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A Short Introduction to Hilbert Space Theory

M Loaiza

Department of Mathematics, Cinvestav, Av. Instituto Politécnico Nacional 2508, México City,
Mexico

E-mail: mloaiza@math.cinvestav.mx

Abstract. We present a short introduction to Hilbert spaces and linear operators defined on
them.

1. Introduction

Hilbert spaces are the closest generalization to infinite dimensional spaces of the Euclidean
spaces. These notes were written for students wishing a basic introduction to Hilbert space
theory but who have no knowledge of Banach spaces. First, we consider a normed space and we
see that if the space is finite dimensional all the norms defined on it generate the same topology,
so that the convergence of sequences does not depend on the norm that is used. Later we consider
linear transformations defined in a normed space and we see that all of them are continuous if
the space is finite dimensional. Continuous linear transformations are called bounded operators
and, by introducing a norm in the space of all bounded operators, we convert it into a Banach
space under certain conditions. Once we have clear the concepts of convergence of a sequence
and completeness of the space, we define Hilbert spaces and consider some of their properties.
Mainly we focus on the Pythagorean theorem, the Cauchy-Schwarz inequality, the Parallelogram
Identity and in the introduction of the concept of basis for a Hilbert space. Furthermore, we
show that every Hilbert space of dimension n is isomorphic to C™ and that every separable
Hilbert space is isomorphic to £2, the space of all square summable sequences.

One of the main theorems related to Hilbert spaces is the Riesz Representation Theorem,
which characterizes the continuous linear transformations defined in a Hilbert space with values
in C. This theorem allows us to define the adjoint operator of a bounded operator. Finally we
study the spectrum of an operator and we see some of the properties of the operator in terms
of its spectrum.

The results included here are classical and can be found in many books of functional analysis.

2. Metric spaces and continuous functions

Let X be a set, a metric (or distance) d, defined in X, is a function d: X x X - Ry = {x €
R |z > 0} such that

(i) d(z,y) = d(y, z),
(i) d(z,z) <d(z,y)+d(y, 2),
(iii) d(z,y) =0 if and only if z = y.
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The classical examples of metrics defined in R™ are the following: for a = (ai,...,a,),b =
(b1,...,bn)

dy(a,b) = max{|a; — b;|,i =1,...,n},

day(a,b) = |a; — b,
k=1

n 1/2
ds(a,b) = <Z(ai - bﬁ) .

k=1
Every set is a metric space with the discrete metric:

wen={y 220

Let (X, d) be a metric space, x € X and r > 0. The open ball centered at the point z and with

radius r is the set B,(z) = B(z,r) = {y € X : d(z,y) < r}. The following figure shows B;(0) in

R? with the metrics d;, d» and ds respectively.
A

Open sets in a metric space (X, d) are defined as follows. A set U C X is called open if, for each
x € U there exists a radius r > 0, depending on x, such that B,(z) C U. Observe that

(i) The union of open sets is an open set.
(ii) The intersection of a finite collection of open sets is an open set.

(iii) X and () are open sets.

A family 7 of subsets of X with properties i), ii) and iii) is called a topology for X.

For example, if X has the discrete metric then, any subset of X is open since

B, (x) = {z}ifr <1,
X ifr > 1

Different metrics defined on a set can produce the same topology, for example, in R?, the metrics
di,do and d3 generate the same topology.

Let (z,) be a sequence of points in a metric space (X,d). We say that the sequence
(xn) converges to x, and write x,, — x, if given € > 0 there exists N > 0 such that for
n > N, d(zy,x) < e. A function f: (X,dx) — (Y,dy) is called continuous at the point x € X if
given any sequence (x,) such that x,, — x then f(x,) — f(z).

