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Abstract

In this thesis a very comprehensive model of rotating neutron stars has been con-

structed, which is based on the Quark-Meson Coupling model (QMC model),

using the method developed by Hartle for slowly rotating compact stars. To de-

termine tidal Love number method suggested by ’Hinderer’ is adopted. In this

thesis, neutron star properties are calculated at the rotation frequency of 500 Hz

and compared for three EoSs which are based on pure nuclear matter, full baryon

octet (both are constructed by taking nuclear structure into consideration) and fi-

nally strange quark matter (which is based on the MIT bag model) at the core in

β equilibrium. Various universalities have been predicted among the neutron star

properties such as dimensionless quadrupole moment vs compactness, dimension-

less moment of inertia vs M/R, dimensionless moment of inertia vs dimensionless

quadrupole moment and dimensionless moment of inertia vs dimensionless tidal

deformability. The significance of the low energy density region and crust is also

shown.
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1

1 Introduction

Neutron stars are special stars. Unlike the ordinary stars, they are extremely com-

pact objects that are much tinier, amongst the fastest spinning and some of the

largest order of magnetic field, in Universe. Neutron stars come into being when

an ordinary star dies. They are created after the death of a star in a supernova

remnant. They are the densest (excluding black hole) and the most neutron rich

objects found in the Universe. Typically, all neutron stars that have been found,

have mass from 1 to 2 solar masses. When an ordinary star of mass, 8 - 25 so-

lar masses [1] runs out of its fuel (nuclear fusion), i.e runs out of possibilities

to counter itself against gravitational collapse, it can no longer sustain itself and

collapses under its own gravitational pull. At this point, first the inner core of

the progenitor star collapses and releases a ripple of very high energy to the outer

layers and blows them away into the Universe, as a type-II, Ib or Ic supernova

explosion.

What is left after the explosion depends upon the mass of the progenitor star. If

the mass of the progenitor star is less than 8 solar masses, the explosion results in

a white dwarf and if the mass of the progenitor star is greater than 25 solar masses,

the explosion results in a black hole. In 8-25 solar mass range of the progenitor

star, after the explosion a very small, sometimes called microscopic, super dense

and hot star is left, that is a neutron star. The star is named a neutron star because

it is made of neutrons mostly.

It has been a big challenge among physicists to determine the properties of

matter under the extreme conditions of pressure and energy density and under-

stand the strong force. For determining the properties of compact stars and var-

ious other astrophysics phenomena, it is essential to know the relation between

the pressure and energy density of the system, i.e its equation of state [2][3]. But,

at such extreme conditions of energy density, the laws of physics which govern

them, are not properly discovered yet. Luckily, The Universe has blessed us with
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compact objects in form of white dwarfs and neutron stars which serve as astro-

physical laboratories [4] for understanding and testing our knowledge under ex-

treme conditions. They are the objects that pair the strong force with the general

theory of relativity.

The study of neutron stars requires expertise from several different fields :

particularly, hadron physics, general theory of relativity, high-energy physics, nu-

clear physics and quantum-chromodynamics. Various attempts have been made

and significant advances in the understanding of neutron stars have been achieved.

Large advances have also been made in the observational data of neutron stars.

1.1 Historical Background

After the discovery of the neutron [5], in 1934 Baade and Zwicky [6] proposed

the idea of a neutron star and suggested that these stars would have enormous

central density and a very small size. They also suggested that these kinds of stars

could be created in supernova explosions. Neutrons stars are some of the densest

objects of universe after black holes. Due to their enormous gravitational pull,

neutron stars compress their matter to several times the density of atomic nuclei,

which makes them ideal for discovering new physics.

In 1935, Tolmann [7] and independently Oppenheimer and Volkoff [8] calcu-

lated the structural equations of a neutron star, assuming that the core of the star

is made of an ideal gas of free neutrons at very high density. In their calculation,

Oppenheimer and Volkoff calculated that stable, static neutron stars could not be

heavier than 0.7 times the mass of the Sun, which is a value much smaller than the

Chandrasekhar mass limit of white dwarfs : 1.44 solar mass. This low value of the

mass predicted for neutron stars was the result of the fact that the neutrons were

considered to be non-interacting. In the 1950s Wheeler [9] calculated the equa-

tion of state of a non-interacting neutron-proton-electron gas under β-equilibrium.

In 1959, a Skyrme-type [10] force was considered by Cameran [11] to study the
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effects of the nucleon-nucleon interaction on equation of state (EoS). He calcu-

lated a maximum mass of neutron stars, of around 2 solar masses, which was a

clear indication that there could be other particles like muons and hyperons, in the

core rather than just electrons-protons-neutrons. Many authors have suggested the

possibility of pion and kaon condensation inside the core of neutron stars. After

the proposal of the quark model by Gell-Mann [12], Ivanenko and Kurdgelaidze

[13][14] proposed the possibility of quark deconfinement in the core.

Although the existence of neutron stars had been theoretically suggested, the

possibility was ignored for almost 3 decades due to their tiny size. In 1967 first

radio Pulsar PSR B1919+21 was discovered by Bell and Hewish [15] with a fre-

quency of 82MHz and a rotation period of 1.4sec. At that time, pulsars were

not identified as neutron stars, but later Gold [16] showed that pulsars are indeed

rotating neutron stars.

1.2 Pulsars

Rapidly rotating neutron stars are generally accepted as Pulsars[17][18][19][20],

which have a very regular periodicity. Neutron stars have high magnetic fields

and spin, so they radiate energy. Magnetic poles of pulsars are not aligned to their

axis of spin. So, when a pulsar rotates, its radiation sweeps and their radiation is

only observed if an observer is in its line-of-sight, which is why their radiation has

a pulsating nature, detected as turning on and off, therefore they are named after

the phenomenon : pulsars. Sometimes they are also referred to as ’light houses

of the Universe’. Most of the pulsar’s radiation falls into the radio region of the

electromagnetic spectrum but there are a few pulsars that have radiation in the

optical, X-ray and gamma regions.

The first radio pulsar was detected in 1967 by Jocelyn Bell [21][22]. PSR

J1748-2446ad is the fastest spinning pulsar, discovered to date with the frequency

of 716Hz, by Jason W. T. Hessels [23] of McGill University on November 10,
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2004 and was later confirmed on January 8, 2005. Over 2000 pulsars have been

detected and some commonly known pulsars are Crab, Vela, PSR 1937+21 and

PSR 1957+20. There are some rotating neutron stars which are called magnetars

because they have magnetic fields of the highest order, billions of times the mag-

netic field of the Earth. Pulsars can be categorized on the basis of the order of

the magnitude of the magnetic fields they have. Some of the prominent kind of

pulsars are described as follows.

1.2.1 Ordinary Pulsars

These pulsars are unaccompanied pulsars that have rotational periods from a few

milliseconds to few seconds. They have magnetic fields, typically B = 1011 −
1013G and age, typically from tPSR = 105 to 108 years [24]. The X-ray spec-

trum of thermal emission from normal pulsars has been estimated, which permits

the cooling theory to be applicable to their study. Unlike the neutron stars case,

lacking pulsation, the measurement of tPSR and magnetic field make the class of

thermal structure models certain and therefore prevent the scattering of possible

cooling curves.

1.2.2 Millisecond Pulsars

Millisecond pulsars have magnetic fields lower than ordinary pulsars, B = 108 to

1010G, and age of a few million years to several billion years tPSR = 109 to 1010

years [24]. These pulsars, which have relatively lower magnetic fields may have

undergone accretion processes during their evolution, which induced a magnetic

field and increased their angular momentum by interaction with accreted matter

with magnetic fields, details can be found in [25][26]. Some millisecond pulsars

radiating X-rays display thermal component in their spectral yield by emission

from hot polar caps [27].
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1.2.3 Anomalous Pulsars

Anomalous pulsars are young, isolated and highly magnetized neutron stars. They

have magnetic fields B = 1013-1015G. Due to their large magnetic fields, they are

widely referred to as magnetars. They have luminosity 1033-1035 ergs/sec and

long periods of 6 - 12 sec [28,29]. A possible explanation for their properties is

grounded on the assumption that neutron stars of magnetic field 1012G acquire

matter from the accretion disk left after the supernova explosion [30].

1.3 Neutron star binary system

A neutron star binary is a system that has a neutron star coupled with another

compact star like neutron star, white dwarf or ordinary star. A binary system with

a black hole is still to be detected. Determinations of parameters of binary systems

give additional information about neutron stars, particularly about their mass.

As the matter of the accompanied object falls into the neutron star, radiation of

energy takes place, which makes the system a source of X-ray radiation. For the

purpose of study, these systems can be divided into two classes of systems. First,

low-mass X-ray binary systems - systems in which a neutron star is accompanied

by a low mass object (M < M�), it could be white dwarf, red giant or neutron

star. Second, there are relatively short lived massive systems. In these systems,

the accompanying object has mass tens of times the mass of the Sun (M > 10M�)

and the accretion of mass by a neutron star in these systems is extremely intense.

X-ray binaries serve up periodic as well as irregular radiation, and can be

categorized in two sub classes as permanent and temporary. Rotation of neutron

stars enhances the radiation of some systems but others are channeled by quasi

periodic oscillations (QPO), and burst (neutron stars suffer from thermonuclear

explosions, burning accreted mass).

QPO was discovered in 1985 [31] and takes place in low mass X-ray binaries

that have a neutron star, white dwarf or black hole [32][33][34]. They are likely
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to originate in the accretion disk. Some hypotheses have suggested that they are

associated with the Kepler frequency. If these hypotheses are believed to be true,

QPO in low-mass X-ray binaries systems can serve as a tool to measure parame-

ters of neutron stars.

The X-ray luminosity of bursts can go up to the Eddington limit (L = 1.3 ×
1038(M/M�)) erg/sec. At such high luminosity, radiation pressure on plasma due

to Thomson scattering takes over the gravitational force. Flashes of such high

luminosity are of particular interest because their spectra and intensity allow us to

calculate parameters of neutron stars [35][36].

During quiescent periods the spectra of certain soft X-ray transients show ther-

mal radiation components of neutron stars located in the system. This permits

curves that explain the cooling process to be compared with observations, as in

the case of a single neutron star, with the only difference that energy emitted by

accretion must be taken into account.

Quasi permanent transients (those which are active and inactive for years) are

of special interest. In a model [37], thermal radiation in the quiescence is sug-

gested, due to cooling of the crust after a long period of deep heating due to

accretion. Such cooling is independent of the structure and matter composition of

neutron stars, but its analysis gives information regarding the physics of different

regions (envelopes). KS 1731-260, MXB 1659-29 and AXJ175.2-2754 [38] are

sources of this kind. Analysis of luminosity of such objects and its dependence on

time provides information regarding the heat capacity and thermal conductivity of

the crust [38n].

Calculating mass of neutron stars by Kepler parameters in X-ray binary sys-

tems is not a very reliable method because of theoretical uncertainties, such as the

shift of angular momentum due to accretion. The most exact values are obtained

for the binary systems of two neutron stars, in the absence of accretion. Several

accurate mass measurements are available in the literature with errors < 0.2M�

for several binary systems. These measurements range from 1.1 M� to 1.7 M�.
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1.4 Source for super-dense matter

Neutron stars have very thin atmospheres, but not so thin crusts (a few kilometers

thick). For bulk compact stars most of the mass of a neutron star is contained in

its highly compressed core. In comparison with the core, the crust mass is very

small and can be ignored since it does not play a significant role in determining

most of their properties apart from determining radius which highly depends on

crust. Bulk stellar properties like mass and moment of inertia, depend only on

the core [39][40]. For this reason, the highly dense part (i.e the core) plays a

significant role in determining the properties of heavier neutron stars of over one

solar mass. The equation of state (EoS) of neutron star matter up to a few times

the nuclear saturation density [41][42][43] is not well known, but at nuclear drip

density and below, it is well known [44][45][46]. Physical properties of matter at

such high density, known as the super-nuclear regime, differ with the equation of

state used, some hypotheses suggest hyperons (Σ,Λ,Ξ) along with neutrons and

protons, some suggest deconfined quark matter and strange quarks. So the actual

physics or equation of state of a neutron star is poorly known. All derived models

(EoS) largely depend on what techniques are used in solving many body problem,

which model is used to define the nucleon-nucleon interaction, how electric charge

neutrality is defined in β equilibrium, how kaon and pion condensation is treated

and possible phase transitions from confined hadronic matter to deconfined quark

matter.

The nuclear equation of state of a neutron star is quite different from the equa-

tion of state (EoS) of nuclear matter. Normal nuclei are approximately isospin

symmetric and bound together by the strong force. Whereas, in neutron stars,

nuclear matter is highly isospin-asymmetric and is not bound by the strong force

but the gravitational force alone. Strange stars are hypothesized to be self-bound

by confinement [47][48][49] and gravity just increases their density a little bit.

Another feature of a neutron star that must be acknowledged is that the origin

of neutron star matter violates conservation of strangeness by the weak interac-
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tion, this gives a significant amount of net strangeness to the neutron stars which

is either contained in hyperons [50][51][52][53][54][55][56][57] or exists in the

form of strange quark matter that coexists with hyperons in chemical equilibrium

[58][59][60][61].

There have been many attempts made, based on different hypotheses to deter-

mine nuclear matter properties at higher densities and model neutron stars Glen-

denning is recognized among the first people who used modern theories and tech-

niques (available that time) to determine the EoS for superdense matter. He began

by using all baryon states that may be populated in the superdense medium, con-

structed the relativistic Lagrangian and derived the equation of motion using the

relativistic Hartree approximation. Of course, his work had limitations (still good

enough to set up a direction) for example π contribution and the tensor coupling of

the ρ meson, were not included and the incompressibility of nuclear matter does

not achieve agreement with large σ meson self-interactions. Some drawbacks of

the model have been removed by using the Hartree-Fock approximation, like the

π meson contributions are included in the exchange term, the ρ meson tensor cou-

pling is included and smaller incompressibility is included.

At high densities, above nuclear density, matter may undergo phase transitions

and new exotic states may form. The existence of these states relies on the strong

interaction and the structure of baryons.

1.4.1 Meson condensation

In 1960 [62] it was suggested that the core of neutron stars may have mesons

(pions-the lightest meson). Generally, the Bose condensation of pions in nuclear

matter is hindered by repulsive forces between nucleons. However, in a super-

dense medium, collective excitations (pion like quasi-particles) may take place

[63][64][65][66] and condense, with loss of transition invariance. Some studies

have displayed the significance of correlations among nucleons for the possibility

of creating a new phase of pion condensation, and possible creation of ordered
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structure with pion condensation.

Kaons may appear in the core by the processes

e+N → K− +N + νe ,

and

n+N → p+K− +N ,

where N represents a nucleon and their presence in the process ensures conserva-

tion of energy and momentum in a highly dense medium. In 1980 [67] the possi-

bility of Bose condensation of Kaons at densities above three times nuclear matter

density was explained. Since then it has been addressed by many authors, see for

instance Ref. [68].

In neutron stars the Bose condensation process is possible by involving K−

mesons instead of neutral-K mesons because of their smaller mass. A theoretical

approach to explain the process is suggested in [69] on the basis of strong interac-

tions. Formation of K condensation highly depends on the presence of hyperons

and greatly affects nuclear matter properties. The strength of attractive forces

between kaons and nucleons is the main cause behind the first and second order

phase transition and the presence of either of the above mentioned condensations

makes the EoS softer (not so compact at the core).

1.4.2 Quark deconfinement

Hadrons are made of quarks, whose degrees of freedom may play a significant role

in determining properties of nuclear matter at high density. Single quarks can’t be

observed in a free state in low energy density regimes, they are always bound to-

gether with other quarks, called quark confinement and their binding force grows

at low energy density [70]. But as the energy density increases, baryons may de-

compose into their constituent quarks. Invanenko and Kurdgelaidze [71] in 1965

showed that neutron stars core may be made of deconfined quark matter. With the

development of quantum chromodynamics (QCD), non-interacting quark matter

properties were calculated with the help of perturbation theory but such calcu-
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lations [72][73] were limited to energy density >> 1GeV/fm3, and it is very

unlikely for a particle’s chemical potential to reach that value in a neutron star

core. Later, more models were suggested to explore compact stars. In [74], se-

ries of phase transitions were shown in neutron star interiors at different energy

densities.

All current existing neutron star models have drawbacks. Quark and baryon

phase transition models lack self-consistency, which is paramount and calcula-

tions are done with the use of perturbation theory at relatively low energy densi-

ties, at which they predict phase transitions, are unrealistic. For these reasons, the

existence of a deconfined or free quark core in a neutron star is highly unlikely.

1.4.3 Existence of mixed phases

This can be realized as a co-existence of two different phases in the form of

droplets. Since 1990, such phase transitions have been considered by many au-

thors [75][76] to explain compact stars . Co-existence of two different phases, is

possible by the virtue of the implicit assumption of electro-neutrality in phases.

Electric charge of one transition phase is counterbalanced by the other coexist-

ing transition phase and the structure of matter is calculated by balancing surface

tension (at the edge between droplets), energy density, kinetic energy of ingredi-

ent particles and electrostatic energy. Mixed phases are more convenient for both

quark matter and meson condensation.

