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Abstract

The purpose of this paper is to further investigate the correlated and memory effects in 3D-Pauli-
like noisy channels for controlled teleportation of an arbitrary unknown single-qutrit state. We
first construct a three-qutrit maximally entangled state in a three-dimensional (3D) Hilbert space
and subsequently propose a 3D controlled quantum teleportation (CQT) scheme for an arbitrary
unknown single-qutrit state using the constructed three-qutrit maximally entangled state as the
quantum channel. In this ideal case, through a few simple 3D unitary operations, the two com-
municating parties can perfectly accomplish the teleportation task under the supervision of the
controller. Subsequently, we examine the performance of this CQT scheme under two successive
uses of a 3D-Pauli-like noisy channel with memory, where the noise errors are categorized into
four types: trit-flip, t-phase-flip, trit-phase-flip, and t-depolarizing. For each noise type, an ana-
lytical expression of the average fidelity is derived as a function of both the noise and memory
parameters. Specifically, we find that, regardless of the noise strength, memory enhances the aver-
age fidelity for trit-flip and t-depolarizing noises, whereas for t-phase-flip and trit-phase-flip
noises, memory reduces the average fidelity once the noise intensity exceeds a certain threshold.
This indicates that in the first two noisy channels, memory can improve the communication effi-
ciency of CQT, while in the latter two, excessive noise causes memory to diminish the teleportation

performance.

1. Introduction

Quantum information science has made great pro-
gress over the past 30 years. As a significant part
of quantum information science research, quantum
communication theory and technology have made
significant breakthroughs [1-7]. Based on the
quantum cryptography system composed of a single
photon source and optical fiber channel, commu-
nication between two nodes separated by hundreds
of kilometers can be realized. However, the commu-
nication distance and performance are limited by
geographical conditions, fiber attenuation, and the
weak energy of single photons, among other factors.
To overcome these limitations, quantum entangle-
ment has emerged as a highly promising solution.

In fact, the study of entangled states has been ongo-
ing. In 1982, the phenomenon of quantum entan-
glement was successfully confirmed by Aspect et al
through experiments [8]. The concept of quantum
teleportation (QT) was first proposed by Bennett
et al [9] in 1993. The feasibility of QT has also been
verified by several physical experiments [10, 11].
Subsequently, quantum entanglement-based com-
munication has attracted extensive attention. A large
number of QT schemes using multi-qubit entangled
states have been presented, such as the W state [12],
GHZ state [13], four-qubit [14], five-qubit [15], and
six-qubit [16] entangled states. The CQT [17] pro-
tocol enhances the security of QT by requiring a con-
troller to authorize the transmission between the
sender and receiver. Bidirectional QT protocols have
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been developed [15-18], enabling both the sender
and receiver to exchange multi-qubit entangled states
simultaneously. Additionally, several enhanced QT
schemes have been introduced, covering various com-
munication scenarios, such as bidirectional quantum
state sharing [19], bidirectional CQT [15, 20], cyclic
QT [21, 22], and cyclic CQT [6, 23, 24], and so on.

Almost all of the above schemes involve the
teleportation of a two-dimensional (2D) subspace
of a quantum system, limiting quantum informa-
tion to qubits only. However, in physics, quantum
particles possess multiple degrees of freedom, allow-
ing quantum systems to exist in higher-dimensional
spaces. High-dimensional entanglement is an essen-
tial resource for quantum information processing.
As a result, researchers have expanded QT to high-
dimensional operations in both theoretical and prac-
tical contexts [25-27]. In [25], the teleportation
of arbitrary high-dimensional quantum states in
photonic systems is explored, providing an example
of QT in a three-dimensional (3D) state. Additionally,
[27] proposed bidirectional controlled teleporta-
tion scheme within a 3D quantum framework. In
recent years, remarkable progress has been made in
experimental implementations of high-dimensional
QT. Hu et al [28] proposed and demonstrated
a QT protocol based on spatial-mode entangle-
ment for high-dimensional teleportation. Zhou et al
[29] experimentally generated an asymmetric three-
photon maximally entangled state and demonstrated
its application potential in QT. Sephton et al real-
ized stimulated teleportation of high-dimensional
information using nonlinear spatial-mode detectors
[30]. Moreover, recent works utilizing integrated
photonic platforms and multiphoton interference
systems have enabled scalable manipulation of high-
dimensional entanglement. In 2025, a nonlinear
high-dimensional QT protocol reported by Bianchi
et al [31] further extended the technological bound-
aries of high-dimensional quantum communication.
Clearly, compared with conventional 2D systems,
high-dimensional QT schemes can transmit more
quantum information and exhibit superior perform-
ance in specific applications. For instance, Brab and
Macchiavello [32] demonstrated that qudit-based
schemes for quantum cryptography offer greater
security in noisy environments than those using qubit
states. Furthermore, Klimov et al [33] emphasized
that using qutrits for quantum computation signi-
ficantly increases the available Hilbert space without
requiring additional physical resources.

