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Abstract

Extended Cosmological Probes of Massive Dark Relics

by Deanna C. HOOPER

Despite the incredible progress made in cosmology and particle physics in the last century,
there are still many unanswered questions. Specifically, we have robust evidence showing
that ∼ 85 % of the matter content of the universe is invisible and only interacts gravitation-
ally. Furthermore, observations show neutrinos to have a non-zero mass, which is not readily
explained with the Standard Model of particle physics. Moreover, as we acquire increasingly
precise data on different cosmological scales, we notice that some tensions and mismatches
appear within our standard cosmological model. In this work I use both current and future
experiments to address these problems, focussing on neutrino masses in cosmology and on
the possibility that dark matter has small non-gravitational interactions with other particles.

After a thorough review of the necessary theoretical background, I discuss the main probes
at our disposal to observe the universe around us. I detail a new method we have developed
to constrain non-cold dark matter models using Lyman-α data, by parametrising the sup-
pression these models induce in the matter power spectrum. Additionally, I discuss the new
implementation of spectral distortions in our Boltzmann code, which will allow us to more
easily use this probe in combination with other cosmological observables.

Furthermore, I forecast the sensitivity to the sum of neutrino masses of thirty-five different
combinations of future Cosmic Microwave Background and Large Scale Structure data sets,
showing that future surveys will measure the neutrino mass with high significance, regardless
of the underlying cosmological model.

Finally, I discuss the possibility that dark matter has additional interactions, either with baryons
or with an additional relativistic dark sector. Using the newly-developed methods, I provide
up-to-date constraints on these interactions, and assess their ability to alleviate the tensions
among cosmological data sets.
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Zusammenfassung

Erweiterte Kosmologische Untersuchungen Massiver Dunkler
Relikte

von Deanna C. HOOPER

Trotz des unglaublichen Fortschritts, der während des letzten Jahrhunderts in der Kosmologie
und der Teilchenphysik erzielt wurde, bleiben noch immer viele Fragen unbeantwortet. Ins-
besondere besitzen wir stichhaltige Belege dafür, dass ∼ 85 % der Materie im Universum un-
sichtbar ist und nur gravitativ wechselwirkt. Zudem ergeben Beobachtungen, dass Neutrinos
eine nicht verschwindende Masse besitzen, was sich im Standardmodell der Teilchenphysik
nicht ohne Weiteres erklären lässt. Darüber hinaus zeigen sich, während wir zunehmend
präzisere Daten auf unterschiedlichen kosmologischen Skalen erfassen, einige Spannungen
und Diskrepanzen innerhalb unseres kosmologischen Standardmodells. In dieser Arbeit nutze
ich sowohl gegenwärtige als auch zukünftige Experimente, um diese Probleme zu behandeln.
Der Fokus liegt dabei auf Neutrinomassen in der Kosmologie sowie auf der Möglichkeit, dass
dunkle Materie schwache nicht-gravitative Wechselwirkungen mit anderen Teilchen aufweist.

Nach einer gründlichen Betrachtung des notwendigen theoretischen Hintergrunds diskutiere
ich die wichtigsten Untersuchungen, die uns zur Beobachtung des Universums um uns herum
zur Verfügung stehen. Ich beschreibe detailliert eine neue Methode, die wir entwickelt haben,
um Modelle nicht-kalter dunkler Materie mithilfe von Lyman-α-Daten einzuschränken, in-
dem wir die Unterdrückung parametrisieren, die diese Modelle im Materie-Leistungsspek-
trums herbeiführen. Zusätzlich diskutiere ich die neue Implementation von spektralen Verz-
errungen in unserem Boltzmann-Code, die es uns erlauben wird, diese leichter in Kombina-
tion mit anderen kosmologischen Observablen zu nutzen.

Des Weiteren sage ich die Sensitivität von fünfunddreißig Kombinationen zukünftiger Kos-
mischer-Mikrowellen-Hintergrund- und Großstruktur-Experimente in Bezug auf die Summe
der Neutrinomassen vorher. Dadurch zeige ich, dass zukünftige Untersuchungen die Neutri-
nomasse, unabhängig von dem zugrundeliegenden kosmologischen Modell, mit hoher Sig-
nifikanz messen werden.

Schließlich diskutiere ich die Möglichkeit, dass dunkle Materie weitere Wechselwirkungen
aufweist, entweder mit Baryonen oder mit einem zusätzlichen relativistischen dunklen Sek-
tor. Unter Benutzung der neu entwickelten Methoden gebe ich aktuelle Grenzwerte für diese
Wechselwirkungen an und beurteile ihr Potential, die Spannungen zwischen kosmologischen
Datensätzen zu lindern.
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1

General Overview

So here I am, at the beginning. Staring at a blank document, wondering how to write a thesis. How
can I describe cosmology? How can I do justice to such a vast and incredible topic? How do I describe
everything I have done these last three years? Where do I start? I guess I will start at the beginning...

Humans are a curious species. Humankind has always been driven to know more about the
world around us. To understand more. Throughout our history, one of the biggest questions,
perhaps the oldest question, that has driven humankind is “What is out there?”. Answering
this question is not easy, and yet, in its essence, this is what cosmology tries to do.

Cosmology is the discipline of theoretical physics and astronomy that studies the current con-
tent and behaviour of the universe, what has led to this state, and what we can expect to
happen to it in the future. But cosmology is not an independent science: it calls on particle
physics, astrophysics, astronomy, and many other physical disciplines to be able to explain
the different phenomena taking place around us.

The history of cosmology is very rich, with the oldest recorded cosmological ideas dating
back to∼ 3000 BC. Since then there have been countless great contributors to cosmology (with
varying levels of recognition) like Aristarchus first proposing the heliocentric model, Galileo
perfecting the telescope, Newton first describing gravity, Einstein shaping the way we under-
stand the geometry of the universe, and Hubble measuring the expansion of the universe. All
of them with dreams of understanding the universe we live in.

In the last century cosmology has made significant progress, both theoretically and technolog-
ically, and we are now closer than ever to turning that dream into a reality. We now have an
unprecedented level of understanding of the universe; we are the first generation of humans
to know with percent-precision the composition, geometry, and structure of the universe. Cos-
mology has come a long way in the last few decades; we stand on the shoulders of giants to
see further than those before us, yet we are still laying the foundation for those to come.

As is often the case, the more we learn, the more we realise we have yet to understand. We
now know the composition of our universe, and we know that we only understand 5 % of it.
We know that there was an asymmetry between matter and antimatter in the early universe,
but we do not know what caused it. We know that neutrinos have mass, and yet we have
not been able to measure their mass. We know that we can understand the observational data
better if we include a species of matter that only interacts gravitationally, but we have not yet
been able to find this dark matter in any of our searches.



2 General Overview

One problem with cosmology is that we only have one universe, which is statistically incon-
venient. We are not able to repeat the experiment to see if the universe turns out the same way.
But the universe contains phenomena across many different scales: from particle interactions
keeping different components in equilibrium, to the formation and evolution of clusters of
galaxies. We need to be able to extract as much information as possible from all these data
sets. We might only have one universe, but we have a lot of different ways of observing it.

In this thesis I focus on two main topics: measuring neutrino mass with cosmology and study-
ing possible interactions between dark matter and other species. To see which combination of
missions we need to measure the neutrino mass, I perform forecasts for future cosmic mi-
crowave background (CMB) and large scale structure experiments. To study dark matter
interactions, I combine existing data from the CMB and from structure formation, using a
newly-developed technique to take advantage of the full Lyman-α Forest. Additionally, I
present a new method that shows the synergy between spectral distortion missions and other
cosmological probes, which will help us constrain these interactions even more in the future.

This thesis is composed of three main parts: in the first part I will introduce the current state of
theoretical cosmology, in the second part I will discuss how we can observe the universe, and
in the third part I will present new constraints on massive relics in the universe. In chapter 1 I
will introduce the standard models of both cosmology and particle physics, while in chapter 2
I will discuss the early phase of inflation. In chapter 3 I will delve into perturbation theory,
which will allow us to understand structures in the universe. In chapter 4 I will discuss current
observables of the universe, as well presenting techniques developed in the course of this
research to extract more information from the Lyman-α Forest and from spectral distortions
of the CMB. In chapter 5 I will show the main problems in our current cosmological model,
and thus justify the need to look beyond. In chapter 6 I will discuss neutrinos, and show
how feasible it is going to be to measure the sum of neutrino masses in the next decade.
Finally, in chapter 7 I will revisit the dark matter paradigm, introducing two interacting dark
matter models, and using several different probes to derive state-of-the-art constraints on
these possible interactions.

Remarks on Notations
Throughout this thesis, unless stated otherwise, I will work in natural units: with ~ = c = 1.
Furthermore, when discussing general relativity I will use the metric signature (− + ++), as
well as using the Einstein summation convention, where repeated indices are automatically
summed over. Regarding derivatives, primes will denote time derivatives, x′ = dx

dt , while
over-dots will denote derivatives with respect to conformal time, ẋ = dx

dτ . Other derivatives
will be explicitly stated. Finally, vector quantities will be indicated with bold font: xxx.

Footnotes
The footnotes in this thesis do not follow the same level of formality as the rest of the manuscript.
Some of the footnotes contain useful or informative remarks. Most of them, though, are more
a reflection of my thought process while writing. They are not meant to be taken too seriously.
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Part I

Introduction to Particle Cosmology
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1 Standard Models in Cosmology and
Particle Physics

A good cosmological model should be able to explain all the observational data we have de-
tailing the current state of the universe as well as its history and evolution leading to this point.
We have data spanning many scales and epochs of the universe: from the Cosmic Microwave
Background (CMB) temperature anisotropies produced in the early universe, to the current
large scale distribution of galaxies around us. The great challenge for any cosmological model
is to be able to accommodate all of this.

The current paradigm that can best accomplish this is the Hot Big Bang model (HBB), in which
the universe is homogeneous, isotropic, flat, and expanding. Within this framework, we can
explain the evolution of the universe with the Friedmann equations, which can be derived
from Einstein’s General Relativity (GR). Furthermore, the current components of the universe
are well-described by the ΛCDM model: the universe is mainly dominated by dark energy
(Λ) and Cold Dark Matter (CDM). Together with an early period of Inflation (explained in
chapter 2), the HBB model is able to describe the universe around us to incredible precision,
and is thus the current Standard Cosmological Model.

In this chapter I will discuss the elements of this model and how they all fit together. Addi-
tionally, the Standard Model of Particle Physics will be introduced, as well as its connections
to cosmology. This recap is based on references [5]–[8] and references therein.

1.1 Cosmological Principle

One of the cornerstones of modern cosmology is the cosmological principle, which states that
when viewed on sufficiently large scales, the properties of the universe are the same for all
observers. This assumption, initially proposed in 1930 by Milne, has several implications.
On the one hand it implies that the observer does not occupy a privileged position in the
universe: our observable universe is not special and should represent a fair sampling1. On
the other hand, the cosmological principle leads to two properties of the universe: on large
scales the universe is homogeneous and isotropic, which means that the universe should look
the same in every direction from wherever you look.

1To be precise, the observable universe denotes the maximum part of the universe we would theoretically be able to
see given infinite precision. However, as that is indeed the only part of the universe we can talk about, from here
onwards the two terms will be used interchangeably.
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FIGURE 1.1: CMB anisotropies as measured by the ESA satellite Planck in 2015.
Image taken from the ESA website: https://www.cosmos.esa.int.

The isotropy of the universe is well supported by observational evidence, for example of the
CMB [9]–[11], which only shows temperature anisotropies on the level of ∆T/T ∼ 10−5, as
seen in Fig. 1.1. The homogeneity of the universe is obviously not true on small scales, as a
clustering of galaxies is very different to a cosmic void. Indeed, the homogeneity comes about
only after smoothing over some characteristic scale. However, when viewed on larger scales,
the homogeneity is supported by the overall distribution of galaxies in the universe, as seen
in Fig. 1.2, and indeed from the CMB itself, as discussed in section 4.1.

Given the overall homogeneity of the universe, for the remainder of this chapter I will fo-
cus on homogeneous cosmology. Nonetheless, to understand the origin of both the CMB
anisotropies, however small, and the density fluctuations seeding the formation and cluster-
ing of galaxies, we will need to move beyond homogeneity into perturbed cosmology, which
will be the subject of chapter 3.

1.2 Expansion

While the universe is homogeneous and isotropic in space, it is not so in time, and in fact it
has experienced several different epochs throughout its history, described in section 1.8. How-
ever, the universe has always been expanding: spacetime is stretching and thus the distance
between all objects (except those that are gravitationally bound) is increasing.
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FIGURE 1.2: Distribution of galaxies in the local neighbourhood as seen by
SDSS. Each dot represents a galaxy, with the colour bar showing the local den-

sity. Image taken from the SDSS website: http://www.sdss.org.

Since the nineteenth century it has been known that objects in motion appear redshifted to
observers due to a Doppler shift. This redshift is described by:

z ≡ ∆λ

λ
=
vr
c
, (1.1)

where vr is the the projection of star velocities along the line-of-sight and c is the speed of
light.

In 1920 Leavitt and Sharpley pioneered the measurement of stellar distances with the period-
luminosity relationship for Cepheid-type stars [12], and in 1923 Hubble was able to make
the first observations of individual stars in distance galaxies [13]. Together with the observa-
tion that most of the galaxies Hubble could observe were redshifted, this provided the first
indication that the universe is expanding.

However, the expansion of the universe was in apparent contradiction with the Cosmological
Principle: in order to maintain homogeneity, the velocity of galaxies along a line-of-sight, and
therefore their redshift, should be proportional to their distance:

~v = Hrrr , (1.2)

where vvv is the velocity of an object at position rrr, and H is a proportionality constant. In 1929
Hubble was able to confirm this relation experimentally [14], and found that the universe
is undergoing homogeneous expansion. The proportionality constant is now known as the
Hubble constant.

Since this time, we have been able to get increasingly more precise observations of receding
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FIGURE 1.3: Hubble Diagram showing the apparent luminosity as a function of
redshift of standard candles in local galaxies. Image taken from [15].

galaxies using supernovae, Cepheids, and other standard candles2. Fig. 1.3 shows the current
Hubble Diagram, with data coming from several different experiments. While the proportion-
ality is clear, the value of the Hubble constant today3, denoted by H0, is a matter of ongoing
debate and is the topic of section 5.2. The Hubble constant is often parametrised by

h =
H0

100 km/s Mpc−1 . (1.3)

In recent decades it has been shown that the expansion of the universe is accelerating. This
was first measured in 1989 by two independent groups using supernovae Type Ia [16], [17], a
discovery which would go on to receive the Nobel Prize in Physics in 2011, and has since been
supported by other measurements such as Baryon Acoustic Oscillations and galaxy clustering
(described in chapter 4.2). This also leads to the relation defined in equation 1.2 only being
valid for small redshifts; the Hubble Law breaks down for z & 1. For galaxies close by,
however, it remains a valid description.

1.3 Einstein Field Equations

In 1915 Albert Einstein revolutionised the way we look at the universe with General Relativ-
ity [18], a theory in which gravity is described as a geometric property of spacetime. Gravity
is no longer treated as a conventional force, but rather caused by the curvature of spacetime,

2A standard candle is any object whose absolute magnitude can be calculated without knowing their distance.
3Despite the name, the Hubble constant is only constant in space, not in time.
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which is directly related to the energy and momentum of the contained matter. This is often
elegantly phrased as “mass tells spacetime how to curve, and spacetime tells mass how to
move”. The relation between the matter-energy content at a given point xµ = (ct, xi) and the
resulting curvature of spacetime at the same point is given by the Einstein Equations, but to
understand them we need some basic notions of GR.

An invariant spacetime interval ds2 can be related to the coordinate dxµ via the metric tensor
gµν

4

ds2 = gµνdx
µdxν , (1.4)

where repeated indices are summed over. To locally recover Lorentz invariance and special
relativity, this metric must have a negative signature, for which the (−+ ++) sign convention
will be used5.

The metric and its derivatives allow us to define the Christoffel symbols

Γαµν =
1

2
gαβ (gµβ,ν + gβν,µ − gµν,β) , (1.5)

where the commas represent derivatives with respect to the following index, gµν,α = ∂αgµν .

With the Christoffel symbols we can introduce the Ricci tensor, which will be used to determine
the degree to which matter will tend to converge (or diverge) in time. It is defined as

Rµν = Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα , (1.6)

which is often contracted with the metric to lead to the Ricci scalar: R ≡ gµνRµν .

Finally, we can relate the curvature of spacetime to the energy-matter content, parametrised
by the stress-energy tensor Tµν , by using the ten coupled differential equations known as the
Einstein Field Equations:

Rµν −
1

2
Rgµν + Λgµν =

8πGTµν
c4

. (1.7)

Here I introduced the cosmological constant, Λ, which will be discussed in depth in section 1.5.

Equation 1.7 can be written more succinctly by introducing the Einstein Tensor Gµν and by
using the standard convention of c = ~ = 1, which leads to

Gµν + Λgµν = 8πGTµν . (1.8)

The stress-energy tensor will be revisited in section 1.5, together with the implications of the
Einstein Equations on the dynamics of the universe.

4Throughout this thesis, Greek indices will take values 0, 1, 2, 3, and will indicate time and space components,
while Latin indices will take values 1, 2, 3, and will indicate space coordinates only.

5This is a matter of preference, one could equally use a (+−−−) convention, but I like the convention with more
positives.
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1.4 Friedmann-Lemaître-Robertson-Walker Metric

Under the assumption of a homogeneous and isotropic universe, the most general solution
to equations 1.8 is the Friedmann-Lemaître-Robertson-Walker metric (FLRW). To derive the
FLRW metric, we start with the general form of the spacetime metric, with the same sign
convention as in the previous section

ds2 = −c2dt2 + gijdx
idxj . (1.9)

To preserve homogeneity and isotropy, the curvature of the universe should be the same
everywhere. The only three-dimensional spaces with constant curvature are flat Euclidean
space, a 3-sphere, or a 3-hyporboid. The most general spatial line element in these spaces can
be written in polar coordinates as

dl2 =

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ

)]
, (1.10)

where k is a constant related to the spatial curvature: a flat Euclidean universe will have k = 0;
a positively curved and closed universe will have k > 0; and a negatively curved and open
universe is given by k < 0.

Inserting the line element, equation 1.10, into the metric in equation 1.9 gives us

ds2 = −c2dt2 +

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ

)]
, (1.11)

which describes an isotropic and static universe. However, as we want the universe to be
homogeneous and isotropic at any time, we introduce the scale factor a(t), which leads to the
FLRW metric

ds2 = −c2dt2 + a2(t)

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ

)]
. (1.12)

With the newly-introduced scale factor, we can revisit our definition of redshift: the wave-
length of a photon emitted by a moving object is also going to be subject to the expansion of
spacetime. As such, in an FLRW universe, we can write the redshift due to the expansion as

z =
∆λ

λ
=
λr − λe
λe

=
a(tr)

a(te)
− 1 . (1.13)

Therefore, if we observe an object today at time t0, the redshift on its absorption lines will be

z =
a(t0)

a(te)
− 1 , (1.14)

where, by convention, we normalise the scale factor today such that a(t0) = 1.
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Similarly, we can use the scale factor to define the time-dependent Hubble parameter intro-
duced in equation 1.2 as

H(t) =
a′(t)
a(t)

, (1.15)

where the prime denotes the derivative with respect to the proper time t.

Finally, we can introduce the conformal time, which will be significant when defining distances
in the universe, as

τ =

∫
dt

a(t)
. (1.16)

Derivatives with respect to conformal time will be denoted with an overdot. The introduction
of conformal time allows us to rewrite the FLRW metric in its most usual form as

ds2 = a2(τ)

(
−c2dτ2 +

[
dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ

)])
. (1.17)

Having derived the metric of our universe, the next important step is to discuss the distance
to moving objects: in an expanding universe, the notion of distance is not as clearly-defined
as we are used to. The first distance we will discuss is the comoving distance. Assuming that
we are located at the origin of spherical coordinates at time t0, and we observe photons com-
ing from a comoving object located at (te, re, θe, φe), the comoving distance travelled by the
photons, which will remain constant in an expanding universe, will be

χ(r) ≡
∫ re

0

dr√
1− kr2

, (1.18)

which integrates to

χ(r) =


sin−1(r) if k = 1 ,

r if k = 0 ,

sinh−1(r) if k = −1 .

(1.19)

Photons in a vacuum will have dl = cdt, and thus ds2 = 0, which we can use together with
the definition of comoving distance, equation 1.18, to find

χ(t) =

∫ t0

te

dt

a(t)
. (1.20)

This allows us to give a deeper meaning to conformal time: the conformal time is equal to
the comoving distance travelled by a light signal divided by c, which for c = a(t0) = 1 can
be expressed in physical units. Furthermore, we can expand equation 1.20 to find the useful
relation

χ(t) =

∫ t0

te

dt

a(t)
=

∫ a(te)

a(t0)

da

a2H(a)
=

∫ z(te)

0

dz

H(z)
. (1.21)
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In the following section we will relate the evolution of the Hubble parameter with respect
to redshift, H(z), to the matter content of the universe, which will be very useful when dis-
cussing the value of the H0 in section 5.2.

The second important distance to discuss is the angular diameter distance. There are some
objects in the universe, known as standard rulers, whose size can either be computed from first
principles or from the physical properties of the object. An example of this is the typical size
of the CMB fluctuations, known as the sound horizon at decoupling, which will be explored
in section 3.5. Given an object of size D, its angular diameter distance is

dA ≡
D

δθ
, (1.22)

with the assumption that the angular size δθ fulfils the condition δθ � 1. The angular diame-
ter distance can be related to the comoving distance with

dA = a(te)re = a(t0)
re

1 + ze
=

χ(z)

(1 + z)
. (1.23)

Finally, we can introduce the third cosmological distance: the luminosity distance. In section 1.2
I already introduced standard candles: objects for which the total flux of energy emitted over
time (the absolute luminosity) can be calculated by knowing some physical properties of the
object, independently of its distance or apparent luminosity. The apparent luminosity l of an
object can be related to its absolute luminosity L by

l =
L

4πd2
, (1.24)

and as such, we can define the luminosity distance as

dL ≡
√

L

4πl
. (1.25)

We can relate the the luminosity distance to the comoving distance with

dL = a(t0)re(1 + ze) = χ(z)(1 + z) , (1.26)

and finally we can use equations 1.23 and 1.26 to find the relation between the angular dis-
tance and the luminosity distance

dL = (1 + ze)
2dA . (1.27)

The Hubble diagram in Fig. 1.3 shows the luminosity distance as a function of redshift for
many nearby standard candles.
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1.5 Dynamics of the Expanding Universe

In order to describe the dynamics of particles in the universe, we first need to know how
these particles move. Any free-falling particle in an FLRW universe will follow a trajectory
parametrised by xµ(λ), which is given by the geodesic equation

d2xα

dλ2
+ Γαµν

dxµ

dλ

dxν

dλ
= 0 , (1.28)

where λ is a parameter that increases monotonically along the trajectory. We can now intro-
duce the momentum 4-vector as

Pµ = m
dxµ

dλ
, (1.29)

where λ is normalised in a way to satisfy everywhere the on-shell condition

gµνP
µP ν = −m2 . (1.30)

Combined with the geodesic equation, this leads us to the physical energy and physical mo-
mentum measured by comoving observers:

E = P 0 pi = aP i , (1.31)

which allow us to say that in an FLRW universe, the physical momentum scales like a−1, and
the on-shell condition gives us E =

√
m2 + p2.

In the previous sections we discussed the metric contributions to the Einstein Equations (equa-
tion 1.8), so now we can shift our focus to the right-hand side: the energy-momentum tensor6.
In a homogeneous and isotropic universe, the most general stress-energy tensor takes the form

Tµν =


−ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 , (1.32)

where ρ is the energy density and p the pressure of the cosmological fluid.

If we consider now the (00) component of equation 1.8, on the left-hand side we have

G00 = 3

[
k

a2
+

(
a′

a

)2
]
, (1.33)

where for now I am ignoring the contribution coming from the cosmological constant, and I
have introduced the shorthand notation a(t) = a.

6This is also called the stress-energy tensor. I will use both terms interchangeably depending on my own stress
levels.
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Combining equations 1.32 and 1.33, we find

3

[
k

a2
+

(
a′

a

)2
]

= 8πGρ , (1.34)

which is often expressed as

H2 =

(
a′

a

)2

=
8πG

3
ρ− k

a2
. (1.35)

The above equation is known as the First Friedmann Equation, or Friedmann Law.

Before coming to the Second Friedmann Equation, we need to review energy conservation in
an expanding universe. The Einstein Equations seen in equation 1.8 necessarily imply Bianchi
identities, such that

Gνµ;ν = T νµ;ν = 0 , (1.36)

where ; indicates the contravariant derivative. The first Bianchi identity (T ν0;ν = 0) is an en-
ergy conservation equation. Using the energy-momentum tensor in an FLRW universe, this
becomes

ρ′ = −3
a′

a
(ρ+ p) . (1.37)

The above expression implies that the dilution of the energy ρ due to the expansion of the uni-
verse depends on the pressure of the system, and as such, on the equation of state. Assuming
a perfect cosmological fluid, our equation of state becomes

p = wρ , (1.38)

where w is a constant dependent on the properties of the individual fluid. By combining the
equation of state with equation 1.37, we find

ρ ∝ a−3(1+w) . (1.39)

In the case of relativistic matter (often called radiation), such as photons or neutrinos in the
early universe, w = 1/3 and equation 1.38 becomes p = 1

3ρ, leading to

ρ′ = −3
a′

a
(1 +

q

3
)ρ = −4

a′

a
ρ ⇒ ρ ∝ a−4 . (1.40)

On the other hand, non-relativistic matter such as baryons and cold dark matter (often simply
called matter) have negligible pressure, leading to w = 0 and

ρ′ = −3
a′

a
ρ ⇒ ρ ∝ a−3 , (1.41)

implying that non-relativistic matter dilutes slower than relativistic matter in the universe.
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Considering now the (ii) components of equation 1.8, on the left-hand side we have

Gii =

[
2
a′′

a
+

(
a′

a

)2

+
k

a2

]
, (1.42)

where I have once again ignored the contribution from the cosmological constant. Combining
with the (ii) components of the stress-energy tensor (equation 1.32) leads to

2
a′′

a
+

(
a′

a

)2

+
k

a2
= −8πGp . (1.43)

Finally, we can use the Friedmann Law in equation 1.35, together with the energy conservation
equation 1.37, to rewrite the above expression as

a′′

a
= −4πG

3
(ρ+ 3p) , (1.44)

which is the second Friedmann equation.

Until now I have ignored the cosmological constant Λ, but it plays a very important role in
the current evolution of the universe. When Einstein initially proposed his now-famous equa-
tions, the expansion of the universe was not known. As such, a geometrical term Λgµν was
added to the left-hand side of equation 1.8. The parameter Λ should be a time-independent
constant, and negative to account for a static universe.

Once the expansion of the universe had been found, the cosmological constant was removed
from the equation. However, upon discovering the accelerated expansion of the universe this
term was re-added. The cosmological constant is mathematically equivalent to a homoge-
neous fluid described by the stress-energy tensor

T̃µν = − Λ

8πG
gµν =


− Λ

8πG 0 0 0

0 − Λ
8πG 0 0

0 0 − Λ
8πG 0

0 0 0 − Λ
8πG

 . (1.45)

By comparing the above stress-energy tensor to the one of an ideal fluid presented in equa-
tion 1.32, we can see that the cosmological constant fluid behaves as an energy with ρ = −p =

Λ
8πG , which naturally implies the time independence of Λ, and thus ρ′ = 0.

Historically, this was interpreted as the vacuum energy, as predicted by quantum field theory.
However, the vacuum energy density is off by about 120 orders of magnitude, and as such, is
now considered a different type of energy. Today we refer to this as dark energy, and its true
nature is one of the biggest unsolved mysteries in the field. Once we consider dark energy,
the first Friedmann equation becomes

H2 =

(
a′

a

)2

=
8πG

3
ρ− k

a2
+

Λ

3
, (1.46)
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and the second Friedmann equation is

a′′

a
= −4πG

3
(ρ+ 3p) +

Λ

3
. (1.47)

Having derived the Friedmann equations, we are now ready to discuss the ingredients needed
to build a universe that behaves like ours.

1.6 Components of the Universe

In the previous section, we already saw that matter (M) and radiation (R) behave differently
in the universe: they have different pressure components, as well as a different scale factor
dependence. As such, it is natural to separate them. Let us now rewrite the Friedmann law
(equation 1.46) with all the contributions to the cosmological fluid:

H2 =

(
a′

a

)2

=
8πG

3
ρR +

8πG

3
ρM −

k

a2
+

Λ

3
. (1.48)

We can now study how the universe would behave if only one of these contributions were
present. In the case of radiation domination, we can use equation 1.40 to find(

a′

a

)2

∝ a−4 , a(t) ∝ t1/2 , H(t) =
1

2t
. (1.49)

Likewise for matter domination, we can use equation 1.41 to find(
a′

a

)2

∝ a−3 , a(t) ∝ t2/3 , H(t) =
2

3t
. (1.50)

In the case of curvature, we would find(
a′

a

)2

∝ a−2 , a(t) ∝ t , H(t) =
1

t
, (1.51)

where to fully understand the behaviour of such a universe we would further need to precise
if we have positive or negative curvature.

Finally, in the case of a dark energy domination, we have(
a′

a

)2

→ constant , a(t) ∝ eHt , H =

√
Λ

3
. (1.52)

In all cases, we see that if we look further back in time, there is a point where a → 0. This
is known as the Big Bang7: the initial singularity, which can not be described by the same

7Despite what the name would have you believe, it was neither big nor a bang.
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equations we use to describe the rest of the evolution of the universe. For times smaller than
the Planck time, we would need a theory of quantum gravity, which is beyond the scope of
this work.

We now see that the ordering of the terms in equation 1.48 was not arbitrary; the terms evolve
with the scale factor as a−4, a−3, a−2, and a0. Therefore, if all terms contribute and the scale
factor keeps growing throughout the history of the universe, they would dominate the expan-
sion of the universe one after another.

Now that we have seen how the universe would evolve based on different components, we
are interested in the behaviour of the universe today. We can evaluate the Friedmann equa-
tion 1.48 today to find

1 =
8πG

3H2
0

ρR0 +
8πG

3H2
0

ρM0 −
k

a2
0H

2
0

+
Λ

3H2
0

, (1.53)

where I have divided everything by H2
0 . By construction, these terms represent all contribu-

tions to the present composition of the universe. We can express the individual terms as

Ωrad =
8πG

3H0
ρrad0 , ΩM =

8πG

3H0
ρM0 ,

Ωcurv = − k

a2
0H

2
0

, Ωrad =
Λ

3H2
0

,
(1.54)

which leads us to the budget equation

ΩR + ΩM + Ωk + ΩΛ = 1 . (1.55)

Furthermore, we can introduce the critical density, which is the density needed for a flat uni-
verse (k = 0),

ρc(t) =
3H2(t)

8πG
, (1.56)

which allows us to rewrite the budget equation today, in the case of a flat universe, as

Ω0 ≡ ΩR + ΩM + ΩΛ . (1.57)

Finally, we can use the above expressions to find the Hubble parameter as a function of the
components of the universe,

H2(a) = H2
0

[
ΩRa

−4 + ΩMa
−3 + Ωka

−2 + ΩΛ

]
, (1.58)

or equivalently

H2(z) = H2
0

[
ΩR(1 + z)4 + ΩM (1 + z)3 + Ωk(1 + z)2 + ΩΛ

]
. (1.59)
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While Ωx represents the relative abundance of a species x today, it is often more useful to
express the physical density of each species as

ωx ≡ Ωxh
2 , (1.60)

where h is the one first introduced in equation 1.3.

Based on current observations and the history of the universe, which will be discussed in the
following section, we know that ΩR has two main contributions: photons γ and neutrinos ν. In
the ΛCDM model, ΩM also has two main contributions: baryons and cold dark matter (CDM),
which will be discussed in more details in section 1.9. Current measurements show [19]

ΩΛ = 0.6889± 0.0056 , ΩM = 0.31110± 0.00561 ,

Ωb = 0.04897± 0.00064 , ΩCDM = 0.2607± 0.0035 ,

Ωγ ≤ 5.38 · 10−5 , Ων ≤ 0.016 ,

Ωk ≤ 0.0026 ,

(1.61)

where we can see that the two main components are dark energy and cold dark matter. The
curvature of the universe, on the other hand, is negligible, leading to a flat universe, see sec-
tion 2.1.2 for further details.

Given the Friedmann equations and the budget equations, we do not need to measure all of
the above parameters independently. In fact, we only need three of these, often chosen to be
ωb, ωm, and ΩΛ. These are three of the six parameters needed to fully define the ΛCDM uni-
verse. The missing parameters are τreio (discussed in section 1.8.3), and As and ns (discussed
in section 2.4).

Finally, as we know that the relative abundances of the species has changed with time, we
can discuss two important times in the history of the universe: matter-radiation equality (zeq),
and matter-Λ equality (zΛ). Matter-radiation equality took place at

ΩRh
2a−4
eq = ΩMh

2a−3
eq ⇔ a−1

eq =
ΩM

ΩR
⇔ 1 + zeq ' 3440 , (1.62)

and matter-Λ equality occurred around

ΩMh
2a−3

Λ = ΩΛh
2 ⇔ a−1

Λ =

(
ΩΛ

ΩM

)1/3

⇔ 1 + zΛ ' 1.3 . (1.63)

This allows us to define three main stages in the history of the universe: for early times with
z > zeq the universe was in radiation domination, for zeq > z > zΛ the universe was in matter
domination, and at late times with z < zΛ the universe is in Λ domination. With this in mind,
we are almost ready to discuss the thermal history of the universe, but first we need to review
the behaviour of particles within the Standard Model of particle physics.
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FIGURE 1.4: Sketch of the Standard Model of Particle Physics, showing the di-
vision into families and generations, as well as the main properties of each par-

ticle, such as the mass, spin, and charge.

1.7 Standard Model of Particle Physics

The Standard Model of Particle Physics is the current best description we have of the fun-
damental constituents and interactions of normal matter. It is a local (no instantaneous ac-
tion at a distance) quantum field theory (the basic objects are quantum fields). The Standard
Model describes several different fundamental particles and their interactions, summarised in
Fig. 1.4. In this section I will very briefly review the main components needed to understand
this model.

In a nutshell, the Standard Model describes fermions (matter particles), divided into quarks
and leptons; and bosons, which will serve as mediators of gauge interactions (strong, weak,
and electromagnetic interactions). Mathematically, the action of the Standard Model is built
via a Lagrangian density LSM , with the requirement that the theory has to be renormalis-
able (predictive up to arbitrarily high energies). In its most simple form, the Standard Model
Lagrangian is written as

LSM = −1

4
FµνF

µν + iΨ̄γµDµΨ + (DµΦ)†DµΦ− V (Φ)− (Y ijΨ̄iΦΨj + h.c.) . (1.64)

The first term of this Lagrangian represents the kinetic terms for the gauge fields, given by
their field-strengths Fµν . The second term describes the fermions, denoted by Ψ. The third
and fourth term are both related to the Higgs boson: the third term is the kinetic term for
the Higgs doublet Φ, which includes its interactions with the gauge bosons, while the fourth
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denotes the Higgs potential. Finally, the last term represents the Yukawa interactions. These
different terms are discussed more in detail below.

The Standard Model is described by the non-abelian symmetry gauge groupGSM = SU(3)c⊗
SU(2)L ⊗ U(1)Y (where C, L, and Y denote colour, left-handed chirality, and weak hyper-
charge). The six quark species, also known as flavours, are the only fermions that interact via
strong interactions (mediated by the gluon g), so they transform non-trivially under SU(3)c.
Electromagnetism and weak interactions are described by the group SU(2)L⊗U(1)Y and their
respective gauge couplings. Furthermore, empirical observations show that parity is violated
in weak interactions, meaning that all known fermions are chiral fields, with the left-handed
partners arranged in doublets (meaning they are charged under SU(2)L), while their right-
handed partners are only charged under U(1)Y .

The Yukawa interaction term in equation 1.64 couples the left-handed fermion doublets with
the right-handed fermion singlets through the Higgs doublet. At the electroweak scale the
symmetry group SU(2)L ⊗ U(1)Y is spontaneously broken down to the U(1)em subgroup.
This symmetry breaking will lead to a massless vector boson (the photon γ) and three massive
vector bosons (W+, W−, and Z). As such, three out of the four degrees of freedom of the
complex Higgs doublet are absorbed to create the massive bosons, with the final degree of
freedom being the Higgs boson itself. This is known as the Higgs mechanism and it would
require a lot more details to do it full justice; however, I will not go more into detail here.

We can also classify species in terms of electric charge, where leptons (the fermions not charged
under SU(3)c) can be charged (electron, muon, tau) or neutral (neutrinos). Additionally, upon
electroweak symmetry breaking, the Yukawa interaction term gives mass to the charged lep-
tons and quarks. Importantly, neutrinos have no right-handed component within the Stan-
dard Model, and as such, they can not gain mass with the same mechanism as other leptons.
Therefore, in the Standard Model neutrinos are massless particles that only interact via weak
interactions, making them profoundly difficult to detect. This will be revisited in section 6.1.

Additionally, we can arrange all of the matter content of the Standard Model in three fami-
lies (or generations), each containing a quark doublet, a lepton doublet, two quark singlets
and one lepton singlet. These families are mainly distinguished from one another by their
mass. Finally, every particle described here has an antiparticle of the same mass and opposite
quantum numbers8.

To summarise, the Standard Model of particle physics describes the following particles:

1. Electrically charged leptons (electron e, muon µ, and tau τ ), which can interact via the
electromagnetic and weak forces.

2. Neutral, massless leptons (electron neutrino νe, muon neutrino νµ, and tau neutrino ντ ),
which can interact via the weak force.

3. Quarks (up u, down d, strange s, charm c, bottom b, and top t), which interact via strong,
weak, and electromagnetic forces.

8The topic of neutrino antiparticles will also be revisited in section 6.1.
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FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon γ) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species χ in the universe with a phase-space distribution function fχ(xµ, P ν). The arguments
of this function can be reduced by using that homogeneity implies that fχ should not depend
on xi. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum pi; however, the dependence on the modulus p remains. Finally, we can use

9As a reminder, this only accounts for ∼ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.
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equation 1.31 to see that P 0 is not an additional independent parameter. Thus, the phase-space
distribution becomes only fχ(t, p). To study the evolution of the phase-space distribution we
would need a Boltzmann equation: we will come back to this in section 3.2.

The phase-space distribution allows us to additionally describe the number density, energy
density, and pressure of each species as

nχ(t) =
g

(2π)3

∫
d3pfχ(t, p) , (1.65)

ρχ(t) =
g

(2π)3

∫
d3pEχfχ(t, p) , (1.66)

Pχ(t) =
g

(2π)3

∫
d3p

p2

3E
fχ(t, p) , (1.67)

where g is the number of spin states of a species (number of quantum degrees of freedom).

With this in mind, we can now discuss particles in the very early universe. Just after the Big
Bang the temperature in the universe is very high, and there are constant collisions between
particles. With each of these collisions, they exchange momentum in a random way and reach
a kinetic equilibrium known as thermal equilibrium. Together, all of the species in thermal
equilibrium form a thermal bath, with all Standard Model particles following Boltzmann dis-
tributions with the coherent temperature T .

The thermal distribution of particles at temperature T and chemical potential µ is given by

f± =
1

e(E−µ)/T ± 1
, (1.68)

where the (+) corresponds to a Fermi-Dirac distribution (fermions), and the (−) corresponds
to a Bose-Einstein (bosons) one.

We can now solve the integrals in equations 1.65-1.67 in thermal equilibrium for two different
limits. In the relativistic case, with negligible chemical potential, the temperature will be much
larger than the particle mass (T � m) and we obtain

nχ =
ζ(3)

π2
gχT

3

(
×3

4

)
(for fermions) , (1.69)

ρχ =
π2

30
gχT

4

(
×7

8

)
(for fermions) , (1.70)

Pχ =
1

3
ρχ , (1.71)

where ζ(x) is the Riemann zeta function.



1.8. Thermal History 23

Conversely, for non-relativistic particles (with T � m) we would have

nχ = gχ

(
mχT

2π

)3/2

e−m/T , (1.72)

ρχ = mχnχ , (1.73)

Pχ = Tnχ . (1.74)

We see that in the non-relativistic case the particle distributions are suppressed by a factor
exp(−m/T ); this means that particles and antiparticles can annihilate but the thermal bath
does not have enough energy to reproduce them.

1.8.2 Freeze-out and Decoupling

In order to see if a species is in thermal equilibrium, we can compare the interaction rate Γ with
the expansion rate H . If

Γ� H or equivalently
{
τΓ ≡ Γ−1

}
�
{
τH ≡ H−1

}
, (1.75)

thermal equilibrium is reached before the effect of the expansion becomes relevant. Once the
rate of interactions decreases faster than the expansion rate, due to the universe cooling down
we would reach τΓ ∼ τH , at which point the species will decouple from the thermal bath.

If we focus now on 2 → 2 Standard Model processes (as described in 1.7), we can write the
generic particle interaction rate as

Γ = n〈σv〉 , (1.76)

where σ is the interaction cross section, v is the average velocity of the particles, and n is
still the number density. At high enough temperatures, T & 100 GeV, all known particles are
relativistic (v ∼ 1) and we can ignore their masses. Interactions are mediated by a boson A11,
and we can calculate the cross section for the strong and electroweak forces to be

σ ∼ α2

T 2
, (1.77)

where α ≡ g2
A/4π is the coupling constant associated to the boson A. In this regime, we can

recall the Hubble rate to be H ∼ √ρ/MPl, and using equations 1.70 and 1.77 we find

H ∼ T 2

MPl
& Γ = n〈σv〉 ∼ α2T . (1.78)

11Massless bosons for now, as at these temperatures we are above the scale of electroweak symmetry breaking.
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FIGURE 1.6: Schematic illustration of particle freeze-out. When the particle is
ultra-relativistic, the abundance will follow the equilibrium value. At low tem-
peratures the particles freeze out and their density is no longer exponentially

suppressed. Image taken from [7].

If we insert this into the condition 1.75 and take the numerical value α ∼ 0.01 (which is the
value for electroweak interactions), we find

Γ

H
∼ α2MPl

T
∼ 1016 GeV

T
, (1.79)

so for 1016 GeV & T & 100 GeV all known particles will be in thermal equilibrium.

This equilibrium could not have persisted today, though, as that would lead to a universe
dominated by photons. When the interaction rate of a massive particle drops below the Hub-
ble expansion rate, equilibrium is broken and the particles decouple and their density will
freeze out. The exact freeze-out time will depend on the interaction type the particle experi-
ences. Fig. 1.6 shows a schematic representation of freeze-out.

After the electroweak symmetry breaking, T ∼ 100 GeV, the three massive vector bosons of
the weak interaction (W± and Z) come in to play, with masses MW ∼ MZ , and the cross
section of the weak interaction becomes

σ ∼
(

α

M2
W

)2

T 2 , (1.80)
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with α
M2
W
∼ 1.17 · 10−5 GeV−2, which leads us to

Γ

H
∼ α2MPlT

3

M4
W

∼
(

T

1 MeV

)3

. (1.81)

Therefore, we can see that particles that interact only via the weak interaction with the primor-
dial plasma will decouple at a temperature of T ∼ 1 MeV. This will become very significant in
section 1.9.

1.8.3 Brief History of The Universe

Now that we have seen the key elements involved in the discussion of the history of the
universe, we can review the main stages of evolution. Of course, when compacting 13.8 billion
years of evolution into a few pages, many details will be omitted; this chapter is meant as a
general overview. For a more in-depth discussion, see for example [20]. The main phases of
the universe can be summarised as

• Inflation. This was the early period of exponential expansion, and is the topic of chap-
ter 2. Inflation erases the memory of anything that might have come beforehand, and as
such it is the earliest time we can reasonably talk about.