1.4.4 Crystallization in the core

Initially, it was assumed that the strong nucleon-nucleon short range repulsive

force may lead to a solid inner core of neutron stars [77][78]. But later in 1970’s,

it was realized that the nucleon-nucleon interaction is generated only by the ex-

change of vector mesons and the more accurate calculations were performed and

it was realized that effect potential of neutron-neutron do not crystallize the core.
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However, another possibility of crystallization was suggested [79] as the tensor

component of a mid-range nucleon-nucleon interaction [80], but it was countered

by reference [81], which suggests that tensor interactions lead to structures which

have neutrons pinned in a plane with opposite orientation of spins and each such

plane serve oppositely oriented protons and neutrons spins (called alternating spin

- ALS). If the increment in binding energy, during the formation of these structure

(ALS) exceeds the loss in kinetic energy of the particles, then the structure may

become energetically feasible for phase transition in this state.

In other words, there are numerous models based on different hypotheses,

explaining composition and structure of the core of neutron stars, differing in the

details of microscopic interactions and none of them is fully accepted.
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2 Puzzling Characteristics of Rotating Neutron Stars

Up to now, over 2000 rotating neutron stars have been discovered in the Universe

and they posses remarkable characteristics. Some of the important properties of

these stars are given below.

2.1 Mass

Since the discovery of neutron stars, it has been a puzzle to answer how massive a

neutron star can be. Unlike black holes, neutron stars can’t have arbitrary mass be-

cause there is no physical force, excluding neutron degeneracy pressure, to counter

the gravitational collapse. Most of the neutron stars found in the Universe have

masses around 1.4 M�, but Ter 5I and Ter 5J [82], M5B [83], PSR J1903+0327

[84], and PSR J0437-4715 [85] all have masses of about 1.7 M� with 95%, confi-

dence limit. While the recent discovery of pulsar PSR J0348+0432 surprised the

astronomical community with the mass of 2.01 solar masses. The upper limit of

mass that a neutron star can have is not known, but PSR J0348+0432 sets up a

maximum mass constraint of at least 2 solar masses. A successful Equation of

state (EoS) must satisfy this value and predict a maximum mass of 2 solar masses,

at least. Determination of the gravitational mass is of great importance because it

combines gravity with nuclear theory and gives us a chance to understand and test

our knowledge at higher densities. The mass of a neutron star is determined by the

mass function which is a function of five Keplerian parameters : binary period Pb,

eccentricity, projection of the neutrons star’s orbital semi-major axis on the line

of sight, x = a1sin(i), where i represents inclination of the orbit and longitude of

periaston(ω0) and time(T0). These parameters are related to the mass of a neutron

star (Mp) and its partner star (Mc) by Kepler’s third law [86][87][88]

f(Mp,Mc, i) =
(Mcsin(i))3

(Mp +Mc)2
=
Pbv

3
1

2πG
, (1)
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where v1 given by 2πa1sin(i)/Pb, is the projection of the neutron star’s orbital ve-

locity on its line of sight. The relativistic advance of periastron angle, ω, has also

been measured, which helps the getting the value of the system’s total mass. To

get the mass of the individual star, the combined effect of the transverse Doppler

shift and the gravitational redshift allow the measurement of each pulsar mass.

2.2 Spin -

Neutron stars rotate with a typical frequency of around 600-700Hz. This incredi-

bly high rate of rotations can be understood by the law of conservation of angular

momentum, because the initial a star has low spin and large radius as its radius

reduces (10-15 kms) its spin must go up. The fastest spinning neutron star dis-

covered till today is PSR J1748-2446ad, with frequency 716 Hz [89]. Neutron

stars are born with high magnetic fields about the order of 1012−15 G, Because

of the loss of energy/mass as electromagnetic radiation, their spin should come

down significantly over a period of time. Common acceptance among physicists

is that neutron stars get their high spin due to mass accretion from low density

companions (e.g. white dwarfs), which increases their spin due to conservation of

angular momentum of the system. This mass accretion could have happened right

at the birth of the star or some time after in the stellar evolution.

When pulsars have lost enough energy they do not radiate much any longer

(almost stop radiating). These are called quiet pulsars but at some point of time

they could acquire mass by mass accretion and their spin goes up and they start

radiating again they are called recycled pulsars. This phenomena describes that

pulsars are old neutron stars which undergo mass accretion.

There is a claim of a neutron star having frequency 1122 Hz, observed from

oscillations in x-ray bursts from XTE J1239-285 [90]. This is controversial be-

cause the observation has not been repeated and the signal could have errors due

to the burst mechanism like burning material. The maximum frequency a neutron
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star can have is called the Kepler frequency and it occurs at the mass-shedding

limit. Frequencies of 716 Hz and 1122 Hz both impose a weak constraint on the

EoS because both the values are well below the Kepler frequency.

2.3 Magnetic Field -

Because of their high magnetic fields, pulsars radiate waves of different wave-

lengths up to gamma rays. They are detected when the radiation is pointed to-

wards Earth. They have magnetic fields of around 1012 Gauss at their surface.

Neutron stars with magnetic fields higher than this are called magnetars. Such a

high magnetic field is quite a strange property because neutron star matter is sup-

posed to be neutral. The possibility of such magnetic fields has been addressed

by many authors, yet the mystery is still not solved. One of the hypotheses is,

assuming magnetic flux conservation, if the progenitor star has a magnetic field of

10-100 Gauss then after the explosion it may give rise to a magnetic field of 1012

Gauss in a newly born neutron star. One interesting idea is a possible transition to

a ferromagnetic state in the liquid interior of the neutron star [91][92].

There is no consensus and solid theory that can define the origin of such a high

magnetic field. If one could come up with an equation of state that can define the

structure of a neutron star, then we might solve this problem. The magnetic field

is also the matter of a great puzzle. Neutron star matter is supposed to be neutral

because neutrons are charge-less particles and the left-over electrons and protons

cling together, so it is not expected to have a charge distribution or magnetic field.

Also, the magnetic field axis is not the same as the axis of rotation. It is tilted

slightly and the reason for this is unknown. So, it becomes a point of research to

understand the structure of neutron star by defining its equation of state.
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2.4 Glitch -

In 1967, Pacini [93] showed that rapidly rotating neutron stars with strong dipole

magnetic fields can transfer their rotational energy into electromagnetic radiation

and can emit particles to a very high energy. Neutron stars, by losing their ro-

tational energy steadily, decrease their frequency. Neutron stars show incredible

accuracy (and consistency) in their rotational period, while the accuracy of their

spin can be measured over years [94][95], yet there can be a small increment in

their rotation frequency observed after a certain time that is called a glitch. Gen-

erally observed relative glitches (∆ν
ν

) are between 10−11 − 10−5, followed by an

increase in the spin down rate of the pulsar.

Many authors have tried to address the mechanism behind it [96]. There are

no changes in observed radiation data in almost all pulsars associated with such

events, suggesting its origin is internal. In this context, a rapid transfer of an-

gular momentum from neutron super-fluid in the inner crust to the rest of the

pulsar is often considered to be the cause of the glitch [97][98]. But, magnetars

or high magnetic field pulsars like J1119-6127 and J1846-0258 sometimes exhibit

changes in observation radiative data and could have a different origin [99] of the

glitch. The reason for this is not known. The young pulsar PSR B1757-24 [100]

shows a huge glitch of order 10−6 sec. Pulsar glitches of such high order are

shown by only 7 pulsars out of 800 known ones.

There are some attempts made to use the glitch to inspect the interior of pulsars

by putting constraints [101][102][103][104][105] on the EoS. Studies done on the

rotations of the Crab and Vela pulsars suggest that effects of glitches over the long-

term spin evolution are proportional to the effects powered by magnetic braking

or stellar winds [106][107][108]. McKenna and Lyne [109][110] suggested that

the glitch activity has a linear behavior with the spin-down rate. Later, Espinoza

[111] confirmed that result and showed that the glitch activity decreases heavily in

pulsars with low spin-down rate. They also suggested that young pulsars exhibit

glitches more often than old ones.
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2.5 Radius

Neutron stars are microscopic objects (relative to other astronomical objects) with

radii ranging from 10 - 15 kms. Direct determination of their size is not possible

due to their tiny size and large distance from the Earth, which is why it took more

than 30 years to find one, after their prediction. One possible way of determining

radius is by their thermal emission that is X-ray flux (F), temperature (T) and

distance

r =

√
FD2

σT 2
, (2)

R = r

√
1− 2

GM

c2R
, (3)

where r is the effective radius, R is the radius of the neutron star, M is the mass,

D is the distance and σ is the Stefan-Boltzmann constant. A major concern about

measuring the radius is the uncertainty in temperature, which can mislead the

value by a huge margin. Steiner’s analysis suggested that the neutron star radius

may range from 10.4 kms to 12.9 kms [112][113].

Yancoulos developed the technique of calculating radii by using gravitational

lensing around pulsars [114]. With better instruments in the future, radius may be

measured with 10% precision but if the temperature on the surface is not uniform

then the value can deviate by up to 50%.

2.6 Moment of Inertia

The moments of inertia of neutron stars span a range of order of 1043 to 1045gm.cm2,

depending on the stiffness of the core and based on the calculations done on the

energy lost from neutron stars [115]. Most authors calculated the moment of in-

ertia of the Crab pulsar, based on luminosity, as ranging from 4x1044gm.cm2 to

8x1044gm.cm2 [116][117][118]. But, in the double pulsar PSR J0737-3039 the

moment of inertia of pulsar A may be determined with an accuracy of 10% in the
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immediate coming years [119] by measuring the increment of the system’s peri-

astron, and conclusions from some EoSs have been drawn in [119][120][121]. By

getting relatively accurate values of both the moment of inertia and mass of the

same star together one can put a stronger constraint on determining the radius of

the neutron star. Recently, during a thermonuclear burst of two low mass X-ray

binaries the mass and radius was estimated, M = 1.4M�and R = 11 km or M = 1.7

M�and R = 9 km for EXO 1745-248 [122] and M = 1.8 M� and R = 10 km for

4U 1608-52 [123]. Both radii were estimated to have deviations of 1 Km. These

measurements more depend on models rather than the actual measurement of the

moment of inertia of PSR J0737-6069A. However the precision of the measure-

ment of the moment of inertia remains to be determined.

2.7 Surface Temperature

Analysis of the photons emitted by the neutron stars is useful to determine their

temperature. Neutron star spectra are treated as being of a blackbody type, al-

though they are not a blackbody because they have some elements (Hydrogen,

Helium etc) present in their atmosphere. However, their spectra can be modified

due to the presence of strong magnetic fields at their surface. The effective surface

is temperature reduced when realistic atmosphere models are considered to fit the

measured spectra. The point must be noted, comparing to observational data, that

temperature is not useful but luminosity (L) is, because luminosity is proportional

to the fourth power of temperature and any uncertainty in temperature will create

a huge difference in luminosity.

L = 4πR2σT 4, (4)

where σ is the Stefan-Boltzmann constant and R is the observational distance.
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2.8 Gravitational redshift -

The gravitational redshift at the surface is a useful measure to determine the struc-

ture of a neutron star. Calculation of the red shift is done by the determination of

a ratio of frequencies in terms of the mass and radius of the neutron star. When a

photon leaves the neutron star from its surface, the frequency (vE) of the photon

from the neutron star, i.e emitter, is inversely proportional to the proper time be-

tween two consecutive troughs or crusts. The same expression holds true for the

receiver as well which is located at infinity (vinf)

vE
vinf

=

√
1− 2GM

c2R
, (5)

z =

√
1− 2GM

c2R
− 1. (6)

The determination of the redshift is used to get the M/R ratio [124], which is

useful to determine the structure of the star.

Cottam, Paerels, and Mendez [125] claimed that they have observed a gravi-

tational redshift of z = 0.35 in spectral lines from EXO 0748-676. There is also a

claim made with a 95% confidence interval, for measuring the mass-radius of the

system using Eddington-limited photospheric expansion x-ray bursts [126] which

rules out many EOSs. This claim invites controversies, because the 95% confi-

dence interval is big enough to rule out much of the parameter space and it is

believed that the potential for systematic error is understated. However, the grav-

itational redshift is consistent in both the claims, which is z = 0.35. Thus we treat

z = 0.35 as a tentative constraint. The current NICER mission aims to exploit this

to determine the radius with an accuracy of order 5 %.

2.9 Neutron Star Cooling

Newly born neutron stars are extremely hot objects with internal temperature of

the order of 1011K and they cool down very fast by the neutrino emission process
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from the interior region and photon radiation from the surface. The neutrino emis-

sion process and cooling rate both depend on number on the baryons participating

in the emission process. The direct Urca process is the simplest possible neutrino

emission process and it is very fast due to conservation of momentum.

n→ p + l + νl , p + l→ n + νl .

This process is possible when the fraction of protons exceeds a critical limit,

xDURCA, between 11-15% [127]. There are other processes which lead to slow

cooling of neutron stars and are active at any density and any proton fraction.

These processes are called modified Urca processes.

N + n→ N + p + l + νl , N + p + l→ N + n + νl .

There are other possible processes, bremsstrahlung and Cooper pair formation are

possible, depending on the number of baryons taking part in the process. The

Bremsstrahlung process is given by

N + N → N + N + ν + ν ,

while the Cooper pair formation process is possible when the temperature of neu-

tron stars goes below a critical temperature.

n + n→ [nn] + ν + ν , p + p→ + ν + ν

If hyperons are present in the core that may lead to extra cooling mechanisms

which lead to neutron star temperatures below what has been observed. Therefore,

for understanding the cooling process, hyperon super-fluidity [128][129][130][131]

[132][133][134] becomes a point of interest because it may have a role in neutron

star thermodynamics.

2.10 Gravitational waves and neutron star binary

Gravitational waves are one of the many predictions of Einsteins’ general theory

of gravity, which suggest that gravitational waves are nothing but the ripples in the

fabric of spacetime, which propagates with the speed of light. For understanding

it, one can naively compare it with the waves of water in the ocean but grav-
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itational waves require an ideal smooth and unperturbed background, in which

gravitational waves propagate. Unlike the water waves, gravitational waves are

not the motion of material of medium but the ripple in the fabric of spacetime

itself.

Gravitational waves generate from the oscillations of neutron stars (also by

black holes and white dwarfs). And carry an important information regarding

internal structure of the compact star and the gravitational wave signals can be

affected by the deformational effects like tides and rotations. On August 17,

2017 Advanced LIGO and Advanced VIRGO observed the first gravitational wave

(event known as GW170817) from the merger of a neutron star binary [135]. This

pioneering work has begun a new era in the search for the EoS by imposing new

a constraint.

The orbital motion of the neutron star binary generates gravitational waves that

can carry out energy and momentum of the system. As the radius of the orbital

decreases the spin of the binary system increases. Initially, in a binary system,

two neutron stars are separated by a large distance and their orbital frequencies

are low. At this point both the neutron stars behave like a point mass and the fre-

quency of the system is determined by the chirp mass M , given by

M = (m1×m2)3/5

(m1+m2)−1/5 ,

where m1 and m2 are the masses of both the neutron stars, respectively. As the

orbital radius reduces the relativistic effects become highly relevant and when the

orbital radius reduces to approximately the size of the neutron star, the internal

structure of the neutron star becomes very significant and the gravitational waves

generated at this point contain valuable information about the (internal) matter of

neutron stars. The tidal field of one the neutron star develops a mass-quadrupole

moment on the other and vice versa. The ratio of induced quadrupole moment and

the external tidal field is proportional to tidal deformability. The tidal deformabil-

ity is also determined by the tidal love number which depends on the EoS.
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Λ = −Qij/εij ,

where Qij is the star’s induced quadrupole momentum and εij is the external tidal

field.

Λ = 2
3
K2( c

2R
GM

)5 ,

where Λ is called tidal deformability, K2 is the second order tidal love number, M

is the mass of the neutron star and R represents the radius of the neutron star.

2.11 Different Density Regions Inside Neutron Stars

Neutron stars generally have mass in the range 1-2 solar masses and radii of 10-15

kms. Their average density is 1014gm/cm3. They have onion like structure divided

into two parts, crust and core and both crust and core are divided into two sub

parts, inner crust and outer crust, and inner core & outer core. Most of the mass of

a neutron star is contained in the core. The most external part of the star is called

the atmosphere, where the thermal spectrum is generated. Atmosphere is typically

a few centimeters to a few millimeters thick, depending on the temperature of the

neutron star (Fig. 1).

2.11.1 Atmosphere

This region is only a few millimeters thick layer which is made of plasma. In this

layer electromagnetic radiation spectrum is formed, which possesses an important

information regarding the surface temperature, magnetic fields, mass, radius and

chemical composition of the matter. Thickness of this layer could vary up to tens

of centimeters for hot neutron stars (T > 106.5K). For cold neutron stars with

high magnetic fields, one could have solid or liquid condensed surface, depend-

ing on the gravity, temperature, magnetic field and the chemical composition. The

density of this layer may vary from 10−4 to 106gm/cm3. The atmosphere contains

atoms, molecules and ions which change the observed electromagnetic spectrum.
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Figure 1: Different density region inside the neutron star and the core is a matter of speculation

The atmosphere has been studied by many authors for decades but still it is not

fully understood. Magnetic fields of order 1012 - 1014G with temperature, approx-

imately 105.5K, for the hydrogen atmosphere is explained in Refs. [136][137].