On the other hand, most existing studies on QT
have neglected the influence of quantum noise. In
realistic conditions, decoherence caused by the inter-
action between a quantum system and its environ-
ment can hardly be completely suppressed. Noise can
attenuate the quantum state so that the received out-
put state is inconsistent with the teleported state;
therefore, it is crucial to investigate the impact of
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noise on QT schemes and to ascertain methods for
enhancing the fidelity of the output state. In 2002,
Oh et al [34] introduced noise into the study of
QT schemes. They found that when the channel was
affected by anisotropic noise, the fidelity of QT is
lower than that of classical communication. However,
when the noise was modeled using a Lindblad
master equation, the teleportation fidelity remained
above the classical threshold. Following this pion-
eering study, numerous quantum communication
schemes operating under noisy environments have
been proposed [35-43]. Researchers have systemat-
ically examined how different types of noise, such
as amplitude damping, phase damping, and depol-
arizing processes, affect quantum communication by
evaluating the corresponding fidelity, and a vari-
ety of noise-suppression techniques, including entan-
glement distillation and weak measurement, have
been introduced to mitigate the detrimental effects
of decoherence. To further improve the resilience of
QT against realistic noise, several advanced schemes
have been developed. Xiao et al [44] proposed a
weak-measurement-based and environment-assisted
protocol that significantly enhances teleportation
performance under correlated amplitude-damping
noise, effectively utilizing partial information about
the environment to restore coherence. Dakir et al [45]
explored the dynamical properties of QT in open two-
qubit systems, revealing how quantum coherence and
nonclassical correlations evolve under various noise
regimes. Building upon these ideas, Kim and Jeong
[46] investigated port-based entanglement teleport-
ation using noisy resource states, offering a system-
atic framework to quantify entanglement degrada-
tion and suggesting a robust pathway for reliable state
transfer in non-ideal quantum channels. Collectively,
these studies reflect a transition from the passive mit-
igation of noise to actively exploiting environmental
correlations and system-environment interactions to
preserve quantum information, providing valuable
insights for the development of more noise-tolerant
teleportation protocols.

Most QT studies, however, are still predicated on
the assumption that the quantum channel used to
transmit entangled particles is memoryless, mean-
ing that two consecutive uses of the channel are
statistically independent. In practical scenarios, this
assumption rarely holds, as residual correlations
within the physical medium can give rise to memory
effects that alter the dynamics of quantum inform-
ation transfer. Macchiavello and Palma [47] were
among the first to explore such effects by introdu-
cing a Pauli memory channel model, demonstrat-
ing that correlated noise can enhance the transmis-
sion of classical information in depolarizing chan-
nels. Subsequent research [48-51] has extended this
concept to a variety of correlated noise environ-
ments, revealing that memory effects can fundament-
ally change the behavior and efficiency of quantum
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communication processes. Recent studies have fur-
ther deepened this understanding. D’Arrigo et al
[48] demonstrated that correlations between success-
ive uses of a Pauli noise channel can improve tele-
portation fidelity, while Zhang and Sun [51] pro-
posed a remote-state-preparation protocol adapted to
memory-enabled Pauli channels, quantitatively ana-
lyzing fidelity under five representative noisy mod-
els and showing that appropriate memory correla-
tions can enhance communication efficiency. Xu et al
[52] extended this analysis to high-dimensional QT
systems, showing that Markovian memory can sig-
nificantly improve robustness against environmental
noise. Chen and Gong [53] further contributed by
developing an efficient estimation method for Pauli
channels with quantum mutual memory, enabling
accurate characterization of correlated noise pro-
cesses. Building on these advancements, Zhou [54]
proposed an asymmetric cyclic CQT scheme under
noisy conditions, illustrating how structured cor-
relations among multiple entangled subsystems can
maintain coherence and stabilize transmission per-
formance. Taken together, these works demonstrate a
clear evolution in the field, from treating noise as an
unavoidable obstacle to recognizing it as a potentially
exploitable resource. The growing body of research
on memory-assisted and high-dimensional teleport-
ation thus provides a strong theoretical foundation
and motivation for exploring how memory correla-
tions influence the fidelity of controlled QT in high-
dimensional systems.