• Baryogenesis. This is the process by which the first baryons and antibaryons were
formed. From relativistic quantum field theory, we know that matter and antimatter
should be produced in equal parts. However, given that particles and antiparticles an-
nihilate through processes such as e+ + e− → γγ, we would expect to be in a universe
completely dominated by radiation, which is obviously not what we observe. Indeed,
we observe an over-abundance of matter over antimatter in the universe today. Al-
though many different models try to explain this initial difference between matter and
antimatter production, the nature of baryogenesis remains a mystery.

• Electroweak Phase Transition. When the universe drops below a temperature of about
100 GeV (z ∼ 1015) the gauge bosons gain mass via the Higgs mechanism, leading to the
first main phase shift in the universe.

• QCD Phase Transition. As the universe cools down to∼ 150 MeV (z ∼ 1012), the strong
interaction becomes more important, and quarks and gluons form bound three-quark
systems (baryons) and quark-antiquark pairs (mesons).

• Dark Matter Freeze-out. Due to its dependence on the dark matter mass Mχ (see sec-
tion 1.9.2 for more details), the exact time of dark matter decoupling is not known; how-
ever, this process can be shown to take place at a Td such that Mχ/Td ≈ 10− 25.

• Neutrino Decoupling. As neutrinos only interact weakly with the rest of the primordial
plasma, they will also decouple at early times, when the temperature is around 1 MeV
(z ∼ 1010). This process is extremely significant for the history of the universe, as it
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will lead to a Cosmic Neutrino Background (similar to the CMB). We will see in section 4.1
that the temperature of the CMB is known, and from that we can calculate the temper-
ature of the neutrino background to be TCνB = 1.945 K. Furthermore, once electrons
and positrons have annihilated (see below), the relativistic degrees of freedom populat-
ing the universe are only photons and neutrinos. Thus we can write the corresponding
energy density as

ρR = ργ

(
1 +

7

8

(
4

11

)4/3

Neff

)
, (1.82)

where I have introduced the effective number of neutrino species Neff . This will be equal to
3 if the following three conditions are fulfilled: i) there are no other additional relativistic
particles besides the three neutrino species (discussed in section 6.1), ii) neutrinos follow
a Fermi-Dirac distribution with no chemical potential, and iii) neutrino decoupling is
instantaneous. However, we already know that the third condition is not fulfilled, and
the standard model prediction isNeff = 3.046. This will be discussed again in section 7.1.

• Electron-positron annihilation. Shortly after neutrino decoupling, at around 0.5 MeV
(z ∼ 109), electrons and positrons can annihilate, transferring their energy to the photon
bath. As the neutrinos have already decoupled, they will not be affected by this.

• Big Bang Nucleosynthesis. About three minutes after inflation, the universe reaches
temperatures of 100 keV (z ∼ 108), protons and neutrons are no longer free in the pri-
mordial plasma: nucleons are captured into nuclei. This leads to the formation of light
elements, mainly helium-4, but also small amounts of deuterium, helium-3, and lithium-
7. Heavier elements are not formed until later on in stellar cores. In regions of the
universe untouched by stellar evolution, we can measure the primordial abundance of
elements: thus Big Bang Nucleosynthesis is the earliest cosmological probe available.
The observations match very closely with predictions from ΛCDM, and thus this is con-
sidered one of the pillars of evidence for the standard cosmological model.

• Recombination. After nucleosynthesis, the universe contains a thermal plasma of pho-
tons, electrons, hydrogen nuclei, and decoupled neutrinos (and dark matter). While
weak interactions are inefficient, these particles are kept in equilibrium via electromag-
netic scattering, driven by Compton scattering (e−+γ → e−+γ) and Coulomb scattering
(e− + p→ e− + p). At a redshift of z ∼ 1100 neutral hydrogen is formed via the reaction
e− + p→ H + γ, once the temperature has become low enough to disfavour the inverse
reaction. This will be revisited in section 4.1.

• Photon Decoupling. Due to recombination, there is a sharp drop in the free electron
density, meaning that Compton scattering becomes inefficient and the photons can de-
couple. These photons have been mostly free-streaming ever since, and today constitute
the CMB (see section 4.1).

• Reionisation. After photon decoupling, the thermal history of the universe is mostly
uneventful, with the exception of reionisation. Between redshifts z ∼ 6 − 20 the first
stars begin to form, and thus a new population of photons is emitted. These photons
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partially reionise hydrogen and other heavier elements, but this is not sufficient to re-
couple electrons to photons. Nonetheless, this marks the end of the dark ages: between
photon decoupling and stellar formation the universe is dark, with few probes able to
explore this time period. It is common to parametrise reionisation with the optical depth
to reionisation τreio, which represents the opacity of the universe at the time of reionisa-
tion and forms one of the six base ΛCDM parameters, as discussed in section 1.6.

1.9 A Closer Look at Cold Dark Matter

In section 1.6 we saw that ∼ 85 % of the matter content of the universe is in the form of dark
matter, which is a type of matter that does not interact with the electromagnetic force. As such,
this matter is invisible to us; however, due to its gravitational influence on the observable
universe, there is little doubt about its existence12.

The first discussions of dark matter came in 1922, when Kapteyn released a paper in which he
introduced the idea of a new unseen type of matter in order to explain the rotating motions
of stars in our galaxy [21]. The first convincing evidence for dark matter was presented soon
after in the seminal papers by Zwicky in 1933 and 1939 [22], [23], where he estimated the total
mass of the Coma cluster assuming it to be mechanically stable, and thus obeying the virial
theorem (relates the time-averaged total internal kinetic energy of the galaxies in a cluster to
its self-gravitational potential energy).

The subsequent study of similar clusters, together with other probes across many different
scales, such as galactic rotation curves, gravitational lensing, cosmological structure forma-
tion, and the CMB (more on this in chapter 4), all contribute to a wealth of evidence for dark
matter being the dominant matter component of our universe.

While the existence of this dark component is well supported by the evidence, its general lack
of interactions make it very difficult for us to study it. As such, there are many different dark
matter models and candidates. In this section I will review the main evidence for this species
in the universe, and discuss a few of the most well-motivated models.

1.9.1 Evidence for Dark Matter

As mentioned above, the first discussions about dark matter came about in the early twentieth
century, when Kapteyn started to look at the rotation of stars in our galaxy [21], and Zwicky
started to look into galaxy clusters [22], [23].

12At least in general, some people remain sceptical.
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The study of dark matter made significant progress in the 1970s, when Vera Rubin13 observed
a discrepancy between the predicted and observed angular motion of stars in spiral galaxies
[25], [26], which became known as the galaxy rotation problem. The theoretical prediction is
easy to reproduce: let us assume a test body with a stable orbit at a distance r from the galactic
centre. We can compute its orbital velocity v using Newtonian gravity:

GmM(r)

r2
= m

v2

r
. (1.83)

We can now divide the structure of the galaxy into an inner region (bulge) with radius R1 and
density of visible matter ρv1 , and an outer extended region (or disk) with radius R2, visible
matter density ρv2 , and thickness d. Therefore, stars located inside the bulge, with r � R1,
will have a velocity

M(r) ' 4π

3
r3ρv1 → v(r) =

√
Gρv1

4

3
πr , (1.84)

while stars in the outer disk, r � R2, are predicted to have a velocity of

M(r) = Mtot =
4

3
πR3

1ρv1 + πR2
2dρv2 → v(r) =

√
GMtot

r
. (1.85)

As such, we can see that the velocity of stars in the disk should decrease with v(r) ∝ 1/
√
r.

However, Rubin’s observations showed that the velocity of these stars was constant, v(r) '
const. This shows that Mtot needs an additional contribution leading to M(r) ∝ r. This is
illustrated in Fig. 1.7.

This result can be generalised to any galaxy type. Assuming a spherical dark matter halo
around the galaxy, which would be typical of the spherical collapse of a distribution of colli-
sionless particles bound gravitationally, we can describe the density as

M(r) = 4π

∫ r

0
ρ(r′)r′2dr′ ∝ r → ρ(r) ∝ 1

r2
. (1.86)

The full halo density profile ρ is a matter of ongoing debate, as there are many different ways
one can model this, and all of the models have good and bad aspects. This is explored more
in depth in section 5.1.

While rotation curves by themselves are a strong argument in favour of dark matter, they
are by no means the only existing evidence. Another pillar of support for dark matter comes
in the form of gravitational lensing. In section 1.3 I discussed how light travels on geodesics,
always taking the shortest path possible in curved spacetime. Any object with enough mass
will curve spactime, and thus will affect the trajectory of light as it moves close to this object.

13Rubin’s work was vital to solidifying dark matter as part of the standard cosmological model. Her contribution
was initially ignored by her colleagues and has largely been overlooked, partly due to her being a woman [24].
Many people called for her to receive a Nobel Prize for her work†; this unfortunately never happened.
† Some people feel like this is not justified, however one could argue that it is as justified as the 2011 Nobel Prize

for observing the accelerated expansion of the universe.
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FIGURE 1.7: Rotation curves of spiral galaxies. The long-dashed curves corre-
spond to Newtonian predictions for visible stars, while the dotted curves rep-
resent the gas contribution. The dotted-dashed curves show the dark matter
halo contribution. The sum of the three components is shown in the solid lines.

Image taken from [27].

This bending of light will lead to a deformation of the shape of distant objects such as galaxies.
Therefore, by studying this effect we can deduce the spatial distribution of the gravitational
potential, which in turn allows us to discuss the mass distribution in the intervening medium.

Depending on the strength of the gravitational lensing, it can lead to different effects and ways
of observing it. In the case of strong gravitational lensing easily visible distortions appear, such
as Einstein rings, arcs, and multiple images of the same object. The study of these distortions
allows us to reconstruct the shape of dark matter halos around particular galaxy clusters.

On the other hand, in the case of weak gravitational lensing the effect is not visibly apparent,
and can only be seen when looking at large numbers of galaxies. As this effect is coherent
over many galaxies in a given region, we can average out the random distribution of intrinsic
shapes by studying the statistics of the apparent orientation of galaxies in different regions
of the sky. This gives us a very good map of the gravitational potential projected along the
line-of-sight in each direction around us, and thus allows us to estimate the effects of dark
matter. Furthermore, by using lensing information of galaxies located at different redshifts,
we can reconstruct the 3D distribution of dark matter, and thus estimate its abundance.

On even larger scales, we can use colliding galaxy clusters to test the dark matter hypothesis.
Most of the baryonic matter in clusters is contained in the hot gas, which emits strong X-ray
radiation, and thus can be seen with X-ray telescopes. During the collision of two clusters
the gas will interact electromagnetically, thus experiencing a drag effect. As such, we have
a clear indication as to where the normal matter of the merging clusters should be. We can
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FIGURE 1.8: Composite image of the Bullet Cluster, showing the visible mat-
ter, photographed by Hubble Space Telescope. Superimposed are the X-Ray
emissions measured by the Chandra X-Ray Observatory, in pink, and the mass
distribution obtained by weak lensing observations, in blue. Image taken from

the Chandra X-Ray Observatory website: http://chandra.harvard.edu.

additionally measure the distribution of the gravitational potential, and therefore the mass
distribution, by using gravitational lensing. If there were no dark matter present, the mass
distribution would coincide with the baryonic matter.

One of the clearest examples of merging clusters is the Bullet Cluster, shown in Fig. 1.8. The
image is a composite of three images: in the visible spectrum we can see the clusters as pho-
tographed by the Hubble Telescope. The ionised gas was imaged by the Chandra telescope
in X-rays, and is shown in pink. Finally, the mass distribution obtained from weak lensing
experiments is shown in blue. We can see in the image that the regions with more mass do
not coincide with the baryonic matter: this implies there is another component in the clusters
that did not feel the collision, which is compatible with dark matter that only interacts via the
weak and gravitational forces. The results of this analysis were first reported in [28], and this
is often considered a smoking gun signal for dark matter.

While all of this together paints a very compelling picture in favour of dark matter, possibly
the biggest evidence for this species comes from the observation of the CMB anisotropies
(discussed in depth in section 4.1). These anisotropies can not be explained unless the universe
contains a species that does not interact with ordinary electromagnetic forces. Furthermore,
the CMB reaffirms the idea that this type of matter has to be non-baryonic, not just non-
luminous. If we assume that this dark matter component is stable and that its number density
is conserved until today, from the CMB we can calculate its density today. We find that it
accounts for ∼ 85 % of the matter content of the universe, and ∼ 25 % of the overall energy
budget, as seen in section 1.6 14.
14While some alternative models to dark matter exist, such as Modified Newtonian Dynamics (MOND), none of

these models can simultaneously explain the observed gravitational effects across so many different scales, and
none of them can explain the CMB anisotropies.
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1.9.2 Standard Properties of Dark Matter

From the observations described above, we can already discuss some of the main properties
of dark matter. Firstly, dark matter needs to be stable, or at least have a lifetime larger than the
age of the universe: if this were not the case, late time structures (smaller scales) would not
be able to form. Secondly, we know dark matter has practically no interactions with photons:
it must be electrically neutral. Additionally, from BBN and CMB constraints, we know that
dark matter can not be baryonic.

We can look at lower bounds for dark matter particles15 in a model-independent way. The
lowest bounds we can derive come from galaxies: we know dark matter has to be confined
in galaxies, which puts a limit on their de Broglie wavelength. For bosonic dark matter, this
means that λ = 2π/(Mχvχ) has to be smaller than the average dwarf galaxy size of 1 kpc. This
limit is pushed higher for fermionic dark matter, due to the Pauli exclusion principle. The
resulting bounds are

Mχ & 3 · 10−22 eV (for bosons) ,

Mχ & 25 eV (for fermions) .
(1.87)

We can also discuss the velocity of dark matter today to see if dark matter is cold, hot, or
somewhere in between. We make the natural assumption that dark matter particles χ were
in kinetic equilibrium with normal matter in the early universe16. In this scenario, at some
point the dark matter would depart from equilibrium, and would propagate freely. This leads
us to several scenarios: if the decoupling temperature (Td) is smaller than the dark matter
mass Mχ, the dark matter decouples after becoming non-relativistic, leading to cold dark mat-
ter; conversely if Td & Mχ we have non-cold dark matter. This latter case can be divided
further depending on Mχ: for masses Mχ . 1 eV the dark matter would remain relativistic
at radiation-matter equality, leading to hot dark matter; while for masses Mχ & 1 eV the dark
matter would be non-relativistic before reaching this equality, leading to warm dark matter.

In the case of warm and hot dark matter, it would be free-streaming and relativistic while
Td & T & Mχ, allowing it to fill in under-dense regions of sizes up to current horizon size.
This free-streaming would lead to dark matter perturbations of these sizes getting washed
out. The horizon size at the time at which free-streaming stops allows us to calculate the
present maximum size of suppressed density perturbations: for warm dark matter this would
be l ∼ 0.1 Mpc, while for hot dark matter this gives us l ∼ 100 Mpc.

This calculation means that models with hot dark matter predict a suppression of density per-
turbations on present-day sizes of 100 Mpc, which would lead to the largest structures forming
first, and then fragmenting into smaller structures, with galaxies being the last to form. This
is in contradiction with observations, which show that structures form hierarchically with
smallest structures collapsing first. Thus, dark matter can not be hot. Warm dark matter is

15For now, we will treat dark matter as a particle, alternative models will be discussed later.
16This assumption is not valid for all models; it is a generalisation.
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still allowed, but is strongly constrained: a spatial size of 0.1 Mpc is typical for perturbations
that led to small structures, such as dwarf galaxies. As such, we can use observations of dwarf
galaxies to find a constraint on the dark matter mass (assuming it was in thermal equilibrium
with normal matter at early times):

Mχ & 1 keV . (1.88)

With the above considerations, we can see that no Standard Model particle can explain the
observed effects of dark matter. The most logical candidate within the Standard Model would
be neutrinos. However, these would be relativistic until very late times, behaving as hot dark
matter, and would wash out structures on small scales. With this in mind, we can now discuss
dark matter candidates beyond the Standard Model.

The relic density of dark matter today is well measured (see section 1.6), with both the CMB [19]
and the Bullet Cluster [28] giving very similar bounds. The current measurement, as described
in equation 1.54, is

ωCDM = 0.11933± 0.00091 . (1.89)

Thus, a first step to building a dark matter model is asking ourselves the question of what
properties dark matter needs to have to produce the observed relic density today. We have
already seen the procedure by which other particles can freeze out in the universe, so it seems
reasonable to consider a similar scenario here17: we assume a massive, non-relativistic, stable
particle χ, that can annihilate with its antiparticle χ̄ into some Standard Model particle f .
Thus, we have the process χ+ χ̄↔ f + f̄ . The evolution of the number density of dark matter
is described by the following Boltzmann equation (Boltzmann equations will be explored in
depth in section 3.2)

dnχ
dt

= −3Hnχ + n2
f 〈σprov〉+ n2

χ〈σannv〉 , (1.90)

where 〈σprov〉 is the thermally averaged production cross section multiplied by the velocity,
and 〈σannv〉 is the annihilation one. We know that the collisional terms vanish at chemical
equilibrium, which leads to

dnχ
dt

= −3Hnχ − 〈σv〉
[
n2
χ −

(
neqχ
)2]

. (1.91)

It is now useful to define two new variables. The most interesting physics will take place
when Tχ ∼ mχ, so we define a new time-variable x ≡ mχ/Tχ. We will also need the number
of these particles for a given entropy density s, given by Yχ = nχ/s. Assuming the particle
undergoes freeze-out during radiation domination (T ∝ a−1), we can write

dYχ
dx

= − λ

x2

[
Y 2
χ −

(
Y eq
χ

)2] with λ ≡ 2π2

45
g?s

m3
χ〈σv〉
Hx2

. (1.92)

17A similar procedure can be used if we instead assume freeze-in, as for example in [29].
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The above equation can be solved numerically, showing that at high temperature we recover
Y → Yeq, while at low temperature the equilibrium abundance is exponentially suppressed
as the particles become non-relativistic, Y ∝ e−x. At some point in between, however, we
reach freeze-out at a time xfo and a temperature Tfo. By using now Γ(xfo) = 〈σannv〉nfoχ , and
setting Γ(xfo) = H(xfo), we obtain xfo ∼ O(10). Furthermore, we can see from equation 1.92
that a higher 〈σv〉 leads to later freeze-out18.

Finally, we can relate the freeze-out abundance for such a dark matter particle to the measured
dark matter density today

ΩCDM ≡
ρcdm,0

ρcrit,0
=
mχYχ,0s0

3M2
PlH

2
0

, (1.93)

which can be solved as

ωCDM ≈
3 · 10−27cm3s−1

〈σv〉 . (1.94)

Now that we have calculated the relation between the dark matter annihilation cross section
and the relic density today, we can find what type of particles would generate the needed
density. In section 1.7, we saw what possible interactions normal particles can have, and we
can use that as inspiration to solve the dark matter problem: we consider a Weakly Interacting
Massive Particle (henceforth WIMP). This massive particle can interact with Standard Model
particles in the early universe via the weak force, bringing it into thermal equilibrium with
the rest of the primordial particles.

To test if WIMPs can produce the right dark matter density today, we recall that in section 1.8.2
we saw

〈σv〉 ∼ α2
W

m2
χ

, (1.95)

where αW ∼ 0.01 is the coupling constant associated to the weak force19. If we now assume a
mass very close to the electroweak scale, mχ ∼ vEW ∼ 250 GeV, we can find

〈σv〉 ∼ 10−9 GeV−2 ∼ 10−26 cm3/s . (1.96)

We can combine this with equation 1.94 to find ωCDM ∼ 0.1, which is very close to the mea-
sured value today. Thus, if we have WIMPs in the early universe, we would naturally obtain
the correct relic density of dark matter today. This is known as the WIMP miracle, and it has
solidified WIMPs as one of the main dark matter models. As such, a lot of effort is being put
into detection of WIMPs: at colliders, in indirect searches, and at direct detection experiments.
However, so far, these have remained elusive [30].

There are many other models of cold dark matter, and while I will not go into detail here,
interesting candidates include

18A process known as “survival of the weakest”, because we are very good at naming things.
19This notation is slightly misleading, as the weak force has two couplings g and g′, and so the definition of αW is

ambiguous. However, for the order of magnitude calculation I am doing here, this detail is irrelevant.
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• Axions. Proposed to solve the strong CP problem in quantum chromodynamics via the
Peccei-Quinn mechanism. QCD axions would have a mass in the range 10−5 − 10−3 eV.
See [31] for a review.

• Primordial Black Holes. Hypothetical black holes formed during or shortly after infla-
tion. These black holes would be less massive than their stellar counterparts, and could
account for a fraction or all of dark matter. See [32] for a review.

• Sterile Neutrinos. An additional fourth neutrino: much heavier than its Standard Model
counterparts, right-handed and with no weak interactions. See [33] for a review.

Currently none of these models have been proven, and every day new dark matter models
appear in the literature. Until the eventual detection of dark matter20, dark matter model
building will be limited only by the constraints discussed above and the creativity of the
model builders.

20Not everyone thinks we will find dark matter, but I am an optimist.
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2 Inflation

In the previous section we saw that the HBB model provides a very good picture of the history
of the universe from early times until today. Despite its remarkable success, there are several
problems in the standard cosmological model: the horizon problem, the flatness problem, and
the monopole problem. Together, these seem to call for an additional ingredient to describe
the very early times in our universe, and thus provide the initial conditions that lead to the
universe we observe today. One of the most well-motivated hypothesis to do this is inflation,
which is the idea that before radiation domination there was a period where the scale factor
grew exponentially and the universe was dominated by a slowly varying vacuum energy.

The inflationary paradigm was first proposed by Starobinsky in 1979 [34] and later expanded
by Guth in 1981 [35], with them both postulating that an early period of inflation could solve
the aforementioned issues. In the first model by Guth, a transition from the false vacuum
to the true vacuum was needed. Upon seeing that this was not possible, the model was re-
placed by Linde [36], and Albrecht and Steinhardt [37] with a new model of inflation, in which
the slow evolution of a scalar field rolling down the potential hill resulted in an exponential
expansion. This slow roll inflation model is revisited in section 2.3.

In this chapter I will discuss the motivations behind inflation, and how it can solve the ini-
tial conditions problems. Furthermore, the underlying physical mechanism of inflation is
explored, as well as the implications for the cosmological observables, mainly the impact on
the CMB anisotropies. This recap is based mainly on references [38]–[40].

2.1 Motivations

The two biggest problems with the HBB model are the horizon and flatness problem, which
both boil down to the question “Why do the initial conditions needed to explain our universe
seem so fine-tuned?”. Inflation mitigates the fine-tuning issue, instead providing a physical
mechanism to generate these conditions. Furthermore, inflation provides a mechanism to
generate the CMB anisotropies, which will be discussed in section 3.5. While the nature and
physical properties of inflation are still being debated, its experimental success makes it a very
attractive model.
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2.1.1 Horizon Problem

One of the main outstanding issues with the HBB model is the horizon problem, which asks the
question as to why the CMB photons have the same temperature across the whole sky: indeed
we saw in section 1.1 that the temperature anisotropies are of the order of 10−5K.

To understand the horizon problem we first need to discuss cosmological horizons. The first
horizon to consider is the Hubble Radius, RH ≡ H−1 = a/a′, which defines the limit beyond
which particles, due to the expansion of the universe, would appear to move away from us
faster than the speed of light. Secondly, we have the particle horizon dH , which gives us the
maximum distance between two photons emitted from the same location at a time t. This
gives us a limit on the causal patch: the region of spacetime that could have been influenced
by these photons in a given time. The particle horizon is equal to the conformal time (seen in
equation 1.16) since the emission of the photons multiplied with the speed of the photons.

If we now recover the definition of comoving distance introduced in equation 1.21, we can
express the particle horizon as

dH(a1, a2) = a2 =

∫ a(t2)

a(t1)

da

a2H(a)
, (2.1)

and knowing how the Hubble rate changes as a function of the scale factor during both radi-
ation and matter domination, together with the assumption a2 � a1, we can find

dH(a1, a2) w
1

H2
= RH(t2) . (2.2)

Thus, in this picture the Hubble radius and the causal horizon are approximately equivalent.
This gives us a causal limit: any process started at t1 can only affect distances smaller than
dH(t1, t2) at time t2.

Focussing now on CMB photons, before decoupling one would expect a random distribution
of temperatures, homogeneous only on scales given by dH . Therefore, even if we chose our
initial time arbitrarily close to the initial singularity, we would expect the CMB temperature to
be homogeneous on a region corresponding toRH(dec), which given the present-day value of
H and zdec ≈ 1100 would correspond to an angular size of ∼ 2◦. This implies that on a CMB
map, the homogeneous regions should only encompass a few degrees, and we would expect
to find many different causally disconnected temperature regions. The horizon problem can
thus be formulated as: how can photons in regions of the CMB that have never been in causal contact
have the same temperature?

Inflation solves this problem by adding a phase of early accelerated expansion. Indeed, in
equation 2.1 we found that the integral was converging with respect to the lower boundary
a1, leading to a causal horizon of the same order of magnitude as the Hubble radius. However,
the convergence of this integral depends on the acceleration or deceleration of the expansion:



2.1. Motivations 37

if a′ decreases the integral converges, but if a′ increases, as is the case during expansion, the
integral would diverge for a→ 0.

This means that if a grows exponentially, as is proposed for inflation, the integral diverges,
thus allowing us to find a particle horizon much larger than the Hubble radius at decoupling,
and thereby solving the horizon problem.

Quantitatively, let us now assume that inflation took place between ti and tf , corresponding
to ai and af , during which time a = eαt. We can calculate the new causal horizon as

dH(ai, af ) = af

∫ af

ai

da

a2Hi
=

1

Hi

(
af
ai
− 1

)
' 1

Hi

af
ai
. (2.3)

Thus, at the end of inflation the causal horizon is larger than the Hubble radius by a factor
af/ai. It is now useful to define the e-fold number

N ≡ ln a , (2.4)

from which we can calculate the number of e-folds that take place during inflation to be

∆N = ln
af
ai
. (2.5)

The condition necessary for the Hubble radius to be smaller than the causal horizon at decou-
pling, and thus to solve the horizon problem, is that the number of inflationary e-folds should
be at least equal to the number of e-folds since inflation took place. Assuming inflation hap-
pened at the GUT energy scale (∼ 1016 GeV), this corresponds to ∆N ∼ 60.

Therefore, if there are sufficient e-folds of inflation, the particle horizon at decoupling would
be larger than the Hubble radius, meaning all the observed photons in the CMB would have
been in causal contact before decoupling, thus explaining their observed isotropy.

2.1.2 Flatness Problem

The other main issue with FLRW cosmology is the so-called flatness problem, which asks the
question as to why the universe appears to be flat: indeed we saw in section 1.6 that the
curvature density is measured to be Ωk ≤ 0.021.

This becomes a more obvious problem if we rewrite equation 1.54 as

Ωk ≡ −
k

a2H2
→ |Ωk| =

|k|
a′(t)2

. (2.6)

We can now look at the behaviour of this term in two different stages: radiation domination
and matter domination. We have already seen that during matter domination a(t) increases
like t2/3, so |k|/a′(t)2 also increases as t2/3 ∝ T−1. Using the present day value of the curvature
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Ωk < 0.01, this implies that when the temperature of the universe was T = 104K, the curvature
must have been |Ωk| < 10−4.

We can apply a similar argument during radiation domination, where the scale factor varies
as t1/2, thus |k|/a′(t)2 increases as t ∝ T−2. Therefore, if we take a sample temperature of
T = 1010K, we would have |Ωk| < 10−16. We can extrapolate this argument backwards and
see that the curvature density has been consistently growing with time. This means that in
order to have such a low value of the curvature density today, in the past the value had to be
significantly lower.

We can find the specific ranges for the Planck time (tPl), which is the earliest time we can
conceive of, and for the Big Bang Nucleosynthesis (tBBN ), which is the earliest time for which
we have observations:

|Ωk(tPl)| < 10−60 and |Ωk(tBBN )| < 10−18 . (2.7)

Therefore, to account for the observed flatness today, we require the curvature to be fine-
tuned to within 60 orders of magnitude in the early universe. Even if we adopt the more
conservative view of only considering to BBN time, we still require a curvature smaller than
10−18. The flatness problem can thus be formulated as: why was the flatness of the very early
universe negligible enough to lead to a flat universe today?

A period of exponential expansion in the early universe addresses this issue. During a phase
of accelerated expansion the Hubble parameter is constant, and we can see in equation 2.6
that Ωk would decrease as a−2, forcing the universe to become asymptotically flat. Therefore,
one does not have to make assumption about the initial state of the universe: if a sufficient
amount of inflation precedes radiation domination, this epoch would necessarily have started
with negligible curvature.

The amount of inflation required to properly solve the flatness problem can be found (see for
example [41]) to be the same amount of expansion that has taken place since inflation, the
same as for the horizon problem. Again, assuming inflation took place on the GUT energy
scale the flatness problem requires a minimum of 60 e-folds to be solved, similarly to the
horizon problem.

2.1.3 Monopole Problem

The final problem with the HBB cosmology is the monopole problem, which asks the question
as to why we have not found any of the topological defects predicted by many Grand Unified
Theories (GUT). In these models, the Standard Model of particle physics arises from phase
transitions induced by spontaneous symmetry breakings in the early universe (caused by the
expansion and cooling of the universe) and could lead to the formation of topological defects
such as domain walls, cosmic strings, and monopoles. The detection of these topological
defects would be a smoking gun for GUTs, and has sparked a lot of interest in the past.
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The monopole annihilation is predicted to be very slow, which should result in a very high
energy density of them today, and thus they should completely dominate the total density
of the universe. Furthermore, these defects would be non-relativistic: their energy density
would dilute like a−3, which would prevent the domination of normal matter that we see later
in the universe. However, no evidence has been found for the existence of these topological
defects, calling into question many of the existing GUTs.

Nonetheless, a period of exponential expansion taking place after the creation of these topo-
logical defects can save these models. During inflation the leading vacuum energy is nearly
constant, which would mean the energy density of the non-relativistic relics would be diluted
by a factor (af/ai)

3, thus explaining why they have not been found seen in the universe.

2.1.4 Origin of CMB Fluctuations

Solving the above problems is already a very strong motivation for inflation, but it further
provides for free a mechanism to explain the tiny anisotropies in the CMB, which will be
discussed in more detail in chapter 3. For now, let us assume we have a cosmological pertur-
bation with wavelength λ(t). We can expand this in comoving Fourier space as

λ(t) =
2πa(t)

k
. (2.8)

In section 1.6 we saw that during radiation domination the Hubble radius varies asRH(t) ∝ t,
while the scale factor changes as a(t) ∝ t1/2, which implies that the Hubble radius grew much
faster than the wavelength of the perturbations. If the perturbations were generated causally
when a wavelength entered the horizon, we would expect them not to be coherent on super-
Hubble scales. This would mean the temperature anisotropies on the CMB maps would be
smaller than one degree, which is not compatible with observations1.

We now wish to find a scenario such that all cosmological perturbations observable today
were generated inside the causal horizon at some earlier time. The largest observable wave-
length we can see today is of the order of the Hubble radius, thus we need a mechanism with
which this wavelength was already in the causal horizon at an initial time ti. We can express
the ratio between the wavelength and the Hubble radius as

λ(t)

RH(t)
=

2πa(t)

k
H(t) =

2πa′(t)
k

. (2.9)

Thus, during decelerated expansion the Hubble radius grows faster than the physical wave-
lengths, while if the universe is in accelerated expansion the physical wavelengths grow faster
than the Hubble radius. Therefore, if between a certain time ti and tf the expansion of the uni-
verse was accelerating, as is the case during inflation, it is possible to have λmax < RH , dH at
time ti.
1As we already saw in the previous section. Everything is connected.
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FIGURE 2.1: Wavelength of perturbations (thin lines) compared to the Hubble
radius (thick lines). During inflation the Hubble radius grows slower than the
wavelengths, allowing these to exit the Hubble radius and re-enter at a later

time, thus explaining the observed coherent CMB anisotropies.

This means that perturbations of wavelength λ can be created causally before inflation by
quantum fluctuations in the early universe. The perturbations would then exit the Hubble
radius during inflation, where they would freeze out until re-entering the Hubble radius to-
day, setting the seeds for CMB anisotropies and structure formation, as will discussed in sec-
tion 3.3. This is summarised in Fig. 2.1.

2.2 Scalar Field Inflation

We have seen in the previous section that an early stage of accelerated expansion can solve
several cosmological problems. In order to see what type of species in the universe can gen-
erate this expansion, we can rewrite the Friedmann equation 1.35 as

a′ =

√
8πG

3
aρ1/2 . (2.10)

If we now take the time derivative of this and insert the energy conservation equation 1.37,
we can find

a′′ = −
√

8πG

3

a′

2ρ1/2
(ρ+ 3p) , (2.11)

which allows us to directly find the necessary condition for accelerated expansion (a′ > 0) as

a′ > 0 iff ρ+ 3p < 0 . (2.12)
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In section 1.6 we saw that the only component that fulfils a negative pressure smaller than ρ/3
is a cosmological constant. However, as the cosmological constant never decays, this would
lead to infinite inflation. Given that we know that the universe has not been in accelerated
expansion throughout its whole history, we require an end to inflation. As such, the mecha-
nism driving the current accelerated expansion does not seem to be the same one that caused
inflation in the early universe.

The simplest possibility that could lead to a finite amount of inflation is to consider a scalar
field φ, known as the inflaton, slowly rolling down a very flat valley of some potential V (φ).
The rolling attributes an arrow of time, and thus a possible end to inflation, while the overall
flatness of the valley means that the field can be seen at any time as being in an instantaneous
vacuum state, behaving similar to a cosmological constant. A general example of this slowly-
rolling inflaton is shown in Fig. 2.2, and will be discussed more in section 2.3.

Assuming now a scalar field, which is a field of spin zero invariant under Lorentz transfor-
mations, the general action in curved spacetime can be written as

S = −
∫
d4x
√
|g| (Lg − Lφ) , (2.13)

where Lg is the gravitation Lagrangian

Lg =
R

16πG
, (2.14)

and Lφ is the Lagrangian of the scalar field

Lφ =
1

2
∂µφ∂

µφ− V (φ) =
1

2
gµν∂µφ∂νφ− V (φ) . (2.15)

In the above equation we can see V (φ) is the scalar potential. With the variation of the action
with respect to gµν we can define the stress-energy tensor as

Tµν = ∂µφ∂νφ− Lφgµν . (2.16)

Finally, we can look at the variation of the action with respect to φ to find the Klein-Gordon
equation:

1√
|g|
∂µ

[√
|g|∂µφ

]
+
∂V

∂φ
= 0 . (2.17)

While this idea of scalar field inflation is very well motivated, there are many different models
that would lead to such slow-roll inflation, and thus many different possible V (φ)s. Several
different ways of reconstructing this potential using the latest Planck 2018 data [I] is discussed
in Appendix A.



42 Chapter 2. Inflation

reheating

FIGURE 2.2: Example of a slowly-rolling inflaton potential, showing the end
of inflation (φend) and when the cosmological fluctuations (φCMB) would be

created. Image taken from [39].

2.3 Slow-Roll Inflation

In the previous section we saw the general behaviour of scalar field inflation, now we can
now look more in detail at the mechanism of slow-roll inflation. In a flat FLRW universe we
can use equation 2.16 to express the energy density and pressure of the inflaton field as

ρ =
1

2
φ′2 + V (φ)

p =
1

2
φ′2 − V (φ) .

(2.18)

It is useful to rewrite the Klein-Gordon equation for scalar fields from equation 2.17 as:

φ′′ + 3Hφ′ +
∂

∂φ
V (φ) = 0 . (2.19)

We can now combine equation 2.19 with the Friedmann equation 1.35, expressed as

H2 =
8πGρ

3
' 8πG

3
V (φ) , (2.20)

to find:
H ′ = −4πGφ′2 , (2.21)

where we see that during scalar field inflation, the Hubble parameter can only decrease with
time, as expected.

When discussing scalar field inflation, in equation 2.12 we saw that the equation of state
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should have p < −ρ/3. Using equations 2.18 we can rewrite this to find the first slow roll
condition

1

2
φ′ � V (φ) . (2.22)

In other words, slow roll inflation requires the potential energy to dominate over the kinetic
energy. Furthermore, we want this condition to be fulfilled for a sufficient amount of time,
in order to have enough e-folds of inflation to solve the problems discussed in section 2.1.
Therefore, we must impose that the time-derivative of the first condition also holds, leading
to the second slow roll condition

|φ′′| �
∣∣∣∣ ∂∂φV (φ)

∣∣∣∣ . (2.23)

When these two conditions hold, the Friedmann equation 2.20 and the Klein-Gordon equa-
tion 2.19 become

3H2 ' 8πGV (φ) ,

φ′ ' − 1

3H

∂V

∂φ
(φ) .

(2.24)

Thus, the two slow-roll conditions can be expressed as either a condition on the slowness of
the variation of H(t), or alternatively a condition on the flatness of the potential V (φ). This is
explored in more detail in Appendix A

The slow-roll conditions are often parametrised with the slow-roll parameters, first defined
in [42],

ε =
M2
Pl

16π

(
(∂V/∂φ)

V

)2

and η =
M2
Pl

8π

(∂2V/∂φ2)

V

2

. (2.25)

By making use of equation 2.21 and using the relation between the gravitational constant and
the Planck mass, G = M−2

Pl , we can use the slow-roll parameters to express conditions 2.22
and 2.23 as

ε� 1 and |η| � 1 . (2.26)

Therefore, slow-roll inflation can take place provided both conditions are fulfilled.

2.4 Cosmological Parameters Obtained with Slow-Roll Inflation

A complete treatment of scalar field inflation as the origin of cosmological fluctuations (these
perturbations will be explored in depth in chapter 3) requires understanding of QFT in curved
spacetime, and would thus require an entire chapter or text book. Several very good reviews
already exist on the topic, see for example [38]. As such, here I will just review the main stages
involved, all summarised in Fig. 2.1,

1. Inflation starts at some time ti, when the potential energy of φ starts to dominate the
energy density of the universe. Curvature is rapidly diluted away.
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2. At some early time, all the observable cosmological wavelengths are sub-Hubble. For
modes deep inside the Hubble radius, we can describe the small quantum fluctuations
of the scalar field (δφ) and the metric like in a flat spacetime.

3. Starting from the largest wavelength, the modes gradually exit the Hubble radius, and
freeze out. This leads to a semi-classical transition of the quantum fluctuations of the
scalar field and of the metric: they become indistinguishable from classical stochastic
fluctuations. This means that the primordial fluctuations have a random distribution,
but their statistics can be well described classically.

4. At some point, the inflaton exits slow-roll and inflation ends. When this happens, the
inflaton will decay into Standard Model particles (a phase known as reheating). Dur-
ing this phase the scalar field decays, thus its large wavelength perturbations vanish.
However, metric perturbation survive, with those outside of the Hubble radius being
impervious to the microphysics of reheating.

5. After the scalar field has decayed, the universe enters radiation domination, dominated
by the energy of the particles produced during reheating. The larger wavelength metric
perturbations couple gravitationally to radiation and matter perturbations. The subse-
quent evolution of these perturbations leads to the CMB anisotropies and set the seeds
for the later formation of galaxies, and will be discussed in chapter 3.

After the semi-classical transition, the probability distribution of each mode δφ(kkk) can be
shown to be a Gaussian dependent only on kkk. As such, at any given time all of the infor-
mation about the statistics of the field will be contained in the variance

〈|φ(kkk)|2〉 . (2.27)

The perturbations of the scalar field δφ will couple with the metric perturbations (both the
scalar and tensor perturbations), and we can calculate the variance at the end of inflation
for observable modes. Furthermore, these larger modes were frozen out and thus unaffected
by the later decay of the scalar field during reheating, when radiation particles are formed.
These particles will of course be susceptible to the gravitational potential, which will behave
as a mediator between the scalar field perturbations during inflation and the radiation pertur-
bations in the radiation dominated universe. Therefore, if we can calculate the variance 2.27
at the end of inflation, we can use this to set the initial conditions for radiation domination
(see section 3.3).

Usually, rather than discussing the variance, the most interesting quantity to describe the
stochastic variable A(kkk) will be the dimensionless power spectrum, defined as

PA(k) ≡ k3

2π2
〈|φ(kkk)|2〉 . (2.28)

This power spectrum will be given greater physical significance in section 3.4.
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Assuming a completely scale-invariant spectrum, which is to say all wavelengths contribute
equally, the power spectrum for scalar modes reads as

PR(k) =
H4

4πφ′
=

128πV 3

3M6
PlV ′2

, (2.29)

while the power spectrum for tensor modes is

PH(k) =
16G

π
=

128V 3

3M4
Pl

. (2.30)

To study any deviations from scale-invariance, the power spectra are often approximated as
power-laws

PR(k) = PR(k?)︸ ︷︷ ︸
As

(
k

k?

)ns−1

, (2.31)

Ph(k) = Ph(k?)︸ ︷︷ ︸
At

(
k

k?

)nt
, (2.32)

where k? is an arbitrary reference wavenumber known as the pivot scale. The tilts, which give
deviations from scale invariance, are defined as

ns − 1 ≡ d lnPR
d ln k

∣∣∣∣
k=k?

, (2.33)

nt ≡
d lnPh
d ln k

∣∣∣∣
k=k?

. (2.34)

The two power spectra defined above allow us to define a quantity known as the tensor-to-
scalar ratio, which is useful when comparing different inflationary models with observations,

r ≡ Ph(k)

PR(k)
. (2.35)

We can now find an expression for the tilts, and thus for the tensor-to-scalar ratio, using the
slow-roll parameters defined in equation 2.25,

r ' 16ε? ,

ns − 1 ' −6ε? + 2η? ,

nt ' −2ε? ,

(2.36)

where the subscript ? indicates that a quantity is evaluated at the pivot scale.

With these expression, given an inflationary model we can trivially calculate the predicted
tensor-to-scalar ratio r2 and scalar tilt ns. Thus, we can use observational constraints on these
2The tensor-to-scalar ratio is always evaluated at a given pivot scale. The most common choices are k? = 0.05 or
k? = 0.002.
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tral tilt ns, using data from Planck, Bicep2/Keck Array, and BAO. The predic-
tions for different inflationary models are also shown, computed both for 55 and

60 e-folds. Image taken from [I].

parameters to differentiate between different inflationary models. The latest constraints and
model comparisons are shown in Fig. 2.3. Numerically, the current constraints on the most
relevant parameters3 are [19]

109As = 2.105± 0.030 ,

ns = 0.9665± 0.0038 ,

r? < 0.058 ,

(2.37)

As we can see, ns is very close to 1, thus justifying our previous assumption of scale-invariance
in equation 2.29. Furthermore, given the measurements of Gaussian and adiabatic initial con-
ditions [1] (which will be explored in more detail in section 3.5) it is enough to specify the
primordial power spectrum of one quantity to know everything about the system. Thus, the
amplitude As and tilt ns of the scalar power spectrum are two of the six parameters needed to
fully define the ΛCDM universe. Together with ωb, ωm, and ΩΛ (discussed in section 1.6) and
τreio (discussed in section 1.8.3), we can now fully describe the ΛCDM model.

3Tensor modes are known to be very small, if they even exist. As such, constraints on At and nt are not given.
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3 Perturbed Cosmology

In chapter 1 we saw how homogeneous cosmology provides a very good description of the
history and current status of the universe. However, in section 2.1.4, we also saw how small
quantum fluctuations in the very early universe can grow during inflation, leading to inho-
mogeneities and anisotropies in the universe (typicallyO(105) times smaller than background
quantities). These perturbations lead to the observed CMB anisotropies, as well as setting the
seeds for structure formation. Thus, to properly understand the universe around us, we need
to be able to study these perturbations, however small. This chapter will provide an overview
of Linear Perturbation Theory (sticking to first order perturbation theory, and ignoring non-
linearities), but for a more in-depth review see for example [43], [44].