There are models available [138] for partially ionized atmosphere having carbon,

oxygen & nitrogen for magnetic field strength 1012 - 1014 and temperature 105.5 -

106.5K.

2.11.2 Outer crust

The outer crust extends to a few hundred meters and is typically made of heavy

nuclei, with a strongly degenerate relativistic electron gas. It has a density of order

106 gm/cm3 to 1011gm/cm3. When the density reaches the value of the drip den-

sity, neutrons start to drip out of the nucleus. Available models show that neutron
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star matter, at the surface is made of ordinary atomic nuclei that are squeezed into

an solid lattice with a ocean of electrons moving through the gaps between them.

Because of the lesser quantum states available for neutrons than electrons, neu-

tron degeneracy pressure is more than electron degeneracy pressure. Also nuclear

forces between the closely packed neutrons cause quantum waves and force neu-

trons to move along lines that have minimum repulsive nuclear forces [139]. The

neutrons behave as a super-fluid (a state where all particles move without resis-

tance and viscosity) and their quantum properties prevail. It is suggested that due

to iron’s high binding energy per nucleon, the nuclei at the surface of neutron stars

are iron. It is also suggested that heavy elements, like iron, simply sit under the

surface and leave only light nuclei, such as helium and hydrogen. If the surface

temperature is more than 106K (for a newly born pulsar), the surface is suggested

to be fluid instead of the solid, as observed in cooler neutron stars (temperature

< 106 K) [140][141]. This region is very interesting for solid state physics due

to the extreme conditions of density, temperature and magnetic field, which are

unlikely to be created in the laboratory [142].

2.11.3 Inner crust

The inner crust region is typically 1-2 kilometers thick with a density of 4×1011

gm/cm3 to half the nuclear saturation density (0.5ρ0). At such high density the

neutron drip process takes place. Nuclear chemical equilibrium in terms of beta-

capture and beta decay in this layer produces matter of composition (neutron rich

nuclei, free neutrons and free electrons coupled in an s-wave form super-fluid

[143]) that can’t be produced in laboratory. Due to a constant contest between

Coulomb and nuclear force, nuclei lose their spherical structure to form exotic

structures such as rods, tubes etc and give rise to ’nuclear pasta’ phase. The

properties of nuclei in the inner crust matter are expected to be very different

from those of terrestrial nuclei because their properties are influenced by the gas

of dripped neutrons. Hence, the EoS of the inner crust matter is still theoretical
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model dependent. The physics of this region is very well explained in [144].

Degenerate neutrons in this region create neutron degeneracy pressure. How-

ever, their heat capacity may be decreased by super fluidity, resulting in a decisive

contribution of atomic nuclei to the thermal capacity of this region. Nuclei in this

layer make up a crystal lattice by Coulomb forces. A possible explanation can be

given by considering collective vibrational excitations. Electrons are relativistic

and highly degenerate particles. So, they do not contribute to the heat capacity of

the inner crust (provided that temperature is not very low). However, if the tem-

perature has gone below the Debye temperature for the crystal, it may contribute

significantly [145].

Electrons are the main electric conductors in the inner crust and their scatter-

ing process plays a significant role. Atomic nuclei embedded into crystal lattice

add no significant conductance. Phonons in the inner crust may become the main

agent of heat transfer in the presence of lattice defects or admixture [146]. Neu-

trons, particularly super-fluid ones, may behave as conductors as well [147]. In

this region the spherical shape of the nuclei is expected to be dismantled by the

coulomb force and nuclear forces and make up new shapes of droplets : rods, tube

etc. But evidence of this has still not been found.

2.11.4 Outer core

This region is several kilometers thick and made of electrons, protons and neutrons

with density of order 1014 gm/cm3. This region is a quantum fluid, made up of

p-wave super fluid neutrons with a very small amount of s-wave super fluid. As

soon as the chemical potential of the muon is equal to the chemical potential of

the electron, muons start to appear. For a low mass neutron star the outer core is

the entire core, as the density does not change much as one moves towards the

center.
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2.11.5 Inner core -

This is the most dense region of neutron stars. The composition of this region is

only a matter of speculation. Different hypotheses have different views, including

hyperons, pions, kaons and quark matter. The possibility of additional degrees of

freedom in the core, also called exotic, is the direct consequence of the fact that

stars lower their energy with appearance of hyperons or quarks in the inner core.

Quark deconfinement and presence of hyperons are one of the most interesting

hypotheses that connects neutron stars with Quantum Chromodynamics.

However, some authors have speculated about the appearance of strange com-

pact stars which are unlike the compact stars described in the above paragraph.

They are thought to be ’strange stars’ because of having the possibility of having a

mixture of deconfined up, down, and strange quarks in their cores which is the re-

sult of the Bodmer-Witten-Terezawa hypothesis [148][149][150][151][152][153][154].
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3 Modeling of neutron stars

Neutron stars are laboratories for theoretical physicists to test their knowledge

and hypotheses at extreme energy density and pressure, which is unlikely to be

created in a physics laboratory [142]. Modeling neutron stars requires two major

theories that are, theory that describes matter properties at extreme energy density

(Equation of state) and structural equations. When modeling a neutron star, one

of the first questions that arises is, how does matter behave at extreme energy

density?

It is a challenging question among nuclear physicists whether the nuclear

structure plays an important role in describing the nuclear properties of matter or

not. How does the strong interaction work? How would the particles behave if the

nuclear density goes up to several times normal nuclear matter density? How and

why are quarks in the nucleon confined? What are neutron stars, black holes and

other highly dense objects made of? What sustains them against collapsing due

to gravity? To answer these burning questions one has to understand the strong

interactions that govern the EoS of the dense matter. If one could understand this,

it would be a step forward in understanding various physical phenomena.

To understand nucleon structure, Guichon proposed an effective model which

is known as quark-meson coupling model (QMC) [153], based on the MIT bag

model. It suggested a new kind of saturation mechanism for nuclear matter at the

quark level. Since then major enhancements have been made in the model. In

2007, J. Rikovska Stone, P.A.M. Guichon, H.H. Matevosyan and A.W. Thomas

[154] suggested a methodology based on the QMC model to calculate the EoS of

cold steller matter in β equilibrium for a non-rotating neutron star. In this thesis,

a comprehensive comparative study of nucleons only based EoS, i.e N-QMC700,

full octet baryon matter based EoS, i.e F-QMC700 and strange matter based EoS

using the MIT bag model (Chodos et al. 1974), will be shown for rotating neu-

tron stars. There are observational data available which impose a great degree
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of constraint on the EoS. A good equation of state should explain physics within

the constraints imposed by observations. There are some strict constraints given

below:

(i) Till now over hundreds of neutron stars have been discovered and all of them

have radii in the range 10-15 Km. So a good equation of state must predict the

radius in this range.

(ii) Most of the neutron stars have mass approximately 1.4 times the mass of

the Sun, but recently discovered neutron stars PSR J1614-2230 [155] and PSR

J0348+0432 [156] have masses 1.928 and 2.01 solar masses, respectively. So, a

good equation of state must predict a maximum mass of at least 2.01 solar masses.

(iii) The moment of inertia is more sensitive to EoS rather than the radius. James

M. Lattimer and Bernard F. Schultz [157] showed the values of moment of inertia

up to an accuracy of 10%. That leads to an accurate value of radius and pressure.

Moment of inertia a serious constraint. Calculated values must follow Lattimer

and Schultz work.

(iv) At high energy density, as neutron stars become stiffer their Kerr metric solu-

tion should move towards the Kerr solution of a black hole.

(v) Eccentricity and the quadrupole moment should be consistent with the rotation

of the neutron star.

(vi) The tidal deformability and the Love number should be consistent [158][159]

[160][161] with the empirical analysis [162][163] made on data collected from

gravitational wave detection by LIGO and VERGO observatories.

There are other observables like spin, Kepler period, angular momentum, com-

pactness and rotational deformation, but these observables do not impose a serious

constraint on the EoS because they cover a wide range of values. But, to calculate

all these observables, not only is an EoS required but we also require structural

equations based on Einstein’s general relativity framework. For that purpose Har-

tle [164] developed a very impressive and effective methodology to calculate the

structural equations for slowly rotating compact stars, taking general relativity
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into consideration. The method is a kind of extension of the TOV equation, to

which a rotational perturbation is added i.e. a deformation in the star’s structure

due to rotation and the amount of extra mass that a compact star can possess due

to rotation.

By using this method, perturbation terms can be solved step by step in a con-

structive way. First, the TOV equations and rotational velocity differential equa-

tions are solved then the monopole (mass and pressure perturbation) equations

based on rotation and finally the quadrupole equations (rotational deformation, i.e

equatorial stretching and poles shrinking) can be solved. For the purpose of solv-

ing them only the TOV and rotational velocity differential equations are required.

The process can be summarize in the following steps.

(i) Supply the EoS to the TOV equation and integrate them from the center of the

star towards the surface.

(ii) Integrate the rotational velocity differential equation based on the EoS (pres-

sure and energy density function).

(iii) Integrate the monopole equations, i.e the mass and pressure perturbation dif-

ferential equation, to get the extra mass and pressure that compact stars can have

due to rotation.

(iv) Integrate the quadrupole equations, i.e the stretching of the radius at the equa-

torial plane and the contraction of the radius at the poles caused by rotation.

Like most authors, this study avoids working with rapidly rotating neutron

stars near its Kepler frequency, because this method only work for slowly rotating

stars. For fast rotating neutron stars, determination of the Kepler frequency for

a particular star configuration imposes a self consistency condition on the equa-

tions derived for a spinning body. However this method works fine for the stars

frequency where RΩ <<c, where R is the radius of the neutron star, Ω is the

frequency and c is the speed of light.
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4 Methodology

Many theories have been published to understand, whether or not the quark degree

of freedom plays a significant role in nuclear structure? Different authors have

predicted various hadron properties at finite nuclei density using relevant nuclear

theory.

Here, for the purpose of discovering the role of quark degrees of freedom. We

adopted the Quark-Meson Coupling model, which is based on MIT bag model.

The results will be compared with the EoS [165] of strange stars which is also

based on the MIT bag model.

4.1 Quark-meson coupling (QMC) model

Nuclear structure has been proven very significant in describing the properties

of nuclear matter, and in determining the nuclear structure it is important to un-

derstand meson’s and baryon’s relevant degrees of freedom. Although quantum

hadrodynamics (QHD) and the quark-meson coupling (QMC) model naively ap-

pear to be connected, unlike the QHD model where the structure of baryons is

ignored and treated as a point like but in the QMC model baryons are treated as

collections of three quarks based on the MIT bag model. The interactions between

different bags are generated by exchanging mesons. Inside the bag quarks are con-

fined as color singlet hadrons. At higher densities, where nucleons commence to

overlap, their structure is expected to play an important role in determining their

properties. A strict restriction on QMC is that quark bags do not overlap.

Guichon [166] proposed this model and suggested a new mechanism for nu-

clear saturation. Guichon took baryons as bags of quarks which are considered

massless, coupled directly to exchange mesons, modifying the quark motion. This

model has been successfully defied the doctrine of finite nuclei.

In [167], it is proven that it is feasible to derive a nuclear Hamiltonian con-

sistent with relativity which could be used at high densities. Taking the findings
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Figure 2: Nuclear Structure

of Ref. [168] a generalization of the formalism to nuclear matter containing a

mixture of octet N,Λ,Σ and Ξ baryons was constructed. The QMC model frame-

work is very well suited to describe any kind of baryon (strange or non-strange) ,

because baryons are taken as bags of quarks and baryons retain their individuality

at high energy density. In other words, at higher density having quark bags not al-

lowed to overlap is too restrictive. QCD simulations showed that confined picture

of quarks is like a Y-shaped (Fig. 2) string of color attached to the quarks and be-

yond this area there is ordinary non-perturbative medium where quarks from other

hadrons can move without changing its structure. Therefore, the strict condition

of non-overlapping of quark bags which restrict quarks from traveling through its

boundary, must be considered as an average portrayal of a complex situation, and

the boundary and size of the bag should not be attributed a strict physical mean-

ing. Nuclear density is reciprocal to the bag volume and apparently, there is a

limit to the density above which QMC model does not work properly. In the first

realization of the QMC model, coupling inside the bag seems unnatural but it is
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suggested that if we recall the more realistic underlying representation in which

quarks are just attached to the color string (gluon), and apart from that the rest of

the volume is non-perturbative and nothing prevents quarks from feeling the vac-

uum fluctuations. In the model the simplest version of the consideration is limited

to σ, ω and ρ mesons only.

4.1.1 Effective mass and energy

Using the Born-Oppenheimer approximation [169], for a given position and ve-

locity of the quark bag, the energy of the bag coupled with σ, ω and ρ, is calcu-

lated in the nuclear mean field associated with them. The quantum numbers of

the octets baryons are given in Table 1. After constructing the full Hamiltonian,

p n Λ Σ− Σ0 Σ+ Ξ− Ξ0

t 1/2 1/2 0 1 1 1 1/2 1/2

m 1/2 -1/2 0 -1 0 1 -1/2 1/2

s 0 0 -1 -1 -1 -1 -2 -2

Table 1: Isospin(t), isospin projection(m) and strangeness(s) of octet members

classical and canonical quantization is performed to get the energy. This work

is the extension of the previous QMC model where consideration was limited to

nuclear matter and finite nuclei (hyperons were excluded) but this model is more

general and hyperons are included. Here, work has been limited to consideration

of the spin 1
2

SU(3) octet (N,Λ,Σ,Ξ) and baryons are specified by |f >= |tms >
(Table 1).

As hyperons are included, the main working hypothesis is that strange quarks

do not couple with the meson field which is based on the results of the fact that

mesons represent the correlated pion exchanges, this is also a major part of the

explanation of the observed small spin-orbit splitting in Λ hypernuclei, as the

strange quark carries all the spin of the Λ hyperon. It is assumed that the couplings
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do not violate isospin symmetry and the masses of the up (u) and the down (d)

quarks are taken as zero. The energy of f flavored baryon at position ~R (at the

center of the bag) in the rest frame of the σ field, is given by

E =
√
P 2 +Mf (σ)2 + gfωω + gρ ~bα.~I

t, (7)

where ~P is the momentum of the baryon and Mf (σ) is its effective mass and ~I t is

the isospin operator for the isospin t, defined by

< tms|Σq ~τq/2|t′m′s′ >= δ(tt′)δ(ss′)
~I tt
′

mm′ . (8)

Here ~τq is the Pauli matrix acting on the u (up) and d (down) quarks. bα represents

the ρ coupling where α (-1,0,1) is isospin. The Omega coupling to a flavored

quark is given by

gfω = ωωf gω = (1 + s/3)gω, (9)

where gω is the ω-N coupling constant. Guichon, in 1988 [153] found that the

vector mean field, ω , is linear with the nucleon baryon density while the scalar

mean field i.e σ field depends on the source term. In response to the applied scalar

field the quark wave function self-consistently adjusts so that the σ field does not

increase as fast as ω field does, as the density increases. Nucleon structure intro-

duces an effect that opposes the scalar field. As the density increases the repulsive

ω effect increases but the attractive σ does not. In nuclear matter nucleon struc-

ture opposes the applied scalar field. By applying the QMC model and solving the

quark bag equations one gets the parametrized mass of the baryon. The effective

mass of a baryon is given by (see appendix 8.1)

Mf (σ) = Mf − ωσf gσσ +
dω̃σf (gσσ)2

2
, (10)

d is the scalar polarisability and gσ is the σ-N coupling constant in free space. An

effective Lagrangian can be constructed at the hadronic level and one can proceed

to solve the relativistic mean field equations in the usual way [170]. Weightings

of the couplings are controlled by the ω̃σf and ωσf and a first approximation is set

ω̃σf = ωσf = 1 + s/3.
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4.1.2 Hamiltonian of the nuclear system

To get the total energy stored in the nuclear system it is essential to add up the

baryon energies and the energy stored in the meson fields. If mσ, mω and mρ are

the masses of σ, ω and ρ mesons then the total energy of the system can be given

by
Et = ΣA

i=1EB + Emeson

Et =
√
P 2
f +Mf (σ)2 + gfωω + gρ~b.~I

t

+
1

2

∫
~dr[(∇σ)2 +m2

σσ
2]

−1

2

∫
~dr[(∇ω)2 +m2

ωω
2]

−1

2

∫
~dr[(∇~b)2 +m2

ρ
~b2],

(11)

where in the hypothesis meson fields are taken to be time independent. Assuming

σsol, ωsol and ρsol are the solutions for the σ, ω and ρ meson equations of motion,

respectively. So, the Hamiltonian of the nuclear system is given by

H(Rx, Px) = Et(Rx, Px, σ → σsol, ω → ωsol, ρ→ ρsol) (12)

δE

δσ
=
δE

δω
=
δE

δbα
= 0. (13)

The scalar σ meson field is non-linear, as effective mass depends on it and it

needs to be solved carefully, whereas ω and ρ are linear and can be solved with no

difficulty. For the purpose of solving for the σ field, in Ref. [168] the method to

solve it is suggested as

σ = σ̄ + δσ, (14)

where σ̄ is the nuclear ground state expectation value in the nuclear system σ̄ =<

σ > and δσ is a small deviation in the σ field. Referencing to the results of Ref.

