH—1>o]/dee Tr| 4 Sppkt(P) 2 J. (A24)

Here, ( Ny 5(t) ) is the number of neutrinos of flavor f and momentum 7 detected at
time ¢.

Note that one more helicity projector 1_% is necessary to ensure the proper helicity
(chirality) of the detected neutrinos. The lowest-order contribution for a massless chiral
particle is identical to the initial distribution:

1—(NZ;(t) = 1—=ng(|pl). (A25)
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