So far, there have been few studies on high-
dimensional CQT in noisy channels with memory.
Therefore, it is significant to study the effect of
memory on the fidelity of high-dimensional CQT.
In this paper, we investigate the realization of a
CQT scheme for an arbitrary 3D single-qutrit state.
Initially, we present the protocol in an ideal environ-
ment after constructing the tripartite qutrit entangle-
ment channel. Subsequently, we analyze the propaga-
tion of 3D quantum states through four 3D-Pauli-
like noisy channels with memory. In these channels,
four types of 3D-Pauli-like disturbances correspond-
ing to Weyl transformations are generated by Kraus
operators: trit-flip, t-phase-flip, trit-phase-flip, and
t-depolarizing. By allowing some of the qutrits to
pass through the 3D-Pauli-like noisy channels with
memory, we derive an analytic formula to quantify
the average fidelity of the CQT scheme for each type
of noisy channel. The findings indicate that the pres-
ence of memory in trit-flip and trit-phase-flip noise
channels enhances the communication precision of
CQT, whereas in t-phase-flip and t-depolarizing noisy
channels, it diminishes the precision.

The arrangement of this paper is as follows. In
section 2, we introduce the preliminaries relevant
to the work, including descriptions of qutrits, the
3D-Bell state, Weyl operators, as well as measure-
ment bases and unitary transformations for qutrits,
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and four types of 3D-Pauli-like disturbances char-
acterized by Kraus operators. In section 3, the pro-
posed scheme is described in an ideal environment. In
section 4, the scheme is presented in each of the four
types of 3D-Pauli-like noisy channels with memory,
and the relationship between fidelity, memory, and
noise parameters is identified. We conclude the paper
in section 5.

2. Preliminaries

In this section, we introduce fundamental concepts
essential to the work, including qutrits, 3D-Bell states,
3D-GHZ states, unitary transformations for qutrits,
Weyl operators, and 3D-Pauli-like noise.

2.1. Qutrit, 3D-Bell state and 3D-GHZ state

Similar to the classical trit, the basic unit of inform-
ation in a 3D quantum system is known as a qutrit.
A qutrit exists as a superposition of the computa-
tional basis states |0), |1) and |2), and can be generally
expressed as

o) = @]0) + B[1) +712), (1)

where o, and 7 are complex numbers satisfying
the normalization condition |a|*+ |B]*+ [y|* =1.
In specific cases, it can also be derived from [43] as
follows

0 0 .
lo) = c055\0> +sin5cos%e“9|l>
. T i’
- = 2 2
—|—51n2c052e [2), (2)

here 0,7 € [0, 7] and ¥,9’ € [0,27], and the symbol i
denotes the imaginary unit satisfying i = v/—1. The
general form of a two-particle Bell state in a high-
dimensional quantum system can be represented as
[55]

d—1
6a) = —= 3" ETF 4 @ | (j+ ymodd),  (3)
=0

Vd

where s,t=0,1,2,---,d — 1. When d =3, the nine
3D-Bell states are given by:

) = = (100) + 1) + 122)
[610) = 5 (100) + 27 |11) 4 472 12)
620 = = (100) + €47 11) 4 272 12)
) = —=(101) +112)+ [20)
[61) = (101 +7/12) + €7 20)
o) = = (101) + €472 )12) 4 7120))
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6m2) = < (102) +10) + [21))

‘¢12>:%(|02>+e27!‘i/3|10>+e4ﬂ'i/3|21>)
‘¢22>:%(|02>+e4ﬂi/3|10>+627ri/3|21>). (4)

By using an additional single photon, the nine
3D-Bell stateshave been shown to be distinguishable,
which is described in detail in [25]. Therefore, they
can form a basis {|¢y} for jointly measuring two-
qutrit states. An n-particle d-dimensional entangled
quantum state can be expressed as [56, 57]:

|¢(u17u27"' 7uﬂ)>
1 d—1 )
:ﬁ262w1]u1/d|]’7]'+u2’...7]'_|_un>, (5)
j=0

When n=3,d=3 and 4; =0 (j = 1,2,3), the 3D-
GHZ state can be written as

1

V3

2.2. 3D measurement bases, 3D unitary operations
and Weyl operators

In order to realize the transmission of the qutrit states,
we need to introduce some basic measurement bases
and unitary operations. Similar to the Z-basis and X-
basis, which are often used for measurement in 2D
quantum systems, the measurement bases for the 3D
quantum system are defined as [34]:

G) (1000 4 [111) + |222). (6)

3D — Z —basis : {|0),1),]2)},

2
3D — X — basis : {Xj> = %Zezmjﬂk)u =0, 1,2}_
k=0
(7)

In a 2D quantum system, the Hadamard transform
can convert the computation basis states |0) and |1)
to the superposition states |+) = %(|0> +11)) and
|—) = %(\m —|1)), respectively. The correspond-
ing transform H® in a 3D quantum system can be
expressed as in [34, 57]

2
1 i .
H® = 7 YTl

j1=0
1 1 1 1
_ 1 eZ‘n’i/.’: e47ri/3 . (8)
V3 1 etmi/3  2mi/3

A 3D-controlled NOT gate Ci§3) in a 3D quantum sys-
tem is defined as [34]:

C1s)ile); = Is)il (s+ £) mod3);, 9)

where i denotes the controlled qutrit, and j represents
the target qutrit. Weyl operators in a d-dimensional
quantum system, analogous to Pauli operators in 2D
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quantum systems, serve as transformations for high-
dimensional states, and can be expressed as [34]:

(Un)y; = TG, (i hmodds (10)
where k,1,j',7 =0,1,--- ,d— 1.