Throughout this chapter I will work in Fourier space instead of real space, in order to trade
one equation with partial spatial derivatives for a set of equations with k wavenumbers. As
we saw in section 2.1.4, a cosmological perturbation with wavelength λ(t) can be expanded
in comoving Fourier space as

λ(t) =
2πa(t)

k
. (3.1)

Furthermore, as shown in Fig. 2.1, perturbations are created causally before inflation by quan-
tum fluctuations in the early universe. These perturbations would then exit the Hubble radius
during inflation, where they would freeze out until re-entering the Hubble radius today, with
the smaller wavelengths entering earlier than the larger wavelengths modes. This will be
important for the rest of this chapter.

3.1 Linear Perturbation Theory

We are interested in small perturbations of the FLWR metric and the stress-energy tensor of
the universe. As such, we can decompose these into spatial averages and linear perturbations

gµν(t,xxx) = ḡµν(t) + δgµν(t,xxx) ,

Tµν(t,xxx) = T̄µν(t) + δTµν(t,xxx) .
(3.2)

Due to symmetry reasons, the two perturbed tensors contain only ten degrees of freedom
each, describing different gravitational aspects. These can be decomposed into decoupled
scalar, vector, and tensor modes. In a perfect vacuum the first two vanish, while the tensor
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perturbations can propagate (if they have been excited) and account for gravitational waves1.
When matter is present, scalars represent the response of the metric to an irrotational distri-
bution of matter, and thus they are the generalisation of Newtonian gravity. Vectors, on the
other hand, represent the response of the metric to vorticity (gravitomagnetism), but these
decay quickly and can be neglected. Therefore, for the rest of this chapter I will focus only on
scalar modes.

The four scalar components of the perturbed metric and stress-energy tensors are given by the
(00) term, the trace of the (ij) matrix, the irrotational part of the (0i) vector, and the traceless
longitudinal part of the (ij) tensor. For the perturbed metric δgµν these correspond to

(00) term Generalised gravitational potential ψ ,

(ij) (trace) The local distortion φ of the average scale factor: the local scale factor is
given by (1− φ)a ,

(0i) term The potential b such that δg0i = ∂ib ,

(ij) (traceless) The potential µ of the metric shear: δgij =
(
∂i∂j − 1

3δij∆
)
µ .

For the perturbed stress-energy tensor δTµν these components are

(00) term The energy density perturbations δρ ,

(ij) (trace) The pressure perturbations δp ,

(0i) term The velocity potential v of the irrotational component of the flux of energy,
δT 0

i = ∂iv ,

(ij) (traceless) The potential s of the shear stress δT ij =
(
∂i∂j − 1

3δij∆
)
s .

The velocity potential is often substituted for the velocity divergence θ, defined as

∂iδT
0
i ≡ (ρ̄+ p̄) θ = ∆v . (3.3)

Additionally, the shear is often denoted by the anisotropic stress σ, which is defined as(
∂i∂j −

1

3
δij∆

)
δT ij ≡ (ρ̄+ p̄)σ = ∆ (∆s) . (3.4)

With the above definitions, we see that we can manipulate four degrees of freedom repre-
senting the scalar metric perturbations {ψ, φ, µ, b}, and four for the scalar perturbations of the
stress-energy components. The latter can be chosen as the density fluctuation, the pressure
perturbation, the velocity divergence, and the anisotropic stress {δ, δp, θ, σ}.

When discussing linear perturbation theory, we encounter an unavoidable problem: this the-
ory is a gauge theory, which means we need to choose a reference frame in which to describe

1Gravitational waves are a fascinating topic that deserve a whole separate thesis, but they will not be covered here.
Maybe if I decide to write a second thesis they will be there.
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the perturbations. This will be a gauge choice, a way to slice the spacetime in equal-time
hyper-surfaces, as well as a specific spatial coordinate choice on these hyper-surfaces. There
are an infinite amount of time slicings compatible with perturbation theory (such that on each
slice all quantities remain close to their average value). While physical quantities do not de-
pend on the choice of gauge, intermediate quantities constructed from the perturbations can
depend on this choice. This could lead to the equations of motion of perturbed quantities
having gauge modes as part of the solution, with no observable consequences.

To deal with this gauge freedom there are two usual approaches: we can work with gauge
invariant quantities and gauge invariant equations of motions for these quantities, as was
historically done by Bardeen in 1980 [45]; or we can fix the gauge by introducing a condition
that completely defines a unique time slicing, and then the number of independent solutions
to the equations will be the same as in the gauge invariant formalism. Here I will focus on
the second approach, and introduce the two most commonly used gauges: the synchronous
gauge and the Newtonian gauge.

The synchronous gauge, first introduced by Lifshitz in [46], is defined such that δg00 = δg0i = 0

(equivalently, φ = b = 0). Thus, in this gauge there exists a set of comoving observers who
experience free fall, or move along a geodesic, without changing their spatial coordinates.
This gauge allows a description of scalars, vectors, and tensors simultaneously, but it has
the downside that the choice of the initial hyper-surface and its coordinate assignments are
arbitrary, and thus this gauge does not eliminate all degrees of freedom.

The conformal Newtonian gauge, introduced by Mukhanov in 1992 [47], is defined by µ = b = 0,
leading to a diagonal metric tensor gµν . The line element in this gauge is given by

ds2 = a2(τ){−(1 + 2ψ)dτ2 + (1− 2φ) dxidxi} . (3.5)

By construction, this gauge can only describe scalar modes: the vector and the tensor degrees
of freedom are eliminated from the beginning. This could be generalised to all modes, but
we are anyway only interested in scalar modes here. In the weak-field (Newtonian) limit, the
perturbation ψ can be interpreted as the gravitational potential, giving the name to the gauge.

As a gauge choice is nothing but a choice of time slicing of spacetime in GR, we can always
do a gauge transformation, similar to a coordinate transformation. Thus, one can easily move
between synchronous and Newtonian gauge, and as mentioned above, the observable quan-
tities do not depend on our choice of gauge. As such, throughout this thesis I will always use
the Newtonian gauge.

In section 1.3 we saw how the metric and the matter content of the universe can be related via
the Einstein equations. In order to relate the metric perturbations to the matter perturbations,
we will solve the linearised Einstein equations in Fourier space k. In the Newtonian gauge
the first-order perturbed Einstein equations give
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(00)→ k2φ+ 3
ȧ

a

(
φ̇+

ȧ

a
ψ

)
= −4πGa2ρ̄δ , (3.6)

(0i)→ k2

(
φ̇+

ȧ

a
ψ

)
= 4πGa2(ρ̄+ p̄)θ , (3.7)

(ii)→ φ̈+
ȧ

a
(ψ̇ + 2φ̇) +

(
2
ä

a
− ȧ2

a2

)
ψ +

k2

3
(φ− ψ) = 4πGa2δp , (3.8)

(ij)→ k2(φ− ψ) = 12πGa2(ρ̄+ p̄)σ . (3.9)

Deep in the sub-Hubble regime we have k � (aH) and σ ≈ 0, which allows us to rewrite
equation 3.6 as

k2ψ = −4πGa2δρtot , (3.10)

which is just the Poisson equation for Newtonian gravity. In addition to the Einstein equa-
tions, it is often useful to use the conservation of the stress-energy tensor, which is a direct
consequence of these equations. This allows us to find two new equations2

Continuity equation→ δ̇ = −(1 + w)
(
θ − 3φ̇

)
− 3

ȧ

a

(
δp

δρ
− w

)
δ , (3.11)

Euler equation→ θ̇ = − ȧ
a

(1− 3w)θ − ẇ

1 + w
θ +

δp/δρ

1 + w
k2δ − k2σ + k2ψ , (3.12)

where I have recovered the equation of state w = p/ρ from equation 1.38. These equations are
valid for a single uncoupled fluid, or for the net δ and θ for all fluids.

Furthermore, we have seen that the perturbations of each species can be described by four
variables, and thus generally the Continuity and Euler equations will not be enough to fully
define a system. However, in the case of a perfect fluid (denoted by χ), microscopic interac-
tions impose local thermodynamical equilibrium, and the anisotropic shear vanishes, σχ = 0.
In addition, pressure perturbations are given by δpχ = c2

χδρχ, where cχ is the adiabatic sound
speed inferred from the equation of state of the fluid. Therefore, in these cases the two equa-
tions of motion given by the Continuity and Euler equations are enough to compute the evo-
lution of perturbations.

In the case of a decoupled or weakly interacting species, we can not make these simplifications
with the shear and pressure. Thus, in general, we will need to use a Boltzmann equation,
which will give the full evolution of each phase-space distribution. In the next section I will
discuss the Boltzmann equations for individual species, as well as the type of modifications
needed to account for interactions between different species.

2Somewhat redundant, as they bring no new information, but they are still useful.
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3.2 Boltzmann Equations

In the previous section I discussed the linearised Einstein equations, and thus the evolution
equations for the global cosmic fluid perturbations. If the universe consisted of uncoupled
fluids, we could simply use the above equations summing over every species. However, as
discussed in chapter 1, species in the universe are not isolated from each other, and as such
they contribute to the evolution of perturbations in different ways.

All species are affected by gravity, and thus all species are coupled to each other through their
influence on the metric. Photons and baryons are also strongly coupled together through
Compton and Coulomb scattering, while neutrinos are collisionally coupled in the early uni-
verse through weak interactions. To properly describe all of these couplings, for each species
in the universe we need to make use of a Boltzmann equation

d

dt
fχ = C [fχ] , (3.13)

where the right-hand side is called the collision operator and contains all possible interaction
terms.

In section 1.8.1 we saw that the phase-space distribution is a function of 8 parameters, f(xµ, P ν).
However, we can use P 2 = gµνP

µP ν = m2, to reduce one of the 4-momentum compo-
nents. Working in the Newtonian gauge we can write the 4-momentum formula, seen in
equation 1.31, in the presence of perturbations as

Pµ = (−E(1 + ψ), apni(1− φ)) , (3.14)

where ni indicates the direction, ppp = pn̂ has components pi = pni.

In the presence of perturbations, it is also convenient to introduce the relative fluctuation of
the phase-space distribution

Ψ(xi, p, nj , τ) =
f(xi, Pj , τ)

f0(p)
− 1 , (3.15)

where f0 is the unperturbed phase-space distribution function. Furthermore, we can express
the energy-momentum tensor in terms of the phase-space distribution and the 4-momentum
components as

Tµν = (−g)−1/2

∫
d3p

(2π)3

PµPν
E

f(xi, pj , τ) , (3.16)

where g is the determinant of gµν and is given by (−g)−1/2 = a−4 (1− ψ + 3φ); and d3p = (1−
3φ)p2dpdΩ, where dΩ is the solid angle associated with direction ni. Thus, the full components
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of the energy-momentum tensor are given by

T 0
0 = −a−4

∫
p2dp dΩ

√
p2 +m2a2 f0(p) (1 + Ψ)

T 0
i = a−4

∫
p2dp dΩ p ni f0(p) Ψ ,

T ij = a−4

∫
p2dpdΩ

p2ninj√
p2 +m2a2

f0(q) (1 + Ψ) .

(3.17)

We can now write the evolution of the phase-space distribution as

df

dτ
=
∂f

∂τ
+
∂f

∂xi
∂xi

∂τ
+
∂f

∂p

∂p

∂τ
+
∂f

∂ni
∂ni

∂τ
= CCC(f(p, t); fi) , (3.18)

where the right-hand side defines the collisional integral, which is given by the different inter-
actions, and will depend on which species and interactions we are considering.

Finally, keeping only first order terms and making use of the geodesic equation, we can return
to k-space, where the Boltzmann equation 3.13 becomes

∂Ψ

∂τ
+ i

p

E
(~k · n̂) Ψ +

d ln f0

d ln p

[
φ̇− i E

p
(~k · n̂)ψ

]
= CCC(f(p, t); fi) . (3.19)

The Boltzmann equation 3.19 gives the full evolution of each phase-space distribution, and
thus allows us to find the equations of motion of a given species in cases when the Euler
equation 3.12 and Continuity equation 3.11 are not sufficient. We can now find the evolution
equations for the main components of the universe.

Boltzmann Equations for Cold Dark Matter
The easiest species to describe in the universe is cold dark matter, as it only interacts with
other particles gravitationally3. As such, it can be treated as a perfect, pressureless fluid, and
we can describe its evolution without needing to solve the full Boltzmann equation. Making
use of the Continuity and Euler equations, we find

δ̇CDM = −θCDM + 3φ̇ ,

θ̇CDM = − ȧ
a
θCDM + k2ψ .

(3.20)

Boltzmann Equations for Massless Neutrinos
We already saw in section 1.8.3 that neutrinos decouple early in the universe, and massless
neutrinos behave as a relativistic species. As such, ρν = 3pν = −T 0

0 = T ii . We can use

3For now, in chapter 7 we will make it a more interesting species.
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equation 3.17 to find

ρ̄ν = 3p̄ν = a−4

∫
p2dpdΩ pf0(q) ,

δρν = 3δpν = a−4

∫
p2dpdΩ pf0(q)Ψ ,

δT 0
ν i = a−4

∫
p2dpdΩ pni f0(p)Ψ ,

T iνj − pνδij = a−4

∫
p2dpdΩ p(ninj −

1

3
δij) f0(p)Ψ .

(3.21)

Furthermore, we can simplify the Boltzmann equation 3.19 by using E = p (valid for massless
particles), integrating out the momentum dependence, and expanding the angular depen-
dence of the perturbation in a series of Legendre polynomials P`(k̂ · n̂), giving us

Fν(kkk, n̂, τ) ≡
∫
p2dp pf0(p)Ψ∫
p2dp pf0(p)

≡
∞∑
`=0

(−i)`(2`+ 1)Fν `(kkk, τ)P`(k̂ · n̂) . (3.22)

where the factor (−i)`(2` + 1) is chosen in order to simplify the expansion of a plane wave:
Fν = exp(−ikkk ·xxx ) has expansion coefficients Fν ` = j`(kr), given by spherical Bessel functions.

We can now express the needed perturbations δν , ρ̄ν , θν , and σν in terms of the new variable
Fν(kkk, n̂, τ) as

δν =
1

4π

∫
dΩFν(kkk, n̂, τ) = Fν 0 ,

θν =
3i

16π

∫
dΩ (kkk · n̂)Fν(kkk, n̂, τ) =

3

4
kFν 1 ,

σν = − 3

16π

∫
dΩ

[
(k̂ · n̂)2 − 1

3

]
Fν(kkk, n̂, τ) =

1

2
Fν 2 .

(3.23)

Finally, we can integrate the Boltzmann equation 3.19 and make use of Fν to find the equations
of motion for massless neutrinos

δ̇ν = −4

3
θν + 4φ̇ ,

θ̇ν = k2

(
1

4
δν − σν

)
+ k2ψ ,

Ḟν ` =
k

2`+ 1

[
`Fν (`−1) − (`+ 1)Fν (`+1)

]
, ` ≥ 2 .

(3.24)

We can see that in our final expression, we have transformed the Boltzmann equation into an
infinite hierarchy of moment equations that must be truncated at some maximum multipole
`max. The most usual way of doing this is using the truncation scheme proposed in [43],
which is based on the solution of these equations in the absence of a gravitational source term
and cosmic shear, ∂τ (φ + ψ) = 0. In this case, the time dependence of the exact solution is
Fν `(k, τ) ∝ j`(kτ) for ` > 0, which allows us to use the recurrence relation for spherical Bessel
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functions to find
Fν (`max+1) ≈

(2`max + 1)

kτ
Fν `max − Fν (`max−1) . (3.25)

Boltzmann Equations for Massive Neutrinos
In section 6.1 I will discuss why neutrinos can not be considered massless. As such, we are
also interested in the Boltzmann equations for massive neutrinos. The procedure to obtain
these equations is similar to that of massless neutrinos, but with a more complicated evolu-
tion of the phase-space distribution. Rather than using equation 3.22, we instead expand the
perturbation Ψ directly in a series of Legendre polynomials

Ψ(kkk, n̂, p, τ) =

∞∑
`=0

(−i)`(2`+ 1)Ψ`(kkk, p, τ)P`(k̂ · n̂) . (3.26)

which will give us the perturbed energy density, pressure, energy flux, and shear stress in
k-space as

δρmν = 4πa−4

∫
p2dpEf0(p)Ψ0 ,

δpmν =
4π

3
a−4

∫
p2dp

p2

E
f0(p)Ψ0 ,

(ρ̄mν + p̄mν)θmν = 4πka−4

∫
p2dp pf0(p)Ψ1 ,

(ρ̄mν + p̄mν)σmν =
8π

3
a−4

∫
p2dp

p2

E
f0(p)Ψ2 .

(3.27)

Following the same procedure as for the massless neutrinos, the Boltzmann equation becomes

Ψ̇0 = −pk
E

Ψ1 − φ̇
d ln f0

d ln p
,

Ψ̇1 =
pk

3E
(Ψ0 − 2Ψ2)− E k

3p
ψ
d ln f0

d ln p
,

Ψ̇` =
pk

(2`+ 1)E
[`Ψ`−1 − (`+ 1)Ψ`+1] , ` ≥ 2 ,

(3.28)

where we see there is an added momentum-dependence, which will mean these equations
require much more computing time. The truncation hierarchy for massive neutrinos is easier,
as higher multipole moments decay rapidly once the neutrinos become non-relativistic, and
so we can usually choose a much smaller `max.

Boltzmann Equations for Photons
The evolution equations for photons are much more complicated, as photons are coupled with
baryons until the time of recombination, as discussed in section 1.8.3. As such, the right-hand
side of the Boltzmann equations will no longer be zero, and we will have to take into account
collisional terms, while the left-hand side will be the same as for massless neutrinos. The
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phase-space distribution of photons can be written as

fγ(τ, xi, p) =

[
exp

(
E(p)

aT̄ [1 + Θ(τ, xi, n̂)]

)]−1

, (3.29)

where Θ ≡ δT/T̄ is an inhomogeneous and anisotropic perturbation to the temperature. Ad-
ditionally, photons propagating in direction n̂ are linearly polarised in the plane perpendic-
ular to n̂ due to scattering of electron density perturbations with wavevector kkk. Therefore,
we will be interested in keeping track of both the total intensity of the phase-space densities
ΘT (kkk, n̂, τ) and the difference of the phase-space densities ΘP (kkk, n̂, τ). The former will behave
the same as Fν(kkk, n̂, τ) from equation 3.22, with the same Legendre polynomial expansion
leading to an infinite hierarchy.

The linearised collisional operators for the Thomson scattering rate were derived in [48]–[50],
and are given by(

∂ΘT

∂τ

)
C

= aneσT

[
−ΘT + ΘT 0 + 4n̂ · vvve −

1

2
(ΘT 2 + ΘP 0 + ΘP 2)P2

]
,(

∂ΘP

∂τ

)
C

= aneσT

[
−ΘP +

1

2
(ΘT 2 + ΘP 0 + ΘP 2) (1− P2)

]
,

(3.30)

where ne and vvve are the proper mean density and velocity of the electrons, and σT is the
Thomson scattering rate. Additionally, the P2 terms come from the polarisation-dependence
of the Thomson cross section. Similar to 3.22, we can do the Legendre expansion

Θ(η,~k, θ) =
∑
`

(−i)`(2`+ 1)Θ`(η,~k)P`(cos θ) , (3.31)

which leads us to the equations of motion for photons

δ̇γ = −4

3
θγ + 4φ̇ ,

θ̇γ = k2

(
1

4
δγ − σγ

)
+ k2ψ + aneσT (θb − θγ) ,

Θ̇T 2 = 2σ̇γ =
8

15
θγ −

3

5
kΘT 3 −

9

5
aneσTσγ +

1

10
aneσT (ΘP 0 + ΘP 2) ,

Θ̇T ` =
k

2`+ 1

[
`ΘT (`−1) − (`+ 1)ΘT (`+1)

]
− aneσTΘT ` , ` ≥ 3

Θ̇P ` =
k

2`+ 1

[
`ΘP (`−1) − (`+ 1)ΘP (`+1)

]
+ aneσT

[
−ΘP ` +

1

2
(ΘT 2 + ΘP 0 + ΘP 2)

(
δ`0 +

δ`2
5

)]
,

(3.32)

where the subscripts γ and b refer to photons and baryons respectively.
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The truncation scheme for photons is similar to massless neutrinos, except that we need to
add a term for the Thomson opacity

Θ̇T ` = kΘT (`−1) −
`+ 1

τ
ΘT ` − aneσTΘT ` ,

Θ̇P ` = kΘP (`−1) −
`+ 1

τ
ΘP ` − aneσTΘP ` .

(3.33)

Additionally, the first few mulitpole moments of ΘT can be related to the scalar degrees of
freedom discussed in section 3.1:

δγ = 4ΘT,0 , θγ = 3kΘT,1 , σγ = 2ΘT,2 . (3.34)

Boltzmann Equations for Baryons
The evolution equations for baryons are much easier to compute, as baryons are non-relativistic
and have negligible pressure and shear. As such, it is enough to use the Euler and Continuity
equations, as for cold dark matter, but with the additional collisional term coming from their
scattering with photons. Additionally, we have to keep the the acoustic term as it encodes the
effects of the pressure of baryons below their Jeans length. This will be encoded with a sound
speed c2

s, with δp = c2
sδρ. With these considerations, the evolution equations for baryons are

δ̇b = −θb + 3φ̇ ,

θ̇b = − ȧ
a
θb + c2

sk
2δb +Rγ(θγ − θb) + k2ψ .

(3.35)

In the above equations, I have introduced the coefficient for baryon-photon coupling

Rγ =
4ργ
3ρb

aneσT , (3.36)

in which ργ is the photon energy density and ρb is the baryon energy density. The baryon
sound speed is evaluated as

c2
s ≡

ṗ

ρ̇
= w + ρ

dw

dρ
=
kBTb
µ

(
1− 1

3

d lnTb
d ln a

)
, (3.37)

where µ is the mean molecular weight and Tb is the baryon temperature, which will be revis-
ited in section 7.2.2.

3.3 Initial Conditions from Inflation

In the previous section I introduced the full system of coupled differential equations needed
to describe linear perturbations. However, in order to fully describe the system, we are still
missing initial conditions. In section 2.1.4 we saw that these perturbations can be related to
an early stage of inflation, which will help us to infer the needed initial conditions.
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If the universe is composed of N perfect fluids with known sound speed c2
s = δps/δρs, then

there are 2N independent initial conditions corresponding to possible initial values of δs and
δ̇s. Now let us assume that the universe is perturbed initially by a single degree of freedom,
for example a time shift δτ(xxx), as is the case in single-field inflationary cosmology. Densities
and pressures are thus described as

ρi(τ,xxx) = ρ̄i(τ + δτ(xxx)) ' ρ̄i(τ) + ˙̄ρi(τ)δτ(xxx) ,

pi(τ,xxx) = p̄i(τ + δτ(xxx)) ' p̄i(τ) + ˙̄pi(τ)δτ(xxx) ,
(3.38)

where the time shift δτ(xxx) is the same for all species, and is assumed to be of order one in
perturbations. This assumption singles out a specific subclass of initial conditions subject to

δρi
ρ̄i + p̄i

=
δρj

ρ̄j + p̄j
, (3.39)

for any i, j. This shows that in the presence of such initial conditions, everything is fixed
up to a single function of xxx. In section 1.6 we saw that our universe contains mainly dark
matter, baryons, photons, and neutrinos. By using that non-relativistic species have p̄i � ρ̄i

and relativistic ones are given by p̄i = ρ̄i/3 , we can show that

δb = δCDM =
3

4
δν =

3

4
δγ . (3.40)

Therefore, if one initial function is known, for example δγ(xxx), the others can be calculated.

Furthermore, the ansatz in equation 3.38 leads to each species having an adiabatic sound speed
on super-Hubble scales, given by

δpi(τ,xxx)

δρi(τ,xxx)
=

˙̄pi(τ)
˙̄ρi(τ)

≡ c2
adi,i(τ) , (3.41)

and the total perturbations (summed over all species) can also be described by an effective
sound speed

δp = c2
s(τ)δρ(τ,xxx) with c2

s(τ) ≡
Σi ˙̄ρi(τ)c2

adi,i(τ)

Σi ˙̄ρi(τ)
. (3.42)

Hence, any set of perturbations satisfying equation 3.38 is such that the fluctuations of the
total effective fluid have adiabatic properties, which is why such initial conditions are usually
called adiabatic initial conditions.

We can also consider cases in which the initial conditions do not satisfy the adiabatic condi-
tion 3.38, for example if the perturbations are generated by more than one degree of freedom
(as would be the case in multi-field inflation). More general initial conditions can be expanded
on different bases, the most common of which is to assume one adiabatic mode, N decaying
modes that would be irrelevant, and N − 1 non-decaying isocurvature modes. The latter
have the property that for each of them the total density perturbations vanish in the super-
Hubble limit, while two species have opposite density perturbations that compensate each
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other. However, current observations from the CMB put strong limits on the amplitude of
such isocurvature modes [11], showing a preference for purely adiabatic initial conditions. As
such, I will focus only on adiabatic initial conditions for the remainder of this chapter.

For adiabatic initial conditions we saw the relation between different density fluctuations,
given in equation 3.39. Furthermore, if we only consider the case of species with no anisotropic
stress, we can set φ = ψ at initial times. Inserting this and equation 3.40 in the Einstein equa-
tions, we can find a second-order differential equation for ψ, which can be shown to have
two solutions during radiation domination. One of these solutions is constant in time, while
the other is decaying and thus not important. The constant solution is related to the density
fluctuations through

− 2ψ = −2φ = δtot ' δγ = constant . (3.43)

This means that for adiabatic initial conditions, and assuming that after inflation the universe
is dominated by radiation, we have

θM =
3

4
θr ' −

3

2
ψ . (3.44)

In the next section, we will see how the perturbations described here can be related to the
power spectra introduced in section 2.4.

3.4 Power Spectra and Transfer Functions

The theory of cosmological perturbations is a stochastic theory, with the goal of predicting
the statistical properties of perturbations at some time τ given the statistical properties at
an initial time τini. We saw in section 2.1.4 that the perturbations coming from inflation are
Gaussian, which means that all fluctuations can be described entirely by their two-point cor-
relation function. For a stochastic Gaussian field, different wavevectors are uncorrelated, and
the Fourier two-point correlation function is related to to the Dirac distribution δ(3)(kkk−kkk′) via

〈A(τ,kkk)A∗(τ,kkk′)〉 = δ(3)(kkk′ − kkk)PA(k) , (3.45)

where PA(k) is the power spectrum of the variable A. Due to the isotropy of the universe,
this power spectrum can only be a function of the wavenumber k, not of the direction k̂. It is
common to use the rescaled dimensionless power spectrum

PA(k) =
k3

2π
PA(k) , (3.46)

as seen in equation 2.28. With this convention, PA(k) represents the contribution of each
logarithmic interval in wavenumber space to the two-point correlation function in real space.

We have already seen that for adiabatic initial conditions all perturbations are related to each
other, and as such we only need to specify the primordial power spectrum of one quantity
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to know everything about the system. By convention, it is usual to use the primordial power
spectrum of the comoving curvature perturbationR. Unlike φ and ψ, which get rescaled when
the equation of state of the universe changes, R is conserved on super-Hubble scales. In the
Newtonian gauge this is given by

R = ψ − 1

3

δρtot

ρ̄tot + p̄tot
. (3.47)

We can now decompose the power spectrum of a given quantity at time τ into two parts: one
accounting for initial conditions and one accounting for the linear evolution with time

〈A(τ,kkk)A∗(τ,kkk′)〉 = δ(3)(kkk − kkk′)
[
A(τ,kkk)

R(kkk)

]2

︸ ︷︷ ︸
transfer function

PR(k) . (3.48)

As we have seen thatR is a conserved quantity on super-Horizon scales,R(τini, kkk) = R(τ,kkk) =

R(kkk). Additionally, in an isotropic universe the equations of motion do not depend on the di-
rection of the wavevector kkk, and hence the transfer function, which accounts for the linear
evolution independently of initial conditions, will be a function of k and not of kkk. It is usual
to denote the transfer function of A as4

A(τ, k) ≡ A(τ,kkk)

R(kkk)
. (3.49)

Furthermore, we can define the primordial curvature spectrum PR(k), which first appeared
in equation 2.29, as

〈R(kkk)R∗(kkk′)〉 =
2π2

k3
PR(k)δ(3)(kkk − kkk′) , (3.50)

which will allow us to express all other spectra. For example, this can be used to express the
perturbations of the photon temperature as

〈ΘT,`(τ,kkk)Θ∗T,`(τ,kkk)〉 =
2π2

k3
PR(k) [ΘT,`(τ, k)]2 δ(3)(kkk − kkk′) . (3.51)

Having seen how we can use the initial conditions given by inflation to solve the equations
of motion of all perturbations, in the next section we will see how to go from perturbations to
the temperature anisotropies we can observe in the CMB.

3.5 From Perturbations to Temperature Anisotropies

We now wish to explicitly relate the temperature perturbation equations seen in section 3.2
with a power spectrum, as described in the previous section. The temperature anisotropies

4This notation can be a bit confusing, but for some reason it is still the most usual choice in the literature.
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on the last scattering surface can be expanded in spherical harmonics as

δT

T
(n̂) =

∑
`m

a`mY`m(n̂) . (3.52)

The temperature anisotropy observed in a direction n̂ is a property of photons travelling along
the direction−n̂. Therefore, δTT (n̂) coincides with the function ΘT (xxx,−n̂, τ) seen in section 3.2,
evaluated today (τ = τ0). For simplicity, we can choose the origin such that xxx = ooo. We can
then extract each a`m from a sky map, giving

a`m = (−1)`
∫
dn̂Y ∗`m(n̂)ΘT (ooo, n̂, τ0) . (3.53)

We can make use of the Legendre expansion seen in equation 3.31 to find

a`m = (−i)`
∫
d3k

2π2
Y`m(k̂)ΘT,`(τ0, kkk) , (3.54)

where we can see that there is a linear relation between multipoles a`m and Fourier modes
ΘT,`(τ0, kkk). This leads to several useful realisations. First, if the perturbations are Gaussian,
the a`ms will also be Gaussian distributed, and thus the corresponding two-point correlation
function will fully describe their statistics. Furthermore, because the different Fourier modes
are uncorrelated, the corresponding multipoles are also uncorrelated. Finally, the isotropic
universe implies an isotropic power spectrum in Fourier space, which also implies an isotropic
harmonic spectrum which will only depend on ` and not on m

C` = 〈a`ma∗`m〉 . (3.55)

This harmonic power spectrum is the quantity we want to compute for a given cosmological
model, as we can compare it to observations5. However, the true harmonic spectrum of our
universe can not be extracted from observations, as we only have access to one universe6,
and thus we only observe one realisation of the underlying theory. However, by using an
assumption of ergodicity, we can build an estimator of the true power spectrum

Cobs` =
1

2`+ 1

∑
−`≤m≤`

|aobs`m |2 . (3.56)

This estimator is obtained by averaging over (2`+ 1) independent Gaussian numbers centred
at zero, each with variance C`. As such, it follows a χ2 distribution with a mean equal to
C` and a variance

√
2/(2`+ 1)C`. The variance decreases with increasing `, as for higher

multipoles we can average over more independent realisations of the same stochastic process.
This deviation plays the role of a theoretical error, and is known as cosmic variance.

5This is basically what cosmologist do all day.
6Someone should build another universe.
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Now that we have seen how to go from theC`s to the observational quantity, we want to do the
opposite process and relate the harmonic power spectrum to the temperature perturbations.
We can make use of equation 3.51, together with the definition of a`ms from equation 3.54 and
the harmonic expansion seen in 3.55 to find

C` =
1

2π2

∫
dk

k
[ΘT,`(τ0, k)]2 PR(k) . (3.57)

In order to compute the temperature anisotropy up to some multipole `max, a brute-force
approach would be to integrate all equations with at least `max multipoles in the Boltzmann
hierarchy for the evolution of the photon distribution, between some initial time and today. Of
course this is a very time consuming process7, and it does not provide much knowledge of the
underlying physics. Instead of this brute-force approach, it is common to use the line-of-sight
formalism, first introduced in [51].

We want to integrate the Boltzmann equation for photons, equation 3.19, along the line-of-
sight. For now, in order to obtain a more qualitatively understanding of the results, I will stay
in real space, and ignore the effects of polarisation. In real space, we can combine the colli-
sional term 3.30 and the evolution of the phase-space distribution of photons, equation 3.29,
to find the generalised Boltzmann equation for photons

Θ̇T + n̂ · ∇∇∇ΘT − φ̇+ n̂ · ∇∇∇ψ = aneσT (ΘT,0 −ΘT − n̂ · vvvb) , (3.58)

where vvvb is the bulk velocity of baryons and electrons.

Before proceeding, it is useful to remember that the total derivative of a function F(τ,xxx, n̂)

along the past light cone of a photon coming from direction n̂ is given by

dF
dτ

= Ḟ +
dxxx

dτ
· ∇∇∇F = Ḟ + n̂ · ∇∇∇F , (3.59)

where I have used the straight line approximation for the photon geodesics, dn̂/dτ = 0.

Furthermore, it is convenient to introduce the integral of the scattering rate along the line-of-
sight

κ(τ) ≡
∫ τ0

τ
dτaneσT (3.60)

which is known as the optical depth8. Furthermore, we can use the optical depth to define the
visibility function g(τ) ≡ −κ̇(τ)e−κ(τ), which can be interpreted as the probability of a photon
which scattered at a time τ reaching us today.

We can now compute the total derivative of the function e−κ(ΘT + ψ) along the trajectory
between the last scattering surface and us by using equation 3.59, where I have added the

7Life is too short for such integrations.
8This is not too dissimilar to the reionisation depth discussed in section 1.8.3.
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exponential prefactor to make use of the visibility function later on. This will give us

d

dτ

[
e−κ(ΘT + ψ)

]
= −κe−κ(ΘT + ψ) + e−κ

[
Θ̇T + ψ̇ + n̂ · ∇∇∇(ΘT + ψ)

]
= g(ΘT,0 + ψ + n̂ · vvvb) + e−κ(φ̇+ ψ̇) ,

(3.61)

where in the second equality I have used κ̇ = −aneσT . We can now integrate this along the
line-of-sight between some arbitrary initial time τini, well before photon decoupling, and the
present τ0. This yields

(ΘT + ψ)|obs =

∫ τ0

τini

dτ [g(ΘT,0 + ψ + n̂ · vvvb)] + e−κ(φ̇+ ψ̇) , (3.62)

with the index “obs” indicating a quantity evaluated at the coordinate (τ0, ooo, n̂). The first term
on the left-hand side is the temperature fluctuation of photons coming from a direction n̂ ob-
served today. The second term is the metric fluctuation today at the location of the observer.
However, this is very small and can not be experimentally distinguished from an overall tem-
perature shift. As such, we can ignore this term.

In order to understand the different physical effects at play, it is useful to make the instanta-
neous decoupling approximation, in which all photons are assumed to decouple precisely at the
time τdec, and the visibility function can be replaced by a Dirac delta. In this limit we can
rewrite equation 3.62 as

ΘT |obs = (ΘT + ψ)|dec︸ ︷︷ ︸
SW

+ n̂ · vvvb|dec︸ ︷︷ ︸
Doppler

+

∫ τ0

τdec

dτ(φ̇+ ψ̇)︸ ︷︷ ︸
ISW

. (3.63)

There are three main physical effects contributing to equation 3.63:

• The first term is the Sachs-Wolfe (SW) term, which includes the intrinsic temperature
term ΘT,0 and the gravitational Doppler shift term ψ at one point on the last scattering
surface. As expected, the largest contribution to the observed temperature fluctuation
in one direction is given by the intrinsic temperature fluctuation on the last scattering
surface in the same direction, and so the SW term is the dominant effect for describing
large angular patterns on CMB maps. Making use of the result found for adiabatic initial
conditions (equation 3.40) and the (00) component of the Einstein equations, we find

4ΘT,0 = δγ =
4

3
θb = −2φ = −2ψ radiation domination ,

4ΘT,0 = δγ =
4

3
θb = −8

3
φ = −8

3
ψ matter domination ,

(3.64)

At the time of decoupling, the universe is matter dominated. Assuming that the SW
term dominates, we have

ΘT |obs = (ΘT,0 + ψ)|dec =
1

3
ψ|dec = −1

8
θγ |dec , (3.65)
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which shows that the gravitational term dominates over the pressure term. This means
that an over-density (θγ > 0) on the last scattering surface leads to a cold spot in the
observed CMB map (ΘT < 0)9.

• The second term we see is the standard Doppler term. At the time of decoupling, pho-
tons are emitted from the tightly coupled baryon-electron fluid with a different peculiar
velocity at each point on the last scattering surface. When we do the projection along
the line-of-sight, it will introduce a Doppler shift in the photon wavelength.

• The last term is called the Integrated Sachs-Wolfe (ISW) contribution, and contains all
non-conservative gravitational effects; along the line-of-sight, photons are constantly
redshifted and blueshifted by metric fluctuations. The temperature is shifted by two
main effects: gradients in the gravitational potential ψ, which account for the gain or
loss of energy of photons feeling gravitational forces; and time variations in the metric
fluctuation φ, representing a local correction to the average time dilation, responsible
for the cosmological redshift in an expanding universe. This can be understood in the
following way: a photon entering a potential well will gain energy, and if the value of
the potential does not change, it will lose the same amount of energy when exiting the
well. However, any changes to the amplitude of the potential well will affect the net
photon energy. The ISW effect comes mainly from two time periods: just after photon
decoupling and during Λ domination. These are referred to as Early Integrated Sachs-
Wolfe (EISW) and Late Integrated Sachs-Wolfe (LISW) respectively.

While expression 3.63 is very informative about the underlying physical mechanisms, it is not
directly useful to compute the CMB power spectrum from equation 3.57, as we would instead
need it in Fourier space and for each multipole moment `. Following a similar procedure, we
find the final result for temperature anisotropies to be

ΘT,`(τ0, k) =

∫ τ0

τini

dτST (τ, k)j`(k(τ0 − τ)) ,

ST ≡ g(Θ0 + ψ)︸ ︷︷ ︸
SW

+
d

dτ

( g
k2
θb

)
︸ ︷︷ ︸

Doppler

+ e−κ
(
φ̇+ ψ̇

)
︸ ︷︷ ︸

ISW

−
(

3

4k2

d2

dτ2
(Πg) +

1

4
Πg

)
︸ ︷︷ ︸

Polarisation

,
(3.66)

where I have introduced the shorthand notation

Π =
1

4
(ΘT,2 + ΘP,2 + ΘP,0) . (3.67)

Similarly, for the polarisation we find [52]

ΘP,`(τ0, k) =

√
(`+ 2)!

(`− 2)!

∫ τ0

τini

dτSP (τ, k)j`(k(τ0 − τ)) ,

SP ≡
3gΠ

4k2(τ0 − τ)2
.

(3.68)

9Photons in an over-dense region will lose a lot of energy escaping the gravitational well.
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In both cases, we see that ΘT,P is given by the convolution of spherical Bessel functions j`(x)

and a source term ST,P , which contains the same three terms discussed above. We can once
again make use of the instantaneous decoupling approximation to find an expression for ΘT,`,
which shows that the total C` can be decomposed into five parts: the power spectra of the SW,
Doppler, and ISW terms; a sub-dominant polarisation contribution; and all cross terms (as
ΘT,` will be squared in equation 3.57).

For high `s the spherical Bessel function j`(x) (and its derivative) is very peaked near x = `,
and so for the SW and Doppler contributions to the spectrum the integral in equation 3.57 will
mainly pick up modes with k = `/ (τ0 − τdec). This result can also be justified geometrically
from the definition of the multipole ` = π/θ, where θ is the angle that subtends the physical
scale θ×dA(zdec) on the last scattering surface, where dA(zdec) is the angular diameter distance
defined in equation 1.22. In the case of spherical harmonics, θ is the angle between a maximum
and a minimum of the density wave. This leads us to the following relation between k and `

λ

2
= a(τdec)

π

k
= θdA(zdec) ⇒ a(τdec)

k
=
dA(zdec)

`
. (3.69)

In a flat universe, where we have dA(zdec) = a(τdec) (τ0 − τdec), we obtain

k =
`

τ0 − τdec
. (3.70)

This allows us to approximately see how the different terms contribute to the power spectrum
in the instantaneous decoupling limit

CSW
` ∼ 〈|ΘT,0 + ψ|2〉 at (τdec, k) ' (τdec, `/ (τ0 − τdec)) ,

CDoppler
` ∼ 〈|θb|2〉 at (τdec, k) ' (τdec, `/ (τ0 − τdec)) ,

CISW
` ∼

∫ τ

τdec

dτ(τ0 − τ)〈|φ̇+ ψ̇|2〉 for all (τdec, k) ' (τdec, `/ (τ0 − τ)) .

(3.71)

While this is good as an approximation, for a completely accurate calculation one needs to use
a Boltzmann code, such as CLASS [53] or CAMB [54].

Now that we have seen how to calculate the power spectrum of the temperature anisotropies,
we can describe some of its main features, and gain some insight into what causes the acoustic
peaks and overall shape. This will allow us to better connect this observable with the under-
lying cosmological model.

As we saw in section 1.8.3, at early times the baryon and photon fluids are tightly coupled,
with aneσT ≡ Γγ � H . At this time, we can combine the Boltzmann equations for photons
(equation 3.32) and the ones for baryons (equation 3.35) to find

Θ̈T,0 +
Ṙ

1 +R
ΘT,0 + k2c2

sΘT,0 = −k
2

3
ψ +

Ṙ

1 +R
φ̇+ φ̈ , (3.72)
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where I have introduced the baryon-to-photon ratio R ≡ 3ρb/(4ργ) and the sound speed at
which density waves propagate in the effective photon-baryon fluid, given by

c2
s =

δpγ + δpb
δργ + δρb

=
1

3(1 +R)
. (3.73)

We can see that equation 3.72 corresponds to a damped, driven harmonic oscillator, with a
pressure term k2c2

sΘT,0, a baryon-induced damping term Ṙ
1+RΘT,0, and a gravitational term

on the right-hand side. When the universe is completely dominated by radiation (R� 1) and
in the absence of forces, equation 3.72 reduces to

Θ̈T,0 + k2c2
sΘT,0 = 0 ⇒ ΘT,0 ∝ cos (kcsτ) . (3.74)

It is now useful to introduce the comoving sound horizon

rs ≡
∫ τ

τini

csdτ (3.75)

which represents the comoving distance travelled by a wavefront from some arbitrary time
τini deep inside the radiation-dominated regime. At the time of decoupling this reaches its
maximum value, and gives the correlation length between density fluctuations (or temper-
ature fluctuations in CMB maps). This quantity can additionally be calculated for a given
cosmological model. Thus, as discussed in section 1.4, it is a standard ruler and can be used
to measure cosmological distances.

Recovering equation 3.74, we can see from the argument of the cosinusoidal function that if
λ = 2πa/k � ars, the solution will be constant, while for λ < ars we will have an oscillatory
regime corresponding to the propagation of acoustic waves. Thus, modes start to oscillate
when their wavelength becomes smaller than the sound horizon. The full evolution of wave-
lengths as a function of conformal time is sketched in Fig. 3.1 and discussed in detail below.

Modes that are super-Hubble today were frozen at all times in the past, with their value today
given by their initial value. Modes in region 1 of Fig. 3.1 experience driven oscillations due
to the gravitational terms. This enhances their amplitude and shifts the zero-point of oscil-
lations, due to the metric potential quickly decaying inside the sound horizon. This shifting
of the zero-point of oscillations to negative values leads to odd peaks in the power spectrum
appearing higher than even peaks.

Modes deep inside the sound horizon during radiation domination correspond to region 2.
Here the metric term is negligible and R� 1, and thus the modes experience acoustic oscilla-
tions that are described by equation 3.74.

Modes in region 3 were inside the sound horizon during the stage between matter-radiation
equality and photon decoupling, which means that R can no longer be neglected. This leads
to damped acoustic oscillations, as the oscillator has a friction term and a decreasing time-
varying frequency.
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FIGURE 3.1: Evolution of k as a function of conformal time, showing the differ-
ent regions of interest for the power spectrum. Figure made with CLASS.