A sequence (z,) in a metric space (X,d) is called a Cauchy sequence if given € > 0 there
exists N such that for n,m > N, d(z,,z,) < €. Any convergent sequence is a Cauchy sequence
and since the elements of a Cauchy sequence are getting closer and closer when n tends to
00, it is natural to think that every Cauchy sequence is convergent. However, the following
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example shows that this is not the case. Let P be the set of polynomials in [0, 1] with the
metric d(p, q) = sup,e(o 1) [P(x) — ¢(z)| and consider the sequence p,(z) = >} %If Note that
pn(x) — €®, which is not a polynomial anymore. Another classical example of a Cauchy sequence
that is not convergent is obtained by considering the vector space QQ, consisting of all rational
numbers and an irrational point € R\ Q. The decimal expansion of x, x = a.ajagas... is the
limit of the sequence of rational numbers b, = a.a; .. .a,. Thus, (b,) is a Cauchy sequence that
does not converge in Q. Metric spaces such that every Cauchy sequence is convergent are called
complete spaces.

Among all metric spaces those that have the structure of a vector space are quite important.
Most of the examples given above are vector spaces. Let X be a vector space over C or R. A
norm || || defined in X is a function || || : X — R4, such that

(i) |lz|| > 0,]||z|| = 0 if and only if z = 0,
(i) [IAz ]} = [A[ll,
(i) = +yll < ll=ll + [lyll-

A normed space has a direct relation between its algebraic structure and its topological structure.
A normed space which is a complete metric space with the distance d(z,y) = ||z — y|| is called
a Banach space. The most natural examples of Banach spaces are C", R"™ with the Euclidean
norm. Actually, they are Banach spaces with any norm defined in them. This property is
not exclusive of these spaces, every finite dimensional normed space is a Banach space (see [3],
Theorem 2.4-2, for details).

As an example of an infinite dimensional Banach space we have C([0,1]), the set of
all complex-valued continuous functions defined on [0,1] with the uniform norm, ||f|lcc =
SUPe(0,1] |f(2)].

Consider now the set ¢, consisting of all complex valued sequences (a,) such that
>0 1 lan|* < oo, with the norm

This space is a vector space with the following operations: if a = (a,,),b = (b,) € £ and A € C
then

a+b=(ay+by),
Aa = (Aay,).

The space £2 is a Banach space that will play a very important role in the characterization of
separable Hilbert spaces, in the sense we define later on.

Let (z,,) be a sequence in a normed space X, the series > > | x,, is said to be convergent if
the sequence (sy), where s, = x1 + 2 + -+ + &, is convergent. The series Y 7 | z, is said to
be absolutely convergent if > > | ||y|| converges. The following theorem, which proof follows
easily, characterizes Banach spaces.

Theorem 2.1 A normed space is a Banach space if and only if every absolutely convergent
sequence 1is convergent.

3. Hilbert spaces

For simplicity from now on we only consider vector spaces over C. Let V be a vector space, an
inner product is a function (,) : V' x V — C such that for u,v,w € V and X € C,
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One of the most important inequalities in an inner product space is the Cauchy-Schwarz
inequality. It states the following, for any u, v in an inner product space

[{w, 0)| < [lull[[v]]

Using last inequality it is easy to prove that |u|| = \/{(u,u) is a norm in V.

A Hilbert space is a vector space with inner product (, ) such that it is a Banach space with
the norm induced by the inner product.

The simplest example of a Hilbert space is C" with the inner product:

n
(.’B, y> = Z Tilis
=1

where z = (z1,...,2,) and y = (y1,...,¥yn). The metric induced by this inner product is the
usual Euclidean metric in C”.
The space £? is an infinite dimensional vector space that is a Hilbert space with the product:

(a,b) = ZG"E’ where a = (a1, ag,...),b = (b1,ba,...).

n

It is easy to prove that if ||| is a norm induced by an inner product then,
2l[ull + 2[|v]|* = flu+ o[ + [lu - vl

The latter equation is called the Parallelogram Identity and is an important tool to determine
if a Banach space is a Hilbert space or not. For example, the space of all continuous functions
defined on [0, 1] is not a Hilbert space since it does not hold the Parallelogram Identity. Indeed,
let f(z) = &, gx) = 1, then |f + gl = 2,I1f — gl = 1L, |Fll = 1, }g]l = 1.

If a norm holds the Parallelogram Identity this norm defines an inner product in the space
by the polarization identity

1 . . ) )
(,y) = (e +yI* = llz = ylI* +ile + iyl* — illz — iy]]*).