2.3. 3D-Pauli-like noise

Quantum noise is an inevitable phenomenon in phys-
ical QT, resulting in the received output state diver-
ging from the transmitted state due to the effects of
decoherence. In 2D quantum systems, the most com-
mon type of noise is Pauli noise, which includes bit-
flip, phase-flip, bit-phase-flip, and depolarizing noise,
each determined by different Pauli operators.

Within a 3D quantum system, the corresponding
Pauli noise, termed 3D-Pauli-like noise, encompasses
trit-flip noise, t-phase-flip noise, trit-phase-flip noise,
and t-depolarizing noise, respectively. These types of
noise depend on the Weyl operator and are briefly
described using Kraus operators [34]. Here, p repres-
ents the noise strength, that is, the probability that the
quantum state is affected by the 3D-Pauli-like noise
within the quantum channel. Its value lies within the
range 0 < p < 1. When p =0, the channel is ideal and
noiseless; when p =1, the channel is completely dis-
turbed by noise.

The Kraus operators corresponding to trit-flip
noise are given by

Eoo = +/1—pUoo, Eo1 =+/p/2Uo1, Enzx =+/p/2U02,
(11)

where p denotes the probability of a flip.
The Kraus operators corresponding to t-phase-
flip noise are

Eoo = /1 —=pUpo, Ero=+/p/2U1, Ez=+/p/2U2,

(12)

where p denotes the probability of a phase shift.
The Kraus operators corresponding to trit-phase-
flip noise are

Eoo =+/1—pUo, Ei1 =+/p/2Un1, Eia=+/p/2U12,
Exyi =+/p/2Ux1, Ex =+/p/2Uxn, (13)

where p denotes the probability of a phase shift.
The Kraus operators corresponding to t-
depolarizing noise are

8
Eoo =1/ 1 - §PU00, Ey = gUm, Eyp, = gUoz,

Ey= @Ulo, E = \/f)Un, E, = \/pUlb

3 3 3
Ey = gUzo, E» = ?Uzh Ey = gUn,

(14)

where p denotes the depolarization probability.
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3. Deterministic controlled teleportation
of an unknown single-qutrit state

In this section, we provide a comprehensive descrip-
tion of a 3D CQT scheme designed for transmitting
an unknown single-qutrit state in an ideal environ-
ment. The protocol involves three parties situated at
distinct locations: two observers, Alice and Bob, and
a controller, Charlie. Assuming Alice wishes to send
an arbitrary unknown single-quitrit state |€) 4 to Bob,
this state can be expressed as

1€)a = a0]0) +a1|1) + a3 2), (15)

where ag,a; and a, are complex numbers that satisfy
lag|? + |a1|* + |az|* = 1. Bob can successfully receive
the state only when the communication is permitted
by the controller, Charlie.

The CQT procedure consists of the following four
steps.

Step 1 Charlie needs to prepare a three-qutrit
entangled state in a 3D quantum system as follows

19) = 50001(100) + [11) +122))z5

+[1)1(100) + 7 11) + €72 (22) )55
+12)1(100) + €T3 [11) +€¥7/3(22)) ).
(16)

The specific preparation process is as follows: the
input state is the three-qutrit product state |¢1) =
|0)1]0),]0)3. Applying the first Hadamard operation
H®O to particle 1, we obtain the state

i) = HO o) = \% (000) +[100) + |200)) . .
(17)

Subsequently, Charlie performs a controlled-NOT
operation Ci§-3) on the particle pair (1,2), with qubit
1 acting as the controlled particle and qubit 2 as the
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target. This operation transforms the state |1),) into
1

[s) = C3 J2) = 5

(1000) +[110) +|220)),,5 -

(18)

Next, particle 2 is sent through a Hadamard opera-
tion, then the state |t/3) can be transformed into

[94) = 5110)1(100) +[10) +[20))25
+[1)1(|00) + €2 /3]10) + €'™1/3|20) )5

+12)1(100) +¢7[10) +&¥7/2120) )5].
(19)

Finally, a 3D controlled-NOT operation is applied to
particles (2, 3). The state |1/4) then evolves into

[s) =3 1)
= 310)1(100) + [11) + 22))
+10)1(100) + €7V 10) + 713]2)

+12)1(100) + €T 11) + &72(22) 5],
(20)

Obviously, |¢s) = |Q).