Finally, modes in region 4 have smaller wavelength than the diffusion scale in the photon-
baryon fluid. Close to recombination the tight-coupling approximation breaks down, and the
photons can travel a comoving distance between the early universe and some time τ given by

r2
d(τ) ∼

∫ τ

τini

dτΓγrγ =

∫ τ

τini

dτ

aneσT
, (3.76)

where rγ is the photon mean free path in comoving space. Thus, photon diffusion will erase
perturbations with a wavelength smaller than λd = ard, corresponding to a wavenumber
greater than k = 2π/rd. This effect is known as diffusion damping or Silk damping.

After photon decoupling, the baryons will start to fall into the dark matter potential wells,
and the baryon perturbations will start to grow asymptotically until reaching the dark matter
perturbations. This will be revisited in section 4.2.

In this chapter we have seen how to understand the perturbations of the early universe that
lead to the complex structures and properties of the universe around us. We have derived
the equations needed to describe the evolution of the main species in the universe. Linear
perturbation theory allows us to trace a narrative from the fluctuations seeded by inflation
to temperature fluctuations we observe in the CMB map. Armed with this knowledge, in
the following chapter we will see how cosmological observations allow us to understand the
underlying cosmological model.
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Part II

Observing the Universe
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4 Cosmological Observables

In the previous sections, I gave an introduction to the main pieces needed to understand the
universe around us. Furthermore, the current standard model of cosmology was introduced,
as well as its predictions for our universe. These predictions need to be tested1, and the best
way to do that is to make observations. Fortunately, the universe provides many different
data sets we can use to constrain our models2.

In this chapter I will introduce several different data sets we can acquire from the universe: the
CMB temperature anisotropies; the matter power spectrum (obtained from analysing struc-
tures on many different scales); the Lyman-α forest, which comes from the smallest structures
possible; and spectral distortions to the thermal blackbody of the CMB. Together, these obser-
vations allow us to test our understanding of the universe at many different scales.

4.1 Cosmic Microwave Background

In section 1.8.3 we saw that in the early universe all species were in thermal equilibrium,
with each species decoupling from the others as the interactions maintaining this equilibrium
became inefficient. The last component to decouple was the photons, which were being kept
in thermal equilibrium via electromagnetic scattering, driven by Compton scattering (e− +

γ → e− + γ) and Coulomb scattering (e− + p → e− + p). This last decoupling happened at
a redshift of z ∼ 1100, once neutral hydrogen could form via the reaction e− + p → H +

γ. As a consequence of this reaction, the free electron density dropped off sharply, leading
to Compton scattering becoming inefficient. As such, the photons stopped scattering and
decoupled (producing the last scattering surface), leading to a background of photons we
observe today known as the Cosmic Microwave Background.

The CMB was first predicted in 1948 by Gamow [55], and later by Alpher and Herman [56].
However, it did not gain interest in mainstream cosmology until 1964, when Penzias and Wil-
son found an unexplained background thermal radiation in their radio telescope [57]. Upon
closer investigation, it was found that this background signal corresponded to the predicted
CMB [58], an accidental discovery that led to Penzias and Wilson winning the Nobel Prize in
Physics in 19783. Later observations showed the CMB to have a thermal blackbody spectrum
(to first order), as expected within the standard cosmological model. Furthermore, it was pre-
dicted in the 1970s that to explain the observed structure of the universe, the early universe

1If a model can not make testable observations, it is not a very useful model.
2A whole other universe would also be useful, as we saw in the previous chapter.
3Accidental discoveries are more Nobel Prize worthy than Rubin finding the first hints of dark matter, it seems.
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FIGURE 4.1: Temperature power spectrum, normalised with an initial tempera-
ture asDTT

` , as measured by Planck 2018. The base ΛCDM theoretical spectrum
best-fit is plotted in light blue in the upper panel. Residuals with respect to this

model are shown in the lower panel. Image taken from [19].

would need to have small inhomogeneities that would manifest themselves as anisotropies in
the CMB [59] (as discussed in section 3.5).

The first experiment to successfully map the CMB was COBE [9] in 1992. The results from
COBE showed a largely-homogeneous CMB temperature, with the predicted anisotropies.
This experiment was followed by WMAP in 2001 [10], which collected data for nine years. The
latest experiment to measure the CMB was the Planck satellite [11], launched in 2009. Planck
has provided incredible CMB maps (see Fig. 1.1), as well as giving us percent-precision mea-
surements of the main cosmological parameters, as discussed in 1.6. The latest measurements
reveal the CMB to be at an average temperature of TCMB = 2.7255±0.0006 K with anisotropies
only on the order of ∆T/T ∼ 10−5, as expected [11].

In order to understand how we are able to constrain the ΛCDM parameters from the CMB,
we can recover the discussion from section 3.4, where we saw that the anisotropies can be
expressed as a power spectrum C`, which can further be classified as a temperature spec-
trumCTT` and a polarisation spectrumCEE` (plus additional correlation spectra, not discussed
here). The latest temperature spectrum from the CMB as measured by Planck is shown in
Fig. 4.1, while Fig. 4.2 displays the polarisation power spectrum.

As discussed in the previous section, the shape of the CMB power spectrum can be understood
in the following way:

• For ` � 100, modes are outside the sound horizon at decoupling, and the spectrum is
described by a Sachs-Wolfe plateau given by the primordial spectrum amplitude and
tilt. An additional tilting takes place due to the LISW effect.
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• For l ≥ 100, the spectrum contains a series of acoustic peaks which corresponds to the
fundamental modes and harmonic decomposition of the sound horizon at decoupling,
modified slightly by the Doppler peaks. Several different effects modify these modes;
their amplitude receives an overall suppression during the transition era between equal-
ity and decoupling, odd peaks are enhanced with respect to even peaks when the baryon
content of the universe increases, the first peak is enhanced by the EISW, and diffusion
damping causes an exponential suppression at higher `.

• Reionisation, discussed briefly in section 1.8.3, leads to a scale independent suppression
of power accounted for by an exponential factor, affecting all modes that were inside the
Hubble horizon at reionisation (` ≥ 40).

To relate the observed CMB to the ΛCDM model, we can recover the six ΛCDM parameters
first discussed in section 1.6: the overall amplitude of the primordial power spectrum As and
the primordial tilt ns, as described in section 2.4; the baryon density ωb = Ωbh

2; the total
non-relativistic matter content, ωM = (Ωb + ΩCDM)h2; the dark energy density fraction ΩΛ

(as we are assuming a flat universe, this will be related to the Hubble parameter via h =√
ωM/(1− ΩΛ) ); and the optical depth to reionisation τreio, as discussed in section 1.8.3.

The different degrees of freedom controlling the shape of the CMB temperature spectrum are
the following:

(C1) Peak scale: The peak location depends on the horizon angular scale, given by θs(zdec) =

rs(zdec)dA(zdec). The sound horizon depends on the sound speed and expansion history
before decoupling, and is thus affected by ωb and ωM . The angular diameter distance, on
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the other hand, depends on the expansion era after decoupling, and is thus controlled
by ΩΛ as well.

(C2) Odd/even ratio: The ratio of odd/even peaks depends on the balance between grav-
ity and pressure in the tightly coupled photon-baryon fluid before decoupling, thus it
depends on (ωb/ωγ).

(C3) Amplitude of peaks: The overall amplitude of all peaks depends on the amount of
expansion between equality and decoupling, due to the damped acoustic oscillations
during matter domination. Additionally, the first peak is affected by the EISW effect.
The overall amplitude is thus controlled by (ωM/ωγ): decreasing ωM leads to higher
peaks, especially the first one.

(C4) Damping envelope: The damping envelope at large `s is controlled by the diffusion
length, and thus by the expansion and decoupling history before recombination. This
effect is only significant close to decoupling, and so it mostly depends on ωb (setting the
number of free electrons) and ωM (setting the expansion rate).

(C5) Global amplitude: The global amplitude of the temperature power spectrum is propor-
tional to the amplitude of the primordial power spectrum As.

(C6) Global tilt: Likewise, the global tilt of the temperature power spectrum depends on the
tilt of the primordial power spectrum ns.

(C7) Additional plateau tilting: The slope of the Sachs-Wolfe plateau is affected both by the
tilt ns and by the LISW, which enhances the lower multipoles. The amplitude of the
LISW effect depends on the duration of the Λ-domination stage, and is thus dependent
on ΩΛ, with a higher ΩΛ leading to an enhanced LISW effect.

(C8) Amplitude for ` ≥ 40: The global amplitude of the spectrum at ` ≥ 40 is exponen-
tially suppressed by a factor exp(−τreio), due to the amount of photon rescattering after
reionisation.

With these effects, we can see that the six ΛCDM parameters can be constrained with a pre-
cise measurement of the temperature anisotropies. There is a slight caveat to this, though:
cosmic variance on small `s is very large, as discussed in section 3.5, and thus the effects that
influence the lower multipoles are not easily disentangled ((C7) and a combination of (C5)
and (C8)). This leads to a partial degeneracy between As and τreio, which can be solved by us-
ing the polarisation angular power spectrum from the CMB. The polarisation spectrum CEE`
is affected by similar, if somewhat simpler, effects as (C1)-(C7), but it receives a significantly
bigger correction around reionisation known as the “reionisation bump” (at ` ∼ 40).

If the early universe only features Gaussian scalar perturbations on cosmological scales, all the
information contained in CMB maps4 is encoded in the temperature power spectrumCTT` , the
E-mode polarisation spectrum CEE` , and the cross-correlation spectrum CTE` (not discussed
here). Additionally, if tensor modes are produced in the primordial universe (see section 2.4),

4“All” is a bit of an exaggeration, as we will see in section 4.4.
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we would have a B-mode polarisation spectrum CBB` (the cross-correlations of the B-mode
vanish due to parity symmetry). Furthermore, there can be secondary effects on the CMB
in the form of CMB lensing, caused by large scale structures (similar to the weak lensing
discussed in section 1.9.1). This would lead to a Cφφ` spectrum, which will not be covered here
but is discussed extensively in the literature, for example in [60].

With this in mind, we can see that the CMB provides a wealth of information about the uni-
verse, and allows us to obtain very precise measurements of the underlying ΛCDM parame-
ters. It also places constraints on many other models, as any other cosmological model beyond
ΛCDM would only be able to impact the CMB very minimally to avoid existing constraints.
Given the amount of information contained in the CMB, it is not surprising that it is often
referred to as the holy grail of cosmology.

4.2 Matter Power Spectrum

In section 3.5 we saw how to go from the early universe perturbations to the temperature
anisotropies, and in the previous section we saw how to actually observe these anisotropies.
In addition, we have another very powerful probe to study the universe: the power spectrum
of the matter perturbations, which allows us to map the growth of structures in the universe.

As we saw in section 1.6, the main contributions to the matter content of the universe are
baryons and dark matter. As in the Standard Model of particle physics neutrinos are massless,
for now we will ignore their effects (this will be revisited in section 6.2). As such, in the context
of large scale structure observables, we can define the matter power spectrum P (z, k) of the
non-relativistic matter fluctuation δM as

〈δM (z,kkk)δ∗M (z,kkk′)〉 = δ
(
kkk − kkk′

)
P (z, k) with δM =

δρM
ρ̄M

=
δρb + δρCDM

ρ̄b + ρ̄CDM
. (4.1)

In section 3.4 we saw that for Gaussian initial conditions, and as long as the perturbations are
linear, the power spectrum at a given time can be written as the product of the primordial
spectrum and the square of the relevant transfer function. Assuming a power-law primordial
spectrum, as seen in equation 2.31, we find

P (z, k) =
2π2

k3
As

(
k

k?

)ns−1

δ2
M (z, k) , (4.2)

where δ2
M (z, k) is the matter transfer function.

To properly study this transfer function, I start with the assumption that we only have cold
dark matter, and then later I will add the baryon contributions. Working in the Newtonian
gauge, we can combine the Continuity equation 3.11 and Euler equation 3.12 from section 3.1
to find

δ̈CDM +
ȧ

a
δ̇CDM = −k2ψ + 3φ̈+ 3

ȧ

a
φ̇ , (4.3)
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FIGURE 4.3: Left: Linear matter power spectrum (solid) at z = 0, calculated
with CLASS using the best-fit ΛCDM values [19], with cold dark matter with
(magenta) and without baryons (cyan). The non-linear matter power spec-
trum, computed with HALOFIT, is shown for the same models (dashed). Right:
The linear matter power spectrum at z = 0 inferred from different cosmolog-
ical probes, with the Planck 2018 best-fit shown in black. Right image taken

from [11].

where the second term on the left-hand side accounts for the Hubble friction, the first term
on the right-hand side represents the gravitational forces, and the last two terms account for
dilation effects.

We know that all perturbations are frozen on super-Hubble scales, and thus we are only inter-
ested in the evolution of the sub-Hubble modes. As an overview of the evolution of metric per-
turbations, during radiation domination super-horizon scales are constant, while sub-horizon
scales oscillate with a quickly decaying amplitude. During matter domination metric poten-
tials are frozen on all scales, and thus we can safely neglect dilation effects. Furthermore, it is
possible to neglect radiation perturbations regardless of their size, as they behave as fast-modes
oscillating rapidly and averaging out to zero. Thus, we can use the Poisson equation to find
the Mészáros equation, which is roughly valid at all times

δ̈CDM +
ȧ

a
δ̇CDM − 4πGa2ρ̄CDMδCDM = 0 . (4.4)

With this expression we can see the behaviour in several different stages of the universe:
during radiation domination the growing mode scales like δCDM ∝ log(kτ); during matter
domination δCDM ∝ τ2; and during Λ domination we would need to use the Friedmann equa-
tion with both ρCDM and ρΛ, which would lead to a k-independent growth rate suppression.
With this in mind, we can now understand the shape of the matter power spectrum (pending
baryon corrections), as shown in Fig. 4.3:

• At initial times, the power spectrum scales like P (k) ∝ k−3kns−1 = kns−4, with an
amplitude given by As.

• During radiation domination, modes inside the Hubble radius grow logarithmically,
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proportional to log(kτ). At equality, super-Hubble modes (k < keq) still maintain their
shape from early times, while sub-Hubble modes (k > keq) are enhanced by a factor
[δCDM(τeq, k)/δCDM(τini, k)]2 ' [log(kτeq)]

2. Thus, the k > keq asymptote is given by
P (k) ∝ kns−4 [log(k)]2

• Before Λ domination begins at τΛ, modes inside the horizon will grow ∝ τ2, and the
matter power spectrum for these modes will be enhanced by a factor (τeq/τΛ)4. Modes
entering the horizon during matter domination, however, will be more or less enhanced
depending on their time of crossing, and thus the power spectrum receives a scale-
dependent enhancement ∝ (kτΛ)4. Therefore, the k < keq asymptote is given by P (k) ∝
kns−4k4 = kns .

• Finally, during Λ domination the scale-independent reduced growth rate does not change
the asymptotic shape of the power spectrum for modes already inside the horizon at τΛ.

Now that we have seen the overall behaviour of the matter power spectrum, we can see how
it changes when we consider baryons as well. We know that at early times baryons are tightly
coupled to the photons and will follow their behaviour. Due to the significantly higher photon
fraction compared to baryon fraction, the baryons do not instantaneously stop noticing the
effects of the photons at decoupling. Indeed the photons continue to be dragged by the baryons
until the baryon drag time5, defined as

τdr(τ) =

∫ τ0

τ
dτ ′Rγ ≈ 1 , (4.5)

where I have recovered the baryon-photon coupling coefficient Rγ from equation 3.36. When
baryons and photons are coupled this quantity tends to infinity, it is close to 1 at baryon drag
time, and it goes to 0 in the decoupled limit when baryons collapse into gravitational wells.

The behaviour of the transfer function δb(τ, k) before baryon drag time follows from the
behaviour of the photon transfer function, as seen in section 3.5: δb = 3

4δγ (from equa-
tion 3.40) is constant on super-sound-horizon scales, experiences stationary oscillations on
sub-sound-horizon scales during radiation domination, and undergoes damped oscillations
on sub-sound-horizon scales during matter domination. As the baryons will be tightly cou-
pled to photons before baryon drag time they will not affect the dark matter transfer function
δCDM(τ, k) and so this will still behave as described above, obeying the Mészáros equation.

After baryon drag time, the baryons collapse into gravitational wells, meaning that δb grows,
and thus the dark matter will start to feel the gravitational effects of baryons. Eventually, as
the two species are collisionless and feel the same gravitational forces, they will equilibrate
to δb = δCDM. Hence, after a quick relaxation period, the power spectra of baryons and dark
matter will be equal, and we can envision three different scenarios:

• In the limit ωb � ωCDM, the matter power spectrum would be fully encompassed by the
dark matter only scenario, described above.

5Of course the baryon drag time should actually be called “the end of the baryon drag time”, but that is too
cumbersome.
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• In the limit ωb � ωCDM, the power spectrum would be significantly suppressed with
respect to what is described above, with a much more negative slope, and very large
oscillations corresponding to photon-baryon acoustic waves before decoupling.

• If ωb < ωCDM (but of the same order of magnitude), the power spectrum will depart
slightly from the pure dark matter case, with a smooth step-like suppression and small
oscillatory patterns.

The observation in the matter power spectrum of these small oscillatory patterns, known as
the Baryon Acoustic Oscillations (BAO), represents clear evidence of baryon-photon acoustic
oscillations happening before photon decoupling. As this is an intrinsic behaviour of ΛCDM,
this observation helped solidify ΛCDM as the standard cosmological model.

Now that we have described the full shape of the matter power spectrum, we can see how this
can be related to the underlying cosmological parameters, as we did for the CMB. We recover
all the ΛCDM parameters except τreio, which has no impact on the matter power spectrum.
The different degrees of freedom controlling the shape of the matter power spectrum are the
following:

(P1) Scale of the maximum: The time of radiation-matter equality determines the scale of
keq, and thus the matter power spectrum peak. As we saw in section 1.6, this time of
equality is given by ωM and ΩΛ.

(P2) Large scale slope: When the ratio of baryon and dark matter densities (ωb/ωCDM) in-
creases, the spectrum is more suppressed for k > keq (larger scales), and the BAO are
more pronounced.

(P3) BAO scale: The phase of the BAO depends on the sound horizon at the baryon drag
epoch rs(τdr), while the exponential diffusion dampening depends on the Silk damping
scale rd(τdr), both of which depend strongly on ωb.

(P4) Global amplitude: The overall amplitude depends both on the primordial amplitude
and on the scale independent suppression of the growth-rate during Λ domination, so
it is mediated by As and ΩΛ.

(P5) Global tilt: The global tilt of the power spectrum depends on the primordial tilt ns.

With this in mind, we can see how measuring the matter power spectrum can provide impor-
tant information about the underlying cosmological model. There are many different probes
of the large scale structure of the universe, depending on which scales are observed. A sum-
mary of current observations of the matter power spectrum at z = 0 is shown in the right
panel of Fig. 4.3. The matter power spectrum is redshift dependent, and future probes such
as Euclid [61] and LSST [62] will be able to measure this at different redshifts, thus allowing
us to probe the low-redshift expansion history of the universe.

As a final comment on the matter power spectrum, until now we limited ourselves to linear
theory, which is good for large scales, but can not describe small scale matter fluctuations at
low redshift. When perturbations δM become of the same order as ¯ρM , we need to move to
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FIGURE 4.4: Sample of two quasar spectra at different redshifts, normalised
to the emitted wavelength. The top panel corresponds to Quasar 3C 273
at z = 0.15 (from HST), the bottom panel shows Quasar 1422+2309 at
z = 3.62 (from Keck I HIRES). Image adapted from Bill Keel’s website:

http://pages.astronomy.ua.edu/keel/agn.

non-linear theory. To describe the non-linear structure formation we need N-body codes, as
will be discussed in detail in the next section. The results from N-body codes have allowed
approximate methods, such as halofit [63] to be added to Boltzmann codes, as shown in the
left panel of Fig. 4.3.

4.3 Lyman-α Forest

In the previous section we have seen the importance of the matter power spectrum, and how
there are different probes observing this at different scales. One such probe focussing on very
small scales is the Lyman-α forest, first discovered in 1970 by Lynds [64], which relies on
observations of a type of distant, luminous, active galactic nuclei known as quasars.

The photons emitted by these quasars can interact with hydrogen atoms in the intergalac-
tic medium (IGM) located along the line-of-sight to the quasar, thus leaving an imprint in the
resulting quasar spectra. In particular, a fraction of photons is absorbed at the Lyman-αwave-
length (corresponding to λ ∼ 121 nm), resulting in a depletion of the observed spectrum at
a given frequency (which will be redshifted with respect to the absorbed wavelength). As
there can be many different hydrogen clouds, which are some of the smallest known struc-
tures, along the line-of-sight, we will observe multiple absorption lines, resulting in a forest,
as shown in Fig. 4.4.
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The absorbed fraction of photons in a given point along the trajectory is proportional to the
local density of neutral hydrogen, thus in the range of the Lyman-α forest, the frequency
dependence of a quasar spectra is a tracer of the spatial fluctuations of the hydrogen density
along the line-of-sight. With quasars located at a redshift z, we can Fourier expand each
spectrum and take the average of many spectra to obtain a flux power spectrum Pf (z, k).
Quasars at higher redshifts have more Lyman-α lines, as there are more hydrogen clouds
along the trajectory. However, at redshift of about z ∼ 6, the forest turns into a Gunn-Peterson
trough, signalling the end of reionisation of the universe. Thus, the Lyman-α forest typically
probe the range 2 < z < 5.

If we were dealing with perfectly linear scales, the hydrogen fluctuations would be completely
equal to the total baryon fluctuations, which would allow us to probe the total matter fluctu-
ations after the baryon drag epoch. This would mean that the flux power spectrum would
be trivially related to the matter power spectrum discussed in section 4.2. However, the flux
power spectrum does not probe linear scales6, but mildly non-linear scales. Thus, in order to
relate Pf (z, k) to P (k) it is necessary to perform hydrodynamical N-body simulations, taking
into account the complicated thermodynamic evolution of the IGM, as well as a careful mod-
elling of other possible effects on the quasar photons [65]. Once this is done, however, the
Lyman-α forest can provide constraints on the matter power spectrum on very small scales,
just out of the linear regime, corresponding to 0.5 h/Mpc . k . 20 h/Mpc. This allows us to
study cosmological models that impact these very small scales, such as warm dark matter [66].

As we have seen, in order to relate the Lyman-α flux power spectrum to the matter power
spectrum, we need computationally expensive hydrodynamical N-body simulations, which
rely on some underlying cosmological model. This means that in order to test different mod-
els, we need different simulations. Indeed, even within the same model, for example ΛCDM,
any change in the underlying parameters (for example the amount of dark matter or the reion-
isation depth) would require a new simulation. This makes parameter exploration infeasible:
while we can run simulations for individual cases, it is not possible to run simulations for all
possible combinations of parameters, thus MCMC type runs are not possible7.

With this in mind, in [67] a method was devised in order to minimise the amount of sim-
ulations needed: instead of simulating an individual model, a specific feature is simulated.
In this case, they simulated a suppression of the matter power spectrum, which can then be
mapped onto several different underlying models. The focus was on non-cold dark matter
(nCDM) models (discussed in detail in chapter 7), which produce a known suppression on
small scale structure growth, and are therefore an ideal target for Lyman-α data. The suppres-
sion of the matter power spectrum due to the existence of nCDM is usually described by the
transfer function

T 2(k) =
P (k)nCDM

P (k)CDM
. (4.6)

6Of course not, that would be too easy.
7See previous footnote.
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This has been well studied for the particular case of thermal warm dark matter [68], and is
given by

T (k)WDM =
[
1 + (αk)2µ

]−5/µ
, (4.7)

where µ = 1.12 and α is the only free parameter, which can be related to the dark matter mass.
This was generalised to any nCDM model in [67] as

T (k) =
[
1 + (αk)β

]γ
, (4.8)

by introducing the half-mode scale k1/2 as the wavenumber for which T 2 = 0.5. The half-
mode is thus given by

k1/2 =
(

(0.5)1/2γ − 1
)1/β

α−1 . (4.9)

Within this parametrisation, α specifies the scale of the suppression, and is related to the value
where the spectrum is suppressed by 50 % compared to the CDM case (k1/2); the shape of the
suppression for k < k1/2 depends mainly on β, while the shape of the tail (k > k1/2) depends
on both β and γ.

The advantage of this parametrisation is that models producing the same {α, β, γ} lead to
the same matter power spectrum. Thus, instead of performing an N-body simulation for
many different nCDM models, simulations can be performed for well-chosen combinations
of {α, β, γ}.

In [69] 117 well-motivated combinations of {α, β, γ} were chosen, each corresponding to a
different nCDM model (shown in the left panel of Fig. 4.5). For each of these, an N-body
simulation was ran, with 5123 particles in a 20 Mpc/h box, and with the cosmological param-
eters fixed to their reference values taken from [70]; Ωm = 0.301, Ωb = 0.0457, ns = 0.961,
H0 = 70.2 km s−1 Mpc−1, and σ8 = 0.829. The resulting flux power spectra were com-
pared to Lyman-α data, coming from the HIRES/MIKE samples of quasar spectra, which
was obtained with the HIRES/KECK and the MIKE/Magellan spectrographs, at redshift bins
z = 4.2, 4.6, 5.0, 5.4, in 10 k-bins in the interval 0.001 − 0.08 s/km, with spectral resolution
of 6.7 and 13.6 km/s, for HIRES and MIKE respectively [71]. This allowed them to obtain
constraints on {α, β, γ} coming from Lyman-α data.

In order to apply this method to any nCDM model, provided it can be expressed in terms of
the {α, β, γ}-parametrisation, together with some of the authors of [67], [69], we have devel-
oped a new likelihood, which we call Lyman-α−αβγ, interfaced with MONTEPYTHON [72],
[73]. This likelihood, and the subsequent extension, was developed and used mainly for
[III] (discussed in section 7.1) and [IV] (discussed in section 7.2), but we intend to make it
publicly available, and expect it will be used for many other models.

Our method relies on the large suite of pre-computed hydrodynamical simulations, and on an
advanced interpolation method which is able to accurately deal with the sparse, non-regular
grid defined by the simulations. The interpolation is done in terms of ratios between the
flux power spectra of the nCDM model and the reference ΛCDM one, using the Ordinary
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FIGURE 4.5: Left: Transfer functions corresponding to the 117 combinations of
{α, β, γ} for which we have N-body simulations, used in the Lyman-α−αβγ
likelihood. Right: Extended grid of simulations for the Lyman-α−αβδ like-
lihood. The purple lines show the remapped {α, β, γ} simulations, while the

black lines show the new simulations added for {α, β, δ}.

Kriging method [74]. We do this in several stages: first we interpolate in the astrophysical
and cosmological parameter space for the ΛCDM case (corresponding to α = 0). We then
correct all the {α, β, γ}-grid points accordingly, to account for the different ΛCDM parameters.
Finally, we interpolate in the {α, β, γ}-space. This procedure relies on the assumption that
the corrections due to non-reference astrophysical or cosmological parameters are universal.
The robustness of such an interpolation was discussed extensively [69]. Thus, our new new
likelihood directly translates the limits on α, β, and γ obtained through MIKE/HIRES data
into constraints on the fundamental particle physics parameters.

With this in mind, our likelihood scheme is the following:

1. The linear matter power spectrum associated to a given combination of cosmological
parameters (six ΛCDM parameters plus additional parameters for the nCDM model)
is produced using the Boltzmann solver CLASS8 [53] up to a maximum wavenumber
chosen to be kmax = 200h/Mpc. Corresponding values of the derived parameters
(σ8, neff , zreio) used to define the N-body simulations are computed, and checked to
make sure they lie in the conservative range assumed in the simulations. Otherwise,
the model can be safely rejected, given that such models would be ruled out by Planck
data anyway.

2. The linear matter power spectrum of the equivalent ΛCDM model is also produced.
Depending on the type of nCDM model probed, this will be slightly different: in the
case of dark matter interacting with baryons (see section 7.2) the ΛCDM equivalent is
computed by switching of the interacting dark matter; for models with dark matter
interacting with dark radiation (see section 7.1), we need to re-map the value of the
ultra-relativistic relic density, as the simulations assume Neff = 3.046. For the latter

8Assuming our nCDM model exists in CLASS, of course.
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cases, we use the accurate procedure described in [75], which allows to re-map a ΛCDM
model with Neff > 3.046 to another one sharing the same matter power spectrum up to
some scale, but with Neff = 3.046: this can be achieved by adjusting the value of other
cosmological parameters according to some analytic relations (this is discussed more in
detail in section 7.1.1).

3. The transfer function, as described in equation 4.6, is fitted in terms of {α, β, γ} with a
simple least squared method. The fitting algorithm only includes points until a finite
value kfit, which is set by default to kfit = kmax = 200h/Mpc. In some cases, the trans-
fer function might have oscillations within the range [0, kmax]. For these models, kfit is
reduced to the first zero of the function. The fit is also restricted to values of {α, β, γ}
within the region covered by the grid of simulations: 0 Mpc/h ≤ α ≤ 0.17 Mpc/h,
1.5 ≤ β ≤ 10, and −10 ≤ γ ≤ −0.15. Furthermore, we check if the difference be-
tween the “exact” transfer function and the fitted one is too large in a region in which
the power spectrum is not strongly suppressed. If this is the case, our method can not
be considered as accurate and reliable enough, thus these points are removed from the
MCMC run.

4. At this point, if the considered model has passed the aforementioned sanity checks (cos-
mological check, fitting check, equivalent check), its flux power spectrum is produced
by performing the interpolation procedure described above. This flux power spectrum
can be compared to the Lyman-α forest data, giving a χ2-value to the corresponding
combination of parameters.

5. This procedure is repeated for each step of the MCMC run, providing constraints on
{α, β, γ}, which are converted into constraints on the nCDM parameters.

While this method is extremely good when dealing with models such as dark matter - dark
radiation interactions [III], as discussed in section 7.1, in the left panel of Fig. 4.5 we can see
that this parametrisation only covers models that reach a 100 % suppression. However, many
models, such as those with only a fraction of interacting dark matter, do not reach such a high
suppression, instead reaching a plateau. In order to extend the validity of this method, we
developed a second likelihood, which we call Lyman-α−αβδ. We parametrise the transfer
function as

T (k) = (1− δ)
[
1 + (αk)β

] 3β
2

+ δ , (4.10)

where the new parameter δ will determine the height of the plateau.

This new formalism offers many more possibilities, but we want to minimise the amount
of new N-body simulations we need to run. As most of the simulations do not present a
sudden change in the slope at k1/2, we can re-map many of the existing αβγ simulations into
corresponding αβδ ones. Furthermore, we have extended our grid of N-body simulations
to cover many more cases in which thethere is only a partial suppression. The new set of
simulations are shown in the right panel of Fig. 4.5. For everything else, the method is exactly
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the same as for the Lyman-α−αβγ likelihood described above. This extended likelihood can
be used for dark matter - baryon interactions [IV], as discussed in section 7.2.

With the methods developed here, we now have an easier way to compare different models
that result in a suppression of the matter power spectrum with the high resolution Lyman-α data,
without needing new, computationally demanding, N-body simulations. Other similar meth-
ods have been developed to exploit the low resolution Lyman-α data, as for example in [76],
and could be used in combination with our likelihoods in the future.

4.4 Spectral Distortions

In section 4.1 we saw that the CMB anisotropies provide a wealth of information about the
universe. In addition to the anisotropies, the CMB also contains another piece of compli-
mentary information, its energy spectrum. As discussed before, the CMB appears to be
an almost perfect blackbody, with FIRAS9 showing that possible distortions are limited to
∆Iν/Iν . 5 × 10−5 [9]. However, possible deviations from a blackbody10 could shine a light
on many hidden sectors of the universe.

Depending on the time at which a process affects the CMB spectrum, it would lead to a differ-
ent type of distortion. For z ≥ zµ ' 2× 106 cosmological thermalisation is extremely efficient,
so we will only be able to produce temperature shift g-distortions [77]. For processes occurring
between 105 . z . zµ, any energy injection will initially give rise to a Compton y-distortion in
the CMB blackbody, which will rapidly evolve into a chemical potential or µ-type distortion,
due to efficient redistribution of photons over frequency. Processes taking place at z . 104

will maintain the initial shape of a y-distortion. This leads to four different eras, which will be
discussed in detail below: a g-era, a µ-era, a mixed y-µ-era, and a y-era, as shown in Fig. 4.6.

The thermalisation of the CMB takes place through various processes, such as Compton scat-
tering, double Compton scattering, and Bremsstrahlung. The CMB will remain as a black-
body while these processes are efficient. Thus, deviations will only appear as these processes
become inefficient. To properly model the photon phase-space distribution f(t, x), we can
decompose it as

f(t, x) = B(x) + ∆f(t, x) , (4.11)

where B(x) ≡ 1/(exp(x) − 1) is the phase-space distribution of a blackbody at the tempera-
ture T0. Any contribution to ∆f(t, x) will be considered as a spectral distortion. With this in
mind, we can review the main types of distortions, ordered chronologically. All of the spec-
tral distortions are defined such that relative difference of the photon energy density due to
distortions is ∆ργ/ργ = 1.

Temperature shift g-distortion
The solution for the real radiation temperature Tγ will deviate slightly from Tz (where Tz =

9Part of the joined COBE/FIRAS experiment already discussed in section 4.1.
10Sometimes a lack of perfection can be a benefit.
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also shown.

T0(1 + Z) is the redshift-dependent temperature) whenever energy is injected, and from the
electron temperature Te when their thermal coupling becomes inefficient. We can write the
shift of the phase-space distribution as

∆f(x) = G(x)
∆T

Tz
, (4.12)

with ∆T = Tγ − Tz � Tz , which implies the shape of the temperature shift g-distortion as

G(x) = −x∂B(x)

∂x
=

xex

(ex − 1)2
. (4.13)

Once we have applied the normalisation to maintain ∆ργ/ργ = 1 and move from phase-space
distribution to intensity spectrum, this becomes

G(x) =
1

4
Nx3G(x) , (4.14)

where Nx3 ≡ 2x3(kBT0)3/(hc)2.

Chemical potential µ-distortion
Once double Compton scattering and Bremsstrahlung become inefficient, the chemical po-
tential µ can no longer be considered negligible, and we will find a shift of the phase-space
distribution

∆f(x) = −µG(x)

x
. (4.15)

The resulting distortion is a superposition of the µ distortion we are looking for and an ad-
ditional shift in the blackbody temperature. In order to account for this effect, we simply
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subtract the temperature shift away. This leads to the shape of the µ-distortion

M(x) = −G(x)

(
1

x
− αµ

)
, (4.16)

where αµ ≈ 0.4561.

As before, we apply the normalisation and move to intensity spectrum to find

M(x) = 1.401Nx3G(x)

[
1

x
− αµ

]
. (4.17)

Compton y-distortion
Once Compton scattering becomes less efficient, we will depart from equilibrium, but there
will still be a distribution of the photons. This leads to a total shift in the phase-space of

∆f(x) ≈ ∆τ
Te − Tz
me

Y (x) , (4.18)

which then defines the y-distortion shape as

Y (x) = G(x)

[
x
ex + 1

ex − 1
− 4

]
. (4.19)

Again, we apply the normalisation and move from phase-space distribution to intensity spec-
trum to find

Y(x) =
1

4
Nx3G(x)

[
x
ex + 1

ex − 1
− 4

]
. (4.20)

Other distortions
In the region where the redistribution of the y-distortion towards a chemical potential is not
yet inefficient but not fully efficient either, we will obtain a mixture of the µ and y distortions.
This mixture distortion is usually modelled as a mix of µ, y, and some residual distortion. Es-
sentially, all effects that create distortions that are not covered by the previous three cases are
instead captured by the residual distortion shape R(x), which has to be calculated knowing
the full thermal history.

We can put all of these different types of spectral distortions together to find the total distor-
tion of the photon intensity spectrum, given by

∆Itot = ∆Iy + ∆Iµ + ∆IT + ∆IR , (4.21)

where ∆Iy = ỹY(x) determines the contribution from y-distortions, ∆Iµ = µ̃M(x) the contri-
bution from µ-distortions, ∆IT = g̃(1 + g̃/4)G(x) + g̃2/8Y(x) the contribution from tempera-
ture shift g-distortions, and ∆IR = R(x)ε the contribution from residuals, with R(x) being the
residual distortion and ε the energy stored within the residual distortion. Additionally, here I
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have introduced the useful notation11

ỹ = 4y , µ̃ = µ/1.401 , g̃ = 4g . (4.22)

This decomposition of the total spectral distortion into shapes and amplitudes means that the
full knowledge of the distortion is given by a set of four amplitudes (y, µ, g, and ε) and one
normalised shape R(x). Each of these amplitudes is given by

ỹ =
∆ργ
ργ

∣∣∣∣
y

, µ̃ =
∆ργ
ργ

∣∣∣∣
µ

, g̃ =
∆ργ
ργ

∣∣∣∣
g

, ε =
∆ργ
ργ

∣∣∣∣
R

(4.23)

where the indices y, µ, and g refer to the corresponding fraction of the total injected energy
that generates the given distortion.

We can relate these amplitudes to the relative difference of the photon energy density due to
spectral distortions, which is obtained by integrating the Bolztmann equation,

∆ργ
ργ

∣∣∣∣
tot

=

∞∫
z

Q′

(1 + z)Hργ
dz , (4.24)

where the heating rate Q′ corresponds to the energy deposited into the photon fluid in form
of heat.

Finally, to see which part of the injected energy generates each of the distortions, we define
for each distortion type a the branching ratio of deposited energy into the distortion. We thus
find

a =
∆ργ
ργ

∣∣∣∣
a

≡
∫
dQ/dz

ργ
· Ja(z)dz (4.25)

where the branching ratio Ja(z) determines the fractional energy release into a given distor-
tion a as a function of redshift. This means that we can effectively split the problem into
the model-dependent heating function dQ/dz and the model independent branching ratios Ja(z),
shown in Fig. 4.6.

These spectral distortions can be produced by many different sources, both within ΛCDM and
in more exotic models. Here I provide a non-exhaustive list, but for a full summary see for
example [78]:

• Reionisation and structure formation: supernova feedback and the first sources of ra-
diation during reionisation heat up the intergalactic medium at low redshifts (z . 10),
leading to a y-type distortion, which could reach ∆Iν/Iν ' 10−7.

• Inflation: the Silk-damping of small scale perturbations (see section 3.5) gives rise to
both µ and y-type distortions. Spectral distortions are influenced also by the running of
the spectral index (see section 2.4). Furthermore, the overall distortion is also sensitive to

11This notation is new from [V], as previous notation in the literature was a bit confusing.
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the difference between adiabatic and isocurvature perturbations, as well as primordial
non-Gaussianities. This is shown by the red lines in Fig. 4.7.

• Cooling of matter: the adiabatic cooling of baryons extracts energy from the CMB pho-
ton bath by Compton cooling, leading to both µ and y-type distortions. This is shown
by the blue line in Fig. 4.7.

• Cosmological recombination radiation: the recombination process (described in sec-
tion 1.8.3) introduces distortions of the order ∆Iν/Iν ' 10−9.

• Decaying or annihilating relics: as an example of exotic scenarios, possible dark matter
decays or dark matter annihilations (see [79] for an overview) inject energy into the
spectrum, shown by the green (annihilation) and cyan (decay) lines in Fig. 4.7.

Given the amount of processes that can lead to different spectral distortions, and the clear
predictions from ΛCDM, it is reasonable to assume that any future mission that measures
(or fails to measure) spectral distortions would provide vital information. In addition to the
mechanisms described above, spectral distortions could help distinguish between different
solutions to the small scale crisis [80], [81] (see section 5.1), they could help constrain PBH [82],
or even help us to probe possible dark matter - baryon interactions [83] (see section 7.2.2).

With this in mind, in [V] we implemented the complete calculation of spectral distortions
in CLASS for the following models: all known heating mechanism within ΛCDM, dark matter
annihilation, dark matter decay, and evaporation and accretion of primordial black holes. Our
framework can easily be extended for any model for which the heating function is known (as
the branching ratios do not depend on the model, as seen above), and is currently being ex-
panded to include the possible cooling of baryons by dark matter interactions (see section 7.2
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for a discussion on this).

In order to properly study the implications of a possible future spectral distortions mission on
cosmological models, in [V] I added a new family of likelihoods to the parameter extraction
code MONTEPYTHON to deal with any spectral distortion mission, making use of the MCMC
forecast method detailed in [84]: a future (or current) experiment is encoded as a mock likeli-
hood, providing the probability that the mock data is true given the fiducial model assumed
at each step of the MCMC parameter exploration.

Our likelihood computation can be summarised in the following way

1. As a starting point, we choose a fiducial model (for example ΛCDM with cosmological
parameters given by the latest Planck measurements [19]).

2. We use our new spectral distortions module in CLASS to compute the total spectral dis-
tortions for the fiducial model in each frequency bin of the experiment. This is stored as
our observed spectral distortion.

3. For each step in the MCMC exploration, we update the parameters of our model, and
use CLASS to compute the predicted total spectral distortions for our new model in each
frequency bin of the experiment.

4. For each step a new χ2 is computed by comparing the predicted model with the observed
one,

χ2 =
∑
νi

(
∆Ipredicted(νi)−∆Iobserved(νi)

δInoise(νi)

)2

. (4.26)

where δInoise is the overall sensitivity of the experiment to the signal.

With this new family of likelihoods, to define a new detector we simple need to provide ei-
ther the experimental configuration (minimum probed frequency νmin, maximum probed fre-
quency νmax, bin width ∆νc or number of bins νi, and overall sensitivity δInoise), or the binned
frequency array together with the corresponding sensitivity. Additionally, CLASS will make
use of this information to perform a more efficient computation of the branching ratios de-
scribed above.

With this framework we developed likelihoods for two detectors: the existing FIRAS mis-
sion [9], and the proposed future mission PIXIE [85]. For FIRAS, we used the binned fre-
quency array results provided in [86]. For PIXIE we use the same assumptions as in [78],
[87]: we assume equidistant, independent frequency channels in the range [30 GHz− 1 THz],
with a bin width of ∆ν = 15 GHz. Furthermore, we assume that the measurement is only
limited by uncorrelated instrumental noise, and all foregrounds can be removed with higher
frequency channels. This gives us an overall constant noise in each frequency bin of δInoise '
5× 10−26 W m2 s−1 Hz−1 sr−1.

With the full computation of spectral distortions now being handled in CLASS , together with
the newly developed likelihoods, we can probe the synergy between spectral distortions mis-
sions and other data sets, such as information from the CMB anisotropies, or probes of matter
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power spectrum, as will be done in our forthcoming paper [V]. This means we can not only
perform forecasts for future proposed spectral distortions missions, but should one of these
receive funding, we have the pipeline ready to analyse the new data in conjunction with other
cosmological data.
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5 Problems in Cosmology

In the previous chapters we have seen the remarkable successes of ΛCDM cosmology. This
model has been tested across many different scales and observables, and to date, it remains
the best theory we have to explain the history, evolution, and ingredients of the universe.

Despite its undeniable success, in recent years this model has seen some possible challenges.
With increasingly more data becoming available, together with better computing power al-
lowing us to perform extremely precise N-body simulations, tensions have started to rise
between the predictions and observations of ΛCDM.

These tensions are arising at different levels: on the smallest scales, such as our galaxy and lo-
cal neighbourhood, N-body simulations and observations appear to be at a mismatch; mean-
while low redshift probes of the Hubble constant H0 and σ8 seem to be in tension with the
CMB inferred values. Furthermore, the recent observation by the EDGES team of a 21 cm
signal does not align with our expectations for a standard ΛCDM universe.

In this chapter I will discuss these potential issues with our standard model of cosmology.

