Nucl. Phys. B 1018 (2025) 117069

: : : : =
Contents lists available at ScienceDirect NUCLEAR
PHYSICS B

Nuclear Physics, Section B

journal homepage: www.elsevier.com/locate/nuclphysb

Particle Cosmology

Impact of dark matter halo on black hole: Thermodynamical pece
properties and photons motion

Abdelhakim Benkrane ~*, Djamel Eddine Zenkhri

Université Kasdi Merbah Ouargla, Laboratoire LRPPS, Ouargla 30000, Algeria

ARTICLE INFO ABSTRACT

Editor: Yasaman Farzan This paper investigates the thermodynamic properties of a Schwarzschild black hole (BH)
surrounded by a dark matter (DM) halo, modeled using a Dehnen-type density profile. Specifically,
we analyze the influence of the halo’s core density p, and scale radius r, on key thermodynamic
quantities, including the black hole’s mass, temperature, heat capacity, entropy, and Gibbs free
energy. Our results show that the presence of dark matter introduces notable modifications
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Schwarzschild BH to the black hole’s thermodynamics while preserving the fundamental entropy-area relation.
BH shadow Additionally, we examine the effects of the DM halo on the radius of circular photon orbits, the
Energy emission rate black hole’s shadow radius, and the energy emission rate.

1. Introduction

The universe hosts massive astrophysical objects, such as BHs, which play fundamental roles in Einstein’s general relativity and
alternative theories of gravity. Given their significant gravitational influence, the notion that BHs exist in complete isolation is highly
implausible. Instead, they are likely embedded within complex and dynamic environments. For instance, substantial observational
evidence supports the hypothesis that supermassive BHs serve as the primary engines driving active galactic nuclei (AGNs) [1,2].
Observational evidence strongly suggests that DM forms halos around most galaxies [3] and influences cosmic structures. Galactic
rotation curves support its presence [4], bullet cluster dynamics [5], baryon acoustic oscillations, and cosmic microwave background
(CMB) measurements [6]. CMB data further indicate that the Universe is predominantly composed of DM (~ 27%, which is equivalent
to 85% of the total mass of the universe [7]) and dark energy (~ 68%). In the early universe, the DM halo has been proposed as a key
factor in explaining this phenomenon. A coherent explanation for these observations is challenging without postulating a substantial
presence of DM in the universe.

A wide range of DM halo models have been proposed, drawing from both simulation results and astrophysical observations.
Several BH (BH) solutions have also been explored, including those incorporating a DM profile linked to a phantom scalar field [8].
Extensive analyses have provided valuable insights into the characteristics of DM distributions [9-13], while analytical models have
been developed to describe supermassive BHs embedded within DM halos [14-16]. Notable DM halo models include the Navarro-
Frenk-White [17], Einasto [18,19], Burkert [20], and Dehnen [21] models. Recently, there has been growing interest in the effects of
Dehnen-type DM halos on BHs, examined from multiple perspectives. For instance, Ref. [22] investigates how density profile slope
variations influence star clusters’ survival with low star-formation efficiency following rapid gas expulsion. In addition, the authors of
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Ref. [23] studied the effect of core density and core radius of the DM halo with a Dehnert-type density distribution in the surrounding
environment of a Schwarzschild-like BH.

For the sake of transparency, the DM research community is increasingly facing a sense of crisis due to the persistent lack of
experimental evidence for leading candidates, including weakly interacting massive particles (WIMPs), axions, and sterile neutrinos,
despite extensive and sustained efforts dedicated to their detection. Despite these problems, the authors in Ref. [3] suggest that broad-
ening experimental approaches by integrating astronomical surveys and gravitational wave observations offer the best opportunity
for advancing our understanding of the DM problem.