After obtaining the quantum state |Q), Charlie
needs to send qutrits 2 and 3 to Alice and Bob,
respectively, and keep qutrit 1 for himself.

The state of the entire quantum system, compris-
ing the teleported state |€)4 and the channel |Q), is
represented as

IT) =1£)a®|Q). (21)

Step 2 Alice performs a joint measurement on the
qutrit pair (2,A) in the 3D-Bell basis and records her
measurement outcome. She then transmits the cor-
responding classical information to Bob through a
classical channel.

Utilizing a 3D-Bell basis

2
1 Ny
|fmn) = ﬁZeZ’T"’W ®|(j+n)mod3)[m,n=0,1,2 5, (22)
j=0

the state of the initial system presented in equation (21) can be represented as

2 2 2
1 o
)= 57322 3 [Bmalrhs [ S atwemoane™ e | (23)

r=0 m,n=0

k=0
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Generally, if Alice’s measurement result is
|@mn)24, then the state of the remaining particles
will be collapsed into

2 2

) 1 .

T = — r a Do eZ'frlk(r—m)/3 k ]

|T) 373 r§:0| )1 1?:0 (k-n)mod3 k)3
(24)

Step 3 If Charlie permits the communication
between Alice and Bob, he must perform a single-
qutrit measurement in the 3D-Z-basis on qutrit 1.
The measurement outcome will correspond to one of
the states |r); where r=0,1,2, each occurring with
an equal probability of 1/3. Following this measure-
ment, the state of qutrit 3 will be transformed into

2
. 1 K(r—m
1) =1(1T) = 5 | D aternmoase™ k)| -

k=0
(25)

Following the measurement, Charlie must convey
his measurement outcome to Bob using classical
communication.

Step 4 After receiving the measurement results
from Alice and Charlie, Bob needs to perform pre-
form a unitary transformation

Up = |n)(0] 4+ ¥ "=/3| (5 + 1) mod3)
x (1] 4 ¥ m=/3| (n 4 2) mod3) (2|
on qutrit 3 to reconstruct the desired state |£) 4.
It is straightforward to verify that Up is a Weyl

operator in 3D quantum systems for any r,m,n €
{0,1,2}. Clearly, there are 9 x 3 such collapse states
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in equation (25), each occurring with a probability of
1/9 x 1/3. Following the aforementioned four steps,
Bob can consistently reconstruct the desired quantum
state |£) 4 by applying the appropriate 3D Weyl oper-
ator, resulting in a total success probability of

1 1
- X = | x27=1.
9 3

4. Controlled teleportation in
3D-Pauli-like noisy channels with
memory

It is well-recognized that communication environ-
ments in the real world are not devoid of noise.
Thus,in order to construct a practical quantum com-
munication scheme, it is essential to understand and
control the quantum noise process. Naturally, an
important question arises: how does noise in the
quantum channel affect the procedure of controlled
QT (CQT) in a 3D system? In this segment, we invest-
igate how quantum noise influences the process of
CQT within a 3D system, maintaining the assump-
tion that the 3D entangled state |Q), as outlined in
equation (16), serves as the quantum channel initially
prepared by Charlie. In this setup, Charlie retains
qutrit 1 while sending qutrit 2 to Alice and qutrit 3
to Bob through their respective quantum communic-
ation channels. Suppose that during transmissions,
qutrits 2 and 3 experience 3D-Pauli-like noise. The
evolution of the entangled channel |Q) under the
effect of 3D-Pauli-like noise can be represented by
the density operator as follows:

Pen = Z PrnktUo0 ® Upn @ Ugt| Q) (Q (Uoo @ Uy @ Ukl)Ta

m,n,k,I=0

pmn,kl - pmnpklv

where the noise parameters p,,, and py corres-
pond to the probabilities associated with the operat-
ors U, and Uy acting on qutrits 2 and 3, respect-
ively. However, in practical communication scen-
arios, when qutrits 2 and 3 are transmitted through
a noisy channel with minimal temporal separation,
a degree of correlation arises between the two uses
of the channel. In this study, we propose that the
correlation exhibits Markovian properties, which can
be described by

(26)

Pmn,kl = (1 - M)pmnpkl + ﬂpmnémn,klv (27)

where 6,,, 1 = 1 when mn =kl and 6,,, » = 0 when
mn % kl. The parameter p (0 < p < 1) represents the
memory coefficient of the quantum channel, charac-
terizing the degree of correlation between consecut-
ive channel uses. Specifically, when p =0, the chan-
nel is memoryless, and each noise event occurs inde-
pendently; whereas when p = 1, the channel is fully
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correlated, meaning that the same noise acts identic-
ally on both transmitted qutrits.