5.1 Small Scale Crisis

When viewing the universe on large scales, from the horizon scale of ∼ 15000 Mpc down to
the typical spacing between galaxies of ∼ 1 Mpc, all observations are consistent with a uni-
verse seeded by nearly scale-invariant fluctuations, as described in chapters 2 and 3. Indeed,
this model, in which structures form hierarchically with smallest structures collapsing first,
is the cornerstone of our understanding of galaxy formation, and it can accurately describe
properties of galaxies such as their count, clustering, morphology, colours, and evolution over
time [88], [89].

However, when we observe the universe on scales smaller than ∼ 1 Mpc and on mass scales
smaller than ∼ 1011M�, we start to notice problems in our theory, known collectively as the
small scale crisis (see for example [90]–[92] for a review). In the 1990s the increase in comput-
ing power allowed N-body simulations to resolve the internal structure of halos for the first
time. With this, we are now able to perform very precise simulations, assuming the matter
content in our universe is dominated by cold dark matter (as described in section 1.9). When
comparing these ΛCDM simulations to observations on small scales, we encounter several
discrepancies, known as the missing satellites problem [93], [94], the core-cusp problem [95], [96],
the too-big-to-fail problem [97], and the diversity problem [98], each described in detail below.
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For these discussions, it is useful to introduce some general concepts. In section 3.3, we saw
how over-dense regions of the universe form with the initial fluctuations. After these regions
become non-linear, they can collapse into virialised dark matter halos with

Mvir =
4π

3
R3

vir∆ρm , (5.1)

whereRvir is used to denote the outer edge of the halo. As there is some ambiguity in this def-
inition, the over-density parameter ∆ has been introduced. Here I will follow the convention
of [99] and choose ∆ to match the over-density predicted for a virialised dark matter region
that has undergone a spherical collapse, ∆ ∼ 300 at redshift z = 0. The precise choice of ∆

does not significantly affect the discussion, provided one is consistent.

Furthermore, we can make a comment on the internal structure of dark matter halos. In
section 1.9.1 I introduced the halo density profile (equation 1.86). There are several different
profiles we can use to try to describe the internal structure of halos, shown in Fig. 5.1, the
most common of which are

• The Burkert profile [100], also known as cored profile, was introduced to fit rotational
curves (discussed in section 1.9.1). It is given by

ρ(r) =
ρs(

1 + r
rs

)(
1 +

(
r
rs

)2
) , (5.2)

where ρs is a constant density core within a radius rs. However, this profile leads to a
diverging total mass M when r →∞.

• The NFW profile [101], introduced after N-body simulations using cold dark matter
showed that profiles are universal, is given by

ρ(r) =
ρs(

r
rs

)(
1 + r

rs

)2 . (5.3)

While this profile can reproduce N-body results fairly accurately, it diverges for small
values of r.

• The Einasto profile [102] was introduced to avoid this divergence, and provides a better
fit to latest N-body simulations. It is given by

ρ(r) = ρs exp

(
− 2

α

[(
r

rs

)α
− 1

])
, (5.4)

with α = 0.17 for the general Einasto profile, and α = 0.11 for the EinastoB, which better
describes simulations with added baryons.

A final key concept to understanding the small scale crisis is the halo mass function, which
gives us the amount of dark matter halos at a given redshift z, per unit mass and unit volume:
n(z,M). The mapping between an initial spectrum of density fluctuations at early times, as
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calculated from an underlying model such as ΛCDM, and the resulting halo mass function at
late times appears to be highly non-trivial. However, with certain assumptions the halo mass
function can be modelled remarkably well, as proposed for example by Press and Schechter
in 1974 [104]. In the Press-Schechter formalism the halo mass function is calculated using the
assumption that the fraction of mass in a virialised halo is related to the fraction of volume
samples in which the smoothed initial density fluctuations are above some critical density δc.
A full discussion of this formalism is beyond the scope of this work, but for a good review see
for example [105].

Since its conception, the Press-Schechter formalism has been extended in a more rigorously
mathematical way, and is known today as the extended Press-Schechter (EPS) theory [106]–
[108]. This model can very accurately predict the abundances of dark matter halos, which
can be tested with comparisons to large scale N-Body simulations. Both these simulations
and the EPS show a universal form for the halo mass function: the comoving number den-
sity of dark matter halos is a power-law with log slope of α ' −1.9, which is exponentially
suppressed for masses above the characteristic mass of fluctuations going non-linear at the
calculated redshift. Thus, using the EPS formalism, one can make highly accurate predictions
for the abundance of dark matter halos given an initial power spectrum of density fluctuations
calculated within the ΛCDM universe.

Now that we have seen the main components we can use in N-body simulations to compare
our underlying ΛCDM cosmology and the observations, we can discuss the mismatches that
appear when doing so.
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Missing Satellites
As discussed above, we can use N-Body simulations to predict the number of dark matter
halos expected to form in a given mass range in a ΛCDM universe. Simulations show that
these dark matter clumps should exist at all resolved masses, with no break in the sub-halo
mass function, leading to more smaller halos [109], [110]. Recovering the Press-Schechter
formalism from above, we would expect a halo mass function of the form dn/dM ∝ Mα

with α ' −1.9. However, the observed stellar mass functions of satellite galaxies in the Local
Group is much flatter than expected, with α ' −1.5 [111].

On the more qualitative side, from simulations we would expect as many as ∼ 1000 sub-
halos that could host galaxies in the Local Group. Nonetheless, we have only found ∼ 50

such dwarf satellite galaxies1 orbiting within the Local Group, and only∼ 10 within the virial
radius of the Milky Way [111], [112]. While the simulations do predict the correct amount of
normal-sized galaxies, the prediction for sub-halos is very discrepant from observations. This
mismatch between the number of predicted and the number of observed dwarf galaxies is
known as the missing satellite problem.

Of course one argument against the missing satellite problem is that these galaxies simply
have not been observed: if galaxy formation becomes less efficient at smaller halo masses,
the smallest dark matter halos would not have been able to form enough stars to be visible
to us. This is supported by the discovery of ultra-faint galaxies composed mostly of dark
matter [113]. However, while future surveys could detect many more ultra-faint halos, it is
not clear if this will be enough to account for the noticeable mismatch in the simulations and
predictions.

The missing satellite problem is a matter of ongoing debate in the field, as there are some
questions as to how the abundance matching is done, how the halo mass function is calcu-
lated, how tidal stripping affects these dwarf galaxies, and the full impact of baryonic effects
on such simulations. As such, it remains a controversial topic, but one that persist without a
clear solution [93], [114], [115].

Core-Cusp
The second mismatch that we encounter between observations and predictions from simula-
tions that assume cold dark matter comes about when we look at the density profile of dark
matter halos. When running N-body simulations, we find that the density profile should rise
steeply at small radius, compatible with the NFW (equation 5.3) and the Einasto (equation 5.4)
profiles [102], [116]. However, observations seem to show most low-mass dark matter galaxies
have a constant central density, more compatible with the Burkert profile (equation 5.2) [117],
[118].

More qualitatively, N-body simulations prefer a cuspy distribution of matter, while observa-
tions from rotation curves suggest a flat central dark matter profile, thus leading to a cored
profile. This is known as the core-cusp problem, and is illustrated in Fig. 5.2.

1In this section, I will use the term dwarf galaxies for galaxies with stellar mass M . 109M� and Rvir . 1 kpc.



5.1. Small Scale Crisis 93

DDO 154

Stars

Gas

0 2 4 6 8
0

10

20

30

40

50

60

Radius (kpc)

V
ci
r
(k
m
/s
)

����

Core

0.1 0.5 1 5 10

106

107

108

109

Radius (kpc)

D
ar
k
M
at
te
r
D
en
si
ty

(M
⊙
/k
pc
3
)

FIGURE 5.2: Example of the core-cusp problem. The left panel shows the ob-
served rotation curve of dwarf galaxy DDO 154 (black data points), compared
to an NFW profile (dotted blue) and a cored profile (solid red). The pink lines
show the contribution of gas and stars. The right panel shows the correspond-

ing dark matter density profiles. Image taken from [98].

Too-big-to-fail
This problem is tightly connected to the missing satellite problem. Indeed, above I mentioned
that one possible way to solve the missing satellite problem is to assume that the satellites
are not missing, but rather there is not enough baryonic matter present to make them visi-
ble. However, this assumption makes a testable prediction: the central masses of Milky Way
satellites should be as massive as the most massive sub-halos seen in simulations [97].

Nonetheless, when comparing observations to simulation results, it was shown that, while
there are sub-halos with central masses similar to our local satellites, these were never among
the most massive halos [97], [119].

Qualitatively, N-body simulations predict that the most massive satellites should be too big to
have failed at forming stars, as the lower-mass satellites we have observed have been capable
of doing so. Thus, this is known as the too-big-to-fail problem, and while it was initially found
in the Milky Way, it has also been found in Andromeda [120] and the Local Group [121].

Diversity
The final mismatch we encounter between our simulations and observations appears in a sim-
ilar way to the core-cusp problem. We have already seen that N-body simulations show cuspy
profiles, more peaked at the central region of galaxies. Importantly, the N-body simulations
show very little scatter in the cuspy density profiles for halos of a given mass. However, ob-
servations indicate that galaxies with the same maximal circular velocity have inferred core
densities varying by a factor of up to O(10) [122].

Indeed, we have seen that both the NFW (equation 5.3) and Einasto (equation 5.4) profiles
have strongly correlated parameters (ρs, rs), and thus there is not much freedom in specifying
a halo. As such, once the maximum velocity Vmax is fixed, the halo density profile will be
completely determined for all radii. Therefore, our simulations predict very similar density
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profiles for similar maximal circular velocity, which is not in agreement with the observation
of diverse inner profiles leading to the same velocity at larger radii [123].

As this problem is related to the core-cusp problem, any model proposed to explain why
we observe cored profiles, rather than the expected cuspy ones, should also incorporate a
mechanism to explain the apparent diversity in inner profiles.

In this section I have introduced the four problems that are commonly referred to as the small
scale crisis. There are several proposals to solve these problems, one of which is to improve
the already-existing baryonic modelling in the simulations. Indeed, most simulations only
include cold dark matter, which seems reasonable given that it accounts for∼ 85 % of the mat-
ter content of the universe. However, baryonic feedback effects have been shown to mitigate
some of the problems [114], [115], but these effects can currently not solve all four problems
simultaneously, and often make one problem worse while addressing the other problems.

As such, several models beyond ΛCDM have been proposed to address these issues, such as
warm dark matter [124], sterile neutrinos [125] or self-interacting dark matter [126]–[130].
Another very interesting class of models to solve the small scale crisis are models in which
dark matter can have additional interactions, either within the standard model or within a
dark sector. These models are discussed in depth in chapter 7.

5.2 Hubble Constant Tension

In section 1.2 I introduced the Hubble constant, H0: the proportionality constant between the
distance to an object and its receding velocity that gives us the current expansion rate of the
universe. This parameter is of vital importance, as we saw in section 1.6, and thus a lot of
effort has been invested in measuring the Hubble Constant.

There are several different ways we can measure the Hubble Constant, the two most usual are
by using standard candles, such as supernovae, to measure the luminosity distance; and by
using standard rulers, such as the BAO scale or the CMB fluctuations, to measure the angular
diameter distance. In a consistent cosmological model we would expect these measurements
to agree. However, this is not the case2.

When Hubble first measured the expansion of the universe in 1929, as discussed in section 1.2,
he reported a value of H0 = 500 km/(Mpc s) [14]. This value has been revised many times
since, and in the last 20 years we have been able to get increasingly more precise measure-
ments of this parameter. At the turn of the 21st century the Hubble Key Project found a
value of H0 = (72 ± 8) km/(Mpc s) [131] using the HST telescope, and a few years later the
WMAP team released the first measurement of the Hubble constant using CMB anisotropies:
H0 = (72±5) km/(Mpc s). The locally measured value ofH0 has remained largely unchanged,

2Which is fun, the universe would be too boring if everything were consistent.
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FIGURE 5.3: Recent measurements of the Hubble Constant. Values determined
using local measurements based on the Cepheid distance scale are shown in
blue, while the values derived from CMB and BAO measurements assuming
a base ΛCDM cosmology are shown in red. The discrepancy between these

measurements has grown to ∼ 4σ. Image taken from [132].

except for significantly smaller error bars, while the CMB value has yielded a much lower
value, also with greatly reduced error bars. The main measurements in the last 20 years are
summarised in Fig. 5.3.

The latest measurements of supernovae from the SH0ES collaboration give a value of H0 =

(73.48±1.66) km/(Mpc s) [133], while the latest Planck data yieldH0 = (67.36±0.54) km/(Mpc
s) [19], which implies the values are at 3.5σ tension which each other. Furthermore, BAO data
from SDSS DR12 [134] agree with the predictions from Planck data to high precision, allow-
ing us to combine both measurements, giving a value of H0 = (67.66± 0.42) km/(Mpc s) [19],
increasing the tension between the locally measured value and the early universe measure-
ments to ∼ 4σ. Understanding the source of this tension is one of the biggest challenges in
cosmology today. To see what could be the origin of this discrepancy, we should first review
how these different measurements are made.

The local measurement of the Hubble Constant has two distinct steps. As a first step, we can
use Cepheid-like stars to calibrate stellar luminosities and distances to nearby galaxies, and
then we can calibrate brighter objects such as supernovae to obtain distance measurements for
more distant galaxies. To reduce errors, Cepheid variables are identified in nearby galaxies
that also contain well-observed supernovae, providing the needed calibration. The Cepheid
distance scale is anchored to geometric parallax within the Milky Way, thus ensuring its accu-
racy. For the second step in the process, relative distances to galaxies up to redshifts of z ∼ 0.1
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are measured from the calibrated peak brightness of supernovae. Thus, this measurement is
known as the forward distance ladder. Of course this procedure assumes a very good under-
standing of supernovae brightness, as well as all systematic effects that can alter the apparent
luminosity of objects.

To see how we can obtain a measurement of H0 from Planck data, we first recover the rela-
tion between the angular diameter distance and the comoving distance, first introduced in
equation 1.23,

dA =
χ(z)

(1 + z)
, (5.5)

which we can combine with the definition of comoving distance from equation 1.21 to find

dA =
1

1 + z

∫ z(te)

0

dz

H(z)
. (5.6)

Under the assumption of a ΛCDM universe, in section 1.6 we derived an expression for the
Hubble Parameter as a function of redshift, H(z), which we can insert into equation 5.6 to
find:

dA =
1

1 + z

∫ z(te)

0

dz

H0

√
[ΩR(1 + z)4 + ΩM (1 + z)3 + Ωk(1 + z)2 + ΩΛ]

. (5.7)

Thus, assuming the universe is described by ΛCDM, if we measure the angular diameter
distance of the CMB, as well as the relic densities of the different species Ωx, we can calcu-
late a value of H0. Furthermore, we can use measurements of the BAO scale (as discussed
in section 4.2) to obtain an inverse distance ladder, which can also give us a measurement
of H0. Fig. 5.4 shows H(z) at low redshift, calculated within ΛCDM, together with several
relevant data sets.

Having reviewed how the different measurements are made, we can discuss possible expla-
nations for the ∼ 4σ tension between the latest measurements:

1. Systematic effects affecting measurements of supernovae luminosity.

2. Systematic effects in the Planck measurements.

3. New physics beyond ΛCDM, leading to a different H(z) in equation 5.6.

These options have all been explored extensively in the literature, and currently no systematic
effects big enough to cause this discrepancy have been identified [135]–[141]. Furthermore,
measurements of the Hubble constant using strong gravitational lensing are more model
dependent, but also give a value of H0 = (71.9 ± 2.4) km/(Mpc s) [142]. More recently,
some arguments have surfaced that perhaps the Gaussian likelihood assumption used when
analysing the SH0ES data could lead to an overestimate of the statistical significance of this
discrepancy [143].

Given the lack of clear systematic effects, and since the values inferred from early universe
data assume ΛCDM cosmology, there has been a surge of interest in models beyond ΛCDM that
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using supernovae is shown in blue. Image taken from [19].

might be able to solve this tension. However, it is very challenging to find theoretical expla-
nations for this discrepancy while not breaking compatibility with other cosmological data,
especially as the angular scale of the acoustic peaks in the CMB power spectrum has been
measured very accurately, and it sets the ratio of the sound horizon at decoupling to the dis-
tance to the CMB, as discussed in section 4.1. As an example, models with an extra relativistic
degree of freedom, ∆Neff = 1, can lead to anH0 value closer to the supernovae data, but these
are excluded by the CMB angular power spectrum.

There have been many models proposed in the literature recently to address this issue, such
as cannibal dark matter [144], early dark energy models [145], and decaying dark matter [146].
Furthermore, models in which there are interactions between dark matter and an additional
dark radiation component could alleviate this tension, and are explored in detail in chapter 7.
While a clear solution to the H0 tension remains elusive, the persistence of this discrepancy in
the data sets can not be ignored, and indeed is one of the most relevant discussions in modern
cosmology.
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5.3 σ8 Tension

In section 4.2 I discussed the importance of the matter power spectrum for cosmology, and
how it is related to the growth of fluctuations in the early universe, and thus to the underly-
ing cosmological model. In order to better discuss different models and their impact on the
matter power spectrum, I now introduce σ8, which measures the amplitude of the linear mat-
ter power spectrum averaged over the scale of 8 Mpc/h, so it tells us about matter clumpiness3

on spheres of 8 Mpc/h.

As with H0, there are several different ways we can measure this value: the primary CMB
anisotropies give us a high redshift measurement, placing a constraint on the matter fluctu-
ation amplitude at the time of recombination, which can then be extrapolated to today once
a base model is chosen; on the other hand we can use weak lensing and galaxy clustering to
obtain a low redshift measurement. When comparing these high and low redshift values, we
once again find a discrepancy [147], [148].

The value of σ8 is correlated with the total matter content of the universe, Ωm, as the former
measures the matter power spectrum on a given scale. Thus, to better compare different
measurements, we would need to always give values of σ8 and Ωm together. To avoid this,
we introduce

S8 ≡ σ8

√
Ωm

0.3
. (5.8)

The latest measurements from CMB anisotropies measured by Planck yield S8 = 0.825 ±
0.011 [19], while the most recent cosmic shear surveys give the following values:

• Deep Lens Survey (DLS): S8 = 0.940± 0.045 [149]

• Canada-France-Hawaii Telescope Lensing Survey (CFHTLens): S8 = 0.667± 0.070 [150]

• Dark Energy Survey (DES): S8 = 0.783± 0.023 [151]

• Kilo-Degree Survey (KiDS-450): S8 = 0.737± 0.038 [152]

Therefore, we can see that there is a tension of ∼ 2.5σ between these different measurements,
as shown in Fig. 5.5, with direct measurements preferring a lower value of S8. Of course,
directly comparing the weak lensing experiments is not trivial, as the different surveys dif-
fer in the datasets, the shear and photometric redshift estimation algorithms, the theoretical
assumptions, and the pipeline used to obtain the final result. Attempts to unify this pipeline
have been performed in the literature, and the tension with the Planck measurement is signif-
icantly reduced, but not completely solved [153].

As mentioned above, the high redshift measurement obtained from CMB anisotropies is ex-
trapolated to today with a choice of model: usually this is chosen to be ΛCDM. However,
given the slight tension with the low redshift values, people are increasingly looking for mod-
els beyond ΛCDM that could provide better agreement. As an example, one way to reduce

3Such a technical word.
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the matter clustering rate would be to have a fraction of warm dark matter, which would
free-stream and smear out the fluctuations. A clear example of this would be active or ster-
ile neutrinos [148], [154], but of course these models are already very constrained by other
cosmological data sets.

Solving the cosmological tensions has the added difficulty that models invoked to solve the
σ8 tension often make the H0 tension worse, and vice-versa. For example, massive neutrinos
would be free-streaming, leading to a small scale matter power suppression and thus a lower
S8, but this would shift the CMB acoustic peaks to lower multipoles, in turn lowering H0.
Similarly, the addition of extra relativistic degrees of freedom, ∆Neff , while maintaining the
redshift of matter-radiation equality (discussed in section 1.6) leads to a lower H0, but intro-
duces a damping of the CMB spectrum at high multipoles, and in turn enhances the matter
power spectrum, leading to an increased S8. The interplay between these two tensions will be
revisited in section 7.1.

Given that σ8 probes the matter power spectrum, it is clear that better measurements of struc-
ture formation on all scales are vital to distinguishing between different solutions to this ten-
sion. As discussed in section 4.3, Lyman-α data can provide very precise measurements of the
small scale matter power spectrum, and thus will be an essential piece of future cosmological
measurements, as we will see in more detail in chapter 7.
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In this chapter we have seen that there are several challenges to the ΛCDM model, coming
from different scales and observations. Taken individually, these problems might not be sig-
nificant, as they might yet be solved within the ΛCDM paradigm. However, when considered
all together, combined with possible issues in the standard model of particle physics, such as
the mass of neutrinos (see section 6.1 for a discussion on this), they do raise the question as to
whether there is something we are missing with our current description of the universe.

With this motivation, it is very justified to look at models beyond ΛCDM, for example models
in which dark matter is not cold. Of course, any such extension invoked to solve the prob-
lems described here would have to be able to accommodate the existing data without causing
new problems. In the remainder of this thesis I will focus on massive relics in the universe
(neutrinos and dark matter), and discuss how they can be used to address these problems.
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6 Neutrino Mass Constraints

In 1930, in order to explain the continuous spectrum observed in the beta decay of nuclei, Pauli
proposed the existence of a massless, neutral particle with spin 1/2, known as the neutrino.
Since their discovery in the second half of the twentieth century, neutrinos have been a topic
of great interest in particle physics, as discussed in section 1.7. The further discovery that
neutrinos can oscillate, and therefore can not be massless, cemented neutrinos as one of the
most relevant particles for both particle physics and cosmology.

In the following section I will provide an overview of neutrinos from a particle physics per-
spective, including a discussion on their mass and oscillations. Section 6.2 will discuss the
significance of neutrino mass to cosmology, and how cosmology can help us to constrain the
sum of neutrino masses. The first two subsections are based on the recent review [155] and the
book [156]. Section 6.3 is based on the work carried out by myself together with T. Brinckmann
et al. in [II], where we forecast the sensitivity of current and future cosmological experiments
to the sum of neutrino masses, finding that future combinations of CMB and large scale struc-
ture (LSS) missions are likely to detect the sum of neutrino masses at greater than 5σ.

6.1 Neutrinos in Particle Physics

The idea of neutrinos was first introduced by Pauli in 1930 to save energy conservation in
β-decays, leading Pauli to claim “I have suggested something that can never be verified experimen-
tally”1. However, in 1956 Reines and Cowan [157] first measured electron neutrinos. Muon
neutrinos were found in 1962, and tau neutrinos were found in 2000.

In section 1.7 we saw how neutrinos are supposed to behave in the Standard Model of Particle
Physics: they are neutral, massless2 fermions with spin 1/2. These neutrinos can come in three
flavours3 to accompany leptons within SU(2)L doublets. Furthermore, they only interact via
the weak force, which means they can travel a very long distance without interacting, making
them very difficult to detect. Additionally, it is not possible to build a mass term for neutrinos
using the process described in section 1.7, and as mass arises from the Higgs mechanism,
which couples left-handed and right-handed particles, neutrinos were assumed to have no
right-handed partner.

1He did not have much faith in future experiments, it seems.
2Following our theme of being very good at naming things, “neutrino” means “the small neutral one”.
3Unfortunately, chocolate is not one of them.
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This picture began to change once technology had advanced enough to detect the solar neu-
trino flux. Electron neutrinos are produced in the core of the Sun as a by-product of hydrogen
fusion, and thus the solar neutrino flux provides a good way to study these particles. How-
ever, first measurements of solar neutrinos [158] showed a large discrepancy with the pre-
dicted flux, with a significant deficit of νe. This became known as the Solar Neutrino Problem.
Subsequent measurements all found between 1/2 and 1/3 of the predicted neutrinos coming
from the Sun.

The Solar Neutrino Problem was only properly solved recently, when SuperKamiokande ob-
served elastic scattering of electron neutrinos [159], while the Sudbury Neutrino Observatory
(SNO) measured at the same time charged and neutral current, as well as the elastic scattering
reaction [160]. By combining these observations, the total neutrino flux (νe + νµ + ντ ) can be
compared to the νe flux. This comparison showed that the total flux was in agreement with
the models, while the electron neutrino flux always showed a deficit, pointing to some type
of flavour changing process of neutrinos during their propagation between the Sun and the
observers. The most plausible explanation for this was neutrino oscillations, a discovery which
led to a Nobel Prize in Physics in 2015.

The idea of neutrino oscillations was first proposed in the late 1950s by Pontecorvo [161], [162].
These oscillations are a quantum mechanical phenomenon which arises due to neutrinos be-
ing produced via charged current interaction as flavour states, which are linear superpositions
of mass eigenstates. Thus, neutrinos are emitted and absorbed in weak interactions in their
flavour eigenstates, but they propagate as mass eigenstates.

We now introduce the Pontecorve-Maki-Nakagawa-Sakata (PMNS) matrix U, which is a 3× 3

unitary mixing matrix, and allows a particular ket state to be written as

|να〉 =

3∑
k−1

U?αk|νk〉 with α = e, µ, τ , (6.1)

where Latin indices indicate mass states and Greek indices label flavour states, and the nor-
malisation 〈να|νβ〉 = δαβ and 〈νi|νj〉 = δij has been assumed.

Furthermore, we can now introduce the survival probability, which is the probability that a
given neutrino να is still in the same flavour state at a distance L:

Pνα→να(L) = 1− 4
∑
k>j

|U2
αk| |U2

αj | sin2

(
∆m2

kj

2|ppp|
L

c

)
, (6.2)

and conversely we have the total transition probability given by 1 − Pνα→να . In expression 6.2
we can clearly see that the oscillation probability is dependent on the mass difference term,
thus in order for there to be oscillations between two flavours, neutrinos can not be massless.

We can also see from equation 6.2 that experiments located at different distances will be more
sensitive to a value of ∆m2 such that ∆m2L/(2E) ∼ 1. With this, there are two typical regimes
of oscillations: a slow one governed by ν1 ↔ ν2 (the most significant one for solar neutrinos)



6.1. Neutrinos in Particle Physics 105

and a fast one corresponding to all other oscillations. There are other sources of neutrinos
of interest, such as nuclear reactors, which produce νe in the MeV range and are classified
as short baseline (SBL) with L ∼ 10 m, long baseline (LBL) with L ∼ 1 km, and very long
baseline (VLBL) with L ∼ 102 km. For neutrinos produced by accelerators in the energy range
1 − 100 GeV due to the pion, kaon and muon decays, SBL will refer to L ∼ 1 km and LBL
will refer to L ∼ 103 km. A final type of neutrino source to be discussed are atmospheric
neutrinos, which are produced when cosmic-rays interact with atoms in our atmosphere, pro-
ducing pions which then decay into neutrinos and muons, which further decay into electrons
and create additional neutrinos.

With the different experimental techniques to search for neutrinos, we can express the PMNS
matrix in a way that reflects the sensitivity of different experiments to the contributing terms:

U =

1 0 0

0 c23 s23

0 −s23 c23


︸ ︷︷ ︸

atm. or LBL

 c13 0 s13e
−iδ

0 1 0

s13e
−iδ 0 c13


︸ ︷︷ ︸

SBL reactor

 c12 s12 0

−s12 c23 0

0 0 1


︸ ︷︷ ︸

solar or LBL reactor

e
iα1 0 0

0 eiα2 0

0 0 1


︸ ︷︷ ︸
neutrinoless double β

(6.3)

where I have used the shorthand notation cij = cos (θij) and sij = sin (θij), and θij is the mix-
ing angle of mass states i and j. Additionally, α1,2 are phase factors relevant only if neutrinos
are Majorana (meaning they are their own antiparticle). These factors are being probed in neu-
trinoless double β-decay experiments. Finally, the phase term δ is only non-zero if neutrino
oscillations violate CP symmetry (which is yet to be observed experimentally).

A lot of experimental effort is dedicated to measuring the parameters in the PMNS matrix,
such as the mixing angles and phases. The masses are much more complicated, though. We
can define the mass differences as

δm2 = m2
2 −m2

1 > 0 and ∆m2 = m2
3 −

m2
2 +m2

1

2
. (6.4)

Solar neutrino studies have been able to deduce the sign of δm2, showing us that m2 > m1.
However, the sign of ∆m2 is still unknown, which leads us to two possibilities: normal hier-
archy (NH) if m1 < m2 < m3, or inverted hierarchy (IH) if m3 < m1 < m2. Furthermore, the
absolute scale of the neutrino mass is also unknown, but we can set theoretical lower bounds
on the sum of neutrino masses Mν =

∑
imi: in NH we can set m1 = 0 and find Mν & 0.06 eV,

while in IH we can set m3 = 0 and find Mν & 0.10 eV. The current experimental bound on the
sum of neutrino masses from particle physics is Mν ≤ 2.2 eV [163]. This bound is expected to
improve by one order of magnitude with the forthcoming KArlsruhe TRItium Neutrino (KA-
TRIN) experiment [164]. Additionally, current bounds from cosmology are Mν < 0.12 eV [19],
and are explored in more detail in section 6.3.

While we have come a long way since Pauli first proposed unmeasurable neutrinos, there are
still important questions about these particles that need addressing, mainly
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• The unitarity of the PMNS matrix, as if this is not the case, it would require new physics
such as a sterile neutrino.

• The nature of antineutrinos: Majorana or Dirac.

• Possible CP violations in the leptonic sector, which would indicate that neutrinos and
antineutrinos oscillate differently.

• The neutrino mass scale and hierarchy.

A lot of experimental effort is being put into solving these questions, both in particle physics
and cosmology, and it is likely that the answers will come from many different experiments.

6.2 Cosmological Implications of Massive Neutrinos

Now that we have seen that neutrinos have mass, we can discuss the profound consequences
this has on cosmological observables. In this section I will discuss the impact this species
has on both the CMB and the matter power spectrum, focussing only on the case of massive
neutrinos. In section 7.1.2 I will discuss instead the case of having an extra massless relativistic
species.

The overall impact of massive neutrinos on the CMB is shown in the left panel of Fig. 6.1.
When discussing the impact of one species on the CMB, we need to be aware of several effects
mixing together: we can mitigate the effect of one parameter by tuning other parameters
accordingly. Thus, to discuss the impact of massive neutrinos on the CMB, I will divide the
effects into

• Background effects: these are encoded in a modified evolution of the scale factor a(τ). In
section 4.1 we saw that the CMB spectrum depends on a small number of effects related
to different characteristic scales, characteristic times, to the primordial spectrum, and to
density ratios. I will continue to describe these effects as (C1)-(C8), as in section 4.1.

• Perturbation effects: these are more direct than background effects. The presence of
a decoupled species can modify the evolution of metric fluctuations, and backreacts on
the perturbations of the coupled photon-baryon fluid. When discussing the perturbation
effects the background effects will be cancelled out by tuning other parameters.

The effects of massive neutrinos on observables are encoded in two parameters: Neff , which
will describe the neutrino abundance in the early universe, as seen in equation 1.82; and ων ,
which gives the total density of neutrinos today and is dominated by the contribution of at
least two mass eigenstates, as seen in the previous section. For simplicity, I will assume that
all neutrinos have the same mass (as in the degenerate limit of both NH and IH scenarios),
and share the same Fermi-Dirac distributions. Furthermore, we can restrict ourselves to the
case where neutrinos become non-relativistic after radiation-matter equality, Mν < 1.5 eV, as
heavier neutrinos would be in contradiction with current bounds, due to the growth of the
comoving free-streaming horizon [165].
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power spectrum P (k) evaluated at z = 0.

To discuss the background effects, we first need to recover the redshift of radiation-matter
equality. In the presence of massive neutrinos this is given by

zeq =
ωb + ωCDM

ωγ [1 + 0.2271Neff ]
, (6.5)

where the neutrinos are counted in the Neff factor (as they were relativistic at the time of this
equality). Therefore, when comparing different masses to see how these impact the CMB, we
should maintain both ωb and ωCDM fixed, thus increasing ωM = ωb + ωCDM + ων at the same
time. Furthermore, by tuning Λ and h we can maintain the same peak and damping scale.

Therefore, if we increase Mν but maintain the same peak scale and redshift of equality we
will only modify two effects: the LISW effect (C7), due to a shift in zΛ; and the diffusion
damping effect (C4), but this latter one will only be for neutrinos with Mν ≥ 0.6 eV (neutrinos
that are already non-relativistic at decoupling). Additionally, the added Neff will lead to an
overall diffusion damping (this comes from neutrino free-streaming, and will be explored
fully in section 7.1.2). Any other differences in the CMB spectra will come from the direct
gravitational impact of the massive neutrinos at perturbation level.

On the perturbation level, we will have effects caused by the gravitational driving of the
photon-baryon oscillator equation before decoupling, and by the EISW effect. The former will
lead to a suppression in the range 30 < ` < 500 while the latter will result in a depletion of
the spectrum for 20 < ` < 200, with the exact location depending on the neutrino mass (as the
neutrino becomes non-relativistic and has a clustering component instead of being completely
free-streaming). While the depletion of the CMB caused by the EISW effect depends on the
time at which neutrinos become non-relativistic, and therefore on the individual masses, this
mass-splitting effect is too small to be detectable. Thus, the differences between NH and IH
are too small to be seen in the CMB, and so we can not gain information about the individual
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masses from this probe, but we can use it to constrain the sum of the neutrino masses.

In addition to the effects described above, there are also some late time effects in the CMB
caused by massive neutrinos. Neutrino mass has two opposite effects on the LISW contribu-
tion: on the one hand, metric fluctuations are erased slightly on small scales because of the
neutrino free-streaming, leading to a suppression of the LISW. On the other hand, φ decreases
quicker because of neutrino masses, and so in absolute value φ′ is increased. These compet-
ing effects are not discussed here, but are explored fully in [166]. Finally, in the presence of
massive neutrinos the CMB lensing power spectrum features a step-like suppression on small
scales, due to the enhanced matter fluctuations.

In section 4.2 we saw the overall behaviour of the matter power spectrum, as well as the
main effects on its shape, denoted by (P1)-(P5). The impact of extra relativistic degrees of
freedom on the matter power spectrum is discussed in depth in section 7.1.2. To summarise,
the effects can be classified again into perturbation effects, which will manifest as an impact on
the phase and amplitude of the BAO; and background effects, that also depend on which other
parameters we fix. If we maintain the baryon-to-dark matter ratio (as well as the redshifts of
equality), we will modify effect (P3): higher Neff will shift the BAO peaks to smaller scales.
On the other hand, if we instead maintain the baryon density (and the equality redshifts), we
modify effect (P2) and the amplitude is enhanced on small scales, while the BAO amplitude
receives extra damping.

The impact of adding massive neutrinos is similar to that of adding hot dark matter, and
is shown in the right panel of Fig. 6.1. As before, I will restrict the discussion to the case
of Mν < 1.5 eV, thus assuming that neutrinos become non-relativistic after radiation-matter
equality. The impact of massive neutrinos on the matter power spectrum can be divided into
three groups, based on if we are looking at modes close to the non-relativistic transition knr:

• For modes with k < knr, the massive neutrino matter power spectrum is the same as the
massless case (assuming the models have the same ωM ).

• For modes with k � knr, massive neutrinos free-stream out of high-density regions into
low-density regions, leading to a reduction of the growth rate of δCDM and δb+CDM, thus
damping out small scale density perturbations

• For modes with k slightly larger than knr, neutrino perturbations are not completely
negligible, leading to a smooth transition between the region where the neutrino masses
have no effect and where they have maximum effect.

In summary, neutrino masses will produce a smooth step-like suppression of the matter power
spectrum on scales k > knr, with heavier neutrinos producing a larger suppression, thus al-
lowing us to constrain the total neutrino mass by studying the matter power spectrum.

With all of these things considered, there are many different cosmological probes we can use
to constrain the sum of neutrino masses, the most relevant of which are summarised below.

• CMB temperature and lensing spectra are affected by neutrino mass, as discussed above.
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• Precise measurements of the BAO scale and amplitude can also aid us in constraining
the relevant parameters.

• Galaxy Clustering: galaxy maps can be smoothed over small scales and Fourier trans-
formed to provide a matter power spectrum. This is non-trivial, as we need to account
for a bias (as galaxies are not perfect tracers of dark matter), and it is necessary to
convert redshifts into comoving distances, which introduces redshift space distortions.
Nonetheless, with increasingly better surveys such as LSST [62] this is a very promising
avenue to measuring neutrino properties.

• Galaxy Weak Lensing: As discussed in section 1.9.1, images of observed galaxies are
distorted by gravitational lensing effects, caused by density fluctuations along the line-
of-sight. One of these effects is cosmic shear: the squeezing of an image in one direction
in the sky, and its stretching in the orthogonal direction. This observation will allow us to
map the lensing potential, which would allow us to measure the small scale suppression
in the matter power spectrum at a specific redshift.

• Lyman-α: As discussed in section 4.3, the Lyman-α forest is very sensitive to the matter
power spectrum on small scales, and thus it is able to help us look for a possible sup-
pression in the matter power spectrum induced by neutrino masses, as done for example
in [167].

• In addition to Lyman-α, it should be possible to map the hydrogen clouds by directly
measuring the photons coming from the hydrogen atoms at a wavelength of λ = 21 cm,
as discussed in section 7.2. This would allow us to map the baryonic fluctuations at
high redshift, and hence to probe the matter power spectrum deep inside the matter-
dominated regime on linear scales. For a review, see [168].

With so many effects on cosmological observables across many different scales, it is not sur-
prising that cosmology is playing a vital role in obtaining increasingly more precise bounds
on the sum of neutrino masses.

6.3 Neutrino Mass Forecast

In the previous section we saw the importance of neutrino mass to cosmology, and its effects
on cosmological observables. As mentioned in the section 6.1, when assuming a standard
ΛCDM universe, the current best bounds from cosmology are [19], [169]∑

Mν < 0.12 eV (95 %C.L., using Planck TT,TE,EE + lowE + lensing + BAO) . (6.6)

We expect these bounds to become more stringent with increased precision of future cosmo-
logical experiments. As such, in [II] we performed forecasts for the sensitivity to the sum of
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neutrino masses, σ(Mν), for different combinations of future CMB and LSS missions, with sev-
eral different underlying cosmological models. This section is based on the aforementioned
paper.

6.3.1 Pipeline

Forecasting the sensitivity of future cosmological experiments to the sum of neutrino masses
is not new, and indeed many such forecasts have been done in the past in the literature (see
for example [170]–[185] and references therein). However, existing forecasts are very difficult
to compare to one another, due to big differences in methodology (Fisher formalism with
different prescriptions or MCMC forecasts), different underlying cosmological models, and
different assumptions relating to the future experimental configurations.

In order to allow for clear comparison between the different experiments, and thus to really
see what is needed to, for example, improve the bounds to the point of detecting or excluding
inverted hierarchy, in this work we used a uniform pipeline with the same assumptions and for-
malism. With this uniform pipeline we used the parameter extraction code MONTEPYTHON ,
interfaced with the Boltzmann solver CLASS, to perform a three-dimensional grid of forecasts.
The different axes of our grid are explained in detail below, but can be summarised as: four
underlying cosmological models, seven CMB experiments (or combination of them when rel-
evant), and five LSS surveys (or a combination of them); leading to a total of 140 different
forecasts that can be easily compared.

To carry out our forecasts, we used the MCMC forecast method4 described in section 4.4,
and first proposed in [84]: a future experiment is encoded as a mock likelihood, providing
the probability that the mock data is true given the model assumed at each step of the MCMC
parameter exploration. We neglected scattering in the mock data: it is directly given by theC`s
of the assumed fiducial model. Generating a`ms as a single random realisation of the fiducial
cosmology would change the reconstructed mean values, but not the sensitivities [84]. In the
case of mock likelihoods accounting for LSS, we marginalised over nuisance parameters that
account for residual systematic effects.

Models
As mentioned above, one of important point to address when doing neutrino mass forecasts
is which assumptions we use for the underlying cosmology, as known parameter degenera-
cies can significantly weaken the obtained constraints. As a first step, however, we needed
to decide how we treat the neutrino mass. Cosmological observables are only slightly sen-
sitive to the individual neutrino masses, as described in section 6.2, thus we do not hope to
constrain three mass states, but rather the sum of these. Therefore we needed to make some
assumptions on the mass splitting.

4We chose to use MCMC, rather then Fisher matrix forecasts, as the latter becomes unreliable when the likelihood
deviates significantly from a multivariate Gaussian in the model parameters, or when there are strong degenera-
cies between parameters.
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For a completely physically realistic forecast we should float the absolute neutrino mass scale,
considering three different masses related to each other by the solar and atmospheric mass
square differences, either obeying to the normal or inverted hierarchy [186]. However, it has
been shown that the difference between cosmological observables for these realistic neutrino
mass hierarchies and a mass-degenerate model with the same total massMν is extremely small
(at most 0.1 % in the matter power spectrum), and therefore below the sensitivity of future
experiments [187]–[189]. Thus, for simplicity in our forecasts we assumed a mass-degenerate
model, with three massive neutrinos sharing an equal mass of Mν/3.

With this in mind, we studied the robustness of neutrino mass bounds in four different cos-
mological models:

• Seven parameter ΛCDM+Mν : Our baseline model was the minimal ΛCDM parame-
terised with {ωb, ωcdm, θs, As, ns, zreio}, as discussed in section 1.6, extended to included
massive neutrinos. In this model, the neutrino mass has non-trivial correlations and de-
generacies with some of the other cosmological parameters, as discussed in [179]. The
most significant degeneracy appears between Mν and the optical depth (or redshift) of
reionisation when combining future CMB, BAO, and LSS data sets, although this is ab-
sent in the CMB-only forecasts. This degeneracy will be revisited when I discuss the
LSS data sets used for our forecast. When producing our mock data for future mis-
sions, we need to start from a choice of fiducial cosmological values: we chose values
consistent with the Planck measurements, ωb = 0.02218, ωcdm = 0.1205, θs = 1.04146,
ln 1010As = 3.056, ns = 0.9619, zreio = 8.24, taken from table 8, column 5 of [190].

• Eight parameter ΛCDM+Mν + Neff : When using older datasets a Mν–Neff parameter
degeneracy often appeared [191]–[195]. However, all post-Planck fits have shown that
this degeneracy is now resolved. Nonetheless, we were interested in showing that the
neutrino mass measurement will be stable against varying Neff . Additionally, Neff is by
itself a significant parameter to fit to the data (see section 7.1.2), given the wide range of
models with new particle physics assumptions that it covers, and by including it in our
forecasts we were also able to see how sensitive future mission will be to this parameter.

• Eight parameter ΛCDM+Mν + w0: In principle, dynamical dark energy models can be
described by an infinite amount of parameters: even in the sub-class of models with
negligible dark energy perturbations the background evolution can be described by a
free function w(z). However, in late-time dark energy models, this function only im-
pacts cosmological observables at small redshift, and thus a Chevalier-Polarski-Linder
parametrisation [196] w(z) = w0 + wa(1 − a/a0) with two free parameters w0 and wa is
usually sufficient to catch the main features of a given model and study degeneracies
with other parameters. For our first dark energy model we consider only a varying w0,
fixing wa = 0, resulting in an eight-parameter model.

• Nine parameter ΛCDM+Mν + w0 + wa: Similar to the previous case, we consider dark
energy models with the CPL parametrisation, extended now to include the cases where
wa 6= 0, giving us an additional parameter that can lead to degeneracies. We include
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phantom values (w(z) < −1) already known to result in weaker bounds on Mν (see for
example [197], [198].

The above choice of models represent only a subset of those that exhibit potential degenera-
cies with Mν : there are many other models that could be interesting5, but the inclusion of
these models would have made our already computationally demanding grid too extensive,
and were thus ignored. Therefore, apart from the above extensions to ΛCDM, we made the
following assumptions about the underlying physics of the universe:

• the universe is spatially flat,

• the motion of particles in the universe is given by GR (as described in section 1.3),

• dark matter behaves as a cold and collisionless particle,

• there are three neutrino species with equal mass, as discussed above,

• neutrinos are non-interacting and have a frozen thermal distribution, and

• inflation leads to power-law spectrum of primordial curvature perturbations and a neg-
ligible spectrum of tensor perturbations (as discussed in section 2.4).