Two points x and y in an inner product space are orthogonal if (z,y) = 0. A set of vectors
{xa}acr is orthonormal if ||zo|| = 1 for each a € I, and (zq,25) = 0 if a # B. Observe that, if
x,y are orthogonal then,
2 2
lz +ylI* = [l=[* + [ly[I*,

which is the Pythagorean Theorem.

An orthonormal set in a Hilbert space H is called a basis of H if the set of all linear
combinations of its elements is dense in H. It means that we can approximate each element of
‘H by linear combinations of the elements of its basis. If H is not a finite dimensional vector
space, a basis in the sense given above is never a basis of H as a vector space or Hamel basis
(see [1] exercise 16, Chapter 1, Section 4). Such as in the case of vector spaces a Hilbert space
always has a basis.
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The space C" is a finite dimensional Hilbert space. A basis of C" is {ey, }}},_; where
em = (0,...,0,1,0,...,0).

In every vector space one can write an element of the space as a linear combination of the
elements of the basis. If H is a Hilbert space which basis is not finite, we can write each element
in terms of the elements of the basis.

In the following theorem, which proof can be found in [6], Theorems 4.14 and 4.15, the series
S22 | aney has the usual meaning

n=1
0.) m
E ane, = lim g AnCn-
n—o0
n=1 n=1

We consider a Hilbert space that has a numerable basis.

Theorem 3.1 If {e,}n>1 is a basis of a Hilbert space H then,

(i) Each element a € H can be written uniquely as

o
a= Zanen, an = (a,ep).
n=1

o

(ii) The inner product of two elements a =Y 0" | aney,b =3 7" bpey, is given by

(a,b) = Zanbn

n=1

and -
lal® = |an|?

n=1

For simplicity, in last theorem we considered a Hilbert space with a numerable basis. The general
version of this theorem can be found in [1], Chapter 1, Lemma 4.13.

A Hilbert space with numerable or finite basis is called separable. On the other hand, a metric
space is called separable if it has a numerable dense set. Since any Hilbert space is a metric
space we could get confused with these two definitions of separability. However, a Hilbert space
is separable if and only if, it is separable as metric space. It is easy to see that the set of all
linear combinations of elements of the basis of H, whose coefficients are complex numbers with
rational components, is a numerable dense set in H.

Let (#H,(, )») and (K, (, )x) be two Hilbert spaces. A linear operator T : ‘H onto K is called
an isomorphism if, for each x,y € H

(@, y)n = (T(2), T(y))n-

Theorem 3.2 Let H be a separable Hilbert space. Then,
(i) If the dimension of the space is n then, H is isomorphic to C".

(ii) If the space has a numerable basis, then H is isomorphic to £2.
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Proof. We only consider the infinite dimensional case. Let {ej,},ecn be an orthonormal basis
for H. Define T : H — ¢? by

T(y) = (<y7€n>)n€Na if Yy = Z@J, €n>6n
n=1
Then,
(T(:U),T(y)> = Z<$ en Z yven en
n=1 n=1

oo
= $,Zy76n€n = xy)
n=1

Thus, H is isomorphic to ¢2. O

The latter theorem is very important concerning the Hilbert structure of the space. However,
most of the Hilbert spaces used in applications have additional properties related to the elements
of the space. For example, the Hilbert space could be the Bergman space, the Harmonic space,
the Hardy space, etc. In any case the nature of the elements in the Hilbert space is very
important.

4. Orthogonal projections

A set A in a metric (in general in a topological space) is closed if its complement is an open
set. For the special case of metric spaces we can prove that a set A is closed using sequences of
points in A. Indeed, A is closed if and only if for any convergent sequence (z,) of points in A
the limit of the sequence is also a point in A.

For infinite dimensional Banach spaces we can find non closed subspaces. For example, the
set of all polynomials in C[0, 1] is a non closed subspace.

Theorem 4.1 Any finite dimensional subspace of a Banach space is closed.

Let H be a Hilbert space and M C H. For a point x € H the distance from x to M is defined
by
d(x, M) = inf{d(z,m)|lm € M}.