On the other hand, thermodynamics and BHs are deeply related, starting from prior works of Bekenstein and Hawking, where
Bekenstein first established a link between a black hole’s event horizon area and entropy, noting that both increase irreversibly in
classical black holes [24,25]. Later, Hawking introduced quantum effects, revealing that black holes emit radiation, which enables the
event horizon area to shrink over time [26,27]. Building on their work and the inspiration they provided to subsequent researchers,
the four laws of black hole thermodynamics were formulated [28-30]. All of these factors played a crucial role in forging a strong
relationship between thermodynamics and gravity. This connection deepened further with Verlinde’s work, published in 2010, where
he proposed that gravity is an entropic force [31]. Consequently, numerous scientific studies have examined different aspects of
gravity from this perspective [32-35]. However, for the sake of clarity, it is essential to recognize that Verlinde’s model, like other
theories, encounters both theoretical and experimental challenges and criticisms [36,37].

Our goal in this work is to investigate the impact of a Dehnen-type DM halo on the thermodynamics of a black hole. Additionally,
we aim to derive its influence on photon circular motion. In this context, readers must note that the Dehnen density profile [21,38]
is often studied in dwarf galaxies, which typically lack central black holes (BHs). However, recent observations suggest that massive
BHs may exist in these galaxies. For example, an SMBH of about 2.00 x 10° M, was detected in Mrk 462 [39], while Henize 2-10
hosts an SMBH of approximately 1.00 x 106MO. Additionally, a study on dark matter dynamics found a BH in Leo I, with a mass of
33+2x10°M, o, making up 13% This paper is structured as follows: Section 2 explores the thermodynamic properties of a black hole
surrounded by a DM halo, highlighting the effects of the halo’s central density and radius. In Section 3, we study how the effective
potential of photons and their circular motion are influenced by the presence of the DM halo. Then, in section 4, we study the impact
of DM halo on BH shadow and energy emission rate. Finally, we present our conclusions in Section 5.

2. Thermodynamical properties of Schwarzschild BH in galaxies surrounded by a DM halo

The mass distribution in terms of density profile p(r) is given as,

,
Mp=4x / ()2 dr . 1)
0
The density of the Dehnen-type DM halo is a special case of a double power-law profile given by
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where (@, f,y) = (1,4,y) [38]. Here, p, and r, represent the central halo density and radius, respectively, while y defines the specific
variant of the profile. The parameter y ranges from 0 to 3, with y = % commonly used to fit the surface brightness profiles of elliptical
galaxies, closely resembling the de Vaucouleurs r!/# profile [38]. Also, this model is especially valuable due to its analytically tractable
properties, making it a powerful tool for studying celestial objects. These include the intrinsic velocity dispersion for all real values
of y between 0 and 3, and, for y =0, 1, and 2, the projected mass density and velocity dispersion as well [21,40]. The authors in the
paper [39] study the impact of DM halo on thermodynamical BH properties using the following parameter (a, #,7) = (1,4,0), while
in the Ref. [41], Dehnen-type DM halo was used to improve constraints from ultra-faint dwarf galaxies on primordial black holes
as dark matter. Following the approach of the authors in Ref. [23], we employ the Dehnen dark matter (DM) halo with parameters
(a, B,7)=(1,4,5/2). Therefore, Eq. (2) becomes

Ps
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If we take into account the pure matter present in BH space-time, represented by the energy-momentum tensor 7,,,(BH), alongside
the Dehnen-type DM halo spacetime, described by T, (D), the Einstein field equation becomes

UV

p(r)= 3

lem =8z (T, (BH)+T,,(D)). @

RMV—2

R,,, R, and g, are the Ricci tensor, Ricci scalar, and metric tensor, respectively. Here’s a more precise rewording:

By solving Einstein’s field equations for a pure dark matter (DM) halo and assuming that p, and r are sufficiently small, the lapse
function A(r) for the pure DM halo can be expanded as follows [23]:
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where the approximation holds to first order in p,r,. By taking Schwarzschild BH as the boundary condition, one can write the
solution of Einstein’s field equations (4) metric of the BH space-time combined with DM halo, the space-time metric is given as [23]:

2
ds? = —f (i + 2 1 246 + P sin 0 d g, ©
fr)
where the lapse function is written as
+
fr=1- M 32xp,r hs 7
r s rr

s

The BH mass as a function of event horizon radius ry, and core density p, and radius r, can be extracted by f(ry) =0, therefore

r rg+r
M(ry) = 7”' [1 —32npsr§1/%] ) (8)
H

While the Hawking temperature is determined by the derivation of the lapse function f(r) with respect to r at r = r g, by the following
form

oy T Olrer ©
"n)= 4z ’
using the lapse function (7) and the mass of studied BH (8), one can easily show that
2ry +r,
T = —— [1-162p2 —H s | (10)
4rry Vg +rg)

To avoid the non-physical values of temperature and mass, the following condition is required

+r,
pos L [t an
16712 2ry +rg

The usual form of BH mass and temperature can be recovered by setting the null density HALO and the null halo radius. The Figs. 1
and 2 show the variations of BH mass surrounded by a DM halo in terms of p, and r,, respectively.

By satisfying the condition in Eq. (11) and considering r, =0.2 and ry = 1, we obtain p; <0.12.

Figs. 1 and 2 depict the black hole mass as a function of the core density p, and radius r,, respectively. In Fig. 1, for fixed ry =1
and r, = 0.2, the mass M (p,) decreases linearly with increasing p,, which indicates that a denser dark halo reduces the black hole
mass. This result aligns with the expectation that the presence of an external matter distribution modifies the gravitational potential,
effectively reducing the mass parameter of the black hole [42].
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Fig. 3. The impact of central halo density on BH temperature. The other Fig. 4. The impact of central halo radius on BH temperature. The other
parameters are r, =0.2,ry = 1. parameters are p; =0.01,ry = 1.

Fig. 2 shows the variation of M with r, for fixed p; = 0.01. The mass decreases in a nonlinear fashion as r, increases. This suggests
that an extended halo structure more effectively reduces the black hole mass due to the additional contribution of dark matter at
larger scales.

Figs. 3 and 4 illustrate the temperature behavior under the influence of the dark halo. In Fig. 3, we observe that T'(p) decreases
linearly with increasing p,, similar to the behavior of mass. This decline suggests that denser dark halos lead to lower black hole
temperatures. While for Fig. 4, one can see that T'(r,) follows a nonlinear decreasing trend, mirroring the mass behavior. This indicates
that the halo structure’s extension influences the thermodynamic properties of the black hole in a manner consistent with gravitational
modifications induced by dark matter. From both Figs. 3 and 4, we conclude that the presence of a DM halo implies a reduced Hawking
radiation rate

The other important thermodynamic property is heat capacity because it determines whether the system is locally stable or
not, where the negative values indicate local instability, while positive values signify local stability [43]. In the context of BH
thermodynamics, it is defined in terms of mass and temperature as follows:

codM _dM 1

T dT T dry 4T
dry

12)

using the obtained expressions for mass and temperature, Egs. (8) and (10), and by expanding up to the first order of p,, one can
easily show that

8rtmp
2 s
Clry)=-2zry <1+1/2Y—>. 13)

ry (rg +rg)3?

To investigate the effect of the dark halo, we analyze the heat capacity as a function of the core density p,; and r,. The results are
presented in Figs. 5 and 6

Fig. 5 depicts the behavior of heat capacity C(p,) for fixed values of r;; =1 and r; = 0.2. The plot shows a linear decrease in
C as p, increases while maintaining negative values throughout. The negative heat capacity indicates the well-known instability
of asymptotically flat black holes in the canonical ensemble, meaning that energy loss through Hawking radiation leads to further
temperature increase rather than stabilization.

Fig. 6 illustrates the variation of heat capacity with the halo radius r, for a fixed core density p, = 0.01. Unlike the linear trend
observed for C(p,), C(r,) exhibits a nonlinear decrease, yet it remains negative throughout. This suggests that while increasing r,, it
still contributes to the black hole’s instability.