CMB Experiments
For our CMB missions, we were interested in four proposed future missions. As these mis-
sions are still in the design/proposal phase, the final experimental configuration is not yet
known, so we used the current predictions for the instrument sensitivity. We considered the
following missions:

• The Planck ESA satellite, used as our baseline, so we can compare future missions to the
current state-of-the-art measurements [11].

• The LiteBIRD satellite project of JAXA, optimised for primordial B-modes, with very
good sensitivity but modest resolution. Experimental configuration taken from [199],
[200] 6.

• The CORE-M5 satellite project, which would have a slightly better sensitivity and sig-
nificantly better resolution than LiteBIRD, but was unfortunately not selected in the pre-
vious ESA M5 call. Experimental configuration taken from [201].

• The CMB Stage Four (CMB-S4) project, a combination of many ground-based detectors,
to be deployed over the next decade, with impressive resolution and sensitivity but
smaller sky coverage than satellites. Experimental configuration taken from [202], [203].

• The PICO satellite project, which is likely to be submitted to NASA in the future, would
improve over the sensitivity of LiteBIRD by a factor of 3 to 4. Experimental configuration
taken from [204], [205].

5A very interesting case is spatial curvature. As both Mν and Ωk affect the CMB peak scale, there is a partial
degeneracy between the two. However this can be mitigated by other neutrino mass effects, such as neutrino
free-streaming affecting the matter growth factor after the non-relativistic transition.

6In the time between publishing [II] and writing this thesis, LiteBIRD was approved by JAXA, and construction is
set to begin soon.
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FIGURE 6.2: Noise spectra for each experiment, based on the minimum vari-
ance estimator. The fiducial model (black) is compared to the model plus noise
spectra, Cl + Nl, for each experiment: Planck(green), LiteBIRD (grey), CMB-S4
(purple), CORE-M5 (red), and PICO (blue), for temperature anisotropies (left),

E-mode polarisation (middle), and CMB lensing potential (right).

In addition to the experiments listed above, we can exploit the high degree of complemen-
tarity between satellite missions (optimised for large angular scales) and ground-based mis-
sions (optimised for smaller angular scales) by combining LiteBIRD + CMB-S4 and CORE-
M5 + CMB-S4. For these combinations we made the same assumption as in [202]: we ne-
glected regions of overlapping data and considered that the optimal combination will consist
in LiteBIRD/CORE-M5 data for ` ≤ 50, CMB-S4 data for ` > 50 in the region covered by the
experiment (40 % of the sky), and additional high-` data from LiteBIRD/CORE-M5 in the re-
gion covered by the satellite but not by CMB-S4 (30 % of the sky). Once we have incorporated
the two combinations, we end up with a total of seven different experimental set-ups.

Finally, in order to have a complete mock likelihood for a future mission, we needed to es-
timate the noise spectrum for each experiment. The noise spectra of temperature and polar-
isation can be inferred from the resolution and sensitivity parameters according to standard
approximations (see for example equation (2.2) in [84]), and are assumed to be statistically
independent, which means that the noise spectrum of the cross-correlation NTE

` is approxi-
mated as zero.

To estimate the error that would be performed on the measurement of the lensing potential
spectrum we used the fiducial model and noise spectra to run a quadratic estimator [206],
done with the FUTURCMB code [84]. These estimators are based on products of four multi-
poles, each of the T, E, or B type, but for a more conservative forecast we discarded any infor-
mation coming from the auto-correlation of the B-mode maps, due to the non-Gaussianity of
the aB`m multipoles. All quadratic estimators can then be combined in order to minimise the
reconstruction noise: this defines the minimum variance estimator [206].

The resulting noise spectra computed using the minimum variance estimator are shown in
Fig. 6.2. As expected, LiteBIRD performs very well on large scale polarisation, while not
adding significantly to CMB lensing information. CMB-S4 does well on very large scales;
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however, as it is a ground-based mission it has a smaller sky fraction, which is not taken into
consideration in the noise calculation, and additionally it may be subject to foreground issues.
The obtained sensitivity for CORE-M5 is in very good agreement with that presented in the
CORE parameters paper [197], with a slight improvement for CMB lensing extraction coming
from the use of the minimum variance estimator noise spectra instead of the EB estimator. Fi-
nally, once sky coverage is taken into account, the futuristic PICO satellite should out-perform
CMB-S4, which covers a much smaller fraction of the sky, while also having the advantage of
a large number of channels and full-sky observations for improved foreground removal.

LSS Surveys
As we have seen in section 6.2, neutrino mass has a significant impact on structure formation
in the universe. Thus, LSS data will be crucial for constraining the sum of neutrino masses.
We considered the following future experiments:

• The Dark Energy Spectroscopic Instrument (DESI), scheduled to start observing in 2019,
is set to measure the BAO scale with percent-level precision. While the experiment is
designed to measure in the redshift range 0.05 < z < 2.1, to be more conservative we
narrowed this to 0.15 < z < 1.85. Experimental configuration taken from [207], [208].

• The Euclid satellite, scheduled to be launched in 2021, will perform a highly precise
galaxy survey out to z > 2, aiming at a 1 % accuracy on the galaxy clustering and cosmic
shear observables. Experimental configuration taken from [61], [209].

• The Square Kilometre Array (SKA) mission, set to be the largest radio telescope in the
world, is designed to provide cosmic shear and galaxy clustering information, as well
as producing a map of neutral hydrogen through 21 cm intensity mapping, allowing us
to trace the LSS distribution up to redshift z ∼ 20. Experimental configuration taken
from [210].

In addition to these missions, we can exploit another parameter degeneracy to improve our
bounds on the sum of neutrino masses. In [176], [179], [211], an Mν–τreio degeneracy was
shown. Thus, an independent measurement of τreio would allow us to gain more information
about the neutrino mass. Future 21cm intensity mapping missions, such as HERA or SKA
could achieve a measurement accurate up to σ(τreio) = 0.001 [176], [211], if the astrophysical
uncertainties are under control. Therefore, we added a fourth LSS data set in the form of a
Gaussian prior on τreio with such a standard deviation as a final mock likelihood, in order to
study the impact on the neutrino mass sum of a possible measurement of this quantity.

Regarding the individual set-ups, for the DESI BAO data we used the same configuration as
in [179]. For Euclid and SKA we relied on exactly the same approach and mock likelihoods
as in [182]: for galaxy clustering we quantified the information in terms of three dimensional
power spectrum, including redshift space distortions [212], fingers of God [213] and Alcock-
Paczynski effects, and corrected for the scale-dependent neutrino induced bias [214]–[218],
shown to be crucial when measuring massive neutrinos with future surveys like Euclid [219],
[220]; for the cosmic shear from Euclid we constructed an angular harmonic power spectrum
as our mock dataset, assuming Limber and flat-sky approximations [221], [222].
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FIGURE 6.3: Neutrino mass sensitivity for each CMB experiment, alone and in
combination with DESI, Euclid, Euclid + SKA1 IM, Euclid + SKA1 IM + τreio

prior. Each subplot corresponds to one CMB set-up plus LSS survey combina-
tion (CMB only, CMB + DESI, CMB + Euclid, CMB + Euclid + SKA1 IM, CMB
+ Euclid + SKA1 IM + τreio prior from top left to bottom right). The horizontal

dashed lines show the thresholds for a 1 to 5σ detection of Mν = 0.06 eV.

In conclusion, in the course of this project, we constructed mock likelihoods for Planck, Lite-
BIRD, CORE-M5, PICO, CMB-S4, and combinations of these, as well as a DESI BAO like-
lihood, and a Gaussian τreio–prior. These were used in combination with the existing Eu-
clid and SKA likelihoods created for [182] to forecast the sensitivity to the sum of neutrino
masses for 35 different experimental combinations and for four different underlying cosmo-
logical models, leading to 140 total forecasts. The results of these forecasts are discussed in
the following section. All of the likelihoods mentioned here were made publicly available in
MONTEPYTHON version 3.1.

6.3.2 Results

The objective of [II] was to forecast the sensitivity to the neutrino mass σ(Mν) for a total of
140 different combinations of data sets and underlying model. The detailed results of these
forecasts are shown in table 6.1. In the course of this work, we also performed sensitivity
forecasts for all other relevant cosmological parameters: ωcdm, ωb, θs, As, ns, τreio, Ωm, σ8, H0,
Neff , w0, and wa. The figures for all of these parameters were made publicly available online7.

In order to visualise the results of Table 6.1, Figs. 6.4 and 6.3 provide a more intuitive and
graphical summary. Both figures contain the same information; however, in Fig. 6.3 shows the

7https://brinckmann.github.io/montepython_public/neutrino_mass_forecasts/.

https://brinckmann.github.io/montepython_public/neutrino_mass_forecasts/


116 Chapter 6. Neutrino Mass Constraints

10 2

10 1 LiteBIRD LiteBIRD + CMB-S4

10 2

10 1

(M
)

CORE-M5 CORE-M5 + CMB-S4
    

    
   C

MB
    

CM
B 

+ 
DE

SI
  C

MB
 +

 Eu
cli

d
    

    
+ 

SK
A

+ 
re

io
 pr

ior

10 2

10 1 Planck

    
    

   C
MB

    
CM

B 
+ 

DE
SI

  C
MB

 +
 Eu

cli
d

    
    

+ 
SK

A
+ 

re
io

 pr
ior

PICO

CDM + M + Neff + w0 + w0 + wa

FIGURE 6.4: Neutrino mass sensitivity for each CMB experiment, alone and
in combination with DESI, Euclid, Euclid + SKA1 IM, Euclid + SKA1 IM +
τreio prior. Each subplot corresponds to one CMB set-up (LiteBIRD, LiteBIRD +
CMB-S4, CORE-M5, CORE-M5 + CMB-S4, Planck, or PICO from top left to bot-
tom right, where the desaturated symbols indicate the CMB-S4 sensitivity) and
relevant combinations with LSS surveys (reported on the x-axis). For each com-
bination the sensitivity is depicted for four cosmological models: the minimal
scenario ΛCDM +Mν , and three extensions +Neff , +w0, and +w0 +wa. The hor-
izontal dashed lines show the thresholds for a 1 to 5σ detection of Mν = 0.06 eV.

importance of using more precise CMB datasets in combination with a given LSS experiment,
whereas Fig. 6.4 the results are ordered in a way to highlight the impact of each LSS dataset
in combination with a given CMB experiment.

If we focus for now on the minimal ΛCDM+Mν scenario, our results show that, for a fiducial
neutrino mass sum Mν = 0.06 eV:

• Given the high sensitivity of CORE-M5 and PICO, they would only require additional
BAO data from DESI for a 3σ detection.

• Euclid together with the existing Planck data, or with the future LiteBIRD mission, could
already achieve a 3− 4σ detection.

• If we further combine LiteBIRD with Euclid and SKA1 intensity mapping, we would
reach the 5σ threshold,.

• CORE-M5 or PICO would also achieve a 5σ detection in combination with Euclid only.

• Additionally, CORE-M5 or PICO would even achieve a 7σ detection when SKA1 inten-
sity mapping data is added, and a 10σ one if we have an independent measurement of
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τreio, for example from surveys focused on reionisation and the dark ages, thus illustrat-
ing the great advantage to neutrino physics this would bring.

• only a 2−3σ detection could be achieved by LSS experiments like Euclid and SKA when
combined only with CMB-S4. It is important to remember that adding information from
low-` polarisation data strongly constrains τreio, which leads to a great improvement
on the sensitivity to Mν , and therefore CMB-S4 provides much better sensitivity once
LiteBIRD, CORE-M5, or the τreio prior is included (similarly, low-` Planck data would
already help in this regard). This effect is illustrated clearly in Fig. 6.5 (for a physical
discussion see [179]).

• Finally, combining CMB-S4 with either LiteBIRD or CORE-M5 provides similar results
in these forecasts. This is due to our assumption of perfect removal of foregrounds,
which for a satellite mission with a large number of channels spanning a wide frequency
range is expected to be a reasonable assumption. However, for ground-based missions
without an accompanying satellite of similar sensitivity and resolution it is less clear
if this is still the case. As such, the CMB-S4 + LiteBIRD results should be viewed as
optimistic: a more realistic result would be obtained if an additional uncertainty due to
foreground cleaning was added. In a similar vein, we can view the CMB-S4 + CORE-
M5 as conservative: the frequency coverage and large number of channels of the satellite
mission would lead to increased faith in foreground cleaning; we do not include the
high multipoles for lensing 3000 < ` < 5000 for CMB-S4, which would likely lead to
improved sensitivity of the combinations involving CMB-S4.
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ΛCDM+Mν ΛCDM+Mν +Neff ΛCDM+Mν + w0 ΛCDM+Mν + w0 + wa

Planck 0.097 0.099 0.14 0.14

LiteBIRD 0.095 0.098 0.13 0.13

CMB CORE-M5 0.042 0.041 0.058 0.059

CMB-S4 0.075 0.081 0.080 0.076

ONLY CMB-S4 + LiteBIRD 0.042 0.042 0.063 0.063

CMB-S4 + CORE-M5 0.041 0.041 0.056 0.056

PICO 0.041 0.040 0.055 0.055

Planck 0.044 0.047 0.051 0.069

LiteBIRD 0.044 0.047 0.051 0.068

CMB CORE-M5 0.020 0.021 0.034 0.049

+ CMB-S4 0.040 0.043 0.046 0.062

DESI CMB-S4 + LiteBIRD 0.019 0.021 0.034 0.051

CMB-S4 + CORE-M5 0.019 0.020 0.034 0.035

PICO 0.019 0.020 0.034 0.048

Planck 0.020 0.023 0.027 0.030

LiteBIRD 0.016 0.021 0.024 0.031

CMB CORE-M5 0.012 0.014 0.017 0.023

+ CMB-S4 0.032 0.033 0.037 0.042

Euclid CMB-S4 + LiteBIRD 0.012 0.014 0.017 0.023

CMB-S4 + CORE-M5 0.012 0.013 0.017 0.023

PICO 0.012 0.013 0.016 0.023

Planck 0.016 0.018 0.019 0.027

CMB LiteBIRD 0.012 0.017 0.015 0.022

+ CORE-M5 0.0083 0.0099 0.011 0.017

Euclid CMB-S4 0.023 0.024 0.028 0.037

+ CMB-S4 + LiteBIRD 0.0084 0.0098 0.012 0.018

SKA CMB-S4 + CORE-M5 0.0084 0.0092 0.011 0.017

PICO 0.0081 0.0091 0.011 0.017

CMB Planck 0.0082 0.014 0.011 0.017

+ LiteBIRD 0.010 0.016 0.013 0.020

Euclid CORE-M5 0.0056 0.0078 0.0090 0.016

+ CMB-S4 0.0060 0.0082 0.0093 0.016

SKA CMB-S4 + LiteBIRD 0.0056 0.0078 0.0088 0.015

+ CMB-S4 + CORE-M5 0.0054 0.0072 0.0088 0.015

τreio-prior PICO 0.0054 0.0071 0.0088 0.015

TABLE 6.1: Expected 1σ sensitivity forMν in eV, for all 140 combinations of data
(rows) and model (columns).

When extending the discussion to the more complicated models, we see that the sensitivity to
the sum of neutrino masses degrades, as expected. Our main results for these models show:

• When varying the number of extra relativistic degrees of freedom Neff , the sensitivity
only degrades slightly, as expected as this degeneracy was already broken with Planck.
However, when we include the τreio-prior with a varying Neff , the former becomes
slightly less helpful in precisely measuring the neutrino mass sum, due to non-trivial
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parameter degeneracies.

• Our sensitivity degrades the most when including a time-varying dark energy equation
of state: in order to obtain a 3σ level of significance for the detection, CMB plus DESI
BAO is never accurate enough, and we need at least the combination of LiteBIRD +
CMB-S4 or CORE-M5 or PICO together with Euclid and SKA.

• However, if we succeed in making an independent measurement of τreio, we would
achieve a 4σ neutrino mass detection in any of the extended models considered, using
CORE-M5 or PICO in combination with Euclid and SKA1 intensity mapping.

6.3.3 Conclusions

In this chapter we have seen the significance of neutrinos both for particle physics and cos-
mology. Since the discovery of neutrino oscillations, it has been known that neutrinos have
mass; however, an exact measurement of this mass remains elusive.

In [II] we showed that a detection of a non-zero neutrino mass from cosmology will be pos-
sible in the next decade, with upcoming LSS surveys and future CMB experiments set to lead
the way. I have discussed here the results of this paper, where we performed forecasts of
the sensitivity of an extended array of different CMB experiments in conjunction with LSS
surveys, and an additional independent measurement of the optical depth at reionisation.

All of our forecasts were performed using the same methodology and assumptions, thereby
making comparison between similar experiments more accessible. The results presented here
are consistent with previous works when considering similar combinations of experiments
and models: see for example [175], [184], [202], [211], [223]–[225] for CMB-S4; [197] for CORE-
M5; [173], [179], [181], [182] for Euclid; [176], [185], [226] for SKA; and for example [227]
for DESI. We also demonstrated the extraordinary complementarity of different cosmological
probes, the physical effects of which have been studied in detail in the literature [179], [181],
[184], [185].

Despite the very encouraging results presented here, we stressed that these forecasts are al-
ways performed with a number of assumptions, and thus are not necessarily a completely
accurate prediction. For instance, we made the assumption that the noise in the TE cross-
correlation channel is negligible, which may prove to be wrong. Additionally, our assumption
that CMB foregrounds can be cleaned up to `max = 3000 for CMB-S4 might turn out to be too
optimistic, as for ground-based experiments it will likely prove very challenging to robustly
account for foregrounds and systematics with the limitations in sky coverage and number of
accessible frequency channels.

On the other hand, the large size of ground-based telescopes allow for resolving very small
scales, and thus we stressed that the combination of future high resolution satellite missions
and ground-based experiments is crucial to obtain extremely high precision CMB measure-
ments on a wide range of scales.
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On the side of underlying model assumptions, we focused on a few representative extensions
of the ΛCDM model, but we can not claim fully model-independent results, as we assumed
negligible curvature, in addition to assuming GR8. Additionally, we ignored possible exten-
sions involving some new physics causing the decay or the annihilation of cosmological neu-
trinos into lighter or massless particles, in such way that the neutrino mass would remain
forever undetectable by cosmological data [228]. While these models can not be excluded,
they remain far from reproducing the wealth of datasets as accurately as ΛCDM.

Thus, with our forecasts we can conclude that a neutrino mass detection from cosmology in
the next decade is highly likely, provided we use a combination of ground-based and satellite
experiments. If this detection does take place, it will solidify neutrino masses as a corner-
stone not only of the standard model of cosmology, but also of the Standard Model of particle
physics.

8Which is, of course, a very valid assumption, as discussed in section 1.3.
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7 Dark Matter Paradigm Revisited

In section 1.9.2, I discussed the current paradigm of dark matter, where it is assumed to be
cold, collisionless, and only interacting gravitationally. As discussed in section 1.9.1, such
a species can explain many observations, ranging from local measurements of stellar veloc-
ities, to the observed anisotropies in the CMB. Despite its remarkable success, the standard
paradigm faces some challenges, described in chapter 5. Moreover, despite our best efforts,
WIMPs - one of the most well-motivated cold dark matter candidates - have so far eluded
detection in direct and indirect detection experiments, as well as collider searches. Together
with the potential problems on small scales and the apparent mismatch in different cosmolog-
ical datasets, this has reinvigorated interest in models beyond the standard cold dark matter
paradigm.

One of the easiest ways to go beyond the cold dark matter picture is to add additional interac-
tions between dark matter and standard model particles, or even interactions in a dark sector:
with dark matter interacting either with itself or with a dark relativistic component, known
as dark radiation. These potential interactions would have to be very small to not violate
existing constraints, such as those from the CMB; however, they could still have a significant
impact on alleviating the aforementioned problems.

In the literature one can find plenty of studies on interaction between dark matter and photons
(see for example [229]), dark matter and neutrinos (see for example [230]), dark matter and
baryons (see for example [231]), self-interacting dark matter (see for example [126]), and dark
matter and dark radiation interactions (see for example [232]). One could probably fill a whole
book discussing all of these models. In this chapter I will focus on two cases: dark matter -
dark radiation interactions, and dark matter - baryon scattering 1.

7.1 Dark Matter Interacting with Dark Radiation

A class of models that have gained a lot of interest in recent years are those where the dark
matter can couple to an additional relativistic dark sector, known as dark radiation. Within
this class of models, there are several variants depending on the properties of the mediator
(scalar or boson, massive or massless), the temperature scaling of the interaction, and whether
the dark matter and dark radiation can self-interact. Some variants have been proposed to al-
leviate the missing satellite problem [233]: the scatterings between this extra dark radiation

1As I am moving beyond cold dark matter, the subscript “CDM” will be changed for “DM”.
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and dark matter can reduce the number of satellites via a small scale matter power suppres-
sion. Furthermore, in other models, the additional dark radiation acts like ∆Neff and can lead
to a higher H0, while the collisional damping between the dark species suppresses growth on
small scales, simultaneously leading to a lower σ8 value, and thus alleviating the cosmological
tensions, as proposed in [234]–[236].

Given the potential of these dark radiation interactions to solve the cosmological tensions, in
[III] we used a generalised formalism to analyse several different realisations of dark matter
- dark radiation interactions, using Lyman-α data with the method described in section 4.3.
In this section I will first introduce the formalism we used and discuss how it covers several
different models. I will then review the effects these interactions have on the observables,
thus showing how they might alleviate the aforementioned tensions. In sections 7.1.3-7.1.5 I
discuss the results we obtained in [III].

7.1.1 Formalism

Dark matter interacting with dark radiation can significantly alter the formation and evolution
of structures; but as discussed above, there are many different particle physics aspects that can
greatly influence the actual effect of these models on cosmological observables. As such, it is
important to identify which of the particle physics properties have the largest impact on the
structure growth in the universe.

To simplify this task, in [237] a generalised framework, known as ETHOS (Effective THeory Of
Structure formation), was proposed which aims to provide a mapping between the underlying
particle physics dark matter model and its effects on linear structure growth in the universe.
With this framework, many dark matter particle models that map to the same observable
effects can be constrained simultaneously by comparing a single numerical simulation using
ETHOS with observations.

In the ETHOS parametrisation, it is assumed that the single dark matter species (denoted
with DM) can interact with a dark relativistic component (denoted with DR), with coupling
allowed before matter-radiation equality. It is assumed that the only relevant processes for
dark matter are the 2-to-2 scatteringDM+DR↔ DM+DR, and we also allow for dark radi-
ation self-interactions with the process DR +DR↔ DR +DR. Dark matter self-interactions
are not considered within this framework, as the elastic scattering DM +DM ↔ DM +DM

is significant for non-linear structure growth, but would only affect linear perturbations if the
dark matter were relativistic.

As a final assumption, the ETHOS parametrisation assumes that the relic abundance of dark
matter is fixed at some high temperature via a process such as thermal freeze-out (as described
in section 1.8), and thus we do not consider dark matter annihilation or decay. With the above
assumptions, and working in the Newtonian gauge, the dark matter Boltzmann equations 3.20
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become

δ̇DM = 3φ̇− θDM ,

θ̇DM = − ȧ
a
θDM + k2ψ + k2c2

DMδDM + ΓDM−DR (θDM − θDR) .
(7.1)

Furthermore, the dark radiation Boltzmann hierarchy will be similar to that of massless neu-
trinos, seen in equation 3.24, with the addition of an interaction term. The equations of motion
are thus given by

δ̇DR = 4φ̇− 4

3
θDR ,

θ̇DR = −k2

(
σDR −

1

4
δDR

)
+ k2ψ + ΓDR−DM (θDR − θDM) ,

π̇DR,` = − k

2`+ 1
((`+ 1)πDR,`+1 − `πDR,`−1)

+ (α`ΓDR−DM + β`ΓDR−DR)πDR,` for ` ≥ 2 .

(7.2)

As discussed in section 3.1, the shear perturbation of the dark radiation σDR is relevant only
when dark radiation is free-streaming2. Furthermore, I have introduced πDR = 2σDR, as well
as the dark matter sound speed c2

DM, given by

c2
DM =

TDM

mDM

(
1− ṪDM

3TDM

)
, (7.3)

where mDM is the dark matter mass. The dark matter sound speed depends on the heating
rate, and is very small in the case of non-relativistic dark matter, and thus will have a minimal
contribution in our equations.

The collisional terms that appear in the Boltzmann equations are the key ingredients to the in-
teracting dark matter species, and depend on the underlying particle physics nature. Follow-
ing [233], if we assume an interaction rate proportional to the temperature with a power-law,
our dark radiation - dark matter collisional term becomes

ΓDR−DM = −ΩDMh
2adark

(
1 + z

1 + zd

)n
, (7.4)

where adark will give us the overall interaction strength, n is the power-law dependence of the
temperature, and zd is a normalisation factor related to the time of kinetic decoupling between
dark matter and dark radiation, usually taken to be z = 107 (corresponding to Tkd ∼ 1 keV).
The inverse scattering is given by

ΓDM−DR =

(
4

3

ρDR

ρDM

)
ΓDR−DM . (7.5)

2If the dark radiation behaves as a perfect fluid, it will have no anisotropic stress.
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In the simplest case, the coupling between the dark radiation and the mediator is the same
as the coupling between the dark matter and the mediator, and thus the dark radiation self-
scattering term ΓDR−DR is equal to ΓDM−DR.

Furthermore, the parameters α` and β` that appear in the higher order momenta of the dark
radiation hierarchy in equation 7.2 are the angular coefficients; the first one is related to the
nature of the mediator (α` = 3/2 for a vector and α` = 3/4 for a scalar), while the latter
determines the presence of dark radiation self-interactions (β` = 1 in the case of interactions,
else β` = 0).

Finally, we can parametrise the dark radiation density from equation 7.5 as

ωDR = f

(
TDR

Tγ

)4

ωγ , (7.6)

where f is a factor related to the nature of the dark radiation (f = 7/8 for fermionic dark
radiation and f = 1 for bosonic dark radiation), and ωγ and Tγ are the photon density and
temperature, respectively. The ratio between the dark radiation temperature and the photon
temperature is further parametrised with

ξ ≡ TDR

Tγ
. (7.7)

We can see with the above expressions that ξ is related to the amount of dark radiation, and
thus it can be recast into an increase in the relativistic degrees of freedom Neff as

∆Neff =
g∗DR

2

f

7/8
ξ4

(
Tγ
Tν

)4

, (7.8)

where g∗DR is the number of internal degrees of freedom of the dark radiation.

With the above considerations, we can see that in addition to the six base ΛCDM parame-
ters, we need the following free parameters to completely define our model in the ETHOS
framework:

• the amplitude of the scattering rate adark ,

• the amount of dark radiation parametrised with ξ ,

• the dark matter mass mDM ,

• the temperature dependence of the comoving cross section n ,

• the angular coefficient determining the nature of the mediator α` , and

• the angular coefficient determining the dark radiation self-interactions, β` .

Furthermore, for a given model it is important to specify if the dark radiation is free-streaming
or behaves as a fluid, as well as specifying if this species is bosonic or fermionic. In addition to
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the above parameters, we can include the possibility of only a fraction fDM of dark matter in-
teracting, as there is no reason to assume that all of dark matter would have these scatterings.
This would mean we would have two dark matter species: cold dark matter and interacting
dark matter.

A very interesting sub-case of dark matter - dark radiation models are those discussed in [234]–
[236], like for instance Non-Abelian Dark Matter (NADM), in which the momentum transfer
rate from dark matter to dark radiation, related to the ETHOS rate by Γ = −ΓDM−DR/a, scales
like a−2. In this case the suppression of the matter power spectrum is smooth, because the
temperature dependence of the interaction rate (n = 0 in the ETHOS parametrisation) is the
same as the temperature dependence of the expansion rate during the radiation dominated
epoch. This model is described by the parameters

• ∆Nfluid ≡ ρDR
ρ1ν

, which gives the amount of self-interacting dark radiation, parametrised
as the effective number of extra neutrino families, and

• Γ0 ≡ Γ (a/a0)2, which gives the momentum transfer rate from dark matter to dark radi-
ation at redshift z = 0.

Therefore, the NADM model can be explored using the ETHOS parametrisation provided we
use n = 0, and describe the dark radiation as behaving like a perfect fluid. With this in mind,
in the NADM model the velocity perturbation equations from equations 7.1 and 7.2 become

θ̇DM = − ȧa
θ DM

+ k2ψ + k2c2
DMδDM − aΓ (θDM − θDR) ,

θ̇DR = −k2

(
σDR −

1

4
δDR

)
+ k2ψ − aΓ

(
3ρDM

4ρDR

)
(θDR − θDM) .

(7.9)

Finally, we can see that the relation between the ETHOS parameters and the NADM parame-
ters is given by

a0Γ0 = ΓDM−DR(z = 0) =
4

3
ωDR adark =

4

3
ωγ adarkξ

4 . (7.10)

7.1.2 Effects on Observables

Dark matter - dark radiation interactions present a rich phenomenology, with several signifi-
cant impacts both on the matter power spectrum and the CMB anisotropies. To describe these
effects properly, first I will discuss the impact of adding a new relativistic species, detailing
how the effects change based on the nature of the dark radiation, and then I will look at the
effects of turning on the interactions between dark matter and dark radiation.

The impact on cosmological observables coming from increasing the number of relativistic
species, ∆Neff has been well described in the literature (see for example [156], [238]). These
effects can be decomposed into background and perturbation effects, as done for neutrinos in
section 6.2: for the background effects, the nature of the dark radiation (whether it behaves
like a fluid or is free-streaming) has no impact, while it becomes an important detail when
looking at the perturbation effects.



126 Chapter 7. Dark Matter Paradigm Revisited

101 102 103

`

0.94

0.96

0.98

1.00

1.02

1.04

1.06

1.08

1.10

C
T
T

`(
n
C
D
M

)/
C
T
T

`(
C
D
M

)

fidm = 1  mDM = 1GeV 

n= 4, adark = 107 Mpc−1, ξ= 0. 5

n= 4, adark = 107 Mpc−1, ξ= 0. 4

n= 4, adark = 105 Mpc−1, ξ= 0. 4

n= 2, adark = 105 Mpc−1, ξ= 0. 5

n= 2, adark = 105 Mpc−1, ξ= 0. 4

n= 2, adark = 103 Mpc−1, ξ= 0. 4

FIGURE 7.1: Effects of dark matter - dark radiation interactions on the CMB.
The CTT` is shown for the interacting model relative to a model with the same
ΛCDM parameters but no interactions or additional dark radiation. The differ-
ent curves illustrate the impact of changing the interaction strength and amount

of dark radiation.

To better appreciate the main background effect of increasing ∆Neff , it is necessary to keep
the redshift of radiation-matter equality and of matter-Λ equality fixed, otherwise the effects
of the new species would be lost in a simple shift of these times. To maintain the redshifts, we
can fix ωb, ns, As, and τreio, while allowing the remaining two to vary. As we allow ωm to vary,
the critical density today is enhanced (preserving the desired equality redshifts), and therefore
H0 has to increase (see section 1.6 for a detailed description on the interplay between these
parameters). With the increase in H0, the angular diameter distance also increases, as does
the sound horizon at decoupling. As a net effect, the amount of Silk damping (as described in
section 3.5) is increased.

To discuss the perturbation effects, we need to distinguish between free-streaming dark ra-
diation and self-interacting dark radiation. Extra free-streaming particles would naturally
travel at the speed of light, and due to a neutrino drag effect they would pull the CMB peaks
towards larger scales, shifting all the acoustic peaks to higher multipoles. Furthermore, the
gravitational interaction between the photon perturbations and the free-streaming dark ra-
diation perturbations, taking place before decoupling, reduces the CMB spectrum on scales
crossing the sound horizon before decoupling. On the other hand, self-interacting dark radi-
ation has acoustic oscillations propagating at a sound speed of c2

DR ≤ 1/3, thus mitigating the
drag effect. Furthermore, in this latter case, the photon fluid couples with a dark radiation
fluid with a comparable fluctuation amplitude, and therefore the overall suppression of the
CMB is also reduced.

Having seen the impact of an extra relativistic dark species, we can now discuss what changes
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FIGURE 7.2: Effects of dark matter - dark radiation interactions on the mat-
ter power spectrum. The P (k) is shown for the interacting model relative to a
model with the same ΛCDM parameters but no interactions or additional dark
radiation. The different curves illustrate the impact of changing the interac-
tion strength and amount of dark radiation. The grey region corresponds to the

scales that can be probed with Lyman-α.

if this species can interact with dark matter. We can discuss several effects caused by these
interactions, two of which are very similar to those discussed above. To better illustrate the
effects of the interaction itself, we can compare to a base ΛCDM model with an equivalent
number of extra neutrinos (ΛCDM+∆Neff ), thus removing the background effects discussed
above. The main effects of the interactions on the CMB are shown in Fig. 7.1.

The first effect on the CMB of switching on the interactions is to reduce the amount of suppres-
sion induced by the extra dark radiation on small scales. These scales would enter the horizon
while the two dark species are still coupled, meaning the dark radiation is not free-streaming.
Without the additional anisotropic stress, the gravitational source term of the photon oscil-
lations is not affected by the presence of extra radiation, and the suppression is alleviated.
Furthermore, a second effect appears if the onset of dark radiation free-streaming is pushed
until after all the scales contributing to the CMB primary anisotropies have crossed the hori-
zon. In this case, the phase shift discussed above for the free-streaming species can not take
place. Therefore, one of the main ways the interactions affect the observables is to make the
dark radiation behave as a non-free-streaming species at early times.

The third effect introduced by the dark matter - dark radiation interactions comes from the
two species forming one single tightly coupled fluid. This coupling leads to the dark matter
not being pressureless, and its perturbations can develop a fast mode. This in turn leads to less
dark matter clustering, and due to its gravitational effects on the other species, this induces
a reduction of the clustering of the baryon-photon fluid, thus the compression peaks (odd
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peaks) of the CMB are suppressed.

Finally, while the dark matter is coupled to the dark radiation, the dark matter perturbations
can not grow. This leads to an exponential damping of scales entering the horizon before
kinetic decoupling, similarly to warm dark matter [239]. This damping will lead to a cut-off
in the halo mass function (see section 5.1 for a discussion on this). However, unlike with
warm dark matter, the interplay between the dark radiation relativistic pressure and the dark
matter gravitational clustering lead to a series of Dark Acoustic Oscillations, with a similar
mechanism to the standard BAO described in section 4.2. [240].

To summarise, the effects of dark matter - dark radiation interactions on the CMB, as seen in
Fig. 7.1, are the following:

• Due to the coupling with dark matter, dark radiation behaves as non-free-streaming at
early times. The lack of additional anisotropic stress means that the dark radiation does
not induce the damping and phase-shift of the CMB acoustic peaks that is typically seen
in the presence of additional relativistic degrees of freedom.

• The exchange of momentum between the two dark species prevents the dark matter
perturbations from growing and forming deep gravitational potentials, thus the odd
peaks of the CMB are suppressed.

The effect of the interactions on the matter power spectrum (relevant on small scales) are
illustrated in Fig. 7.2, and can be summarised as:

• The dark matter - dark radiation scattering leads to a late kinetic decoupling, which
in turn induces a collisional damping of the matter power spectrum on small scales,
which translates into a cut-off in the halo mass function. As such, these interactions can
alleviate the missing satellite problem.

• The opposing forces of the dark matter gravitational clustering and the dark radiation
relativistic pressure induce a series of Dark Acoustic Oscillations, clearly visible in the
matter power spectrum.

With the above considerations, we can see why these models can alleviate the missing satel-
lite problem. We can also see precisely how the NADM model, introduced in section 7.1.1,
can simultaneously alleviate the H0 and σ8 tensions. The dark radiation behaves like ∆Neff ,
thus in order to maintain the redshift of matter-radiation equality (see section 1.6), H0 has to
increase. Furthermore, the dark matter and dark radiation behave like a coupled fluid at early
times, thereby enhancing the acoustic peaks on small scales, which compensates the damping
introduced by the new relativistic species.

Additionally, the collisional damping between the two dark species suppresses the dark mat-
ter growth, leading to a small scale matter power suppression. This in turn lowers σ8, how-
ever, unlike with massive neutrinos (see section 6.2), the dark radiation is always relativistic,
and thus there is no transition to non-relativistic. This means that the late time background
history is unaffected (compared to a model with ΛCDM+ ∆Neff ). Moreover, the matter power
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spectrum behaves like that of ΛCDM up to some suppression feature in k, which means there
is no significant impact on the CMB lensing. Therefore, this model can alleviate both tensions,
while avoiding the observational constraints that often limit other models designed for this
purpose.

7.1.3 Methodology

In the previous section, we saw the importance of dark matter - dark radiation interacting
models, and their effect on the cosmological observables. Given the impact these dark sector
interactions have on the matter power spectrum, better measurements of this observable on
small scales will allow us to greatly constrain dark radiation interactions. With this in mind,
in [III] we developed the Lyman-α likelihood discussed in section 4.3 and used it to get the
most stringent bounds on these models to date.

The ETHOS framework was already implemented in CLASS by Archidiacono et al. in [233];
however, this was done as a set of modifications to the existing cold dark matter equations.
For the purpose of this project, and for the subsequent public release of the code, we re-
implemented the same set of equations in CLASS, but for a new “interacting dark matter
species” coexisting with the plain cold dark matter species. This offers more flexibility in
several aspects: we can assume mixed models with only a fraction of dark matter experienc-
ing these interactions, and we can explore the effects of self-interacting dark radiation and the
standard collisionless cold dark matter in absence of any interactions among these species.
Furthermore, the code was developed in a way to easily accommodating more types of dark
matter interactions, such as the dark matter - baryon scattering described in section 7.2.

Our code incorporates the perturbation equations described in section 7.1.1, in both the New-
tonian and the Synchronous gauge. Additionally, the background and temperature equations
for the interacting dark sector have been implemented following the equations in [237]. With
respect to the code in [233], the present version of the code implements the tight-coupling
regime between dark matter and dark radiation. By default, CLASS uses a stiff integrator
(ndf15) [53] for the perturbation equations, which means that rather large values of the in-
teraction rate can be reached while using the default equations and keeping the code fast.
However, in order to investigate the very small scales probed by Lyman-α, the tight-coupling
is required, which is fully operational in our modified CLASS version. The tightly-coupled
equations are switched on automatically whenever the ratio between the conformal interac-
tion rate and Hubble time, H/ΓDR−DM, falls below a threshold set by default to 0.005, and the
ratio between the conformal interaction and acoustic oscillation times, k/ΓDR−DM, falls below
0.01. These two thresholds can be controlled with new precision parameters.

Following the theoretical framework described in section 7.1.1, our CLASS code incorporates
this interacting dark sector, governed by the following list of new input parameters:

• f_idm_dr: fraction of cold dark matter that we want to be interacting, between 0 and 1

• m_dm: dark matter mass in eV



130 Chapter 7. Dark Matter Paradigm Revisited

• xi_idr: amount of dark radiation, as seen in equation 7.7

• stat_f_idr: statistical factor to differentiate between fermionic and bosonic dark ra-
diation, as seen in equation 7.8

• idr_nature: nature of the dark radiation (free-streaming or fluid)

• nindex_dark: power of the temperature dependence of the comoving interaction rate

• a_dark: strength of the coupling between dark matter and dark radiation in Mpc−1, as
seen equation 7.4

• l_max_idr: maximum momentum in the Boltzmann hierarchy for dark radiation (be-
tween 3 and 17), as discussed in section 3.5

• alpha_dark: angular coefficient related to the nature of the mediator

• beta_dark: dark radiation self-interaction angular coefficient

Furthermore, our code can also take the NADM parameters Γ0 and Ndg as input instead of
the ETHOS adark and ξ. If these parameters are given, the code will automatically assume the
other NADM characteristics (n = 0, non-free-streaming dark radiation, and a boson media-
tor). This allows us to explore all of the relevant cases discussed in section 7.1.1.

In order to constrain these models, we use the Lyman-α−αβγ likelihood described in sec-
tion 4.3. To apply our likelihood to dark matter - dark radiation interactions, the only speci-
fication needed in addition to the procedure described in section 4.3 is the calculation of the
ΛCDM equivalent. For this step, we need to re-map the value of ξ to Neff using equation 7.8.
Then we can use the accurate procedure described in [75], which allows to re-map a ΛCDM
model with Neff > 3.046 to another one sharing the same matter power spectrum up to some
scale, but with Neff = 3.046.

In order to show how the pipeline for our likelihood works, in Fig. 7.3 we plot the square of
the linear transfer function for several interacting dark matter - dark radiation models, with
respect to their ΛCDM equivalent, and their {α, β, γ} fit (left panel), as well as the relative error
between them (right panel). By construction, the {α, β, γ} parametrisation does not reproduce
the oscillations in T (k) after the first zero (for k > kfit); however, the power of the subsequent
oscillations is small, and thus can safely be neglected.

7.1.4 Results

As our likelihood is interfaced with MONTEPYTHON, it can be used easily with our modified
CLASS code. In [III], with the method implemented above, we used MONTEPYTHON, inter-
faced with our modified CLASS version, in its default Metropolis Hastings mode, to perform
parameter scans on the combination of {ωb, ωcdm, log(1010As), ns, τreio, H0, ξ, adark}, for the
ETHOS models with n = 4, n = 2, and n = 0 (corresponding to different powers of the tem-
perature dependence of the comoving interaction rate Γ ∝ Tn, as seen in equation 7.4). For
n = 4 and n = 2 we assumed dark radiation to be free-streaming and we neglected the impact
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FIGURE 7.3: Left: Linear transfer functions T (k)2 = P (k)/P (k)ΛCDM at z = 0,
for n = 4 (top row), n = 2 (second row), n = 0 (bottom row). The different
colours correspond to different values of the amount of dark radiation ξ and
of the strength of the interaction adark. Solid lines depict the true T (k)2, while
dashed lines of the same color show the corresponding {α, β, γ} fit. Right: Rel-
ative deviation of the {α, β, γ} fit from the true T (k)2 (solid lines) for the same
models (colors) of the left panel. The vertical lines show k1/2 (dot-dashed lines)
and kfit (dashed lines - for n = 0 kfit = kmax). The gray shaded region approxi-

mately represents the k range probed by Lyman-α data.

of dark radiation self-interactions, as [233] showed these to be negligible, while for n = 0 we
assumed the dark radiation to behave like a fluid. For the latter case, we also investigated the
impact of changing our choice of parameters to match the NADM model discussed in [235],
[236], thus giving us {ωb, ωcdm, log(1010As), ns, τreio, H0, ∆Nfluid, Γ0}.
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ing was deliberately turned off to show the sharp boundaries of the preferred
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∆Neff and the combination adarkξ
4.

For each of the studied ETHOS models, we performed MCMC analysis for two different data
combinations:

• Planck + BAO: This is the combination of Planck 2015 high-` TT+TE+EE, low-` data [241]
and Planck 2015 lensing data [242]. We further added BAO data, using measurements
of DV /rdrag by 6dFGS at z = 0.106 [243] by SDSS from the MGS galaxy sample at
z = 0.15 [244], and additionally by BOSS from the CMASS and LOWZ galaxy samples
of SDSS-III DR12 at z = 0.2− 0.75 [134].

• Planck + BAO + Lyman-α: Same as above, with the additional Lyman-α likelihood
described in section 4.3.

The results for the different cases are discussed below.

ETHOS n = 4 model
The underlying particle physics model that leads to the n = 4 temperature dependence of the
comoving interaction rate is represented by fermionic relativistic particles (for example sterile
neutrinos, as discussed in section 1.9.2) interacting with dark matter particles through a new
massive boson mediator of a new U(1) broken symmetry. The results of our MCMC runs for
this model are shown in Fig. 7.4 and Table 7.1, for both of the dataset combinations mentioned
above.