Theorem 4.2 Let H be a Hilbert space and M a closed subspace of H. Let x € H\ M, then
there exists a unique point z € M such that
|z — z|| = inf{d(h,m)im € M} = d(x, M) :=d.

Proof. Let (y,) be a sequence of points in M such that

Jim [z =y || = d.
Then, using the Parallelogram Identity, we have that

Yy + Ym — 25U||2 + [lyn — ymH2 = 2|yn — $||2 + 2||ym — I'HQ

This fact implies that

y +y
1y = ymll* = 2llyn — 2[I* + 2llym — z||* — 4|75 — 2>
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Then,
lyn — ymH2 < 2||yn — J,‘||2 + 2||ym — :L'H2 — 4d? — 0 when n, m — oo.

Thus, there exists z € M such that y,, — z. Then,
d(z, M) = lim_[|lz —yn|| = [l = lim y,| = ||z — 2|

Assume that there exists z; € M such that d = ||z — z1||. Then, the sequence z, z1, 2, 21, 2,21, . . .
is such that d = lim,,_, || — wy,|| where,

z if n is even,
Wnp = . .
z1 if n is odd.

Since (z —wy,) converges, it is a Cauchy sequence which implies that (wy,) is a Cauchy sequence,
then z = z;. O

The existence of the element z in last theorem looks quite natural for normed spaces, this
fact is not true for general Banach examples. The reader can find an example in [6], exercise
3.9. The reason our intuition fails is because we think of distances as Euclidean distances.

Let M C H, the orthogonal complement of M is the set

M+ ={heH|(h,m)=0Ym e M}.

The orthogonal complement of M holds the following properties:

(i) M+ is a closed subspace of H.
(i) If M is a closed subspace of H then, (M+)Lt = M.
(iil) M N M+ = {0}.

Theorem 4.3 Let ‘H be a Hilbert space and M a closed subspace of H. Then, every element
x € H is written uniquely as

t=z4+w,zeM and we M.
That is, H = M & M=,
Proof. Let x € H and z € M such that
lx — z|| = d(x, z) = d(x, M).

Let w = 2 — 2, then using [6], Lemma 4.23, w € M=,
If £ = 21 +wi, 21 € M and wy € M+. Then,

z+w =2z +wi,

Then
w—w =2z —z€MNM={0}.

O
Using last decomposition of H as a direct sum of M and M=, the orthogonal projection Py
from H onto M is defined as
P M (1’) = Z.

Observe that ||z]|? = ||z+w]||? = ||z||>+||w||? > || Pyp(z)||?, which implies that Py is a continuous
linear operator.
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5. Continuous linear functionals and the Riesz representation theorem

Let H be a Hilbert space, a linear function ¢ : H# — C is called a functional (or linear functional).
For example, let C",ng € {1,2,...,n}. Define

O(21,22, .+ 2n) = Zng-

Then
SO(Z) = <Z’€n0>v
where
eno = (0,...,0,1,0,...,0), where the ny component of e,, equals 1.

The functional ¢ is continuous.

Theorem 5.1 Let H be a Hilbert space and ¢ : H — C a continuous functional. Then,
dim N(p)*t =1,
where N(¢) = {h € H|p(h) = 0}.

Proof. It is easy to see that N(y) is a closed subspace of H. Since ¢ # 0, N(¢) # H. Then,
N(p)* # {0} (recall that H = N(p) ® N(p)*). Take z1 # 0,29 # 0 in N(p)*. Then, there
exists a complex number a # 0 such that

p(a1) + ap(r2) = 0.

Then o(z1+axz) = 0, which implies that z1+azs € N(p)NN ()t = {0}. Thus, dim N(¢)*+ = 1.
O
The following theorem is called the Riesz Representation Theorem.

Theorem 5.2 Let H be a Hilbert space and ¢ : H — C a continuous linear functional. Then,
there exists a unique z € ‘H such that

o(z) = (x,z) Vr € H.