The additional presence of a dark matter halo does not alter this fundamental instability but enhances the rate at which C
decreases, suggesting that denser halos further destabilize the thermodynamic equilibrium of the black hole [44-47].

According to the first law of BH thermodynamics, we have the following relation between entropy, temperature, and mass of BH

as=4M 14)
T

As a result, the entropy of the BH surrounded by the DM halo is given as

S(ry)=nry, 15)
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Fig. 5. The impact of central halo density on BH heat capacity. The other Fig. 6. The impact of central halo radius on BH heat capacity. The other
parameters are r, =0.2,ry = 1. parameters are p; =0.01,ry = 1.

The presence of the dark matter halo could in principle, modify the entropy due to alterations in the surrounding gravitational field
[39,48]. However, our calculations reveal an interesting result: the correction due to the dark halo does not affect the entropy formula,
and it remains identical to that of an isolated Schwarzschild black hole.

This finding has significant implications for black hole thermodynamics in dark matter environments:

+ The entropy of a black hole remains a robust quantity, unaffected by the presence of a surrounding dark matter halo.
+ This result may indicate that while dark matter modifies other thermodynamic properties such as mass, temperature, and heat
capacity, it does not interfere with the fundamental statistical mechanical interpretation of black hole entropy.

Calculating the Gibbs free energy function is crucial to determine whether the studied black hole system is globally stable. Negative
values indicate global stability, while positive values indicate instability [43]. The Gibbs free energy function is related to mass,
temperature, and entropy through the following relation:

Gry)=Muy)—Tryg)Sry), (16)

using the expressions (8), (10) and (15), the expression of G(ry ), up to the first order of p,, is written as

'y
G@ryg)= e +p,G(rg), 17

where G(ry) is given as

G(ry)=167r, [ Cratr) g fi+ i] : )

\Vrylryg +rg) "

To show the impact of p, and r,, we plotted the Figs. 7 and 8

Our results show that the Gibbs free energy decreases linearly as a function of pg, as illustrated in Fig. 7. This behavior suggests
that as the core density of the halo increases, the black hole’s thermodynamic potential reduces predictably. The linearity implies
that the contribution of the dark matter halo to the free energy follows a straightforward scaling law, where denser halos lead to a
proportionally greater reduction in G. In contrast, the variation of G with r, exhibits a nonlinear decreasing trend, as shown in Fig. 8.
Both figures show that the presence of a DM halo makes the BH globally less unstable.

Let us now examine whether phase transitions occur in the context of our study. To determine this, it is essential to plot the Gibbs
free energy as a function of temperature for various selected values of p, and r,.

We can observe from the Fig. 9 that the Gibbs free energy decreases more rapidly as the influence of the dark matter halo increases.
Moreover, since there are no two distinct values of the Gibbs free energy corresponding to the same temperature, this implies that
no phase transition occurs.

At the end of this section, it is important to note that the obtained lapse function and therefore the thermodynamic properties
exhibit novel features that distinguish it from well-known models such as the Bardeen black hole, however, we would like to emphasize
that it reduces to the standard Schwarzschild black hole in the appropriate limiting cases, which are r; — 0, or p; — 0 (absence of
DM halo).
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In the following, we will study how the presence of a dark matter (DM) halo influences the circular motion of massless particles,

such as photons.

3. Photon circular orbit radius

Studying photon trajectories around black holes provides crucial insights into the underlying spacetime geometry and obser-

vational signatures such as shadow and gravitational lensing effects [49-51]. In particular, the photon circular orbit radius is
fundamental in determining the innermost stable paths that light can follow around a black hole [52]. This is governed by the
effective potential, which depends on the spacetime metric components and encapsulates the gravitational influence exerted by the
black hole and its surrounding environment [53].

In the standard method, the circular photon orbit is determined by identifying the critical points of the effective potential Vg
Where we will now prove its general relation in terms of the lapse function. For photons, we have the following constraint (null
geodesic):

—f(HP + %# +r7 (6% +sin?(9)¢*) =0,

on the other hand, the Lagrangian of the system is:

19
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1 u
L= Egyvx”xv, (20)

where x# = %, and 7 is any affine parameter of null geodesics. By applying the Euler-Lagrange equations to the Lagrangian (20),
one can readily demonstrate that the following quantities are conserved.