2

Pen =
m,n,k,]=0

2
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Based on equation (27), the density operator p,,
can be reformulated as

Z [(1 - M)pmnpkl + ,U/pmndmn,kl] UOO ® Umn & Ukl|Q> X <Q| (UOO & Umn ® []kl>Jr

=(1=p) D PunbitUo0 ® Upn @ Unt| Q)(Q| (Uno ® Uy @ Upr)'

m,n,k,I=0

2
+/’L Z pan00®Umn®Umn|Q><Q|(UOO®Umn®Umn)T- (28)

m,n=0

By implementing the CQT described in section
3 through the channel p,,, and performing the sub-
sequent measurement operations and unitary trans-
formations, Bob can obtain the output state repres-
ented by the density operator

Pout = Utz 4,1 {[1)1 (] @ [Smn)2a (Pmnl[€)a (€]

®Pen(w)mn>2A<¢)mn‘)]L & (|r>1<r|)T}(UB)Ta
(29)

where tr, 4 ;1 denotes the partial trace over qutrits 2, A,
and 1. In a perfect teleportation scenario, the output
density operator p" will match the density |£)4 (€|
of the teleported state, aside from a normalization
factor. However, in the presence of quantum noise,
there will be a divergence between the two dens-
ity operators. The fidelity of the teleportation pro-

cess, which quantifies how closely the output state

P approximates the desired teleported state, can be

determined by

F™ = (lpout 1€)- (30)

Mean fidelity is defined in terms of all possible meas-
urement results as

2

F, = Z anrme, (31)

m,n,r=0

where p,,,» depends on the coefficients of the tele-
ported state pi".F,, primarily depends on the coef-
ficients of the teleported state |{)4 and thus, it is
more practical to compute the average fidelity over
the ensemble of input states [35, 55]

2 T ™ 2T 2T
(F)== / / / / sin’ 0 sin = cos 0 cos zd9d7'd19d19'Fm, (32)
™ Jo Jo Jo 0 2 2 2 2

by using the following relationships ay = cos g,al =

. 1 . . 1 / .
sin% cos Ze' and a, = sin  sin Ze” of state |¢) 4 in
accordance to

equation (2).

4.1. Calculation of the fidelities

In this subsection, we consider the average fidelity of
the 3D-CQT scheme for four types of 3D-Pauli-like
noise in channels with memory. By using the Kraus
operators for the four types of 3D-Pauli-like noise,
the channel noise for each type in a memory-inclusive
channel can be obtained by setting different noise
parameters p,,, (m,n=0,1,2) in equation (28),
specifically.

The trit-flip channel with memory can be given by
poo =1—p,por =poa =p/2, and pig =pn =pn =
P20 =pa =pn=0.

The t-phase-flip channel with memory is char-
acterized by Poo = 1 — P,P1io = P20 :p/2, and Po1 =
Po2 = pui = p12 = pa1 = p22 = 0.

The trit-phase-flip noise in a memory-inclusive
channel can be obtained by setting poo =1 — p,p11 =
P12 = P21 = px = p/4and po; = po; = p1o = p20 = 0.

The trit-phase-flip disturbance in a memory-
inclusive channel is given by setting noise paramet-
ers poo = 1 — 8p/9and po1 = po2 = p1o = pa0 = pu =
P12 = pa1 = p22 = p/9. For these specific noise chan-
nels, the average fidelity can be calculated by follow-
ing the steps outlined below.
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Firstly, based on the equation [ [ [ [sin’¢sinZ
cosgcosgdﬁdrdﬁdﬁ’ = [dI'5 (see [58]), equation

(32) can then be expressed as

)= 2 [ dr,. (33)

Second, the expression of F, consists of
ag,a1,a,,p and u. Therefore, the integral over F,,
can be regarded as the integral over ag,a; and a,.
Then, combining this with the equation from [58]

2 1
= /dF3a]~a;’;ala; =5 (6ik0m + Ojmlu) . (34)

the following equation holds

2
/dr3|ao‘4Z/dr3\a1|4:/dr3|a2‘4:%7
/dl"3|ao|2|a1\2:/dl“3\a0|2|a2|2

2 2
= [ dI’ = —. 35
/ 3|a1||az] 24 (35)

Finally, the average fidelity can be obtained by sub-
stituting equation (35) into equation (33). Therefore,