Proof. Assume that ¢ # 0 then, N(¢)* has dimension 1. Take zy in N(¢)* with ||z = 1.
Let © € ‘H then,

xr=2x — (x,20)20 + (x, 20) 20

Observe that (x — (x, z0) 20, 20) = (2, 20) — (x, 20) (20, 20) = 0 . Thus
& — (2, 20)20 € (N(p)")" = N(p).

Then,

() = (2, 20)20) = (z, 20)¢(20) = (z,(20)20)-
Let z = p(20)20. If p(z) = (z,21) then

(x,z—2z1) =0V € H.

In particular (z — 21,z — z1) = 0 which implies that z = z;. O
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6. Bounded operators

Let (X, |lx), (Y, |ly) be two normed spaces. A linear transformation 7' : X — Y is called
bounded if there exists C' > 0 such that

IT(x)|ly< Cllz|x, Vo e X. (6.1)

For example,

(i) the identity operator I : X — X is bounded.
(ii) Let x¢ € [a,b], the function T : C[a, b] — C given by T'(f) = f(x0) is a bounded operator.
It is easy to prove that a linear operator 7' is bounded if and only if T'(M) is bounded for

any bounded set M. The following theorem which proof can be found in any book of functional
analysis, characterizes bounded operators.

Theorem 6.1 Let (X, | ||x), (Y, |ly) be two normed spaces andT : X — Y be a linear operator.
The following sentences are equivalent.
(i) A linear operator T' is bounded.
(ii) The operator T is continuous.
(iii) The operator T is continuous at the point 0.
(iv) The operator T is continuous at some point xg.
The set B(X,Y') consisting of all bounded operators from X to Y has a natural vector space

structure. Furthermore, if X =Y, B(X) := B(X,X) is an algebra, with the product of two
elements given by its composition. Besides, the norm in this space is defined as

|T|| = inf{C : C holds (6.1)}.

The latter norm can be calculated in many forms.

Theorem 6.2 .

(i) [|T| = sup ||T(z)].
lz)| <1

(i) |T|| = sup |T(z)].
[|lz][=1

(i) |[T) = suplE.
X

The space B(X,Y) is a Banach space if and only if Y is a Banach space. As we mentioned
above, B(X) is an algebra. Besides, if S,T € B(X) then

ST < IS,

which makes B(X) a Banach algebra if X is a Banach space. For a detailed introduction to
Banach algebras see [7].

As an example of a bounded operator, consider the set M, ,,(C) consisting of all n x m
complex valued matrices. Each linear transformation T4 : C™ — C" is given by
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where A is the matrix of the linear transformation in the standard basis for C* and C™:

ail a2 ... Qim T a11r1 + a12x2 + - - + A1mTm
a1 a2 ... Qam T2 2121 + a22T2 + -+ + AoamTm

Ax = . . . . = . ) (6.2)
anl ap2 ... QAapm Tm Ap1%1 + ap2T2 + - -+ ApmTm

It is easy to see that T4 is a bounded operator. Thus, every linear transformation 7" : C™ — C™
is bounded. We mentioned above that any two norms defined on a finite dimensional vector
space generate the same family of open sets. The following theorem is a consequence of this
fact.

Theorem 6.3 If X is a finite dimensional normed space then, any linear operator T defined in
X, is bounded.

The latter theorem is not valid for infinite dimensional normed spaces. For example, let
PJ0,1] be the set of all polynomials, defined on the interval [0, 1], with the norm

[pll = sup |p(z)].
z€[0,1]

And define T : P[0,1] — P[0,1] by T'(f) = f'.

For each n € N, take f,(x) = 2". Observe that || f,|| = 1 but | T(f,)| = ||[nz" || = n, which
shows that 7' is not bounded.

Two important examples of bounded operators defined in ¢? are the shift operators:

S(ay,ag,as,...)=(0,a1,as,as,...), (6.3)
T(al,ag,a;g,...) = (ag,ag,...). (64)

Theorem 6.4 Let (H,(,)) be a Hilbert space and T : H — H be a bounded operator. Then,
there exists a unique bounded operator T* : H — H such that for x,y € H,

(T(z),y) = (&, T"(y))-
Proof. Take y € H and define

Then,
L) < 1T @)yl < 1Tzl

Using the Riesz Representation Theorem, there exists a unique h € H such that
L(z) = (z,h).