1oL _ .
E=-2=2=/f0), (21)
I= —% ‘;—g = sin’(6)¢. (22)

E and [ are the energy and angular momentum, respectively. If we restrict test particles moving in the equatorial plane, 6 = 7 /2, the
null geodesic equation (19) eventually reduces to:

E? =2+ V(r), (23)
where the effective potential V4 of the photon is related to the lapse function f(r) as follows

Pf(r)

Ver(r) = =5 (24)

In the studied system, the lapse function is given in Eq. (7), therefore

2
V) =5 1= 2L — 320,17

2 (25)

As demonstrated in the previous sections, dark matter halo modifies the lapse function f(r) introducing deviations from the standard
Schwarzschild. These modifications, in turn, affect the structure of the effective potential Eq. (25). Notably, the additional term
introduced by the dark matter halo is negative, leading to a reduction in the effective potential for all values of r, r,, and p. It is
important to note that the study of the effect of the DM halo using the Dehnen-type profile has been conducted for massive particles
[23].

To assess the stability of the photon circular orbit, we analyze the behavior of the effective potential V,;(r). As depicted in
Figs. 10 and 11, the potential exhibits a characteristic profile: it initially increases from negative values, crosses zero, and reaches
a local maximum before gradually decreasing toward zero at infinity. One can also observe that the effective potential increases,
including its maximum value, as the core halo density decreases. The existence of only maximum values indicates that the circular
trajectory of the photon (whose radius corresponds to the maximum value of V) is unstable.

The photon orbit occurs at the peak of V, (1), where the second derivative of the effective potential is negative V" (r) <0,
confirming that the orbit is unstable. This result aligns with general relativistic predictions that photon circular orbits around black
holes are inherently unstable, meaning that any small perturbation will cause the photon to either spiral inward toward the event
horizon or escape to infinity.

The circular photon orbit, also known as the photon sphere, exists at a radius » = r, when the following condition is satisfied,

dVess(r)
gy

this ensures that the force acting on the photon vanishes at r = r,, meaning the orbit is stationary.

=0, (26)
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Given the complexity of the analytical solution and in order to find the effects of p; and r, on the radius of the circular orbit for
photon, we plotted directly the variations of r, as a function of central halo density (p,) in Fig. 12 and radius (r,) in Fig. 13.

Fig. 13 presents the variation of r, as a function of the core density p, for a fixed characteristic radius r;, = 0.2. The observed trend
reveals a monotonic increase in r, with increasing p, indicating that denser halos have a stronger influence on the photon orbit. This
suggests that the concentration of dark matter near the black hole plays a significant role in shaping the photon capture region.

Fig. 12 illustrates the dependence of the photon sphere radius r, on the characteristic radius for a fixed halo density p, = 0.01.
The results indicate that as r, increases, the photon sphere radius increases non-linearly. This suggests that a more extended dark
matter halo enhances the gravitational lensing effects by shifting the photon orbit further outward.

4. BH shadow and energy emission rate
4.1. BH shadow

The critical impact parameter b, defines the threshold for photon capture by a black hole; photons with b > b, escape to infinity,
while those with b < b, are absorbed, forming the observable boundary of the black hole shadow [54]. It corresponds to unstable
circular photon orbits, known as the photon sphere [55]. Mathematically, b, is written in terms of unstable circular photon radius as
follows [56],

.= % S @)
fro)
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On the other hand, the BH shadow refers to the dark region observed against a luminous background, caused by extreme gravitational
lensing near the event horizon. It corresponds to the apparent boundary of photon capture, determined by unstable photon orbits.
The radius of the BH shadow is given as

ron = ——=/7(ro). (28)
VI

here, r, denotes the observer’s distance. Therefore, if r(, is fixed, the behavior of the black hole shadow radius and the critical impact
parameter are identical.