(-2
L)

o33

Equation (37) indicates that average fidelities
(F)r and (F)p increase as the memory parameter
1 increases, independent of the noise parameter p.
However, for average fidelities (F)p and (F)pp, we
observe respective threshold values (p =2/3 and p =
4/5) derived from equation (37). (F)p and (F)gp
increase as the memory parameter increases only
when the noise intensity p is below the correspond-
ing threshold value. In other words, for trit-flip
noise and t-depolarizing noise, the fidelity of con-
trolled teleportation can be improved by increasing
the value of channel memory, even for the strongest
noise. However, for t-phase-flip noise and trit-phase-
flip noise, the controlled teleportation accuracy can
only be improved by increasing the value of chan-
nel memory if the noise intensity p satisfies a cer-
tain condition (i.e. p must not exceed the correspond-
ing threshold). Figure 1 illustrates the relationship

M Liu et al

the average fidelity under these four types noise chan-
nels with memory can be expressed as

.3 .9, 3 3
(Fr=1 SPtgp +2pu<1 4p),

(F) 1 2p 1 2 (122
p= 217 8P 417# 217 )

=y By (122
(Fypp=1-35p+1cp +4pu<1 4p),

4 2 1
(Flp=1-3p+ 5p2 +opu(5—4p).  (36)

for 0 < p, 1 < 1, where (F)r is the average fidelity of
the trit-flip noise channel, (F)p is the average fidelity
for the t-phase-flip noise, (F)pp is the average fidel-
ity for the trit-phase-flip noise, and (F)p, is the aver-
age fidelity for the t-depolarizing noise with memory,
respectively.

4.2. Analysis of the effect of memory on the average
fidelity

Now, we analyze the effect of memory on the aver-
age fidelity for each type of noise channel. From
equation (36), the partial derivatives of the average
fidelities with respect to the memory parameter for
the four noise channels are given by

>0, 0<p<2/3
<0, p:00r2/3<p<1.
>0, 0<p<4/5;
<0, p=0or4/5<p< 1.

(37)

between the average fidelity and the memory para-
meter for the three scenarios p = 0.1,0.5,0.9 , as spe-
cified in equation (36).

Figure 1 illustrates that, for all three values of p,
the average fidelities (F)r and (F)p increase with an
increase in the memory parameter. In contrast, the
average fidelities (F)p and (F)pp initially decrease as
1 increases in panel (a) and (b), and continue to
decrease with p in panel (c).

Specifically, when p=0.1, (F)p and (F)p
increased from 0.861 and 0.873 to 1 and 0.95

respectively, while (F)p and (F)pp decrease
from 0.861 and 0.859 to 0.925 and 0.925
respectively.

When p =0.5, (F)pand (F)p increased from 0.531
and 0.5 to 1 and 0.75 respectively, while (F) p and(F) pp
increased from 0.531 and 0.484 to 0.625 and 0.625
respectively.
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When p=0.9, (F)rand (F) increased from 0.561
and 0.34 to 1 and 0.55 respectively, while (F)p and
(F)p decreased from 0.561 and 0.409 to 0.325 and
0.325, respectively.

The combined of the noise parameter p and the
memory parameter y on the average fidelities for the
four types of noise channels is shown in figure 2.

It can be roughly observed from figure 2 that for
trit-flip and t-depolarizing noise channels, memory
helps to slow down the degradation of the average
fidelity due to noise, thus improving the accuracy
of CQT. However, for t-phase-flip and trit-phase-flip
channel noise channels, each type of noise has a spe-
cific threshold intensity, denoted as p*. Below this
threshold, increasing memory improves the average
fidelity. Beyond this threshold, however, increasing
memory results in a decrease in average fidelity.

Furthermore, by examining figure 2 in detail, we
can draw the following conclusions:

(a) Trit-flip noise

When ;1 =0, i.e. it is irrelevant that Alice and Bob
continue to use the channel, the average fidelity (F)p
satisfies (F)p = 1 + 2 (p — %)%, which attains its min-
imum 1/2 at p = 2/3, and reaches its maximum value
of 1 at p=0. Figure 2(a) shows that when © =0,
the average fidelity (F)r initially decreases from 1
and then increases as the noise parameter p increase
, reaching its minimum value of 1/2 when p=0.7.
However, when p > 0 (i.e. the channel has memory),
(F)F is always greater than 1/2, and it increases as
increases. When p = 1, (F)F is always at its maximum
value of 1, regardless of p. This observation confirms
that memory in trit-flip noisy channel improves the
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efficiency of the controlled teleportation scheme and
that the scheme becomes immune to trit-flip noise
when there is a strong correlation between two suc-
cessive uses of the channel.