CMB constraints. We expect a clear degeneracy between the amount of dark radiation ξ and the
interaction strength adark, as the data should remain compatible with dark matter interacting
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ΛCDM ETHOS n = 4

parameter Planck + BAO Planck + BAO + Lyman-α

100 ωb 2.219+0.013
−0.014 2.221+0.015

−0.015 2.222+0.017
−0.014

ωcdm 0.1192+0.0011
−0.0010 0.1195+0.0011

−0.0014 0.1192+0.0011
−0.0010

log(1010As) 3.050+0.023
−0.023 3.053+0.025

−0.023 3.057+0.024
−0.024

ns 0.9618+0.0042
−0.0041 0.9622+0.0044

−0.0045 0.9626+0.0044
−0.0037

τreio 0.060+0.012
−0.012 0.061+0.013

−0.013 0.063+0.013
−0.013

H0 / [km/(s Mpc)] 67.94+0.46
−0.49 68.06+0.52

−0.54 68.09+0.46
−0.48

σ8 0.8234+0.0085
−0.0090 0.823+0.024

−0.013 0.826+0.010
−0.009

neff −2.308+0.0034
−0.0035 −2.9+4.3

−22.1 −2.307+0.0039
−0.0035

ξ – < 0.40 < 0.38

log10(adark /
[
Mpc−1

]
) – n.l. < 6.8

∆χ2 – 0 −3.62

∆Neff – – < 0.23

adarkξ
4/
[
Mpc−1

]
– – < 30

TABLE 7.1: Preferred regions at the 68 % confidence level (C.L.) (or at the 95 %
C.L. in the case of upper bounds) for the parameters of the ETHOS n = 4 case,
both with Planck + BAO and Planck + BAO + Lyman-α. With the first dataset,
the interaction parameter is not bounded within the prior range. The ∆χ2 is
given with respect to ΛCDM with the same datasets. The last two rows show
the results obtained with linear priors on ∆Neff and the combination adarkξ

4

using the second dataset. Entries with “n.l.” indicate that there is no upper
limit within the prior range, while – means that the parameter is not present.

either strongly with a small amount of dark radiation or barely interacting with a large amount
of dark radiation. To capture this behaviour, we chose to use a flat prior on log10(adark) in the
range [−3, 20]. Indeed, a linear prior on adark would only have given weight to the region with
a high interaction rate, and thus a tiny dark radiation density. This would have lead to very
strong bounds on ξ that would not reflect the fact that the data is perfectly compatible with
values up to ξ ∼ 0.40.

In the middle plot of the left panel of Fig. 7.4 we can see the expected degeneracy between ξ
and log10(adark). The results of MCMC runs are usually plotted as smoothed contour plots;
however, in [III] we chose instead to plot the non-smoothed density of points in the chains, in
order to precisely visualise the edges of the region preferred by the data. The Planck + BAO
allowed region has two sharp edges set by the data rather than the priors:

• a vertical line corresponding to the maximum allowed value of ξ (and therefore ∆Neff )
in the ETHOS n = 4 model. We found ξ < 0.40 (95 % C.L.), which is consistent within
1σ with the bound obtained in [233], with our bounds being slightly tighter. This small
difference can be attributed to our inclusion of the lensing and BAO likelihoods, which
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were not included in the previous study. This can be translated into ∆Neff < 0.10 using
equation 7.8, but this result should be taken with a grain of salt because it derives from
a flat prior on ξ. The physical interpretation of this boundary is that the CMB data
is incompatible with too much dark radiation, even when this is self-interacting. This
is caused by various effects, the dominant one being the influence of the amount of
extra radiation on the CMB damping tail [245]. Dark radiation has other effects on the
scale and amplitude of the acoustic peaks that depend on the rate of dark radiation self-
interactions and dark radiation - dark matter interaction, as discussed in section 7.1.2,
thus the bound found in this case is specific to the ETHOS n = 4 model, and in principle
different from what one would obtain in a plain ΛCDM+Neff fit with only free-streaming
relativistic relics.

• a roughly hyperbolic boundary, corresponding physically to the limit set by the CMB on
the effect of the dark matter - dark radiation interaction. In particular, a too large rate
ΓDM−DR implies that dark matter develops a fast mode [246], [247] which influences the
CMB power spectrum, with a suppression of the clustering of the baryon-photon fluid.

We obtain no upper bound on log10(adark), since in the limit of small dark radiation density the
dark matter - dark radiation and dark radiation - dark matter interaction rates can be arbitrar-
ily high. Thus, the allowed region extends up to our upper prior boundary log10(adark) ≤ 20.

For the other cosmological parameters, the error bars we found are slightly larger than for the
ΛCDM model with the same data combination, but smaller than for the ΛCDM+Neff model.
This has several causes: our flat prior on ξ gives more weight to small values of ∆Neff ; we
only allow Neff to increase beyond 3.046, while a run with a flat prior on Neff would return
Neff = 2.98 ± 0.18 (68 % C.L.) [70]; and in our model, increasing ∆Neff comes at the price of
introducing dark matter - dark radiation interaction effects not favoured by the data. In any
case, we see that the ETHOS n = 4 model offers no clear opportunities to accommodate the
high value of H0 or the low value of σ8 discussed in chapter 5.

Lyman-α constraints. With the addition of the Lyman-α likelihood, we obtain approximately
the same bound on ξ < 0.38 (95 % C.L.), as the number of additional relativistic degrees
of freedom is already well-constrained by CMB data. Instead the upper limit on the inter-
action rate shrinks by about ten orders of magnitude, due to the suppression of the small
scale matter power spectrum induced by these interactions, as discussed in section 7.1.2. This
suppression is strongly constrained by Lyman-α data. We checked explicitly that the edge
of the allowed region is a curve of constant adarkξ

4, which is what we expected from the
ΓDM−DR ∝ ρDR ΓDR−DM ∝ adarkξ

4 term in equation 7.10.

This run gives an upper bound log10(adark/Mpc−1) < 6.8 (95 % C.L.), which is strongly prior
dependent. Indeed, since adark is compatible with zero, upper bounds on log10(adark) are
inevitably influenced by the choice of a lower prior boundary on this parameter. Moreover,
the data is compatible with arbitrarily large values of adark for arbitrarily small ξs, such that
the bound would entirely disappear if we had chosen a logarithmic prior on ξ.
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The analysis with flat priors on ξ and log10(adark) is particularly useful for identifying the
physical mechanisms responsible for the various bounds. It allows us to check that the data is
mostly sensitive to the effects of the density of extra radiation, proportional to ∆Neff , and of
the dark matter - dark radiation rate ΓDM−DR, parametrised by adarkξ

4. As such, the most in-
formative and robust way to formulate our final results is to quote bounds on (∆Neff , adarkξ

4)
assuming flat priors on these parameters.

We thus performed another MCMC run with such a choice of priors. The results are shown
in the right panel of Fig. 7.4. Our final results for the n = 4 ETHOS model are summarised
by the 95 % upper bounds ∆Neff < 0.23 and adarkξ

4 < 30 Mpc−1. The upper limit of the
Bayesian confidence interval for ∆Neff is slightly stronger than for a ΛCDM+Neff model with
extra free-streaming relativistic relics and Planck + BAO data (∆Neff < 0.28 95 % C.L., see [70],
[248]), because in our case models with ∆Neff > 0 also come with dark matter - dark radiation
interaction effects that are not favoured by the data. Knowing the upper bound on adarkξ

4 is
convenient for model building, as a typical particle-physics-motivated model would predict
a given value of ξ (related to the physics of the dark sector and to its interactions with the
visible sector). In such a case one can immediately conclude that the Lyman-α data imposes a
maximum value on the scattering rate adark given by 30 ξ−4 Mpc−1.

It was important to check that our results were actually driven by the Lyman-α data, and
not by the restrictions imposed on the small scale matter power spectrum by our likelihood
method described in section 4.3). For this purpose, we also performed a run with the Planck
+ BAO likelihoods combined with a modified version of the Lyman-α likelihood that returns
a constant value if the power spectrum passes all of the sanity checks, and a zero likelihood
otherwise. Thus, this run relies on the Planck + BAO data and on the Lyman-α likelihood
prior, but not on the Lyman-α data, which allows us to derive regions of validity for our
implementation. We called it “Planck + BAO + Lyman-α Prior” and its results are also shown
in the left panel of Fig. 7.4. If the edge of the allowed region were similar in the Lyman-α Prior
and Lyman-α Data runs, we would know that our bounds were driven by the applicability of
the method and not by the data. This was not the case, as we can clearly see when comparing
the dark blue and light blue regions in Fig. 7.4. As such, we concluded that the sanity checks of
our implementation impose no further restriction besides the region that is already excluded
by other means.

Furthermore, when adding the Lyman-α likelihood, our error bars on neff , which is the slope
of the Lyman-α spectrum, are greatly reduced. This comes mainly from our improved bound
on adark; when the interaction strength is allowed to vary over many orders of magnitude, our
P (k) is not monotonic, and thus neff can assume any value, both negative and positive (if the
corresponding k value is, for example, just after the first oscillation in P (k)).

The inclusion of Lyman-α data tightens the error bars on σ8, while the mean value is not
significantly affected. The mean value and error bars of H0 are not impacted by the addition
of Lyman-α data for this model. The bounds for both parameters are in very close agreement
to those obtained for a standard ΛCDM model with the same datasets, once again offering no
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FIGURE 7.5: Left: Two-dimensional posterior distributions for all main parame-
ters for the n = 2 case, with Planck + BAO (red), Planck + BAO + Lyman-α data
(dark blue), and the Lyman-α prior check run explained in the text (light blue),
when running with a flat prior on ξ and logarithmic prior on adark. The smooth-
ing was deliberately turned off to show the sharp boundaries of the preferred
regions more clearly. Right: Posterior distributions when using linear priors on

∆Neff and the combination 102adarkξ
4.

solution to the cosmological tensions. Additionally, the χ2 obtained in the Planck + BAO case
is not any better than for the vanilla ΛCDM model, while the addition of Lyman-α data brings
it down by ∆χ2 = −3.6. Considering that the model features two additional parameters, we
concluded that interacting dark matter - dark radiation models provide a fit of Planck + BAO
+ Lyman-α as good as the base ΛCDM.

ETHOS n = 2 model
The scenario where the comoving scattering rate of dark radiation off dark matter scales like
T 2 can be realised for example with 4-point contact-only interaction. As for n = 4, we neglect
the sub-dominant contribution of dark radiation self-interactions.

CMB constraints. The results of our MCMC run with Planck + BAO data and for the n = 2

case are shown in Fig. 7.5 and Table 7.2. Once more, the middle plot in the left panel of
Fig. 7.5 shows that the data imposes two limitations on the ETHOS parameter: an upper
bound ξ < 0.43 at the 95 % C.L. and a hyperbolic-shaped limit on (ξ, adark).

For other parameters, the preferred intervals only widen moderately with respect to the ΛCDM
model, except for σ8 which is compatible with much smaller values. The contour plot for (ξ,
σ8) shows a degeneracy direction allowing to reach such small values of σ8 for specific values
of ξ and a large interaction rate adark > 107. While this region could be potentially interesting
to explain the σ8 tension, we did not investigate it in more detail, as this region is excluded by
Lyman-α bounds on the interaction rate. Once this region is ignored, we find that the ETHOS
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ΛCDM ETHOS n = 2

parameter Planck+BAO Planck + BAO + Lyman-α

100 ωb 2.219+0.013
−0.014 2.220+0.014

−0.014 2.220+0.014
−0.016

ωcdm 0.1192+0.0011
−0.0010 0.1195+0.0011

−0.0013 0.1194+0.0011
−0.0011

log(1010As) 3.050+0.023
−0.023 3.053+0.025

−0.025 3.051+0.023
−0.024

ns 0.9618+0.0042
−0.0041 0.9621+0.0044

−0.0043 0.9618+0.0039
−0.0043

τreio 0.060+0.012
−0.012 0.061+0.013

−0.013 0.059+0.013
−0.013

H0 / [km/(s Mpc)] 67.94+0.46
−0.49 68.02+0.51

−0.51 67.99+0.51
−0.51

σ8 0.8234+0.0085
−0.0090 0.819+0.021

−0.017 0.8244+0.0088
−0.0095

neff −2.308+0.0034
−0.0035 −2.9+7.0

−3.5 −2.3080+0.0034
−0.0037

ξ – < 0.43 < 0.40

log10(adark /
[
Mpc−1

]
) – n.l. < 8.4

∆χ2 – 0 −0.12

∆Neff – – < 0.29

102adarkξ
4/
[
Mpc−1

]
– – < 18

TABLE 7.2: Preferred regions at the 68 % confidence level (C.L.) (or at the 95 %
C.L. in the case of upper bounds) for the parameters of the ETHOS n = 2 case,
both with Planck + BAO and Planck + BAO + Lyman-α. With the first dataset,
the interaction parameter is not bounded within the prior range. The ∆χ2 is
given with respect to ΛCDM with the same datasets. The last two rows show
the results obtained with linear priors on ∆Neff and the combination 102adarkξ

4

using the second dataset.

n = 2 model does not offer opportunities to accommodate larger H0 or lower σ8 values than
ΛCDM.

Lyman-α constraints. Like for n = 4, the inclusion of Lyman-α data marginally affects the
bound on ξ, but considerably strengthens the upper limit on the interaction rate, which is
given once more by a line of constant adarkξ

4. This limit is stronger than in the n = 4 case
by about two orders of magnitude. This is consistent with the fact that the scales constrained
by our Lyman-α data crossed the Hubble scale roughly around z ' 106, and have been sup-
pressed according to the rate ΓDM−DR(z) evaluated at that time. From equation 7.5, and with
zd = 107, we find ΓDM−DR(106) ∝ 106−nadarkξ

4. As such, it is normal that the Lyman-α data
set comparable limits on the combination (10−nadarkξ

4) for all ns, and that limits on adarkξ
4

become one hundred times stronger when n decreases by two.

Furthermore, we found a bound ξ < 40 (95 % C.L.) very similar to that in the n = 4 case.
As before, the bound log10(adark/[Mpc−1]) < 8.4 (95 % C.L.) should be taken with great care
due to its strong dependence on the choice of a linear prior for ξ and on the lower prior edge
for log10(adark). Thus, we switched to linear priors on the parameters directly related to the
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physical effects probed by the data, and obtained our final results for the ETHOS n = 2 model:
∆Neff < 0.29 and 102adarkξ

4 < 18 Mpc−1 (95 % C.L.). The first bound is identical to what is
obtained when fitting Planck + BAO with a ΛCDM+Neff model.

We once again performed a “Planck + BAO + Lyman-α Prior” run to check that our bounds
do not come from the limitations of the method. In this case, if we compare the ξ − log(adark)

posteriors for the Lyman-α Prior and Lyman-α Data runs in the left panel of Fig. 7.5, we see
that for ξ > 0.05 our constraints are really derived from the data rather than from the range
of validity of our method. However, this is no longer the case in a very small region with
ξ < 0.05, where the two contours overlap, showing that for these models, the α − β − γ

parametrisation is not accurate. More precisely, for such parameter values the first oscillation
in the transfer function does not reach the threshold of 80 % where we stop performing the
fit (as discussed in section 4.3), and so the fit is performed on higher oscillations as well.
However ξ < 0.05 implies a tiny dark radiation density ∆Neff < 2 · 10−5. Nonetheless, this
small region is not very interesting for model building, as such tiny values are difficult to
motivate theoretically. Furthermore, even if our method was improved in order to correctly
deal with this small region of parameter space, there would be no reason for the 95 % C.L.
upper bound on (ξ, adark) to be different from 102adarkξ

4 = 18, since the shape of this limit can
be inferred from simple analytic arguments. Thus, we can safely extrapolate it below ξ = 0.05.
Finally, we should note that this minor issue is irrelevant when running with a flat prior on
∆Neff , since with such a prior it affects a completely negligible fraction of the preferred region.

As for the n = 4 case, we obtained a significantly tighter bound on neff , while the mean value
and error bars of H0 were not impacted by the addition of Lyman-α data. The preferred inter-
vals for H0 and σ8 are very close to those of the ΛCDM model. For both data combinations,
the difference obtained in the ∆χ2 with respect to the base ΛCDM are negligible, and so we
once again found no preference for the interacting dark matter - dark radiation models.

ETHOS n = 0 model
The n = 0 case is motivated by several particle physics set-ups in which the dark matter -
dark radiation momentum transfer rate scales like T 2, meaning that the ETHOS rate ΓDR−DM

is constant. This occurs, for instance in the Non-Abelian Dark Matter (NADM) scenario de-
scribed in section 7.1.1. In this model, the dark matter particles are charged under a dark
non-abelian symmetry whose dark gluons play the role of dark radiation [234]–[236]). Given
that these models tend to predict strong self-interactions in the dark radiation sector, for these
models we assumed that dark radiation is a relativistic perfect fluid described by one conti-
nuity and one Euler equation (unlike for n = 4 and n = 2). To make this difference clearer, we
denoted the dark radiation density by ∆Nfluid instead of ∆Neff .

For the n = 0 model we can use different parametrisations and priors, corresponding to differ-
ent approaches discussed in the literature: either with the ETHOS general framework, or for
specific models like the NADM one. We first looked at the standard ETHOS parametrisation,
with the same choice of priors as in previous cases. Then, to compare our results with [235],
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ΛCDM ETHOS n = 0

parameter Planck + BAO Planck + BAO + Lyman-α

100 ωb 2.219+0.013
−0.014 2.220+0.015

−0.015 2.221+0.015
−0.015

ωcdm 0.1192+0.0011
−0.0010 0.1195+0.0011

−0.0014 0.1192+0.001
−0.001

log(1010As) 3.050+0.023
−0.023 3.053+0.025

−0.024 3.054+0.025
−0.024

ns 0.9618+0.0042
−0.0041 0.9621+0.0042

−0.0045 0.9624+0.0044
−0.0041

τreio 0.060+0.012
−0.012 0.061+0.013

−0.012 0.061+0.013
−0.014

H0 / [km/(s Mpc)] 67.94+0.46
−0.49 68.04+0.50

−0.60 68.03+0.47
−0.49

σ8 0.8234+0.0085
−0.0090 0.815+0.044

−0.009 0.8237+0.0097
−0.0093

neff −2.308+0.0034
−0.0035 −3.4+9.5

−4.2 −2.3100+0.0071
−0.0079

ξ – < 0.38 < 0.33

log10(adark /
[
Mpc−1

]
) – n.l. < 3.3

∆χ2 – 0 −0.70

∆Nfluid – – < 0.47

104adarkξ
4/
[
Mpc−1

]
– – < 14

TABLE 7.3: Preferred regions at the 68 % confidence level (C.L.) (or at the 95 %
C.L. in the case of upper bounds) for the parameters of the ETHOS n = 0 case,
both with Planck + BAO and Planck + BAO + Lyman-α. With the first dataset,
the interaction parameter is not bounded within the prior range. The ∆χ2 is
given with respect to ΛCDM with the same datasets. The last two rows show
the results obtained with linear priors on ∆Neff and the combination 104adarkξ

4

using the second dataset.

[236], we switched to linear priors on the interaction rate, combined with either linear or loga-
rithmic priors on the parameters ∆Nfluid, allowing us to see the influence our choice of priors
had on the end result.

CMB constraints with ETHOS n = 0 parametrisation. Our results for this case when assuming a
flat prior on ξ ≥ 0 and on −3 ≤ log10(adark/Mpc−1) ≤ 20 are shown in Fig. 7.6 and Table 7.3.
In this case, the general behaviour is similar to the previous cases: we obtained an upper
bound of ξ and a hyperbolic-shaped upper limit on (ξ, adark). CMB bounds are much stronger
in this model than in previous cases, which is consistent with the fact that the rate ΓDM−DR(z)

evaluated near photon decoupling is much larger for the same value of adarkξ
4 when n de-

creases. Indeed, we found that for n = 0, CMB bounds dominate over Lyman-α bounds at
least for some values of ξ, making it necessary to quantify these bounds more precisely. In the
space (ξ, log10(adark)) and within our prior range, the 95 % C.L. preferred region is defined in
good approximation by either ξ < 0.13, or ξ < 0.38 and 104adarkξ

4 < 14 Mpc−1. This means
that the CMB excludes all ETHOS n = 0 models with either a too large dark radiation density
(ξ > 0.38) or a too large ΓDM−DR rate (104adarkξ

4 > 14 Mpc−1), but looses sensitivity to these
parameters when the dark radiation density is very small (ξ < 0.13).
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FIGURE 7.6: Left: Two-dimensional posterior distributions for all main parame-
ters for the n = 0 case, with Planck + BAO (red), Planck + BAO + Lyman-α data
(dark blue), and the Lyman-α prior check run explained in the text (light blue),
when running with a flat prior on ξ and logarithmic prior on adark. The smooth-
ing was deliberately turned off to show the sharp boundaries of the preferred
regions more clearly. Right: Posterior distributions when using linear priors on

∆Neff and the combination 104adarkξ
4.

Given the discussion in chapter 5, we are interested in how these models affect H0 and σ8.
Our results showed that the ETHOS n = 0 model allows to reach larger values of H0 or lower
values of σ8 than the ΛCDM model. By looking at the two-dimensional contour plots in the
left panel of Fig. 7.6, we see that:

• high values ofH0 require a large dark radiation density, ξ > 0.4 (corresponding ∆Nfluid >

0.1): this is a consequence of the well-known H0 −Nfluid degeneracy, which works par-
ticularly well in this case because dark radiation is self-interacting, and thus less con-
strained by CMB observables than extra free-streaming relics [235]. Our 95 % C.L. pre-
ferred region reaches values up to H0 ' 70 km s−1Mpc−1 for ξ ' 0.38 ( ∆Nfluid ' 0.08).
With our choice of priors, this part of the allowed parameter space has little weight, and
the 68 % C.L. preferred interval for H0 is still nearly the same as for ΛCDM.

• a close inspection of the (ξ, σ8) contour plot of Fig. 7.6 shows that in this plane, the
marginalised posterior is bimodal; it ismade of the superposition of two separate cate-
gories of models. The first one has σ8 = 0.823± 0.017 (95 % C.L.) for any allowed value
of the dark radiation density parameter (in the range 0 < ξ < 0.38). The second one
corresponds to a strongly degenerate direction in (ξ, σ8), as for the ETHOS n = 2 model,
and requires a large interaction rate adark ≥ 1. It stretches down to σ8 = 0.68 for ξ ' 0.16.

Lyman-α constraints with ETHOS n = 0 parametrisation. At first sight, the discussion of the
Lyman-α constraints seems very similar to that for n = 2 or 4. We expect that Lyman-α data
will slightly tighten the bound on ξ and put a strong limit on 104adarkξ

4 < O(10). This is
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indeed what happened in our run with a linear prior on ξ and a logarithmic prior on adark:
we obtained ξ < 0.33 and 104adarkξ

4 < 14 Mpc−1 (95 % C.L.). When performing a second
run with flat priors on (∆Nfluid, 104adarkξ

4), we found ∆Nfluid < 0.47 and a confirmation of
104adarkξ

4 < 14 Mpc−1 (95 % C.L.).

However, when doing the “Planck + BAO + Lyman-α Prior” run, we found that the previous
results must be taken with care. Looking at the middle plot of the left panel of Fig. 7.6 we see:

• the different checks performed inside our Lyman-α likelihood induce a cut at ξ < 0.33.
Thus, the previous bound on ξ did not come from the Lyman-α data but from our
methodology. This comes from the fact that ETHOS n = 0 models with ξ > 0.33 do not
result in a power spectrum that can be accurately represented by the α−β−γ parametri-
sation. As such, we should not trust any bound on ξ apart from the one obtained with
Planck + BAO alone, namely ξ < 0.38.

• for ξ > 0.13, the upper bound on adarkξ
4 is nearly the same in the three ETHOS n = 0

runs shown in Fig. 7.6, suggesting that CMB data alone provides the strongest bounds,
in this case 104adarkξ

4 < 14 Mpc−1 (95 % C.L.). Given the impact of this model on CMB
and LSS observables this is not a surprise: for parameter values leading to significant
effects in the CMB temperature and polarisation spectrum, this model only generates
a very smooth and progressive suppression in the small scale matter power spectrum,
which is much more difficult to constrain with Lyman-α data than the sharp exponential
cut-off observed for n = 2, 4.

• for ξ < 0.02, the Lyman-α Prior run sets no upper limit on the interaction rate, while the
Lyman-α Data run returns 104adarkξ

4 < 14 (95 % C.L.), meaning that we can trust this
bound as it really comes from the data.

• there is a problematic range 0.02 < ξ < 0.13 in which the Lyman-α Prior run also sets
an upper limit 104adarkξ

4 < 14 Mpc−1. The reason is that for n = 0 and large amounts of
dark radiation ξ > 0.02, the α− β − γ parametric function does not provide an accurate
fit of the suppression in the matter power spectrum. This indicates that for this class of
models the bounds were driven by the limitations of the method, in particular by the
flexibility of the parametric fitting function, and not by the data itself. While we could
extend our method or use the Lyman-α−α−β−δ likelihood described in section 4.3, we
believed that was not necessary for two reasons. First, 0.02 < ξ < 0.13 means 6 · 10−7 <

∆Nfluid < 10−3, and the weight of this region would be negligible if we would run
with a flat prior on ∆Nfluid, so we may simply ignore it. Second, the analytic argument
suggesting that the Lyman-α bound on the dark matter - dark radiation interaction takes
the form of an upper limit on adarkξ

4 worked very well for n = 2 and n = 4, and still
works very well in the present case for ξ < 0.02 and ξ > 0.13. As such, there is no
reason to believe that this would not be the case in the intermediate range. Therefore,
it is very reasonable to expect that a better method would return 104adarkξ

4 < 14 (95 %

C.L.) throughout the range of allowed values 0 < ξ < 0.38.
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FIGURE 7.7: Left Two-dimensional posterior distributions for all main param-
eters using Planck + BAO, for the NADM case (blue) and for ΛCDM (yellow),
with the lower prior ∆Nfluid > 0.07. Right Same as left but with the log prior

−5 ≤ log10(∆Nfluid) ≤ 0.

To summarise, we should take away from this analysis that for ξ > 0.13, Lyman-α data do
not improve over Planck + BAO bounds, which give 104adarkξ

4 < 14 Mpc−1 (95 % C.L.). For
0 < ξ < 0.02, the Lyman-α data gives the same bound, and in the intermediate range a more
refined analysis would be needed, but there are some hints that the Lyman-α data would
again produce the same bound.

CMB constraints with a particle-physics-motivated flat prior on ∆Nfluid ≥ 0.07. There are several
particle physics models that can be effectively described by the ETHOS n = 0 parametrisa-
tion, with weakly interacting dark matter - dark radiation, and strongly self-interacting dark
radiation. In the NADM model [234], discussed in section 7.1.1, the dark radiation is made up
of the dark gluons of a non-abelian gauge symmetry SU(N). Its density is parametrised by
∆Nfluid = 0.07(N2 − 1) with N ≥ 2. In [235] a second set-up is presented, leading to approxi-
mately the same cosmological signature, in which the dark radiation has two components: the
dark photon of a dark U(1) gauge symmetry, plus Nf massless fermions with a dark charge
q. For q ≥ 1/3 the dark radiation density is parametrised by ∆Nfluid = 0.07(1 + 7

4Nf ), but for
smaller charges one gets ∆Nfluid = 0.07. As such, these models motivated dedicated runs with
a flat prior on ∆Nfluid ≥ 0.07. To compare our results with previous works, we also adopted
a flat prior on the dark matter - dark radiation momentum exchange rate evaluated today, Γ0,
seen in equation 7.10.

The prior ∆Nfluid ≥ 0.07 translates in the ETHOS parametrisation to ξ ≥ 0.367. Looking at our
previous results, we see that this clearly corresponds to the region in which the CMB bounds
are at least as strong as the Lyman-α bounds: thus for this case it was sufficient to run with
Planck + BAO data only.

Our results, presented in the left panel of Fig. 7.7 and middle column of Table 7.4, are consis-
tent with those of [235] when using Planck 2015 + BAO 2011 data. However, our bounds are
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parameter ΛCDM Γ0 > 0, Ndg > 0.07 Γ0 > 0, −5 ≤ log(Ndg) ≤ 0

100 ωb 2.219+0.013
−0.014 2.232+0.017

−0.019 2.219+0.014
−0.016

ωcdm 0.1192+0.0011
−0.0010 0.1249+0.0023

−0.0037 0.1192+0.0011
−0.0011

ln1010As 3.050+0.023
−0.023 3.069+0.026

−0.025 3.054+0.025
−0.026

ns 0.9618+0.0042
−0.0041 0.9653+0.0042

−0.0045 0.9617+0.0042
−0.0045

τreio 0.060+0.012
−0.012 0.0696+0.013

−0.013 0.06181+0.013
−0.014

H0 / [km/(s Mpc)] 67.94+0.46
−0.49 69.55+0.84

−1.3 67.94+0.48
−0.50

σ8 0.8234+0.0085
−0.0090 0.813+0.015

−0.012 0.806+0.029
−0.011

neff −2.308+0.0034
−0.0035 −2.332+0.018

−0.011 −3.261+0.96
−0.36

Γ0 /
[
Mpc−1

]
– < 1.2 · 10−7 < 1.5 · 10−5

∆Nfluid – < 0.59 –

log10(∆Nfluid) – – < −2.66

∆χ2 – 1.90 2.34

TABLE 7.4: Parameter 68 % confidence limits (or 95 % upper bound in some
cases) for all relevant parameters for the NADM case with two different prior
choices, and using Planck + BAO. The ∆χ2 is given with respect to ΛCDM with

the same datasets.

slightly stronger and more up-to-date, as we included Planck lensing data and more recent
BAO data. We did not compare directly our results with those of [236], as the latter always in-
cluded directH0 measurements, as well as Planck data on Sunyaev-Zel’dovitch cluster counts,
which were not included in our analyses.

We found 0.07 ≤ ∆Nfluid ≤ 0.59 (95 % C.L.), corresponding to 0.367 < ξ < 0.626 with a non-
flat prior on ξ, and Γ0 < 1.2 · 10−7Mpc−1 (95 % C.L.), corresponding to 104adarkξ

4 < 36 (95 %

C.L.). We see that the lower prior edge on ∆Nfluid and the linear prior on both ∆Nfluid and
Γ0 pushed the MCMC to explore regions that were not reached with our ETHOS n = 0 prior:
the previous preferred region only stretched up to twice smaller values of ξ and 104adarkξ

4.
However, the current run is not forced to explore a region in tension with the data, since the
best-fit χ2 only increases marginally (by 1.9) with respect to the best-fit ΛCDM χ2.

Even though this model is not preferred by the Planck + BAO data, it is a possible way to
reconcile CMB + BAO data with the high values of H0 and low values of σ8 discussed in
chapter 5, and first showed in [235], [236]. In our runs we found that this model can ac-
commodate a large H0 = 69.6+0.8

−1.3 (68 % C.L.), reducing the tension with the most recent
SH0ES data [249] from 4.1σ to 2.7σ. It also allows for smaller values of the parameter com-
bination S8 ≡ σ8

√
Ωm/0.3 = 0.8129+0.015

−0.012 (68 % C.L.) than the ΛCDM model, which gives
S8 = 0.8235+0.0088

−0.0091 (68 % C.L.) for the same data set. As such, it increases the compatibil-
ity with the KiDS+VIKING-450 measurement [152] from the 2.1σ to 1.8σ level. The physical
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explanation is that this model is able to exploit the H0 − ∆Nfluid degeneracy due to its self-
interacting dark radiation component, while at the same time reducing the small scale matter
power spectrum amplitude due to the effect of dark radiation dragging dark matter perturba-
tions, as discussed in section 7.2.2.

These results are consistent with those we obtained with the ETHOS n = 0 parametrisation
(with flat priors on ξ and log10(adark) and the same data set), although the comparison is not
straightforward as the later run explores a different region of parameter space. Our previous
results did show the trend to accommodate a larger H0 when ∆Nfluid increases, which is even
clearer in this run that reaches higher values of ∆Nfluid. Additionally, our previous results
showed that when the interaction rate increases from log10(adark) ' −2 to log10(adark) ' 0,
smaller values of σ8 can be reached. This was confirmed in the run with a flat prior on
∆Nfluid ≥ 0.07 by the clear correlation between the interaction rate and σ8 in the left panel
of Fig. 7.7.

The comparison between the two runs showed us that the ability of this model to reconcile
data sets depends on the priors: the model would appear less effective in this respect with
a lower prior edge ∆Nfluid ≥ 0 (or with logarithmic priors on ∆Nfluid or Γ0). This prior
dependence of the conclusions also applies to most other models attempting to resolve the
cosmological tensions, and would only go away if we included the anomalousH0 and σ8 data
in the analysis: in this case, even with different priors, some non-zero values of ∆Nfluid and
Γ0 would be preferred with a statistical significance of a few sigmas.

CMB constraints with a logarithmic prior on ∆Nfluid. In [236], this model was also explored with
flat priors on−5 ≤ log10(Ndg) ≤ 0 and on Γ0 ≥ 0. The motivation for this prior was to provide
complementary results to the previous case, exploring very small values of the dark radiation
density, which can always be motivated by specific particle physics constructions. As such,
we also updated these results with our Planck + BAO data set, but not using Lyman-α data as
we have seen that our method can not provide accurate constraints for these models.

The results we obtained for this final case are shown in the right panel of Fig. 7.7 and last
column of Table 7.4. We find −5 ≤ log10 ∆Nfluid ≤ −2.66 (95 % C.L.), corresponding to 0.04 <

ξ < 0.15 with a non-flat prior on ξ, and Γ0 < 1.5 · 10−5Mpc−1 (95 % C.L.), corresponding to
adarkξ

4 < 0.45 (95 % C.L.).

With this choice of priors, we no longer allow for larger H0, as expected from our results for
the ETHOS n = 0 case. This can be understood in the following way: the flat prior on ξ

(and the log prior on Ndg) gives less weight to large amounts of dark radiation, and thus the
possibility to relax theH0 tension goes away. Nonetheless, we can still accommodate lower σ8

values, thanks to a degeneracy between σ8 and log10 ∆Nfluid that is clearly visible in the right
panel of Fig. 7.7. This degeneracy is equivalent to the σ8 − ξ degeneracy previously observed
in the ETHOS n = 0 results, and could in principle reconcile the Planck + BAO data with
values as low as σ8 ∼ 0.7. This model and prior choice lead to S8 = 0.8058+0.0088

−0.0085 (68 % C.L.),
which is compatible with KiDS+VIKING-450 [152] (see section 5.3) at the 1.4σ level.
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7.1.5 Conclusions

In the first half of this chapter I have discussed the possibility of dark matter interacting with a
new relativistic dark species known as dark radiation. In section 7.1.1 I introduced the flexible
ETHOS parametrisation used to describe theses models, while in section 7.1.2 I discussed the
effects this new species, and its subsequent interactions with dark matter, has on different
cosmological observables. In order to study these models properly, in [III] we implemented
this formalism in CLASS, and developed the Lyman-α likelihood described in section 4.3. With
this pipeline, detailed in section 7.1.3, we were able to derive new constraints on the relevant
parameters, presented in section 7.1.4.

As seen in section 7.1.2, these dark matter - dark radiation interactions affect the matter power
spectrum at small scales, making Lyman-α data an excellent probe to constrain them. The
method we developed in [III] allows us to do this without needing to re-run computationally
expensive hydrodynamical simulations for each set of new cosmological parameters. Further-
more, as discussed in section 4.3, the constraints on dark matter - dark radiation interactions
derived with our pipeline are related to the true observable probed by up-to-date Lyman-α
data (the flux power spectrum), rather than to the model dependent inferred amplitude, slope,
and curvature of the linear matter power spectrum at the scales probed by the forest and used
in previous analysis [231], [250].

We applied our method to three different cases, corresponding to three different scaling rela-
tions of the comoving dark matter - dark radiation interaction rate with respect to tempera-
ture, seen in equation 7.4. For each case we performed MCMC runs using MONTEPYTHON for
two dataset combinations (Planck + BAO and adding Lyman-α) and we studied the impact of
different prior assumptions on the relevant DM-DR parameters.

For the models with temperature dependent comoving interaction rate (n = 4 and n = 2),
our Planck + BAO constraints in the log10(adark/Mpc−1) - ξ parameter space show a hyper-
bolic behaviour indicating a degeneracy between small amounts of dark radiation and large
interaction strength, and vice-versa. The 2σ upper bounds on the amount of dark radiation
(n = 4 : ξ < 0.40 and n = 2 : ξ < 0.43) come from the impact on the CMB power spectra of
a combination of effects: the presence of dark radiation itself and the induced drag force on
dark matter, as seen in section 7.1.2. On the other hand, the combination Planck + BAO does
not provide a unique upper bound on log10(adark/Mpc−1), as the aforementioned degeneracy
leads to an asymptote in log10(adark/Mpc−1) at small ξ.

When adding our Lyman-α likelihood, first of all we checked that the (α, β, γ) parametric
function can successfully reproduce the suppression of the matter power spectrum for most
of the relevant parameter space. The only exception we found is a tiny region at ξ < 0.05,
but as this corresponds to a number of degrees of freedom at dark radiation decoupling a
few orders of magnitude larger than the Standard Model expectations, it is not a significant
region. While the inclusion of the Lyman-α data only slightly improved the bounds on dark
radiation (n = 4 : ξ < 0.38 and n = 2 : ξ < 0.40), it proved essential to set upper limits on the
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interaction strength (n = 4 : log10(adark/Mpc−1) < 6.8 and n = 2 : log10(adark/Mpc−1) < 8.4),
although these are somewhat prior-dependent.

As the Planck + BAO + Lyman-α limits in the log10(adark/Mpc−1) - ξ plane still show the
hyperbolic shape, to further investigate this behaviour we performed new runs with a differ-
ent parametrisation: ∆Neff and the combination 10n−4(adark/Mpc−1)ξ4. This choice is mo-
tivated by the fact that the front factor of the dark matter dipole moment is proportional to
(adark/Mpc−1)ξ4 (as seen in equation 7.10), and thus it is the relevant quantity for determining
the drag epoch. As expected, with the flat prior on ∆Neff the bounds on the amount of dark
radiation are less constraining than those we found with a flat prior on ξ: ∆Neff < 0.23 for
n = 4 and ∆Neff < 0.29 for n = 2. The limits we obtained on the parameter combination
104−n(adark/Mpc−1)ξ4 (< 30 for n = 4 and < 18 for n = 2) can be translated into constraints
on the actual particle physics model, and thus on the impact on the small scale crisis. For
instance, we found that in the n = 4 case our bound still leaves room for a cut-off mass in the
halo mass function that can solve the missing satellite problem.

Regarding the cosmological tensions discussed in chapter 5, the constraints on H0 and on σ8

are consistent with ΛCDM, both with and without the Lyman-α data. As such, neither of these
models alleviate the discrepancies. Finally, the χ2 analysis shows that these models are not
strongly disfavoured with respect to ΛCDM.

For the models with constant comoving interaction rate, n = 0, using the ETHOS parametri-
sation the results appear to be very similar to those of the previous cases: the shape of the
limits in the log10(adark/Mpc−1) - ξ plane is hyperbolic; Planck + BAO constrain only ξ < 0.38

at 95% C.L.; the inclusion of Lyman-α slightly improves the constraints on ξ (ξ < 0.33) and
sets a prior-dependent upper bound log10(adark/Mpc−1) < 3.3; and with different priors, we
obtained ∆Neff < 0.47 and 104adarkξ

4 < 14 Mpc−1. However, an accurate analysis showed
that this case required a dedicated discussion.

Indeed, above a certain threshold at ξ & 0.13 the dominant constraints come from Planck.
This was expected, as for a given value of adark the impact on the CMB is more pronounced
in the n = 0 case than in the case of a temperature dependent comoving interaction rate.
Furthermore, we noticed that for large values of ξ our Lyman-α likelihood should not be
applied, as the (α, β, γ) parametric function does not reproduce the smooth suppression of
the matter power spectrum induced by these models.

We further investigated this last case by fitting Planck + BAO using the NADM parametrisa-
tion seen in equation 7.9, using ∆Nfluid and Γ0 as priors. We chose a theoretically motivated
flat prior on ∆Nfluid > 0.07, which leads to a 2σ range 0.07 < ∆Nfluid < 0.59 and to an upper
bound Γ0 < 1.2 · 10−7 Mpc−1. The prior opens up to a larger amount of dark radiation as well
as a stronger interaction rate, a combination which induces a reduction of theH0 tension from
4.1σ to 2.7σ, and a mitigation of the σ8 tension from 2.1σ to 1.8σ. However, once a flat prior
on −5 ≤ log10(∆Nfluid) ≤ 0 is assumed, the former tension is restored, while the latter is still
mitigated (1.4σ).
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Our analysis showed that it is still possible to alleviate the cosmological and astrophysical ten-
sions by means of a modified dark sector with interactions between the non-relativistic dark
matter and a new relativistic component, as these models are not disfavoured with respect to
ΛCDM. However, before claiming a solution of the H0 and σ8 tensions, a careful analysis of
the prior dependence of the results must be performed, paying specific attention to the quan-
tities relevant for constraining the interactions, such as the drag force. On the other hand,
concerning the astrophysical tensions, our Lyman-α likelihood provides an efficient tool to
investigate models featuring a suppression in the matter power spectrum at non-linear scales.
In [III] we showed that bounds derived with this approach are robust, and thus our pipeline
can be applied to other interacting dark matter scenarios.

7.2 Dark Matter Interacting with Baryons

In chapter 5 we already saw several reasons to consider models of dark matter beyond the
standard paradigm, and in section 7.1 I introduced one such model. Another type of model
that has surged in popularity recently is the idea of dark matter interacting with baryons,
which would lead to a drag force between the baryon-photon fluid and the dark matter in
the early universe, which in turn would result in a suppression of the growth of dark matter
perturbations, and thus an overall suppression of structure formation.

A further motivation for this type of dark matter interactions came about when the Exper-
iment to Detect the Global Epoch of reionisation Signature (EDGES) Collaboration reported
recently the first measurement of the 21 cm signal induced by early stars [251]. After stel-
lar formation in the early universe, the high-energy photons from these stars can interact
with the primordial hydrogen gas, causing it to jump to a slightly excited state, differing
from its ground state. This alteration would cause the gas to absorb photons from the cos-
mic microwave background at a wavelength of 21 cm, or frequency of 1.4 GHz. This would
lead to an absorption profile in the cosmic radio-frequency spectrum at frequencies between
1− 200 MHz3.

The EDGES collaboration were able to measure an absorption feature in the profile of the sky-
averaged radio spectrum, centred at a frequency of 78 MHz and with an amplitude of 0.5 K.
While this feature is at the expected redshift of stellar formation (z ∼ 17), the reported ampli-
tude of this signal is significantly higher than expected, at a confidence level of 3.8σ. Although
this measurement is pending independent verification, if confirmed it would indicate that ei-
ther the hydrogen (baryon) gas was much colder than expected during the dark ages (before
the first stars formed), or that the temperature of the background radiation was much hotter.
One such mechanism to cool the primordial hydrogen would be via interactions with a colder
species, such as dark matter [252].

3Corresponding to the redshifted frequency of 1.4 GHz.
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In my forthcoming paper [IV] we study scenarios in which the dark matter interacts with
protons via an elastic scattering process, with a cross section σ scaling effectively as a power-
law of the dark matter-baryon relative velocity, σ = σ0v

n. We make use of Lyman-α data
using the extended method described in section 4.3. We also discuss the possibility of us-
ing the spectral distortions likelihoods discussed in section 4.4. In section 7.2.1 I will first
introduce the formalism we use before reviewing the effects these interactions have on the
cosmological observables in 7.2.2, and explain how they could account for the EDGES result.
In sections 7.2.3-7.2.5 I discuss the preliminary results of [IV].