To show how the DM halo affects the critical impact parameter, and therefore the BH shadow radius, we present how it changes
with central halo density and radius in Fig. 14.

We observe that increasing both the central halo density p, and the halo radius r, leads to an increase in the critical impact
parameter b,, and thus in the black hole shadow radius Rg,.

4.2. Energy emission rate
Quantum fluctuations in the black hole spacetime lead to the spontaneous creation and annihilation of particle-antiparticle pairs

near the event horizon. In this context, particles with positive energy can escape via quantum tunneling, giving rise to Hawking
radiation. This phenomenon results in the gradual evaporation of the black hole over a finite timescale. In this subsection, we analyze
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the corresponding energy emission rate. One can extract the energy emission rate starting from BH shadow radius, and Hawking
temperature T}; by the following expression [57],

d2E 273 rg @’

dwdt exp(%)—l

Here, @ denotes the frequency of the emitted photon, and rgy; represents the radius of the black hole (BH) shadow, which corresponds
to the projection of the BH’s unstable photon orbit onto the observer’s sky, which is given in terms of the unstable orbit radius r, in
Eq. (28). The Hawking temperature T, in terms of p; and r, is written in Eq. (10).

To examine the influence of the dark matter (DM) halo parameters p, and r, on the energy emission rate, we subsequently present
this rate as a function of the emitted photon frequency for various values of these parameters in Fig. 15.

It can be observed that the energy emission rate increases under the influence of the dark matter halo at sufficiently low frequencies.
However, as the frequency increases, this trend reverses, and the presence of dark matter leads to a suppression of the emission rate.
Furthermore, the frequency corresponding to the peak of the energy emission rate decreases as the influence of the dark matter halo
becomes more pronounced.

At the end of this paper, it should be noted that the key difference between reference [39] and our work is that the former assumes
y = 0 for the Dehnen dark matter distribution, while in our study we consider y = 3. Furthermore, reference [39] does not investigate
the effect of r, on the thermodynamic properties, the photon trajectories, or the black hole shadow radius. Moreover, the authors of
the same reference did not address the impact of dark matter media on the critical impact parameter b, nor on the energy emission
rate. Additionally, we show that the effective potential for photons around the studied black hole always increases with increasing
p,, regardless of the value of r; this behavior is not reported in Ref. [39].

(29)

5. Conclusion

We have studied the effect of a dark matter (DM) halo on the thermodynamic properties of Schwarzschild black holes, incorporating
the Dehnen-type profile. Our findings indicate that the presence of a DM halo significantly influences black hole mass, temperature,
heat capacity, entropy, Gibbs free energy, and radius of the circular motion of photons around the black hole. In particular, mass,
temperature, heat capacity, and Gibbs free energy decrease in the presence of dark matter, with a linear dependence on the core
density p; and a nonlinear dependence on the halo radius r,. Remarkably, the black hole entropy remains unchanged, retaining the
standard Bekenstein-Hawking formula .S = z%r;, which suggests that the presence of dark matter does not alter the fundamental
entropy-area relation. As a physical interpretation of these results, the presence of a DM halo effectively reduces the evaporation rate
of black holes by lowering their temperature; additionally, it decreases both global and local instability, while the number of degrees
of freedom carried by the black hole surface remains unaffected by the DM halo.

On the other hand, the presence of the dark matter (DM) halo leads to an increase in the radius of circular motion, as well as
an enhancement in both the critical impact parameter and the black hole shadow radius. Moreover, we observed that the energy
emission rate decreases under the influence of the DM halo at sufficiently low frequencies. However, as the frequency increases, this
trend reverses. It is also noteworthy that the frequency corresponding to the peak emission shifts to lower values as the influence of
the DM halo becomes more significant.

These findings underscore the significant role of dark matter in modifying black hole thermodynamics while preserving the entropy
law. This study provides valuable insights into the behavior of black holes in astrophysical dark matter environments, with potential
implications for both observational and theoretical research.
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