(b) Trit-phase-flip noise
When p =0, the average fidelity is given by (F)pp =
£+ 3(p— %)% which attains its minimum 2/5 at p =
4/5, and reaches its maximum 1 at p = 0. Figure 2(b)
shows that when 1 =0, (F)gp initially decreases and
then increases with the increase of the noise para-
meter p, reaching its minimum value of 0.4 when
p=0.8.When > 0, (F)pp is always no less than 0.25,
and from figure 2(b), there is a region where (F)gp
is less than 1/2. This region does not change signi-
ficantly as the memory parameters increase. That is,
an increase in memory does not increase resistance to
this type of noise as it does to the trit-flip noise.
When p = 1, the average fidelity (F) gp decreases in
a straight line and reaches the minimum value of 0.25
when p = 1. That means that when Alice and Bob’s
continued use of the channel is completely relevant,
the maximum reduction in the average fidelity (F)gp
occurs by increasing the noise parameter, compared
with other memory values.

(c) T-phase-flip noise

When p=0, the average fidelity (F)p is given by
(F)p=1+3(p— %)% similar to (F)p, (F)p attains
its minimum value of 1/2 at p=2/3 and reaches
its maximum value of 1 at p=0. Figure 2(c) shows
that when p =0, the average fidelity (F)p initially
decreases and then increases as the noise parameter
p increase, reaching its minimum value of 1/2 when
p=0.7. Like (F)pp, when 1 > 0, (F)p is always no less
than 0.25, and there is also a region where (F)p is
less than 1/2, which does not change significantly as
the memory parameters increase. This shows that an
increase in memory does not increase resistance to
this type of noise as it does to the trit-flip noise. When
p=1,(F), drops from 1 to 0.25 in a straight line as the
noise parameter increases from 0 to 1, i.e. This obser-
vation confirms that maximum memory in the t-
phase-flip noisy channel greatly promotes the decline
of CQT efficiency.

(d) T-depolarizing noise

When 1 =0, the average fidelity (F)p is expressed as
(F)p = % + %(pl )2, which reaches its minimum value
of 1/3 at p =1, and attains its maximum value of 1 at
p=0. Figure 2(d) shows that when p = 0, the average
fidelity (F)p always decreases as the noise parameter
p increases, reaching the minimum value of 1/3 when
p=1. However, when p >0, (F)p is always greater
than 1/3, and it increases as y increases. When p =1,
(F)p is not always less than 1/2. This observation con-
firms that memory in a t-depolarizing noisy channel
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increases the robustness of the scheme, i.e. regardless
of the noise intensity, increasing the memory para-
meter in the t-depolarizing noise channel can always
improve the precision of CQT.

5. Conclusion

By employing 3D-Hadamard gates and 3D-controlled
NOT gates, this paper constructs a three-qutrit max-
imally entangled state in a 3D quantum system and
subsequently proposes a 3D CQT scheme in an ideal
environment. In this scheme, Alice, under Charlie’s
control, successfully transmits an arbitrary unknown
single-qutrit state to Bob with a 100% success probab-
ility, using the three-qutrit entangled state construc-
ted in this work as the quantum channel.

To further evaluate the robustness of this CQT
scheme, fidelity is employed to quantify its perform-
ance in a 3D Pauli-like noisy environment. Four typ-
ical types of 3D Pauli noise-trit-flip, trit-phase-flip,
t-phase-flip, and t-depolarizing noise-are analyzed.
The model assumes that the qutrits of both sender
and receiver pass through their respective noisy chan-
nels consecutively, with only a short time interval
between them. Due to this temporal proximity, the
two channel uses are correlated, and the channel can
thus be regarded as a memory channel. In this study;,
we derive the analytical relationships between the
average fidelity of the CQT process and the noise
parameters for the four types of 3D Pauli-like noisy
channels with memory. Furthermore, we obtain the
partial derivatives of the average fidelity with respect
to the memory parameter for each noise type. The
results indicate that these partial derivatives are pos-
itive for trit-flip and t-depolarizing noise channels,
implying that increasing memory enhances teleport-
ation fidelity. In contrast, for t-phase-flip and trit-
phase-flip noise channels, a threshold behavior is
observed: when the noise parameter exceeds a spe-
cific value, the partial derivative becomes negative,
meaning that memory effects deteriorate teleporta-
tion fidelity beyond this threshold.

In summary, this work proposes a novel 3D
CQT scheme for an arbitrary unknown single-qutrit
state using a newly constructed three-qutrit max-
imally entangled channel. Under realistic 3D Pauli-
like noisy environments, our analysis reveals that
memory effects can enhance the performance of
CQT in trit-flip and t-depolarizing noise chan-
nels, while for t-phase-flip and trit-phase-flip chan-
nels, such enhancement only occurs below certain
noise thresholds. These findings provide theoret-
ical insights for future studies in high-dimensional
quantum communication and can serve as valuable
guidance for improving the experimental implement-
ation of CQT protocols.
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