[168]. The Hamiltonian term depending on the σ meson field in terms of the one

body kinetic operator (K(σ)) is given by

Hσ =

∫
~dr[k(σ)− (1/2)σ̄ <

∂K

∂σ̄
> +(1/2)δσ(

∂K

∂σ̄
− <

∂K

∂σ̄
>)], (15)
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and K(σ) depends on the creation (a†k) and annihilation operator (ak). Where k

indicates the momentum of a baryon of flavor f

K(σ) =
1

2V
Σk,k′,fe

i(~k−~k′).~r(
√
k2 +Mf [σ(~r)]2 +

√
k′2 +Mf [σ(~r)]2)(a†~kfa~k′f ).

(16)

For the mean field approximation setting the meson field variation δσ(r) to zero is

required. The self-consistent solution for a constant σ(r) meson field in a uniform

system is solved in [168], and for the sake of brevity, is directly quoted

σ(r) = − 1

m2
σ

<
∂K

∂σ
>, (17)

which is needed to be solved numerically and fluctuation in scalar meson field δσ

is given by

δσ(~r′) =

∫
d~r′

d~q

(2π)3

ie~q.(~r−
~r′)

q2 + m̃2
σ

(−∂K(~r′)

∂σ
+ <

∂K

∂σ
>), (18)

where m̃σ is the effective meson mass, given by

m̃2
σ = m2

σ+ <
∂2K

∂σ2 > . (19)

In nuclear matter the energy density is calculated in the Hartree-Fock approxima-

tion. The one body kinetic operator and Hamiltonian density from equation (16)

are calculated using [154] :

< K(σ) >=
2

(2π)3
Σf

∫ kf

0

d~k
√
k2 +M2

f (σ), (20)

< Hσ >

V
=< K(σ) > +

1

2m2
σ

(<
∂K

∂σ
>)2 1

(2π)6
Σf

∫ kf

0

d~k1d~k2
1

(~k1 − ~k2)2 + m̃2
σ

× ∂

∂σ

√
k2

1 +M2
σ

∂

∂σ

√
k2

2 +M2
σ .

(21)

The next step is to construct potentials for ω and ρ meson exchange Fock contri-

butions. The exact solutions for these are given by

< Vω >

V
=
Gω

2
(Σfω

ω
f nf )

2 −GωΣf (ω
ω
f )2 1

(2π)6

∫ kf (f)

0

d~k1d~k2
m2
ω

(~k1 − ~k2)2 +m2
ω

,

(22)
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< Vρ >

V
=
Gρ

2
(Σtmsmntms)

2 −GρΣtmm′s
~I tmm′ .

~I tm′m
1

(2π)6

∫ kF (tms)

0

d~k1.∫ kF (tm′s)

0

d~k2

m2
ρ

(~k1 − ~k2)2 +m2
ω

,

(23)

where Gσ, Gω and Gρ are defined by

Gσ =
g2
σ

m2
σ

, (24)

Gω =
g2
ω

m2
ω

, (25)

Gρ =
g2
ρ

m2
ρ

. (26)

In the Hartree-Fock approximation, the long range pion exchange contribution

enters through the Fock term only and adds to the energy. For studying the impact

of long range pion exchange, a generalized expression is give in [170]

< Vπ >

V
=

1

nB
(
gA
2fπ

)2(Jpp + 4Jpn + Jnn −
24

25
(JΛΣ− + JΛΣ0 + JΛ,Σ+)

+
16

25
(JΣ−Σ0 + 2JΣ−Σ0 + 2JΣ+Σ0 + JΣ+Σ+)

+
1

25
(JΞ−Ξ− + 4JΞ−Ξ0 + JΞ0Ξ0)),

(27)

where

Jff ′ =
1

(2π)6

∫ kF

0

∫ k′F

0

d~pd~p′[1− m2
π

(~p− ~p′)2 +m2
π

]. (28)

In the above equations gA = 1.26 is the axial coupling constant of nucleon andmπ

is the mass of the pion with fπ = 93MeV being the pion decay constant. Jff is a

contact term which is not easy to separate from short range contributions of heavy

mesons so they are excluded. This only makes small readjustments in Gσ, Gω and

Gρ which has been checked. In a nut shell, only long ranged pion exchange of the

Yukawa type is taken into consideration.
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4.1.3 Taking care of parameters

Coupling constant, Gω, Gρ and Gσ, meson masses and free nucleons are the ones

that need to be fixed. Free nucleon radius does not impact much on results, so

best suited value for radius is kept Rfree
N = 0.8fm which is realistic [172]. Masses

of π, ω and ρ are set to their physical values. However the mass of σ meson is

not well known due to ππ resonance width which is quite large in physical region.

In finite nuclei [168] mσ = 700 MeV produces the best results. Therefore mσ

is fixed to 700 MeV. In case of study of neutron stars, mass of σ meson, mσ, is

not so significant because it contributes to the nuclear surface which is not present

in neutron stars. Gω, Gρ and Gσ are set to reproduce the binding energy and the

asymmetry energy of ordinary nuclear matter at the saturation point. First pion

contributions are set to zero and coupling constants are adjusted so that it give

binding energy, E = −15.865MeV and asymmetry energy, as = 30MeV , of

nuclear matter at saturation point of 0.16fm−3. These couplings, for QMC700

model, are summarized in table 2.

Model mσ(MeV ) πn E(MeV ) Gσ(fm2) Gω(fm2) Gρ(fm
2) K∞(MeV )

QMC700 700 0 -15.865 11.33 7.27 4.56 340

Table 2: Table for Coupling constants

In table last column defines incompressibility, K∞. For QMC700 accepted value

for modulus of K∞ is ranging from 200 MeV to 300 Mev. But value given in

table is clearly above that. For decreasing the same, Fock term is added because

it has attractive interaction, which is weakly dependent on density at saturation

point, approximately ρ1/6. This has been confirmed by by QMCπ1 model where

pion contributions are included and incompressibility drops from 340 MeV to 322

MeV.
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In Table 2, the column πn is the number by which pion contribution is multiplied,

E denotes binding energy of symmetric nuclear matter and K∞ represents incom-

pressibility.

4.1.4 Cold uniform neutron star matter

Neutron star matter, after cooling over a long period of time, is in generalized in β

equilibrium. All baryons, regardless of their strangeness [173], of octet can come

into existence by successive weak interactions. In this study, considered matter is

made from octet baryons, electrons and negative muons.

The total energy density is the summation of the baryon density εB, electron den-

sity εe and muon density εµ.

ε = εB + εe + εµ (29)

under the condition that equilibrium state minimizes the energy and baryon num-

ber is conserved and electric charge is neutral (zero). Baryonic contribution is can

be given by

εB =
< Hσ + Vω + Vρ + Vπ >

V
, (30)

where each term in the numerator has been defined previously from equations (22

to 28).

In terms of binding energy per baryon (E)

εB = Σf (E +Mf )nf . (31)

Baryonic pressure (PB) and incompressibility modulus (K∞) are given by

PB = n2
B

∂

∂nB

εB
nB

, (32)

K∞ = 9
∂PB
∂nB

, (33)

where nB = Σfnf and the derivative with respect to nB is taken at constant frac-

tion,
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nf
nB
, f = 1, 2, 3, ..., 8 .

Fermi expression gives the energy density of the free gas of leptons (l)

εl =
2

(2π)3

∫ kf(l)

0

d~k
√
k2 +m2

l , (34)

where ml is the mass of the lepton and nl is the number density, given by

nl =
k3
f (l)

3π2
. (35)

Matter in the neutron star is suppose to be neutral. In equilibrium and under the

constraint of charge neutrality, by the Lagrangian multiplier (λ, ν) method, one

gets

δ[εB(np, ..)+εe(ne)+εµ(nµ)+λ(Σfnf−nB)+ν(Σfnfqf−(ne+nν))] = 0, (36)

where qf denotes the charge of flavor f . Equation (36) is the deviation of energy

which does not depend on any variation of the Lagrangian multiplier, λ and ν.

Chemical potential is defined as

µf =
∂εB
∂nf

, µl =
∂εl
∂nl

=
√
k2
f (l) +m2

l . (37)

Putting the chemical potentials back in the equilibrium condition, equation (36),

one gets

µf + λ+ νqf = 0, (38)

µe − ν = 0, (39)

µµ − ν = 0, (40)

Σfnf − nB = 0, (41)

Σfnfqf − (ne + nµ) = 0. (42)

To solve equations (38-42), the Lagrange multipliers, λ and ν, need to be elim-

inated. That is achieved by putting f = neutron in equations (38) and (39).
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At a given density nB, generally some of the densities disappear in equilibrium

state, so the equations generated by their variation vanish from equation (38) to

(40). Eliminating µ from equations (39) and (40), clearly gives µµ = µe which is

solved by

kf (µ) = R
√
k2
f (e) +m2

e −m2
µ, (43)

where R represents the real part. This relation is always true because electrons

enter first (mµ > me), that means if the electron density vanishes then so does the

muon density. Quickly coming to the solution of these set of equations (39-43)

which are solved in [174], taking the same procedure given. Let relative concen-

trations are denoted by

Z = [zi] = [
np
nB

,
nn
nB

,
nλ
nB

, ....,
ne
nB

,
nµ
nB

]. (44)

Every element of [zi] is related (Ei) to equations (32-36). Each of the elements is

obtained by taking the variation of ε with respect to ρi = zinB. Suppose at some

density, nB, a solution of Z0 is found. After finding the solution, one first checks

whether or not, by increasing the density by δn the threshold for some particle has

been crossed. To check whether a particle has appeared or not, below and across

the threshold (zi = 0), one tests if Ei (for that particle) changes sign with increase

in density by δn that means that particle has appeared. If this condition is met

that means all such equation (Ei) are need to be added in the system of equations.

Then the system of equations are solved numerically taking first approximation as

Z0 and incrementing density by δn (nB = n0+δn). If a certain concentration drops

below a small given value, θ, then the corresponding equation is dropped from the

system. The value of θ depends on the accuracy of our solution. From [154] the

calculation is done by taking the value of θ = 10−4 and checking that 10−3 gives

the same results. System of equations is solved for pure neutron matter and initial

condition is set to nB = 0. Once the equilibrium solution (Z(nB)) has been found

for a selected range of baryon densities then the total energy density at equilibrium

is calculated. Total pressure (P (nB)) due to leptons and baryons, is calculated
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by summing individual pressures. From equations (32-36), at equilibrium total

pressure can be given by [174]

P (nB) = n2
B

d

dnB

ε(nB)

nB
. (45)

Neutron stars are made of matter that covers a wide range of density, from terres-

trial iron to several times the nuclear matter density. At density, 2-3 times nuclear

matter density, atoms break into their elementary particles and neutron star mat-

ter becomes a system of unbound neutrons, protons, electrons and muons. After

enough time a state of β equilibrium is reached and all components which have

longer timescale than the life-span of the system take part in equilibrium con-

dition. When the density goes higher even heavier mesons and strange baryons

may appear and play a role [175][176][177][178][179]. At baryon density below

0.75 times nuclear matter density, nucleons are arranged on a lattice along with

neutrons and electron gas. This density region is found in the inner and the outer

crust, in this region, QMC700 EoSs are matched with the EoS given by Baym-

Pethick-Sutherland (BPS) [201] (Radius of a star must increase at low density

region).

Developing a nucleon based EoS using effective interaction (non-relativistic

Skyrme, relativistic mean field) was suggested in [180][181] to densities corre-

sponding to maximum mass of neutron star (non-relativistic models are not valid

at most masses if nB >= 2n0). In this study, in the energy density range up

to 1200 MeV/fm3, comparative study among three EoS, pure neutron matter (N-

QMC700), full octet baryon (F-QMC700) and strange matter [142] is carried out.

4.1.5 Equation of State (EoS)

For the sake of convenience the parametrized EoSs are given below, which repre-

sent pressure and energy density relation. The parameterizations given in Table 3
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give EoS of N-QMC700 and F-QMC700.

P =
N1ε

p1

1 + e(ε−r)/a +
N2ε

p2

1 + e−(ε−r)/a (46)

This fit works well for the energy density 0 to 1200 MeV/fm3 and values for the

constants N1, N2, p1, p2, ’r’ and ’a’.

N1 p1 N2 p2 r a

N-QMC700 0 0 0.008623 1.548 342.4 184.4

F-QMC-700 0.0000002.62 3.197 0.0251 1.286 522.1 113

Table 3: Table for parameters

Below the energy density 110 MeV/fm3, the matter forms the inner and outer

crust of the star made of nucleons arranged in a lattice, as well as neutron and

electron gases. In this energy density region the QMC Equation of State (EoS)

is matched with equations of state given by Baym-Pethick-Sutherland (BPS) EoS

[201], reflecting the composition of the same matter in that energy density region.

The BPS equation of state is used below 110 MeV/fm3 in this thesis. And a strange

matter EoS state is taken from Ref. [165], for comparison purposes. The EoS of

a strange star matter (strange matter EoS or MIT EoS) is given by

P =
1

3
(ε− 4B), (47)

where B is the bag constant whose value is taken to be 1014gm/cm3. This EoS

is based on the same MIT bag model, which suggests quark deconfinement at

the higher energy densities. It only takes color singlet baryon into consideration

[182]. This EoS poorly represents the crust region (See section 5.1 for details)

where the energy density is low compared to the core. For the reason appropriate

changes are made and nucleons EoS is used for equation (47), (i) for low density

region below 300 MeV/fm3, (ii) for energy density region below 500 MeV/fm3.

And comparative results are drawn.
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4.2 Structural Equations

4.2.1 Non-rotating neutron star structure (Tolman-Oppenheimer-Volkoff (TOV)
equation)

The structural equation for a static, spherical neutron star involves solving the

TOV [7-8] equation, derived from the general theory of relativity equations [183][184],

for a particular equation of state (EoS) . The TOV equation is the relation between

pressure gradient (force), working outwards at the shell, and the Newtonian grav-

itational attraction due to the mass inside the shell and the correction term which

is derived from general relativity. Force is different at different distances from the

center of a star. In other words, the TOV equations are the balance between the

gravitational attraction and the internal pressure that sustains the neutron star.

The TOV equation is the stellar structural equation for a static (non-pulsating),

spherically symmetric, non-rotating neutron star which is considered to made of

a perfect fluid (no heat and no viscosity), under the Einstein’s general theory of

relativity framework.

A direct manifestation of the definition of the perfect fluid gives the energy mo-

mentum tensor as

Tαβ =


−ε 0 0 0

0 P 0 0

0 0 P 0

0 0 0 P


For the sake of convenience all calculations have been done in natural units (G =

c = 1).

The line element for such a compact star is given by,

ds2 = −e2Φ(r)dt2 + e2Λ(r)dr2 + r2dθ2 + r2 sin2 θdφ2, (48)

where Φ(r) and Λ(r) are the metric functions depend on the radial distances. In

covariant form the metric functions can be written as
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gtt = −e2Φ(r), grr = e2Λ(r), gθθ = r2, gφφ = r2 sin2 θ, (49)

The line element (48) can be written as a covariant expression,

ds2 = gµνdx
µdxν . (50)

Here, some of the steps are given to determine the relation between the energy

density and the pressure. The Einstein mixed tensor is calculated by

Gµ
ν = Rµ

ν −
1

2
δµνR = 8πT µν . (51)

This equation is the connection between the distribution of energy and matter, con-

tained in the energy momentum tensor and the curvature (geometry) of spacetime

in the physical sense. Here T µν is the fluid stress energy tensor given by

T µν = (ε+ P )
dxµ

dτ

dxν
dτ

+ δµνP, (52)

where xµ is the fluid’s four velocity. And

T tt = −ε, T ii = P. (53)

The tensor divergence of the left hand side of equation (51) identically vanishes.