7.2.1 Formalism

In order to properly characterise the dark matter - baryon interactions, I will follow the formal-
ism first introduced in [231] and extended in [83], [253], where they focus on many different
theoretically-motivated models leading to the same type of power-law scaling cross section. I
will ignore dark matter - electron scattering (although the formalism could easily be extended
to include this case as well), and focus on dark matter - proton elastic scattering, with the
cross sections σ scaling effectively as a power-law of the baryon-dark matter relative velocity
σ = σ0v

n. Some well-motivated values of n include: n = −4, corresponding to dark matter
with fractional electric charge [254]; n = −1, corresponding to a Yukawa potential (a massive-
boson exchange) [126], [255]; n = 0, with velocity-independent scattering [256]; and n = ±2,
corresponding to dark matter with electric and magnetic dipole moments [257].

Within this formalism, it is assumed that the relative baryon-dark matter bulk velocities are
not negligible when compared to the thermal velocities. This leads to the dependence of
the drag force on the dark matter-baryon relative velocity being non-linear, with the linear
theory breaking down for redshifts smaller than z ∼ 104. Within the formalism presented
here, an approximation is made to extend the validity of the linear theory to lower redshifts
(however, recently in the literature a more comprehensive approach has been derived [258]).
Furthermore, it is assumed that both the dark matter and the baryons are non-relativistic
(valid for dark matter masses above the MeV scale), and that in the early universe both species
follow a Maxwell velocity distribution (although recently a new formalism was derived in
[259] extending this to a Fokker-Planck distribution). With these assumptions, and working
in the Newtonian gauge, the dark matter Boltzmann equations 3.20 become

δ̇DM = 3φ̇− θDM ,

θ̇DM = − ȧ
a
θDM + k2ψ + k2c2

DMδDM +RDM (θb − θDM) .
(7.11)
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In the presence of these interactions, the Boltzmann equations for the baryons, first seen in
equations 3.35, acquire a new interaction term and become

δ̇b = 3φ̇− θb ,

θ̇b = − ȧ
a
θb + k2ψ + k2c2

bδb +Rγ (θγ − θb) +
ρDM

ρb
RDM (θDM − θb) .

(7.12)

Here I have recovered the dark matter sound speed c2
DM, the baryon sound speed c2

b , and the
coefficient for baryon-photon coupling from section 3.2, given by

Rγ =
4ργ
3ρb

aneσT , (7.13)

where ργ is the photon energy density, ρb is the baryon energy density, ne is the electron
number density, and σT is the Thomson cross section.

The dark matter-baryon momentum exchange rate term in equations 7.11 and 7.12 is given by the
deceleration of the dark matter bulk velocity, and at leading order is

RDM =
aρbσ0cn

mDM +mb

(
Tb
mb

+
TDM

mDM
+
V 2

RMS

3

)n+1
2

FHe , (7.14)

where Tx and mx represent the temperature and mass of species x. The factor FHe is a
corrective factor to account for the helium fraction of the baryons, and will be taken to be
FHe = 1 − YHe ≈ 1 − 0.24 ≈ 0.76. The constant cn is an integration constant depending only
on n, given by

cn =
2
n+5
2 Γ

(
3 + n

2

)
3
√
π

, (7.15)

and is evaluated to {0.27, 0.33, 0.53, 1, 2.1, 5, 13, 35, 102} for n = {−4,−3,−2,−1, 0, 1, 2, 3, 4}.

The velocity term appearing in equation 7.14 is significant, as it is the averaged value of the
dark matter bulk velocity. This term is added to extend the validity of the formalism into a
non-linear regime, as discussed before, and is given by

V 2
RMS ≡ 〈V 2

DM〉 '

10−8, z > 103

10−8
(

(1+z)
103

)2
, z ≤ 103

. (7.16)

Apart from the perturbation equations, we are interested in how the dark matter - baryon
interactions affect the temperature evolution of the two species. This will be especially sig-
nificant when discussing how these interactions are related to the EDGES anomaly. The dark
matter and baryon fluid temperatures evolve as

ṪDM = −2
ȧ

a
TDM +

2mDM

mDM +mb
R∗DM(Tb − TDM)

Ṫb = −2
ȧ

a
Tb +

2µb
me

Rγ(Tγ − Tb) +
2µb

mDM +mb

ρDM

ρb
R∗DM(TDM − Tb) .

(7.17)
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Here I have introduced the thermalisation rate R∗DM due to dark matter - baryon scattering.
Together with the Compton term Rγ , due to photon - baryon coupling, these lead to non-
adiabatic terms in the temperature evolution. The thermalisation rate R∗DM is only equal to
the momentum exchange rate RDM if there is no scattering between dark matter and helium.
As this is a good first-order approach, here I will assume σHe = 0 and thus R∗DM = RDM

4.

The factor µb in equation 7.14 is the baryon mean molecular weight, and is given by µb '
mb(nH + 4nHe)/(nH + ne + nHe).

To fully solve the coupled equations in expression 7.17 we need to specify initial conditions.
In general, for n > −4, the dark matter and baryons are coupled in the early universe, until
the time at which the scattering rate becomes smaller than the Hubble rate (as discussed in
section 1.8.2). Thus, we can calculate the time of decoupling, and choose an earlier time to
set the condition TDM = Tb. This approach fails for n = −4, as the scattering timescales are
always longer than the Hubble time. In this case, we can impose the condition that the dark
matter gives the observed relic density today, in which case the decoupling redshift will be
set by the thermal freeze-out condition seen in section 1.9.2. For the small dark matter masses
usually considered, this leads to extremely low initial dark matter temperatures, and thus we
can take TDM,ini = 0 at very early times.

Additionally, as we saw in section 4.4 the importance of heating functions for the computation
of spectral distortions, we can compute the heating rate of dark matter. In the limit of low dark
matter peculiar velocity, no helium interactions, and assuming the dark matter fluid behaves
as an ideal gas, we can find

dQDM

dt
= −3acnmDMρbσ0

(mDM +mb)2

(
Tb
mb

+
TDM

mDM

)n+1
2

(TDM − Tb) (7.18)

Finally, to completely follow the evolution of dark matter and baryon perturbations in the
presence of interactions between the two species, we would need to describe the behaviour of
the two during the photon-baryon tight coupling regime. As the baryons are tightly coupled
to photons in this regime, any influence on the baryon perturbations caused by the dark matter
will in turn influence the photon perturbations. This results in modifications to the tight
coupling equations (as described for example in [253])5.

7.2.2 Effects on Observables

Interactions between dark matter and baryons have a rich phenomenology, and can affect
cosmological probes at many different scales. Dark matter scattering with protons before re-
combination will modify the evolution of small scale perturbations, affecting the temperature
and polarisation anisotropies in the CMB, as well as the matter power spectrum. Additionally,

4Note that in the literature it is common to use the notation R′ instead of R∗, but this could be confused with a
derivative, so I have changed notation.

5I do not repeat the equations here for the sake of brevity (the last chapter of a thesis is a good place to remember
brevity).
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FIGURE 7.8: Effects of dark matter - baryon interactions on the CMB. The tem-
perature (CTT` , left) and polarisation (CEE` , right) angular power spectra are
shown for the interacting model relative to a model with the same ΛCDM pa-
rameters but no interactions. The solid curves illustrate the impact of changing

the temperature scaling n.

these interactions can slightly cool or heat normal matter, leading to spectral distortions of the
CMB blackbody spectrum, as described in section 4.4. This same temperature effect will play
a role at later times as well, by potentially modifying the thermal evolution of the baryonic
matter, thus affecting the absorption of 21 cm photons. In this section I will review all of these
effects in detail.

In some aspects, dark matter - baryon interaction behave similarly to the dark matter - dark
radiation interactions described in section 7.1.2. In the presence of interactions with baryons,
the pressure from the photon-baryon fluid will reduce the growth of dark matter overdensities
at that time. Thus, the smaller wavelength modes already within the horizon at the time of
these interactions will experience a suppression in their growth, while the modes that enter
the horizon later, with longer wavelength, will be less affected. As in the case with dark
radiation interactions, this affects the CMB anisotropies on small scales.

The effects of these interactions on the CMB are illustrated in Fig. 7.8, where I have chosen
cross sections corresponding to the most recent bounds on these interactions [253]. We can
see that the main effect on the CTT` is a phase shift of the peaks, and a suppression of all
multipoles above ` ∼ 350.

There is also a significant impact on the polarisation of the CMB, as seen in the right panel of
Fig. 7.8. This is due to the CMB E-mode polarisation being directly sourced by the velocity
of the baryon-photon fluid, as seen in equation 3.68, and thus it is affected by the baryons
interacting with dark matter. While the temperature source function is dominated by the
temperature monopole (as seen in equation 3.66), the polarisation is dominated by the much
smaller temperature quadrupole. Therefore, as the polarisation source depends linearly on
the velocity of the photon-baryon fluid, the interactions will result in a significant change to
the polarisation source at every k-mode.
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FIGURE 7.9: Effects of dark matter - baryon interactions on the matter power
spectrum. The P (k) is shown for the interacting model (left, 100 % of interact-
ing dark matter) or partially interacting model (right, 50 % of interacting dark
matter) relative to a model with the same ΛCDM parameters but no interac-
tions. The solid curves correspond to the same model in both panels, and show
the impact of changing the cross section and the temperature scaling n. The grey

region corresponds to the scales that can be probed with Lyman-α.

When it comes to the effects on the matter power spectrum, the behaviour is very similar to
the case of dark matter interacting with dark radiation, although in this case we do not see
dark acoustic oscillations. The dark matter - baryon scattering leads to a later decoupling time
for dark matter, which induces a collisional damping of the matter power spectrum on small
scales, shown in Fig. 7.9. For this figure, the solid lines show the same cross sections as in
Fig. 7.8, thus corresponding to the most recent bounds on these interactions [253].

In this case we are also interested in having a fraction of dark matter interacting, which is
illustrated in the right panel of the Fig. 7.9. When only a fraction of dark matter interacts,
the suppression in the matter power spectrum does not reach a 100 % suppression, instead
it reaches a general plateau. As such, these models are perfect to be constrained with the
extended Lyman-α−αβδ likelihood described in section 4.3.

With the suppression induced on the matter power spectrum, it is reasonable to consider if
these models can offer any hope in alleviating the small scale crisis (see section 5.1). This was
studied in detail in [231], and they found that, given the existing bounds from the CMB, these
interactions can only affect the halo mass function for M < 1012M�. For smaller masses,
significant suppression of structure is still possible, provided n ≥ −3. This is because models
such as n = −4 freeze-out at high redshift, when the collisional velocities become large, and
freeze-in again at lower redshift when the velocities drop. On the other hand, models with
a larger velocity dependence are important at earlier times and then subsequently freeze-
out as the universe expands and cools. Therefore, these scatterings are too small to affect the
distribution of matter at late times in halos of the size of the Milky Way. As such, these models
can not address the missing satellite problem, but it is unclear if they can affect the core-cusp
or diversity problems.
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FIGURE 7.10: Temperature of different species as a function of redshift. The
evolution of the dark matter temperature is shown for the same five cases as in
Fig. 7.8. The dashed blue line shows the baryon temperature in the n = −4 case,
while the yellow line shows the baryon temperature in the ΛCDM model. The
CMB temperature, which is not influenced by the dark matter interactions, is

also shown for reference.

A very significant effect of dark matter - baryon interactions is their impact on the temperature
of the primordial hydrogen gas, and this has drawn substantial interest since the announce-
ment of the EDGES results, and the apparent mismatch between the ΛCDM predictions and
the observations [251].

Once the dark ages end and we enter reionisation (see section 1.8), a very useful measurement
is the redshifted hydrogen hyperfine transition at 21 cm wavelength. The overall amplitude
of this signal comes from the difference between the hydrogen spin temperature and the CMB
temperature: if TCMB > Tspin, the resulting signal will be an absorption profile, whereas if
TCMB < Tspin we would end up with an emission signal. Furthermore, the spin temperature
is predicted to be somewhere in between the CMB temperature and the temperature of the
hydrogen gas. As the CMB temperature has been measured very accurately (see section 4.1),
a measurement of a potential absorption profile would give us an upper limit on the temper-
ature of baryons at the time of reionisation.

As discussed in the beginning of section 7.2, the EDGES collaboration recently reported the
first measurement of this absorption feature, but they found its amplitude to be double what
was predicted, thus leading to a surge in interest for models that could account for this dis-
crepancy. One way to obtain a deeper absorption signal than predicted by ΛCDM would be
to have the hydrogen temperature lower than predicted. As the dark matter is the coldest
known species in the universe, it is reasonable to consider dark matter - baryon scatterings as
a way to cool the hydrogen gas after the baryons decouple from photons.
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In Fig. 7.10 I show the temperature evolution for dark matter, baryons, and the CMB, for
different values of the index n. As 21 cm experiments are more sensitive to scatterings that
are enhanced at low velocities, the n = −4 case is expected to have the biggest impact on the
baryon temperature. As such, I only show the baryon temperature for this dark matter model.
To better illustrate the impact of the interactions on the hydrogen temperature, the prediction
for ΛCDM is also shown. The models correspond to the same ones shown in solid lines in
Figs. 7.8 and 7.9, with cross sections chosen to match the results from [253].

After the EDGES results were announced, dark matter - baryon interactions took a central
stage, specifically the case of millicharged dark matter (n = −4) [252]. However, existing con-
straints from CMB, BBN, and supernovae already put very stringent bounds on these models.
As such, in [260] it was shown that millicharged dark matter can only explain the EDGES
result (while avoiding other bounds) if a very small fraction of dark matter interacts. Fur-
thermore, the EDGES result has yet to be verified independently, and there are many other
proposals to solve the problem, such as additional radiation backgrounds coming from black
holes [261] or alternative dark matter sources [262], [263].

A final effect to consider for dark matter - baryon interactions is their impact on the CMB
through spectral distortions to the overall blackbody spectrum, as discussed in [83], [264].
As we already saw in section 4.4, for z . 106 photon number changing processes become
inefficient, and distortions of the thermal blackbody spectrum can be generated by energy
injections into the CMB. For redshifts in the range 5 · 104 . z . 106 the spectral distortion
has the form of a chemical potential, as Compton scattering efficiently redistributes photons,
leading to a µ-type distortion, while for lower redshift values we have a y-type distortion
caused by the bath of electrons that interacts with the CMB being heated or cooled.

As there are many non-trivial low-redshift backgrounds, such as the thermal Sunyaev-Zel-
dovich effect, in general we will only be interseted in µ-type distortions. Recovering the
definition of fractional spectral distortion from section 4.4, which is the rate at which CMB
photons change in energy due to distortions (∆ ≡ ∆ργ/ργ), we have

ργ
d∆

dt
=

3

2
nb

2µb
me

Rγ (Tb − Tγ) . (7.19)

From equation 7.17, we know that Tb is affected by the dark matter - baryon interactions.
Using that equation, and assuming Tb ≈ Tγ (valid for early times), we find

ργ
d∆

dt
= −3

2

(
nb +

2ρDM

mDM +mb

RDM (Tb − TDM)

HTb

)
HTγ . (7.20)

While analytic solutions to this expression exist for some values of n [264], for a more generic
description this needs to be evolved using the full temperature equations form 7.17. Given
that we know that FIRAS has excluded ∆ & 5 · 10−5, and we expect PIXIE to push this to
∆ ∼ 10−8, we can also use spectral distortion missions to constrain these interacting models.
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7.2.3 Methodology

In the previous section we saw the importance of models with dark matter - baryon interac-
tions, and their effects on the cosmological observables. With this in mind, for the forthcoming
paper [IV] I implemented in CLASS the full background, perturbation, and temperature equa-
tions describing these interactions, as detailed in section 7.2.1.

These modifications to CLASS were done in a similar manner to the implementation of the
dark matter - dark radiation interactions described in section 7.1.3: all perturbation equations
are implemented in both the Newtonian and the Synchronous gauge, and the dark matter
is in the form of a new “interacting DM species” coexisting with the plain cold dark matter
species.

When studying the temperature evolution of both the dark matter and the baryon fluid, as
described by equations 7.17, it is often the case in the literature to make use of a sudden de-
coupling approximation, in which the dark matter temperature is only followed after a certain
redshift [83], [253]. This is done because computing the full temperature evolution of the two
fluids requires a stiff integrator, which is not usually implemented at the temperature level
in Boltzmann codes. As described in section 7.1.3, CLASS uses the stiff integrator ndf15 at
the perturbation level. For the sake of this work, we implemented this stiff integrator also for
the temperature equations. This allows us to follow the full evolution of the baryon and dark
matter temperatures, without needing the sudden decoupling approximation.

In order to choose the initial time for the integration, the modified CLASS code computes
the time at which the scattering rate becomes smaller than the Hubble rate (the decoupling
time) for a given model. The code then selects an initial redshift zini = zdec(1 + εz) before the
decoupling, where εz can be chosen with a new precision parameter. Additionally, in order to
speed up the calculation, the integrator will take logarithmic time steps for very early times
(high redshift), switching to linear time steps for late times (low redshift). The redshift at
which this switch takes place can also be tweaked with a further precision parameter.

Thus, our modified CLASS code incorporates dark matter - baryon interactions governed by
the following main parameters:

• f_idm_b: fraction of cold dark matter that we want to be interacting, between 0 and 1

• m_dm: dark matter mass in eV

• cross_idm: cross section of the interaction, σ0, in cm2

• n_index_idmb: index giving the velocity-dependence of the cross section σ = σ0v
n

• helium_scattering: switch to turn on/off helium scattering (turned off by default)

• Additional precision parameters controlling the integrator, as described above

This modified version of CLASS was used to produce Figs. 7.8, 7.9, and 7.10, all of which are
in very good agreement with the figures available in the literature (for example in [253]). This
code is going to be made publicly available together with the publication of [IV].
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In section 7.2.2 I discussed the impact these models have on structure formation, and thus
on the matter power spectrum. As such, we would like to constrain these models with
Lyman-α data. We can see in the right panel of Fig. 7.9 that the suppression in the transfer
function (equation 4.6) does not always reach 100 %, especially in the case of only a fraction
of interacting dark matter (as needed to explain the EDGES result). With this in mind, for
[IV] we developed the extended Lyman-α−αβδ likelihood described in section 4.3.

The procedure of the likelihood is the same as discussed in section 7.1.3: we use our modified
CLASS version to compute the linear matter power spectrum for our choice of parameters;
we produce the linear matter power spectrum of the equivalent ΛCDM model (by setting
fidm = 0); {α, β, δ} are fitted to the transfer function, as described in equation 4.10, with a
simple least squared method; if the model has passed all of the checks, a χ2-value is assigned
to the corresponding combination of parameters; and finally, this is iterated for each step in
the MCMC.

As an important remark, in section 7.2.2 we saw that the dark matter - baryon scatterings can
affect the halo mass function on small scales, and thus this might need to be considered in the
N-body simulations. However, this is a memory effect coming from earlier, linear times: the
interactions become less relevant at later times, and thus do not directly influence the physics
of the non-linear regime. This means that N-body simulations do not need to account for
these scatterings explicitly, rather they can use the linear matter power spectrum at a specific
redshift as an input to encode all the effects of the scatterings.

7.2.4 Results

For the upcoming [IV], we are using our new Lyman-α−αβδ likelihood with MONTEPYTHON,
interfaced with our modified CLASS version, in its default Metropolis Hastings mode to per-
form parameter scans on the combination of {ωb, ωCDM, log(1010As), ns, τreio, 100θs, σ0, fidm}.
We study the physically-motivated models with n = −4, n = −2, n = −1, n = 0, and n = 2

(as described in section 7.2.1).

For each of the studied models, we will perform MCMC analysis for two different data com-
binations:

• Planck: This is the combination of Planck 2015 high-` TT+TE+EE, low-` data [241] and
Planck 2015 lensing data [242].

• Planck + Lyman-α: Same as above, with the additional Lyman-α−αβδ likelihood.

Additionally, we will be interested in the impact of varying the fraction of interacting dark
matter, and so for each model and data set we will run once with fidm = 1, and once more
allowing this parameter to take any value between [0, 1].

Most of these cases are ongoing at the time of writing this thesis, but I can already discuss
the preliminary results of the Planck only runs, with fully interacting dark matter (fidm = 1).
These results are summarised in Table 7.5, where I show the 95 % confidence level limits on
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n σ0 [cm2]

−4 1.5× 10−41

−2 2.8× 10−33

−1 4.1× 10−30

0 2.9× 10−26

2 1.2× 10−19

TABLE 7.5: 95 % confidence level upper bounds on σ0 in cm2 from MCMC anal-
yses using Planck data, for each choice of power-law scattering index, with

mDM = 1 GeV and fidm = 1.

the upper bound values of σ0, for a fixed mDM = 1 GeV. These bounds can be compared to
those presented in Table 1 of [253], where we see our results are in very good agreement, but
we obtain slightly tighter constraints. This can be attributed to our inclusion of lensing data
from Planck, which was not included in their analysis.

Furthermore, we do not observe any degeneracies between the cross section and the base
ΛCDM parameters, as expected. Additionally, our constraints on the ΛCDM parameters are
not affected by the presence of dark matter - baryon interactions, in agreement with the lit-
erature. For each of the five models studied here, we obtain a ∆χ2 ∼ 3 when compared to
ΛCDM. As we have one additional degree of freedom, this is not significant enough to claim
any preference for these models with respect to the standard cosmological model.

The next step needed for our analysis is to see how these bounds change when adding the
extended Lyman-α−αβδ likelihood, both for fully interacting dark matter, and in cases when
we only have a fraction of dark matter interacting. As such we are currently setting up the
following analyses:

• Eight parameter model, varying both σ0 and fidm, using Planck only data.

• Seven parameter model, varying only σ0 and fixing the fraction of interacting dark mat-
ter to fidm = 1, using Planck + Lyman-α−αβδ.

• Eight parameter model, varying both σ0 and fidm, using Planck + Lyman-α−αβδ.

In addition to the data sets mentioned here, once our modified CLASS code has been interfaced
with the spectral distortions code and likelihoods developed for [V], and discussed in detail in
section 4.4, we will also be able to use the PIXIE likelihood to see how the bounds on the dark
matter - baryon cross section could be improved with a future spectral distortions satellite.

7.2.5 Conclusions

In the second half of this chapter I have discussed the possibility of dark matter interacting
with baryons, either fully or partially, with a velocity-dependent cross section given by σ =

σ0v
n. In section 7.2.1 I introduced the modifications to the Boltzmann equations needed to
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describe these interactions, as well as the resulting temperature evolution for both species
involved.

In section 7.2.2 I reviewed how these interactions affect the cosmological observables. In terms
of the CMB, these interactions affect both the temperature and polarisation spectra: the inter-
actions enhance the reionisation bump, induce with a phase shift of the peaks, and result in
a suppression of all higher multipoles. In terms of the matter power spectrum, the biggest
impact is in the form of a suppression on small scales.

For the forthcoming paper [IV] I have implemented the full interacting dark matter - baryon
formalism in the Boltzmann code CLASS, described in detail in section 7.2.3. This required
adding a new integration method to follow the full temperature evolution of the dark matter,
which has not been done before in the literature. Given the impact these interactions have on
the matter power spectrum, we have developed an extended Lyman-α likelihood, described
in detail in section 4.3. This likelihood is interfaced with MONTEPYTHON, and can thus be
used very easily with our modified CLASS code.

In the ongoing work for [IV] we are running MCMC analyses to derive bounds on the cross
section for dark matter with a mass of mDM = 1 GeV. We aim at obtaining bounds for four
different combinations of models and data: Planck only with fully interacting dark matter,
Planck only with a varying fraction of interacting dark matter, and the same two cases with
Planck + Lyman-α. In section 7.2.4 I have reviewed the preliminary results of the first combi-
nation of data and model.

The bounds on the cross section obtained with Planck data for mDM = 1 GeV and fidm, shown
in Table. 7.5, are compatible with the existing bounds in the literature. Additionally, we do not
find any degeneracies between the cross section and the six ΛCDM parameters, nor does the
presence of interacting dark matter affect any of our bounds on these parameters, as expected.
This serves as a useful cross-check, showing the validity of our modified CLASS code.

In addition to the ongoing work for [IV], which we expect to finish in the coming months,
we are preparing the needed framework to be able to constrain these interacting models with
the spectral distortions likelihoods developed in [V]. Furthermore, our modified CLASS code,
which will be made publicly available soon, has the necessary format to be easily integrated
with the code we developed for [III], with the aim of having one unified CLASS version that
can account for several different dark matter interactions.
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And here we are, at the end. Staring at a long document, wondering how I managed to write a thesis.

The aim of this thesis was to develop and apply new methods to further our understanding
of massive relics in the universe. Both neutrinos and dark matter are cornerstones of modern
cosmology, but there is still much we do not know about these elusive particles. In this work
I have shown that future cosmological probes will help us shed some light on this dark sector,
provided we have the necessary tools to use all the data available.

I started by reviewing the standard models of cosmology and particle physics in chapters 1-
3, introducing the contents of the universe. I further derived all the necessary equations to
describe the behaviour of these different species, both at the homogeneous background level,
and at first order in perturbation theory. With the standard model of cosmology we can tell a
story from the quantum fluctuations in the very early universe to the formation and evolution
of the complex structures we observe today.

In chapter 4 I discussed the main probes we have to observe the universe around us, linking
the cosmological fluctuations mentioned above to the CMB and matter power spectrum. Fur-
thermore, I presented a newly-developed method to extract information from the Lyman-α for-
est seen in the spectra of distant quasars. With this method, used for [III] and [IV], rather than
running time consuming N-body simulations for each underlying cosmological model, we in-
stead parametrise the effects these models have on the matter power spectrum. We can then
interpolate in a pre-existing grid of simulations based on the induced suppression in the mat-
ter power spectrum, allowing us to run parameter inference codes on these models. Moreover,
in the same chapter I detailed our new implementation in CLASS of spectral distortions of the
CMB blackbody, as well as the development of a generic spectral distortions likelihood, which
allows us to test the synergy of this probe with other cosmological datasets, as done in [V].

In chapter 5 I discussed three problems in cosmology: the small scale crisis, consisting in a mis-
match between simulations and observations on very small scales; the H0 tension, whereby
low redshift and high redshift probes of this measurement show nearly a 4σ tension; and the
σ8 tension, which appears when comparing the clustering of matter in seen in lensing experi-
ments with what we see in the CMB. Combined with the observations of a non-zero neutrino
mass, which can not be easily accommodated in the Standard Model of particle physics, these
problems provide strong motivation to look beyond the standard ΛCDM paradigm.

With this in mind, in chapter 6 I showed the importance of massive neutrinos to cosmology,
and discussed how we can use different cosmological probes to obtain a bound on the sum
of neutrino masses. I further discussed the results of [II], where we forecast the sensitivity of
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thirty-five different combinations of future Cosmic Microwave Background and Large Scale
Structure with a uniform pipeline. We showed that future surveys will measure the total
neutrino mass with high significance, for all cosmological models studied.

In chapter 7.1, I introduced interacting dark matter models, focussing on dark matter - dark
radiation interactions with a scattering rate scaling like a power-law of the temperature, Tn.
After describing the effects these models have on cosmological observables, I presented the
results of [III], where we used our newly-developed Lyman-α likelihood in combination with
existing CMB and BAO data, to constrain these interactions. We showed that for models with
n = 2, 4 Lyman-α data strengthen the CMB + BAO bounds on the interaction rate of these
species by many orders of magnitude, without excluding models that can solve the missing
satellite problem. Furthermore, using a theoretically motivated prior on the minimal density
of dark radiation, we found that models with n = 0 can reduce the Hubble tension to 2.7σ,
while simultaneously accommodating the smaller values of σ8 hinted at by cosmic shear data.

Finally, in chapter 7.2, I discussed preliminary results of the forthcoming paper [IV], where
we will study dark matter - baryon interactions, with the aim of deriving bounds on the in-
teraction strength and fraction of interacting dark matter. We will make use of an extended
version of the Lyman-α likelihood, which allows us to probe models that produce only a par-
tial suppression of the matter power spectrum. Furthermore, we are working on a new major
public release of the Boltzmann code CLASS, which will include all of the interacting dark
matter models described here, as well as the spectral distortions calculation described in [V].

In the work carried out during this thesis, I have extended the Boltzmann code CLASS to
include several non-gravitational dark matter interactions, as well as a full treatment and cal-
culation of spectral distortions of the thermal black body. Additionally, I have developed new
likelihoods for MONTEPYTHON for many different probes: two new Lyman-α likelihoods ap-
plicable to any non-cold dark matter model; mock likelihoods for the future CMB missions
LiteBIRD, CMB-S4, and PICO; and mock likelihoods for the spectral distortions missions FI-
RAS and PIXIE. We have used some of these tools to show that cosmology is highly likely to
produce a measurement of the neutrino masses in the next decade. Furthermore, we have de-
rived state-of-the-art bounds on models in which dark matter can interact with dark radiation,
and we are ready to do the same for dark matter - baryon interactions.

Despite the incredible progress made in cosmology and particle physics in the last century,
there are still many unanswered questions, especially surrounding the elusive massive relics.
Of course, in this thesis I have not answered these questions6, but hopefully I have helped to
show that there is a real possibility that we will answer these questions in the coming years.
To do so, we are going to need to extract as much information as possible from all available
data sets. Until such a time, we will keep looking at the universe, trying to figure out what is
out there. We are, after all, a curious species.

6Although it would have been a very nice thesis if I had.
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A Inflation Potential Reconstruction

As discussed in section 2.2, the shape of the inflaton potential can vary a lot, however we can
use observational data to try to put constraints on the underlying physical parameters. In this
appendix I will discuss the idea of reconstructing the inflaton potential using different Taylor
approximations. This work was carried out by myself and J. Lesgourgues for the Planck Col-
laboration, as part of the Planck 2018 results. X. Constraints on inflation paper [I]; this appendix
is based on our results presented in section 5 of the aforementioned paper. This analysis had
already been done in previous Planck Inflation papers [265], however here we include the new
case where we expand until the end of inflation, rather than only in the observable window
Taylor expansion of V (φ) in the observable region
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FIGURE A.1: Taylor expansion of V (φ) at order n = 2, 3, and 4 in the observable
region, making no assumption about the end of inflation. The left panel shows
the parameters that are combinations of Taylor coefficients with flat priors. The
right panel shows the parameters that are the Taylor coefficients, obtained here
as derived parameters with non-flat priors (in natural units with

√
8πMPl =

1). Dashed contours are Planck TT,TE,EE+lowE, while solid contours are Planck
TT,TE,EE+lowE+lensing+BK15.

First we will try to reconstruct the inflaton potential V (φ) only in its observable window,
making no assumptions about the end of inflation. This is a conservative modelling, moti-
vated by the fact that what happens after the inflaton rolls down beyond this range might not
be captured by the simplest descriptions. If we were dealing with more complex inflation-
ary models, such as a waterfall transition involving extra scalar fields, we would require a
more complicated treatment. For this analysis we rely on the assumption that the potential is
smooth enough inside the observable window to be described by a Taylor expansion up to or-
der four. In the following sections we will also look at the assumption that a Taylor expansion
is valid up to the end of inflation.
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n 2 3 4

εV < 0.0042 < 0.0045 < 0.0048

ηV −0.0124+0.0033
−0.0052 −0.0163+0.0057

−0.0063 −0.0082+0.0096
−0.0120

ξ2
V . . . 0.0036+0.0035

−0.0037 −0.004+0.011
−0.009

$3
V . . . . . . 0.0048+0.0052

−0.0067

τ 0.0546+0.0072
−0.0075 0.0559+0.0074

−0.0080 0.0571+0.0077
−0.0085

ns 0.9650+0.0042
−0.0042 0.9639+0.0043

−0.0048 0.9623+0.0047
−0.0050

103 dns
d ln k −0.37+0.29

−0.19 −7.3+7.0
−6.7 −1.9+9.0

−9.2

r0.002 < 0.060 < 0.063 < 0.069

∆χ2
eff . . . ∆χ2

3/2 = −0.22 ∆χ2
4/3 = −0.82

TABLE A.1: Numerical reconstruction of the potential slow-roll parameters be-
yond any slow-roll approximation, when the potential is Taylor-expanded to
nth order, using Planck TT,TE,EE+lowE+lensing+BK15. We also show the corre-
sponding bounds on some related parameters (here ns, dns/d ln k, and r0.002 are
derived from the numerically computed primordial spectra). All error bars are
at the 68 % C.L. and all upper bounds at the 95 % C.L.. The effective χ2 value of

model n is given relative to model n− 1.

We perform the Taylor expansion around the value φ∗ of the inflaton field, evaluated at the
time t∗ when the pivot scale k∗ = 0.05 Mpc−1 fulfils the relation k∗ = a(t∗)H(t∗). We study
three different cases: where the expansion is performed at order n = 2, n = 3, or n = 4. Using
the inflationary module of the CLASS code, we compute the primordial spectrum with a full
integration of the Fourier mode evolution without assuming slow-roll inflation. However,
to speed up convergence of our MCMC chains1 instead of using the five Taylor coefficients
{V, Vφ, . . . , Vφφφφ} we take flat priors on combinations of them matching the definitions of
the potential slow-roll parameters {εV , ηV , ξ2

V , $
3
V }. Even when we don’t assume the slow-

roll approximation, these combinations contribute nearly linearly to the tilt, running, running
of the running, etc., of the scalar and tensor spectrum. Thus, they are directly related to
observable quantities and well constrained by the data.

The results of this analysis are shown in Fig. A.1 and Table A.1 for n = 2, 3, and 4, using two
data sets for each: Planck TT,TE,EE+lowE alone; or Planck TT,TE,EE+lowE+lensing+BK15. We
intentionally left lots of white space in the Fig. A.1, as we wanted to compare our results to
those presented in the Planck 2015 results. XX. Constraints on inflation [265], and so we plotted
it over the same parameter ranges as used in that analysis. Compared to previous analysis,
we find that error bars on individual parameters have typically been reduced by 30 % thanks
to improved polarisation data. Including BK data provides further constraining power, with
the error bars on {εV , ηV , ξ2

V , $
3
V } shrinking by factors of 2 to 4 with respect to the previous

paper.

1If we were to use flat priors on {V, Vφ, . . . , Vφφφφ}, the parameter degeneracies would significantly slow down
convergence.
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FIGURE A.2: Representative sample of the observable region of inflaton poten-
tials allowed at the 95 % C.L., when the potential is Taylor-expanded at order
n = 2, 3, and 4 in the observable region, making no assumption about the end
of inflation, and using Planck TT,TE,EE+lowE+lensing+BK15. We use natural

units with
√

8πMPl = 1.

Focussing on the individual parameters, we see that ξ2
V and $3

V are perfectly compatible with
zero, as are Vφφφ and Vφφφφ (see the contours on the parameters {V, Vφ, . . . , Vφφφφ} in the right
panel of Fig. A.1). As in other sections of the Planck 2018 results. X. Constraints on inflation
paper, we find no evidence for running or running of the running.

We also observe a decrease of the minimum effective χ2 when moving from n = 2 to n = 3,
which has decreased with respect to the previous analysis, and is statistically insignificant.
This shows that the data do not require anything more complicated than an approximately
parabolic shape for the inflaton potential within the observable window. We can check this by
looking at the random sample of well-fitting potentials presented in Fig. A.2. We can see in
this plot that a few of the plotted potentials for n = 4 have a kink and a plateau shape (caused
by non-negligible values of |Vφφφφ| still being allowed), however, the lack of improvement
in χ2

eff for n = 4 shows that this sub-class of models is by no means preferred over simpler
parabolic-like potentials with a negligible |Vφφφφ|.
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TT,TE,EE+lowE+lensing+BK15.

Taylor expansion of H(φ) in the observable region
In section 2.3 I discussed that the potential can also be expressed as H(φ). Thus, to assess
the robustness of our method, in this section we repeat the analysis with a Taylor expansion
of the Hubble function H(φ) in the observable window. The difference in this reconstruction
with respect to the V (φ) reconstruction is more than just a choice of priors: for each value of n
the new parametrisation covers a slightly different range of potentials, but more significantly
it also includes a marginalisation over the uncertainty in the initial value of the derivative φ̇
when the inflaton enters the observable window. In the previous analysis there was the im-
plicit assumption that inflation started well before the observable window, as φ̇ was assumed
to have reached the inflaton attractor solution. However, in the analysis based on H(φ) in-
flation models with a minimal duration are not excluded by the priors, and thus we cover a
broader range of models.

Our results are presented in Table A.2 and Fig. A.3. As in the previous section, we compare
our results to [265], where we notice a significant improvement, where bounds on the n = 4

parameters are typically 3 to 4 times stronger compared. The main improvements come from
the better polarisation data and the inclusion of the BK likelihood.

As before, apart from showing the bounds on individual parameters, we also show a sample
of well-fitting potentials in Fig. A.4, where we have a lot of white space as the bounds were
deliberately maintained as the ones shown in [265]. In older analysis for n = 4 the best-fitting
models included many scenarios starting with a fast-roll stage, producing a tail with large
V (φ) before pivot-scale crossing. These models are now excluded by better polarisation data
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n 2 3 4

εH < 0.0041 < 0.0046 < 0.0041

ηH −0.0139+0.0026
−0.0038 −0.0170+0.0044

−0.0048 −0.0158+0.0057
−0.0056

ξ2
H . . . 0.046+0.043

−0.045 0.021+0.071
−0.076

$3
H . . . . . . 0.16+0.64

−0.37

τ 0.0548+0.0075
−0.0074 0.0556+0.0076

−0.0078 0.0563+0.0073
−0.0078

ns 0.9651+0.0040
−0.0044 0.9637+0.0042

−0.0046 0.9637+0.0042
−0.0048

103 dns
d ln k −0.25+0.20

−0.12 −7.5+7.0
−6.7 −5.1+7.8

−8.1

r0.002 < 0.059 < 0.065 < 0.057

∆χ2
eff . . . ∆χ2

3/2 = −1.60 ∆χ2
4/3 = −2.32

TABLE A.2: Numerical reconstruction of the Hubble slow-roll parameters be-
yond any slow-roll approximation, using Planck TT,TE,EE+lowE+lensing+BK15.
We also show the corresponding bounds on some related parameters (here ns,
dns/d ln k, and r0.002 are derived from the numerically computed primordial
spectra). All error bars are at the 68 % C.L. and all upper bounds at the 95 %

C.L.. The effective χ2 value of model n is given relative to model n− 1.

and tensor constraints.

We can see in Table A.2 that going beyond the parabolic approximation for H(φ) does not
improve the goodness-of-fit: the ∆χ2s between n = 2, n = 3, and n = 4 are negligible.
Furthermore, as in the previous section, we see that the parameters ξ2

H and $3
H , related to

Hφφφ and Hφφφφ, are compatible with zero.
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FIGURE A.4: Representative sample of the observable region of inflaton poten-
tials allowed at the 95 % C.L., inferred from H(φ) when that function is Taylor-
expanded at order n = 2, 3, and 4 in the observable region, making no assump-
tion about the end of inflation, and using Planck TT,TE,EE+lowE+lensing+BK15.

We use natural units with
√

8πMPl = 1.



166 Appendix A. Inflation Potential Reconstruction

−1

0

1

2

10
1

2
V

3

n=4

n=3

1 2 3

1012V2

−1

0

1

10
1

2
V

4

−1 0 1 2

1012V3

FIGURE A.5: Taylor expansion of the full V (φ) at order n = 3 and 4, trusted
until the end of inflation. The parameters are the Taylor coefficients with flat
priors. Dashed contours are Planck TT,TE,EE+lowE, while solid contours are
Planck TT,TE,EE+lowE+lensing+BK15. We use natural units with

√
8πMPl = 1.

Taylor expansion of full V (φ)

As a final analysis, we will use less conservative assumptions than in the previous subsec-
tions. We switch to the assumption that the inflaton potential is very smooth not only within
its observable window, but also until the end of inflation, such that its whole shape can be
captured by a Taylor expansion. We make the further assumption that inflation ends when
the first slow-roll condition (defined in 2.22 is violated (εV = 1), without invoking any other
field. To completely specify this class of models, we need to fix the number of e-folds between
Hubble crossing of the pivot scale and the end of inflation to N∗ = 55.

The analysis is similar to that performed in the previous sections, except that there is an extra
step in the CLASS inflationary module, where it integrates the background equations until the
end of inflation, goes backwards in time by 55 e-folds, and imposes that the Hubble crossing
for the pivot scale k∗ = 0.05 Mpc−1 matches that time.

By imposing the e-fold condition, these models are much more constrained than those of the
previous sections, and thus the constraining power is then sufficient for running the MCMC
chains directly with flat priors on {V, Vφ, . . . , Vφφφφ}. Our results are presented in Figs. A.5
and A.6 and in Table A.3.

As we have fixedN∗, the models with a purely quadratic potential have a fixed value of the tilt
and tensor-to-scalar ratio, numerically computed asns = 0.963 and r0.002 = 0.136. However,
such a large r is in tension with the Planck+BK data (and even with the Planckalone data).
Thus, the effective χ2 is poor in the n = 2 case and improves considerably when adding
some freedom in going to n = 3. Moreover, the presence of an additional cubic term allows
us to reach smaller values of the tensor-to-scalar ratio for roughly the same scalar tilt, and
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n 2 3 4

1012V2 1.631+0.022
−0.022 1.81+0.12

−0.06 1.86+0.25
−0.23

1012V3 . . . 0.89+0.10
−0.03 0.85+0.46

−0.64

1012V4 . . . . . . 0.044+0.26
−0.35

τ 0.0518+0.0066
−0.0066 0.0501+0.0078

−0.0069 0.05628+0.0075
−0.0087

ns 0.963 0.9599+0.0034
−0.0018 0.9656+0.0035

−0.0043

103dns/d ln k −0.6731+0.0005
−0.0005 −0.534+0.079

−0.096 −0.74+0.16
−0.13

r0.002 0.136 0.066+0.010
−0.016 0.042+0.009

−0.014

∆χ2
eff . . . ∆χ2

3/2 = −13.18 ∆χ2
4/3 = −3.50

TABLE A.3: Numerical reconstruction of the potential parameters beyond
any slow-roll approximation, when the potential is Taylor-expanded to
nth order, trusted until the end of inflation, and using Planck high-`
TT,TE,EE+lowE+lensing+BK15. We also show the corresponding bounds on
some related parameters (here ns, dns/d ln k, and r0.002 are derived from the
numerically computed primordial spectra). All error bars are at the 68 % C.L.
and all upper bounds at the 95 % C.L.. The effective χ2 value of model n is

given relative to model n− 1.

therefore lowers χ2
eff by more than 13. When we further expand with a quartic term we find no

significant improvement in the goodness of fit, and the coefficient of the φ4 term is consistent
with zero.

Our findings are consistent with the global picture presented in [I], where it seems that Planck
data prefer potentials which are concave in the observable window. The blue and green curves
in the lower left panel of Fig. A.6 illustrate the preference of the Planck+lensing+BK15 data for
potentials with an inflection point. The models appear qualitatively similar to scalar field
potentials associated with spontaneous symmetry breaking models, hilltop models, new in-
flation, and natural inflation, to name a few.

In our analysis, the value of the scalar tilt running is always very precisely constrained around
a value of dns/d ln k ' −6 × 10−4. This was to be expected, as these bounds are not imposed
directly by the data, but rather by the class of inflationary potentials considered here, with
potential parameters fixed by observational bounds on the amplitude and tilt of the scalar and
tensor spectra. This means that the running is not directly measured, instead it is predicted as
a function of the scalar/tensor amplitudes and scalar tilt.

This final point shows us that if future combinations of CMB and large-scale structure data
with a wide lever arm in wavenumber space could become directly sensitive to such tiny
values,we would potentially be able to confirm or rule out a very large class of currently
successful inflationary models.
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FIGURE A.6: Representative sample of the inflaton potentials allowed at the
95 %C.L., when the potential is Taylor-expanded at order n = 2, 3, and 4 and
trusted until the end of inflation, and under the assumption of N∗ = 55 e-
folds of inflation between Hubble-radius crossing for the pivot scale and the
end of inflation. Left panels: Full potential from the beginning of the observ-
able window until the end of inflation. Right: Zoom on the observable window
directly constrained by inflation. Top: Planck TT,TE,EE+lowE. Bottom: Planck

TT,TE,EE+lowE+lensing+BK15. We use natural units with
√

8πMPl = 1.
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