Define T%(y) = h. A detailed proof of the boundedness of T can be found in [5], Ch. 12. O
For example, consider the shift operators S, T, defined in (6.3) and (6.4) respectively. Then,

<S(a17a‘2aa37 .. ')7 (b11b2>b37 .- )> — Zanbn—i-l - <(af17a27a37 .. ')7 (b27b3>b47 .. )>
n=1

Thus S* = T. Similar calculations show that 7 = S, which means (7%)* =T.
Actually the operation 7'+ T™* is an involution in B(#). That means, for S,T € B(H)

10
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(i) (T7)* =T,
(i) (ST)* = T*S*,
(iii) (S+1T)" =S5*+1T",
(iv) (AT)* = \T™*.
Besides, it is easy to see that || T*|| = ||T|| and that ||T*T|| = ||T||?>. The last properties of the
adjoint operator and the fact that B(#) is a Banach algebra imply that B(H) is a C*-algebra,
see [4] for details.
An operator T' € B(H) is said to be

(i) self adjoint or hermitian if T = T,

(ii) normal if TT* = T*T,
(ili) wnitary if T*T =TT* = I.

7. The spectrum of a linear operator

Let X be a Banach space the operator T' € B(X) is called invertible if there exists S € B(X)
such that
ST=1and TS =1,

where I denotes the identity operator in X. If X is a finite dimensional normed space and
T : X — X is a linear operator, the following statements are equivalent

(i
(ii
(iii) T is surjective,

(iv) there exists S € B(X) such that ST =1,

(v) there exists S € B(X) such that T'S = I.

T is invertible,

T is injective,

~— — ~— —

The last sentences are not equivalent if X is not a finite dimensional normed space. For example,
the operators S and T defined in (6.3) and (6.4) respectively satisfy ST # [ and T'S = I.
Let T € B(X), the spectrum of T is defined as the set

o(T) ={X € C|T — A is not invertible}.
For example, if we have the linear transformation T4 : C"* — C", given in (6.2), the spectrum

of this operator is the set of all eigenvalues of the matrix A.
The following theorem generalizes the formula

1 [e.e]
= E 2" if |z < 1.
1-=2 o

Theorem 7.1 If T € B(X) is such that |T|| < 1 then, I —T € Inv(B(X)) and

(I—TrlzfiTW
n=0

Proof. Since ||T|| < 1 and [|T"|| < ||T'||" the series Y2 |7 is convergent which implies that
> o2 o T™ converges (see Theorem 2.1). Define

] N
S = T" = lim T
nZ:O N—oo r;)
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Thus,
(I-T)S=85-TS=» T"-> T =1

n=0 n=0

Similarly S(I —T') = I. Thus,
I-7)"t=> 1"
n=0

O

Denote by Inv(B(X)) the set of all invertible operators. Last theorem has two very important
consequences.

(i) Inv(B(X)) is an open set in B(X).

(ii) The inversion T + T~! is a continuous function on Inv(B(X)).

Theorem 7.2 The spectrum o(T) of an operator T, is a compact set of the complex plane and
it is contained in the closed disk {z € C||z| < ||T|}.

Proof. C — o(T) is open because Inv(B(X)) is open and the inversion is continuous. If A € C
is such that [A| > ||T|| then, Al — T = A({ — L) is an invertible operator, which implies that
A¢o(T). O

One can prove that, the spectrum of any element 7' € B(#) is not empty. In [7] can be
found the proof of this result in the context of Banach algebras. This proof is based in the
Hahn-Banach Theorem and the Liouville Theorem.

The spectrum of an operator plays a very important role in the study of the properties of
this operator. The following theorem shows this fact.

Theorem 7.3 ( [5]) A normal operator T € B(H) is

(i) self adjoint if and only if o(T') lies in the real azis,
(ii) unitary if and only if o(T') lies in the unit circle.

Many properties of an operator such as compactness are closed related to the properties of the
spectrum of the operator. Fur further reading on this topic we refer the reader to the references.
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