Therefore, using the rule of covariant differentiation, the four derivative of the

stress-energy tensor (is equal to zero), determined by

T µν;µ =
∂T µν
∂xµ

+ ΓµκµT
κ
ν − ΓκνµT

µ
κ = 0. (54)

The non vanishing Christoffel symbols for the line element, i.e equation (48), are

Γrtt = e2Φ−2ΛΦ′,Γttr = Φ′,Γrrr = Λ′,

Γθrθ = 1/r,Γφrφ = 1/r,Γrθθ = −re−2Λ,

Γφθφ = cotθ,Γrφφ =
−rsin2θ

e2Λ
,

Γθφφ = −sinθ.cosθ,

(55)
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where Φ′ and Λ′ are the derivative of Φ and Λ with respect to r, i.e dΦ
dr

and dΛ
dr

. In

flat spacetime, i.e in a local inertial frame of reference equation (54) reduces to

T µν;µ =
∂

∂xµ
T µν = 0. (56)

For the line element given above (equation (48)), the covariant derivative of stress

energy tensor, i.e equation (54) reduces to

T µν;µ = (ε+ P )Φ′ + P ′, (57)

which implies that the mixed energy momentum tensor, the middle term of equa-

tion (51), for the given spacetime matric, can be calculated using the expressions

below (See appendix 7.2.1)

Rt
t = [−1

4
Φ′2 +

1

4
Φ′Λ′ − 1

2
Φ′′ − 1

r
Φ′]e−Λ,

Rr
r = [−1

4
Φ′2 +

1

4
Φ′Λ′ − 1

2
Φ′′ − 1

r
Λ′]e−Λ,

Rφ
φ = Rθ

θ = − 1

r2
e−Λ[1− 1

2
rΛ′ +

1

2
rΦ′] +

1

r2
,

(58)

The Ricci scalar is given by

R =
1

r2e2Λ
[2Φ′Λ′r2 − 2Φ′′r2 − 2(Φ′)2r2 − 4rΦ′ + 4rΛ′ + 2e2Λ − 2]. (59)

Therefore, Einsteins’ curvature tensor is calculated as

Gt
t = Rt

t −
1

2
R = e−2Λ(

1

r2
− 2

Λ′

r
)− 1

r2
, (60)

Gr
r = Rr

r −
1

2
R = e−2Λ(

2Φ′

r
+

1

r2
)− 1

r2
, (61)

Gθ
θ = Rθ

θ −
1

2
R = e−2Λ(Φ′′ − Φ′Λ′ + Φ′2 +

Φ′ − Λ′

r
), (62)

Gφ
φ = Gθ

θ. (63)

Provided we are dealing with a static configuration, the following relations are

used
dr

dτ
=
dθ

dτ
=
dφ

dτ
= 0, (64)
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and
dt

dτ
= e−Φ. (65)

Using equations (60-63) and equation (53) in equation (51) gives the general rel-

ativistic equation,

at µ = ν = t

e−2Λ(
1

r2
− 2

Λ′

r
)− 1

r2
= −8πε, (66)

at µ = ν = r

e−2Λ(
2Φ′

r
+

1

r2
)− 1

r2
= 8πP, (67)

at µ = ν = θ

e−2Λ(Φ′′ − Φ′Λ′ + Φ′2 +
Φ′ − Λ′

r
) = 8πP. (68)

To solve for e2Λ, multiplying equation (66) with r2 in both sides, implies

e−2Λ2Λ′r − e−2Λ + 1 = 8πεr2. (69)

Notice that left hand side can be written as the derivative of a function

− d

dr
(e−2Λr − r) = 2(4πεr2) (70)

and the mass contained in radius ’r’ is given by

m(r) = 4π

∫ r

0

dr.r2ε(r). (71)

Integration of equation (70) yields

e−2Λ = 1− 2m

r
. (72)

Eliminating Λ from equation (67) by using equation (69), one gets

8πP =
−2m

r3
+ 2(1− 2m

r
)
Φ′

r
, (73)
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which gives expression for Φ′

Φ′ =
4πr3P +m

r2(1− 2m
r

)
. (74)

At the star’s surface

Φ =
1

2
log(1− 2M

R
), (75)

where M and R are the total mass and the radius of the neutron star, respectively.

From appendix (8.2.2) (equation (175)) the pressure gradient as a function of ra-

dius and density can be stated as

dP

dr
= − [ε(r) + P (r)][4πr3P (r) +m(r)]

r2(1− 2m(r)
r

)
. (76)

This is the equation that was desired. This equation is called TOV equation which

is paramount to getting the complete model of a neutron star (hydro-statically

stable stellar configuration). This equation is to be integrated under the boundary

conditions, which are pressure (P)→ 0, energy density (ε)→ 0 where r→ radius

(at the surface).

Both, in classical mechanics as well as in the general theory of relativity, the

pressure inside the shell, which gives a force outwards on a mass shell, is equal

to the gravitational force that acts inwards (towards the center). In classical me-

chanics neutron stars can be made as massive as one pleases with P<<ε, P << m

and m << r, which produces dP/dr = εm/r2. However, in the general relativistic

framework as compact stars become more massive at a certain point they collapse

under their own gravity, into black holes.

To determine the full model of neutron stars, we need a pressure-energy (P (ε))

relation, which is referred to the equation of state (EoS), as input to the structural

equations (TOV). The numerical integration of the TOV equations, from the center

towards the surface, takes place in the following way.

- First choose the central density (εc) and determine the pressure (P) at center from

equation of state. These values serve as input to TOV equations (equation (76)).
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-Determine the mass (m) of the shell by equation (71).

- Using these values determine the pressure gradient at an infinitesimal distance(r)

by the TOV equations.

- Thus allowing us to determine the pressure (P) for next the step (Eular method).

- Determining the pressure (P) allows us to calculate the energy density by the

EoS and the mass for the next shell of thickness (dr).

-Repeating these steps until meeting the boundary conditions, determines the total

mass and the radius of the neutron star.

4.2.2 Rotating neutron star

Solving the structural equations for a rotating neutron star is more complex than

a non-rotating star. Rotating neutron stars are slightly heavier than non rotating

ones because rotating stars experience an additional centrifugal force that coun-

terbalances the gravity, unlike the non-rotating stars. Due to rotation, the shape

of a neutron star also deforms, at the equator their radii stretch and at the poles

they tend to flatten. They are more massive (have a bulge) at the equator than

the poles. This deformation of stars makes calculations a bit harder because be-

ing more massive and deformed means a change in the spacetime structure. This

implies that the line element for a rotating neutron star depends on the rotational

velocity of the star. Therefore, the general relativistic effect of the local iner-

tial frame dragging demands an additional non-diagonal term (gtφ) in the metric

tensor. This additional term imposes a self consistent condition on the stellar

structure of the neutron stars and, to the extent to which the local inertial frame

is dragged along the direction of rotation, is determined by the properties of a

neutron star, like mass and rotational velocity. For slowly rotating neutron stars,

Hartle’s [185][186] approach is adopted. Structural equations are solved under

the general relativistic frame work, in steps, by the perturbed metric methodol-

ogy. That involves :

(1) Solve the TOV equation for a non-rotating neutron star case.
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Figure 3: Curvature of spacetime around a rotating neutron star, rotating with rotational velocity Ω in general relativity

framework and position dependent local frame dragging angular velocity ω(r, θ, φ).

(2) Solve the rotational perturbation expressions for determining the rotation of

the neutron stars.

(3) Solve the monopole perturbation function to determine the extra mass and

pressure, a neutron star may contain due to rotation.

(4) Solve the quadrupole perturbation function to determine the shape of the star.

(5) Solve the tidal deformability differential equations to get the Love number

and tidal deformability of the neutron stars in a neutron star binary. We start at the

second step, as step one is the non-rotating case which was considered in the last

section

Rotational pertubation Hartle’s approach to get the solution for a perturbed

Schwarzschild metric is based on the idea that, as stars rotate their pressure, en-

ergy density and baryon number, all get perturbed.

The perturbed line element of rotating, axially symmetric equilibrium configura-
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tion, is given by

ds2 = −e2ν(r,θ,Ω)(dt)2+e2ψ(r,θ,Ω)(dφ−ω(r, θ,Ω)dt)2+e2µ(r,θ,Ω)(dθ)2+e2λ(r,θ,Ω)(dr)2+O(Ω3),

(77)

where

gtt = −e−2ν(r,θ), (78)

gtφ = −e−2ν(r,θ)ω(r, θ), (79)

grr = e−2λ(r,θ), (80)

gθθ = e−2µ(r,θ), (81)

gφφ = e−2ψ(r,θ) − ω2(r, θ)e−2ν(r,θ), (82)

where ν, ψ, µ and λ are the perturbed metric functions , r, θ are polar coordinates

and Ω is the uniform rotational velocity of the star. ω is the rotating velocity of

the local inertial frame of reference dragged along the direction of rotation of the

neutron star (Fig. 3). This dragged velocity also depends on the polar coordinates

r, θ. Since the velocity of local dragging of the inertial reference frame depends

on the neutron star’s mass concentration inside and outside, which varies with Ω,

makes ω is a function of Ω (Fig. 3). Relative angular velocity is denoted by, ω

ω = Ω− ω(r, θ,Ω). (83)

It is this relative velocity (ω), which is of particular interest, when discussing the

rotational flow of the fluid inside the neutron star.

The metric function is independent of both azimuthal angle (φ) and time, indi-

cating stationary and axially symmetric rotation. Since, the neutron star is axially

symmetric, this suggests that the star is required to not radiate any rotational en-

ergy in the form of gravitational radiation. Otherwise, there’s a time dependent

moment of the distribution of mass, which means the star could not remain in

equilibrium over time.

Expansions of the metric functions through second order of Ω are denoted as

e2ν(r,θ,Ω) = e2Φ(r)[1 + 2(h0(r,Ω)) + h2(r,Ω)P2(Cosθ)], (84)
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e2ψ(r,θ,Ω) = r2sin2θ[1 + 2(ν2(r,Ω))− h2(r,Ω)P2(Cosθ)], (85)

e2µ(r,θ,Ω) = r2[1 + 2(ν2(r,Ω))− h2(r,Ω)P2(Cosθ)], (86)

e2λ(r,θ,Ω) = e2Λ(r)[1 +
2

r

m0(r,Ω) +m2(r,Ω)P2(cosθ)

1− 2m(r)/r
], (87)

where the second order terms are introduced as

h(r, θ,Ω) = h0(r,Ω) + h2(r,Ω)P2(cosθ) + ..., (88)

ν(r, θ,Ω) = ν0(r,Ω) + ν2(r,Ω)P2(cosθ) + ..., (89)

m(r, θ,Ω) = m0(r,Ω) +m2(r,Ω)P2(cosθ,Ω). (90)

Due to rotational perturbations, let’s say pressure changes by an amount of ∆P ,

energy density by ∆ε and baryon number density by ∆ρ. Consequently, due to

perturbation the stress-energy tensor changes, say, ∆T and the new stress-energy

tensor for the perturbed metric is given by [187]

Tµν = T 0
µν + ∆Tµν (91)

where T 0
µν denotes the perfect fluid energy-momentum tensor for a non-rotating

neutron star given by

T 0
µν = (ε+ P )uµuν + Pgµν , (92)

∆Tµν = (∆ε+ ∆P )uµuν + ∆Pgµν . (93)

Here ε (energy density), P (pressure), and ρ (baryon number density) are mea-

sured in the local inertial frame co-moving with the fluid and uν is the fluid four

velocity (uνuν = −1).

The individual changes can be given by

∆P = (ε+ P )(p0 + p2P2(cosθ)), (94)

∆ε = ∆P
∂ε

∂P
, (95)
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∆ρ = ∆P
∂ρ

∂P
, (96)

where p0 and p2 are the monopole and the quadrupole pressure perturbation func-

tions and P2(cosθ) is the Legendre polynomial function given by

P2(z) =
3z2 − 1

2
. (97)

After these initial remarks, lets move to get the structural equations in Hartle’s

framework. Frame dragging function (ω(r, θ)) is determined by the Einstein’s

field equations

Gt
φ = Rt

φ = 8πT tφ, (98)

T tφ = (ε+ P )ωr2sin2θe−2ν , (99)

(See appendix 7.2.3)

1

r4

∂

∂r
(r4e(ν+λ)∂ω

∂r
) +

eλ−ν

r2sin3θ

∂

∂θ
(sin3θ

∂ω

∂θ
)− 16π(ε+ P )ωeλ−ν = 0, (100)

where following relations are used

∂λ

∂θ
=
∂ν

∂θ
=
∂ν

∂θ
= 0, (101)

let

j(r) = e−(Φ+Λ) = e−Φ(r)
√

1− γ(r), (102)

where γ(r) is

γ(r) = 1− 2m(r)

r
, (103)

to express coefficient of ω in terms of the unperturbed metric functions, differen-

tiating equation (102), one gets

dj(r)

dr
= −4πr

[ε(r) + P (r)]√
1− γ(r)

eΦ(r), (104)

where equation (74) is used and dΦ/dr is plugged as follows

dΦ

dr
= − 1

ε(r) + P (r)

dP (r)

dr
. (105)
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Now, simple algebraic manipulation in equation (100) leads to

1

r4

∂

∂r
(r4j

∂ω

∂r
) +

4

r

dj

dr
ω +

eλ−ν

r2sin3θ

∂

∂θ
(sin3θ

∂ω

∂θ
) = 0. (106)

Expanding ω in vector spherical harmonics

ω(r, θ) = Σ∞l=1ωl(r)(−
1

sinθ

dPl
∂θ

), (107)

ωl(r) satisfies

1

r4

d

dr
(r4j(r)

dω(r)

dr
) + (

4

r

dj(r)

dr
− eλ−ν l(l + 1)− 2

r2
)ωl(r) = 0. (108)

For l = 1 and r < R this yields

d

dr
(r4j(r)

dωl(r)

dr
) + 4r3dj(r)

dr
ω(r) = 0. (109)

Equation (109) is to be integrated from the center of the neutron star towards the

surface under the boundary conditions that are

i) ω must be regular at the center where r = 0.

ii)dω
dr

vanishes at r = 0.

For numerical calculations an arbitrary value of ω is selected at the origin of the

neutron star and integration takes place from there, towards the surface. Outside

the neutron star ω has the behavior

ω(r,Ω) = Ω− 2

r3
J(Ω), (110)

where Ω is the rotation of the neutron star and J(Ω) is the angular momentum of

the neutron star. The angular momentum can also be given by

J(Ω) =
R4

6
(
dω

dr
)R, (111)

J(Ω) = I(Ω)Ω, (112)

where R is the radius of the neutron star. Once dω/dr is calculated, the angular

momentum can be calculated by equation (111) and the moment of inertia from

equation (112).
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Monopole equations The monopole equations (l = 0) can be calculated once ω

has been calculated from equation (109). These equations are helpful to determine

the extra mass and the pressure on the neutron star due to rotation. By

Gt
t = 8πT tt , (113)

Gr
r = 8πT rr , (114)

the monopole mass, m0 and the pressure perturbation, p0, equations are coupled

by,

dm0

dr
= 4πr2 ∂ε

∂P
(ε+ P )p0 +

1

12
j2r4(

dω

dr
)2 +

8πr4j2(ε+ P )ω2

3(1− γ)
, (115)

dp0

dr
= −(1 + 8πr2P )

r2(1− γ)2
m0 − 4π

ε+ P

1− γ
rp0 +

1

12

r3j2

1− γ
(
dω

dr
)2 +

1

3

d

dr
(
r2j2ω2

1− γ
).

(116)

Equations (115) and (116) are to be integrated from the center of the neutron star

toward the surface under the boundary conditions m0 → 0 and p0 → 0 when r

→ 0, to determine the pressure perturbation function and the mass perturbation

function which will lead us to determine the extra mass the neutron star gets due

to rotation.

Near r→ 0 the pressure and mass perturbation functions have following behavior

p0(r)→ (jcωcr)
2

3
, (117)

m0(r)→ 4π(ε+ P )

15
[2 +

∂ε

∂P
]c(jcω)2r5, (118)

where ’c’ subscript indicates the value at the center and ′j′ is taken from equation

(102). Let ∆M be the increment in mass due to rotation. One finds at r = R

(surface)

∆M = m0(Ω) +
1

R3
J(Ω)2, (119)

where ∆M depends on the rotational velocity of the neutron star. Typically the

value of ∆M is very small in comparison to the total mass of the neutron star,

which is why it has been ignored by most authors.
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Quadrupole equations - The quadrupole equations are essential to determine

the shape and deformation of the neutron star caused by rotation. These equations

can be solved once ω has been calculated. The quadrupole differential equations

are formed by the following field equations

Rθ
θ −R

φ
φ = 8π(T θθ − T

φ
φ ), (120)

Gr
r = 8πP,Rθ

r = 0. (121)

One gets the following differential equations

dv2

dr
= −2

dφ

dr
h2 + (

1

r
+
dφ

dr
)(
−r3

3

dj2

dr
ω2 +

j2r4

6
(
dω

dr
)2), (122)

and

dh2

dr
= (−2

dφ

dr
+

2

1− γ
(
dφ

dr
)−1(2πκ(ε+ P )−m/r3))h2

− 2

r2(1− γ)
(
dφ

dr
)−1v2 +

1

6
(r
dφ

dr
− 1

2r(1− γ)
(
dφ

dr
)−1)r3j2(

dω

dr
)2

−1

3
(r
dφ

dr
+

1

2r(1− γ)
(
dφ

dr
)−1)(rω)2dj

2

dr
.

(123)

Equations (122) and (122) are to be integrated from the center of the star towards

the surface under the boundary conditions h2(0) = 0, v2(0) = 0 and h2(∞) =

0, v2(∞) = 0.

Unlike the monopole equations, the quadrupole equations are more complex to

solve. As r → 0, functions h2 and v2 have following behavior

h2(r)→ A2r
2, v2(r)→ B2r

4, (124)

where A2 and B2 are constants with dimensions, m−2 and m−4 and they must be

selected such that they obey

B2 + 2πA2(Pc + εc/3) =
−4π

3
(εc + Pc)(jcωc)

2, (125)
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to get the particular solution. And for the homogeneous solution,

near r → 0

h
(h)
2 (r)→ αr2, v

(h)
2 (r)→ βr4, (126)

where α and β are constant with dimensionsm−2 andm−4, respectively. They are

to be chosen such that they follow

β + 2πα(Pc + εc/3) = 0. (127)

The general solution of the functions h2 and v2 is the combination of the particular

solution and the homogeneous solution.

v2(r) = C2v
(h)
2 + vp2,

h2(r) = C2v
(h)
2 + hp2.

(128)

The exterior solutions of the quadrupole equations are given by

v2ext = −(
J

r2
)2 + α

γ√
1− γ

Q1
2(

2

γ
− 1),

h2ext = (
J

r2
)2(1 +

2

γ
) + αQ2

2(
2

γ
− 1),

(129)

where Q1
2 and Q2

2 are Legendre polynomials of the second kind (y>1)

Q1
2(y) =

√
y2 − 1(

3y2 − 2

y2 − 1
− 3y

2
log

y + 1

y − 1
),

Q2
2(y) =

3

2
(y2 − 1) log

y + 1

y − 1
− 3y3 − 5y

y2 − 1
,

(130)

exterior solution of the quadrupole function h2ext(R), i.e equation (129) and inte-

rior solution h2(R), i.e equation (128) and their first derivatives are to be matched

at the surface of the neutron star in order to get the values of C2 and K.

h2(R) = h2ext(R),
d

dr
h2(R) =

d

dr
h2ext(R). (131)

These are the values that are required to determine the quadrupole moment and

the eccentricity of the rotating neutron star.
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Once α has been calculated, then the quadrupole moment is calculated by

Q =
J2

m
+

8αm3

5
, (132)

and the eccentricity is given by

e(r) =
3(r − 2m)

2m
[h2(r) +

r3

3(r − 2m)
(Ω− 2J

r3
)2]. (133)

4.2.3 Tidal Love number and tidal deformability

To determine the tidal Love number and tidal deformability Hinderer and Flana-

gan’s [158][159][160] method is taken into consideration. Suppose a spherically

symmetric, static neutron star is placed in an external tidal quadrupole field (εij)

and in response the neutron star develops a tidal quadrupole moment (Qij). The

the star’s tidal deformability is λ

Qij = −λεij. (134)

The tidal deformability and the tidal Love number (k2) are related by

λ =
2

3
k2R

5. (135)

The quadrupole moment developed in response to an external tidal field is the

coefficient of the asymptotic expansion of total metric at a large distance from the

star

−(
1 + gtt

2
) = −m

r
− 3Qij

2r3
ninj + ...+

εij
2
r2ninj + ..., (136)

where ni = xi/r and Qij& εij both are traceless and symmetric. To compute

the tidal Love number, following the work of Ref. [159], the perturbation metric

of a spherically symmetric star in a tidal field in Regge Wheeler gauge [161] is

simplified [158] as

ds2 = −e2Φ(r)[1 +H(r)Y20(θ, φ)]dt2 + e2Λ(r)[1−H(r)Y20(θ, φ)]dr2

+r2[1− k(r)Y20(θ, φ)](dθ2 + sin2θdφ2),
(137)
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where H and Y20 are the factors introduced by Regge-Wheeler gauge transforma-

tion (even parity perturbation) and K is connected to H by the relation

dK

dr
=
dH

dr
+ 2H

dΦ′

dr
. (138)

In equation (137), the azimuthal number ’m’ is set to be zero without the loss

of generality, because the tidal deformation will be symmetric around the axis

connecting the two neutron stars, which is the axis of spherical harmonic decom-

position.

The perturbation in stress-energy tensor components of a perfect fluid are

δT 0
0 = −δε(r)Y20(θ, φ),

δT ii = δp(r)Y20(θ, φ),
(139)

where δε and δp are changes in the energy density and pressure. The function H(r)

is the solution of the differential equation

[−6e2Λ

r2
−2(Φ′)2+2Φ′′+

3

r
Λ′+

7

r
Φ′−2Φ′Λ′+

f

r
(Φ′+Λ′)]H+[

2

r
+Φ′−Λ′]H ′+H ′′ = 0,

(140)

where f is f = δε/δp and for slow changes in fluid configuration gives

f =
dε

dp
. (141)

With the help of equations (57,71,72,76), equation (140) can be simplified into

two first order differential equation as follows,

dH

dr
= β (142)

dβ

dr
= 2(1− 2

m

r
)−1H[−2π(5ε+ 9p+ (ε+ p)f) +

3

r2
+ 2(1− 2

m

r
)−1(

m

r2
+ 4πrp)2]

+2
β

r
(1− 2

m

r
)−1[−1 +

m

r
+ 2πr2(ε− p)].

(143)

Equations (142 & 143) are to be integrated from just outside the center of the

neutron star to the surface with the equations (57,71,72,76) . The expansion just
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outside the centerH(r) = a0r
2 and β(r) = 2a0r, where ’r’ is very small, r→ 0 and

a0 is the expansion factor which can be chosen to be arbitrary because it cancels

in the end in the tidal Love number expression. Outside the neutron star H(r) has

a general solution in terms of the second order Legendre function, for large values

of ’r’.

H = C1Q
2
2(r/M − 1) + C2P

2
2 (r/M − 1) (144)

and its coefficients (C1&C2) can be obtained by comparing its asymptotic expan-

sion with equation (136) using equation (134) in terms of λ

C1 =
15

8M3
λε, C2 =

M2ε

3
. (145)

Now, substituting the values of C1 and C2 in equation (144) one can solve for

λ by matching the exterior solution (equation (144)) with the interior solutions

(equation (140)) and their first derivatives, at the surface (r = R). Suppose, C =

M/R and y = Rβ(R)/H(R). The tidal Love number can be calculated by using

equation (135) as

k2 =
8C5

5
(1− 2C)2[2 + 2C(y − 1)− y]× [2C(6− 3y + 3C(5y − 8))+

4C3(13− 11y + C(3y − 2) + 2C2(1 + y)) + 3(1− 2C)2(2− y + 2C(y − 1))

× log(1− 2C)]−1.
(146)

Once k2 has been calculated then the tidal deformability (λ) can be calculated by

the equation (135).



59

5 Results

In this section the properties of neutron stars are calculated for the energy density

from 0 to 1200 MeV/fm3 for three EoSs and results are compared systematically.

N-QMC700 and F-QMC700 EoSs are based on the parameterizations given in

Table 2, while the third EoS is for strange matter (MIT), taken from reference

[165].

5.1 Pressure and energy density relation

Figure 4: Pressure-energy density plot for different matter compositions. Strange star EoS is poorly behaving at the lower

energy densities. Pressure is zero at the energy density 223.8 Mev/fm3 for strange matter EoS.

Fig. 4 represents the pressure and energy relation, for all three chosen EoSs. The

strange matter EoS (MIT - black dot) is unphysical in the low energy density

region (at the crust). In particular, pressure is negative below the energy density

223.8 MeV/fm3. Here, a key point must be stated, i.e. in the low energy density

region, there is only nuclear matter, strange matter or hyperons only come into the
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existence when the energy density increases a few times the nuclear matter density

(at the core) and the chemical potential is favorable for their existence. All of

them have only nuclear matter at low energy density, so they must show a similar

characteristic in the region. As energy density increases, around 580 MeV/fm3, F-

QMC700 starts to deviate from the N-QMC700 and shows a softer EoS, because

hyperons (Ξ−,Λ,Ξ0) start to develop at this point (see Ref. [154]). On the other

hand the strange matter EoS, which is rather stiffer than former EoS and around

the energy density 300 MeV/fm3 and 500 MeV/fm3 crosses the nucleons only

matter EoS and at (one of) these energy densities it predicts to develop strange

matter (deconfined quarks) which leads to a strange star. N-QMC700 is the most

stiff EoS which is based on nucleon only matter. It does not show development of

hyperons or strange matter at all.

(a) (b)

Figure 5: (a) Pressure-Energy density plot for different matter compositions with strange matter parameters changed to

nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3, (b) Pressure-Energy density plot for

different matter compositions with strange matter parameters changed to nucleons only EoS parameters for the lower

energy densities below 500 MeV/fm3
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In Fig. 5, the strange matter EoS is corrected for the low energy density region

with the parameters of nucleons only EoS (N-QMC700). In Fig. 5(a), the strange

matter EoS parameters are matched to the nucleon only EoS parameters for the

energy densities below 300 MeV/fm3 and in Fig. 5(b), the nucleons only EoS is

used up to 500 Mev/fm3 in the same way and above that energy density strange

matter EoS is used. Here, we are comparing two possibilities. First, when the

strange matter starts to exist at 300 MeV/fm3 and second, when the strange matter

comes into existence at 500 MeV/fm3. In Fig. 5, all three EoSs now show the

same characteristic at the low energy densities.

5.2 Relation of mass with radius and compactness

Predicting the maximum mass of a neutron star is an important constraint on the

EoS. Fig. 6 gives the relation between the mass and the radius. Although the

strange matter EoS predicts a maximum mass of over 2 M�, it poorly predicts

the mass and the radii of the neutron stars at the low energy densities. At the

crust, where the energy density is low and stars are not so compact (compared

to the core), it must show an expansion in the radius, like the N-QMC700 and

F-QMC700 are showing. Fig. 7 and Fig. 8 are the figures with parameters for the

strange stars at the low energy densities, below 300 MeV/fm3 and 500 MeV/fm3,

are fixed to the nucleons only EoS parameters (N-QMC700) respectively. This

means that up to the energy density 300 MeV/fm3 and 500 MeV/fm3 in Fig. 7 &

8, there are only nucleons while the strange matter come into existence at higher

densities with this change the behavior of all the three EoS show similar radii at

the low energy densities. And at the high energy densities, F-QMC700, which is

rather softer than the other two EoSs, predicts a maximum mass of 1.999 M� ,

whereas N-QMC700 EoS predicts a maximum mass of 2.226 M� . Finallly, the

strange matter EoS predicts a maximum mass of 2.121M� and 2.004 M� in both

the possibilities, as shown in Fig. 7 and Fig. 8. But the strange star radii have
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significantly changed between the energy density region 300-1200 MeV/fm3 as

shown in Fig. 8, if quark deconfinement takes place at the 500 MeV/fm3 all the

EoSs show similar relationship between the mass and the radius. They only differ

near the maximum mass. Whereas in Fig. 7, if deconfinement takes place at the

energy density 300 MeV/fm3 the mass and the radius relationship is significantly

different than N-QMC700 and F-QMC700. And as the energy density increases,

neutron stars get heavy and their cores become more stiff. Eventually, at a critical

point, they collapse into the black holes.

Figure 6: Mass vs Radius plot for different matter compositions without changing parameters for strange matter EoS

(MIT) at the lower energy densities.
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Figure 7: Mass vs Radius plot for different matter compositions with strange matter EoS parameters changed to nucleons

only EoS parameters for the lower energy densities below 300 MeV/fm3.

Figure 8: Mass vs Radius plot for different matter compositions with strange matter EoS parameters changed to nucleons

only EoS parameters for the lower energy densities below 500 MeV/fm3.

Fig. 9 depicts the mass and compactness relation without fixing parameters for
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the strange matter EoS at the lower energy densities and behavior of the strange

matter EoS is largely different than N-QMC700 and F-QMC700. Whereas in Fig.

(10 & 11), with fixed parameters the mass and the compactness (R/2M) show a

very similar behavior to N-QMC700 and F-QMC700. The compactness is more

for the higher mass neutron stars. And when it reaches to a maximum mass, at

that point neutron star is stiffest and if the mass (or the central energy density) is

increased further the star will collapse. None of the EoSs allow R ≤ 3M which

is the condition for extremely stiff black holes. At R = 3M, null geodesics are

trapped inside (black holes) and nothing can come out of it (would not cool down

by standard procedures [188]).

Figure 9: Mass vs Compactness plot for different matter composition without changing parameters of strange matter EoS

at lower densities.
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Figure 10: Mass vs Compactness plot for different matter compositions with strange matter EoS parameters changed to

nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.

Figure 11: Mass vs Compactness plot for different matter compositions with strange matter EoS parameters changed to

nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.
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5.3 Moment of inertia

In Fig. 12 the moment of inertia, which is calculated using the standard formula

I = J
Ω

(equation (112)), presented against mass for different EoSs. Since, the

angular momentum is calculated only to the first order of Ω, dividing it by Ω

gives a value which is independent of the rotational velocity (Ω) of the neutron

star. In other words, the value of moment of inertia does not depend on the ro-

tational velocity and only depends on the structure of a non-rotating neutron star.

In this study, calculations have been done for the rotational velocity (Ω) 500 ro-

tations/sec, which is high enough to see rotational effects on neutron star and low

enough that it does not violate Hartle’s method for the slow rotation.

In Fig. 12, we see that the moment of inertia for strange matter EoS is very

different than N-QMC700 & F-QMC700. Whereas in Fig. 13 & 14 all three

chosen EoSs yield similar values for the moment of inertia for the low mass (low

energy density) neutron stars as the mass increases, around the value of maximum

mass (at higher central energy densities), all the EoSs show different values for

the moment of inertia. It was shown by Lattimer and Prakash [189], Bejger and

Haesel [190], Lattimer and Schultz [158] that, the parameter of moment of inertia

( I
M0R2

0
, where M0 is the mass and R0 is the radius of the neutron star) is related to

compactness in such a way that the compactness vs moment of inertia parameter,

is independent of EoSs and all of them fall almost on the same line. In Fig. 15,

the moment of inertia and compactness is presented without changing parameters

for the strange stars and compared to N-QMC700 & F-QMC700. We see that the

moment of inertia parameter for the strange matter EoS is very different from N-

QMC700 and F-QMC700 and it does not follow the moment of inertia constraint,

while N-QMC700 and F-QMC700 EoS do. After fixing the parameters as shown

in Fig. 16 and 17 at the lower energy densities (300 MeV/fm3 & 500 MeV/fm3)

all three EoSs satisfy the relation independent of EoS. They fall almost on the

same line [165].

As a further check, Fig. 18 shows the relation between the dimensionless mo-
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ment of inertia ( I
M3

c4

G2 ) and compactness (M/R). The strange matter EoS clearly

deviates from the other two EoSs, while N-QMC700 and F-QMC700 both exhibit

a Universal behavior. As the strange matter EoS parameters are fixed for the low

energy densities 300 MeV/fm3 & 500 MeV/fm3, as shown in Fig. 19, the dimen-

sionless moment of inertia and M/R factor plot for all EoSs fall almost on top of

each other while in Fig. 20 all three EoSs show a relation independent of EoS

as suggested in Ref. [191]. Accurate measurement of the mass with the help of

Keplerian parameters and the precise measurement of the moment of inertia, can

help us accurately measuring the radius [192].

Figure 12: Moment of inertia vs Mass plot for different matter composition without changing parameters of strange matter

EoS at lower densities.
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Figure 13: Moment of inertia vs Mass plot for different matter compositions with strange matter EoS parameters changed

to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.

Figure 14: Moment of inertia vs Mass plot for different matter compositions with strange matter EoS parameters changed

to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.
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Figure 15: Moment of inertia parameter vs Mass plot for different matter composition without changing parameters of

strange matter EoS at lower densities.

Figure 16: Moment of inertia parameter vs Mass plot for different matter compositions with strange matter EoS parameters

changed to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.
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Figure 17: Moment of inertia parameter vs Mass plot for different matter compositions with strange matter EoS parameters

changed to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.

Figure 18: Dimensionless moment of inertia vs Mass/Radius plot for different matter composition without changing

parameters of strange matter EoS at lower densities.
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Figure 19: Dimensionless moment of inertia vs Mass/Radius plot for different matter compositions with strange matter

EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.

Figure 20: Dimensionless moment of inertia vs Mass/Radius plot for different matter compositions with strange matter

EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.
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Figure 21: Dimensionless angular momentum vs Compactness plot for different matter composition without changing

parameters for strange matter EoS at the lower energy densities.

Figure 22: Dimensionless angular momentum vs Compactness plot for different matter compositions with strange matter

EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.
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Figure 23: Dimensionless angular momentum vs Compactness plot for different matter compositions with strange matter

EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3

Fig. 21 shows the dimensionless angular momentum vs compactness for neu-

tron stars which are rotating at frequency 500 Hz. At the higher energy densities

at the core, the N-QMC700 and F-QMC700 EoSs show similar behavior, with

the F-QMC700 deviating from the former only near the maximum compactness,

while the strange matter EoSs shows higher values for dimensionless angular mo-

mentum than N-QMC700 and F-QMC700. In Fig. 22, after fixing the parameters

for the strange matter EoS at the energy density below 300 MeV/fm3, dimension-

less angular momentum is still slightly higher than other two EoSs, while near

the maximum allowed compactness (higher energy densities at the core) all three

EoSs show very close values. In Fig. 23, we see that if strange matter comes into

existence at the energy density 500 MeV/fm3 then all three EoSs display same

characteristic for angular momentum, only deviating near the maximum mass of

the neutron star.
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5.4 Relation of quadrupole moment with mass, compactness
and dimensionless moment of inertia

The quadrupole moment of the rotating neutron star is another important quan-

tity that determines the distribution of the mass and the deformation in shape of

a neutron star. It plays an important role in determining the inner-most stable

orbit of the low mass compact stars which can have significant effect on the quasi-

periodic orbit, as suggested in Ref. [52]. It is important to include the quadrupole

momentum particularly for the neutron stars that have mass close to 2 solar masses

(maximum observed mass) [186][193]. As shown in Fig. 24, as the mass (or the

central energy density) of the neutron stars increases, their quadrupole moment

systematically decreases because the neutron stars become very compact. None

of the EoSs allow dimensionless quadrupole moment (Kerr solution) = 1, which

is the condition for black holes. For the low mass neutron stars the quadrupole

moment is larger, which means that more deformation takes place. F-QMC700

and N-QMC700 EoSs both have larger quadrupole moment than strange matter

(without changing parameters). This suggests that neutron stars with hyperons

or nucleons present at the higher energy density are more deformed than the cor-

responding strange matter stars at that energy density. For the same reason the

strange star dimensionless quadrupole moment is very different from the other

EoSs. Near the maximum mass all EoSs are very close to having dimensionless

quadrupole moment equal to 1 .

In Fig. 25 and 26 the dimensionless quadrupole momentum is presented with

changed parameters for the strange matter EoS at the low energy densities. After

fixing the parameter at 300 MeV/fm3 and 500 MeVfm3, all EoSs have almost

similar values and show a Universal behavior (independent of EoSs) for both the

cases. They only differ near the maximum mass of the neutron star.
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Figure 24: Dimensionless quadrupole momentum vs Mass for different matter composition without changing parameters

of strange matter EoS.

Figure 25: Dimensionless quadrupole momentum vs Mass for different matter compositions with strange matter EoS

parameters changed to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.
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Figure 26: Dimensionless quadrupole momentum vs Mass for different matter compositions with strange matter EoS

parameters changed to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.

As shown in Fig. 27, as the neutron stars reach near their maximum compact-

ness their dimensionless quadrupole moments tend towards the value ’1’, which

suggests that the neutron stars tend to become Schwarzschild black holes (at R/2M

= 1.5, and the dimensionless quadrupole moment = 1). For low compactness neu-

tron stars the strange star quadrupole moment is very different from N-QMC700

and F-QMC700. Some of the stiffest possible EoSs correspond to closest to Kerr

solution are noted in References [194][195][165]. After fixing the parameters for

strange matter EoS for the low energy densities in Fig. 28 and 29, the strange

star display behavior similar to N-QMC700 and F-QMC700. The dimensionless

quadrupole moment does not change much for the strange stars in both the con-

dition about when strange degree of freedom comes in the picture at the energy

density 300 MeV/fm3 or 500 MeV/fm3.
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Figure 27: Dimensionless quadrupole momentum vs Compactness plot for different matter composition without changing

parameters of strange matter EoS at the lower energy densities.

Figure 28: Dimensionless quadrupole momentum vs Compactness plot for different matter compositions with strange

matter EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.
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Figure 29: Dimensionless quadrupole momentum vs Compactness plot for different matter compositions with strange

matter EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.

Although the quadrupole moment and the moment of inertia are both very

sensitive to the EoSs, both of them have a Universal relationship that is, most of

the EoSs dimensionless moment of inertia vs dimensionless quadrupole moment

(I-Q relation) plots fall on the top of each other and show a characteristic which

is (almost) independent of EoSs, predicted by Yagi and Yunes [196]. In Fig. 30,

N-QMC700 and F-QMC700 both show the same characteristic and follow the

universality while strange matter EoS behavior is very different and it does not

follow the universality. As shown Fig. 31 and Fig. 32 after fixing the parame-

ters for strange star at 300 MeV/fm3 and 500 MeV/fm3 energy densities, the I-Q

relation for all the EoS is almost independent of EoSs.
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Figure 30: Dimensionless quadrupole momentum vs Dimensionless moment of inertia plot for different matter composi-

tion without changing parameters for strange matter EoS at the lower energy densities.

Figure 31: Dimensionless quadrupole momentum vs Dimensionless moment of inertia plot for different matter composi-

tions with strange matter EoS parameters changed to nucleons only EoS parameters for the lower energy densities below

300 MeV/fm3.
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Figure 32: Dimensionless quadrupole momentum vs Dimensionless moment of inertia plot for different matter composi-

tions with strange matter EoS parameters changed to nucleons only EoS parameters for the lower energy densities below

500 MeV/fm3.

5.5 Tidal Love number and tidal deformability

Fig. 33 depicts the relation between tidal Love number (k2) and M/R ratio for

non-spinning neutron stars. All three EoSs Love numbers tend to zero (which is

the Love number for black holes) as the value of M/R increases. This is expected

because as the neutron stars become more massive, their mass is more centrally

concentrated and they are extremely unlikely to get deformed. For low mass com-

pact stars, the strange matter EoS is very different from those of N-QMC700 and

F-QMC700. The low mass stars are not so compact at the center and they are more

likely to get deformed, as shown at small values of M/R for the QMC EoSs. In

comparison, the strange matter EoS predicts a non deformability for the low mass

stars. For the reason strange matter EoS parameters are fixed with N-QMC700

EoS at the lower energy densities ≤ 300 MeV/fm3 and ≤ 500 MeV/fm3 in Fig.

34 and Fig. 35, respectively.
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Figure 33: Tidal Love number vs M/R plot for different matter composition without changing parameters of strange matter

EoS at the lower energy densities.

Figure 34: Tidal Love number vs M/R plot for different matter compositions with strange matter EoS parameters changed

to nucleons only EoS parameters for the lower energy densities below 300 MeV/fm3.
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Figure 35: Tidal Love number vs M/R plot for different matter compositions with strange matter EoS parameters changed

to nucleons only EoS parameters for the lower energy densities below 500 MeV/fm3.

After fixing the parameters of strange matter EoS, its Love number has changed

significantly and it shows high deformability, like N-QMC700 and F-QMC700,

for the low mass compact stars and in both Figs. 34 and 35, the value of k2 for

strange matter EoS has not changed much. It is almost same in both cases (see

Table 10).

As predicted by Yagi and Yunes [196], dimensionless tidal deformability (λ/M5)

vs dimensionless moment of inertia (I/M3) plot shows a behavior which is inde-

pendent of EoS. As shown in Fig. 36, both N-QMC700 and F-QMC700 EoSs

fall exactly on top of each other and follow universality, whereas the strange mat-

ter EoS is very different and falls far away from them and does not follow the

universality.

Next the parameters of the strange matter EoS are fixed for the energy density

below 300 MeV/fm3 and 500 MeV/fm3 with N-QMC700. As shown in Fig. 37

and Fig. 38, the strange matter EoS dimensionless moment of inertia vs dimen-

sionless tidal deformability then follows the universality like QMC EoS, in both
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cases.

Figure 36: Dimensionless moment of inertia vs Dimensionless tidal deformability plot for different matter composition

without changing parameters of strange matter EoS at the lower energy densities.
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Figure 37: Dimensionless moment of inertia vs Dimensionless tidal defromability plot for different matter compositions

with strange matter EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 300

MeV/fm3.

Figure 38: Dimensionless moment of inertia vs Dimensionless tidal defromability plot for different matter compositions

with strange matter EoS parameters changed to nucleons only EoS parameters for the lower energy densities below 500

MeV/fm3.
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There are EoSs given in the tabular form with the strange matter EoS parame-

ters are changed to nucleons only EoS (N-QMC700) for the low energy density≤
500 MeV/fm3. Observables are calculated at the different energy densities. Each

EoS’s observables are divided in two tables. One table with observables that do

not strictly depend on the rotation of the neutron star and other table with the

observables that are directly related to the rotations of the neutron star.

In Tables 4,5 and 6, εc represents the central energy density in MeV/fm3, R

denotes the radius in ’Kilometers’, M stands for the mass (in solar mass), τ rep-

resents the Kepler period (in milliseconds) of the neutron star which is calculated

by

τ = 0.82
√
M/Msun.(R/10)3/2. (147)

The shortest period observed so far is 0.887 ms and values for F-QMC700 for

minimum rotations are closest to it [23] but this observation may rely on the tech-

niques used for the measurement.

zsurf stands for the gravitational red-shift at the surface of the neutron star, calcu-

late by

zsurf =

√
(1− 2GM

c2R
)− 1 (148)

The gravitational red-shift is significant for determining the mass and the radius

separately [197]. It covers a wide range of values from 0.11 to 0.52 as suggested

in Ref. [198][199].

C denotes the compactness of the neutron stars, calculated by

C =
Rc2

2GM
. (149)

I stands for the moment of inertia [157], given in units of 1045gm.cm2. And Ω

is the rotational velocity of the neutron star, which is calculated for the central

rotating velocity 100.82342 rotations/sec, showing the Lense-Thirring effect or

frame dragging effect. This value is related to the curvature of the spacetime and

displays that the dragging is greater as the neutron stars become more compact.
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Although the effect is small but it may change the properties of the neutron stars

significantly.

Whereas, the observables which are directly related to the rotations (monopole

and quadrupole equations) of the neutrons stars are given for each EoS at the dif-

ferent energy densities in Tables 7, 8 and 9. In these tables, the rotational velocity

is taken as 500 rotations/sec which is considered as uniform. ’Mass increment’ is

the value of additional mass (in terms of solar mass) a neutron star can have due to

rotations, the quadrupole momentum is given in units kg.m2 and the eccentricity

is given in the last column that represents the distortion in the shape of the neutron

stars due to rotations.

In Table (10), tidal Love numbers (k2) and tidal deformabilty (λ in units

kg.m2.sec2) is given for non-spinning neutron stars with changed parameters of

strange matter EoS at the energy density below 300 MeV/fm3 (MIT-300) and 500

MeV/fm3 (MIT-500), at the different energy densities.
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εc R(Km) M/M� τ zsurf C I Ω

100 13.230 0.15743 3.1449 0.018053 28.449 0.074691 113.672

200 12.385 0.60830 1.4491 0.081533 6.8923 0.53693 127.947

300 12.905 1.0941 1.1492 0.15505 3.9927 1.2433 148.0

400 12.975 1.52488 0.99707 0.22754 2.9730 1.8431 173.843

500 12.825 1.7578 0.89829 0.29628 2.4699 2.2741e 203.77

600 12.590 1.9446 0.83069 0.35615 2.1917 2.5358 235.34

700 12.345 2.0618 0.78330 0.40492 2.0269 2.6693 266.582

800 12.110 2.1326 0.74830 0.44370 1.9223 2.7192 296.435

900 11.890 2.1742 0.72100 0.47470 1.8513 2.7194 324.644

1000 11.695 2.1974 0.69961 0.49915 1.8016 2.6911 351.343

1100 11.515 2.2089 0.68174 0.51913 1.7647 2.6467 376.8 2

1200 11.355 2.2127 0.66701 0.53510 1.7372 2.5934 401.279

Table 4: Table for N-QMC700.
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εc R(Km) M/M� τ zsurf C I Ω

100 13.475 0.15774 3.2295 0.017715 28.976 00.074949 113.67

200 12.410 0.60997 1.4515 0.081416 6.9011 0.53923 127.95

300 12.925 1.0973 1.1502 0.15493 3.9952 1.2493 148.01

400 12.990 1.4818 0.99731 0.22748 2.9735 1.8522 173.842

500 12.855 1.7743 0.89724 0.29850 2.4575 2.3138 203.75

600 12.630 1.9506 0.83337 0.35495 2.1963 2.5574 229.988

700 12.565 1.9735 0.82213 0.36467 2.1597 2.5745 242.019

800 12.495 1.9879 0.81231 0.37235 2.1321 2.5727 248.417

900 12.430 1.9929 0.80496 0.37710 2.1156 2.5543 253.55

1000 12.355 1.9924 0.79780 0.38068 2.1034 2.4682 258.873

1100 12.260 1.9862 0.78983 0.38359 2.0937 2.52254 264.499

1200 12.160 1.9756 0.78228 0.38540 2.0878 2.4042 270.241

Table 5: Table for F-QMC700.
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εc R(Km) M/M� τ zsurf C I Ω

100 13.455 0.15707 3.2292 0.017712 28.982 0.074407 113.68

200 12.400 0.4525 1.4525 0.081376 6.5088 1.9041 127.96

300 12.910 1.0931 1.1505 0.15490 3.9958 1.2411 148.03

400 12.975 1.4761 0.99751 0.22745 3.1423 2.9738 173.89

500 12.820 1.7562 0.89817 0.29632 2.4696 2.2707 203.84

600 12.645 1.8941 0.84721 0.33960 2.2586 2.4597 226.70

700 12.465 1.9653 0.81403 0.36848 2.1458 2.5235 245.36

800 12.295 2.0036 0.78978 0.38898 2.0761 2.5256 261.51

900 12.125 2.0230 0.76974 0.40463 2.0278 2.4956 275.76

1000 11.970 2.0311 0.75350 0.41643 1.9938 2.4495 288.52

1100 11.830 2.0322 0.74013 0.42532 1.9694 2.3954 300.09

1200 11.700 2.0288 0.72858 0.43229 1.9511 2.3382 310.68

Table 6: Table for strange star EoS (MIT EoS) with parameters changed to nucleons only EoS for the low energy densities

(≤ 500 MeV/fm3).

εc Mass increment (Solar mass) Quadrupole moment Eccentricity

100 0.96340e-006 1.91375e+036 0.022202

200 3.0890e-006 4.9979e+035 0.0060785

300 7.7259e-006 1.9942e+035 0.0028223

400 1.4936e-005 1.1244e+035 0.0016898

500 2.3132e-005 8.0178e+034 0.0011724

600 3.0423e-005 6.5848e+034 8.9791e-004

700 3.5942e-005 5.8033e+034 7.3620e-004

800 3.9674e-005 5.2842e+034 6.3350e-004

900 4.2028e-005 4.8846e+034 5.6309e-004

1000 4.3407e-005 4.5512e+034 5.1173e-004

1100 4.4040e-005 4.2622e+034 4.7353e-004

1200 4.4250e-005 4.0041e+034 4.4264e-004

Table 7: Table for N-QMC700 for neutron stars rotating at 500 rotation/sec.
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εc Mass increment (in Solar mass) Quadrupole moment Eccentricity

100 1.050e-006 1.6729e+036 0.02029

200 3.3454e-006 4.7919e+035 0.006309

300 8.0049e-006 2.262e+035 0.0029845

400 1.4708e-005 1.3898e+035 0.0017421

500 2.24375e-005 1.0049e+035 0.0011988

600 2.6019e-005 8.5086e+034 9.8311e-004

700 3.1425e-005 7.7999e+034 9.0368e-004

800 3.0260e-005 7.3582e+034 8.6689e-004

900 3.1936e-005 6.9927e+034 8.4089e-004

1000 3.2013e-005 6.6422e+034 8.1937e-004

1100 3.1717e-005 6.2780e+034 7.9915e-004

1200 3.1112e-005 5.9069e+034 7.8035e-004

Table 8: Table for F-QMC700 for neutron stars rotating at 500 rotation/sec.
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εc Mass increment (in Solar mass) Quadrupole moment Eccentricity

100 1.0511e-006 1.6098e+036 0.019926

200 3.3459e-006 4.6043e+035 0.0062294

300 8.0054e-006 2.1738e+035 0.0029548

400 1.4708e-005 1.3386e+035 0.0017269

500 2.2475e-005 9.7176e+034 0.0011894

600 2.7533e-005 8.1813e+034 9.7526e-004

700 3.2040e-005 7.4406e+034 8.9912e-004

800 3.6183e-005 6.614e+034 7.968e-004

900 3.9339e-005 6.0618e+034 7.3705e-004

1000 4.1354e-005 5.5293e+034 6.9366e-004

1100 4.2549e-005 5.1067e+034 6.5803e-004

1200 4.3051e-005 4.7192e+034 6.3084e-004

Table 9: Table for strange star EoS (MIT EoS) with changed parameters to nucleons only EoS for low densities (≤ 500

MeV/fm3) for stars rotating at 500 rotation/sec



92

εc N-QMC700 F-QMC700 MIT-500 MIT-300

K2 λ K2 λ K2 λ K2 λ

100 0.161 2.257 0.161 2.267 0.161 2.252 0.161 2.252

200 0.126 1.115 0.126 1.121 0.126 1.113 0.126 1.113

300 0.099 0.6750 0.099 0.6784 0.099 0.6735 0.099 0.6789

400 0.075 0.4242 0.075 0.4265 0.075 0.4232 0.071 0.3981

500 0.057 0.2737 0.057 0.2749 0.057 0.2704 0.057 0.2805

600 0.045 0.1846 0.045 0.1865 0.048 0.2128 0.048 0.2128

700 0.036 0.1316 0.043 0.1726 0.042 0.1623 0.042 0.1695

800 0.031 0.0989 0.041 0.1601 0.038 0.1343 0.038 0.1401

900 0.027 0.0774 0.040 0.1509 0.035 0.1139 0.034 0.1188

1000 0.024 0.0628 0.039 0.1417 0.032 0.0988 0.032 0.1028

1100 0.021 0.0523 0.038 0.1321 0.030 0.0871 0.030 0.0907

1200 0.020 0.0445 0.036 0.1225 0.029 0.0779 0.029 0.0810

Table 10: Tidal Love number (k2) and tidal deformability (λ × 1030kg.m2.sec2) for the different matter compositions

with strange matter EoS parameters changed to nucleons only EoS at the energy density (εc (MeV/fm3)) below 300

MeV/fm3(MIT-300) and 500 MeV/fm3(MIT-500).
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6 Conclusion

In this thesis, comparative models for the rotating neutron stars have been suc-

cessfully calculated within the Hartle’s framework at frequency 500 Hz for the

different EoSs under the constraints imposed in section 3.

It is shown that the presence of strange matter or hyperons at the core at the

higher energy densities makes the EoS softer in comparison to the nucleons only

EoS, as demonstrated in Fig 4. The strange matter EoS is linearly varying with

the energy density and at low energy densities yields inappropriate properties for

the neutron stars. Hyperons only come into existence when the energy density is

580 MeV/fm3. The possibilities and consequences of having strange matter at the

energy density 300 Mev/fm3 and 500 MeV/fm3 are shown in Fig. 5. Because in

the lower energy density region there are only nucleons. Therefore, the strange

matter EoS is fixed with nucleons only EoS at the lower energy densities.

The significance of the crust region in exploited for determining the radius for

the neutron star in Figs. 6, 7 and 8. The QMC EoSs show expansion in the radius

at the low energy densities, at the crust which is expected, whereas the strange

matter EoS does not show this nature, at the crust region as shown in Fig. 6. Due

to the poor parameterization of strange matter EoS at the crust (or the low energy

density region) it yields inappropriate value for radii (and the moment of inertia

see Fig. 12). After fixing the parameters of strange matter EoS in lower energy

densities region the results are shown Fig. 7 and Fig 8. The mass and the radius

relation for strange matter EoS in Fig. 7 is stiffer than Fig. 8.

Selected QMC EoSs have successfully predicted maximum mass close to what

has been observed (2M�) at the energy density less than 6 times the nuclear

matter density. The presence of hyperons at the core reduces the maximum mass

of the neutron star significantly. The significance of nuclear physics at the lower

energy density is shown in Figs. 6, 7, 8 and 9 which suggests that if the nuclear

physics at the energy density in the nuclear density region in (1-3) times normal
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nuclear density is not precisely known, then values calculated by an EoS can be

drastically different. In Figs. 10 and 11, we see that the compactness of the

nucleons only EoS is very close to the compactness of the black holes (1.5).

The moment of inertia grows in a similar way for all EoSs, as plotted Figs. 13

and 14. After fixing the parameters for the strange matter EoS. The presence of

strange matter above the energy density 300 MeV/fm3 or 500 MeV/fm3 does not

make a significant change in the moment of inertia for the low mass neutron stars

but as it approaches to the maximum mass the moment of inertia is different for

each EoS.

Although every EoS predicts different properties for the neutron stars, certain

combinations of these properties show a universality. Without fixing the strange

matter EoS parameters at the lower energy density, the plots of moment of iner-

tia parameter against compactness, Fig. 15 and dimensionless moment of inertia

against (M/R), Fig. 18, do not follow the universality between them as suggested

in Refs. [192][194][165] and Ref. [191] respectively, while the hyperons and the

nucleons EoSs show universality. After fixing the parameters at the energy density

below 300 MeV/fm3 and 500 MeV/fm3 in Figs. 16 and 17 and Figs. 19 and 20,

respectively, the predictions of strange matter at 500 MeV/fm3 show the universal-

ity like N-QMC700 and F-QMC700. In Fig. 21 also, the dimensionless angular

momentum is very different for the strange matter EoS from QMC EoSs [165]

while fixing the strange matter EoS at the energy density 500 MeV/fm3 in Fig. 23

predicts a Universal relation between the dimensionless angular momentum and

the compactness .

Fig. 24 shows that the dimensionless quadrupole moment for the low mass

strange star is very different and small comparative to QMC EoSs that suggests

strange stars are not much deformed while it is supposed to be similar to QMC

EoS because there is no strange matter in the low mass neutron star. After fixing

the parameters in Figs. 25 and 26 the quadrupole moment for the strange star is al-

most the same as thte QMC EoS whether the strange matter comes into existence



95

at the energy density 300 MeV/fm3 or 500MeV/fm3. Fig. 27 shows a Universal

relation between the dimensionless quadrupole moment and compactness as sug-

gested in Ref. [165]. The dimensionless quadrupole moment for the strange star is

different than QMC EoS, whereas all EoS show similar values near the maximum

mass. After fixing the parameters for strange matter EoS in Figs. 28 & 29 all

three EoSs show the compactness vs dimensionless characteristic independent of

EoSs. Due to high compactness the nucleons only EoS shows a slightly deviated

behavior than hyperons and strange matter EoS which fall almost on top of each

other.

There is a unique relation between the dimensionless quadrupole moment and

the dimensionless moment of inertia. That is, when they are plotted, the result

is independent of the EoS (I-Q relation), which means to say that all EoSs fall

approximately on top of each other as demonstrated after fixing the parameters

for the strange matter EoS in Fig. 31 and 32. F-QMC700 and strange matter EoS

follow the universality while N-QMC700 is slightly away from them.

In Fig. 33, calculated tidal Love number for QMC EoSs follow the behav-

ior suggested by most authors, for instance see Ref. [160][161][162][163], while

the strange matter EoS doesn’t unless its parameters are fixed at the lower energy

density region as shown in Fig. 34 and 35. In Fig. 36, the QMC EoSs follow the

I/M3-λ/M5 universality whereas the strange matter EoS doesn’t. After fixing

the parameters for the strange matter EoS for the lower energy density regions

below 300 MeV/fm3 & 500 MeV/fm3. The strange matter EoS follows the uni-

versality as shown in Figs. 37 and 38. Although the tidal Love number and the

tidal deformability both are highly sensitive to the EoSs yet the tidal Love number

does not change for the strange matter EoS, whether it comes into existence at the

energy density 300 MeV/fm3 or 500 MeV/fm3 while tidal deformability changes.

It is explicitly shown in Tables 7, 8 and 9 that rotations can increase the mass

of the neutron stars around the mass of the Earth by an amount which is very small

in comparison to the total mass of the neutron star, so it does not have much impact



96

on most of the neutron star properties and it can be ignored for future studies. The

quadrupole moment decreases as the compactness of the neutron star increases.

As the neutron stars tend to become more compact they are very unlikely to get

deformed due to rotations as shown by eccentricity which is decreasing with the

mass (energy density). It is predicted that as the central energy density of the neu-

tron star increases, its quadrupole moment decreases and so does the deformation

in the shape.

In nutshell, it is shown that EoSs based on the nuclear structure, does follow

the imposed EoS constraint which is a clear indication that the nuclear structure

may play a significant role in defining the properties of matter at the energy density

several times the nuclear matter density. Precisely knowing the nuclear physics

at the energy density 1-3 times the nuclear matter density is extremely important

to calculate the properties of neutron stars particularly radius and the moment of

inertia. The quadrupole moment of a strange star does not depend much on the

energy density of phase transition. If the phase transition, into hyperons or strange

matter, happens approximately at the same energy density then the properties of

corresponding neutron star and strange star are very likely the same to each other.

Several unique universalities are predicted among the neutron star properties such

as moment of inertia parameter (I/MR2) vs compactness (R/2M ), dimensionless

moment of inertia vs M/R, dimensionless quadrupole momentum (QM/J2) vs

compactness, dimensionless quadrupole momentum vs dimensionless moment of

inertia, dimensionless moment of inertia vs dimensionless tidal deformability.

6.1 Future work

In the future, with better technology and more observational data, we may have

more precise measurements of luminosity, mass, radius and we can further im-

prove constraints on EoS. With the discovery of gravitational waves we may im-

pose a new constraint on EoS in a neutron star binary system, which may provide
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further information for understanding the interior of the neutron star.

Furthermore, recently improvements have been made in the QMC model, and

with these advancements we can improve our EoS and can get better results. In

future it will be interesting to see how QMC EoS can explain the neutron star

cooling process, magnetic fields and the tidal deformability of the spinning neu-

tron stars merger.
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7 Appendix

7.1 Nuclear Theory

Free mass of baryons in the bag model

The free mass of the baryon (flavor f), containing quarks (Nud, Ns) is given by

Mf =
NudΩ(mud) +NsΩ(ms)

R
− Z0

R
+ ∆EM(f) + (4/3)πBR3, (150)

where Ω(m) (quark mode) is calculated by following boundary condition, in terms

of bag constant(B)

Sinx

x
+
Cosx− sinx

x

Ω +mR
= 0, x =

√
Ω2 − (mR)2. (151)

In the presence of scalar field, Ω2− (mR)2 < 0 but the equation remains valid by

analytical continuation. The bag radius is kept fixed for baryon of each flavor by

the stability condition δMf

δR
= 0. Up and down quark masses are set to zero and

the zero point parameter Z0 is taken(assumed) to be same for all particles.

Hyperfine color interaction is evaluated by ref [200], for color singlet baryon

∆EM = Σj
iEij ~σi. ~σj, i < j, (152)

where σi is Pauli matrix for ith quark and

Eij = 8gc
µi(R)µj(R)Iij

R3
, (153)

µi(R) =
4RΩ(mi) + 2R2mj − 3R

12Ω(mi)(Ω(mi)− 1) + 6Rmi

, (154)

where gc is the color coupling constant and µi is magnetic moment. It is noted that

quark mass dependence produces a non-trivial flavor dependence of the coupling

to the nuclear scalar field. The expression for the overlapping integral Iij is :

Iij = 1 +
−3yiyj − 4xixjsin

2xisin
2xj + xixjKij

2(xisin2xj − (3/2)yi)(xjsin2xj − (3/2)yj)
, (155)
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Kij = 2xiSi(2xi)+2xjSj(2xj)−(xi+xj)Si(2xi+2xj)−(xi−xj)Si(2xi−2xj),

(156)

yi = xi − sinxicosxi, xi =
√

Ω(mi)2 − (Rmi)2. (157)

Effective Mass

In the effect of constant scalar field over the volume of baryon, variations of the

field just yields the spin-orbit interaction, which can be ignored in uniform matter

consideration. Let strange quark does not interact with the scalar field.

mud → mud − gqσσ,ms → ms, (158)

where σ is scalar field and gqσ is its coupling strength to u and d quarks. These

couplings must be substituted in equation (150) and stability condition is followed

to determine the actual radius. Then mass becomes a function of σ and parameters

(B,Z0,ms,gc) which all depend on Rfree
N . So, in a medium

Mf →Mf (mu,d − gqσ, R
free
N ). (159)

Simply a fit of Mf (σ,R
free
N ) −Mf (0, R

free
N ) is made in powers of mu,d − gqσσ,

with also coefficients also fitted as polynomials inRfree
N . σ - N coupling is defined

as

gσ =
∂MN(σ,Rfree

N )

∂σ
|σ=0 = −gqσ

∂MN(σ,Rfree
N )

∂m
|m=0, (160)

which permit to eliminate gqσ in favor of gσ. And following expression is formed

Mf (σ,R
free
N )−Mf (0, R

free
N ) = P

(1)
f (Rfree

N )gσσ + P
(2)
f (Rfree

N )(gσσ)2 + .......,

(161)

where by construction

P
(1)
N (Rfree

N ) = −1, (162)

if the mass is given by(approximated)

Mf =
NuΩ(mud) +NsΩ(ms)

Rfree
N

, (163)
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then

P 1
ΛΣ = −2/3, P 1

Ξ = −1/3, (164)

Following the work given by reference [69], Mf (σ) is given by

Mf (σ) = Mf − ωσf gσσ + (d/2)ω̃σf (gσσ)2, (165)

where d is scalar polarisability and values of ωσf & ω̃σf are given in table 10. And

preferred value of RNfree = 0.8 fm.

N Λ Σ Ξ

d(fm) 0.15 0.15 0.15 0.15

ωσf 1 0.703 0.614 0.353

ω̃σf 1 0.68 0.673 0.371

Table 11: Table for d, ωσf , and ω̃σf .
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7.2 Structural equations

7.2.1 Christoffel symbols and Ricci scalar

ΓλtκΓ
κ
λt = (Γttt)

2 + 2ΓttiΓ
i
tt + ΓitjΓ

j
it = 2(Φ′)2e2ν−2Λ,

ΓλrκΓ
κ
λr = (Γtrt)

2 + 2ΓtriΓ
i
tr + ΓirjΓ

j
ir = (Φ′)2 + (Λ′)2 +

2

r2
,

ΓλθκΓ
κ
λθ = (Γtθt)

2 + 2ΓtθiΓ
i
tθ + ΓiθjΓ

j
iθ = −2e−2λ + cot2θ,

ΓλφκΓ
κ
λφ = (Γtφt)

2 + 2ΓtφiΓ
i
tφ + ΓiφjΓ

j
iφ = −2(sin2θe−2Λ + cos2θ),

(166)

Non-vanishing components of Riemann-Christoffel symbols

Rt
rtr = −Φ′′ − (Φ′)2 + Φ′Λ′,

Rt
θtθ = rΦ′e−2Λ,

Rt
φtφ = rΦ′sin2θe−2Λ,

Rr
ttr = [−Φ′′ − (Φ′)2 + Φ′Λ′]e2Φ−2Λ,

Rr
θrθ = rΛ′e−2Λ,

Rr
φrφ = rΛ′sin2θe−2Λ,

Rθ
ttθ = −Φ′re2(Φ−Λ),

Rθ
rrθ = −Λ′

r
,

Rθ
φθφ = sin2θ(1− e−2Λ),

Rφ
ttφ = −Φ′re2(Φ−Λ),

Rφ
rrφ =

Λ′

r
,

Rφ
θθφ = −1 + e−2Λ,

(167)
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Ricci tensors are given by,

Rtt = [−Φ′Λ′ + Φ′′ + (Φ′)2 + 2
Φ′

r
]e2(Φ−Λ),

Rrr = −Φ′′ − Φ′2 + Φ′Λ′ +
2Λ′

r
,

Rθθ = [−rΦ′ + rΛ′ + e2Λ − 1]e−2Λ,

Rφφ = −sin2θ[rΦ′ − rΛ′ − e2Λ + 1]e−2Λ,

(168)

Individual components of mixed Ricci tensors are calculated by the relation,

Rµ
ν = gµλRλν , (169)

And Ricci scalar is obtained form the relation,

R = gµνRµν , (170)

7.2.2 Relation between Φ and P

From equation (54),

T µν;µ = 0 = (ε+ P )uσ;µu
µ + P,σ +P,µ u

µuσ, (171)

here σ is dummy index and following relations are used to get the right hand side

uν;µuν = uνuν;µ = 0. (172)

One notices that P,r is non-zero and non-trivial component of equation (158) is

(ε+ P )ur;µu
µ + P,r = 0 (173)

and

ur;µ =
∂ur
∂xµ
− Γλrµuλ = −Γλrµuλ (174)

which enable us to get the final relation

dP

dr
= (ε+ P )Γλrµuλu

µ = −(ε+ P )
dΦ

dr
(175)
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7.2.3 Rotational equations

Mixed tensor Rt
φ is calculated (Rt

φ = Rφνg
νt) as,

Rt
φ = (−1/2)[e2µ(r,θ) ∂

2

∂r2
ω(r, θ) + e2λ(r,θ) ∂

2

∂θ2
ω(r, θ) + (

∂

∂θ
λ(r, θ))× e2λ(r,θ) ∂

∂θ
ω(r, θ)

+ (
∂

∂r
µ(r, θ))e2µ(r,θ) ∂

∂r
ω(r, θ) + 3(

∂

∂θ
ψ(r, θ))e2λ(r,θ) ∂

∂θ
ω(r, θ)

− (
∂

∂r
λ(r, θ))e2µ(r,θ) × ∂

∂r
ω(r, θ)− (

∂

∂r
ω(r, θ))e2µ(r,θ) ∂

∂r
ν(r, θ)

− (
∂

∂θ
ω(r, θ))× e2λ(r,θ) ∂

∂θ
ν(r, θ) + 3(

∂

∂r
ψ(r, θ))e2µ(r,θ) ∂

∂r
ω(r, θ)

− (
∂

∂θ
µ(r, θ))e2,λ(r,θ) ∂

∂θ
ω(r, θ)]× e2ψ(r,θ)−2ν(r,θ)−2λ(r,θ)−2µ(r,θ)

(176)

T tφ = − e2ψ(r,θ)[ε+ P ][Ω− ω(r, θ)]

−e2ν(r,θ) + [Ω− ω(r, θ)]2e2ψ(r,θ)
, (177)

e2ψ → r2sin2θ, (178)

T tφ =
r2sin2θ[ε+ P ]ωe−2ν

1− ω2e2ψ−2ν
, (179)

T tφ = r2sin2θ[ε+ P ]ωe−2ν +O(Ω2), (180)

In equation (176), using
∂λ

∂θ
=
∂ν

∂θ
=
∂µ

∂θ
= 0, (181)

one gets,

Rt
φ = −1

2
[e2µ∂

2ω

∂r2
+ e2λ∂

2ω

∂θ2
+
∂µ

∂r
e2µ∂ω

∂r
− ∂λ

∂r
e2µ∂ω

∂r
− ∂ν

∂r
e2µ∂ω

∂r

+3
∂ψ

∂r
e2µ∂ω

∂r
]e2ψ−2ν−2λ−2µ

(182)

Rt
φ = −1

2
[
∂2ω

∂r2
+ e2λ−2µ∂

2ω

∂θ2
+
∂µ

∂r

∂ω

∂r
− ∂λ

∂r

∂ω

∂r
− ∂ν

∂r

∂ω

∂r

+3
∂ψ

∂r

∂ω

∂r
]e2ψ−2ν−2λ

(183)

Rt
φ = 8πT tφ, (184)
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−1

2
[
∂2ω

∂r2
+ e2λ−2µ∂

2ω

∂θ2
+
∂µ

∂r

∂ω

∂r
− ∂λ

∂r

∂ω

∂r
− ∂ν

∂r

∂ω

∂r
+ 3

∂ψ

∂r

∂ω

∂r
]e2ψ−2ν−2λ

= 8πr2sin2θ[ε+ P ]ωe−2ν

(185)

Simple algebraic manipulation leads to equation (100),
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